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Spherical convolution operators are a useful tool in the construction of ap-
proximations to continuous functions on the sphere. This paper studies some
annihilating properties of operators generated by complex spherical convolu-
tion which can be of use in approximation problems. The word complex refers
to the fact that the convolution involves complex functions defined on the unit
sphere Q24 of C4. The main tool in the study is a Funk-Hecke type formula
for spherical harmonics on €24, an elementary proof of which is included here.
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1. INTRODUCTION

Let ¢ be an integer at least 2 and €2y, the unit sphere in C?. Let o, be the unique positive
Borel measure on {y,, so normalized that

q
/ dog = 2. (1.1)
Q .

This measure is invariant with respect to O(2¢q), where O(2¢q) denotes the group of isome-
tries of C? that fix the origin. This means that

/ doy z/ dog, p€ O(2q). (1.2)
p(B) B
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158 V. A. MENEGATTO AND C. P. DE OLIVEIRA

whenever B is a Borel subset of {lp,. Integrability with respect to this measure can be
resumed like this: a complex do,-measurable function f is p-integrable (1 < p < oo) if

£l = (/

Equation (1.3) defines a norm in the space LP(y,), the class of all p-integrable functions
on ;. The space L?(Q2,) is then a Hilbert space with inner product given by

1/p
If(Z)Ipdaq(Z)> < . (13)

q

(f,9)2:= N f(2)g(2)dog(2),  f.g € L*(Qzq). (1.4)

The purpose of this paper is to study some annihilating properties of complex spherical
convolution operators over LP({)a,), that is, operators of the form

f e LP(Qyq) — . K((z,-))f(2)dog(2), (1.5)

where (-, ) is the usual inner product of C? and K is a fixed function.

The study was motivated by problems of the following nature: given a family {®,} of
linear functionals, all generated by linear integral transformations of convolution-type, to
determine whether or not Ny ker ¢, is trivial. One possible application of results of this
type is in the search for fundamental sets in C'(Qg4) or LP(£224) ([11]). Another instance
has geometric flavor, since the results have to do with those of determining properties of an
object from information concerning its lower-dimensional sections and integrals over those
sections ([17]).

A Funk-Hecke type formula for spherical harmonics on {25, is the main tool required in
our analysis. Standard references in the literature do not quote or prove such formula but
we like to believe it is folkloric. The first goal in the paper is then to provide an elementary
proof for it.

Section 2 outlines some basic material about analysis on the sphere of C? while Section
3 deals with the Funk-Hecke formula. In Section 4 we formalize the notion of complex
spherical convolution and derive some of its annihilating properties. Section 5 specializes
the results of Section 4 for some particular choices of the function K.

2. ANALYSIS ON THE SPHERE

In this section we introduce basic material about analysis on (29,. We refer the reader to
[5,6,7,8,9,10, 14] for detailed information and deeper results on this topic.

The closed unit disk in C will be written as B[0, 1] while B(0, 1) will stand for its interior.
The unitary space of polynomials in the independent variables z and Z of C? will be denoted
by II. Hence, if p is an element of II, there are nonnegative integers m e n such that

p(z) = Z Z app?'z’, 2€Cl au,e€C, prvelkZi. (2.1)

lpl<m |v[<n
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ANNIHILATING PROPERTIES OF COMPLEX SPHERICAL CONVOLUTION OPERATORSL59

The reader is advised that z is then used as both, a single complex variable and a ¢-tuple
of complex variables.
At least two subspaces of IT will be of use to us. The symbol II7,  will stand for the

subspace of II formed by polynomials that are homogeneous of degree m on z and of degree
n on Z. Thus,

p(Az) = /\mxnp(z)7 AeC, pe qu,n- (2.2)

We will write an’n((Cq) or simply an’n, depending on the context, to denote the subspace
of an,,n composed of polynomials that are in the kernel of the complex laplacian. A complex
spherical harmonic is then the restriction to Qs of an element of US, _oH}, . We will
write Hm,n(QQq) or simply H.,,n, to denote the space of complex sphcrical harmonics
that are restrictions of elements of anm. The dimension of Hyy, ,(£224) will be denoted by
Dy(m,n) or simply D(m,n).

