
CADERNOS DE MATEMÁTICA 04, 247–269 October (2003)
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We begin by characterizing the family of real analytic closed orientable n-
manifolds, n ≥ 2, that admit an analytic action of R

n with at least one orbit
diffeomorphic to T n−1 × R. Next, for each closed orientable n-manifold N

we define a subset Cn of singular actions in Aω(Rn, N) such that each action
ϕ ∈ Cn has a non-constant first integral as well as some generic properties
and then we prove that ϕ is C1 structurally stable. An action of R

n is called
singular if every orbit has dimension less than n. October, 2003 ICMC-USP
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1. INTRODUCTION

Let M be a closed connected real analytic m-manifold and Ar(Rn,M) the set of
Cr, 1 ≤ r ≤ ω, actions of R

n on M whose infinitesimal generators are also of class
Cr. We consider in Ar(Rn,M) the C1-topology induced by the C1-distance between in-
finitesimal generators. An action of R

n on a manifold is called singular if every orbit has
dimension less than n.

In this paper we characterize the family of analytic closed orientable n-manifolds that
admit an analytic action of R

n with at least one orbit diffeomorphic to T n−1 × R, see
Theorem 2.1. This family consists of T n and Hn , the family of manifolds obtained by
glueing two copies of T n−2 ×D2 by an orientation preserving diffeomorphism of T n−1 =
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∂(Tn−2 ×D2). An action ϕ ∈ Ar(Rn,M) is said to be of type j, 0 ≤ j ≤ n, if the union
of the j-dimensional orbits is an open dense subset of M. Denote by Arj(R

n,M) the
subspace of actions of type j. For each analytic closed connected orientable n-manifold N
we define a subset Cn ⊂ Aωn−1(R

n, N) such that each action ϕ ∈ Cn has a non-constant
first integral as well as some generic properties, see Definition 2.4. Our main result is to
prove that each action in Cn is C1 structurally stable, see Theorem 2.2. It is proved in
Lemma 2.4 that if ϕ ∈ Cn , then there exists ψϕ ∈ Aω(Rn−1, N) with the same orbits than
ϕ. C. Perelló proved in [8] that Morse-Smale Cω vector fields on an analytic orientable
closed surface form an open and dense set. It follows from his theorem that if ϕ ∈ C2 ,
then ψϕ is not C1-structurally stable.

The fact that there are C1 structurally stable singular actions is not new. In fact, Kato
and Morimoto proved in [5] the following theorem: Let X ∈ X

r(N), r ≥ 1 and n ≥ 3,
be an Anosov vector field. Then, Y ∈ X

r(N) satisfies [X,Y ] = 0 if and only if Y = cX,
with c ∈ R. As a consequence of this result, we can define an open set B ⊂ Ar(Rn, N) of
singular actions such that each element in B is C1 structurally stable.

The fact that there are C1 structurally stable actions with non-constant first integrals
is also not new. Write T 3 = S1 × T 2 and let F be the foliation of T 3 with leaves
{θ}×T 2, θ ∈ S1. Saldanha in [9], defined a subset of locally free actions C ⊂ A∞(R2, T 3)
such that each ϕ ∈ C has F as underlying foliation and is C1 structurally stable.

What is new in our result is that each ϕ ∈ Cn , besides being C1 structurally stable, is
a singular action and at the same time has a non-constant first integral. Finally, we show
that this phenomenum is typical of analytic actions. In [1], to be published, we consider
actions ϕ ∈ Arn(R

n, N). We defined the concept of transversally hyperbolic compact orbit
and proved for n = 2 and n = 3 that if ϕ ∈ Arn(R

n, N), r ≥ 1, and every compact orbit
is transversally hyperbolic, then ϕ is structurally stable. The problem of characterizing
the structurally stable actions in Aω(Rn, N) is still an open and interesting problem.

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULTS

Through this paper M (N) will denote a closed connected and orientable real analytic
m-manifold (n-manifold) and we shall assume that m ≥ n. A Cr-action of Lie group
G on M is a Cr-map ϕ : G × M → M, 1 ≤ r ≤ ω, such that ϕ(e, p) = p and
ϕ(gh, p) = ϕ(g, ϕ(h, p)), for each g, h ∈ G and p ∈ M, where e is the identity in G.
Op = {ϕ(g, p); g ∈ G} is called the ϕ-orbit of p. Gp = {g ∈ G; ϕ(g, p) = p} is called the
isotropy group of p. For each p ∈M the map g 7→ ϕ(g, p) induces an injective immersion
of the homogeneous space G/Gp in M with image Op . When G = R

n, the possible
ϕ-orbits are injective immersions of T k ×R

`, 0 ≤ k+ ` ≤ n, where T k = S1 × · · · ×S1, k
times.

For each 0 ≤ i ≤ n − 1 let Singi(ϕ) = {p ∈ M ; dimOp = i} and Sing(ϕ) =
∪n−1
i=0 Singi(ϕ). If p ∈ Sing(ϕ), Op is called a singular orbit and when p ∈ Sing0(ϕ),

Op is also called a point orbit and p a fixed point by ϕ. We also write p ∈ Singci (ϕ), i =
1, . . . , n− 1, when Op is a T i-orbit. If Sing(ϕ) = M, we call ϕ a singular action.
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For each w ∈ R
n \{0} ϕ induces a Cr-flow (ϕtw)t∈R given by ϕtw(p) = ϕ(tw, p) and its

corresponding Cr−1-vector field Xw is defined by Xw(p) = D1ϕ(0, p) ·w. If {w1, . . . , wn}
is a base of R

n, the associated vector fields Xw1
, . . . , Xwn

determine completely the action
ϕ and are called a set of infinitesimal generators of ϕ. Note that [Xwi

, Xwj
] = 0 for any

two of them.
Denote by Ar(Rn,M) the set of Cr-actions, r ≥ 1, of R

n on M such that their cano-
nical infinitesimal generators are also Cr vector fields. Given two actions {ϕ;X1, . . . , Xn}
and {ψ;Y1, . . . , Yn} define dk(ϕ,ψ) = max

1≤i≤n
‖Xi − Yi‖k. With this distance Ar(Rn,M)

is a metric space and the corresponding topology is the Ck-topology. We say that ϕ is
an action of type j and write ϕ ∈ Arj(R

n,M) if the union of the j-dimensional orbits is
an open dense subset of M. Note that for analytic actions Aω(Rn,M) = Aω0 (Rn,M) ∪
Aω1 (Rn,M)∪· · ·∪Aωn(Rn,M), see Lemma 2.3. This is not the case for non-analytic actions
since it is possible to have ϕ ∈ A∞(Rn,M) which does not belong to any A∞

j (Rn,M),
see [3].

Let ϕ ∈ Ar(Rk,M) and X1, . . . , Xk a set of infinitesimal generators of ϕ. We shall
denote by G (ϕ) the commutative Lie subalgebra of X

r(M) generated by those vector
fields.

Definition 2.1. An action ψ ∈ Ar(Rk,M) is said to immerse (immerse properly) in
Ar(Rn,M), k ≤ n, if there exist ϕ ∈ Ar(Rn,M) such that G (ψ) is a subalgebra (proper
subalgebra) of G (ϕ). We shall write ψ 7→ ϕ to indicate that ϕ realizes the immersion of
ψ. If ψ ∈ Ark(R

k,M) immerses properly in Arn(R
n,M) one shall say that ψ embedds in

Arn(R
n,M).

Let ψ ∈ Ar(Rk,M) and X1, . . . , Xk a set of infinitesimal generators. ψ can allways

be immersed in Ar(Rn,M). In fact, put Xk+i =
∑k
j=1 ajiXj , 1 ≤ i ≤ n− k, where each

aji : M → R is a first integral, perhaps constant, of each Xj , j = 1, . . . , k. The action
ϕ generated by X1, . . . , Xk, Xk+1, . . . , Xn realizes the immersion of ψ. Note that the
immersion is proper if at least one aji is non-constant. On the other hand ψ ∈ Ark(R

k,M),
in general, does not embedds in Arn(R

n,M).
The notions of topological equivalence and Ck structural stability that we use here for

actions are the standard one’s. The following two lemmas extend to actions of R
n classical

lemmas in the theory of flows, see [1]. Let Dm
ε = {(x1, . . . , xm) ∈ R

m; |xi| < ε}, ε > 0,
and ∂

∂xi
= (0, . . . , 0, 1, 0, . . . , 0) the constant vector field.

Lemma 2.1 (k-flow box). Let ϕ ∈ Ar(Rk,M) with infinitesimal generators X1, . . . ,
Xk, and Op a k-dimensional orbit. There exists a Cr- diffeomorphism h : Vp → Dm

ε ,
where Vp is a neighborhood of p, such that h∗Xi = ∂

∂xi
in Dm

ε , for each i = 1, . . . , k.

