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We begin by characterizing the family of real analytic closed orientable n-
manifolds, n > 2, that admit an analytic action of R™ with at least one orbit
diffeomorphic to T™~! x R. Next, for each closed orientable n-manifold N
we define a subset 4, of singular actions in A¥(R™, N) such that each action
@ € %n has a non-constant first integral as well as some generic properties
and then we prove that ¢ is C! structurally stable. An action of R™ is called
singular if every orbit has dimension less than n.  October, 2003 ICMC-USP
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1. INTRODUCTION

Let M be a closed connected real analytic m-manifold and A"(R™, M) the set of
C", 1 <r < w, actions of R™ on M whose infinitesimal generators are also of class
C". We consider in A" (R™, M) the C'-topology induced by the C!-distance between in-
finitesimal generators. An action of R™ on a manifold is called singular if every orbit has
dimension less than n.

In this paper we characterize the family of analytic closed orientable m-manifolds that
admit an analytic action of R™ with at least one orbit diffeomorphic to 77! x R, see
Theorem 2.1. This family consists of T™ and H, , the family of manifolds obtained by
glueing two copies of T"~2 x D? by an orientation preserving diffeomorphism of 77! =
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248 J. L. ARRAUT AND C. A. MAQUERA

O(T"2 x D?). An action ¢ € A"(R™, M) is said to be of type j, 0 < j < n, if the union
of the j-dimensional orbits is an open dense subset of M. Denote by Aj(R", M) the
subspace of actions of type j. For each analytic closed connected orientable m-manifold N
we define a subset %, C AY_,(R™, N) such that each action ¢ € %, has a non-constant
first integral as well as some generic properties, see Definition 2.4. Our main result is to
prove that each action in %, is C' structurally stable, see Theorem 2.2. It is proved in
Lemma 2.4 that if ¢ € €),, then there exists 1, € A“(R"~!, N) with the same orbits than
@. C. Perell6 proved in [8] that Morse-Smale C* vector fields on an analytic orientable
closed surface form an open and dense set. It follows from his theorem that if ¢ € %5,
then 1), is not C'-structurally stable.

The fact that there are C! structurally stable singular actions is not new. In fact, Kato
and Morimoto proved in [5] the following theorem: Let X € X"(N), r > 1 and n > 3,
be an Anosov vector field. Then, Y € X"(V) satisfies [X,Y] =0 if and only if ¥ = cX,
with ¢ € R. As a consequence of this result, we can define an open set & C A"(R™, N) of
singular actions such that each element in % is C! structurally stable.

The fact that there are C! structurally stable actions with non-constant first integrals
is also not new. Write T° = S! x T? and let F be the foliation of T3 with leaves
{0} xT?, 0 € S*. Saldanha in [9], defined a subset of locally free actions ¢ C A>(R?,T3)
such that each ¢ € ¥ has F as underlying foliation and is C! structurally stable.

What is new in our result is that each ¢ € €, , besides being C! structurally stable, is
a singular action and at the same time has a non-constant first integral. Finally, we show
that this phenomenum is typical of analytic actions. In [1], to be published, we consider
actions ¢ € A7 (R™, N). We defined the concept of transversally hyperbolic compact orbit
and proved for n =2 and n =3 that if p € A7 (R", N), » > 1, and every compact orbit
is transversally hyperbolic, then ¢ is structurally stable. The problem of characterizing
the structurally stable actions in A¥(R™, N) is still an open and interesting problem.

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULTS

Through this paper M (N) will denote a closed connected and orientable real analytic
m-manifold (n-manifold) and we shall assume that m > n. A C7-action of Lie group
G on M isa C-map ¢ : GxM — M, 1 < r < w, such that ¢(e,p) = p and
o(gh,p) = ¢(g,9(h,p)), for each g,h € G and p € M, where e is the identity in G.
O, ={¢(9,p); g € G} is called the p-orbit of p. G, ={g € G; ¢(g9,p) = p} is called the
isotropy group of p. For each p € M the map g — ¢(g,p) induces an injective immersion
of the homogeneous space G/G, in M with image O,. When G = R", the possible
@-orbits are injective immersions of T* x Rf, 0 < k+/¢ < n, where T#F = S x ... x S, k
times.

For each 0 < ¢ < n —1 let Sing;(¢) = {p € M;dimO, = i} and Sing(yp) =
U?:_Olsingi(go). If p € Sing(p), O, is called a singular orbit and when p € Sing,(p),
O, is also called a point orbit and p a fized point by ¢. We also write p € Sing;(p), i =
1,...,n—1, when O, is a T-orbit. If Sing(p) = M, we call ¢ a singular action.
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STRUCTURAL STABILITY OF SINGULAR ACTIONS OF RY 249

For each w € R™\ {0} ¢ induces a C"-flow (¢!, )ier given by ¢!, (p) = ¢(tw,p) and its
corresponding C"~L-vector field X,, is defined by X, (p) = D1p(0,p)-w. If {wy,...,w,}
is a base of R"™, the associated vector fields X, , ..., Xy, determine completely the action
¢ and are called a set of infinitesimal generators of . Note that [X,,, X,,] =0 for any
two of them.

Denote by A"(R™, M) the set of C"-actions, r > 1, of R™ on M such that their cano-
nical infinitesimal generators are also C" vector fields. Given two actions {p; Xy,...,X,}
and {¢;Y3,...,Y,} define di(p,v) = 1rélzgcm<xn||Xl- — Yi|lx. With this distance A"(R™, M)

is a metric space and the corresponding topology is the C*-topology. We say that ¢ is
an action of type j and write ¢ € A;(R”, M) if the union of the j-dimensional orbits is
an open dense subset of M. Note that for analytic actions A¥(R"™, M) = Ag(R™, M) U
AY(R™, M)U---UAY(R"™, M), see Lemma 2.3. This is not the case for non-analytic actions
since it is possible to have ¢ € A*(R™, M) which does not belong to any A3 (R", M),
see [3].

Let ¢ € A"(R¥, M) and X;,...,X; a set of infinitesimal generators of ¢. We shall
denote by ¥(yp) the commutative Lie subalgebra of X" (M) generated by those vector
fields.

DEFINITION 2.1.  An action ¢ € A"(R¥, M) is said to immerse (immerse properly) in
A"(R™, M), k <mn, if there exist ¢ € A"(R™, M) such that ¥(¢)) is a subalgebra (proper
subalgebra) of (). We shall write ¢ — ¢ to indicate that ¢ realizes the immersion of
Y. If 1 € AL(RF, M) immerses properly in A7 (R™, M) one shall say that 1 embedds in
AT (R™, M).

Let ¢ € A"(R*¥, M) and Xi,..., X} a set of infinitesimal generators. 1 can allways
be immersed in A™(R™, M). In fact, put Xy4; = 2521 a;;X;, 1 <i<n—k, where each
aj; - M — R is a first integral, perhaps constant, of each X;, j = 1,..., k. The action
¢ generated by Xi,..., Xk, Xgy1,...,X, realizes the immersion of . Note that the
immersion is proper if at least one aj; is non-constant. On the other hand 1 € A% (R¥, M),
in general, does not embedds in A” (R™, M).

