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The differential operators S = +'88 +7 of A2(C) such that S generates

a maximal left ideal of A2(C) were characterlzed in [4] by Bratti and Takagi.
We generalize their work to A, (K), n > 2, K a field of characteristic zero. We
also show that if S = ai + as 3 + ...+ anai + v generates a maximal

1
left ideal of A, (K), then the polynomlal ring K[z1,...,xn] is d-simple with
respect to the derivation d =S — v = + Qg 5— By +...+an ai April, 2002
ICMC-USP "

1. INTRODUCTION

Let A, (K) = K[z1,...,2,] < O1,...,0, > be the n-th Weyl algebra over a field K of
characteristic zero (here 9,, denotes the usual derivation 8 ). Lately, there has been a lot
of research about the principal maximal left (or right) ideals of A, (K), that is, ideals of
the form A, (K)S (or SA,(K)), S € A,(K).

The first author to address this problem was Stafford who exhibited explicitely, for the
first time, a family of principal maximal right ideals of A, (C). He was also able to show
that given A\, u € C,\ ¢ Q, 1 ¢ Z,the following specific operator of As(C):

S =29+ 210,09 + /\(812$1 + [1,81) + 1,

generates a maximal right ideal of A5(C) and is not a member of the previous family. (See

[1]). In this way he gave the first counter-examples to the conjecture that every simple

module over A, (C) should be holonomic. (Since % "(SC)) is simple but not holonomic if
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124 D. LEVCOVITZ & J. C. SOUZA JR.

n > 2.)(See [1]). Later on, Berstein and Lunts proved that, in a certain sense, the generic
operator of A, (C) generates a maximal left ideal (See [7]). Nevertheless the examples
discovered by Stafford were of a different kind of the generic ones of Berstein and Lunts.

Stafford’s examples were generalized by Coutinho in [2]. Starting with a derivation d
of K[x1,...,2,] that makes this ring into a d-simple ring, he was able to give a suitable
pertubation of d, say d + v, v € KJx1,...,z,], such that the left ideal A, (K)(d + 7)
is maximal. Here, for the first time, we see that there is a straight connection between
d-simplicity of K[x1,...,z,] and principal maximal ideals of A, (K).

More recently, Bratti and Takagi gave another characterization of principal maximal
ideals of A3(C) (4], Theorem 2.2). As an application they were able to relate the problem
of finding an operator S € A3(C) such that A2(C)S is maximal to the problem of finding
(or not) certain rational solutions of a system of PDE’s ([4],Theorem 2.4). In doing so,
they use both algebraic and analytical methods.

The first objective of this paper is to generalize the results of Bratti and Takagi to an
arbitrary number n > 2 of variables and to an arbitrary base field K of characteristic zero.
In other words, we characterize the principal maximal left ideals of A,,(K), n > 2. To do
so we use only algebraic methods (see Theorem 2.1 ).

The second objective is to establish, for certain derivations d of K[x1,...,z,], a relation
between the d-simplicity of K[z1,...,x,] and the existence of a suitable pertubation of d,
say d+ v, v € K[z1,...,xy], such that A, (K)(d++) is a maximal left ideal of A, (K). In
this way, using Stafford’s results, we could give an example of a derivation d that makes
the ring K[z1,...,z,] into a d-simple ring and is not of Shamsuddin’s type (see definition
3.2).

Finally we give some connections between our work and the paper ” Differential simplicity
of polynomial rings and algebraic independence of power series” of P.Brumatti, Y.Lequain
and the first author.

This paper is divided as follows: In Section 2 we characterize the principal maximal ideals
of the Weyl algebra A,,(K) (Theorem 2.1) and relate this maximal ideals to the existence
(or not) of rationals solutions to certain PDE’s with polynomials coefficients. The results
are similar to the ones in A5(C) but the techniques of the proofs are much more involved.
In Section 3 we apply the results of Section 2 to the theory of d-simplicity of the polynomial
ring K[x1,...,x,]. We give a connection between d-simplicity and principal maximal ideals
of A,(K). We also obtain new examples of derivations that make the ring K[zy,...,z,]
into a d-simple ring.

2. PRINCIPAL MAXIMAL IDEALS OF THE WEYL ALGEBRA AND
PARTIAL DIFFERENTIAL EQUATIONS

DeFINITION 2.1. Let K be a field of characteristic zero and let A, = A,(K) =
Klzy,...,2,] < 01,...,0, > be the Weyl algebra in n variables, over the field K. Ob-
serve that A, (K) has generators 0;,z;, for 1 <1, j < n, satisfying the relations [0;, z;] :=
O0jxj — x;0; = 0;; and other commutators being zero.
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D-SIMPLE RINGS AND MAXIMAL IDEALS OF THE WEYL ALGEBRA 125

DEFINITION 2.2. Let A,_1 be the K-subalgebra of A, (K) generated by x; and 0;, for
2 < i < n. Thus, throughout this work, we set A,,_1[z1] := Klz1,...,2,] < O2,...,0, > .

DEFINITION 2.3. A multi-index « is an element of N™; say o = (1, ..., a,). Now by
0“ we mean the monomial 9;** ...9,%". The order of this monomial is the length |a| of
the multi-index «, namely |a| = a1 + ... + ap. An element d € A, (K) may be written in
the form d = Y ¢o0%, where ¢ € Kz1,...,2,]). The order of d, denoted by ord(d), is
the largest |«| for which ¢, # 0. We use the convention that the zero polynomial has order
—00. An example will suffice: the order of 13895 + 217 220;°95 is 5.

We begin with some technical lemmas that will prepare for the proof of Theorem 2.1.
These lemmas are well known for the specialist, but we prove them here for a lack of a
good reference.

LEMMA 2.1. Let R be an element of A,_1]x1]. Then 1R = ROy + ﬁ, where R €
Anfl[ml}-
Proof: It is enough to prove when R is a monomial.

Suppose that R = caﬂa:l"“...xn“"3262...3n6", where a = (a1,...,a,) and 8 =
(0, B2,...,0n) € N*, with ¢ 3 € K, then

01 R = 01¢a,pr1" .. 20,72 9, P
= Ca T2 ... 2 (D121°1)82 ... D,
= Ca,pT2"? ... Ty (mlalal + 041331(11_1)8262 e 8n’g"
= Ca”giElall’Qaz . xnan6252 . 8n6n(91
ta1Cq pr1® T2 L %m0, .0,
= RO; + R, where R € A,_1[z1].

