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This paper proposes an inductive method to construct bases for spaces of
spherical harmonics over the unit sphere {224 of C9. The bases are shown
to have many interesting properties, among them orthogonality with respect
to the inner product of L?(224). As a bypass, we study the inner product

[f,g] = f(D)(g(2))(0) over the space P(C?) of polynomials in the variables
2,Z € C4, in which f(D) is the differential operator whose symbol is f(Z). On
the spaces of spherical harmonics, [, -] reduces to a multiple of the L2(Q24)
inner product. Bi-orthogonality in (P(C?%), [, ]) is fully investigated.
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1. INTRODUCTION

This paper considers spaces of polynomials in the variables z and z of C?, ¢ > 1. The
unitary space C? is assumed to be accompanied with its usual inner product

(z,w) := 21071 + 22W3 + - - - + 2qWgq, 2z,w € CY, (1.1)

where we are writing z = (21, 22,...,24) and w = (w1, ws,...,w,). The major polyno-
mial space considered here is P(CY), the unitary space of polynomials in the independent
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174 V. A. MENEGATTO AND C. P. DE OLIVEIRA

variables z and Z of C?. Elements of this space can be written in the form

p(z) = p(2,%) Z Z Pa5?°Z’, Pap€C, a,BeZl, (1.2)

la|<m |B]<n

for nonnegative integers m and n, where standard multi-index notation is in force. The
subspace of P(C?) composed of polynomials that are homogeneous of degree m in z and
degree n in z will be denoted by Py, ,(C?). The dimension of P, ,,(C?) is given by (|2,

p.17])
5(q,m,n) = (m+q‘1)<”+q_1>. (1.3)

q—1 q—1
The subspace of Py, ,(C?) composed of harmonic elements, that is, elements in the kernel
of the complex Laplacian

42 82]&] (1.4)

will be denoted by H,, ,,(C?). Elements of this space play the role played by the solid
harmonics in analysis on real spheres.
Next, we introduce spaces of polynomials restricted to the unit sphere

Qoq ={2€C?:(z,2) =1} (1.5)

The symbol P, ,,(Q2,) will stand for the space obtained from P,, ,,(C?) by restricting its
elements to Q. Finally, H,, »(€24) will denote the space of complex spherical harmonics
of degree m in z and degree n in Z, that is, the set of restrictions of elements of H,, ,(C?)
to Qaq. The space Hy, n(Q24) has dimension d(g, m,n) given by ([2, p.17])

d(q7m,n) = 5(q>m,n) - 5(q7m - 1; n— 1)) m,n 7£ Oa (16)

d(gq,m,0) = 6(q,m,0), and d(q,0,n) = d(q,0,n). (L.7)

This paper was motivated by the following three results: the orthogonal decomposition
(2])

mAn

2q) = @ Hon—j,n—j(S24), (1.8)

the dimension formula ([2,7])

m n

d(g,m,n)=>_ > dlg-1,k1), ¢=>2 (1.9)
k=0 1=0

and the fact that some elements of H,, »(§224) can be constructed from given elements in
Him—kn—1(Q24), & < m, | < n, by multiplying them by special elements of Hj, ;(C?) (see
proof of Theorem 5.1 in [3]).
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ORTHOGONAL BASES FOR SPACES OF COMPLEX SPHERICAL HARMONICS 175

Looking at the real version of (1.8) in either [1, p.76] or [8, p.139] one observes that the
proof there requires a special inner product on spaces of homogeneous polynomials. In the
first half of the paper, we endow our polynomial spaces with the following similar inner
product

.9 = 1fsgla = F(D) (9(2)) (), f.9 € P(CY), (1.10)
in which
D = (a‘;,;zz,m 827) , (1.11)

and extract a number of interesting properties. Among them, we show that in H,, »(Q24)
there is positive constant C, depending on the space only, such that

[.fag] :C<fyg>27 fag EHm,n(Q2q)- (112)
The inner product in the right-hand side of (1.12) is the usual one in L?(Qy,), that is,

(f:9)2:= . f(2)g(2)dog(2),  f.g € L*(Q2q), (1.13)

where o, is the unique positive Borel measure in ()3, such that

27

0q(2q) = G-

(1.14)

The other properties we obtain are related to the Funk-Hecke formula ([5,6]) and with prop-
erties of bi-orthogonal systems in the polynomial spaces endowed with the inner product
in (1.10). All the results mentioned above form the contents of Sections 2 and 3.