The notions of topological equivalence and C* structural stability that we use here for
actions are the standard one’s. The following two lemmas extend to actions of R™ classical
lemmas in the theory of flows, see [1]. Let D7 = {(z1,...,2m) € R™; |z;| < €}, € > 0,
and 8%{ =(0,...,0,1,0,...,0) the constant vector field.

LeEMMA 2.1 (k-flow box).  Let ¢ € A"(R¥, M) with infinitesimal generators X, ...,
Xk, and O, a k-dimensional orbit. There exists a C"- diffeomorphism h : V, — DI,
where V,, is a neighborhood of p, such that h.X; = O%i in DIV, for eachi=1,... k.

Remark 2. 1. Note that the diffeomorphism h = h(y) : V,, — DI* depends continuously
on ¢ in the following sense: given 7 > 0, there exists § > 0 such that if ¢ € A™(R*, M)
is & Cl-close to ¢, then h(p):V, — D™ is n Cl'-close to h(¢) in V,NV,.
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A pair (V,,h) as in Lemma 2.1 will be called a k-flow boz at p. If ¢ € O, with ¢ # p,
then there exists u € R¥ such that X!(p) = ¢. We shall call v = {X!(p);0 <t <1} an
arc of ¢ in O,. By using Lemma 2.1 one can also prove:

LemMA 2.2 (Long k-flow box).  Let ¢ € A"(R¥, M), O, a k-dimensional orbit of ¢
and v C Op an arc of ¢ in O,. Then, there exists k-flow box (V,,h), where V, is a
neighborhood of ~.

Infinitesimal generators adapted to a singular orbit. Let O, be a singular k-
dimensional orbit of ¢ € A"(R", M) and G, its isotropy group. O, is a T x RF—*-orbit
with 0 </ < k < n. Call Gg the connected component of G, that contains the origin
and let H be a k-dimensional subspace of R™ such that R" = H@Gg. Let {wi,...,wy}

be a base of R™ such that {wi,...,wg} is a base of H, {wgi1,...,w,} is a base of Gg
and {wi,...,w;} generate the subgroup G, N H. {X; = X,,;¢ =1,...,n} is a set of
infinitesimal generators of ¢. Note that X;11(¢) = --- = X,,(¢) = 0 for every ¢ € O,.

We shall say that X;,...,X,, is a set of infinitesimal generators adapted to O, .

Applying Lemma 2.1 to the action ¢ restricted to H, we obtain a chart h:V, — D"
of M such that if (0,2) € D™ = D¥ x D™~* | then the vector fields X; in this chart can
be writen

Xi(e,.%') = %, i=1,...,k
kZ m ]_)
o o (
XkJri(H’gg) = Zaji(x)%+ Z aji(x)%, i=1,...,n—k
j=1 T =kt J

A chart like the one above is called adapted to O, at p. The vector fields

~ m o
Xi:‘z aji(x)%j7 z=1,...,n—k7
j=k+1

define a local action ¢, of R*™* on D™ % having 0 € D™~ * as a fixed point.
When p is a fixed point of ¢, then a chart adapted to O, at p will be any chart of M

which contains p. In this case X; = X;, it =1,...,n.

Remark 2. 2. Note that {X;,.. .Xk,)A(l, .. ,)?n_k} define a local R™-action @ on
D7 and that O 4)($) = O(g,a)(hopoh™) for each (0,z) € D"

LEMMA 2.3. Assuming n < m the following decomposition holds:
A“(R™, M) = A§(R", M) UAY(R", M)U--- U A% (R", M).

Moreover, if ¢ € A“(R™, N), then there is only a finite number of n-dimensional orbits,
all of them homeomorphic.
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Proof. Let Xi,...,X, be a set of infinitesimal generators of ¢ and O, an orbit of
maximal dimension k, 0 < k < n. Fix a finite number of charts (U;,x;), 0 < i < /£,
of M such that M = UleUi and assume that Xi,..., X are linearly independent in
Uy, . This last property propagates along the charts to an open and dense subset of M
using the fact that a real analytic function defined on an open set U C R™ is zero ei-
ther on U or on the complement of an open dense subset of U, see [7]. Let O,02
be two different n-dimensional orbits of ¢ € A“(R™ N) and Gp,G2 their respective
isotropy groups. If u € G,, then X}!|o, = id. Since X is an analytic diffeomorphism,
it follows that X! = id on N. Thus, u € Gy i.e., G; C G2. By the same argument
G2 C Gp and therefore G; = G,. Finally, using charts adapted to the singular or-

bits one shows that every ¢ € A%(R™, N) has a finite number of n-dimensional orbits. |

Let O, be a T" 2-orbit of ¢ € A"(R"™',N). It can be verified that X,_1 has the
following two properties:

(1) Although X, 1 depends on the chart (V),,h), which in turn depends on H, the

fact that 0 € D2 be a center (saddle, node, focus) of D)/fn,l(O) does not depend on the
chart.

(2)If ¢ € O, and q # p, there exists a chart (V,,h) adapted to O, such that ¢ € V.

It follows from the two properties above that the following concept is well defined.

DEFINITION 2.2. Let O, be a T" 2-orbit of 1 € A"(R""!,N). O, is said to be
transversally simple if there exists a chart adapted to O, at p such that 0 € D? is a
simple singularity of X,,_1. When 0 is a center (saddle, node, focus) of DX, _1(0) we
will say that O, is transversally a center (saddle, node, focus).

Separatrices of a 7" 2-orbit that is transversally a saddle. Let O, be a T" %
orbit of 1) € A"(R"~1, N) that is transversally a saddle, X1,..., X, 2, X,,_1 infinitesimal
generators adapted to O, and h:V, — D772 x D? a chart adapted to O, at p. Let
£ (&%) be the stable (unstable) submanifold of X,_; at 0 € D2, ¥ = h~}(D?) and
n® = h7H(&%) (n® = h™1(€%)). We know that X}(p) = p, i = 1,...,n — 2. For each
1=1,...,n—2, let D?il = {t = (tl,...,ti,l,(),tiﬂ,...,tn) S Dg}, i = hil(D,L-nil)
and P; : (%;,p) — (%;,p) the Poincaré map of X; at p. Let m; : V, — ¥ be the
projection along the orbits of the action generated by Xi,...,X;—1,X;41...,X,—2 and
w; : U C X — % be the local diffecomorphism defined by w; = 7; o P;. Since [X;, )/(\'n,l] =
0,i=1,...,n—2, it follows that w; takes orbits of )?n,l in U into orbits of )/(\'n,l in X
and in particular w;((n* Un*)NU) C n® Un*. Therefore, the four connected components
of n*Un®\ {p} give rise to at most four ¢-orbits and each of them is a T"~2 x R-orbit.
This orbits will be called separatrices of O, .