O

DEFINITION 2.4. Let S = 01 + asds + ... + @0, + 7 be an element in A,,, where
ag,...,0an,y € K[zy,...,2,]. Let P € A,. The element R € A,_1[z1] such that P =
@S + R is called the residue of P with respect to S.

LEMMA 2.2. (Division algorithm). Let S = 01 + agds + ...+ a0, + v be an element in
Ay, where ag, ... an,y € Klz1,...,2,]. Given P € A,,, we have P = QS + R, for some
Q€ A, and R € A,,_1[z1]. Moreover, R and Q are uniquely determined.

Proof: We will first prove, by induction on n, that 9} = QS + R, for some @) € A,, and
Re A, [.’1,‘1]
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126 D. LEVCOVITZ & J. C. SOUZA JR.

Note that 9; = 15 + R, where R = —a902 — ... — a,0p — v € Ap—1[x1]. Suppose now
that the result is true for ¢ = n. Then

Ot = 0,07 = 0,(AS + B) = 1 AS + 0,.B, A€ A,,B€ A, _[z1].
By lemma 2.1, we have
Ol = 9,AS + By + B, B € A,_1[z1].
Since 0 = S + R,

N =9,AS+ B(S+R)+ B
= (0,A+B)S+BR+ D
=Q'S+ R, where Q' € A, and R' = BR+ B € A,,_1]x1].

This completes the induction.

Now, if P € A,, we can write P in the form P = E,07 + ... + E101 + Ep, where
E; € An_l[:zzl].

Thus, P = E,(H,S + B,) + ... + E1(H1S + B1) + Ey, where Hy,...,H, € A, and
Bi,...B, € An,1[$1]. Then,

P=(E,Hy+ ...+ EH)S+ (E,By+ ...+ E\By + Ep).

€ Ap_1[z1]

Therefore, any element of A,, is congruent, modulo 4,5, to an element in A, _1[x1].
Moreover, the residue is unique. In fact, let R, R’ € A,,_1[z1] be residues of some P € A,,.
So, R — R’ = aS, for some a € A,,. Writting a = Q01 + A and S = 9; + B, where Q € A,,
A,B € A, _1[x1], we have

aS = Q0%+ Q6B+ Ad, + AB.

Since R, R’ € A,_1[z1], then so does aS. Hence, looking at @ as a polynomial in 0y
with coefficients in A,,_1[z1] we conclude that @ = 0. So, aS = A9, + AB. By the same
way, we conclude that A =0. Thena =0, R=R and Q = Q’.

O

LEMMA 2.3. Let S = 01+as0s+. . .+, 0p+7 be an element in A, where g, ..., an,y €
Klzy,...,xn]. If R € Ay_1[21], then

[S, R} =SR—-RS e An,l[xl].

Proof: [S,R] = [01+a02+ ...+ a,0n +7, R]
= [01, R] + [202, R+ ... +[0nOn, R+ [7, R].
\ , v \ , \ ,
(1) (2) (3) (4)

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



D-SIMPLE RINGS AND MAXIMAL IDEALS OF THE WEYL ALGEBRA 127

Note that the terms (1), (2), (3) and (4) are in A,,_1[z1].

By lemma 2.1, we have that [0, R] = R € A, _1[z1].
]

LEMMA 2.4. Let A,S be a left ideal of Ay, where S = 01 + agda+ ...+ @, 0n +7v € Ay,
g, ... ,apn and ¥ € K[z1,...,x,). Then A,S is a mazimal left ideal of Ay, if, and only if,
ApS+ AR =A,, for every0 £ R € A,_1]x1].

Proof: (=) If R € A,_1[x1] then R ¢ A, S.

So, A, S+ A,R = A,, because A,S is a maximal left ideal of A,,.

(<) We know that A,S is a maximal left ideal of A,, if, and only if, 4,5 + A, P = A,,
for all P ¢ A,S.

But, if P ¢ A,S, by lemma 2.2, we have that P = QS + R, for some Q € A, and
R € An_l[xl], R 7£ 0.

Thus,

A S+A,P=A,5+A4,(QS+R)=A,5+ A,R = A,, by hypothesis.

O

LEMMA 2.5. Let S = 01 +ag02+. ..+, 0n+7 € Ay, where as, ... ,an, YEK[x1,..., 2]
and R € A, _1[x1], with ord(R) > 0. Suppose that u[S, R]=nR for some u € K[x1,...,z,],
w#0,n€ Klxy,...,z,]. Then, there exists h € K[z1,...,x,] and Re Ap_1[x1], with
ord(R) > 0, such that [S, R] = hR.

Proof: Suppose that
ulS, R =nR 1)

with p,n, 5 and R satisfying the hypothesis. We can write R in the form
Z pi2_’m7in82i2 ...0n", where Dig....vi, € K[21,...,20).

Write R = aoé, where «y is the greatest commom divisor of the elements p;, .. i, .
Since p € Klz1,...,z,] \ {0}, by (1), p divides nag, say nag = u¢, for some ¢ €
Klx1,...,z,]. Hence,

[S,a0R] = CR.
But, [, aoR] = [S, ag] R 4 ao[S, R]. Then,

aolS, R] = (¢ — [S,a0]) R = AR, where A € K[zy,...,2,] (2)

AEK[z1,....Tn]
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128 D. LEVCOVITZ & J. C. SOUZA JR.

By the definition of ayg, it follows from (2), that A = hayg, for some h € Klz1,...,z,].
Thus

(S, R] = hR.

O
The proof of the following lemma is completely analogous of the previous one. It will be
omitted.

LEMMA 2.6. Let S = 01 + ag0s + ... + a, 0, + v be in A,, where as,...,a, and
~v € K[x1,...,x,] and let p be an element in K[xy, ..., x,|\K. Suppose that g[S, p] = hp for
someh € Klx1,...,z5] and g € K[x1,...,x,-1]\{0}. Then, there exists ( € K[z1,...,xy)
and p € K[x1,...,2,] \ K such that

[S’ﬂ = (p.

Remark 2. 1. The next result generalizes theorem 2.2, of [4].

THEOREM 2.1.

(a) Suppose that A,,S is a mazimal left ideal of A,, whereS = 01+ 02+ ...+ a,0n +7,
with ag,y...,an,y € Klz1,...,2,]. Then, for every R € A,_1[x1], where R is not a
constant, we have

[S,R] & K[z1,...,20] - R.

