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The differential operators S = ∂
∂x

+β ∂
∂y

+γ of A2(C) such that S generates

a maximal left ideal of A2(C) were characterized in [4] by Bratti and Takagi.
We generalize their work to An(K), n ≥ 2, K a field of characteristic zero. We
also show that if S = ∂

∂x1
+ α2

∂
∂x2

+ . . . + αn
∂

∂xn
+ γ generates a maximal

left ideal of An(K), then the polynomial ring K[x1, . . . , xn] is d-simple with
respect to the derivation d = S − γ = ∂

∂x1
+ α2

∂
∂x2

+ . . . + αn
∂

∂xn
. April, 2002

ICMC-USP

1. INTRODUCTION

Let An(K) = K[x1, . . . , xn] < ∂1, . . . , ∂n > be the n-th Weyl algebra over a field K of
characteristic zero (here ∂n denotes the usual derivation ∂

∂xn
). Lately, there has been a lot

of research about the principal maximal left (or right) ideals of An(K), that is, ideals of
the form An(K)S (or SAn(K)), S ∈ An(K).

The first author to address this problem was Stafford who exhibited explicitely, for the
first time, a family of principal maximal right ideals of An(C). He was also able to show
that given λ, µ ∈ C, λ /∈ Q, µ /∈ Z,the following specific operator of A2(C):

S = x2 + x1∂1∂2 + λ(∂2
1x1 + µ∂1) + x1,

generates a maximal right ideal of A2(C) and is not a member of the previous family. (See
[1]). In this way he gave the first counter-examples to the conjecture that every simple
module over An(C) should be holonomic. (Since An(C)

An(C)S is simple but not holonomic if
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124 D. LEVCOVITZ & J. C. SOUZA JR.

n ≥ 2.)(See [1]). Later on, Berstein and Lunts proved that, in a certain sense, the generic
operator of An(C) generates a maximal left ideal (See [7]). Nevertheless the examples
discovered by Stafford were of a different kind of the generic ones of Berstein and Lunts.

Stafford’s examples were generalized by Coutinho in [2]. Starting with a derivation d
of K[x1, . . . , xn] that makes this ring into a d-simple ring, he was able to give a suitable
pertubation of d, say d + γ, γ ∈ K[x1, . . . , xn], such that the left ideal An(K)(d + γ)
is maximal. Here, for the first time, we see that there is a straight connection between
d-simplicity of K[x1, . . . , xn] and principal maximal ideals of An(K).

More recently, Bratti and Takagi gave another characterization of principal maximal
ideals of A2(C) ([4], Theorem 2.2). As an application they were able to relate the problem
of finding an operator S ∈ A2(C) such that A2(C)S is maximal to the problem of finding
(or not) certain rational solutions of a system of PDE’s ([4],Theorem 2.4). In doing so,
they use both algebraic and analytical methods.

The first objective of this paper is to generalize the results of Bratti and Takagi to an
arbitrary number n ≥ 2 of variables and to an arbitrary base field K of characteristic zero.
In other words, we characterize the principal maximal left ideals of An(K), n ≥ 2. To do
so we use only algebraic methods (see Theorem 2.1 ).

The second objective is to establish, for certain derivations d of K[x1, . . . , xn], a relation
between the d-simplicity of K[x1, . . . , xn] and the existence of a suitable pertubation of d,
say d + γ, γ ∈ K[x1, . . . , xn], such that An(K)(d + γ) is a maximal left ideal of An(K). In
this way, using Stafford’s results, we could give an example of a derivation d that makes
the ring K[x1, . . . , xn] into a d-simple ring and is not of Shamsuddin’s type (see definition
3.2).

Finally we give some connections between our work and the paper ”Differential simplicity
of polynomial rings and algebraic independence of power series” of P.Brumatti, Y.Lequain
and the first author.

This paper is divided as follows: In Section 2 we characterize the principal maximal ideals
of the Weyl algebra An(K) (Theorem 2.1) and relate this maximal ideals to the existence
(or not) of rationals solutions to certain PDE’s with polynomials coefficients. The results
are similar to the ones in A2(C) but the techniques of the proofs are much more involved.
In Section 3 we apply the results of Section 2 to the theory of d-simplicity of the polynomial
ring K[x1, . . . , xn]. We give a connection between d-simplicity and principal maximal ideals
of An(K). We also obtain new examples of derivations that make the ring K[x1, . . . , xn]
into a d-simple ring.

2. PRINCIPAL MAXIMAL IDEALS OF THE WEYL ALGEBRA AND
PARTIAL DIFFERENTIAL EQUATIONS

Definition 2.1. Let K be a field of characteristic zero and let An = An(K) =
K[x1, . . . , xn] < ∂1, . . . , ∂n > be the Weyl algebra in n variables, over the field K. Ob-
serve that An(K) has generators ∂i, xj , for 1 ≤ i, j ≤ n, satisfying the relations [∂i, xj ] :=
∂ixj − xj∂i = δij and other commutators being zero.
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D-SIMPLE RINGS AND MAXIMAL IDEALS OF THE WEYL ALGEBRA 125

Definition 2.2. Let An−1 be the K-subalgebra of An(K) generated by xi and ∂i, for
2 ≤ i ≤ n. Thus, throughout this work, we set An−1[x1] := K[x1, . . . , xn] < ∂2, . . . , ∂n > .

Definition 2.3. A multi-index α is an element of Nn; say α = (α1, . . . , αn). Now by
∂α we mean the monomial ∂1

α1 . . . ∂n
αn . The order of this monomial is the length |α| of

the multi-index α, namely |α| = α1 + . . . + αn. An element d ∈ An(K) may be written in
the form d =

∑
α qα∂α, where qα ∈ K[x1, . . . , xn]. The order of d, denoted by ord(d), is

the largest |α| for which qα 6= 0. We use the convention that the zero polynomial has order
−∞. An example will suffice: the order of x1

3∂2 + x1
7x2∂1

3∂2
2 is 5.

We begin with some technical lemmas that will prepare for the proof of Theorem 2.1.
These lemmas are well known for the specialist, but we prove them here for a lack of a
good reference.

Lemma 2.1. Let R be an element of An−1[x1]. Then ∂1R = R∂1 + R̃, where R̃ ∈
An−1[x1].

Proof: It is enough to prove when R is a monomial.
Suppose that R = cα,βx1

α1 . . . xn
αn∂2

β2 . . . ∂n
βn , where α = (α1, . . . , αn) and β =

(0, β2, . . . , βn) ∈ Nn, with cα,β ∈ K, then

∂1R = ∂1cα,βx1
α1 . . . xn

αn∂2
β2 . . . ∂n

βn

= cα,βx2
α2 . . . xn

αn(∂1x1
α1)∂2

β2 . . . ∂n
βn

= cα,βx2
α2 . . . xn

αn(x1
α1∂1 + α1x1

α1−1)∂2
β2 . . . ∂n

βn

= cα,βx1
α1x2

α2 . . . xn
αn∂2

β2 . . . ∂n
βn∂1

+α1cα,βx1
α1−1x2

α2 . . . xn
αn∂2

β2 . . . ∂n
βn

= R∂1 + R̃, where R̃ ∈ An−1[x1].

¤

Definition 2.4. Let S = ∂1 + α2∂2 + . . . + αn∂n + γ be an element in An, where
α2, . . . , αn, γ ∈ K[x1, . . . , xn]. Let P ∈ An. The element R ∈ An−1[x1] such that P =
QS + R is called the residue of P with respect to S.

Lemma 2.2. (Division algorithm). Let S = ∂1 +α2∂2 + . . .+αn∂n + γ be an element in
An, where α2, . . . , αn, γ ∈ K[x1, . . . , xn]. Given P ∈ An, we have P = QS + R, for some
Q ∈ An and R ∈ An−1[x1]. Moreover, R and Q are uniquely determined.