Remark 2. 1. Note that the diffeomorphism h = h(ϕ) : Vp → Dm
ε depends continuously

on ϕ in the following sense: given η > 0, there exists δ > 0 such that if ϕ̃ ∈ Ar(Rk,M)

is δ C1-close to ϕ, then h(ϕ̃) : Ṽp → Dm
ε is η C1-close to h(ϕ) in Vp ∩ Ṽp .
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A pair (Vp, h) as in Lemma 2.1 will be called a k-flow box at p. If q ∈ Op with q 6= p,
then there exists u ∈ R

k such that X1
u(p) = q. We shall call γ = {Xt

u(p); 0 ≤ t ≤ 1} an
arc of ϕ in Op . By using Lemma 2.1 one can also prove:

Lemma 2.2 (Long k-flow box). Let ϕ ∈ Ar(Rk,M), Op a k-dimensional orbit of ϕ
and γ ⊂ Op an arc of ϕ in Op . Then, there exists k-flow box (Vγ , h), where Vγ is a
neighborhood of γ.

Infinitesimal generators adapted to a singular orbit. Let Op be a singular k-
dimensional orbit of ϕ ∈ Ar(Rn,M) and Gp its isotropy group. Op is a T `×R

k−`-orbit
with 0 ≤ ` ≤ k < n. Call G0

p the connected component of Gp that contains the origin
and let H be a k-dimensional subspace of R

n such that R
n = H⊕G0

p . Let {w1, . . . , wn}
be a base of R

n such that {w1, . . . , wk} is a base of H, {wk+1, . . . , wn} is a base of G0
p

and {w1, . . . , w`} generate the subgroup Gp ∩ H. {Xi = Xwi
; i = 1, . . . , n} is a set of

infinitesimal generators of ϕ. Note that Xk+1(q) = · · · = Xn(q) = 0 for every q ∈ Op .
We shall say that X1, . . . , Xn is a set of infinitesimal generators adapted to Op .

Applying Lemma 2.1 to the action ϕ restricted to H, we obtain a chart h : Vp → Dm
ε

of M such that if (θ, x) ∈ Dm
ε = Dk

ε ×Dm−k
ε , then the vector fields Xi in this chart can

be writen

Xi(θ, x) =
∂

∂θi
, i = 1, . . . , k

Xk+i(θ, x) =
k∑

j=1

aji(x)
∂

∂θj
+

m∑

j=k+1

aji(x)
∂

∂xj
, i = 1, . . . , n− k

(1)

A chart like the one above is called adapted to Op at p. The vector fields

X̂i =
m∑

j=k+1

aji(x)
∂

∂xj
, i = 1, . . . , n− k,

define a local action ϕ
T

of R
n−k on Dm−k

ε having 0 ∈ Dm−k
ε as a fixed point.

When p is a fixed point of ϕ, then a chart adapted to Op at p will be any chart of M

which contains p. In this case X̂i = Xi , i = 1, . . . , n.

Remark 2. 2. Note that {X1, . . . Xk, X̂1, . . . , X̂n−k} define a local R
n-action ϕ̂ on

Dm
ε and that O(θ,x)(ϕ̂) = O(θ,x)(h ◦ ϕ ◦ h−1) for each (θ, x) ∈ Dm

ε .

Lemma 2.3. Assuming n ≤ m the following decomposition holds:

Aω(Rn,M) = Aω0 (Rn,M) ∪Aω1 (Rn,M) ∪ · · · ∪Aωn(Rn,M).

Moreover, if ϕ ∈ Aωn(Rn, N), then there is only a finite number of n-dimensional orbits,
all of them homeomorphic.
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Proof. Let X1, . . . , Xn be a set of infinitesimal generators of ϕ and Op an orbit of
maximal dimension k, 0 < k ≤ n. Fix a finite number of charts (Ui, xi), 0 ≤ i ≤ `,
of M such that M = ∪`i=1Ui and assume that X1, . . . , Xk are linearly independent in
U1 . This last property propagates along the charts to an open and dense subset of M
using the fact that a real analytic function defined on an open set U ⊂ R

m is zero ei-
ther on U or on the complement of an open dense subset of U, see [7]. Let O1,O2

be two different n-dimensional orbits of ϕ ∈ Aω(Rn, N) and G1, G2 their respective
isotropy groups. If u ∈ Gp , then X1

u|O1
= id. Since X1

u is an analytic diffeomorphism,
it follows that X1

u = id on N. Thus, u ∈ G2 i.e., G1 ⊂ G2 . By the same argument
G2 ⊂ G1 and therefore G1 = G2 . Finally, using charts adapted to the singular or-

bits one shows that every ϕ ∈ Aωn(Rn, N) has a finite number of n-dimensional orbits.

Let Op be a Tn−2-orbit of ψ ∈ Ar(Rn−1, N). It can be verified that X̂n−1 has the
following two properties:

(1) Although X̂n−1 depends on the chart (Vp , h), which in turn depends on H, the

fact that 0 ∈ D2
ε be a center (saddle, node, focus) of DX̂n−1(0) does not depend on the

chart.

(2) If q ∈ Op and q 6= p, there exists a chart (Vp , h) adapted to Op such that q ∈ Vp .

It follows from the two properties above that the following concept is well defined.

Definition 2.2. Let Op be a Tn−2-orbit of ψ ∈ Ar(Rn−1, N). Op is said to be
transversally simple if there exists a chart adapted to Op at p such that 0 ∈ D2

ε is a

simple singularity of X̂n−1 . When 0 is a center (saddle, node, focus) of DX̂n−1(0) we
will say that Op is transversally a center (saddle, node, focus).

Separatrices of a Tn−2-orbit that is transversally a saddle. Let Op be a Tn−2-
orbit of ψ ∈ Ar(Rn−1, N) that is transversally a saddle, X1, . . . , Xn−2, Xn−1 infinitesimal
generators adapted to Op and h : Vp −→ Dn−2

ε ×D2
ε a chart adapted to Op at p. Let

ξs (ξu) be the stable (unstable) submanifold of X̂n−1 at 0 ∈ D2
ε , Σ = h−1(D2

ε) and
ηs = h−1(ξs) (ηs = h−1(ξs)). We know that X1

i (p) = p, i = 1, . . . , n − 2. For each
i = 1, . . . , n − 2, let Dn−1

i = {t = (t1, . . . , ti−1, 0, ti+1, . . . , tn) ∈ Dn
ε }, Σi = h−1(Dn−1

i )
and Pi : (Σi, p) → (Σi, p) the Poincaré map of Xi at p. Let πi : Vp → Σ be the
projection along the orbits of the action generated by X1, . . . , Xi−1, Xi+1 . . . , Xn−2 and

ωi : U ⊂ Σ → Σ be the local diffeomorphism defined by ωi = πi ◦ Pi . Since [Xi, X̂n−1] =

0, i = 1, . . . , n−2, it follows that ωi takes orbits of X̂n−1 in U into orbits of X̂n−1 in Σ
and in particular ωi((η

s ∪ ηu) ∩ U) ⊂ ηs ∪ ηu. Therefore, the four connected components
of ηs ∪ ηu \ {p} give rise to at most four ϕ-orbits and each of them is a T n−2 × R-orbit.
This orbits will be called separatrices of Op .

Lemma 2.4. Let Op be a transversally simple T n−2-orbit of ϕ ∈ Arn−1(R
n, N). There

exists a neighborhood V of Op and ψϕ ∈ Ar(Rn−1, N) such that Oq(ψϕ) = Oq(ϕ) for
each q ∈ V . In particular, if r = ω, then Oq(ψϕ) = Oq(ϕ) for each q ∈ N .
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Proof. Let X1, . . . , Xn−2, Xn−1, Xn infinitesimal generators adapted to Op . We know
that X1, . . . , Xn−2 are linearly independent in a neighborhood V1 of Op . Let h : Vp →
Dm
ε be a chart adapted to Op at p. Since Op is transversally simple, we can assume that

0 ∈ D2
ε is a simple singularity of X̂n−1 . Thus, there is a neighborhood U of p such that if

q ∈ U \Op , then Xn−1(q) 6= 0. It is clear that Xn−1 has no singularities on the saturated
set sat(U∩V1) of U∩V1 under the action defined by {X1, . . . , Xn−2} and also that sat(U∩
V1) contains a neighborhood V of Op . Call ψϕ the action of R

n−1 on N whose infinite-
simal generators are {X1, . . . , Xn−2, Xn−1}. Since ϕ ∈ Arn−1(R

n, N), it follows that Xn =∑n−1
i=1 fiXi in V, where Xifj = 0 for i, j = 1, . . . , n−1. Note that when r = ω, V = N.

Definition 2.3. A Tn−2-orbit Op of ϕ ∈ Arn−1(R
n, N) is transversally simple

(center, saddle, node, focus) if and only if it has the same attribute as an orbit of ψϕ ∈
Ar(Rn−1, N), where ψϕ is given by Lemma 2.4.

Proposition 2.1. If ϕ ∈ Ar(Rn, N) has an orbit O homeomorphic to T n−1×R, then
Front(O) is the union of at most two T k-orbits with k ∈ {n− 2, n− 1}.

For each n ≥ 2 let Hn be the family of all analytic closed connected and orientable
manifolds that can be obtained by glueing two copies of T n−2 × D2. Note that H2 has
only one element, which is S2. Note also that H3 consists of 3-manifolds that admit a
Heegaard splitting of genus one.