(b)Let S = 014+ ada+. ..+ a0+ be in A, where ag € K|x1,x2], ..., 00 € K[z1, 2]
and v € Klxy,...,2,]. Suppose that for every R € A,_1[x1], where R is not a constant,
we have [S,R] & K|x1,...,2,] - R. Then A,S is a mazimal left ideal of A,,.

Proof: (a) Let A, u be elements in A,, such that AS + uR = 1. If degs, (\) = m, then
deg@l (:U) =m+ 1
Let us write A and g in the form:

A:Em61m+-..+§151~+§07 B
nw= Cm+1(91m+1 +...+C101 + Co,

where éi,éj S Anfl[xl], Em 75 0, 6m+1 7é 0.
Using that 91 = S — (agda+. . .+ @, 0, +7) and lemma 2.3, it follows that we can rewrite
A and g in the form:

A=DB,,S™+ ...+ BS+ By,
p=Cpn1 S + ...+ C1S + Co,
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where B;,C; € A, _1[z1], By # 0, Cpg1 # 0. So,

Hence,

m+1
AS + uR = ZB SHLE N RSP R=1.
k=0 k=0
m m+1
0=[21,AS + pR] = = (k+1)BpS* = > kCyS* 'R
k=0 k=1

Commuting with x; more m times, we obtain

]Bm+cm+1R:o\

Now, if [S, R] = nR, for some n € K|[z,...,

m—+1

ZBkSk“ + Z CyS"R
k=0

AS + uR

3

m

k=0

>
Il
,_.o

3

—
=

M

Bp Skt + Z Ci.S*R + B,,S"™ ' + C,,

x|, then we would have

+1Sm+1R

B Sk +chskR Crn 1 RS™ ! + Cp 1 S™ MR

k=0 k=0
m—1

— By, Gk+1 +chs R — Cpyp1(RS™HL — §MHLR)
k=0 k=0
m—1 m

— BpSHT 43 T CpS*R — Cpga [R, 8™ (4)
k=0 k=0

Since [S, R] = nR, we have
SR = §™(SR) = S™(RS +nR) = S™RS + S™nR =

= 8" Y(SR)S+ S™nR = S™ (RS +1R)S + S™nR =

= Sm=1RS? + S~ 1(nR)S + S™nR =
= RS™ ! 4 (0 1S™ 0 2S™ T2+ + 018 + o) S+
H(EmS™ + €1 ST+ L+ GS + &R
for some ¢;,&; € Ap_1[z1], 0<i<m—1, 0< 5 <m.
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130 D. LEVCOVITZ & J. C. SOUZA JR.

Then, we have

m—1 m
AS+pR =" EpST 4+ DpS*R =1,
k=0 k=0

for some Ek,f)k € Ap_1[z1].
Commutating with z; again and repeating the argument, we obtain

[\S+ pR = EoS+ DoR+ Di1SR = 1 (5)

for some Ey, Do, D1 € A,—1]21].
Note that Fy = —D;R. In fact,

0= [.’E1,>\S + /JR] = [1’1,E05+ DOR+ DlSR]
= Eo[z1,S] + D1z1, S|R
= —EQ — DlR = EO = —DlR

Thus, from (5) follows that

—DiRS+ DyR+ D:SR =1
D[S, R+ DyR =1

Di(nR) + DoR =1

(D1 + Dg)R = 1.

Therefore, deg(D1n + Dg) + deg(R) = 0, and we get a contradiction, since deg(R) > 0
(R is not a constant ).

Now we prove (b).
Let R be in A, _1[x1], such that ord(R) = N > 0. We can write R in the form:

N
7 7
R = E pi27“_,in(92 2 ...8n " where Dig,...in € K[ml,...,xn].
i2+...+in =0

Since ord([S, R]) = ord(S)+ord(R) — 1, then ord([S, R]) = N. Therefore we can also
write [S, R] in the form

N
[S,R] = Z Qig,...in02"% ... 0", where qiy,. 4. € K[21,...,25).
i2+...+i, =0

As ord(R) = N, there exists pj, . # 0, such that

coving
igo—l—...—l—ino = N.
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By hypothesis and by lemma 2.5, we have that

Ping yorering 195 B = Qi i B F# O

Note that, from this equation, we have

0 < ord(piy, ... ing [9 Bl = Ging .1, ) < N.

Hing Hing >

Moreover,

R = Disgyeesing [S, R] — QiZO)"'7i7LOR =...4+0 82i20 . 8ni"0 + ...

Now, R € (A,S + A, R) \ {0} is such that 0 < ord(R) < N, and the term with order N
involving 95*% ...d,""0 does not appear in R.

Claim 2.1. If we repeat this process with E, then the term with order N that we elimi-
nated previously won’t be back.

Let’s assume, for a while, claim 2.1.
In this way, if R has another term with order IV, we can repeat the process and eliminate
it too. Therefore, after a finite number of steps, we have a new R € (4,5 + A, R) \ {0},

with 0 < ord(R) < N — 1.
Proceeding in this way, we obtain

(AnS + ApR) N (Klx1,. .., 0] \ {0}) £ 0.

Let p = ZZL:O ria, ", where rp, € K[z1,...,2,_1], be a polynomial contained in (A,,S +
AnR)N (Kx1,...,z,] \ {0}) with the least degree in x,,.

If m were strictly greater than zero, then, by the Euclidean Algorithm (applied to [S, p]
and p considered as elements in K(z1,...,Z,—1)[Ty]), there exists d € K[z1,...,x,-1]\{0}
such that

d[S,p] = np +r, for some n,r € K[z1,...,x,] where deg,, (r) < deg,, (p) or r = 0.

But this implies that » = 0, by the choice of p.

Hence, d[S,p] = np, which is a contradiction, by lemma 2.6. So m = 0 and (A4,S +
AnR) N (K[xla s 7xn—1} \ {O}) 7£ @

Proceeding in this way, we obtain

(AnS + A, R) N (Kz1] \ {0}) # 0.
Let p= ayx1' + ... + ag, with a; € K, be in (4,5 + A, R) N (K[z1] \ {0}). Note that
[S,p] = layz1 '™  + ... + a1 € (4,5 + A, R) N (K[z1] \ {0}).
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132 D. LEVCOVITZ & J. C. SOUZA JR.

Repeating this process [ times, we have that

lla; € (AnS + A, R) N (K \ {0}), then A, S + A,R = A,.