Proof: We will first prove, by induction on n, that ∂n
1 = QS + R, for some Q ∈ An and

R ∈ An−1[x1].
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126 D. LEVCOVITZ & J. C. SOUZA JR.

Note that ∂1 = 1S + R, where R = −α2∂2 − . . . − αn∂n − γ ∈ An−1[x1]. Suppose now
that the result is true for i = n. Then

∂n+1
1 = ∂1∂

n
1 = ∂1(AS + B) = ∂1AS + ∂1B, A ∈ An, B ∈ An−1[x1].

By lemma 2.1, we have

∂n+1
1 = ∂1AS + B∂1 + B̃, B̃ ∈ An−1[x1].

Since ∂1 = S + R,

∂n+1
1 = ∂1AS + B(S + R) + B̃

= (∂1A + B)S + BR + B̃

= Q′S + R′, where Q′ ∈ An and R′ = BR + B̃ ∈ An−1[x1].

This completes the induction.
Now, if P ∈ An, we can write P in the form P = En∂n

1 + . . . + E1∂1 + E0, where
Ei ∈ An−1[x1].

Thus, P = En(HnS + Bn) + . . . + E1(H1S + B1) + E0, where H1, . . . , Hn ∈ An and
B1, . . . Bn ∈ An−1[x1]. Then,

P = (EnHn + . . . + E1H1)S + (EnBn + . . . + E1B1 + E0)︸ ︷︷ ︸
∈ An−1[x1]

.

Therefore, any element of An is congruent, modulo AnS, to an element in An−1[x1].
Moreover, the residue is unique. In fact, let R, R′ ∈ An−1[x1] be residues of some P ∈ An.
So, R−R′ = aS, for some a ∈ An. Writting a = Q∂1 + A and S = ∂1 + B, where Q ∈ An,
A, B ∈ An−1[x1], we have

aS = Q∂1
2 + Q∂1B + A∂1 + AB.

Since R, R′ ∈ An−1[x1], then so does aS. Hence, looking at Q as a polynomial in ∂1

with coefficients in An−1[x1] we conclude that Q = 0. So, aS = A∂1 + AB. By the same
way, we conclude that A = 0. Then a = 0, R = R′ and Q = Q′.

¤

Lemma 2.3. Let S = ∂1+α2∂2+. . .+αn∂n+γ be an element in An, where α2, . . . , αn, γ ∈
K[x1, . . . , xn]. If R ∈ An−1[x1], then

[S, R] = SR−RS ∈ An−1[x1].

Proof: [S,R] = [∂1 + α2∂2 + . . . + αn∂n + γ, R]
= [∂1, R] + [α2∂2, R]︸ ︷︷ ︸

(1)

+ . . .︸︷︷︸
(2)

+ [αn∂n, R]︸ ︷︷ ︸
(3)

+ [γ, R]︸ ︷︷ ︸
(4)

.
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D-SIMPLE RINGS AND MAXIMAL IDEALS OF THE WEYL ALGEBRA 127

Note that the terms (1), (2), (3) and (4) are in An−1[x1].
By lemma 2.1, we have that [∂1, R] = R̃ ∈ An−1[x1].

¤

Lemma 2.4. Let AnS be a left ideal of An, where S = ∂1 + α2∂2 + . . . + αn∂n + γ ∈ An,
α2, . . . , αn and γ ∈ K[x1, . . . , xn]. Then AnS is a maximal left ideal of An if, and only if,
AnS + AnR = An, for every 0 6= R ∈ An−1[x1].

Proof: (⇒) If R ∈ An−1[x1] then R 6∈ AnS.
So, AnS + AnR = An, because AnS is a maximal left ideal of An.
(⇐) We know that AnS is a maximal left ideal of An if, and only if, AnS + AnP = An,

for all P 6∈ AnS.
But, if P 6∈ AnS, by lemma 2.2, we have that P = QS + R, for some Q ∈ An and

R ∈ An−1[x1], R 6= 0 .
Thus,

AnS + AnP = AnS + An(QS + R) = AnS + AnR = An, by hypothesis.

¤

Lemma 2.5. Let S = ∂1+α2∂2+. . .+αn∂n+γ ∈ An, where α2, . . . , αn, γ∈K[x1, . . . , xn]
and R ∈ An−1[x1], with ord(R) > 0. Suppose that µ[S,R]=ηR for some µ ∈ K[x1, . . . , xn],
µ 6= 0, η ∈ K[x1, . . . , xn]. Then, there exists h ∈ K[x1, . . . , xn] and R̃ ∈ An−1[x1], with
ord(R̃) > 0, such that [S, R̃] = hR̃.

Proof: Suppose that

µ[S, R] = ηR (1)

with µ, η, S and R satisfying the hypothesis. We can write R in the form

N∑

i2+...+in=0

pi2,...,in∂2
i2 . . . ∂n

in , where pi2,...,in ∈ K[x1, . . . , xn].

Write R = α0R̃, where α0 is the greatest commom divisor of the elements pi2,...,in .
Since µ ∈ K[x1, . . . , xn] \ {0}, by (1), µ divides ηα0, say ηα0 = µζ, for some ζ ∈

K[x1, . . . , xn]. Hence,

[S, α0R̃] = ζR̃.

But, [S, α0R̃] = [S, α0]R̃ + α0[S, R̃]. Then,

α0[S, R̃] = (ζ − [S, α0])︸ ︷︷ ︸
λ∈K[x1,...,xn]

R̃ = λR̃, where λ ∈ K[x1, . . . , xn] (2)
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128 D. LEVCOVITZ & J. C. SOUZA JR.

By the definition of α0, it follows from (2), that λ = hα0, for some h ∈ K[x1, . . . , xn].
Thus

[S, R̃] = hR̃.

¤
The proof of the following lemma is completely analogous of the previous one. It will be

omitted.

Lemma 2.6. Let S = ∂1 + α2∂2 + . . . + αn∂n + γ be in An, where α2, . . . , αn and
γ ∈ K[x1, . . . , xn] and let p be an element in K[x1, . . . , xn]\K. Suppose that g[S, p] = hp for
some h ∈ K[x1, . . . , xn] and g ∈ K[x1, . . . , xn−1]\{0}. Then, there exists ζ ∈ K[x1, . . . , xn]
and p̃ ∈ K[x1, . . . , xn] \K such that

[S, p̃] = ζp̃.

Remark 2. 1. The next result generalizes theorem 2.2, of [4].

Theorem 2.1.

(a)Suppose that AnS is a maximal left ideal of An, whereS = ∂1 +α2∂2 + . . .+αn∂n +γ,
with α2, . . . , αn, γ ∈ K[x1, . . . , xn]. Then, for every R ∈ An−1[x1], where R is not a
constant, we have

[S,R] 6∈ K[x1, . . . , xn] ·R.

(b)Let S = ∂1+α2∂2+. . .+αn∂n+γ be in An, where α2 ∈ K[x1, x2], . . . , αn ∈ K[x1, xn]
and γ ∈ K[x1, . . . , xn]. Suppose that for every R ∈ An−1[x1], where R is not a constant,
we have [S,R] 6∈ K[x1, . . . , xn] ·R. Then AnS is a maximal left ideal of An.

Proof: (a) Let λ, µ be elements in An such that λS + µR = 1. If deg∂1(λ) = m, then
deg∂1(µ) = m + 1.