LEMMA 2.4. Let O, be a transversally simple T"~2-orbit of p € A,_(R",N). There
ezists a meighborhood V' of O, and v, € A"(R""1,N) such that O,(1,) = Ou(p) for
each q € V. In particular, if r =w, then O4(¢,) = Oq(yp) for each g € N .
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Proof. Let Xi,...,X,_2,Xn_1,X, infinitesimal generators adapted to O, . We know
that Xi,...,X,_o are linearly independent in a neighborhood Vi of O,. Let h:V, —
DT be a chart adapted to O, at p. Since O, is transversally simple, we can assume that
0 € D? is a simple singularity of )A(,L_l . Thus, there is a neighborhood U of p such that if
g € U\O,, then X,,_1(g) # 0. It is clear that X,,_; has no singularities on the saturated
set sat(UNVy) of UNV; under the action defined by {X1,..., X, _2} and also that sat(UN
Vi) contains a neighborhood V of O, . Call v, the action of R"™! on N whose infinite-
simal generators are {X1,...,X,_2,X,—1}. Since ¢ € A7 _;(R™, N), it follows that X,, =
Z?;ll fiX; in V, where X;f; =0 for ¢, =1,...,n—1. Note that when r =w, V=N. |

DEFINITION 2.3. A T 2.orbit O, of ¢ € A7 _(R",N) is transversally simple
(center, saddle, node, focus) if and only if it has the same attribute as an orbit of ¢, €
A"(R"1 N), where v, is given by Lemma 2.4.

ProPOSITION 2.1. If ¢ € A"(R",N) has an orbit O homeomorphic to T" 1 xR, then
Front(O) is the union of at most two T*-orbits with k € {n —2,n — 1}.

For each n > 2 let H,, be the family of all analytic closed connected and orientable
manifolds that can be obtained by glueing two copies of T2 x D?. Note that H, has
only one element, which is S2. Note also that 3 consists of 3-manifolds that admit a
Heegaard splitting of genus one.

THEOREM 2.1. Let N be a real analytic closed connected and orientable n-manifold,
n > 2. Assume that ¢ € A“(R™ N) has at least one T~ ! x R-orbit, then every n-
dimensional orbit is a T" "1 x R-orbit and ¢ € A%(R"™, N). Furthermore,

(1) if Sing;,_o(p) =0, then N is homeomorphic to T",

(2) if Sing’_5(¢) # 0, then Singt_,(p) is the union of two T" 2-orbits and N € H,, .

COROLLARY 2.1. Let N be a real analytic closed connected and orientable n-manifold
and 1 € AY_(R"1 N) that has a T" *-orbit O(¢)). If ¥ embedds in A%(R™,N), then
N is either homeomorphic to T™ or N € H,. Moreover, in both cases O(¢)) has a
neighborhood V' that is a union of T"™ 1-orbits.

DEFINITION 2.4.  Let % be the set of actions ¢ € A¥_;(R™, N) such that there is
at least one T"~2-orbit 0, which is transversally a center and one 7™ 2-orbit which is
transversally a saddle. Let ¢, € A“(R""* N) be the action constructed in Lemma 2.4
from ¢ and O, . Now define the subset €, = %,,(N) C € by saying that ¢ € ), if and
only if

1) Slngz(sp) = Q)a i= 07 ceey = 33 and Slngn72(§0) = Singf172(§0)v
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2) every T" 2-orbit is transversally simple,

3) 1, — @ is a proper immersion,

4) If O, is a T" 2-orbit of ¢ that is transversally a saddle, then its separatrices are
not separatrices of any other 7™ 2-orbit that is also transversally a saddle.

Note that if O is a T 2-orbit of ¢ € 4,,, then from condition 3) one obtains that O
is transversally a center or a saddle. The following statement is a corollary of Proposition
2.1.

COROLLARY 2.2. Let ¢ € €)(N) and v, as in Definition 2.4. Then 1, can not be
embedded in A% (R™, N).

THEOREM 2.2. Let N be a real analytic closed orientable n-manifold and ¢ € €, C
AY_(R™ N). Then ¢ is structurally stable and consequently €, is an open set in A“(R™ N).

3. PROPERTIES OF ACTIONS IN %N

In this section we prove some properties of actions ¢ € €, that are needed for the proof
of Theorem 2.2. For the sake of clarity some of them are given first for n = 2 and then
for n > 2.

LeEMMA 3.1 (Persistency of transversally simple 7" 2-orbits).  Let Oy be a transver-
sally simple T"=2-orbit of 1 € A"(R"~!,N). Given a neighborhood V of Oy there exist
a neighborhood Vy of v in A"(R"' N) such that each £ € V,, has only one singular
orbit Og(§) CV and Oy(&) is also a transversally simple T™~2-orbit.

Proof. The proof is obtained using Remark 2.1. |
Remark 3. 1. Lemma 3.1 is also valid for actions ¢ € A7 _,(R™, N).

n—1

For each ¢ € €, let K, be the set of points p € N such that O,(y) is not a 77 !-
orbit and ey,...,cx (s1,...,8¢) be the T"2-orbits of ¢ that are transversally a center
(saddle).

PROPOSITION 3.1. % C AY(R?,N) is an open set in A“(R? N).

Proof. Let ¢ € %,. Denote by ci,...,c; the centers and by s1,...,s, the saddles
of . Since ¢ € %5, it follow that £k > 1 and ¢ > 1. Let Xy, Xo be infinitesimal gene-
rators of ¢ such that the flow v, of X; has the same orbits as ¢ and X, = fX;,
with f non-constant. Given a neighborhood of each singular point of X;, by Lemma
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3.1, there exists a neighborhood U = U(X;) such that any X, € U has only one sim-
ple singularity in each of these neighborhoods, where §; is also a saddle and ¢; is either
a focus or a center. Assume now that V is a neighborhood of ¢ such that if ¢ € V,
then X; € U. @ can not belong to AY(R% N). If this were the case, then $ would
have an S! x R-orbit intersecting any neighborhood of ¢; and also an R-orbit intersecting
any neighborhood of 3;, but this contradicts Proposition 2.1. Thus ¢ € AY(R?, N)
and X, = f)?l . Moreover, if V is sufficiently small, then f can not be constant. |

THEOREM 3.1. If ¢ € 65, then there exists a neighborhood V of ¢ such that for each
pey
K¢ = {51, R ,Ek} U {:Svl, - ,:sz} U {Ulegil U 512}
where, for each ¢ = 1,...,¢, S;1 and Siz are R-orbits satisfying Front(gﬂ) =3 =

Front(S;2).

Proof. By Proposition 3.1, it is enough to prove the theorem for a fixed ¢ € 6. If O,
is a R-orbit of v, then a(q) = w(q) = s; for some i € {1,...,k}. In fact, assume that
p € w(q) is aregular point of ¢, . Take a transversal section ¥ to the flow ¢, by p. There
is a sequence ¢,, € 3, with ¢, = ¥, (tn,q), converging to p. Let f be the real analytic first
integral of 1, given by Definition 2.4 condition 3). f|s is constant on {g,}. This gives a
contradiction and proves that w(g) = s; for some i € {1,...,k}. It follows from condition

4) that a(q) = s;, too. Since each saddle has two self-connections, the theorem is proved. |

To each fixed point p of ¢ € A"(R™, M), 1 <r <w, there is associated a linear action
0 : R — Aut(T, M) given by o(v) = Dy,(p) where ¢,(-) = ¢(v, -). Recall that if
@ € AT(R?, N?), 1 < r < w, has a fixed point p € N? that is a center, then the phase
portrait of the induced linear action p is like Figure 1, (i).

FIG. 1.

The following lemma gives a sufficient condition for the topological equivalence between
¢ and p in the neighborhood of p.