In many places in the paper, the set

(Y =1, Dm,n)} (2.3)

will denote an orthonormal basis of H,, , with respect to the inner product of L?(Qs,).
The spherical harmonic expansion of a function f in L?(Qg,) is then given by

D(m,n

)
fN Z Z azn,n(f)y'rzun (24)

m,neN  j=1
so that
a o (f) =Y} )2 j=1,....D(m,n), m,neN. (2.5)

In B0, 1], we will consider the normalized Lebesgue measure

1 _
dvg(z) == q7r (1—x2—y2)q dedy, z=ux+ 1y € B[0,1]. (2.6)

The class of complex functions that are p-integrable in B[0, 1] with respect to v, will be
denoted by LP?(B[0,1]). In particular, the norm in this space is given by

p,q = (/
B[0,1]

)

/]

1/p
If(Z)Ipqu(Z)> , [ eLP(B[0,1]). (2.7)

Next, we introduce some classes of disk polynomials. The disk polynomial of degree m

in z and degree n in Z associated to the integer ¢ — 2 is the polynomial PﬂLTnQ given by
q—2 P,gq_z’m_”)(QzE -1z ifm>n
Pm,n( ) = (g—2,n—m) — —n—m . (28)
Py, (222 — 1)z otherwise,
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160 V. A. MENEGATTO AND C. P. DE OLIVEIRA

where P,gq_z’m_”) is the usual Jacobi polynomial of degree k associated to the pair of num-

bers (g—2,m—n). Here, the Jacobi polynomials are normalized so that P]Eq_Q’m_") (1) =1,
k =0,.... It is not difficult to see that {P;f;nz :0 <m,n < oo} is a complete orthogonal
subset of L?(B[0,1], dv,).

We close this section quoting some properties of disk polynomials to be used in the
paper. Some of them follow from the definitions given above while others can be found in
the references mentioned at the beginning of this section.

Lemma 2.1 The following properties hold:
i) Pi~ 2( ¥z) = elm=—n)¢ pa— 2( ), p €]0,27), z € B[0,1];
i) |Pq 2(2)| <1, z € B0, 1]

iii) P3-2(Z) = Pl (2) = PI,2(2), z € B0, 1].

Lemma 2.2 If&,( € Qyq then

D(m,n)

Pq 2(<£ <>) m Z mn Y#z,n(C) (29)

3. THE FUNK-HECKE FORMULA

The classical Funk-Hecke formula is a transformation formula for spherical harmonics
having many applications in analysis and harmonic analysis on the sphere ([1,3,13]). Its
most common form is as follows: if f : [-1,1] — R is continuous and Y is a standard
spherical harmonic of degree k in m variables then

/Smﬂ f@-y)Y(y)drm—1(y) = )\k_m_l(f)Y(y), T € Smfl, (3.1)

where
1
APL(f) = |sm—2\/ FOPITIR ()1 — 2) =32y, (3.2)
-1

Here, - stands for the usual inner product in R™, §™~! denotes de unit sphere in R™, 7,,, _;
is the surface measure on S™~! |S™~2| is the surface area of S™2 and P,EW_Q)Q is the
normalized Gegenbauer polynomial of degree k associated to (m — 2)/2.

The formula for complex harmonics has a similar structure. Since we are dealing with
both complex variables and complex functions, the formula has conjugate cousins. Next,
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ANNIHILATING PROPERTIES OF COMPLEX SPHERICAL CONVOLUTION OPERATORSI61

we list all technical facts needed in the proof of the formula, postponing the formula itself
and its conjugates to the end of the section.