Let us write λ and µ in the form:

λ = B̃m∂1
m + . . . + B̃1∂1 + B̃0,

µ = C̃m+1∂1
m+1 + . . . + C̃1∂1 + C̃0,

where B̃i, C̃j ∈ An−1[x1], B̃m 6= 0, C̃m+1 6= 0 .
Using that ∂1 = S−(α2∂2+ . . .+αn∂n +γ) and lemma 2.3, it follows that we can rewrite

λ and µ in the form:

λ = BmSm + . . . + B1S + B0,
µ = Cm+1S

m+1 + . . . + C1S + C0,
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D-SIMPLE RINGS AND MAXIMAL IDEALS OF THE WEYL ALGEBRA 129

where Bi, Cj ∈ An−1[x1], Bm 6= 0, Cm+1 6= 0. So,

λS + µR =
m∑

k=0

BkSk+1 +
m+1∑

k=0

CkSkR = 1.

Hence,

0 = [x1, λS + µR] = −
m∑

k=0

(k + 1)BkSk −
m+1∑

k=1

kCkSk−1R

Commuting with x1 more m times, we obtain

Bm + Cm+1R = 0 (3)

Now, if [S, R] = ηR, for some η ∈ K[x1, . . . , xn], then we would have

λS + µR =
m∑

k=0

BkSk+1 +
m+1∑

k=0

CkSkR

=
m−1∑

k=0

BkSk+1 +
m∑

k=0

CkSkR + BmSm+1 + Cm+1S
m+1R

(3)
=

m−1∑

k=0

BkSk+1 +
m∑

k=0

CkSkR− Cm+1RSm+1 + Cm+1S
m+1R

=
m−1∑

k=0

BkSk+1 +
m∑

k=0

CkSkR− Cm+1(RSm+1 − Sm+1R)

=
m−1∑

k=0

BkSk+1 +
m∑

k=0

CkSkR− Cm+1[R,Sm+1]. (4)

Since [S, R] = ηR, we have

Sm+1R = Sm(SR) = Sm(RS + ηR) = SmRS + SmηR =
= Sm−1(SR)S + SmηR = Sm−1(RS + ηR)S + SmηR =
= Sm−1RS2 + Sm−1(ηR)S + SmηR =
...
= RSm+1 + (ϕm−1S

m−1 + ϕm−2S
m−2 + . . . + ϕ1S + ϕ0)S+

+(ξmSm + ξm−1S
m−1 + . . . + ξ1S + ξ0)R

for some ϕi, ξj ∈ An−1[x1], 0 ≤ i ≤ m− 1, 0 ≤ j ≤ m.
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130 D. LEVCOVITZ & J. C. SOUZA JR.

Then, we have

λS + µR =
m−1∑

k=0

ẼkSk+1 +
m∑

k=0

D̃kSkR = 1,

for some Ẽk, D̃k ∈ An−1[x1].
Commutating with x1 again and repeating the argument, we obtain

λS + µR = E0S + D0R + D1SR = 1 (5)

for some E0, D0, D1 ∈ An−1[x1].
Note that E0 = −D1R. In fact,

0 = [x1, λS + µR] = [x1, E0S + D0R + D1SR]
= E0[x1, S] + D1[x1, S]R
= −E0 −D1R ⇒ E0 = −D1R.

Thus, from (5) follows that

−D1RS + D0R + D1SR = 1
D1[S, R] + D0R = 1
D1(ηR) + D0R = 1
(D1η + D0)R = 1.

Therefore, deg(D1η + D0) + deg(R) = 0, and we get a contradiction, since deg(R) > 0
(R is not a constant ).

Now we prove (b).
Let R be in An−1[x1], such that ord(R) = N > 0. We can write R in the form:

R =
N∑

i2+...+in=0

pi2,...,in∂2
i2 . . . ∂n

in , where pi2,...,in ∈ K[x1, . . . , xn].

Since ord([S, R]) = ord(S)+ord(R) − 1, then ord([S, R]) = N . Therefore we can also
write [S,R] in the form

[S, R] =
N∑

i2+...+in=0

qi2,...,in∂2
i2 . . . ∂n

in , where qi2,...,in ∈ K[x1, . . . , xn].

As ord(R) = N , there exists pi20 ,...,in0
6= 0, such that

i20 + . . . + in0 = N.
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D-SIMPLE RINGS AND MAXIMAL IDEALS OF THE WEYL ALGEBRA 131

By hypothesis and by lemma 2.5, we have that

pi20 ,...,in0
[S,R]− qi20 ,...,in0

R 6= 0

Note that, from this equation, we have

0 ≤ ord(pi20 ,...,in0
[S, R]− qi20 ,...,in0

R) ≤ N.

Moreover,

R̃ := pi20 ,...,in0
[S,R]− qi20 ,...,in0

R = . . . + 0 ∂2
i20 . . . ∂n

in0 + . . .

Now, R̃ ∈ (AnS + AnR) \ {0} is such that 0 ≤ ord(R̃) ≤ N , and the term with order N

involving ∂2
i20 . . . ∂n

in0 does not appear in R̃.

Claim 2.1. If we repeat this process with R̃, then the term with order N that we elimi-
nated previously won’t be back.

Let’s assume, for a while, claim 2.1.
In this way, if R̃ has another term with order N , we can repeat the process and eliminate

it too. Therefore, after a finite number of steps, we have a new R̃ ∈ (AnS + AnR) \ {0},
with 0 ≤ ord(R̃) ≤ N − 1.

Proceeding in this way, we obtain

(AnS + AnR) ∩ (K[x1, . . . , xn] \ {0}) 6= ∅.

Let p =
∑m

k=0 rkxn
k, where rk ∈ K[x1, . . . , xn−1], be a polynomial contained in (AnS +

AnR) ∩ (K[x1, . . . , xn] \ {0}) with the least degree in xn.
If m were strictly greater than zero, then, by the Euclidean Algorithm (applied to [S, p]

and p considered as elements in K(x1, . . . , xn−1)[xn]), there exists d ∈ K[x1, . . . , xn−1]\{0}
such that

d[S, p] = ηp + r, for some η, r ∈ K[x1, . . . , xn] where degxn(r) < degxn(p) or r = 0.

But this implies that r = 0, by the choice of p.
Hence, d[S, p] = ηp, which is a contradiction, by lemma 2.6. So m = 0 and (AnS +

AnR) ∩ (K[x1, . . . , xn−1] \ {0}) 6= ∅.
Proceeding in this way, we obtain

(AnS + AnR) ∩ (K[x1] \ {0}) 6= ∅.

Let p = alx1
l + . . . + a0, with ai ∈ K, be in (AnS + AnR) ∩ (K[x1] \ {0}). Note that

[S, p] = lalx1
l−1 + . . . + a1 ∈ (AnS + AnR) ∩ (K[x1] \ {0}).
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132 D. LEVCOVITZ & J. C. SOUZA JR.

Repeating this process l times, we have that

l!al ∈ (AnS + AnR) ∩ (K \ {0}), then AnS + AnR = An.

By lemma 2.4, it follows that AnS is a maximal left ideal of An.
To finish the prove, we have to show claim 2.1.
Proof of the claim 2.1: For a while, let us suppose that S = ∂1+α2∂2+. . .+αn∂n+γ ∈

An, where α2, . . . , αn, γ ∈ K[x1, . . . , xn] and R =
∑N

i2+...+in=0 Pi2,...,in∂2
i2 . . . ∂n

in , where
Pi2,...,in ∈ K[x1, . . . , xn], with i2 + . . . + in = 0, . . . , N .

Then,

[S, R] =

[
S,

N∑

i2+...+in=0

Pi2,...,in∂2
i2 . . . ∂n

in

]
=

N∑

i2+...+in=0

[S, Pi2,...,in∂2
i2 . . . ∂n

in ].