By lemma 2.4, it follows that 4,5 is a maximal left ideal of A,,.
To finish the prove, we have to show claim 2.1.
Proof of the claim 2.1: For a while, let us suppose that S = 01 +a202+. . .+, Op+7 €

Ay, where ag,...,an,v € Klx1,...,2,] and R = Zng___Hn:O Py, . 0,02 ... 0", where
Pi27~--,in € K[Jil,...,l‘n], with i + ...+, =0,...,N.
Then,
N N
[57 R} - 57 Z Rz,...,znaQiQ .. anin Z [57 Pzz,...,inGQiz 0 ln}
o+t tin=0 ia+...tin=0

Note that: [81,]3,;27“_,%62"2 Ce 8,]"] = 31(Pi27___7in)82i2 . &,,in, and

2 in] __ [ in 2 in
[042827Pi2"“’in62 2 Bn } —agf)g‘}%z’m,in% 2 8n —‘PiQ,WZ-TﬁQ 2 6n agag
q in % in
= a2(Pi27,,,7in82 i—lag(‘PiZ’m)in‘))ag 2.0, — sz,,inag 2 e Op"™g0o ' .
7 K3 K2 3 K2 3 K2
=agPi,,. 3,027 03" . 0" + a202( Py, 0, )02 . 00" =Py, i, 02" . 0p " 20

. (D) ,
2, iné)ﬁ C. 8,1,11"‘1 (CVQanZn+
—&—in@n(ag)ani"*l + terms with lower order) Os
82i2 .. .8,1_1““10426”””824—
77;nPi27”_,in62i2 e 6n_1in71(9n(042)6ni"_132 + ...
=A— Piz _____ inaQiQ . 6,1,1“"10428”“82—#
_inPiz,...,i,L 82i2 .. 8n,2i"72 (8»@(0(2)8”,11."714—
+terms with lower order)d,™ '8, + ...
poin 02 O 1 D) Da
—’L'nPi%_n’inaQiQ C 8n,2i"‘28n(a2)8n,1i"‘18ni”'_182+

+ terms with lower order
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A —P

25000

A

2,

A—P

A_‘Pib

= [04232(3‘2,...

. . N i
Hence, the terms with order NV in Ziz_i_m_,’_in:o[042627Piz,m’inaglz

cenyin

cenyin

coyin

2500

133

8n71i"71 azani" 0o+
- Znan(QQ)R

D™ ...
DT 3% 0, ¢
O
+ terms with lower order
an72in_2(a28n71in_l+
Fin—10p—-1(02)0p_1" " 4. )00 Dot
—[O+ terms with lower order
Op—2"" "2 20n—1"" 10" Do+
_inflpig,‘..,ina2i2 oo an72in_2 nfl(a2)an71in_l_lanin82+
—[O + terms with lower order

2;50003tn

. 32i2

1

Dy2

a71722'”_20‘287171”_18717;”82"' ) )
—in 1Py i, On1 ()BT 05
—O+ terms with lower order

Dy2

’1‘71

1 i
cr‘)n—lz ! 8111 +

82i204283i3 L. Onl"ag — i3327m)i”83(0(2)82i2+183i37184i4 e 8711"-1-
o= in Py, i On(@2)022 5 L0,
+ terms with lower order
in (agaﬁ + igag(a2)82i2_l + terms with lower order)ag,i3 BN By,
—igP; 83(a2)82i2+183i37184i4 R &f” + ...+
27.,_,in8n(0é2)82i2+183i3 e 6,Li”_1+
+ terms with lower order
.. 8,12” — igPiz’”_winag(ag)Bgi"’ N 8nz“+
—igP; 83(a2)82i2+183i37184i4 R &f” + ...+
27.,_,in(9n(0é2)82i2+183i3 .. .8,/‘”*14—
+terms with lower order
— igPi2,,,,7in82(a2)]82i2 e ani""f'
—‘y—[—igPZ‘Z’m)i”83(052)]821-2+183i37164i4 . (’)ni" + ...+
+[—7;nPi27,__,in6n(a2)]82i2+183i3 L. 8,]”714—
+terms with lower order.

cyln

250050n
_ian'

intloq i
..,ina262 TR0

2y-5ln

_ian'

i)

Dn'] are:

Sisiion{10202(Piy i) — 2Py i, 02(0)]02™ .. 0"+

+[_i3Pi27'“7in83(a2)]82i2+1 831‘371 842‘4 . 8ni" + ...
S——
i3>1
; Tatlg i in—1
+[—2an‘2,...,in8n(a2)]82 2+ 03" ...0p, }
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i0j, P

Similarly, the terms with order N in Z i D2 ... 0, z"] where j =

2,...,n; are:

194.. +zn—0[

Zi2+...in:N{[ajaj Pi,.. in) =Py, 1,05 (%)]3 O+

(
rol—irPi i Ok(a)0; T e 8,10, %+1...a_ b1y 1Y
Zlé?ﬁ?[ kPis,...in Ok (a;)]0; 3 =177 041 -1 1"}

Since the ord([y, R]) = N — 1, then the terms with order N in [S, R] are:

D igtrtin=N101(Pis, i) + Z;L=2[ajlaj(Pi27~1--,in) — 13 Piy i, 0j(0y)]]02" . O +
+ Zj:Q Zl]g;?[_lkph ,,,,, iné)k(aj)]ajlﬁ EM”“‘ . 8j,1"7*18j+1“+1 - 8k,11k713k+11k+1}.

in>1

Now, observe that if P,  ; is the coefficient of 82 ...0," in R, with io+... 4+, = N,
then the corresponding coeflicient in [S, R] is:

Qi27~~~77:n = [81 (Pi2;<-'77;n) + Z;L:Q[a.]a](P127;7‘n) - Z]P712771n8](a.7)]+
n n .
> o Ez;?[—(lk F D) Phy iy i = gt sesin1yintLinsrseenin Ok (05)]]-

Note that, unfortunately g, .. i,
hypothesis that a; € K[z1,2;],i = 2,...,n we have, Oy(a;) = 0 for allj, k=2,....,n;j #k.
In this case, gi,,...;,, depends only on P;, . ; . Therefore, if P, ,; =0, theng;,  ; =0

and we have that the coefficient of 8,"...8," in ([S,R] — nR is zero, for all n,¢ €

does not depend only on F;, . But, under the

..... in

Klxy,...,x5] O
Now we establish a connection between principal maximal ideals of the Weyl algebra
and certain partial differential equations over the polynomial ring K[zy,---,z,]. This

connection was originally discovered by Bratti and Takagi when n = 2([4]). We generalize
their theorem for an arbitrary number of variables. We begin with some calculations that
will be useful in the proof of the next theorem.