LEMMA 3.2. Assume that ¢ € A}(R?,N?) has a first integral that is not constant on
any open set. If p € Fix(yp) is a center, then ¢ is topologically equivalent to o in a
neighborhood of p.
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Proof. Let Xi,X, be infinitesimal generators of ¢ such that p is a center of X3
and ¢, € AY(R,N?) is the flow of X;. Let h : V, — Uy be a chart of N such

that Sing(X1) NV, = {p}, h(p) = 0 and D(h.X71)(0) = (g_g), B # 0. There exists

a neighborhood 0 € U C Uy such that if x € U, then h,X;(z) is transversal to the
ray Ox. It follows that any orbit of X; by ¢ € h~}(U) is either closed or a spiral
that accumulates in p or in a closed orbit contained in h=1(U), see Figure 1 (ii). Let
C={qeh (U);0,(Xy) is closed}. If h=1(U)\ C has non-empty interior, then the first
integral would be constant in some open set. Thus C = h~}(U) and this proves the
lemma. [

PROPOSITION 3.2. 6, C AY_;(R™,N) is an open set in A“(R™ N).

Proof. Denote by ci,...,c, and by sq,...,s, the 7" 2-orbits of ¢ that are transver-
sally a center and a saddle, respectively. Since ¢ € €,,, k> 1 and ¢ > 1. Let X1,...,X,
be infinitesimal generators of ¢ such that the action 1, generated by Xi,...,X,_1
has the same orbits than ¢ and X,, = f1 X7 + -+ fn_1Xn_1, wWith f; non-constant
for at least one i = 1,...,m — 1. By Lemma 3.1, given a neighborhood of each T"~2-
orbit of ¢, there exists a neighborhood U; = U;(X;) of X;, i« = 1,...,n — 1, such
that any action generated by Yi,...,Y,_1, Y; € U; has only one transversally simple
T™2-orbit in each of these neighborhoods, where 3; is also transversally a saddle and ¢&;
is either transversally a focus or center. Now, assume that ) is a neighborhood of ¢
such that if ¢ € V, then Y; € U;, i = 1,...,n — 1. ¢ can not belong to A% (R", N).
If this were the case, then ¢ would have a 7"~ ! x R-orbit intersecting any neighbor-
hood of ¢; and also a T" 2 x R-orbit intersecting any neighborhood of 57, which con-
tradicts Proposition 2.1. Thus, ¢ € AY_;(R*",N) and Y,, = fiY1 + -+ + fno1Yn-1.

Finally if V is sufficiently small, then ﬁ can not be constant for every i =1,...,n—1. |

THEOREM 3.2. If ¢ € €, , then there exists a neighborhood V C €, of ¢ such that
Kz ={c1,...,c,}U{51,...,8} U (U, S;) for each $ €V and for each i =1,...,¢, S;
satisfies one of the following statements:

1. gz is the union of two T" 2 x R-orbits §il ,§¢2 such that gij Us; is homeomorphic
to TnL j=1,2.
2. S; is a T" 2 x R-orbit such that Front(S;) = 3;.

The structure of ¢ € AY(R"~!, N) in the neighborhood of a T"~2-orbit that is transver-
sally a center is well determined when 1 has a non-constant first integral. More precisely:

PROPOSITION 3.3. Assume that ¢ € AL(R"™1, N) (p € AL_(R",N)) has a T" 2-orbit
Oq that is transversally a center. If ¥ (@) has a first integral that is non-constant on any
open subset of N, then there exists a -invariant (p-invariant) neighborhood Vi of Oq
such that Vo \ Oq is a union of T™*-orbits.

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



256 J. L. ARRAUT AND C. A. MAQUERA

Proof. Let V be a neighborhood of Oy in N such that V' N Sing(p) = Oy. Take a
chart h:V, — D7 adapted to Oy in p with h(p) = 0 and V,, C V. The infinitesimal
generators of ¢ in these coordinates are like in (1). Since 0 € D? is a center of DXn,l(O)
and 1 has a first integral that is not constant in V, so does )A(n,l . By Lemma 3.2 there
exists 0 € (0,¢) such that all orbits of X,,_1 within D? are closed. Let ¢y be the action
of R"2 on N given by Xi,...,X,,_s. Op is also an orbit of ¥y and ¥ = h’l(D(%) is
transversal at p to the orbits of . If ¢ € ¥\ {p}, then Cy = A= (Op(y)(Xn-1)) is
homeomorphic to S! and is contained in Oq, see Figure 2. Let’s consider the holonomy
of Oy as a leaf of the foliation defined by g

Hol : 71 (0p) = ZF — Diff' (2, p). (2)

The orbit a; of X; by p, i =1,...,n—2, isclosed and {[a],...,[an_2]} is aset of genera-
tors of m1(0p). For each i =1,...,n— 2, let D;’*l ={t=(t1,...,ti-1,0,ti41,...,tn) €
D}, %, = h_l(DZ’-’_l)7 P, : (2;,p) — (Z;,p) the Poincaré map of X; at p and m; : V,, —
3 the projection along the orbits of the action generated by Xi,...,X;-1, X541 ..., Xn—2.
Then, w; = Hol(a;) = 7; o P;. Note that w;(C,) = C,, (g for each ¢ € X. We state that
wi(Cq) = Cy for each g € £\ {p} and each ¢ € {1,...,n —2}, which in turn implies that
O, isa T 1-orbit. In fact, if for some ¢ € ¥\ {p} there exists i € {1,...,n—2} such that
wi(q) ¢ Cy, then either w;(C,) or w; *(C,) would be a circle Cy in the interior of C, .
This would imply that all orbits of ¥ by points of the ring R C I' whose boundary is C,U
Cy would have a common orbit in its closure. Therefore, any first integral of ¢ would be
constant on the saturated of R, which is an open set. Finally, when ¢ € AL | (R", N) it is

enough to consider ¢, . |

Oq

FIG. 2.

With the same notation used in Proposition 3.3 and similar arguments we obtain:

LEMMA 3.3. Assume that ¥ € AY(R"™1,N) has a T" 2-orbit Oy that is transversally
a saddle. If v has a first integral that is not constant on any open set, then for each
i=1,...,n—2, either w; =id or w? =id in the space of orbits of (h*X,_1)|s.
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LEMMA 3.4. If O is a T" 2 x R-orbit of ¢ € 6,,, then O is a separatriz of some
T 2-orbit Oy that is transversally a saddle.