Note that: [∂1, Pi2,...,in∂2
i2 . . . ∂n

in ] = ∂1(Pi2,...,in)∂2
i2 . . . ∂n

in , and

[α2∂2, Pi2,...,in∂2
i2 . . . ∂n

in ] = α2∂2Pi2,...,in∂2
i2 . . . ∂n

in − Pi2,...,in∂2
i2 . . . ∂n

inα2∂2

= α2(Pi2,...,in∂2 + ∂2(Pi2,...,in))∂2
i2 . . . ∂n

in − Pi2,...,in∂2
i2 . . . ∂n

inα2∂2

= α2Pi2,...,in∂2
i2+1∂3

i3 . . . ∂n
in + α2∂2(Pi2,...,in)∂2

i2 . . . ∂n
in

︸ ︷︷ ︸
(4)

−Pi2,...,in∂2
i2 . . . ∂n

inα2∂2

= 4− Pi2,...,in∂2
i2 . . . ∂n−1

in−1
(
α2∂n

in+
+in∂n(α2)∂n

in−1 + terms with lower order
)
∂2

= 4− Pi2,...,in∂2
i2 . . . ∂n−1

in−1α2∂n
in∂2+

−inPi2,...,in∂2
i2 . . . ∂n−1

in−1∂n(α2)∂n
in−1∂2 + . . .

= 4− Pi2,...,in∂2
i2 . . . ∂n−1

in−1α2∂n
in∂2+

−inPi2,...,in∂2
i2 . . . ∂n−2

in−2(∂n(α2)∂n−1
in−1+

+terms with lower order)∂n
in−1∂2 + . . .

= 4− Pi2,...,in∂2
i2 . . . ∂n−1

in−1α2∂n
in∂2+

−inPi2,...,in∂2
i2 . . . ∂n−2

in−2∂n(α2)∂n−1
in−1∂n

in−1∂2+
... + terms with lower order
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= 4− Pi2,...,in∂2
i2 . . . ∂n−1

in−1α2∂n
in∂2+

− in∂n(α2)Pi2,...,in
∂2

i2+1∂3
i3 . . . ∂n

in−1

︸ ︷︷ ︸
�

+

+ terms with lower order
= 4− Pi2,...,in

∂2
i2 . . . ∂n−2

in−2(α2∂n−1
in−1+

+in−1∂n−1(α2)∂n−1
in−1−1 + . . .)∂n

in∂2+
−¤ + terms with lower order

= 4− Pi2,...,in
∂2

i2 . . . ∂n−2
in−2α2∂n−1

in−1∂n
in∂2+

−in−1Pi2,...,in∂2
i2 . . . ∂n−2

in−2∂n−1(α2)∂n−1
in−1−1∂n

in∂2+
−¤ + terms with lower order

...
= 4− Pi2,...,in∂2

i2 . . . ∂n−2
in−2α2∂n−1

in−1∂n
in∂2+

−in−1Pi2,...,in∂n−1(α2)∂2
i2+1∂3

i3 . . . ∂n−1
in−1−1∂n

in+
−¤ + terms with lower order

...

= 4− Pi2,...,in∂2
i2α2∂3

i3 . . . ∂n
in∂2 − i3Pi2,...,in∂3(α2)∂2

i2+1∂3
i3−1∂4

i4 . . . ∂n
in+

+ . . .− inPi2,...,in∂n(α2)∂2
i2+1∂3

i3 . . . ∂n
in−1+

+ terms with lower order
= 4− Pi2,...,in(α2∂2

i2 + i2∂2(α2)∂2
i2−1 + terms with lower order)∂3

i3 . . . ∂n
in∂2+

−i3Pi2,...,in∂3(α2)∂2
i2+1∂3

i3−1∂4
i4 . . . ∂n

in + . . . +
−inPi2,...,in∂n(α2)∂2

i2+1∂3
i3 . . . ∂n

in−1+
+ terms with lower order

= 4− Pi2,...,inα2∂2
i2+1∂3

i3 . . . ∂n
in − i2Pi2,...,in∂2(α2)∂2

i2 . . . ∂n
in+

−i3Pi2,...,in∂3(α2)∂2
i2+1∂3

i3−1∂4
i4 . . . ∂n

in + . . . +
−inPi2,...,in∂n(α2)∂2

i2+1∂3
i3 . . . ∂n

in−1+
+terms with lower order

= [α2∂2(Pi2,...,in)− i2Pi2,...,in∂2(α2)]∂2
i2 . . . ∂n

in+
+[−i3Pi2,...,in∂3(α2)]∂2

i2+1∂3
i3−1∂4

i4 . . . ∂n
in + . . . +

+[−inPi2,...,in∂n(α2)]∂2
i2+1∂3

i3 . . . ∂n
in−1+

+terms with lower order.

Hence, the terms with order N in
∑N

i2+...+in=0[α2∂2, Pi2,...,in∂2
i2 . . . ∂n

in ] are:

∑
i2+...in=N{[α2∂2(Pi2,...,in)− i2Pi2,...,in∂2(α2)]∂2

i2 . . . ∂n
in+

+[−i3Pi2,...,in∂3(α2)]∂2
i2+1 ∂3

i3−1

︸ ︷︷ ︸
i3≥1

∂4
i4 . . . ∂n

in + . . .

+[−inPi2,...,in∂n(α2)]∂2
i2+1∂3

i3 . . . ∂n
in−1

︸ ︷︷ ︸
in≥1

} .
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Similarly, the terms with order N in
∑N

i2+...+in=0[αj∂j , Pi2,...,in
∂2

i2 . . . ∂n
in ], where j =

2, . . . , n; are:

∑
i2+...in=N{[αj∂j(Pi2,...,in)− ijPi2,...,in∂j(αj)]∂2

i2 . . . ∂n
in+∑n

k=2
k 6=j

[−ikPi2,...,in
∂k(αj)]∂j

ij+1 ∂k
ik−1

︸ ︷︷ ︸
ik≥1

. . . ∂j−1
ij−1∂j+1

ij+1 . . . ∂k−1
ik−1∂k+1

ik+1}.

Since the ord([γ, R]) = N − 1, then the terms with order N in [S, R] are:

∑
i2+...+in=N{[∂1(Pi2,...,in) +

∑n
j=2[αj∂j(Pi2,...,in

)− ijPi2,...,in
∂j(αj)]]∂2

i2 . . . ∂n
in+

+
∑n

j=2

∑n
k=2
k 6=j

[−ikPi2,...,in∂k(αj)]∂j
ij+1 ∂k

ik−1

︸ ︷︷ ︸
ik≥1

. . . ∂j−1
ij−1∂j+1

ij+1 . . . ∂k−1
ik−1∂k+1

ik+1}.

Now, observe that if Pi2,...,in is the coefficient of ∂2
i2 . . . ∂n

in in R, with i2 + . . .+ in = N ,
then the corresponding coefficient in [S,R] is:

qi2,...,in := [∂1(Pi2,...,in) +
∑n

j=2[αj∂j(Pi2,...,in)− ijPi2,...,in∂j(αj)]+∑n
j=2

∑n
k=2
k 6=j

[−(ik + 1)Pi2,...,ij−1,ij−1,ij+1,...,ik−1,ik+1,ik+1,...,in∂k(αj)]].

Note that, unfortunately qi2,...,in does not depend only on Pi2,...,in . But, under the
hypothesis that αi ∈ K[x1, xi], i = 2, . . . , n we have, ∂k(αj) = 0 for all j, k = 2, . . . , n; j 6= k.

In this case, qi2,...,in depends only on Pi2,...,in . Therefore, if Pi2,...,in = 0, then qi2,...,in = 0
and we have that the coefficient of ∂2

i2 . . . ∂n
in in ζ[S, R] − ηR is zero, for all η, ζ ∈

K[x1, . . . , xn]. ¤
Now we establish a connection between principal maximal ideals of the Weyl algebra

and certain partial differential equations over the polynomial ring K[x1, · · · , xn]. This
connection was originally discovered by Bratti and Takagi when n = 2([4]). We generalize
their theorem for an arbitrary number of variables. We begin with some calculations that
will be useful in the proof of the next theorem.