Lemma 3.1. (Stone-Weierstrass Theorem) Every complex continuous function on a com-
pact subset B of C can be uniformly approximated on B by a polynomial in the complex
variables z and Z.

Lemma 3.2. Let w be an element of Qaoq. If K is a function in LY9(B[0,1]) then the
mapping z € Qaq — K((z,w)) is in L*(Q2,) and

2md
[ Ko () = (755 /B | EC()

2 q—l 27 1 .
= 7( T 2)'/ / K(re®)(1 —r%)92r dr dé.
q—42) Jo 0

Proof. This follows from a result of Forelli ([3]). The form presented here can be found in
14, p. 15]. 1

Lemma 3.3 Let {f,}5°, be a sequence of LY(B[0,1]) with uniform limit f. Then f is
an element of LY9(B[0,1]) and

/ f(2)dvy(2) = lim fn(2)dvg(2). (3.3)
B[0,1] "o/ Bo,1]
Proof. The proof is standard and will be omitted. |

There is a version of Lemma 3.3 for functions in L'(Qs,). The statement and proof
of such version are left to the reader who is advised that both, the stated and unstated
versions will be used ahead.

Lemma 3.4 below is an adapted to our purposes version of Lusin’s Theorem ([2]).

Lemma 3.4 If K : B[0,1] — C is a vg4-integrable function then there exists a sequence
{Kn oo of complex continuous functions on B[0,1] such that |Kn| < sup,epjoq [K(2)],
n=0,... and lim, . K,(z) = K(2) a.e..

The Funk-Hecke formula for complex spherical harmonics is as follows.

Theorem 3.5 Let w be in Qq,, Y an element of Hy,n, and K an element of L9(B|0, 1]).
Then the mapping z € Qay — K((2,w))Y (2) is in L*(Qa,) and

K ((z,w))Y (2)dog(2) = X 2 (K)Y (w), (34)

m,n
QQq
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162 V. A. MENEGATTO AND C. P. DE OLIVEIRA

in which
274

q-2 = VPL2(2)dv, (2). )
M) = g [ KB G)av(o) (35)

Proof. First we analyze the case in which K is the disk polynomial P,g;z. Certainly,
Pg;2(<~, w))Y (-) is o4-integrable on Qs,. Decomposing Y in the form

D(m,n)
Y= > ¥}, a€C, (3.6)

j=1
and using the Addition Formula we obtain

9d D(k,l) [ D(m,n)

/§z2q P§,72(<Z’w>)mdaq(d = m(smkénl Z Z @joi; | Vi (w). (3.7)

i=1 j=1
On the other hand, the use of Lemma 3.2 and the Addition Formula once again lead to

_ _ 24 _ e
ML) = o [, P ORI )

= [ P ) B o )

9d 9d D(k,l) D(m,n)

= = DDED (= Dm0 " 2_; Yealw) Jz_:l Fn(1) 8

It is now clear that (3.4) holds when (k,1) # (m,n). If (k,1) = (m,n), we use the Addition
Formula to simplify the above relations to obtain

MRG0 = eV = [ PEAE )V (). 63)

thus showing that (3.4) holds in all cases. This gives the desired formula for K being a disk
polynomial. The set {Pg;Q :k,0=0,...} being a basis for II and the linear functional

K € L"(B[0,1]) — A\, 2(K) € C (3.9)
being continuous allows us to use a linear combination argument to conclude that the
formula holds for elements of II. Next, if K is a continuous function on B0, 1], we can use

Lemma 3.1 to select a sequence {p;}52, from II such that lim; .., p; = K uniformly on
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ANNIHILATING PROPERTIES OF COMPLEX SPHERICAL CONVOLUTION OPERATORSI63

B[0,1]. By Lemma 3.3, we deduce that

K((z,w))Y (2)dog(z) = lim pi((z,w))Y (2)doy(2)

qu J—00 QQq

lim A7 (p;)Y (w)

J—00

N (K)Y (w).