Theorem 2.1. Let N be a real analytic closed connected and orientable n-manifold,
n ≥ 2. Assume that ϕ ∈ Aω(Rn, N) has at least one Tn−1 × R-orbit, then every n-
dimensional orbit is a T n−1 × R-orbit and ϕ ∈ Aωn(Rn, N). Furthermore,
(1) if Singcn−2(ϕ) = ∅, then N is homeomorphic to T n,

(2) if Singcn−2(ϕ) 6= ∅, then Singcn−2(ϕ) is the union of two Tn−2-orbits and N ∈ Hn .

Corollary 2.1. Let N be a real analytic closed connected and orientable n-manifold
and ψ ∈ Aωn−1(R

n−1, N) that has a Tn−1-orbit O(ψ). If ψ embedds in Aωn(Rn, N), then
N is either homeomorphic to T n or N ∈ Hn . Moreover, in both cases O(ψ) has a
neighborhood V that is a union of T n−1-orbits.

Definition 2.4. Let C 0
n be the set of actions ϕ ∈ Aωn−1(R

n, N) such that there is
at least one Tn−2-orbit Op which is transversally a center and one T n−2-orbit which is
transversally a saddle. Let ψϕ ∈ Aω(Rn−1, N) be the action constructed in Lemma 2.4
from ϕ and Op . Now define the subset Cn = Cn(N) ⊂ C 0

n by saying that ϕ ∈ Cn if and
only if

1) Singi(ϕ) = ∅, i = 0, . . . , n− 3, and Singn−2(ϕ) = Singcn−2(ϕ),

Publicado pelo ICMC-USP
Sob a supervisão da CPq/ICMC



STRUCTURAL STABILITY OF SINGULAR ACTIONS OF R
N 253

2) every Tn−2-orbit is transversally simple,

3) ψϕ 7→ ϕ is a proper immersion,

4) If Op is a Tn−2-orbit of ϕ that is transversally a saddle, then its separatrices are
not separatrices of any other T n−2-orbit that is also transversally a saddle.

Note that if O is a Tn−2-orbit of ϕ ∈ Cn , then from condition 3) one obtains that O
is transversally a center or a saddle. The following statement is a corollary of Proposition
2.1.

Corollary 2.2. Let ϕ ∈ C 0
n (N) and ψϕ as in Definition 2.4. Then ψϕ can not be

embedded in Aωn(Rn, N).

Theorem 2.2. Let N be a real analytic closed orientable n-manifold and ϕ ∈ Cn ⊂
Aωn−1(R

n, N). Then ϕ is structurally stable and consequently Cn is an open set in Aω(Rn, N).

3. PROPERTIES OF ACTIONS IN CN

In this section we prove some properties of actions ϕ ∈ Cn that are needed for the proof
of Theorem 2.2. For the sake of clarity some of them are given first for n = 2 and then
for n > 2.

Lemma 3.1 (Persistency of transversally simple T n−2-orbits). Let O0 be a transver-
sally simple Tn−2-orbit of ψ ∈ Ar(Rn−1, N). Given a neighborhood V of O0 there exist
a neighborhood Vψ of ψ in Ar(Rn−1, N) such that each ξ ∈ Vϕ has only one singular
orbit O0(ξ) ⊂ V and O0(ξ) is also a transversally simple T n−2-orbit.

Proof. The proof is obtained using Remark 2.1.

Remark 3. 1. Lemma 3.1 is also valid for actions ϕ ∈ Arn−1(R
n, N).

For each ϕ ∈ Cn let Kϕ be the set of points p ∈ N such that Op(ϕ) is not a Tn−1-
orbit and c1, . . . , ck (s1, . . . , s`) be the Tn−2-orbits of ϕ that are transversally a center
(saddle).

Proposition 3.1. C2 ⊂ Aω1 (R2, N) is an open set in Aω(R2, N).

Proof. Let ϕ ∈ C2. Denote by c1, . . . , ck the centers and by s1, . . . , s` the saddles
of ϕ. Since ϕ ∈ C2 , it follow that k ≥ 1 and ` ≥ 1. Let X1, X2 be infinitesimal gene-
rators of ϕ such that the flow ψϕ of X1 has the same orbits as ϕ and X2 = fX1 ,
with f non-constant. Given a neighborhood of each singular point of X1 , by Lemma
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3.1, there exists a neighborhood U = U(X1) such that any X̃1 ∈ U has only one sim-
ple singularity in each of these neighborhoods, where s̃i is also a saddle and c̃i is either
a focus or a center. Assume now that V is a neighborhood of ϕ such that if ϕ̃ ∈ V,
then X̃1 ∈ U . ϕ̃ can not belong to Aω2 (R2, N). If this were the case, then ϕ̃ would
have an S1×R-orbit intersecting any neighborhood of c̃1 and also an R-orbit intersecting
any neighborhood of s̃1 , but this contradicts Proposition 2.1. Thus ϕ̃ ∈ Aω1 (R2, N)

and X̃2 = f̃ X̃1 . Moreover, if V is sufficiently small, then f̃ can not be constant.

Theorem 3.1. If ϕ ∈ C2, then there exists a neighborhood V of ϕ such that for each
ϕ̃ ∈ V

Kϕ̃ = {c̃1, . . . , c̃k} ∪ {s̃1, . . . , s̃`} ∪ {∪`i=1S̃i1 ∪ S̃i2}

where, for each i = 1, . . . , `, S̃i1 and S̃i2 are R-orbits satisfying Front(S̃i1) = s̃i =

Front(S̃i2).

Proof. By Proposition 3.1, it is enough to prove the theorem for a fixed ϕ ∈ C2 . If Oq

is a R-orbit of ψϕ , then α(q) = ω(q) = si for some i ∈ {1, . . . , k}. In fact, assume that
p ∈ ω(q) is a regular point of ψϕ . Take a transversal section Σ to the flow ψϕ by p. There
is a sequence qn ∈ Σ, with qn = ψϕ(tn, q), converging to p. Let f be the real analytic first
integral of ψϕ given by Definition 2.4 condition 3). f |Σ is constant on {qn}. This gives a
contradiction and proves that ω(q) = si for some i ∈ {1, . . . , k}. It follows from condition

4) that α(q) = si , too. Since each saddle has two self-connections, the theorem is proved.

To each fixed point p of ϕ ∈ Ar(Rn,M), 1 ≤ r ≤ ω, there is associated a linear action
% : R

n → Aut(TpM) given by %(v) = Dϕv(p) where ϕv( · ) = ϕ(v, · ). Recall that if
ϕ ∈ Ar1(R

2, N2), 1 ≤ r ≤ ω, has a fixed point p ∈ N 2 that is a center, then the phase
portrait of the induced linear action % is like Figure 1, (i).

PSfrag replacements pp

(i) (ii)

FIG. 1.

The following lemma gives a sufficient condition for the topological equivalence between
ϕ and % in the neighborhood of p.

Lemma 3.2. Assume that ϕ ∈ A1
1(R

2, N2) has a first integral that is not constant on
any open set. If p ∈ Fix(ϕ) is a center, then ϕ is topologically equivalent to % in a
neighborhood of p.
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Proof. Let X1, X2 be infinitesimal generators of ϕ such that p is a center of X1

and ψϕ ∈ A1(R, N2) is the flow of X1 . Let h : Vp → U0 be a chart of N such

that Sing(X1) ∩ Vp = {p}, h(p) = 0 and D(h∗X1)(0) =
(

0−β
β 0

)
, β 6= 0. There exists

a neighborhood 0 ∈ U ⊂ U0 such that if x ∈ U, then h∗X1(x) is transversal to the
ray 0x. It follows that any orbit of X1 by q ∈ h−1(U) is either closed or a spiral
that accumulates in p or in a closed orbit contained in h−1(U), see Figure 1 (ii). Let
C = {q ∈ h−1(U);Oq(X1) is closed}. If h−1(U) \C has non-empty interior, then the first
integral would be constant in some open set. Thus C = h−1(U) and this proves the
lemma.

Proposition 3.2. Cn ⊂ Aωn−1(R
n, N) is an open set in Aω(Rn, N).

Proof. Denote by c1, . . . , ck and by s1, . . . , s` the Tn−2-orbits of ϕ that are transver-
sally a center and a saddle, respectively. Since ϕ ∈ Cn , k ≥ 1 and ` ≥ 1. Let X1, . . . , Xn

be infinitesimal generators of ϕ such that the action ψϕ generated by X1, . . . , Xn−1

has the same orbits than ϕ and Xn = f1X1 + · · · + fn−1Xn−1 , with fi non-constant
for at least one i = 1, . . . , n − 1. By Lemma 3.1, given a neighborhood of each T n−2-
orbit of ψϕ there exists a neighborhood Ui = Ui(Xi) of Xi , i = 1, . . . , n − 1, such
that any action generated by Y1, . . . , Yn−1 , Yi ∈ Ui has only one transversally simple
Tn−2-orbit in each of these neighborhoods, where s̃i is also transversally a saddle and c̃i
is either transversally a focus or center. Now, assume that V is a neighborhood of ϕ
such that if φ ∈ V, then Yi ∈ Ui , i = 1, . . . , n − 1. φ can not belong to Aωn(Rn, N).
If this were the case, then φ would have a T n−1 × R-orbit intersecting any neighbor-
hood of c̃1 and also a Tn−2 × R-orbit intersecting any neighborhood of s̃1 , which con-
tradicts Proposition 2.1. Thus, φ ∈ Aωn−1(R

n, N) and Yn = f̃1Y1 + · · · + f̃n−1Yn−1 .