Formula (1.9) suggests that one should be able to construct a basis for H,, ,(£224) from
given bases for the spaces Hy ;(Q2q—2), k = 0,1,...,m, [ = 0,1,...,n. We prove this is
the case using as a generating function, the special polynomials introduced in [3, p.3].
In addition, we discuss orthogonality and representing properties that are implied by the
result, completing the list of results forming Section 4.

2. THE INNER PRODUCT [.,"]

To begin this section, we observe that the spaces H,, , (€224) are pairwise orthogonal with
respect to the inner product (-, )3 ([3]). Throughout the paper, orthogonality will always
refer to this inner product.

If O(2q) is the group of isometries of C9 that fix the origin then o, is O(2¢)-invariant
in the following sense: o4(pB) = 04(B) if p € O(2¢) and B is a Borel subset of {2g,. As a
consequence, the following invariance property holds:

(fop,gopa={f.9)2 f.g€L*(Qg), pecO(20). (2.1)
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176 V. A. MENEGATTO AND C. P. DE OLIVEIRA

The following well-known result establishes the O(2¢)-invariance of H, 1, (Q24).

Lemma 2.1 The space Hy,n(Sl2q) is O(2q)-invariant, that is, if f € Hpmn(Q2q) and
p € O(2q) then fop € Hpmn(Qag)-

Proof. It will be left to the reader. |
Next, we return to formula (1.10).
Lemma 2.2 Formula (1.10) defines an inner product in P(C?).

Proof. It is very easy to see from the definitions that if (¢,7) # (k,l) then the spaces

P; ;(C?) and Py ;(C?) are orthogonal with respect to [-,-]. In particular, we have
16! = )
[297P, 27Z%) = ol (e ) = (,9) (2.2)
0, (ar, B) # (7, 9).
Now, let f, g € P(C?). There are pairs of indices (k,!) and (m,n) in Z2% such that
k l m n
FE =33 Fii(2) 9(2) =3 guul2), fig €Pij(CY), guw € Puu(CY). (2.3)
i=0 j=0 1=0 v=0
Hence,
k l m n kAM IAn
[fag} = ZZZZ[]%])QM,V] = Z Z[f,u,V7gu,V]' (24)
i=0 j=0 p=0v=0 pn=0 vr=0

Expanding f,,, € g, in the form
Jup(z) = Z Z a052°Z, g (2) = Z Z by 5272, Gap,bys €C,  (2.5)
lel=p | Bl=v IvI=p [8|=v
we finally deduce that

kAm IAn

Ll => 3> > alBlaasbas (2.6)

1=0 v=0al=p |5|=v

Using this representation, it is now easy to verify that [-, -] defines an inner product in the
space P(C?). |

As an example, the reader can easily verify that the set
2> 7P
U {2 sl =m. 1o =n} (27)
|
7n,neZ+{ ol ’8
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ORTHOGONAL BASES FOR SPACES OF COMPLEX SPHERICAL HARMONICS 177

is an orthonormal basis for (P(C?),[-,-]). Another remark at this time is that Formula
(1.10) reduces to

.91 = 1(D) (92)) (2.8)
when the space P(C) is replaced with its subspace Py, ,,(C).
Lemma 2.3 The inner product [-,-] possesses the following invariance property
[fop,fopl=1[f.fl. fE€PLa(C), peO(20). (2.9)

Proof. (Sketch) It suffices to prove the lemma in the case in which f(z) = 2977, |a| = m,
|B] = n. If p € O(2q) we can write

q q q
p(z) = Zaljzj72a2jzj, .. .,Zaquj , a; €C, zeClL (2.10)
Jj=1 j=1 j=1
Now, direct computation reveals that (f o p)(D)(f(p(2))) = '8! = [, f]- |

Next, we employ the vector space isomorphism
fe Hm’n((cq) — f‘qu S Hm’n(QQq) (2_11)

to bring the inner product (1.10) into the space Hy,n(Q2q). If f € Hpn(Q24) write f to
denote the unique element of H,, ,(C?) such that f|q,, = f. Then the formula

[f.0) = 11,3, f.9 € Hunn(Q2) (2.12)

defines an inner product in Hy, »(Q2q).