Finally, if K is v,-integrable, we select a sequence {K;}32, of continuous functions as
described in Lemma 3.4. Hence,

lim K;((-,w)) = K((-,w)) a.e, (3.10)

j—oo

and the Dominated Convergence Theorem yields

K({z,w)V(2)dog(z) = lim [ K((z,w)V(2)doy(2)

qu j—o0 qu
— lim A% 2(K,)Y (w)
J‘)OO
= N2(K)Y(w).
This concludes the proof of the theorem. |

Corollary 3.6 Under the conditions given in Theorem 3.5, the following formulae hold:

i K({(z,w))Y (2)do,(z) = N2 (K)Y (w), (3.11)

. K ((w, 2))Y (2)dog(2) = N 2 (K)Y (w), (3.12)
A K((w, 2))Y (2)dog(2) = X 2 (K)Y (w). (3.13)

Proof.  Formula (3.11) is a re-writing of that in the statement of the theorem. Formula
(3.12) follows from (3.11) and from the fact that A2"2(K) = A%, 2(K), where K (z) := K(2),
z € B[0, 1]. Formula (3.13) is a variation of the others. |

4. COMPLEX SPHERICAL CONVOLUTION OPERATORS

In this section we first define the spherical convolution of a kernel K in LP7(BJ0,1]) and
an appropriated measure and analyze one of its annihilating properties. The symbol M
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164 V. A. MENEGATTO AND C. P. DE OLIVEIRA

will denote the set of all regular complex Borel measures over (23,. The formal expansion
of a kernel K € LY9(B[0,1]) in terms of disk polynomials is given by

K(z)~ > %A“%K)Pﬁ;f(z), z € B0, 1]. (4.1)

q m,n
m,neN

When K ((-,-)) is integrable with respect to the product o4 x u, u € M, we can define
the convolution of K and u as the function ¥x : M — L*(Qy,) given by

U ()() = [ Kz w)du(w), = €0 (4.2)

Theorem 4.1 is an abstract form of the type of property we are looking for.

Theorem 4.1 Let p be an element of M and K an element of L»4(B[0,1]). If Ui () =0
then either . = 0 or there exists a pair (m,n) and Y € Hyp .y such that X7 2(K) = 0 #

f§22q Y (w)dp(w).

Proof.  Due to the hypotheses, the function z € Qg — f92q K({z,w))dp(w) is o4

integrable. An application of Fubini’s Theorem ([2, p. 223]) with a help of Corollary
3.6 reveals that

[ 0@ i) = ( K<<z,w>>Ym,n<z>doq<z>> du(w)
Q Qaq Qaq

2q

= AC2(K) /Q Yo (w)dp(w), mneN.

If fQQq Y(w)dp(w) = 0, Y € Hy,, whenever X472(K) = 0 then the above calculation

reveals that the linear functional

fr—="[  f(2)du(z) (4.3)
Qay

annihilates Uy, nenHm,n. This set being fundamental in C(Qs2q) ([9]) would force the mea-
sure p to be zero. |

Next, we go from measures to functions. Precisely, we consider the convolution WUk (f)
of a kernel K € LV9(B[0,1]) and a function f as introduced in (1.5):

Ui (f)(w) = ; K((z,w))f(2)dog(2), w € Qqq. (4.4)

Holder’s inequality and Tonelli’s theorem ([2]) imply that
1k (N, < M (KDl f € LP(Q2)- (4.5)
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ANNIHILATING PROPERTIES OF COMPLEX SPHERICAL CONVOLUTION OPERATORSI65

Thus, ¥x maps LP(€g,) into itself and has norm )\852(|K\). The Funk-Hecke formula
implies that

Ui (Y) = A 2(K)Y, Y € Hpnn. (4.6)
Fubini’s theorem ([2]) shows that the following commuting property holds

| vk n@een ) = [ Vel@)@fGo, ). foe @), @)

Qaq

with K as defined at the end of the previous section. As a consequence, if f € L?(s,) has
an expansion as in (2.4) then ¥g(f) has a spherical harmonic expansion in the form

D(m,n)
Vi)~ Do Y Ma()ah, (Y, (4.8)
m,neN  j=1
Indeed,
@ (i () = (Ur (f), Vil )y = N (K) (f. Y0 )y = Nn (K)ad, o (f) (4.9)

The following result collects the annihilating properties of Wy . It is a consequence of
Formulas (4.8) and (4.9).