Let S = ∂1 + α2∂2 + α3∂3 + γ be an element in A3(K), where α2 ∈ K[x1, x2], α3 ∈
K[x1, x3] and γ ∈ K[x1, x2, x3]. Let

R =
n∑

i+j=0

Pi,j∂2
i∂3

j ∈ K[x1, x2, x3] < ∂2, ∂3 >,

n ≥ 1 and Pi,j ∈ K[x1, x2, x3]. Then, a simple calculation gives the following expression of
[S,R]:
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[S, R] =
n∑

i+j=0

{[∂1(Pi,j) + α2∂2(Pi,j)− iPi,j∂2(α2) +

+ α3∂3(Pi,j)− jPi,j∂3(α3)]∂2
i∂3

j +

+ [−
(

i

2

)
Pi,j∂2

2(α2)− iPi,j∂2(γ)]∂2
i−1∂3

j + (6)

+ [−
(

j

2

)
Pi,j∂3

2(α3)− jPi,j∂3(γ)]∂2
i∂3

j−1 +

+ terms with order lower than i + j − 1}

Note that
λ := ∂1(Pk,n−k) + α2∂2(Pk,n−k)− kPk,n−k∂2(α2) + α3∂3(Pk,n−k)− (n− k)Pk,n−k∂3(α3)

is the coefficient of the monomial ∂2
k∂3

n−k in [S,R]. Now, if Pk,n−k 6= 0, then in the
expression

Pk,n−k[S, R]− λR

the coefficient of ∂k
2∂n−k

3 is zero while the coefficient of ∂2
k−1∂3

n−k, say qk−1,n−k ∈
K[x1, x2, x3], is the following:

qk−1,n−k = P 2
k,n−k

[
∂1

(
Pk−1,n−k

Pk,n−k

)
+ α2∂2

(
Pk−1,n−k

Pk,n−k

)
+ α3∂3

(
Pk−1,n−k

Pk,n−k

)
+

+ ∂2(α2)
(

Pk−1,n−k

Pk,n−k

)
− k∂2(γ)−

(
k

2

)
∂2

2(α2)
]

, (7)

where 1 ≤ k ≤ n, and
(

k

2

)
= 0 if k < 2.

Similarly, the coefficient qk,n−k−1 ∈ K[x1, x2, x3] of ∂2
k∂3

n−k−1 in the expression

Pk,n−k[S, R]− λR

is the following:

qk,n−k−1 = P 2
k,n−k

[
∂1

(
Pk,n−k−1

Pk,n−k

)
+ α2∂2

(
Pk,n−k−1

Pk,n−k

)
+ α3∂3

(
Pk,n−k−1

Pk,n−k

)
+

+ ∂3(α3)
(

Pk,n−k−1

Pk,n−k

)
− (n− k)∂3(γ)−

(
n− k

2

)
∂3

2(α3)
]

, (8)

where 0 ≤ k ≤ n− 1, and
(

n− k

2

)
= 0 if n− k < 2.
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Theorem 2.2. Let S = ∂1 + α2∂2 + . . . + αn∂n + γ ∈ An(K), where αi(x1, xi) =
αi0(x1) + αi1(x1)xi ∈ K[x1, xi], i = 2, . . . , n and γ ∈ K[x1, . . . , xn]. Then the following
statements are equivalent:

(i)AnS is a left maximal ideal of An(K).
(ii)The equations

∂1

(
p

q

)
+ α2∂2

(
p

q

)
+ . . . + αn∂n

(
p

q

)
+ ∂i(αi) ·

(
p

q

)
= ∂i(γ), 2 ≤ i ≤ n (9)

do not have any solution in K(x1, . . . , xn) and the equations

∂1

(r

s

)
− αi1 ·

(r

s

)
= −αi0, i = 2, . . . , n (10)

do not have any solution in K(x1).

Proof: We will prove the theorem only in the case n = 3 to avoid a heavy notation.
The proof in the general case is analogous.

If n = 3, the equations (9) become :

∂1

(
p

q

)
+ α2∂2

(
p

q

)
+ α3∂3

(
p

q

)
+ ∂2(α2) ·

(
p

q

)
= ∂2(γ) (11)

∂1

(
p

q

)
+ α2∂2

(
p

q

)
+ α3∂3

(
p

q

)
+ ∂3(α3) ·

(
p

q

)
= ∂3(γ) (12)

and the equations (10) become:

∂1

(r

s

)
− α21 ·

(r

s

)
= −α20 (13)

∂1

(r

s

)
− α31 ·

(r

s

)
= −α30 (14)

First, we prove that (i) implies (ii).
Suppose that p

q ∈ K(x1, x2, x3) is a solution of (11). Let R = q∂2 + p. Then,

[S, R] = (∂1(q) + α2∂2(q)− q∂2(α2) + α3∂3(q))∂2 +
+ (∂1(p) + α2∂2(p) + α3∂3(p)− q∂2(γ)).
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Put λ := ∂1(q) + α2∂2(q)− q∂2(α2) + α3∂3(q), the coefficient on ∂2 in [S, R]. Then,

q[S, R]− λR = q2




∂1

(
p

q

)
+ α2∂2

(
p

q

)
+ α3∂3

(
p

q

)
+ ∂2(α2) ·

(
p

q

)
− ∂2(γ)

︸ ︷︷ ︸
p
q is a solution of (11)




= 0.

Therefore, q[S, R] = λR, which is contrary to the theorem 2.1 ( using lemma 2.5), since
A3S is a maximal ideal.

Thus, the equation (11) does not have any solution in K(x1, x2, x3).
Analogously, if p

q is a solution of (12), taking R = q∂3 + p we obtain a contradiction. So,
equation (12) does not have any solution in K(x1, x2, x3) either.

Now, if r
s ∈ K(x1) is a solution of (13), let P = r(x1) + s(x1)x2. Then,

[S, P ] = r′ + s′x2 + α2s, where r′ and s′ denote the derivative of r and s.

Since α2(x1, x2) = α20(x1) + α21(x1)x2, we have

[S, P ] = (r′ + α20s) + (s′ + α21s)x2.

Then,

s[S, P ]− (s′ + α21s)P = s2


∂1

(r

s

)
− α21 ·

(r

s

)
+ α20

︸ ︷︷ ︸
r
s is a sol. of (13)


 = 0.

Therefore, s[S, P ] = (s′ + α21s)P , which is contrary to the theorem 2.1 ( using lemma
2.6), since A3S is a maximal ideal.

Thus, the equation (13) does not have any solution in K(x1).
Analogously, if r

s ∈ K(x1) is a solution of (14), taking P = r(x1) + s(x1)x3 we obtain a
contradiction. So, equation (14) does not have any solution in K(x1) either.

Conversely, let us assume (ii).
Let R =

∑n
i+j=0 Pi,j∂2

i∂3
j be in K[x1, x2, x3] < ∂2, ∂3 > an element with order n > 0.

So, there exists Pk,n−k 6= 0 for some k = 0, . . . , n.
Observe that in the case that α2(x1, x2) = α20(x1) + α21(x1)x2 and α3(x1, x3) =

α30(x1) + α31(x1)x3, the equations (7) and (8) simplify:

qk−1,n−k = P 2
k,n−k

[
∂1

(
Pk−1,n−k

Pk,n−k

)
+ α2∂2

(
Pk−1,n−k

Pk,n−k

)
+ α3∂3

(
Pk−1,n−k

Pk,n−k

)
+

+ ∂2(α2)
(

Pk−1,n−k

Pk,n−k

)
− k∂2(γ)

]
(15)
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qk,n−k−1 = P 2
k,n−k

[
∂1

(
Pk,n−k−1

Pk,n−k

)
+ α2∂2

(
Pk,n−k−1

Pk,n−k

)
+ α3∂3

(
Pk,n−k−1

Pk,n−k

)
+

+ ∂3(α3)
(

Pk,n−k−1

Pk,n−k

)
− (n− k)∂3(γ)

]
(16)

Note that, if the equations (11) and (12) do not have any solution in K(x1, x2, x3),
neither do have the equations (15) and (16). Hence, the ideal A3S + A3R contains an
element of the form:

R1 := . . . + 0∂2
k∂3

n−k + . . . + qk−1,n−k∂2
k−1∂3

n−k + qk,n−k−1∂2
k∂3

n−k−1 + . . .

with qk,n−k−1 6= 0 or qk−1,n−k 6= 0; (actually if 1 ≤ k ≤ n − 1, then both coefficients are
non zero).