Finally if V is sufficiently small, then f̃i can not be constant for every i = 1, . . . , n−1.

Theorem 3.2. If ϕ ∈ Cn , then there exists a neighborhood V ⊂ Cn of ϕ such that
Kϕ̃ = {c̃1, . . . , c̃k} ∪ {s̃1, . . . , s̃`} ∪ (∪`i=1S̃i) for each ϕ̃ ∈ V and for each i = 1, . . . , `, S̃i
satisfies one of the following statements:

1. S̃i is the union of two Tn−2 × R-orbits S̃i1 , S̃i2 such that S̃ij ∪ s̃i is homeomorphic
to Tn−1, j = 1, 2.

2. S̃i is a Tn−2 × R-orbit such that Front(S̃i) = s̃i .

The structure of ψ ∈ A1(Rn−1, N) in the neighborhood of a T n−2-orbit that is transver-
sally a center is well determined when ψ has a non-constant first integral. More precisely:

Proposition 3.3. Assume that ψ ∈ A1(Rn−1, N) (ϕ ∈ A1
n−1(R

n, N)) has a Tn−2-orbit
O0 that is transversally a center. If ψ (ϕ) has a first integral that is non-constant on any
open subset of N, then there exists a ψ-invariant (ϕ-invariant) neighborhood V0 of O0

such that V0 \ O0 is a union of Tn−1-orbits.
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Proof. Let V be a neighborhood of O0 in N such that V ∩ Sing(ϕ) = O0 . Take a
chart h : Vp → Dn

ε adapted to O0 in p with h(p) = 0 and Vp ⊂ V. The infinitesimal

generators of ψ in these coordinates are like in (1). Since 0 ∈ D2
ε is a center of DX̂n−1(0)

and ψ has a first integral that is not constant in V, so does X̂n−1 . By Lemma 3.2 there

exists δ ∈ (0, ε) such that all orbits of X̂n−1 within D2
δ are closed. Let ψ0 be the action

of R
n−2 on N given by X1, . . . , Xn−2 . O0 is also an orbit of ψ0 and Σ = h−1(D2

δ) is

transversal at p to the orbits of ψ0 . If q ∈ Σ \ {p}, then Cq = h−1(Oh(q)(X̂n−1)) is
homeomorphic to S1 and is contained in Oq , see Figure 2. Let’s consider the holonomy
of O0 as a leaf of the foliation defined by ψ0

Hol : π1(O0) ∼= Z
k → Diff1(Σ, p). (2)

The orbit αi of Xi by p, i = 1, . . . , n−2, is closed and {[α1], . . . , [αn−2]} is a set of genera-
tors of π1(O0). For each i = 1, . . . , n− 2, let Dn−1

i = {t = (t1, . . . , ti−1, 0, ti+1, . . . , tn) ∈
Dn
ε }, Σi = h−1(Dn−1

i ), Pi : (Σi, p) → (Σi, p) the Poincaré map of Xi at p and πi : Vp →
Σ the projection along the orbits of the action generated by X1, . . . , Xi−1, Xi+1 . . . , Xn−2 .
Then, ωi = Hol(αi) = πi ◦ Pi . Note that ωi(Cq) = Cωi(q) for each q ∈ Σ. We state that
ωi(Cq) = Cq for each q ∈ Σ \ {p} and each i ∈ {1, . . . , n− 2}, which in turn implies that
Oq is a Tn−1-orbit. In fact, if for some q ∈ Σ\{p} there exists i ∈ {1, . . . , n−2} such that
ωi(q) /∈ Cq , then either ωi(Cq) or ω−1

i (Cq) would be a circle Cq′ in the interior of Cq .
This would imply that all orbits of ψ by points of the ring R ⊂ Γ whose boundary is Cq∪
Cq′ would have a common orbit in its closure. Therefore, any first integral of ψ would be
constant on the saturated of R, which is an open set. Finally, when ϕ ∈ A1

n−1(R
n, N) it is

enough to consider ψϕ .

PSfrag replacements q

p
O0

Cq

Σ

FIG. 2.

With the same notation used in Proposition 3.3 and similar arguments we obtain:

Lemma 3.3. Assume that ψ ∈ A1(Rn−1, N) has a Tn−2-orbit O0 that is transversally
a saddle. If ψ has a first integral that is not constant on any open set, then for each
i = 1, . . . , n− 2, either ωi = id or ω2

i = id in the space of orbits of (h∗X̂n−1)|Σ .
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Lemma 3.4. If O is a Tn−2 × R-orbit of ϕ ∈ Cn , then O is a separatrix of some
Tn−2-orbit O0 that is transversally a saddle.

Proof. Let C be a connected component of cl(O) \O, where cl(O) denote the closure
of O. C is a ϕ-invariant compact set. If Singcn−2 ∩ C = ∅, then C is a Tn−1-orbit
and consequently every first integral of ϕ would be constant. If Singcn−2 ∩ C 6= ∅, call
O0 the Tn−2-orbit contained in C. Since ϕ ∈ Cn any Tn−2-orbit is either transver-

sally a center or a saddle. However, by Proposition 3.3 only the second case is possible.

Proof (of Theorem 3.2). By Proposition 3.2 it is enough to prove the theorem for a
fixed ϕ ∈ Cn . Let U be the family of ϕ-invariant open sets U ⊂ N \Kϕ such that every
orbit in U is a Tn−1-orbit. By Proposition 3.3, U is non-empty. The inclusion relation
defines a parcial order in U and by Zorn’s Lemma there exists a maximal element UM in
U . Clearly N \ UM = Kϕ . We are going to show that

N \ UM = {c1, . . . , ck} ∪ {s1, . . . , s`} ∪ (∪`i=1Si), (3)

where Si is the union of the separatrices of si , i = 1, . . . , `. Let F be a connected
component of Front(UM ). Assume that F ∩Singc2(ϕ) = ∅, then F is a Tn−1-orbit. Since
ϕ is analytic F has trivial holonomy and there is a neighborhood VF such that each
orbit inside VF is a Tn−1-orbit. The open set UM ∪ VF ∈ U and contains UM properly
albeit this is a contradiction. Assume now that F ∩ Singcn−2(ϕ) 6= ∅, then there exists a
Tn−2-orbit O ⊂ F. If O = cj , then by Proposition 3.3 cj = F. If O = si , by Lemmas
3.3 and 3.4 there exists a neighborhood V of si such that every orbit in V \ (Si ∪ si) is
a Tn−1-orbit. Thus the relation (3) is proved. It remains to proved that each Si satisfies
(1) or (2). With the notations introduced in the proof of the Proposição 3.3 put O0 = si .
ω̂j = h ◦ ωj ◦ h

−1 : (D2
ε , 0) → (D2

ε , 0) , j = 1, . . . , n − 2, is a local diffeomorphism that

preserves orbits of X̂n−1 , then

Dω̂j(0)DX̂n−1(0) = DX̂n−1(0)Dω̂j(0).

This implies that there exists a neighborhood Σ0 of p in Σ such that ωj(Σ0 ∩ ηk) ⊂
ηk, k = s, u. Moreover, it follows from condition 4) of Definition 2.4 that Si satisfies (1) or

(2).

Proposition 3.4. If ϕ ∈ Aωn−1(R
n, N) with N /∈ Hn and ϕ satisfies conditions 1), 2)

and 3) of Definition 2.4, then the existence of a T n−2-orbit that is transversally a center
implies the existence of another T n−2-orbit that is transversally a saddle. In particular
ϕ ∈ C 0

n (N).

Proof. Let O be a Tn−2-orbit of ϕ that is transversally a center and U be the
family of ϕ-invariant open sets U ⊃ O and homeomorphic to T n−2 ×D2 such that every
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orbit in U \ O is a Tn−1-orbit. By condition 3) and Proposition 3.3, U is non-empty.
The inclusion relation defines a parcial order in U and by Zorn’s Lemma there exists a
maximal element UM in U . As in the proof of Theorem 3.2, Front(UM ) can not be a Tn−1-
orbit and by condition 1) Front(UM ) must contain a Tn−2-orbit O1 . Now, if O1 is not
transversally a saddle it has to be transversally a center and N would be contained in
Hn .

It follows from Corollary 2.2 that an action ϕ, as in Proposition 3.4, does not embedded
in Aωn(Rn, N).