Theorem 2.7 below will reveal that the spaces (Hpm n(Q24), [, +]) and (Hpmn(Q2q), (-5 -)2)
are isomorphic. The following results will be helpful in proving that theorem. Details about
them can be found in [2]. The symbol g, will stand for the vector (0,0,...,0,1) of C9.

Lemma 2.4 If W is a nonzero finite-dimensional O(2q)-invariant subspace of continuous
functions on Qaq then there exists a unique f in W\{0} such that fop = f, when p € O(2q)
and p(ey) = 4.

Lemma 2.5 Let f be in Hyyn(Qaq). The following assertions are equivalent:

i) fop=[if peO(2q) and p(ey) = &y;

it) There exists a complex number C such that

f(z) = €m0z gy |Imr PLAEIMTD (9 e V2 2 1), 2 € gy, (2.13)
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178 V. A. MENEGATTO AND C. P. DE OLIVEIRA

in which 0 is an argument of (z,e4) in [0,27).

Proposition 2.6 Let N be a subspace of Hy,n(Q2q). If N is O(2q)-invariant then either
N ={0} or N = Hp n(Qag).

Proof. If N # {0} then H,, 0 (Q24) = N®N, in which '+ is the orthogonal complement
of N in Hyp i (Q24). Obviously, N is O(2g)-invariant. The rest of the proof will show that
N+ = {0}. Indeed, if not, we may use Lemma 2.4 to choose f € A"\ {0} and g € N1\ {0}
such that fop= f and go p =g, when p € O(2¢) and p(e,) = ¢4. Lemma 2.5 furnishes a
complex number C' such that f = Cg. It follows that f = g = 0, a clear contradiction. W

Theorem 2.7 There exists a positive constant C, depending on m, n and q, such that

;9] =C(f,9)2,  f,9 € Hmn(Q2q)- (2.14)
Proof. Since F':= {f € Hyn(Qaq) : (f, f)2 =1} is a compact subset of H,, ,(24), the
continuous function

feF—If,fleR (2.15)
attains its maximum in a point fy of F. It follows that,
L, 11 < Lfos follfs f2s f € Hinn(Q2g)- (2.16)
We will use this information to show that the bilinear form
@t Honn(Q2g) X Hpnn(Q2q) — C (2.17)
given by
o(f,9) = fo, fol{f.9)2 = [f, 9], [.9 € Hinn(Q2q) (2.18)
is identically zero. Equivalently, we will show that
N ={f € Hmn(Q2q) : 0(f,9) = 0,9 € Hmn(29)} (2.19)

is the whole space Hy, n(€Q24). Since N is a subspace of H,, 1, (224), Proposition 2.6 tells us
that it suffices to show that A is nonzero and O(2¢)-invariant. Let p € O(2¢) and f € N.
Due to (2.16), ¢ is positive definite. Hence, we may apply Schwarz’s inequality [4, p.375]
to obtain

lo(fop, g)I> < @(fop, fop)elg,g), g€ Hmun(Qag). (2.20)

However, Lemma 2.3 and property (2.1) imply that o(f o p, fop) = p(f, f) = 0. It follows
that f op € N. Since a similar argument shows that ¢(fo,9) = 0, g € Hpm n(Qag), it is
clear that AV is nonzero. [ |

Corollary 2.8 There exists a positive constant C' such that

[f? g] = C<f|Q2q7g|qu>27 f?g € Hm,n((cq> (221)
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ORTHOGONAL BASES FOR SPACES OF COMPLEX SPHERICAL HARMONICS 179

Next, we compute the constant C' in Theorem 2.7. The following lema is taken from
Rudin’s book [7, p. 16].

Lemma 2.9 For multi-indices o and 3 we have

0 if a8

/ 227 doy(z) = 2mlal L
g (OETE if a=p.

Take f(z) = g(z) = 2"Z" in the space H, »n(C?). Formula (2.2) implies that [f,g] =
m!n! while Lemma 2.9 produces

2mIm!n!

(2.22)

Theorem 2.10 The constant C in Theorem 2.7 equals to (m +n + q — 1)!(279) 1.

We close the section by showing that Theorem 2.7 cannot hold in the bigger space
Prn(Q2q). In fact, if h(z) = 277Z1" then [h, h] = m!n! while Lemma 2.9 yields (h, h)s =
211(m+n)!/(m+n—+q—1)!. Now, it is easily seen that the equality [k, h] = C(h, h)s holds
if and only if C' = m!n!(m +n + ¢ — 1)!(27%)~!/(m + n)!. This is not the value of C we
have encountered in Theorem 2.10.