So, n− 1 ≤ ord(R1) ≤ n. Now, if we calculate [S, R1], the term with order n eliminated
before does not appear again. Hence, if R1 has another term with order n, we use the
same process to eliminate it and we get a new R2 ∈ A3S +A3R, R2 6= 0, such that n− 1 ≤
ord(R2) ≤ n.

Proceeding in this way, we obtain a non-zero element

R̃ ∈ A3S + A3R, where ord(R̃) = n− 1.

Repeating this process, we see that

(A3S + A3R) ∩ (K[x1, x2, x3] \ {0}) 6= ∅.

Now, let P =
∑N

i+j=0 Pi,jx2
ix3

j be in (A3S + A3R)∩ (K[x1, x2, x3] \ {0}), where Pi,j ∈
K[x1]. Similarly, since the equations (13) and (14) do not have any solution in K(x1), we
conclude that

(A3S + A3R) ∩ (K[x1] \ {0}) 6= ∅.
Therefore, A3S + A3R = A3. By lemma 2.4, A3S is a left maximal ideal of A3(K).

¤

Example 2.1. Let S = ∂1 + α2∂2 + . . . + αn∂n + γ ∈ An(K), where αi(x1, xi) =
αi0(x1)+ αi1(x1)xi ∈ K[x1, xi], i = 2, . . . , n. Observe that if γ ∈ K[x1], then the equations
given by (9) have u = 0 as a solution. Therefore, AnS is never a maximal ideal of An.

3. APPLICATIONS TO THE D-SIMPLICITY OF THE RING
K[X1, · · · , XN ]

In this section we apply the previous section to study the d-simplicity of the ring
K[x1, · · · , xn].
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Definition 3.1. Let d be a derivation of a commutative ring A. An ideal I of A is
a d-ideal if d(I) ⊂ I. We will say that A is d-simple if it does not contain any proper
non-zero d-ideals.

If A is a Noetherian ring and d is a derivation of A, it is well known that A is d-simple if
and only if no prime ideal of A is a d-ideal. As a corollary of our next theorem we obtain
that for certain type of derivations of K[x1, · · · , xn] we need to check only if the prime
ideals of height one are d-ideals.

Theorem 3.1. Let d = ∂1 + α2∂2 + . . . + αn∂n be a derivation of K[x1, . . . , xn] where
α2, . . . , αn ∈ K[x1, . . . , xn]. Then the following statements are equivalent:

(i)For every P ∈ K[x1, . . . , xn] \K we have

[d, P ] 6∈ K[x1, . . . , xn]P.

(ii)K[x1, . . . , xn] is d-simple.
(iii)No principal ideal of K[x1, . . . , xn] is a d-ideal.

Proof: (i) ⇔ (ii): Suppose that K[x1, . . . , xn] is not d-simple. Let I be a proper non-
zero d-ideal of K[x1, . . . , xn]. Let P =

∑l
k=0 rkxn

k, where rk ∈ K[x1, . . . , xn−1], be a
non-zero polynomial contained in I with the least degree in xn.

If l > 0, since d(P ) ∈ I, then t := degxn(d(P )) ≥ l. But,

d(P ) = [d, P ] ∈ I.

Then, degxn([d, P ]) = t ≥ l.
By the Euclidean Algorithm (applied to [S, P ] and P considered as elements in K(x1, . . . ,

xn−1)[xn]), there exists an g ∈ K[x1, . . . , xn−1] \ {0} such that

g[S, P ] = ηP + r, for some η, r ∈ K[x1, . . . , xn], where degxn(r) < degxn(P ) or r = 0.

But this implies that r = 0, by the choice of P . Thus, g[d, P ] = ηP . By lemma 2.6,
there exist ξ ∈ K[x1, . . . , xn] and P̃ ∈ K[x1, . . . , xn] \K such that

[d, P̃ ] = ξP̃ .

Conversely, suppose that there exists P ∈ K[x1, . . . , xn] \K such that [d, P ] = ξP , for
some ξ ∈ K[x1, . . . , xn].

Note that [d, P ] = d(P ). Consider the ideal I = (P ) ⊂ K[x1, . . . , xn]. Let f ∈ I, then
f = ηP , for some η ∈ K[x1, . . . , xn]. Hence,

d(f) = d(ηP ) = d(η)P︸ ︷︷ ︸
∈I

+ ηξP︸︷︷︸
∈I

∈ I.
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Therefore, I is a d-ideal.
(iii): It is equivalent to (i) since [d, P ] = d(P ).

¤

Corollary 3.1. Let d = ∂1 + α2∂2 + . . . + αn∂n be a derivation of K[x1, . . . , xn] where
α2, . . . , αn ∈ K[x1, . . . , xn]. Then, K[x1, . . . , xn] is d-simple if and only if no prime ideal
of height one is a d-ideal.

Proof: By Theorem 3.1 K[x1, . . . , xn] is d-simple if and only if no principal ideal is a
d-ideal. But if an ideal I is a d-ideal, then every minimal prime of I is also a d-ideal. By
Krull’s Principal Ideal Theorem, every minimal prime ideal of a principal ideal has height
one.

¤
Examples of derivations d that make the polynomial ring K[x1, . . . , xn] into a d-simple

ring are not easy to find out. A family of them were discovered by Coutinho in [2] (gener-
alizing an example of Stafford) and are based in a result of Shamsuddin (See [6]).

Definition 3.2. A derivation d of the polynomial ring K[x1, . . . , xn] is called a Sham-
suddin’s derivation if it has the following form:

d = ∂1 + α2(x1, x2)∂2 + . . . + αn(x1, xn)∂n

where αj(x1, xj) = aj(x1) + bj(x1)xj are polynomials in x1, xj of degree one in xj , j =
2, . . . , n.

Let S be the element in A2(C), given by

S = ∂1 + (x1x2 + λx2
2 + 1)∂2 + λ(2− µ)x2, λ 6∈ Q and µ 6∈ Z.

Stafford proved in [1] (proposition 2.2) thatA2S is a maximal left ideal of A2(C) (actually,
our operator is obtained from Stafford’s after a transposition and a change of indices).

Consider the derivation d = ∂1 + (x1x2 + λx2
2 + 1)∂2 of C[x1, x2] extracted from S. Is

C[x1, x2] d-simple?
The answer is yes and is provided by the next theorem. Note that in this case, we get

an example where C[x1, x2] is d-simple and d is not a Shamsuddin’s derivation.

Theorem 3.2. Let S = d+γ be an element in An(K), where d = ∂1 +α2∂2 + . . .+αn∂n

is a derivation of K[x1, . . . , xn], with α2, . . . , αn, γ ∈ K[x1, . . . , xn]. If AnS is a maximal
left ideal of An, then K[x1, . . . , xn] is d-simple.

Proof: Suppose that K[x1, . . . , xn] is not d-simple. Let I be a proper non-zero d-ideal of
K[x1, . . . , xn]. Let p =

∑l
k=0 rkxn

k, where rk ∈ K[x1, . . . , xn−1], be a non-zero polynomial
contained in I with the least degree in xn.

If l > 0, since d(p) ∈ I, then t := degxn(d(p)) ≥ l. But,

d(p) = [d, p] = [d + γ, p] = [S, p] ∈ I.