Let Op be a T k×R
n−k−1-orbit, 1 ≤ k ≤ n−1, of ψ ∈ Ar(Rn−1, N) and {w0

1, . . . , w
0
n−1}

a base of R
n−1, where {w0

1, . . . , w
0
k} is a set of generators of the isotropy group Gp . Let

Xi = Xw0
i
, i = 1, . . . , n− 1. Note that for each q ∈ Op , Oq(Xi), i = 1, . . . , k is periodic

of period one.

Lemma 3.5. Assume that there exists a neighborhood V of p such that each orbit in
V \ Op is a Tn−1-orbit. Then, there exist a neighborhood V0 of p with V0 ⊂ V and Cr

functions wi : V0 → R
n−1, i = 1, . . . , k, such that wi(p) = w0

i and for each q ∈ V0 , every
orbit of Xwi(q) , i = 1, . . . , k is periodic of period one.

Proof. Let h : Vp ⊂ V → Dn
ε with h(p) = 0, be a (n − 1)-flow box at p. Let

Di = Di(ε) = {(x1, . . . , xn) ∈ Dn
ε ;xi = 0} and Σi = Σi(ε) = h−1(Di). The functions

τi : Vp → (−ε, ε) given by τi(q) = −xi(q), where h(q) = (x1(q), . . . , xn(q)), are such that

X
τi(q)
i (q) ∈ Σi , for i = 1, . . . , n − 1. We know that X1

1 (p) = p, i = 1, . . . , k. Therefore,
there exists 0 < δ < ε such that X1

i (Σi(δ)) ⊂ Vp , i = 1, . . . , k. Let Σp = Σp(δ) =
∩n−1
i=1 Σi(δ). Σp is a transversal section to Op at p. For each i = 1, . . . , k, consider the

function wi : Σp → R
n−1 given by

wi(q) =

i−1∑

j=1

τj(X
1
i (q))w

0
j + (1 + τi(X

1
i (q)))w

0
i +

n−1∑

j=i+1

τj(X
1
i (q))w

0
j . (4)

It can be verified that every orbit of Xwi(q) inside Oq , q ∈ U, is periodic of period
one and wi(p) = w0

i , i = 1, . . . , k. We can extend the functions wi to the open set

V0 = ∪q∈Σp
(Oq ∩ V ) by defining wi(q) = wi(Σp ∩ Oq) and this completes the proof.

Lemma 3.6. Assume that ψ ∈ Aω(Rn−1, N) immerses properly in Cn . Let S1, S2 be
the separatrices of a T n−2-orbit O that is transversally a saddle and G0 , G1 , G2 the
isotropy subgroups of O, S1 , S2, respectively. Then, there exists a linear (n− 2)-subspace
H of R

n−1 transversal to G0 such that G1 = G0 ∩H = G2 .

Proof. For each i = 1, 2, Gi is a subgroup of G0 isomorphic to Z
n−2. Let Hi be the

linear subspace of R
n−1 generated by Gi . Then dimHi = n−2 and Hi is transversal to

G0
0 . We first show that H1 = H2 . Assume that H1 6= H2 and choose u1 ∈ G1 \G2 , u2 ∈

G2 \ G1 such that w = u1 − u2 ∈ G0
0 . Let Xw , Xu1

, Xu2
∈ X

r(N) be the associated
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vector fields. Then Xw = Xu1
−Xu2

or equivalently Xt
w = Xt

u1
◦X−t

u2
. Take infinitesimal

generators X1, . . . , Xn−1 of ψ adapted to O so that Xn−1 = Xw and a chart (V, h)
adapted to O at p ∈ O. We will show now that DX1

ui
(p) = id, i = 1, 2. Consider the

map h◦X1
ui
◦h−1 : Dn

ε → Dn
ε . At 0 ∈ Dn

ε ⊂ R
n take a base {∂/∂θ1 , . . . , ∂/∂θn−2 , vs , vu}

such that vs (vu) is tangent to ξs (ξu). Since Si ∩ η
s 6= ∅ and Si ∩ η

u 6= ∅ it follows
that D(h ◦ X1

ui
◦ h−1)(0)(vs) = vs and D(h ◦ X1

ui
◦ h−1)(0)(vu) = vu . Since ui ∈ G0 ,

it follows that D(h ◦X1
ui

◦ h−1)(0)(∂/∂θj) = ∂/∂θj , j = 1, . . . , n − 2. We conclude that
DXui

(p) = id. Thus, DX1
w(p) = id, which is equivalent to DXw(p) = 0. However, this

contradicts the fact that O is transversally a saddle and proves that H1 = H2 = H. Finally
the fact that G1 = G0 ∩ H = G2 follows applying Lemma 3.5 to the action ψ|H on
S1 ∪ S2 .

4. PROOF OF THE MAIN RESULTS

4.1. Proof of Theorem 2.1

The following proposition is an extension of a result used by Lima in [6] for n = 3. Let
D = {(x, y) ∈ R

2;x2 + y2 ≤ 1}.

Proposition 4.1. Let Y1, . . . , Ys−1 , s ≥ 3, be a set of commutative vector fields on
T s−2 × D that are tangent to the boundary and also linearly independent there. Then,
in every disk {θ} × D ⊂ T s−2 × D there exists an interior point where they are linearly
dependent.

Proof. Let ϕ : R
s−1 × (T s−2 ×D) → T s−2 ×D be the action induced by Y1, . . . , Ys−1 .

Since these vector fields are tangent to the boundary ∂(T s−2 × D) = T s−2 × S1 and
linearly independent there, we know that ∂(T s−2 × D) is an orbit of ϕ. Let H be the
isotropy group of this orbit. Choose infinitesimal generators X1, . . . , Xs−1 of ϕ such
that at each point θ = (θ1, . . . , θs−1) ∈ T s−1, Xi(θ) = ∂

∂θi
, i = 1, . . . , s − 1, and con-

sider the map α : ∂D → SO(s) ⊂ Vs(R
s), where Vs(R

s) is the manifold of oriented
bases of R

s, given by α = (X1, . . . , Xs), where Xs = X1 ∧ · · · ∧ Xs−1 . For each s > 2
π1(Vs(R

s)) = π1(SO(s)) = Z2 and its generator is given by the inclusion of the cir-
cle SO(2) into SO(s). Since we can interpret α as been this inclusion, it follows that

α, as a map into Vs(R
s), can not be extended to D and the proposition is proved.

Corollary 4.1. Let ψ ∈ A1(Rs−1,Ms), s ≥ 3, and p ∈ Fix(ψ) be an isolated sin-
gularity. Then, there exists a neighborhood V of p in M s which does not contain any
T s−1-orbit.

Proof. Let V be a neighborhood of p such that V ∩ Sing(ψ) = {p} and assume
that there is a T s−1-orbit O ⊂ V. Then, O embedds in R

s as an orbit and we can
assume that O = ∂(T s−2 × D) with T s−2 × D ⊂ V. By Proposition 4.1, there are
infinitely many singular points of ψ in the interior of T s−2 ×D and this is a contradic-
tion.
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Proof (of Proposition 2.1). Front(O) has at most two connected components and each
one of them contains at least a compact orbit. Let C be a connected component and
O0 ⊂ C a T k-orbit with isotropy group G0 . We will show that C = O0 . Assume,
for a moment, that C contains another orbit O1 and take p ∈ O0 and q ∈ O1 . Let
u1, . . . , un−1 be a set of generators of G, the isotropy group of O. Then, all Xui

-orbits
through O are periodic of period one. Even more, there are sequences {pj ∈ O; j ∈ N}
and {tij ∈ [0, 1]; i = 1, 2 . . . , n− 1 and j ∈ N} such that

lim
j→∞

pj = p and lim
j→∞

ϕ
( n−1∑

i=1

tijui, pj

)
= q.

For each i = 1, . . . , n−1, we can assume, extracting a subsequence if necessary, that tij →

ti ∈ [0, 1]. Then ϕ(
∑n−1
i=1 tiui, p) = q, which contradicts the fact that

∑n−1
i=1 tiui ∈ G0 .

Now, we will show that k ∈ {n − 2, n − 1}. Assume, for a moment, that k < n − 2,
then s = n − k > 2. Let p ∈ O0 and h : Vp → Dn

1 a chart adapted to O0 at p and
ϕ

T
the induced local action of R

s on Ds. The image of O ∩ Vp by h intersects Ds in a

T s−1 × R-orbit Ô of ϕ
T

such that 0 ∈ Ds is a connected component of Front(Ô) and,
therefore, an isolated singular point of ϕ

T
. The generators u1, . . . , us−1 of the isotropy

group of Ô define a local action of R
s−1 on Ds and this action has T s−1-orbits arbi-

trarily close to 0. This contradicts Corollary 4.1 and proves that k ∈ {n− 2, n− 1}.