3. BLORTHOGONALITY IN (P(C®), [-,-])
In this section we investigate orthogonality in the space (P(C?),[-,-]). We begin with a
result related to basic elements of (Py, ,(C9),[-,]).

Theorem 3.1 Let {f, : p=1,2,...,6(g,m,n)} and {g, : v =1,2,...,0(¢g,m,n)} be bases
Of (Pm,n((cq)v ['a ]) ]f [f;ugl/] = 07 M 7é v then
6(g,m,n) —_—

(z,w)™(w, 2)™ =m!n! Z M, z,w € C1. (3.1)

- (s 9
Proof. Since {f,:p=1,2,... ,5(q,m,n7Plls a basis of Py, ,(C?), there are polynomials
Pus 0 =1,2,...,0(q, m,n) such that

d(g,m,n)
(zw)™(w,2)" = > pu(w)fu(z), zweCL (3.2)
p=1
Due to the hypothesis,
6(g,m,n)
[(w)™(w, )" 0] = Y pu(w)[fus 9]
p=1

= pl/(w)[flMgVL V:172a-"76(q7man>7 ’LUG(Cq.
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180 V. A. MENEGATTO AND C. P. DE OLIVEIRA

On the other hand, writing ¢, in the form

= Z Z Co 322" (3.3)

lee|=m [B|=n

and computing, we obtain

(o)™ w2 g a)] = mint Y 3 YT Y a5 2]

[v|=m [§]=n |a|=m |B|=n
= m!n! Z Z Capgw” w?
loo|=m |B]=

= mlnlg,(w), v=1,2,...,6(m,n).

Thus,
m'n'gu(w) :pV(w)[fl/ygV]a V= 1,2,...,6((]77717”), w e (an (34)
and, in particular, since each g, is not identically zero, [f,,g,] # 0, p =1,2,...,0(m,n).
Concluding,
m
py=mnl——" n=1,2,...,6(m,n) (3.5)
g [f> 9ul
and the result follows. |

If we let z = w in the previous theorem we get the Pythagorian identity

m+n 6(g,m,n) —
@A™ _USS fal@0ne) g, (36)
mlnl ot (s 9u]
When z € {2y, it reduces to
(g;m,n) —
1
— — Z fl’«(z)g#(z) . (37)
m!nl = [fu> 9]
If both bases in the previous theorem are equal and orthonormal with respect to [-, -] then
we get the addition formula
6(g,m,n)
(z,w)"™{(w, 2)" = m!n! Z fu@) fu(w), zweC. (3.8)
pn=1

This formula has a structure very similar to that of the addition formula for complex
spherical harmonics ([2]). Finally, the following extension of (3.1) can be proved in a similar
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ORTHOGONAL BASES FOR SPACES OF COMPLEX SPHERICAL HARMONICS 181

manner:
6(g,m,n) —
fu(2)gu(u, )
z,u)™(w, 2)" = m!n! e 2 2 zou,v € CYL 3.9
(z,u)™(v, 2)" El Fs 0] (3.9)

the formula In our next result, we establish a Funk-Hecke type theorem for elements in the
space (P(C9), [, ]).

Theorem 3.2 Let f be an element of Py, ,(C?) and g an element of P(C). Then, for
each w € C4, the map z € C? — g((z,w)) belong to P(C?). In addition, there exists a
nonnegative constant \, depending on m and n, such that

[g(¢w)), f1=Af(w), weC (3.10)
Proof. For each pair (k,1), we will denote by {g,il cu=1,2,...,0(q,k,1)} an orthonormal
basis for (Py ;(C?), [, ]). Assume g has degree r in z and degree s in Z. Recalling Theorem
3.1, we can write
r S 5 q,kl

ZZ Z kg (2)gh (w), 2w e CL (3.11)

k=01=0 p=1
We can find complex numbers a; such that

6(g,m;n)

Y G (3.12)
j=1

It follows that

o(gym,mn) r s 0(q.k,l)
lg((-,w)), f] = Z Z k'l'a]gkl( )[gkl7gmn]
j=1 k=01=0 p=1
S(gmmn) r s 6(g.kl)
> > kT gl (w)okmdimbu,,  w € CY.

j=1 k=01=0 p=1

Thus,
) | mIn! f(w), r>mand s >n
o(toun. sl ={ § P (3.19)
completing the proof of the theorem. |
Corollary 3.3 The following formula holds
[y w)™(w, )™, (-, )™, )" = m!Inl{¢, w)" (w, )", w, e CI. (3.14)
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182 V. A. MENEGATTO AND C. P. DE OLIVEIRA
The following theorem is a converse of Theorem 3.1.