Let S = 01 + a0z + 303 + v be an element in A3(K), where s € Klz1, 23], a3 €
Kz, 23] and v € K[z, z2,23]. Let

n
R = Z Pi7j62i(93j S K[.Z‘l,xg,x;g] < 82,83 >,
i+7=0

n>1and P;; € K[z, z2,x3]. Then, a simple calculation gives the following expression of
[S, R]:
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[S,R] = Y {[01(Pi) + aada(Pi ;) — iPi j0a(c2) +

i+5=0
+ a303(P; ;) — jP;;05(c3)]02'057 +

+ [= (;> P, ;85% (ag) — iPi j05(7)]02 1057 + .

+ [ (§) Prodit(an) - spontlosor +

+ terms with order lower than i+ j — 1}

Note that

A= 01 (Pen—k) + @202( Py n—t) — kPr n—k02(a2) + 303( Py n—r) — (n — k) P n—103(x3)
is the coefficient of the monomial 995" % in [S,R]. Now, if Py ,_r # 0, then in the
expression

Py n—i[S, R] — AR

the coefficient of 8§8g_k is zero while the coefficient of 6'2k_153n_k, say Qk—1,n—k €
K[z, 29, 23], is the following:

P _ Pr_1pn -

2 k—1n—k k—1,n—k lk 1,n—k

. _ ) tk—1n—k o0 o ) 4 agd —_— | +
dk—1,n—k k,n—k |: 1 ( Penr ) 262 < P n—k ) 378 < P n—k )

+ oo (2222) s - (o], )

where 1 < k <n, and (S)insz<2.

n—k—1

Similarly, the coeflicient i n—r—1 € K[x1, z2, 23] of 5% 05 in the expression

Pk,nfkr[S7 R] — AR

is the following:

Py g1 Py -1 Py -1
E— P2 oy | =EnTrit o, [ =En=fzd O [ =iz
Qk,n—k—1 kn—k { 1( Ponr )+a2 2 Prms + azds Penr +

+ anfen) (D22 ) - o) () otea)] ©

s

where 0 < k <n—1, and (";k)szn—k<2.
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THEOREM 2.2. Let S = 01 + @202 + ... + @, 0, + v € A(K), where a;(z1,z;) =
aio(xr) + i (x1)z; € Klzy,24],4 = 2,...,n and v € K[z1,...,2,]. Then the following
statements are equivalent:

(1)A,S is a left mazimal ideal of A, (K).
(i) The equations

o, (Z) + ands (5) + o+ ond, (g) + 9(cy) - (2) =di(y), 2<i<n (9)

do not have any solution in K(x1,...,x,) and the equations

r r )
01 (,)7(1“,(,) = —Q40, 1=2,...,n (10)
S S
do not have any solution in K(z1).
Proof: We will prove the theorem only in the case n = 3 to avoid a heavy notation.

The proof in the general case is analogous.
If n = 3, the equations (9) become :

o () () () oo () mr
o () () () a0 () nr

and the equations (10) become:

0. (2) e (7) = o w

First, we prove that (i) implies (ii).
Suppose that % € K(x1,29,x3) is a solution of (11). Let R = ¢02 + p. Then,

[S,R] = (01(q) + a202(q) — q02(az2) + a303(q))02 +
+ (01(p) + a202(p) + a395(p) — q02(7))-
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Put A := 01(q) + a202(q) — q02(a2) + 305(q), the coefficient on J5 in [S, R]. Then,

glS,R]—\R=¢* |0 (S) + a0y (2) + 0303 (‘;’) + s(0n) - (5) — ()| = 0.

2 is a solution of (11)

Therefore, q[S, R] = AR, which is contrary to the theorem 2.1 ( using lemma 2.5), since
A3S is a maximal ideal.

Thus, the equation (11) does not have any solution in K (x1, 22, x3).

Analogously, if fll is a solution of (12), taking R = ¢d3 + p we obtain a contradiction. So,
equation (12) does not have any solution in K (x1,x2,x3) either.

Now, if £ € K(x1) is a solution of (13), let P = r(z1) + s(x1)z2. Then,

[S, P] =1’ + s'w3 + ags, where 7’ and s’ denote the derivative of 7 and s.
Since ag(x1,x2) = agg(w1) + agi(x1)x2, we have

[S,P] = (r' + agg8) + (8 + az,8)Ta.

Then,

s[S, Pl — (s + ag18)P = 2| o (g) — g - (g) + agg | =0.

z is a sol. of (13)

Therefore, s[S, P] = (s’ + ag,5)P, which is contrary to the theorem 2.1 ( using lemma
2.6), since A3S is a maximal ideal.

Thus, the equation (13) does not have any solution in K (x1).

Analogously, if £ € K (1) is a solution of (14), taking P = r(x1) + s(z1)z3 we obtain a
contradiction. So, equation (14) does not have any solution in K (x;) either.

Conversely, let us assume (ii).

Let R = Z?+j:(] Pi,jayag,j be in K[z1, 22, z3] < 02,05 > an element with order n > 0.
So, there exists Py n—r # 0 for some £k =0, ...,n.

Observe that in the case that as(x1,z2) = agg(x1) + agq(x1)ze and as(zy,z3) =
ago(x1) + asq(z1)zs, the equations (7) and (8) simplify:

Pi_1n—k Pi_ 1 -k Py 1k
An—-k = P2 0 _— 0 - 0 5
e—1,n—k k’nklil(Pkn—k >+a22<Pkn—k >+a33<Pk”_k )+
Pi1n-
+ O2(a2) <M> - kaz(V)] (15)
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Pyn_k—1 Pypn_k—1 Prp_r—1
k1 = P? —_ —fnoRTl Zkn—k-1
Qkyn—k—1 n—k {31( - )+a232< P )4—04353( - )—i—
Pyoy_i_
+ anfen) (F) (0= Rou()| (16)
kn—k

Note that, if the equations (11) and (12) do not have any solution in K(x1,xs,2x3),
neither do have the equations (15) and (16). Hence, the ideal A3S + A3R contains an
element of the form:

Ryt=...4002"0s" "+ 4+ qro10-k02" 10"  + qrnn10:05 T 4L

with g n—g—1 7# 0 or gg—1,n—k # 0; (actually if 1 < k < n — 1, then both coefficients are
non zero).