Proof (of Theorem 2.1). Let O be a T n−1 × R-orbit and U the family of all ϕ-
invariant neighborhoods U ⊃ O, homeomorphic to T n−1 × R, that do not contain a
T s × R

n−s-orbit with s 6= n − 1. The inclusion relation defines a parcial order in U and
by Zorn’s Lemma there exists a maximal element UM in U . We are going to show that
cl(UM ) = N. In fact, assume that cl(UM ) 6= N, and let F be a connected component
of cl(UM ) \ UM . There are points of F in the closure of at least one T n−1 × R-orbit
O1 ⊂ UM and since Front(O1) is ϕ-invariant, then F ⊂ Front(O1). By Proposition 2.1
and the fact that UM is maximal, we can assume that F is a T n−1-orbit. Since N is
orientable there exists another T n−1 × R-orbit O2 ⊂ N \ UM such that F ⊂ Front(O2).
The open set UM ∪F ∪O2 ∈ U and contains properly UM . This contradicts the fact that
UM is maximal and proves that every n-dimensional orbit is a T n−1 × R-orbit.

Let Oi , 1 ≤ i ≤ `, be the n-dimensional orbits of ϕ and Gi the isotropy group of
Oi . From the analyticity of ϕ one obtains that G1 = · · · = G` , which are isomorphic to
Z
n−1. Let {u1, . . . , un−1, un} be a set of generators of R

n, as a vector space, such that
{u1, . . . , un−1} is a set of generators of G1 and Xi = Xui

, 1 ≤ i ≤ n, the associated
vector fields. {X1, . . . , Xn−1} are the infinitesimal generators of an action ϕH of R

n−1

on N that is the restriction of ϕ to the subspace H generated by {u1, . . . , un−1}. Note
that if p ∈ O1 ∪ · · ·∪O` , then Op(ϕH), the orbit of ϕH by p, is a Tn−1-orbit and if p ∈
N \O1∪· · ·∪O` , then it is, by Proposition 2.1, a T n−1-orbit or a Tn−2-orbit. Even more,
we can verify that the map ϕH : Tn−1 × N → N given by ϕH(e2πit1 , . . . , e2πitn−1 , p) =
ϕH(t1u1, . . . , tn−1un−1, p) is in fact an analytic action of T n−1 with the same underlying
foliation than the one given by ϕH . Assume that Singcn−2(ϕ) = ∅, then by Lemma 3.5 the
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isotropy group of every orbit of ϕH is the same; or, in other words, ϕH is a free action.
Thus, N is a principal T n−1 bundle over S1 and consequently N is homeomorphic
to Tn. Finally, assume Singcn−2(ϕ) 6= ∅. Since UM is homeomorphic to T n−1 × R and
cl(UM ) = N, it follows that Singcn−2(ϕ) is the union of two T n−2-orbits. Thus N ∈ Hn .

4.2. Proof of Theorem 2.2, n = 2

Before starting the proof of Theorem 2.2 we exhibit an example of an action ϕ ∈ C2 .

FIG. 3.

Example: Let N be a closed orientable surface, H : N → R an analytic Morse function
with at least one singularity of index −1, XH ∈ X

ω(N) the associated Hamiltonian.
Assume that there are no connections between two different saddle points of XH . Then,
{XH , HXH} are infinitesimal generators of an action ϕ ∈ C2 (see Figure 3).

Proof (of Theorem 2.2, n=2). Without loss of generality we can assume that c̃i = ci , i =

1, . . . , k and s̃j = sj , j = 1, . . . , `. Let Fj : Vj → Ṽj be a topological equivalence between

X1 and X̃1 at sj and Uj ⊂ Vj a cross shaped neighborhood of sj such that Front(Uj) =
(∪4
i=1Bji) ∪ (∪2

i=1(A
1
ji ∪ A2

ji)), where Bji is a piece of orbit of X1 and Aij1 , i = 1, 2

intersects Sj1 and is transversal to X1 , see Figure 4. Let Ũj = Fj(Uj), B̃ji = Fj(Bji)

and Ãlji = Fj(A
l
ji). Reparametrizing the time t of the flows X t

1 and X̃t
1 , we can assume

that X1
1 (A1

ji) = A2
ji and X̃1

1 (Ã1
ji) = Ã2

ji for i = 1, 2. Let Wj (W̃j) be the saturated by

X1 (X̃1) of closure of Uj (Ũj). Then, Front(Wj) (Front(W̃j)) is the union of three closed

orbits of X1 (X̃1). If p ∈ Wj \ Uj , there exists t ∈ (0, 1) such that X t
1(p) ∈ Alji for

some i, l ∈ {1, 2}. Extend Fj to Wj by defining Fj(p) = X̃−t
1 (Fj(X

t
1(p))). It is clear that

Fj : Wj → W̃j is a topological equivalence between X1 and X̃1 that preserves orientation.
Note that it is possible to reduce the size of Wj to guarantee that Wj1∩Wj2 = ∅ if j1 6= j2 .

Next, we are going to extend the equivalences Fj to a global topological equivalence

F between X1 and X̃1 . Fix a Riemannian metric on N and let Z be the vector field
obtained by rotating X1 by a right angle. Clearly Sing(Z) = Sing(X1) = Sing(X̃1) and

taking V, smaller, if necessary, Z will be transversal to both X1 and X̃1 at points in
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N \ Sing(Z). Each connected component C of N \∪`j=1Wj is homeomorphic either to an

open disk or to S1× (0, 1). In the first case, C ∩Fix(ϕ) is a center and in the second case,

it is empty. To each C corresponds a unique connected component C̃ of N \ ∪`j=1W̃j

with the same properties than C. We shall define F : C → C̃ for each C. There are two
cases:

(i) C is an open disk. There exists a unique j ∈ {1, . . . , `}, such that Front(C) ⊂

Front(Wj), Front(C̃) ⊂ Front(W̃j) and Fj(Front(C)) = Front(C̃). For each point p ∈

Front(C) let Lp = cl(Op(Z) ∩ C) and L̃Fj(p) = cl(OFj(p)(Z) ∩ C̃). Fix a point p0 ∈

Front(C) and extend Fj : Lp0 → L̃Fj(p0) as a homeomorphism. If q ∈ C, there is a unique

Lp that contains q. Now, let q1 = Oq(X1) ∩ Lp0 . Define F (q) = OFj(q1)(X̃1) ∩ L̃Fj(p) .

(ii) C is homeomorphic to S1 × (0, 1). Front(C) = A0 ∪ A1, where A0 and A1 are
S1-orbits. There exists i, j ∈ {1, . . . , `}, i 6= j such that A0 (A1) is a connected

component of Front(Wi) (Front(Wj)). For the unique C̃ associated to C we also have

Front(C̃) = Ã0∪ Ã1, where Ã0 (Ã1) is a connected component of Front(W̃i) (Front(W̃j)).

Let G : cl(C) → S1 × [0, 1] and G̃ : cl(C̃) → S1 × [0, 1] homeomorphisms such that

the orbits of X1|cl(C) and X̃1|cl(C̃) are G−1(S1 × {t}) and G̃−1(S1 × {t}), t ∈ [0, 1].

The two homeomorphisms h0 : S1 × {0} → S1 × {0} and h1 : S1 × {1} → S1 × {1}

given by h0 = G̃ ◦ Fi ◦ G
−1 and h1 = G̃ ◦ Fj ◦ G

−1 are both isotopic to the iden-
tity and therefore isotopic among themselves. Let ht be the isotopy between h0 and
h1 and define H : S1 × [0, 1] → S1 × [0, 1] by H(θ, t) = (ht(θ), t). H is a homeomor-
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phism preserving the foliation S1 × {t} and the restriction of the topological equiva-
lence F to be closure of C will be the homeomorphism G̃−1 ◦H ◦G : cl(C) → cl(C̃).

4.3. Proof of Theorem 2.2, general case

Fix i ∈ {1, . . . , `} and let X1, . . . , Xn−1 be infinitesimal generators of ψ adapted to
O = si . Let Si be as in relation (3) and Gi the isotropy group of Si (well defined because
of Theorem 3.2 and Lemma 3.6). Call H the (n− 2)-linear subspace of R

n−1 generated
by Gi and ψ0 = ψ|H is defined by X1, . . . , Xn−2 .

Lemma 4.1. Assume that ψ ∈ Aω(Rn−1, N) immerses properly in Cn . Let S be the
union of the separatrices of a T n−2-orbit O which is transversally a saddle and p ∈ O.
Then, there exists an eight shaped curve Γ with p ∈ Γ and Γ ⊂ cl(S), which is transversal
to the orbits of ψ0 within cl(S), such that Γ\{p} = Γ1∪Γ2 ⊂ S, Γ1∩Γ2 = ∅ and Γi∪{p}
is homeomorphic to S1, i = 1, 2.

Proof. Let h : V −→ Dn−2
ε × D2

ε be a chart adapted to O at p and ηs (ηu) be

the stable (unstable) submanifold of (h|Σ)∗X̂n−1 at p ∈ Σ = h−1(D2
ε). Put ηi \ {p} =

ηi1 ∪ ηi2, i = s, u. Note that ηsj , η
u
j ⊂ Sj , j = 1, 2. Let qij ∈ ηij , i = u, s be such

that Oqs
j
(ψ0) 6= Oqu

j
(ψ0) for j = 1, 2. Then, there exist v1, v2 ∈ R

n−1 \H such that quj ∈

Oqs
j
(Xvj

), j = 1, 2. Furthermore, since v1, v2 ∈ R
n−1\H we know that Oqs

j
(Xvj

), j = 1, 2

is transversal to the orbits of ψ0 . Consider the arc qi1q
i
2 ⊂ ηi with extremes qi1 and

qi2, i = s, u, and the arc qsjq
u
j ⊂ Oqs

j
(Xvj

) with extremes qsj , q
u
j , j = 1, 2. The curve

Γ = qs1q
s
2 ∪ q

u
1 q
u
2 ∪ qs1q

u
1 ∪ qs2q

u
2

is transversal to the ψ0-orbits. We can assume, without lost of generality that the con-

nected components of Γ \ {p} are C∞ curves.