Publicado pelo ICMC-USP
Sob a supervisão da CPq/ICMC



D-SIMPLE RINGS AND MAXIMAL IDEALS OF THE WEYL ALGEBRA 141

Then degxn([S, p]) = t ≥ l. By the Euclidean Algorithm (applied to [S, p] and p consid-
ered as elements in K(x1, . . . , xn−1)[xn]), there exists an g ∈ K[x1, . . . , xn−1] \ {0} such
that

g[S, p] = ηp + r, for some η, r ∈ K[x1, . . . , xn] where degxn(r) < degxn(p) or r = 0.

But this implies that r = 0, by the choice of p. So, g[S, p] = ηp and this contradicts the
fact of AnS be a maximal ideal, by lemma 2.6 and theorem 2.1(a).

Then l = 0 and p ∈ K[x1, . . . , xn−1]. Hence, I ∩K[x1, . . . , xn−1] 6= (0). Proceeding in
this way, we obtain that I ∩K[x1] 6= (0). Let p ∈ I ∩K[x1], p 6= 0. We can write p in the
form:

p = amx1
m + . . . + a0, ai ∈ K, am 6= 0.

Since p ∈ I and I is a d-ideal, then d(p) ∈ I. So,

d(p) = [S, p] = mamx1
m−1 + . . . + a1 ∈ I.

Proceeding in this way, we obtain

m!am ∈ I, so I = K[x1, . . . , xn] (Contradiction!)

Therefore, K[x1, . . . , xn] is d-simple.
¤

The following lemma is useful to check if the equations 10 of Theorem 2.2 do have a
solution.

Lemma 3.1. Let α1(x1), α0(x1) ∈ K[x1]. If the equation

∂1(u)− α1(x1) · u = −α0(x1) (17)

has a solution ξ ∈ K(x1), then ξ ∈ K[x1].

Proof: Let ξ = r
s ∈ K(x1) be a solution of the equation (17), with gcd(r, s) = 1. Thus,

∂1

(r

s

)
− α1 ·

(r

s

)
= −α0 (18)

We can write s in the form:

s = a0 + . . . + anx1
n, where ai ∈ K.

If s(0) 6= 0, then a0 6= 0. Therefore,

r

s
=

r

a0
·




1
1 + b1x1 + . . . + bnx1

n
︸ ︷︷ ︸

it’s a unit in K[[x1]]


 .
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So, r
s is a solution of (18) that belongs to K[[x1]]. Since ξ ∈ K(x1) ∩K[[x1]], we have

that ξ is not transcendental over K(x1). Then, by proposition 2.3(b) of [5], we have that
ξ ∈ K[x1].

We claim that s(0) 6= 0. In fact, note that the derivation of order n of a product is given
by

(f · g)n =
n∑

i=0

(
n

i

)
f (i)g(n−i), where

{
f (0) = f ; f (i) = ∂if

∂x1i , i ≥ 1

g(0) = g; g(i) = ∂ig
∂x1i , i ≥ 1

Since gcd(r, s) = 1, if s(0) = 0 then r(0) 6= 0.
From the equation (18), it follows that

sr′ − rs′ − α1rs + α0s
2 = 0 (19)

Evaluating at 0, we obtain that

s(0)︸︷︷︸
=0

r′(0)− r(0)s′(0)− α1(0)r(0) s(0)︸︷︷︸
=0

+α0(0) (s(0))2︸ ︷︷ ︸
=0

= 0.

Then, r(0)︸︷︷︸
6=0

s′(0) = 0 ⇒ s′(0) = 0.

Now, suppose by induction that s′(0) = s(2)(0) = . . . = s(n)(0) = 0. It follows from (19)
that:

(sr′ − rs′ − α1rs + α0s
2)(n) = 0∑n

i=0

(
n
i

){(s)(i)(r′)(n−i) − (r)(i)(s′)(n−i) − (α1r)(i)(s)(n−i) + (α0)(i)(s2)(n−i)} = 0.

By induction hypothesis, we have that r(0)︸︷︷︸
6=0

s(n+1)(0) = 0 ⇒ s(n+1)(0) = 0.

Hence, s(n)(0) = 0,∀ n ∈ N, then s ≡ 0.This is a contradiction.
Therefore, s(0) 6= 0.

¤
Remark 3. 1. In [5] (Theorem 4.1 a) Brumatti, Lequain and Levcovitz give a charac-

terization of the d-simplicity of the ring K[X,Y ], where d is a Shamsuddin derivation, in
terms of the existence of a polynomial solution of a certain ordinary differential equation.
The following theorem generalizes this result for an arbitrary number of variables.

Theorem 3.3.Let d = ∂1+α2∂2+. . .+αn∂n be a Shamsuddin derivation of K[x1, . . . , xn].
Then the following statements are equivalent:

(i)K[x1, . . . , xn] is d-simple.
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(ii)For every P ∈ K[x1, . . . , xn], where P is not a constant, we have

[d, P ] 6∈ K[x1, . . . , xn]P.

(iii)The equations

∂1(u)− αi1 · u = −αi0 , i = 2, . . . , n

do not have any solution in K(x1).
(iv)The equations

∂1(u)− αi1 · u = −αi0 , i = 2, . . . , n

do not have any solution in K[x1].

Proof: (i) ⇔ (ii). This is a consequence of theorem 3.1.
(ii) ⇒ (iii). Suppose that r

s ∈ K(x1) is a solution of the equation ∂1(u)−αi1 ·u = −αi0 ,
for some i ∈ {2, . . . , n}. Let P = r(x1) + s(x1)xi. Then, [d, P ] = r′ + s′xi + αis, where r′

and s′ denote the derivative of r and s.
Since αi(x1, xi) = αi0(x1) + αi1(x1)xi, we have

[d, P ] = (r′ + αi0s) + (s′ + αi1s)xi.

Then,

s[d, P ]− (s′ + αi1s)P = s2


∂1

(r

s

)
− αi1

(r

s

)
+ αi0

︸ ︷︷ ︸
=0


 = 0.

Therefore, s[d, P ] = (s′ + αi1s)P . By lemma 2.6, there exists ξ ∈ K[x1, . . . , xn] and
P̃ ∈ K[x1, . . . , xn] \K such that [d, P̃ ] = ξP̃ .

(iii) ⇒ (iv). It is obvious.
(iv) ⇒ (i). Suppose that the equations

∂1(u)− αi1 · u = −αi0 , i = 2, . . . , n

do not have any solution in K[x1]. By lemma 3.1, we can conclude that these equations
also do not have any solution in K(x1).

Now, let I be a non-zero d-ideal of K[x1, . . . , xn] and let P be a non-zero polynomial
contained in I.

We will show that I = K[x1, . . . , xn]. So, K[x1, . . . , xn] is d-simple.
If P is a non-zero constant, then there is nothing to be done. So, we shall suppose from

now on that P is not a constant.
We can write P in the form:

P =
N∑

i2+...+in=0

Pi2,...,inx2
i2 . . . xn

in , where Pi2,...,in ∈ K[x1].
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If N = 0 then P ∈ K[x1] \K and we are done.
If N > 0, consider the degree function as the degree in the variables x2, . . . , xn ( that is

deg(P ) = N > 0) we have that

d(P ) = [d, P ] =
N∑

i2+...+in=0

[
d, Pi2,...,in

x2
i2 . . . xn

in
]
.

A simple calculation shows that

d(P ) =
∑N

i2+...+in=0{[∂1(Pi2,...,in) + Pi2,...,in(i2α21 + . . . + inαn1)]x2
i2 . . . xn

in

+[Pi2,...,ini2α20 ]x2
i2−1x3

i3 . . . xn
in + . . . + [Pi2,...,ininαn0 ]x2

i2 . . . xn
in−1

+terms with degree lower than i2 + . . . + in − 1}.