Theorem 3.4 Let {f, : n = 1,2,...,0(g,m,n)} be a linearly independent subset of
P, n(C?). Assume there is a subset {g, : n = 1,2,...,0(¢g,m,n)} of P(C?) such that
(furgu] #0, n=1,2,...,0(¢g,m,n) and

d(g;m,n)
fu(2)gu(w)
z,w)™{w, 2)" = m!n! e s z,w e CY .
(z,w)™(w, 2)" = m!n! le [fwgu] ,w € (3.15)
Then {fu : = . 0(gym,n)} and {g, : p = 1,2,...,6(g,m,n)} are bases for

Pypn (C9) satwfymg [fu,gu] 0, p#v.

Proof. Manipulation of (3.15) yields

6(g,m,n)

m!in! Z Jul2)gu(Aw) 9u(w) = (z, \w)" Qw, z)™
fﬁ“g,u]
= Oz, w)™(w, Az)"
d(g;m,n)
fu(Az)gu(w)
- m'n' Z # fﬂ?gl;]
6(q,m n)
=m!n! Z A )\"f”() ( ), z,weCl, NeC.
[fuvgu]
Hence
d(g,m,n)
3 (g#()\w) J’”A”gﬂ(w)) [JJ:“(Z)] =0, z,weClq MeC. (3.16)
=1 wr Gp

Since the set {f, : p=1,2,...,6(¢g,m,n)} is linearly independent, it follows that
gu(Ow) = X" X"g,(w) =0, weCs NeC, (3.17)

that is, g, € Py n(C?), p=1,2,...,5(g,m,n). To conclude the proof we apply Theorem
3.2 and Formula (3.15) to write

5(g;m,n) ——
g#(w)[f,uf?gl/] v = 1 2

.,0 .
[f;ugu} ’ -8lg,m, )

I
&
z
g
e
R}
A
I
s
s

m!n!g,(w)

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



ORTHOGONAL BASES FOR SPACES OF COMPLEX SPHERICAL HARMONICS 183

The linear independence hypothesis allows us to conclude that [f,,g,] =0, p # v. |

Corollary 3.5 If a linearly independent subset {f, : n=1,2,...,6(g,m,n)} of Pp, »(C?)
satisfies

5(q,m,n)

(z, w)™(w, 2)™ = m!n! Z fu(2) fu(w), z,weCl, (3.17)
=1

then it is orthogonal with respect to [-,-].

4. GENERATING BASES

This section presents a method to construct bases for the space H, »(£224). The method
is inductive over the dimension of the sphere, that is, it presupposes the knowledge of a
basis for H, n(Q2¢—2). We begin with a technical lemma that exhibits a very special kernel
in H,, ,,(C?). As we said before, the idea behind the use of this kernel comes from the proof
of Theorem 5.1 in [3].

For a fixed ¢1 € {1,2,...,q} we will employ the decomposition C? = W% @ Vi~4,
where W@ ={2€C?:2;=0,j=q+1,¢1+2,...,qtand V@ = {2 € C?:2; =0,
i=12....q}

Lemma 4.1 Let w € W NQyy and v € VI" N Qy,. Then

Gon(z) = (z,v+w)" (v —w,2)", ze€C! (4.1)
is an element of H,, ,(C9).
Proof. First observe that

ﬁGw,v _ —n(z,v—i—w}m(v—w,z)"*le ]: 1;2,~~~,(J1
0z, Tl nlzwt o)™ v—w, )" v, =g+l +2,....q

Next, notice that

= 4.2
az 0z; Gl Z szazj (4.2)

Jj=q+1

It follows that A,(G}%,) = 0. The homogeneity of G,%, with respect to z and Z is straight-
forward. ]

If ¢ = ¢—1 in the previous lemma then W9~ N Qy, is a copy of Qa4—2. In other words,
elements of W9~ Ny, are of the form @ = (w, 0) with w € Q9;_o. Denoting the elements
of C4 by Z = (z,24), 2 € C?71, and taking v = ¢, = (0,0,...,0,1), the function in the
previous lemma takes the form

Gmin(®) = ((z,w) + 29)™ (~(w, 2) +7)". (4.3)
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184 V. A. MENEGATTO AND C. P. DE OLIVEIRA

From now on, we will adopt the following simplified notation: G,;, ,, = Gﬁﬂl. The major
result of this section is as follows.