So, n —1 < ord(R;1) < n. Now, if we calculate [S, R1], the term with order n eliminated
before does not appear again. Hence, if R; has another term with order n, we use the
same process to eliminate it and we get a new Ry € A3S + A3R, Ry # 0, such that n —1 <
ord(Rg) < n.

Proceeding in this way, we obtain a non-zero element

R € A3S + A3R, where ord(R) =n — 1.
Repeating this process, we see that

(A3S + A3R) N (K[x1, x2, 23] \ {0}) # 0.

Now, let P = ZzNﬂ':o P, jxo'zs? be in (A3S + AsR) N (K [x1, xa, 23] \ {0}), where P, ; €
K|[x1]. Similarly, since the equations (13) and (14) do not have any solution in K (z1), we
conclude that

(A3S + A3R) N (K[z1] \ {0}) # 0.

Therefore, A3S + AsR = Az. By lemma 2.4, A3S is a left maximal ideal of A3(K).
U

EXAMPLE 2.1. Let S = 01 + @202 + ... + a0 + v € A,(K), where a;(z1,2;) =
aio(x1) + i (x1)x; € K[y, 2,0 =2,...,n. Observe that if v € K[z1], then the equations
given by (9) have u =0 as a solution. Therefore, A,S is never a mazimal ideal of A,,.

3. APPLICATIONS TO THE D-SIMPLICITY OF THE RING
K[Xla"' 7XN]

In this section we apply the previous section to study the d-simplicity of the ring
K[mla T 73/'”].
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DEFINITION 3.1. Let d be a derivation of a commutative ring A. An ideal I of A is
a d-ideal if d(I) C I. We will say that A is d-simple if it does not contain any proper
non-zero d-ideals.

If A is a Noetherian ring and d is a derivation of A, it is well known that A is d-simple if
and only if no prime ideal of A is a d-ideal. As a corollary of our next theorem we obtain
that for certain type of derivations of K[zq,---,z,] we need to check only if the prime
ideals of height one are d-ideals.

THEOREM 3.1. Let d = 01 + agds + ... + @, 0, be a derivation of K[z1,...,x,] where
Qag,...,an € Klxy,...,2,]. Then the following statements are equivalent:

(i) For every P € K[x1,...,2,] \ K we have
[d,P] & K[x1,...,2,]P.

(i) K|z1,...,xy,] is d-simple.
(iif) No principal ideal of K(x1,...,xy] is a d-ideal.

Proof: (i) < (ii): Suppose that K[z1,...,x,] is not d-simple. Let I be a proper non-
zero d-ideal of Klxq,...,xz,]. Let P = Zi:o e, ", where v, € K[zy,...,7, 1], be a
non-zero polynomial contained in I with the least degree in z,,.

If [ > 0, since d(P) € I, then t := deg,, (d(P)) > l. But,

d(P)=1[d,P]el.

Then, deg,, ([d, P]) =t > .
By the Euclidean Algorithm (applied to [S, P] and P considered as elements in K (z1,. ..,
Tn—1)[2n]), there exists an g € K[x1,...,2,—-1] \ {0} such that

g[S, P] = nP +r, for some 0,1 € K[z1,...,zy,], where deg,, (1) < deg,, (P) or r = 0.

But this implies that » = 0, by the choice of P. Thus, g[d, P] = nP. By lemma 2.6,
there exist £ € K[x1,...,2,]) and P € K[x1,...,2,] \ K such that

[d, P] = ¢P.

Conversely, suppose that there exists P € K|x1,...,z,] \ K such that [d, P] = £P, for
some & € K[z1,...,2,].

Note that [d, P] = d(P). Consider the ideal I = (P) C K|x1,...,2,]. Let f € I, then
f =nP, for some n € K[x1,...,x,]. Hence,

d(f) =d(nP) = d(n)P—i—n\fﬁ el
€l el
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Therefore, I is a d-ideal.
(iii): It is equivalent to (i) since [d, P] = d(P).

O

COROLLARY 3.1. Letd =01+ 02 +...+ a0y be a derivation of K[x1,...,x,] where

Qag,...,an € K[zy,...,2,]. Then, K[z1,...,x,)] is d-simple if and only if no prime ideal
of height one is a d-ideal.

Proof: By Theorem 3.1 K|z1,...,x,] is d-simple if and only if no principal ideal is a

d-ideal. But if an ideal I is a d-ideal, then every minimal prime of I is also a d-ideal. By
Krull’s Principal Ideal Theorem, every minimal prime ideal of a principal ideal has height
one.
O
Examples of derivations d that make the polynomial ring K|[z1,...,z,] into a d-simple
ring are not easy to find out. A family of them were discovered by Coutinho in [2] (gener-
alizing an example of Stafford) and are based in a result of Shamsuddin (See [6]).

DEFINITION 3.2. A derivation d of the polynomial ring K[x1,...,z,] is called a Sham-
suddin’s derivation if it has the following form:

d=0,+ Oég(xl,l‘g)ag 4+ ...+ an(xl,xn)ﬁn

where «oj(z1,2;) = aj(z1) + bj(z1)x; are polynomials in z1,z; of degree one in z;, j =
2,...,n.

Let S be the element in A5(C), given by
S=01+ (.’1?1.132 + )\1‘22 + 1)82 + )\(2 — ,LL)ZCQ, AN Qand ué¢Z.

Stafford proved in [1] (proposition 2.2) that A3S is a maximal left ideal of A3(C) (actually,
our operator is obtained from Stafford’s after a transposition and a change of indices).

Consider the derivation d = 9; + (z122 + Axo? + 1)02 of Clx1, x2] extracted from S. Is
Clx1, z2] d-simple?

The answer is yes and is provided by the next theorem. Note that in this case, we get
an example where C[z1, 23] is d-simple and d is not a Shamsuddin’s derivation.

THEOREM 3.2. Let S = d++ be an element in A, (K), whered = 01 +agda+. ..+, 0,

is a deriwation of K[x1,...,xy,], with ag,...,an,y € K|x1,...,2,]. If ApS is a mazimal
left ideal of A, then Klx1,...,x,] is d-simple.