Theorem 4.2 Let K be an element of LY'P(B[0,1]). The following assertions hold:
i) If X7 2(K) = 0 for some (m,n) then Hy pm C ker U ;

i) If f € ker Uy and XL 2(K) # 0 for some (m,n) then a% 2(f) = 0;

ii) If NG 2(K) # 0, m,n € N then ker U = {0}.

Remarks i) Theorem 4.2-iii) takes an interesting form when one is dealing with zonal
functions only. Indeed, assuming the assumption in iii) and that a function f satisfies
foA = f, whenever A € {A € O(2q) : A({) = (}, for some ¢ € Qy,, the condition
Uk (f)(wo) = 0 for some wy € Qg forces the function f to be zero, as we now explain. For
each w € Qyg, select A,, € O(2q) such that A, (wy) = w and A,,(¢) = ¢. It follows that,

Uk (f)(w) = A K({(Aw(2), w)) f(Aw(2))dog(Aw(2))
= Vi (f)(A,' (w))
= \I/K(f)(wo) = 0, w € ng.

Thus, ¥k (f) = 0 and Theorem 4.2-ii) implies that f = 0.

ii) The properties stated in Theorem 4.2 may be re-stated as annihilating properties of the
family of linear functionals {¥ g y }we,,, where Vi ,(f) = ¥ (f)(w). Thus, the results
in the theorem belong to the class of problems that served as motivation to us, as briefly
explained in the introduction.
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5. CONVOLUTION USING SPECIAL KERNELS

In this section, we specialize the results of Section 4, by letting K to be the characteristic
function of a proper subset of {25,. Such case encompasses operators corresponding to
integration over sub-spheres, spherical caps, spherical collars, etc.

The first case begins with the choice of a pole w € Q94 and v € B[0, 1]. The intersection
of Qy, with the hyperplane (z,w) = =, will be termed a sub-sphere of Qa, with pole w
and radius (1 —~7)'/? and will be denoted by Q79 . The terminology is justified since the
hyperplane is orthogonal to w and contains yw.

Every element z of (03, has a polar representation in the form

z=tePw+ V1122, 0<t<1, ¢el0,2r), 2 €Qli:=Qy o (5.1)

When z € Q79 the representation takes the form

z=qw+1—77, 2 €2, (z,w)=1. (5.2)

The restriction v, of o, to Q9 makes Q79 into a measurable space and equation (5.2)
yields the following relation between surface elements:

dvyy(z) = (1 =799 2o, (). (5.3)

The following technical result will be needed in the proof of Theorem 5.2. It relies on
the above representations.

Lemma 5.1 Let m and n nonnegative integers. For each pair (k,1) in the set {0,...,m} x
{0,...,n}, let {Z] 1 j=1,...,Dg_1(k,1)} be an orthonormal basis of Hyi(Q2g—2). Then

k,l

@m.n and associated functions

there exist positive constants c

BE! (te'?) o= el (1 — %) (FHD/2 pa—2 it geiv) (5.4)
such that the set
{BhL4e ) ZL,(2) 55 =1, Dy (kD) ] (5.5)

constitutes an orthonormal basis of Huy, n(Q2q)-

Proof. See [9,10]. |
Theorem 5.2 Let v € B[0,1] and w € Qg,. Then

qg—1
Y (2)dv(2) = (2” L= IR Y ), Y € Hna  (56)
Q) q—2): ’
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Proof. LetY € 'H,, . Using Lemma 5.1, we may write

Y(z2) = Z Z Z a?’lB,’?;fn(*y) Zg,l(z')7 a?’l eC, e (5.7)
whence

Y (@) =33 a5 BEL (7)(1 — ) 2192 / 74 ()dog 1 ().