Theorem 4.2 Let {g; : j = 1,2,...,d(g,m,n)} be a linearly independent subset of
Usreo Uio He,i(Q2g—2). Then G, ., has a decomposition in the form

d(g,m,n)

Gl = D £i@)giw), Z=(22)€C! we Dy s, (4.4)
j=1

in which {f; : j =1,2,...,d(¢,m,n)} C H,, »,(C9).

Proof. Initially, we expand the right-hand side of (4.3) to write

m! nl
=% 7 3 _w)E05 2
Gon(2) = T!a!zazgwo‘ 3!5!( w)"z°zy, zZeCL (4.5)

|| +r=m |B|+s=n

Since |a| < m and |5] < n, we can find constants a;(c, 8) such that

d(g,m,n)
o (—w)’ = Y aj(a,B)g(w), we Qg (4.6)
j=1
Hence,
d(g,m,n) m! nl
Ga@= Y | ¥ Y aehigengmTn e, @)
i=1 \lal+r=m |B|+s=n o o

We now show that the expression

@ = Y Y aan) m o 7z, (4.8)

rlal” 514!
lae|+r=m |B|+s=n

defines an element of H,, ,(C9), for j = 1,2,...,d(g, m,n). The homogeneity of f; of degree
m with respect to 2 and degree n with respect to 2 is obvious. Applying the Laplacian in
(4.7) we deduce

d(g,m,n)
0=A,Gn )@ = DY Af)E)g(w), ZEC!, we Qs (4.9)
j=1
The linear independence of the g; implies that Ag(f;) = 0. |

The following lemma describes an integral operator that reproduces complex spherical
harmonics. It is a complex version of the famous Funk-Hecke formula. A proof for this
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version can be found in [5,6]. In the statement of the lemma, B0, 1] is the complex unit
disk, dvg(z) is the normalized Lebesgue measure given by
q—1

dvg(z) == - (1—2*— y2)q_2 drdy, z=uz+1iy€ B[0,1], (4.10)

LP9(BJ0,1]) is the class of complex functions that are p-integrable in B[0, 1] with respect
to v and P3-2 is the disk polynomial of degree m + n associated with the integer ¢ — 2.

n

Lemma 4.3 Let Y be an element of Hpn(Q2q), and K an element of L*9(B0,1]). Then
for every w in Qag, the mapping z € Qay — K ((2,w))Y (2) is in L*(Qa,) and

A K((z,w))Y (2)dog(z) = A 2(K)Y (w), w € Qo (4.11)
in which
9 29 50=27
M) = o [ KPR G)i(e) (412

Theorem 4.4 Let {g; : j = 1,2,...,d(g,m,n)} be a linearly independent subset of
Uit Uito Hii(Qog—2) and let {f; : j = 1,2,...,d(g,m,n)} be as in Theorem 4.2. If
the set {g; : j = 1,2,...,d(q,m,n)} is orthonormal then {f; : j = 1,2,...,d(qg,m,n)} is
an orthogonal basis of (H,y, ., (C?),[,-]).

Proof. In the first step of the proof we show that [GY ,,GS, ] = K((¢,w)), for some
function K. Indeed, recalling the hat notation introduced in the beginning of the section,
we see that

(G sG] = DTV (G5 2) +Z9) ™) Dy [(—(2,€) + 29)"] (4.13)
in which
__ 0 __ 0 0 0
Dy ._w137271+w23?2+.”+wq71@+37§q (4-14)
and
0 0 0 0
.D2 = _wlaizl_w2aiz’2_.“_wq71@+aizq. (415)
However, it is easily seen that
D" ({¢,2) + 7)™ = ml({(,w) + 1)™ (4.16)
and
D3 (—(z,¢) + z¢)" = nl({w, () + 1)" (4.17)
so that
(G s G ] = mlnl((Cw) + 1) ((w, Q) + 1), w, ¢ € Qg (4.18)
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Next, we use the previous theorem to deduce that

d(g,m,n)
[G:fz n’ ng,n] = Z pl(w)gl( )a w’C € QQ(]—27 (419)
=1
in which
Z [fjs filg;(w),  w € Q2gs. (4.20)