Remark 4. 1. The curve Γ, although self-intersecting at p, has a C∞ tangent vector
field, which is linearly independent with X1, . . . , Xn−2 at each point q ∈ Γ and also
Γ \ {p} ⊂ S. Let U ⊂ Σ be a cross shaped neighborhood of p as in the proof of Theorem
2.2, n = 2. It is possible to extend U to a 2-dimensional submanifold µ ⊃ Γ which is
transversal to the orbits of ψ0 and therefore also to those of ψ. The intersection of the
orbits of ψ with µ define a foliation, which is given by the orbits of a vector field X that
satisfies the following properties:

1. X|U = (h∗X̂n−1)|U ,

2. Sing(X) = {p} and p is a saddle singularity.

3. The connected components of Γ \ {p} are the separatrices of X at p.

4. Every orbit of X by a points in µ \ Γ is closed.
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Let V be a neighborhood of ϕ ∈ Cn as in Proposition 3.2. By this proposition and
Theorem 3.2 for each φ ∈ V we have

Kφ = {c̃1, . . . , c̃k} ∪ {s̃1, . . . , s̃`} ∪ (∪`i=1S̃i)

where, for each i = 1, . . . , `, S̃i has the same properties as Si (Theorem 3.2, (1) or (2)).

Let {w0
1, . . . , w

0
n−1} be a base of R

n−1, where {w0
1, . . . , w

0
k} is a set of generators of

Gp , the isotropy group of a T k × R
n−k−1-orbit Op , n − 2 ≤ k ≤ n − 1, of ψϕ . Let

Xi = Xw0
i
, i = 1, . . . , n − 1, and wi : V0 → R

n−1, i = 1, . . . , k, the Cr functions

given by Lemma 3.5. if φ ∈ V and {u1, . . . , un−1} is a base of R
n−1, we will denote

by {Yu1
, . . . , Yun−1

} the corresponding infinitesimal generators of ψφ . Let Yi = Yw0
i
, i =

1, . . . , n− 1.

Lemma 4.2. Given ϕ ∈ Cn and d > 0 there exist a neighborhood V0 ⊂ V of ϕ ∈ Cn

and a neighborhood V1 ⊂ V0 of p that satisfy: if φ ∈ V0 , then there exist Cω functions
w̃i : V1 → R

n−1, i = 1, . . . , k, such that for each q ∈ V1 , ‖w̃i(q) − wi(q)‖ < d and every
orbit of Yw̃i(q) , i = 1, . . . , k inside Oq(ψφ) is periodic of period one.

Proof. We shall use the same notations as in the proof of Lemma 3.5. Let V1 ⊂ V be
a neighborhood of ϕ such that Y 1

i (Σi(δ)) ⊂ V0 for all i = 1, . . . , k. There exists α > 0
such that

Σ̃i = ∪|ti|<αY
t1
1 ◦ · · · ◦ Y

ti−1

i−1 ◦ Y
ti+1

i+1 ◦ · · · ◦ Y
tn−1

n−1 (Σp(δ)), i = 1, . . . , n− 1,

is Cr close to Σi and transversal to Yi . Let V1 = ∪|t|<αY
t
i (Σ̃i). For φ sufficiently C1

close of ϕ the Cω functions τ̃i : V1 → (−ε, ε) such that Y
τ̃i(q)
i (q) ∈ Σ̃i , i = 1, . . . , n− 1,
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are C1 close of the corresponding τi|V1
of ψϕ . Note that Σp = Σp(δ) = ∩n−1

i=1 Σ̃i(α). For
each i = 1, . . . , k, the functions w̃i : Σp → R

n−1 given by

w̃i(q) =

i−1∑

j=1

τ̃j(Y
1
i (q))w0

j + (1 + τ̃i(Y
1
i (q)))w0

i +

n−1∑

j=i+1

τ̃j(Y
1
i (q))w0

j

are such that every orbit of Yw̃i(q) , i = 1, . . . , k, inside Oq(ψφ) is periodic of period one.
Furthermore, there exist a neighborhood V0 ⊂ V1 of ϕ such that φ ∈ V0 implies that w̃i is

d − C1– close of wi .

Proof (of Theorem 2.2, general case). Let ψϕ ∈ Aω(Rn−1, N) be the action associated
to ϕ given by Lemma 2.4. Put a Riemannian metric on N and let ξ be the normal bundle
to F (ψϕ), the codimension 1 underlying foliation of ψϕ . ξ is orientable and integrable.
Let V be a neighborhood of ϕ ∈ Cn as in Proposition 3.2. Without loss of generality, we
can assume that if φ ∈ V, then there exists pj ∈ s̃j ∩ sj , j = 1, . . . , `. Let Γj 3 pj be the
eight shaped curve given by Lemma 4.1 for the action ψϕ and (µj , X

j
ϕ) the 2-dimensional

submanifold and the vector field, given by Remark 4.1. It is possible to construct each
µj in such a way that ξ be tangent to µj at each p ∈ µj \ {pj}. If V is sufficiently
small, then µj is also transversal to the ψφ-orbits for every φ ∈ V. The intersection of

the ψφ-orbits with µj , j = 1, . . . , `, are the orbits of a vector field Xj
φ . By Theorem 3.2,

S̃j ∩µj = Γ̃j is an eight shaped curve and the orbits of Xj
φ near of Γ̃j are periodic. With

similar arguments to those used in the case n = 2, we obtain a topological equivalence
Fj : νj → ν̃j between Xj

ϕ and Xj
φ , where νj (ν̃j) is a Xj

ϕ-invariant (Xj
φ-invariant) closed

neighborhood of Γj (Γ̃j) and νj ∪ ν̃j ⊂ µj . Given δ > 0, we can reduce the size of V and
also of νj in such a way that for every p ∈ νj , d(p, Fj(p)) < δ.

Let Wj (W̃j) be the saturated by ψϕ (ψφ) of νj (ν̃j). Then Front(Wj) (Front(W̃j)) is

the union of three Tn−1-orbits if Sj (S̃j) satisfies Theorem 3.2, (1) and of two T n−1-orbits

if Sj (S̃j) satisfies Theorem 3.2, (2). Fix j ∈ {1, . . . , `} and let w0
1, . . . , w

0
n−2 ∈ R

n−1 be
a generators of Gj , the isotropy group of Sj . Therefore, for each p ∈ Sj , Op(Xw0

i
) is

periodic of period one ∀i ∈ {1, . . . , n − 2}. Fix qj ∈ Γj and let wi : Vj → R
n−1, i =

1, . . . , n − 2, where Vj is a neighborhood of pj in µj , be the functions given by Lemma
3.5. Recall that wi(qj) = w0

i . Note that for each p ∈ Vj , w1(p), . . . , wn−2(p) is a set of
generators of the isotropy group of Op((ψϕ)0). Thus, we can assume that each wi is defined

on νj and also in Wj , if we wish. Let w̃i : W̃j → R
n−1, i = 1, . . . , n−2, be the functions

given by Lemma 4.2, for k = n − 2. For each p ∈ V 0
j , w̃1(p), . . . , w̃n−2(p) is a set of

generators of the isotropy group of Op((ψφ)0) and thus, we can assume that w̃i is defined

on ν̃j or even in W̃j . We are going to extend Fj to a map Wj → W̃j . If p ∈ Wj \ νj ,

there exists t1, . . . , tn−2 ∈ (0, 1) such that f(p) = Xt1
w1(p)

◦ · · · ◦X
tn−2

wn−2(p)
(p) ∈ νj . Define

Fj(p) = Y t1
w̃1(Fj(f(p))) ◦ · · · ◦ Y

tn−2

w̃n−2(Fj(f(p)))(Fj(f(p))).
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Fj : Wj → W̃j is a topological equivalence that preserves orientation between ψϕ and
ψφ and by reducing the size of V and νj we can assume that d(p, Fj(p)) < δ for each
p ∈ Wj , where δ is given. Note that there is no problem in assuming that Wj ∩Wk = ∅
if j 6= k.