Proof. Let C be a connected component of cl(O)\ O, where cl(O) denote the closure
of 0. C is a g-invariant compact set. If Sing? , N C = @, then C is a T" '-orbit
and consequently every first integral of ¢ would be constant. If Singt , N C # 0, call
Op the T" 2-orbit contained in C. Since ¢ € %, any T™ 2-orbit is either transver-

sally a center or a saddle. However, by Proposition 3.3 only the second case is possible. |

Proof (of Theorem 3.2). By Proposition 3.2 it is enough to prove the theorem for a
fixed ¢ € €,,. Let U be the family of @-invariant open sets U C N \ K, such that every
orbit in U is a T" !-orbit. By Proposition 3.3, U is non-empty. The inclusion relation
defines a parcial order in ¢ and by Zorn’s Lemma there exists a maximal element Uy, in
U. Clearly N\ Uy = K,. We are going to show that

N\UM:{Cl,...,Ck}U{Sl,...,Se}U(Ulesi), (3)

where S; is the union of the separatrices of s;, ¢ = 1,...,¢. Let F be a connected
component of Front(Uys). Assume that F N Sing5(¢) =0, then F is a T" !-orbit. Since
@ is analytic F' has trivial holonomy and there is a neighborhood Vg such that each
orbit inside V& is a T™ '-orbit. The open set Uy U Ve € U and contains Uy; properly
albeit this is a contradiction. Assume now that F N Sing:_,(¢) # 0, then there exists a
T 2-orbit O C F. If O = ¢;, then by Proposition 3.3 ¢; = F. If O = s;, by Lemmas
3.3 and 3.4 there exists a neighborhood V' of s; such that every orbit in V'\ (S; Us;) is
a T" 1-orbit. Thus the relation (3) is proved. It remains to proved that each S; satisfies
(1) or (2). With the notations introduced in the proof of the Proposicao 3.3 put Oy = s; .
©Oj = howjoh™!:(D%0) — (D2,0), j =1,...,n — 2, is a local diffeomorphism that

~

preserves orbits of X,,_1, then
D3;(0)DX,,_1(0) = DX,,_1(0)DD;(0).

This implies that there exists a neighborhood ¢ of p in ¥ such that w;(ZoNn*) C
n*, k = s,u. Moreover, it follows from condition 4) of Definition 2.4 that S; satisfies (1) or

2.1
PRrROPOSITION 3.4. If p € AY_|(R™,N) with N ¢ H,, and ¢ satisfies conditions 1), 2)

n—1
and 3) of Definition 2.4, then the existence of a T"2-orbit that is transversally a center
implies the existence of another T™ 2-orbit that is transversally o saddle. In particular

© € €2(N).
Proof. Let O be a T" 2-orbit of ¢ that is transversally a center and U/ be the
family of (-invariant open sets U D @ and homeomorphic to T"~2 x D? such that every
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orbit in U \ O is a T" !-orbit. By condition 3) and Proposition 3.3, U is non-empty.
The inclusion relation defines a parcial order in ¢ and by Zorn’s Lemma there exists a
maximal element Uy, in Y. As in the proof of Theorem 3.2, Front(Ujs) can not bea 77~ 1-
orbit and by condition 1) Front(Ujs) must contain a T"~2-orbit O; . Now, if O; is not
transversally a saddle it has to be transversally a center and N would be contained in

H'VL . I

It follows from Corollary 2.2 that an action ¢, as in Proposition 3.4, does not embedded
in AY(R™, N).

Let O, bea TFxR"k~Lorbit, 1 <k <n—1, of ¥ € A"(R""1,N) and {w?,...,wd_,}
a base of R"™1, where {w{,...,w)} is a set of generators of the isotropy group G, . Let
X, =X,0, i=1,...,n—1. Note that for each ¢ € O,, O4(X;), i =1,...,k is periodic
of period one.

LEMMA 3.5. Assume that there exists a neighborhood V' of p such that each orbit in
V\ O, is a T 1-orbit. Then, there exist a neighborhood Vo of p with Vo CV and C"
functions w; : Vo — R"=Y i =1,... k, such that w;(p) = w? and for each q € Vo, every
orbit of Xy, (q), © =1,...,k is periodic of period one.

Proof. Let h :V, C V — DI with h(p) = 0, be a (n — 1)-flow box at p. Let
D; = Dy(e) = {(z1,...,2,) € D% z; = 0} and ¥; = ¥,;(¢) = h~Y(D;). The functions
7;: Vp — (—¢,¢) given by 7;(¢) = —x4(q), where h(q) = (21(q), ..., zn(q)), are such that
XZ-”(‘J)(q) €Y, for i=1,...,n—1. We know that X{(p) =p, i = 1,..., k. Therefore,
there exists 0 < § < e such that X}(%;(6)) C Vp, @ = 1,...,k. Let ¥, = X,() =
NP'Si(8). ¥, is a transversal section to O, at p. For each i = 1,...,k, consider the
function w; : ¥, — R~ given by

wile) = 3 (X @)l + (1 nX@N + 3 (X (@)l )
j=1 Jj=i+1

It can be verified that every orbit of X, inside O,, ¢ € U, is periodic of period

one and w;(p) = w?, i = 1,...,k. We can extend the functions w; to the open set

Vo = Uges, (O NV) by defining w;(q) = wi(X, N Oy) and this completes the proof. |

LEMMA 3.6. Assume that ¢ € A*(R""1 N) immerses properly in €, . Let Si,S2 be
the separatrices of a T" 2-orbit O that is transversally a saddle and Go,G1,Go the

isotropy subgroups of O, Sy ,Sa, respectively. Then, there exists a linear (n — 2)-subspace
H of R* ! transversal to Go such that G1 = GoN H = G>.

Proof. For each i =1,2, G; is a subgroup of Gy isomorphic to Z"~2. Let H; be the
linear subspace of R"~! generated by G;. Then dim H; = n—2 and H; is transversal to
GY . We first show that H; = Hy. Assume that H; # Hs and choose u; € G1\Ga, uz €
G2 \ Gy such that w = u; —uy € GY. Let Xy, Xy, , Xu, € X"(N) be the associated
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vector fields. Then X,, = X, — X, or equivalently X! = Xf“ ) Xu_;. Take infinitesimal
generators Xi,...,X,_1 of ¢ adapted to O so that X,_; = X, and a chart (V,h)
adapted to O at p € O. We will show now that DX}“ (p) = 1id, i = 1,2. Consider the
map hoX; oh™': D! — DI At 0 € DI C R™ take a base {0/001,...,0/00,_3,vs,v,}
such that vs (v,) is tangent to &% (£“). Since S;Nn® # @ and S; Np* # O it follows
that D(ho X} oh™')(0)(vs) = vs and D(ho X o h™')(0)(vy) = vy, . Since u; € Gy,
it follows that D(ho X o h™')(0)(8/00;) = 9/00;, j =1,...,n— 2. We conclude that
DX,,(p) = id. Thus, DX} (p) = id, which is equivalent to DX, (p) = 0. However, this
contradicts the fact that O is transversally a saddle and proves that H; = Hy = H. Finally
the fact that G; = Go N H = G2 follows applying Lemma 3.5 to the action |z on
SiuUSy. 1

4. PROOF OF THE MAIN RESULTS
4.1. Proof of Theorem 2.1

The following proposition is an extension of a result used by Lima in [6] for n = 3. Let
D= {(z,y) € R*a? +y* <1}

PROPOSITION 4.1. Let Yi,...,Ys_1, s > 3, be a set of commutative vector fields on
T2 x D that are tangent to the boundary and also linearly independent there. Then,
in every disk {0} x D C T*72 x D there exists an interior point where they are linearly
dependent.