Proof: Suppose that K[z1,...,z,] is not d-simple. Let I be a proper non-zero d-ideal of
Klxy,...,2,]. Let p= 22:0 e, ”, where rp, € K[zy,...,2,_1], be a non-zero polynomial

contained in I with the least degree in x,,.
If I > 0, since d(p) € I, then t := deg,, (d(p)) > I. But,

d(p) = [d,p] = [d+~,p] = [S,p] € L.
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Then deg,, ([S,p]) =t > [. By the Euclidean Algorithm (applied to [S,p] and p consid-
ered as elements in K (z1,...,Zn—1)[Ty]), there exists an g € K[z1,...,2,-1] \ {0} such
that

glS,p] = np + r, for some n,r € K|xy,...,2,] where deg, () < deg,, (p) or r = 0.

But this implies that » = 0, by the choice of p. So, g[S, p] = np and this contradicts the
fact of A,S be a maximal ideal, by lemma 2.6 and theorem 2.1(a).

Then ! =0 and p € K[z1,...,2,-1]. Hence, I N K|x1,...,2,-1] # (0). Proceeding in
this way, we obtain that I N K[z1] # (0). Let p € I N K[z1], p # 0. We can write p in the
form:

p=apxr1™ +...+ag, a; € K,a,, #0.
Since p € I and [ is a d-ideal, then d(p) € I. So,

d(p) = [S,p] = mamz,™ ... +ay €1
Proceeding in this way, we obtain
mla, € I, so I = K(x1,...,z,] (Contradiction!)
Therefore, K[z, ...,x,)] is d-simple.
O

The following lemma is useful to check if the equations 10 of Theorem 2.2 do have a
solution.

LEMMA 3.1. Let ai(x1),a0(z1) € K[z1]. If the equation
O (u) — ar(x1) - u=—ap(z1) (17)

has a solution & € K(x1), then § € Kz1].
Proof: Let £ = T € K(x1) be a solution of the equation (17), with ged(r, s) = 1. Thus,

o () —an- () = a0 (18)

We can write s in the form:
s=ag+...+apx1"™, where a; € K.

If s(0) # 0, then ag # 0. Therefore,

r r 1
s

ap 1+b1$1++bn$1n

it’s a unit in K{z]]
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So, £ is a solution of (18) that belongs to K{[z1]]. Since £ € K(x1) N K{[z1]], we have
that £ is not transcendental over K (x1). Then, by proposition 2.3(b) of [5], we have that
é- € K[.’El]

We claim that s(0) # 0. In fact, note that the derivation of order n of a product is given
by

n _r. 0D 8’7f .
N\ (i) (n—i fO=Ff0=gk5i>1

(f-9)" = E (.)f(z)g(n ), where } Or.t?
oo\ g0 =gig" =25 i>1

Since ged(r, s) = 1, if s(0) = 0 then r(0) # 0.
From the equation (18), it follows that

‘sr’—rs'—ozlrs—l—aosZ :O‘ (19)

Evaluating at 0, we obtain that

5(0) 7'(0) = (0)s'(0) — @1(0)r(0) 5(0) +a(0) (5(0))* = 0.
~—~ ——

=0 =0

Now, suppose by induction that s'(0) = s (0) = ... = s (0) = 0. It follows from (19)
that:

(sr' —rs’ —airs+ a052)(”) =0

Yimo (DA )= = ()@ ()= = (1) D (s) "= + () D (s*) "9} = 0.

By induction hypothesis, we have that 7(0) s(**1(0) = 0 = s»+1(0) = 0.
—~

#0
Hence, s(™(0) =0,V n € N, then s = 0.This is a contradiction.
Therefore, s(0) # 0.
O

Remark 3. 1. In [5] (Theorem 4.1 a) Brumatti, Lequain and Levcovitz give a charac-
terization of the d-simplicity of the ring K[X,Y], where d is a Shamsuddin derivation, in
terms of the existence of a polynomial solution of a certain ordinary differential equation.
The following theorem generalizes this result for an arbitrary number of variables.

THEOREM 3.3.Let d = 01 +a202+. . .+, 0, be a Shamsuddin derivation of K|xq,...,2T,].
Then the following statements are equivalent:

(1) K|[z1,...,xy,] is d-simple.
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(ii) For every P € K|z1,...,xy], where P is not a constant, we have
[daP] %K[xlaaxn]P

(iii) The equations
O(u) —ayy u=—ay,, 1=2,...,n

do not have any solution in K(x1).
(iv) The equations
O(u) — oy, - u=—ay,, 1 =2,...,n
do not have any solution in K[x1].
Proof: (i) < (ii). This is a consequence of theorem 3.1.
(ii) = (iii). Suppose that £ € K(z1) is a solution of the equation ) (u) —a;, -u = —ay,,
for some ¢ € {2,...,n}. Let P = r(x1) + s(x1)z;. Then, [d, P] =1+ s'z; + «;s, where ¢’

and s’ denote the derivative of r and s.
Since a;(x1,x;) = i, (21) + oy, (21)2;, we have

[d, P] = (r" + a;,8) + (8" + v, 8) .

Then,

s[d, P] — (s' + a;,8)P = s* | 04 (g) -y, (g) +a;, | =0.

=0
Therefore, s[d, P] = (s’ + a;,$)P. By lemma 2.6, there exists £ € K|zy,...,z,] and
P e Klzy,...,x,] \ K such that [d, P] = ¢P.
(iii) = (iv). It is obvious.
(iv) = (i). Suppose that the equations

O(u) —ay - u=—ay, 1=2,...,n

do not have any solution in K[z;]. By lemma 3.1, we can conclude that these equations
also do not have any solution in K(z1).

Now, let I be a non-zero d-ideal of K[xy,...,2,] and let P be a non-zero polynomial
contained in [.

We will show that I = K[z1,...,2,]. So, K[z1,...,2,] is d-simple.

If P is a non-zero constant, then there is nothing to be done. So, we shall suppose from
now on that P is not a constant.

We can write P in the form:

N
P = E Py, . i, x2" ... xp'™, where P, ,; € K[z1].
ot tin=0
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If N =0 then P € K[z1]\ K and we are done.
If N > 0, consider the degree function as the degree in the variables zs,...,z, ( that is
deg(P) = N > 0) we have that

N
d(P)=[d,Pl= Y [dPy,. 2" 2]
io+...4+i,=0

A simple calculation shows that

d(P) = Zg+...+in,:0{[al(Pi2»-~~7in) + Py iy (202, + o o, )22,

—|—[Pi27“_,inigago]xgm_ll‘g% L. l‘ni" + ...+ [Piz,_“%inano]xgi? .. .Z‘ni"_l
+terms with degree lower than i + ...+ i, — 1}.