As deg(P ) = N > 0, we have that there exists Pi20 ,...,in0
6= 0, such that

i20 + . . . + in0 = N.

Thus,

d(P ) = . . . + [∂1(Pi20 ,...,in0
) + Pi20 ,...,in0

(i20α21 + . . . + in0αn1)]x2
i20 . . . xn

in0 + . . .

+ [∂1(Pi20−1,...,in0
) + Pi20−1,i30 ,...,in0

((i20 − 1)α21 + . . . + in0αn1) +

+ Pi20 ,...,in0
i20α20 ]x2

i20−1x3
i30 . . . xn

in0 + . . . + [∂1(Pi20 ,...,in0−1) +
+ Pi20 ,...,in0−1(i20α21 + . . . + (in0 − 1)αn1) +

+ Pi20 ,...,in0
in0αn0 ]x2

i20 . . . xn
in0−1 + . . .

Now, put λ := ∂1(Pi20 ,...,in0
) + Pi20 ,...,in0

(i20α21 + . . . + in0αn1) the coefficient
x2

i20 . . . xn
in0 in d(P ).

Then,

Pi20 ,...,in0
d(P )− λP︸ ︷︷ ︸
∈I

= . . . + 0x2
i20 . . . xn

in0 + . . . +

+P 2
i20 ,...,in0

[∂1(
Pi20−1,i30 ,...,in0

Pi20 ,...,in0
)− α21(

Pi20−1,i30 ,...,in0
Pi20 ,...,in0

) + i20α20 ]x2
i20−1x3

i30 . . . xn
in0 + . . .

...

+P 2
i20 ,...,in0

[∂1(
Pi20 ,...,in0−1

Pi20 ,...,in0
)− αn1(

Pi20 ,...,in0−1

Pi20 ,...,in0
) + in0αn0 ]x2

i20 . . . xn
in0−1 + . . .

Hence, it is easy to see that if the equations ∂1(u)− αi1 · u = −αi0 , i = 2, . . . , n do not
have any solution in K(x1), neither do have the equations

∂1(u)− αj1 · u = −ij0αj0 , j = 2, . . . , n, whith ij0 6= 0.
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But since i20 + . . . + in0 = N > 0 and i20 , . . . , in0 ∈ N, it follows that there exists some
ij0 6= 0, j ∈ {2, . . . , n}.

Thus, the ideal I contains a non zero element of the form:

P1 = . . . + 0x2
i20 . . . xn

in0 + . . .
+ qi20−1,i30 ,...,in0︸ ︷︷ ︸

∈K[x1]

x2
i20−1x3

i30 . . . xn
in0 + . . .

...
qi20 ,...,in0−1︸ ︷︷ ︸

∈K[x1]

x2
i20 . . . xn

in0−1 + . . .

such that N − 1 ≤ deg(P1) ≤ N .

Claim 3.1. If we repeat this process with P1, the term with degree N eliminated before
does not appear again.

Let’s assume, for a while, claim 3.1.
In this way, if P1 has another term with degree N , we use the same process to eliminate

it and we get a new P2 ∈ I, P2 6= 0, such that N − 1 ≤ deg(P2) ≤ N .
Proceeding in this way, we obtain a non-zero element P̃ ∈ I, where deg(P̃ ) = N − 1.
Repeating this process, we see that

I ∩ (K[x1] \ {0}) 6= ∅.
Therefore, I = K[x1, . . . , xn].
To finish the prove, we have to show claim 3.1.
Proof of the claim 3.1: Let P =

∑N
i2+...+in=0 Pi2,...,inx2

i2 . . . xn
in , with Pi2,...,in ∈

K[x1], where P is not a constant.
We know that

d(P ) =
∑N

i2+...+in=0{[∂1(Pi2,...,in) + Pi2,...,in(i2α21 + . . . + inαn1)]x2
i2 . . . xn

in

+[Pi2,...,ini2α20 ]x2
i2−1x3

i3 . . . xn
in + . . . + [Pi2,...,ininαn0 ]x2

i2 . . . xn
in−1

+terms with degree lower than i2 + . . . + in − 1}.
Hence, the terms with degree N in d(P ) are:

∑

i2+...+in=N

{[∂1(Pi2,...,in) + Pi2,...,in(i2α21 + . . . + inαn1)]x2
i2 . . . xn

in

Now, observe that if Pi20 ,...,in0
is the coefficient of x2

i20 . . . xn
in0 in P , with i20+. . .+in0 =

N , then the corresponding coefficient in d(P) is:

qi20 ,...,in0
:= ∂1(Pi20 ,...,in0

) + Pi20 ,...,in0
(i20α21 + . . . + in0αn1).

Note that, qi20 ,...,in0
depends only on Pi20 ,...,in0

. Therefore, if Pi20 ,...,in0
= 0, then

qi20 ,...,in0
= 0 and we have that the coefficient of x2

i20 . . . xn
in0 in ξd(P )− ηP is zero, for

all ξ, η ∈ K[x1].
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¤
We will now use our theorem 3.3 to recover theorem 3.3 of [2]. He considers, for 2 ≤ i ≤ n,

ai, bi non-zero polynomials in K[x1] such that:

1. a2, . . . , an are linearly independent over Q and
2. deg(ai) > deg(bi) for i = 2, . . . , n.

He shows that K[x1, . . . , xn] is d-simple with respect to the derivation

d = ∂1 +
n∑

i=2

(xiai + bi)∂i.

One advantage of our approach is that we don’t need the polynomials a2, . . . , an to be
linearly independent over Q.

Example 3.2. Consider, for 2 ≤ i ≤ n, ai, bi non-zero polynomials in K[x1] such that
deg(ai) > deg(bi) for i = 2, . . . , n. Then, the derivation

d = ∂1 +
n∑

i=2

(xiai + bi)∂i

makes the ring K[x1, . . . , xn] into a d-simple ring.
In fact, we must analyze if the equations

∂1(u)− ai · u = −bi, i = 2, . . . , n

do not have any solution in K[x1].
Observe that if u ∈ K[x1] is a solution, then,

∂1(u)︸ ︷︷ ︸
deg(u)−1

− ai · u︸ ︷︷ ︸
deg(ai)+deg(u)

= − bi︸︷︷︸
deg(bi)

, i = 2, . . . , n

Since deg(ai) > deg(bi), i = 2, . . . , n, these equations do not have any solution in K[x1].
By theorem 3.3, it follows that K[x1, . . . , xn] is d-simple.

We give now a different family of Shamsuddin’s derivations that make K[x1, . . . , xn] into
a d-simple ring.

Example 3.3. For 2 ≤ i ≤ n, let ai, bi be monic polynomials in K[x1] such that
deg(ai) = deg(bi) = ki. Then K[x1, . . . , xn] is d-simple with respect to the derivation

d = ∂1 + (x1
2b2 + x1a1x2)∂2 + . . . + (x1

2bn + x1anxn)∂n.

By theorem 3.3 we must analyze if the equations
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∂1(u)− x1aiu = −x1
2bi, i = 2, . . . , n (20)

do not have any solution in K[x1].
Observe that if u ∈ K[x1] is a solution of an equation given in (20), then

∂1(u)︸ ︷︷ ︸
deg(u)−1

− x1aiu︸ ︷︷ ︸
deg(u)+ki+1

= −x1
2bi︸ ︷︷ ︸

ki+2

⇒ deg(u) = 1.

We can write ai, bi and u in the form:

ai = x1
ki + iaki−1x1

ki−1 + . . . + ia0

bi = x1
ki + ibki−1x1

ki−1 + . . . + ib0

u = cx1 + d

Thus, from (20) it follows that the polynomial (−c + 1)x1
ki+2 + . . . + c ≡ 0, which is a

contradiction.
Therefore, the equations given by (20) do not have any solution in K[x1], so K[x1, . . . , xn]

is d-simple.
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