Proof. Let ¢ :R*"! x (T*72x D) — T*~2 x D be the action induced by Yi,...,Y, 1.
Since these vector fields are tangent to the boundary 9(T°72 x D) = T°72 x S! and
linearly independent there, we know that A(T°2 x D) is an orbit of ¢. Let H be the
isotropy group of this orbit. Choose infinitesimal generators Xi,...,Xs_1 of ¢ such
that at each point 6 = (61,...,05_1) € T*71, X;(0) = %7 i=1,...,8s—1, and con-
sider the map o : 9D — SO(s) C Vi(R®), where Vi(R*) is the manifold of oriented
bases of R®, given by a = (X1,...,X;), where Xy = X3 A--- A X,_1. For each s > 2
m1(V5(R®)) = m(SO(s)) = Zo and its generator is given by the inclusion of the cir-
cle SO(2) into SO(s). Since we can interpret « as been this inclusion, it follows that

«, as a map into V;(R?®), can not be extended to D and the proposition is proved. |

COROLLARY 4.1. Let ¢ € AYR*™L M?®), s > 3, and p € Fix(y)) be an isolated sin-
gularity. Then, there exists a neighborhood V of p in M? which does not contain any
T~ orbit.

Proof. Let V be a neighborhood of p such that V N Sing(y) = {p} and assume
that there is a T° !-orbit @ C V. Then, O embedds in R® as an orbit and we can
assume that O = 9(T*72 x D) with T°72 x D C V. By Proposition 4.1, there are
infinitely many singular points of v in the interior of 7572 x D and this is a contradic-
tion. |
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Proof (of Proposition 2.1). Front(O) has at most two connected components and each
one of them contains at least a compact orbit. Let C' be a connected component and
Oy C C a T*-orbit with isotropy group Gy. We will show that C = Oy. Assume,
for a moment, that C contains another orbit O; and take p € Qg and ¢ € Op. Let
Ui, ...,Un—1 be a set of generators of G, the isotropy group of O. Then, all X, -orbits
through O are periodic of period one. Even more, there are sequences {p; € O;j € N}
and {t;; € [0,1];5=1,2...,n—1 and j € N} such that

n—1

lim p; =p and lim @(Ztijui,pj> =q.
Jj—00 Jj—o00 =

For each i =1,...,n—1, we can assume, extracting a subsequence if necessary, that ¢;; —
t; € [0,1]. Then o(37 t;ui, p) = ¢, which contradicts the fact that 1 t;u; € Go.
Now, we will show that k& € {n —2,n — 1}. Assume, for a moment, that k¥ < n — 2,
then s=n—k > 2. Let p € Oy and h: V, — D} a chart adapted to Oy at p and
¢, the induced local action of R* on D?®. The image of ONV, by h intersects D?® in a
T5-1 x R-orbit O of ¢, such that 0 € D* is a connected component of Front(@) and,
therefore, an isolated singular point of ¢, . The generators wuq,...,us—1 of the isotropy
group of O define a local action of R*~! on D* and this action has T5-orbits arbi-
trarily close to 0. This contradicts Corollary 4.1 and proves that k € {n —2,n —1}. |

Proof (of Theorem 2.1). Let O be a T"~! x R-orbit and U the family of all ¢-
invariant neighborhoods U O O, homeomorphic to T"~! x R, that do not contain a
T?% x R %-orbit with s # n — 1. The inclusion relation defines a parcial order in U and
by Zorn’s Lemma there exists a maximal element Uy, in Y. We are going to show that
cl(Up) = N. In fact, assume that cl(Up) # N, and let F' be a connected component
of cl(Up) \ Upns. There are points of F in the closure of at least one T~ x R-orbit
O1 C Uy and since Front(O;) is ¢-invariant, then F C Front(O;). By Proposition 2.1
and the fact that Uy, is maximal, we can assume that F is a 7" !-orbit. Since N is
orientable there exists another T"~! x R-orbit Oy C N \ Ups such that F C Front(O,).
The open set Upy UFUQOy € U and contains properly Ups . This contradicts the fact that
Uys is maximal and proves that every n-dimensional orbit is a 77! x R-orbit.

Let O;, 1 < i < {, be the n-dimensional orbits of ¢ and G; the isotropy group of
O; . From the analyticity of ¢ one obtains that G; = --- = Gy, which are isomorphic to
Z" Y. Let {u1,...,un_1,un} be a set of generators of R™, as a vector space, such that
{u1,...,un—1} is a set of generators of G; and X; = X,,, 1 < i < n, the associated
vector fields. {Xi,...,X,—1} are the infinitesimal generators of an action pg of R71
on N that is the restriction of ¢ to the subspace H generated by {uj,...,u,_1}. Note
that if p€ O1U---UO,, then O,(¢p), the orbit of ¢y by p, isa T l-orbit and if p €
N\OyU---UOy, then it is, by Proposition 2.1, a T" !-orbit or a 7™~ 2-orbit. Even more,
we can verify that the map pg : T x N — N given by pg(e?™1, ... ¥ itn-1 p) =
o (tiug, ...ty 1u,_1,p) is in fact an analytic action of T~ with the same underlying
foliation than the one given by @ . Assume that Sing, () = 0, then by Lemma 3.5 the
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isotropy group of every orbit of g is the same; or, in other words, @g is a free action.
Thus, N is a principal 7"~ ! bundle over S' and consequently N is homeomorphic
to T™. Finally, assume Sing_,(¢) # 0. Since Uy is homeomorphic to 7"~ x R and
cl(Upr) = N, it follows that Sing’_,() is the union of two 7™ 2-orbits. Thus N € H,,. |

4.2. Proof of Theorem 2.2, n = 2
Before starting the proof of Theorem 2.2 we exhibit an example of an action ¢ € €.

FIG. 3.

Example: Let N be a closed orientable surface, H : N — R an analytic Morse function
with at least one singularity of index —1, Xy € X“(N) the associated Hamiltonian.
Assume that there are no connections between two different saddle points of X g . Then,
{Xu,HXpy} are infinitesimal generators of an action ¢ € %2 (see Figure 3).

Proof (of Theorem 2.2, n=2). Without loss of generality we can assume that ¢; = ¢;, i =
1,...,k and s =55, j=1,...,0 Let F; : V; — ‘7} be a topological equivalence between
X, and X, at s;j and U; C V; a cross shaped neighborhood of s; such that Front(U;) =
(Ui_1 Bji) U (U1 (A); U A%)), where Bj; is a piece of orbit of X; and A%, i = 1,2
intersects S;1 and is transversal to X;, see Figure 4. Let ﬁj = F;(U;), Eji = F;(By;)

and gél = Fj(A},). Reparametrizing the time ¢ of the flows X{ and X|, we can assume
that X|(A};) = A3, and )?}(Z;,) = /lez for i =1,2. Let W; (WJ) be the saturated by
X, (X;) of closure of U; (ﬁj) Then, Front(Wj) (Front(Wj)) is the union of three closed
orbits of X, (X;). If p € W, \ U;, there exists t € (0,1) such that XI(p) € AL, for
some i,1 € {1,2}. Extend F; to W, by defining F;(p) = X7 '(F;(Xi(p))). It is clear that
- W; — Wj is a topological equivalence between X; and )~(1 that preserves orientation.
Note that it is possible to reduce the size of W; to guarantee that W; NW,, = 0 if j; # jo.