As deg(P) = N > 0, we have that there exists P; # 0, such that

201-~7in0

ing + ... +in, = N.

d(P) = ...+ [01(Pigy ... sing) + Piggroosing (120002, 4 - -+ im0, )20 . "0 4 ...
+ [01(Pisy 1, ing ) T Piag—15iag yornsing (120 — D2, + oo+ iy ainy) +
Py oing 200020 |20 g™ Lm0 4+ [01(Piyy i 1)
+ Piyy iy —1(i2002, + .o+ (Ing — Dan, ) +
Ty

o ia g —1
207__,7%02”004”0]:52 L N R

sgring (12002, + - oo+ dingan,)  the coefficient

Now, put X\ = 81(]%207”,),»"0) + P
xo20 .. w0 in d(P).

Then,
. . _ — 12 T
Piyo ooingd(P) = AP = ... 4+ 0x3%0 ... 2p'm0 + ...+
el
+P2 (o (D tisainey g, (Drgtting vy 4G ) 1asi20 o L gt
i2gsring 01T PL T 2= 20020 T2 3%0 ... xy,
2 120 ..... ing 1 . 120 ..... ing 1 . i in —1
B ing O P ) =y () g G 2220 o T A
Hence, it is easy to see that if the equations 01 (u) — oy, - v = —ay,, @ =2,...,n do not

have any solution in K (z1), neither do have the equations
O1(u) —aj, -u=—ij,aj,, j=2,...,n, whith ¢;, #0.
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But since ig, + ... + iy, = N > 0 and iy,,...,7,, € N, it follows that there exists some

ij, #0, j€{2,...,n}.
Thus, the ideal I contains a non zero element of the form:

P =...4+0x3% ...z, 0 + ...
dog—1,. 14 i
T Qing—1yingyeying T2 20 T3P0 L. Tp "m0 4L
————

eK|[z1]

Ging vooviing —1 20 .y ot 4
—_———
€K|[z1]
such that N —1 < deg(P;) < N.
Claim 3.1. If we repeat this process with P;, the term with degree IV eliminated before
does not appear again.

Let’s assume, for a while, claim 3.1.

In this way, if P, has another term with degree N, we use the same process to eliminate
it and we get a new Py € I, Py # 0, such that N — 1 < deg(P,) < N.

Proceeding in this way, we obtain a non-zero element P € I, where deg(lg) =N-1.

Repeating this process, we see that

10 (Ko \ {0}) # 0.

Therefore, I = Kx1,...,z,].

To finish the prove, we have to show clairj\rfl 3.1.

Proof of the claim 3.1: Let P=} . .. _, Py, i xe™ . iz, with Py, ;. €
K|[x1], where P is not a constant.
We know that
N . . . .
d(P) =304 im0t 01 (Pis,.in) + Piyiy (202, + o Finom, )22 ™
—l—[Piz’,___,inz'gonO]xgmflxg“ A l’nl” + ...+ [Pig,myininano]wgl? A .’Enznil
+terms with degree lower than is + ...+, — 1}.
Hence, the terms with degree N in d(P) are:
> Al01(Poy, i) + Py (i202, + A e, )]a™
io+t...+ip=N
Now, observe that if P;, _;, is the coefficient of x9"0 ... xy 0 in P, with g, +. . .4ip, =
N, then the corresponding coefficient in d(P) is:
Qizg,...ing *— O (13i207~--1in0) =+ Pi20;-“77;n0 (i200421 +.+ inoanl)'
Note that, Qing 1. ring depends only on Pi20,...,ino~ Therefore, if Pizo,...,ino = 0, then

Qing,oeving =0 and we have that the coefficient of w520 ... x,%0 in £d(P) — nP is zero, for
all £,n € K[z4].
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O
We will now use our theorem 3.3 to recover theorem 3.3 of [2]. He considers, for 2 < i < n,
a;, b; non-zero polynomials in K[z] such that:

1. aso,...,a, are linearly independent over Q and
2. deg(a;) > deg(b;) for i =2,...,n.

He shows that KJz1,...,z,] is d-simple with respect to the derivation
n
d= 01+ Z(Jiiai + b;)0;.
i=2

One advantage of our approach is that we don’t need the polynomials as,...,a, to be
linearly independent over Q.

ExaMPLE 3.2. Consider, for 2 < i <n, a;,b; non-zero polynomials in K[x1] such that
deg(a;) > deg(b;) for i =2,...,n. Then, the derivation

d=01+ Z(mzal + bi)ai
1=2

makes the ring K|xy,...,2,] into a d-simple ring.
In fact, we must analyze if the equations

Mh(u)—a;-u=-b, i=2,....,n
do not have any solution in K|x1].

Observe that if uw € K[x1] is a solution, then,

O(u) — a; - u =— b ,i=2,...,n

—— —— —

deg(u)—1  deg(a;)+deg(u) deg(b;)

Since deg(a;) > deg(b;),i = 2,...,n, these equations do not have any solution in K|x1].
By theorem 3.3, it follows that K[x1,...,x,] is d-simple.
We give now a different family of Shamsuddin’s derivations that make Kz1,...,z,] into

a d-simple ring.

ExAMPLE 3.3. For 2 < i < n, let a;,b; be monic polynomials in K[xq1] such that
deg(a;) = deg(b;) = ki. Then Klx1,...,xy] is d-simple with respect to the derivation

d= ({91 + (xlzbg + ’l}lall’g)ag + ...+ (I]’J12bn + xlanxn)ﬁn.
By theorem 3.3 we must analyze if the equations
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O1(u) — rrau = —21%b;, i =2,...,n (20)

do not have any solution in Klx].
Observe that if u € K[x1] is a solution of an equation given in (20), then

d(u) — xau = —x1%b; = deg(u) = 1.
—— N—— N ,
deg(u)—1  deg(u)+k;+1 ki+2

We can write a;,b; and u in the form:

ki ki—1
a; = T17" + 4K, -121 + ... +a0
k; ki—1
b, = o +ibki—1x1 + ...+ b
u = cx1+d

Thus, from (20) it follows that the polynomial (—c + 1)z *%2 + ... + ¢ = 0, which is a
contradiction.

Therefore, the equations given by (20) do not have any solution in K[z1], so K[x1,...,xy]
is d-simple.
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