Q' k=01=0 j=1 Qoq-2

By the orthogonality of the spherical harmonics, the expression above reduces to

21
Y (2)dv(z) = af*BYC,(7) Zd g (1 — ) 209)/2
Q) (g —2)!
21
0,000 1 pg—2 —\(2¢—3)/2
= 7o P4 1-—
ay Cq,m;ﬂ 0,0 m,n (,Y) (q _ 2)‘( ’77)
o1
e -
P20 =)
where we have used the fact that Bf!, (1) =0, (k,1) # (0,0). |

The reader is advised that an alternative proof of Theorem 5.2 can be given using
Corollary 3.6. The calculations are similar to others already used in the paper.

Definition 5.3 Let v € B(0,1) and w € Qa,. The average of f € L?(Qa,) over Q77 is the
complex number

5 _ (¢—2)! 5
o )(f)(w) = Y1 = ) B2 o (2)dv)(2). (5.8)
Theorem 5.4 Let v € B(0,1) and f,g € L*(Q2,). Then
| 20 ()Eeeo,:) = [ Do) (o). (59)
024 024
Proof. First observe that
— 9
PO = gy e Y () (5.10)
where
_J1lifz=x
Ko (2) = { 0 (5.11)
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168 V. A. MENEGATTO AND C. P. DE OLIVEIRA

(From (4.7) it follows that

. _ @
L 8PN = 5 Sy [ e (Dt
(¢ —2)!

= i e [, e i)

- / 3 (g)()f(2)dog(2),

completing the proof. |

Since

/ ) (f)(2)doy (=) :/ O (1)(2) f(2)doy(2) = (2)dog(2), (5.12)
Q Qg

2¢ Qaq

an obvious necessary condition for a function f to be in ker ®(¥) is that a(l)’o( f)=0.In

particular, ker &) C ker Uy,
Theorem 5.5 below describes additional properties of ker ®(¥). The following notation is
needed:

A:={z€ B(0,1): P& *(z) =0, for some(m,n)}. (5.13)

Theorem 5.5 Let v € B(0,1). The following assertions hold:
i) If v € A then ker &) #£ {0};
i) If v ¢ A then ker &) = {0}.

Proof. If v € A, we can use Theorem 5.2 to write

(YY) = PI=2(y)Y, Y € Hpn. (5.14)

m,n

It follows that H,, , C ker ®() | for at least one pair (m,n). Next, assume that v ¢ A and
let f € ker ). Due to Theorems 5.4 and 5.2 we have that

o:/Q N (Y)(2) f(2)doy(z) = PL2(7) f(2)Y(2)doy(2), Y €Hmp.  (5.15)

2q Qa4

Hence,
/ [(2)Y(2)doy(2) =0, Y €Uy . _oHmn, (5.16)
qu
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that is, f = 0. |
The above result has the following geometric consequence.

Corollary 5.6 Let v & A. If the average of f € L*(Qaq) over every QU7 is zero then f
vanishes.

We end our discussion on the operator () by showing that A is dense in B [0, 1]. Due
to Lemma 2.1-iiii) it suffices to show that

AN[0,1] = {r e [0,1] : PZ2Im=D (992 _ 1) = 0, for some (m,n)} (5.17)
is dense in [0, 1]. To this end, we will show that
A= {7’ € (0,1): PLa=20(22 _ 1) = 0, for some m} (5.18)
is dense in [0, 1] or, equivalently, that

A= {0 € (0,7) : P92 (cos §) = 0, for some m} (5.19)

is dense in [0, 7]. We will require a comparison theorem of Sturm’s type as described in
[16, p. 19]. We fix a,b € (0,7), a < b, and define