Next, we are going to extend the equivalences F; to a global topological equivalence
F between X; and )~(1. Fix a Riemannian metric on N and let Z be the vector field
obtained by rotating X; by a right angle. Clearly Sing(Z) = Sing(X;) = Sing()?l) and
taking V), smaller, if necessary, Z will be transversal to both X; and )Z'l at points in
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N\ Sing(Z). Each connected component C' of N\ U§:1Wj is homeomorphic either to an
open disk or to S* x (0,1). In the first case, CNFix(¢p) is a center and in the second case,
it is empty. To each C' corresponds a unique connected component C of N \ U?lej
with the same properties than C. We shall define F : C' — C for each C. There are two
cases:

(i) C is an open disk. There exists a unique j € {1,...,¢}, such that Front(C) C
Front(W;), Front(C) C Front(fﬁ@) and Fj;(Front(C)) = Front(C). For each point p €
Front(C) let L, = cl(O,(Z) N C) and EFj(p) = cl(Op;»)(Z2) N C). Fix a point py €
Front(C') and extend F; : L,, — L F;(po) s a homeomorphism. If ¢ € C, there is a unique
L, that contains g. Now, let g1 = O4(X1) N Ly, . Define F(q) = OFJ(ql)(Xl) N ZFj(p) .

(ii) C is homeomorphic to S' x (0,1). Front(C) = Ag U A;, where Ay and A; are
Sl-orbits. There exists 4,5 € {1,...,£}, i # j such that Ay (A;) is a connected
component of Front(W;) (Front(W;)). For the unique C associated to C' we also have
Front(C) = AgUA;, where Ay (A;) is a connected component of Front(W;) (Front(wj)).
Let G : cl(C) — S' x [0,1] and G : cl(C) — S x [0,1] homeomorphisms such that
the orbits of X|q) and 5(:1|c1(c~') are G71(S* x {t}) and G~1(S* x {t}), t € [0,1].
The two homeomorphisms ho : S* x {0} — S' x {0} and hy : S' x {1} — S' x {1}
given by hg = GoF;oG™! and hy = Go F; o G™! are both isotopic to the iden-
tity and therefore isotopic among themselves. Let h; be the isotopy between hg and
hyand define H : S! x [0,1] — S x [0,1] by H(0,t) = (h(0),t). H is a homeomor-
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phism preserving the foliation S* x {t} and the restriction of the topological equiva-
lence F to be closure of C' will be the homeomorphism G=1o Ho G : cl(C) — cl(C). 1

4.3. Proof of Theorem 2.2, general case
Fix ¢ € {1,...,£} and let Xy,...,X,_1 be infinitesimal generators of ¢ adapted to
O = s;. Let S; be asin relation (3) and G; the isotropy group of S; (well defined because
of Theorem 3.2 and Lemma 3.6). Call H the (n — 2)-linear subspace of R"~! generated
by G; and g = |y is defined by Xi,...,X,_2.

LEMMA 4.1. Assume that ¢p € A“(R""Y N) immerses properly in €, . Let S be the
union of the separatrices of a T" 2-orbit O which is transversally a saddle and p € O.
Then, there exists an eight shaped curve I' with p € ' and T' C cl(S), which is transversal
to the orbits of 1o within cl(S), such that T\{p} =T1Ul'y C S, I'1NT'y =0 and T';U{p}
is homeomorphic to S*, i =1,2.

Proof. Let h : V — D2 x D? be a chart adapted to O at p and n°® (n“) be
the stable (unstable) submanifold of (h|s)*X,_1 at p € © = h=1(D2). Put 7*\ {p} =
m Umns, @ = s,u. Note that n7,ny C S;, 7 =1,2. Let q; € nj, © = u,s be such
that Og: (o) # Ogu(to) for j =1,2. Then, there exist vi, vz € R™ '\ H such that ¢ €
Oq]s_ (Xy,), j = 1,2. Furthermore, since vy, vy € R"~1\ H we know that Oq]s_ (Xy,), j=1,2
is transversal to the orbits of 1y. Consider the arc M C n' with extremes ¢} and
¢, i = s,u, and the arc W C (’)q]s (Xy,;) with extremes ¢5,q, j = 1,2. The curve

I'=q7q5 Uqi'qy Uqiqt Uagsqy

is transversal to the tp-orbits. We can assume, without lost of generality that the con-

nected components of '\ {p} are C*> curves. |

Remark 4. 1. The curve I', although self-intersecting at p, has a C'"*° tangent vector
field, which is linearly independent with Xj,...,X,,_o at each point ¢ € I' and also
'\ {p} C S. Let U C X be a cross shaped neighborhood of p as in the proof of Theorem
2.2, n = 2. It is possible to extend U to a 2-dimensional submanifold g D I' which is
transversal to the orbits of iy and therefore also to those of 1. The intersection of the
orbits of ¢ with u define a foliation, which is given by the orbits of a vector field X that
satisfies the following properties:

L Xy = (h*Xo_1)|u,

2. Sing(X) = {p} and p is a saddle singularity.

3. The connected components of I'\ {p} are the separatrices of X at p.
4. Every orbit of X by a points in p\ I' is closed.
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FIG. 5.

Let V be a neighborhood of ¢ € %, as in Proposition 3.2. By this proposition and
Theorem 3.2 for each ¢ € V we have

Ky = {¢1,..., et U{s1,...,8 U (Ulegi)

where, for each i =1,...,¢, S; has the same properties as S; (Theorem 3.2, (1) or (2)).

Let {w?,...,w%_;} be a base of R"! where {w?,...,w}} is a set of generators of
Gy, the isotropy group of a T% x R"*~lorbit O,, n —2 <k <n—1, of ¢,. Let
Xi =Xy, i =1,...,n—1, and w; : Vo — R™ 1!, i = 1,...,k, the C" functions
given by Lemma 3.5. if ¢ € V and {u1,...,u,_1} is a base of R""1 we will denote
by {Yu,,...,Yy, ,} the corresponding infinitesimal generators of ¢y. Let ¥; =Y, 0, i =
1,...,n—1.

LEMMA 4.2. Given ¢ € 6, and d > 0 there exist a neighborhood Vo CV of ¢ € 6,
and a neighborhood Vi C Vi of p that satisfy: if ¢ € Vo, then there exist C¥ functions
w;: Vi = R"™Y i =1,... k, such that for each q € V1, ||wi(q) —wi(q)|| < d and every
orbit of Yg,(q), i =1,...,k inside O4(vby) is periodic of period one.

Proof. We shall use the same notations as in the proof of Lemma 3.5. Let V; C V be
a neighborhood of ¢ such that Y;}(3;(8)) C V, for all i = 1,...,k. There exists a > 0
such that

ii = Ulti‘<0(}/1t1 o OY;t—iil Oy;t—ﬁl O oYii}l(Ep(é)), i=1,...,n—1,

is C" close to X; and transversal to Y;. Let Vj = U|t|<aYit(Ei). For ¢ sufficiently C!
close of ¢ the C¥ functions 7; : V4 — (—¢,¢) such that Yi”(q)(q) €y, i=1,...,n—1,
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are C! close of the corresponding 7;|y, of t,. Note that X, = X,(8) = N"='S;(a). For

each i =1,...,k, the functions w; : ¥, — R"~! given by
i—1
wi(g) = ) _ TV (@)wi + 1+ 7 (Y (0))w] + Z
J=1 j=i+1

are such that every orbit of Y3, (g, i =1,...,k, inside O4(¢)¢) is periodic of period one.
Furthermore, there exist a neighborhood Vy C V; of ¢ such that ¢ € Vy implies that w; is