If the g; form an orthonormal set we can apply the previous lemma to obtain
A(G)gs(w) = /Q (G s Gl 95 (Qdog—1(¢) = pj(w),  j=1,2,....d(g;m,n), (4.21)
2¢—2

in which A(j) is a positive constant depending on g; and K. Thus,

d(g,m,n)
G ., G5, ] = Z ADgi(w)gi(€), w,¢ € Naga. (4.22)

A comparison with (4.19) yields the relation

d(g,m,n)

AD)gi(w) = Z [f55 filgs(w),  w € Qaqn, 1=1,2,...,d(g,;m,n). (4.23)

It is now evident that [f;, fi] =0, j # [ and that [f;, fi] = A(1), { =1,2,...,d(g,m,n). W

Example 4.5 Let m =n =1 and ¢ = 3. Due to Lemma 2.9, the polynomials

1 1 1 1 1_
Ql(w) = E’ 92(w) = ;wh g3(w) = ;w2a 94(w) = ;wh g5(w) = ;wm (4-24)

V3 V3__ ve,
ge(w) = 7w1w2, gr(w) = 7w1w2 and gs(w) = ﬁ(wlwl — Wollg) (4.25)

define an orthonormal subset of Ho o(24) U Ho1(4) U H10(Q4) U H1,1(Q4). The kernel
GY,(%) takes the form

2323 — 2123W1 — Z223W2 + 2123 W1 + 2223 W2 — 21 22W1 W2 — 2122WaW1 — 2121 W1 W1 — 2222WaW3.
Computing the coefficients a;(c, §) in (4.6), here written as a;(«a; 3), we obtain

Vo, V2m

a1(0,0;0,0) = al(l,O;I,O)z—T, ag(1,0;1,0) = —

Sl
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2
a,(0,1;0,1) = —Q, as(0,1;0,1) = ——, a5(0,0;1,0) = —,

V6

a4(1,0;0,0) =7, a5(0,1;0,0) =7, ag(0,1;1,0) = —

Sl

a7(1,0;0,1) = — a3(0,0;0,1) = —,

L
\/37
while all the others equal zero. Looking at (4.8), we encounter

V2r

fi(z) = 5 (=271 — 2072 + 22373),  f2(2) = —m23Z1,  f3(2) = —7mz3Za, (4.29)

F1(B) = a7, f5(3) = w27, fo(3) = —%zﬁ, (4.30)

and
f1(2) = —%z@ fs(2) = % (—=17 + 2273) (4.31)

Theorem 4.4 implies that {f; : j = 1,2,...,8} is an orthogonal basis for (Hj 1(C?),[-,]).
The isomorphism (2.11) provides us with a orthogonal basis for H; 1 ().

Corollary 4.6 Assume the hypotheses in Theorem 4.4. If {g; : j = 1,2,...,d(g,m,n)} is
orthonormal then

f](%\) :pj(zq)gj(z)a S ng_g, .7 = 1a27~~'ad(Q7m7n)v (432)
in which {p; : 7 =1,2,...,d(g,m,n)} is a subset of P(C).

Proof. If {g;:j=1,2,...,d(g,m,n)} is orthonormal, we can use (4.4) to deduce
KO = [ Gr@nw ), e 0y (4.33
Qg2

Expanding G,;, ,, in the form

m n
Z m'n' mpzn-

Zu'l/'m w)! V)lzq "z Ky ((w, 2)), (4.34)
pn=0r=0

where K, , ((z,w)) = (z, w)*(w, z)¥, using Lemma 4.3 and arranging we obtain

m'n' e ——
(Z Z |,/l (n— V)!bj(/lau)zq Fzq > 9i(2), z€Qoq_a, (4.35)

p,Ol/O
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where the b;(u, ) are constants produced by the Funk-Hecke formula. Defining

m' n! m—pu—=n—v
Z Z V)!bj(,uw)z bznmv, zeC (4.36)

pn=0rv=0 M'V' m= ‘LL
concludes the proof. [ |

Corollary 4.7 Assume the hypotheses in Theorem 4.4. If {g; : j = 1,2,...,d(g,m,n)} is
orthonormal then

d(g,m.n)