Im+q—1\> 1—4(q—2)? 1
m(0) = 5.20
Fml®) ( 2 ) - 16 sin? /2 * 16 cos?6/2 (5.20)

and f(0) = w2/(b— a)?. It is very easy to see that f,,(0) > f(0), 6 € (0,7), m > my, for
some myg. On the other hand,

o\ (20-3)/2 o\ /2
Y (6) = <sin 2) (cos 2) P{1=20 (cos ) (5.21)

is a solution of the differential equation 3" (8) + fm(8)y(8) = 0 ([16, p. 66]) while Y (§) =
sin(f — a)/(b — a) is a solution of " (#) 4+ f(0) y(#) = 0. Since Y (a) = Y (b) = 0, Sturm’s
theorem reveals that Y,,, has a root in (a,b) whenever m > my. It is now clear that A s
dense in [0, 7].

Next, we investigate linear operators corresponding to integration over caps of (a,.

Definition 5.7 Let v € B(0,1) and w € Qa,. The average of f € L?(Qa,) over the cap of
;9 is the number

-1 2m ,
TO(f)(w) = (1 q_ ) / / | @ (H(w)(1 —r2)T2rdrds, z=re?. (5.22)
v
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Despite normalization, ¥(?)( f) corresponds to integration of f over a cap sitting over the
sub-sphere 27:9. Due to Theorem 5.4, the following property holds:

| v @) = [ ¥0@EEm . fae P, (6523)
The first equality in (5.14) and Lemma 2.1-i) imply that
_ 1 Y 2m
v (Y) = _la=DY ——— / P2 (re'?)(1 — )92 dr df
m(1—y)e" -

\
(¢g—1)Y o etm—n)0 pa— 211 —r?)T2rdrdf, Y €H
(1 —~y)? (1 -7 171 o , o

We call I, ,, the last double integral above. Since I,,, = 0 when m # n, we assume
m = n. The integral reduces to

1
Lpm = 27r/ PLa=20(2r2 —1)(1 — r?)1 2r dr
el

1

™ _
— o [ PO

—1
21 2vy—1

It is very easy to see that Ipp = 7(1 —45)? 1(¢ — 1)~!. We handle the other cases by
using the following formula of Rodrigues type ([1, p. 173])

2m/ P20 (1) (1—1)72dt = PO 1D (0)— (1—2)9  (1+2) PV (@), 2> 0. (5.24)
0
In both cases, 297 — 1 > 0 and 295 — 1 < 0, we arrive at

- 1 297—1
Lym = 5— / P=20 (p) (1 — r)72dr — / PL=20)(r)(1 — 7)1 2dr
’ 29m 0 0

™ N 1 1 —
= —(1=7) LygPe= Y (29 — 1)

™ Ng—
= —(1-)" TP ().

Concluding,
0 m#£n
(V) ={ Y m=n=0 (5.25)
m_l(q - 1)7sz T}L 1( )Y m=mn>0.
In what follows,
B:={z€ B(0,1): P}, 7}L 1(z) =0, for somem > 0}. (5.26)
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Theorem 5.8 Let v € B(0,1). The following assertions hold:
i) UmznHmn C ker ).
i) If v & B then ker U0 C (UL_ Hypm) -

As our final example, consider the difference operator W79 = ¥ — w@) ~ §
B(0,1). After normalization, it corresponds to integration over a spherical collar of {q,.
For Y € Hy, n, it is easy to see that

0 m#n;m=n=0

(v,6) — _
YO E -0 RS () BRI )] Y m=n >0

(5.27)

m—1
Thus, we have the following properties.

Theorem 5.9 Let 7,0 € B(0,1). The following assertions hold:
i) Ho,0 U (UmznHim,n) C ker U9
i) If (7,0) & {(z,w) : 2PL L (2) —wPL L (w) = 0} then ker W00 (U Hyppm)t

m,m— m,m—
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