We are going to extend the equivalences Fj to a global topological equivalence F bet-
ween ψϕ and ψφ. Each connected component C of N \∪`j=1Wj is homeomorphic either to

Tn−2×D or to Tn−1×(0, 1), where D is an open 2-disk. In the first case C∩Singcn−2(ψϕ)
is a Tn−2-orbit that is transversally a center and in the second case is empty. To each C
corresponds a unique connected component C̃ of N \ ∪`j=1W̃j with the same properties

than C. We shall define F : C → C̃ for each C. There are two cases:

(i) C is homeomorphic to T n−2 × D. There exists a unique j ∈ {1, . . . , `} such that

Front(C) ⊂ Front(Wj), Front(C̃) ⊂ Front(W̃j) and Fj(Front(C)) = Front(C̃). For each
point p ∈ Front(C) let Lp = cl(Op(ξ) ∩ C), where Op(ξ) is the integral curve of ξ by

p and L̃Fj(p) = cl(OFj(p)(ξ) ∩ C̃). Fix a point p0 ∈ Front(C), and extend Fj : Lp0 →

L̃Fj(p0) as an homeomorphism. If q ∈ C, then there is a unique p ∈ Front(C) such that

q = Oq(ψϕ) ∩ Lp . Let q1 = Oq(ψϕ) ∩ Lp0 and define F (q) = OFj(q1)(ψφ) ∩ L̃Fj(p) .

(ii) C is homeomorphic to T n−1×(0, 1). Then, Front(C) = A0∪A1 , where A0 and A1 are
Tn−1-orbits of ψϕ . There exist i, j ∈ {1, . . . , `}, i 6= j, such that A0 (A1) is a connected

component of Front(Wi) (Front(Wj)). For the corresponding C̃, Front(C̃) = Ã0 ∪ Ã1,

where Ã0 (Ã1) is a connected component of Front(W̃i) (Front(W̃j)). Let O(ξ) be an

integral curve of ξ that cuts every T n−1-orbit in cl(C) and every T n−1-orbit in cl(C̃) and

put p0 = O(ξ)∩A0 p̃0 = O(ξ)∩Ã0 , p1 = O(ξ)∩A1 , p̃1 = O(ξ)∩Ã1 , [p0, p1] ([p̃0, p̃1]) the
arc within O(ξ) with extremes p0 and p1 (p̃0 and p̃1). Define g : [0, 1] → [p0, p1] and g̃ :

[0, 1] → [p̃0, p̃1] as homeomorphisms. For each p ∈ [p0, p1] (p ∈ [p̃0, p̃1]) let Gp (G̃p) the

isotropy group of p under ψϕ (ψφ). Gp (G̃p) is generated by w1(p), . . . , wn−2(p), wn−1(p)

(w̃1(p), . . . , w̃n−2(p), w̃n−1(p)). Consider the map ψ : R
n−1× [p0, p1] → cl(C) (ψ̃ : R

n−1×

[p̃0, p̃1] → cl(C̃)) given by:

ψ(t1, . . . , tn−1, p) = ψϕ(t1w1(p) + · · · + tn−1wn−1(p), p)

ψ̃(t1, . . . , tn−1, p) = ψφ(t1w̃1(p) + · · · + tn−1w̃n−1(p), p).

Since ψ(Rn−1 × {p}) (ψ̃(Rn−1 × {p})) is the Tn−1 − ψϕ-orbit (Tn−1 − ψϕ-orbit) by p,

then ψ (ψ̃) induces a map ψ1 : Tn−1 × [p0, p1] → C (ψ̃1 : Tn−1 × [p̃0, p̃1] → C̃). Define

H : Tn−1 × [0, 1] → cl(C) and H̃ : Tn−1 × [0, 1] → cl(C̃) by H(x, s) = ψ1(x, g(s)) and

H̃(x, s) = ψ̃1(x, g̃(s)). Again, by reducing the size of V, of νi, νj and by the proximity
of the functions wi and w̃i in the neighborhood of a T n−1-orbit given by Lemma 4.2, for
k = n− 1, we can assume that for every x ∈ T n−1

d((x, 0), H̃−1 ◦ Fi ◦H(x, 0)) < δ

d((x, 1), H̃−1 ◦ Fj ◦H(x, 1)) < δ
,
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where δ > 0 is given. Therefore h0 = H̃−1◦Fi◦H( , 0) : Tn−1 → Tn−1 and h1 = H̃−1◦Fj◦
H( , 1) : Tn−1 → Tn−1 are both isotopic to identity and thus, isotopic between themselves.

Let hs be the isotopy between h0 and h1 and define F : cl(C) → cl(C̃) by F (q) = H̃−1 ◦
h ◦H−1(q), where h : Tn−1 × [0, 1] → Tn−1 × [0, 1], h(x, s) = (hs(x), s). F is the desired

topological equivalence.

4.4. The case C
r

The following lemma is proved in [2, page 74] and will be useful in this section.

Lemma 4.3. Let F be a codimension one transversally orientable Cr foliation, r ≥
1.Assume that F ∈ F is a compact leaf with trivial holonomy, then there exists an open
neighborhood V of F saturated by F and a Cr-diffeomorphism h : F × (−1, 1) → V
such that the leaves of F inside V are the submanifolds h(F × {t}), t ∈ (−1, 1) and
F = h(F × {0}). In particular, V \ F has two connected components.

Let O0 be a Tn−1-orbit of ϕ ∈ Ar(Rn, N) and {w1, . . . , wn−1, wn} a base of R
n such

that {w1, . . . , wn−1} is a set of generators of its isotropy group G0 . Put Xi = Xwi
, i =

1, . . . , n.

Proposition 4.2. Let ϕ ∈ Ar(Rn, N), O0 a Tn−1-orbit and assume that there exists
a neighborhood V0 of O0 such that every orbit in V0 is a Tn−1-orbit. Then there exists
a diffeomorphism f : V → Tn−1 × (−1, 1), where V ⊂ V0 is a neighborhood of O0 , such
that

f∗Xi(θ, x) = a1i(x)
∂

∂θ1
+ · · · + a(n−1)i(x)

∂

∂θn−1
, i = 1, . . . , n, (5)

where θ = (θ1, ..., θn−1) ∈ Tn−1 and the functions aij : Tn−1 × (−1, 1) → R are of class
Cr, j = 1, . . . , n− 1.

Proof. By Lemma 4.3 we can assume that O0 = Tn−1 × {0}, V = Tn−1 × (−1, 1)
and that Ox = Tn−1 × {x} is the orbit of ϕ by the point (θ, x) ∈ V . Let H be
the vector subspace of R

n generated by G0 . By Lemma 3.5, there exist Cr functions
wi : (−1, 1) → H, i = 1, . . . , n− 1, such that Gx , the isotropy group of Ox , is generated
by {w1(x), . . . , wn−1(x)}. For each point x ∈ (−1, 1) there exists a diffeomorphism fx :
Ox → Ox such that (fx)∗Xwi(x) = ∂

∂θi
, i = 1, . . . , n − 1. Since Xj commutes with

Xwi(x) , for every j = 1, . . . , n and i = 1, . . . , n− 1, it follows that

(fx)∗Xj(θ, x) =

n−1∑

i=1

aij(x)
∂

∂θi
, j = 1, . . . , n.
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Define f : Tn−1×(−1, 1) → Tn−1×(−1, 1) by f(θ, x) = fx(θ). Since wi is a Cr function,
we conclude that f is a Cr diffeomorphism such that

f∗Xj(θ, x) =

n−1∑

i=1

aij(x)
∂

∂θi
, j = 1, . . . , n.

Proposition 4.3. Let ϕ ∈ Actr(Rn, N). Assume that there exists a ϕ-invariant neigh-
borhood V0 of O0 such that every orbit inside V0 is a Tn−1-orbit. Then, ϕ can not be
locally structurally stable at O0 .

Proof. By Proposition 4.2 we can assume that O0 = Tn−1 × {0}, V0 = Tn−1 × (−1, 1)
and that the infinitesimal generators have the form

Xi(θ, x) = a1i(x)
∂

∂θ1
+ · · · + a(n−1)i(x)

∂

∂θn−1
, i = 1, . . . , n.

Given ε > 0 there exist δ > 0 and a function ãnn : (−1, 1) → R such that ã′nn(0) 6=
0, ãnn(x) = 0 if x ≥ |2δ| and ‖ãnn‖1 < ε. Let Ann(x) = (aij(x)), i, j = 1, . . . , n − 1,
and define for each k = 1, . . . , n− 1,

ãkn(θ, x) = ãnn(x)
〈
[Ann(x)]

−1 · α′
k(x), θ

〉
+ akn(x),

where αk(x) is the column vector
(
ak1(x), . . . , ak(n−1)(x)

)t
. The vector fields X1, . . . ,

Xn−1 together with

X̃n =

{ ∑n−1
k=1 ãkn(θ, x)

∂
∂θk

+ ãnn(x)
∂
∂x
, in Tn−1 × (−1, 1)

Xn , otherwise

define an action ϕ̃ ∈ Ar(Rn, N) that can be taken arbitrarily C1-close of ϕ by choosing ap-
propriatly ε. Note that ϕ̃ has a T n−1×R-orbit inside V0 and thus can not be topologically

equivalent to ϕ.

In Proposition 4.3, the fact that ϕ ∈ Ar(Rn, N) is crucial. In fact Saldanha in [9] showed
that there are structurally stable actions of R

2 on T 3 with all orbits being T 2-orbits.
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