(Cw) + D)™(w, Q)+ 1)" =D > (fi, f1)20:(w)g; (), w,{ € Vaqn,  (4.37)

j=1

in which D = (m +n+ ¢ — 1)!(2r%m!n!)~!
Proof. First we manipulate the sum in the right-hand side of (4.37) to obtain

d(g,m,n) d(q m,n) d( q m,n)
Z (fur Fud2gu(w)gu(C) = (/ Fu(®) ] (Z)dog(Z )) u(w)gw(C)
p=1
d(gq,m,n) d(q,m n)
= / Z fu gu Z fl/ gu dO'q(/Z\)
o
= Gl n(B)Ghn(2) dog(3),  w,¢ € Qaq s,

Qa4

Recalling Lemma 4.1, Theorem 2.7 and Theorem 2.10, we conclude that

d(g,m,n)
2md
s J 7 g = T T 4 - 3 5 Qoy_o. 4.
; <fl fl >2.gl (w)gﬂ(C) <m+n+q — 1) [Gmn Gm n] w CE 2q—2 ( 38)
Finally, (4.18) reduces (4.37) to
d(g,m,n)
Yo Fufu)29u(@)gu(O) = DTN w) + D)™ ((w, Q) + 1), w, ¢ € Qaga,  (4:39)
p=1
with D as described in the statement of the corollary. |

By letting w = ¢ in Corollary 4.7 we deduce the following identity

d(q,m,n)
omintlrd g in)
2
, = € Qay_a. 4.40
,?:1 (fus> Fr)2lgp(w) (mtntq_1) w 2q—2 ( )
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We close this section presenting two independent results, one giving an estimate for the sum
Zﬁ(g’lm’") (fu, fu)2 and the other explaining why the construction in Theorem 4.2 preserves
bi-orthogonality.

Corollary 4.8 Assume the hypotheses in Theorem 4.4. If {g; : j = 1,2,...,d(¢,m,n)} is
orthonormal then

d(gq,m,n)
2m+n+2,n_2q 1
iy [ < .
E <f] fj>2 = ( 1)|( 2)|

Proof. First apply the CauCYE/lSChwarz inequality to obtain

(4.41)

GG a(2) < (Z2)"(w,1), (w,1))"(Z,2)"((=w, 1), (~w, 1))"

<
S 2m+n <37 2>m+n7 z € (Cq, w e ng_g.

Integration yields

2m+n+17.rq

/ G ()G (B)doy(3) < 2t / dog(2) = wE Nogo.  (4.42)
qu

Qay (=1~

On the other hand, if {g; : 7 = 1,2,...,d(q,m,n)} is orthonormal, the beginning of the
proof of Corollary 4.7 implies that

d(g;m,n) 9 gm+n+1,q
|95 (W)[*{f5: )2 < =7 w € Dag2. (4.43)
(¢—1)!
j=1 ~
Finally,
d(g,m,n) d(g,m,n)
g Jirz = JrJil2 J 2 q—1
Yo k2= D i fi) 195 (w)|*dog—1 (w)
j=1 j=1 2q-2
2m+n+1ﬂ_q/ 2m+n+27r2q71
< — do,_1(w) = ———,
=T o, T i
completing the proof. [ |

Corollary 4.9 Let {g; : j = 1,2,...,d(g,m,n)} and {g; cj = 1,2,...,d(g,m,n)} be
orthonormal subsets of Ujeq U Hi,i(Q2q—2) and let {f; : j = 1,2,...,d(qg,m,n)} and
{f; 15 =1,2,...,d(g,m,n)} be the corresponding sets resulting from the use of Theorem

44 If (9. 9,)2 =0, j # k, then [fj, f,] =0, j # k.

Proof. We use Corollary 4.6 to write

fJ(/Z\) :pj(zq)gj(z)7 z € ng,Q, _j = 1,27...,d(q7m,n), (444)
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and

’

f;(z) = p;-(zq)g;(z), 2 € Nog_e, j=1,2,...,d(qg,m,n), (4.45)

in which {p; : j = 1,2,...,d(¢,m,n)} and {p; :j =1,2,...,d(g,m,n)} are subsets of
P(C). It follows, with a help of Theorem 2.7, that

s = 2 (5 ) () ol

P () 6T i

The conclusion in the statement of the Corollary follows. |
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