d — C'-close of w;. |

Proof (of Theorem 2.2, general case). Let 1, € A”(R"™!, N) be the action associated
to ¢ given by Lemma 2.4. Put a Riemannian metric on N and let £ be the normal bundle
to #(1,), the codimension 1 underlying foliation of v, . & is orientable and integrable.
Let V be a neighborhood of ¢ € %,, as in Proposition 3.2. Without loss of generality, we
can assume that if ¢ € V), then there exists p; € 5;Ns;, j=1,...,¢ Let I'; 3 p; be the
eight shaped curve given by Lemma 4.1 for the action 1, and (u;, X gj) the 2-dimensional
submanifold and the vector field, given by Remark 4.1. It is possible to construct each
i; in such a way that ¢ be tangent to p; at each p € p; \ {p;}. If V is sufficiently
small, then p; is also transversal to the 14-orbits for every ¢ € V. The intersection of
the 1/)¢—0rb1ts with p;, j=1,...,¢, are the orbits of a vector field Xj By Theorem 3.2,
S Npj = I‘j is an eight shaped curve and the orbits of X fb near of F are periodic. With
snmlar arguments to those used in the case n = 2, we obtain a toponglcal equivalence
Fj :vj — v; between X/, and X, where v; (¥;) is a X/-invariant ( X}-invariant) closed
neighborhood of T (fj) and v;Uv; C pj. Given 0 > 0, we can reduce the size of V and
also of v; in such a way that for every p € v;, d(p, Fj(p)) < 6.

Let W; (W]) be the saturated by 1, (1) of v; (vj). Then Front(W) (Front(Wj)) is
the union of three T -orbits if S; (S;) satisfies Theorem 3.2, (1) and of two T™'-orbits
if S; (S;) satisfies Theorem 3.2, (2). Fix j € {1,...,¢} and let w?, ..., w?_, € R"! be
a generators of G, the isotropy group of S;. Therefore, for each p € 5;, (’)p(Xw?) is
periodic of period one Vi € {1,...,n —2}. Fix ¢; € I'; and let w; : V; — R"71 i =
1,...,n —2, where Vj is a neighborhood of p; in p;, be the functions given by Lemma
3. 5 Recall that wl(qj) = w) . Note that for each p € V;, wi(p),...,w,—2(p) is a set of
generators of the isotropy group of O,((¥,)o). Thus, we can assume that each w; is defined
on v; and also in W;, if we wish. Let w; : Wj — R" 1 i=1,...,n—2, be the functions
given by Lemma 4.2, for ¥ = n — 2. For each p € Vjo, w1(p), ..., Wn—2(p) is a set of
generators of the 1sotr0py group of Op((1¢)o) and thus, we can assume that w; is defined
on v; or even in W We are going to extend Fj; to a map W; — W If pe W\v;,

there exists t1,...,t,—2 € (0,1) such that f(p) = Xfull(p) oX n— 22(p)( p) € v; . Define

. t tn—
Ei(p) = Yoo, © 7 © Ya_ar, (o)) (i (F(2)))-
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F W, — Wj is a topological equivalence that preserves orientation between ¢, and
g and by reducing the size of V and v; we can assume that d(p, F;(p)) < 0 for each
p € W;, where § is given. Note that there is no problem in assuming that W; N W}, = 0
if j#k.

We are going to extend the equivalences F) to a global topological equivalence F' bet-
ween 9, and 1. Each connected component C' of N \U§:1Wj is homeomorphic either to
T 2x D orto T" ' x(0,1), where D is an open 2-disk. In the first case CNSing;,_5 (1)
is a 7" 2-orbit that is transversally a center and in the second case is empty. To each C
corresponds a unique connected component C of N \ US = 1VV with the same properties

than C. We shall define F : C' — C for each C. There are two cases:
(i) C is homeomorphic to T™" 2 x D. There exists a unique j € {1,...,¢} such that

Front(C) C Front(W;), Front(C) C Front( j) and Fj(Front(C)) = Front(C). For each
point p € Front(C) let L, = cl(O,(§) N C), where (9 »(§) is the integral curve of & by

p and ij(p) = cl(Op,»(§) N C). Fix a point py € Front(C), and extend Fj: Ly, —
EF]. (po) @s an homeomorphism. If ¢ € C, then there is a unique p € Front(C) such that
q= Oq(¢¢) NLy,. Let g1 = Oq(d)w) N Ly, and define F(q) = OFj(q1)(’l/)¢) N LFj(p) .

(ii) C is homeomorphic to T"1x(0,1). Then, Front(C) = AgUA; , where Ag and A; are
T™'-orbits of v, . There exist i,j € {1,...,¢}, i # j, such that Ay (A4;) is a connected
component of Front(W;) (Front(W;)). For the corresponding C, Front(é) = Ay U Ay,
where Ay (A;) is a connected component of Front(W;) (Front(W )). Let O(&) be an
integral curve of ¢ that cuts every T~ Lorbit in cl(C) and every ™= Lorbit in c(C)) and
put po = O(E)NAg o = O(E)N Ay, p1 = OE)NA1, i = OE)NAL, [po,pi] ([Fo, F]) the
arc within O(§) with extremes py and p; (po and p1). Define g : [0,1] — [po,p1] and g :
[0,1] — [P0, p1] as homeomorphisms. For each p € [po,p1] (p € [po,71]) let G, (G,) the
isotropy group of p under ¢, (¥y). G, (ép) is generated by w1 (p), ..., wp—2(p), wWn—-1(p)
(@W1(p), - -+, Wp—2(p), Wn—1(p)). Consider the map ¢ : R"~! x [pg, p1] — cl(C) (1 : R x
[Po, p1] — ¢l(C)) given by:

%(tlw"atnflvp) = wtp(tlwl(p) + - +tn71wn71(p)ap)
Y1, stno1,p) = Ye(tiwi(p) +- -+ tho1Wn—1(p), p)-

Since $(R"™! x {p}) (¢ SR x {p})) is the T 1 — ¢p-orbit (T™~1 — 4p-orbit) by p,
then (@/}) induces a map ¥ : T" 1 x [po,p1] — C (1;1 T Y % [po, p1] — 6‘) Define
H:Tr 1'% [0,1 — c(C) and H : T ! x [0,1] — cl(C) by H(z,s) = ¢1(z,g(s)) and
I}(am s) = 1;1(35,5(8)) Again, by reducing the size of V, of v;, v; and by the proximity
of the functions w; and w; in the neighborhood of a T™~!-orbit given by Lemma 4.2, for
k =n —1, we can assume that for every x € T}

d((z,0),H ' o F; 0 H(2,0)) < &
d((z,1),H o Fjo H(z,1)) <6
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where § > 0 is given. Therefore hg = H 'oF;0H(,0): T"* — T~ and hy = H 'oFjo
H(,1):T" ! — T"~1 are both isotopic to identity and thus, isotopic between themselves.
Let hy be the isotopy between hg and hy and define F : cl(C) — cl(C) by F(q) = H 1o
ho H=Y(q), where h:T" 1 x[0,1] — T"" x[0,1], h(z,s) = (hs(z),s). F is the desired

topological equivalence. |

4.4. The case C”
The following lemma is proved in [2, page 74] and will be useful in this section.

LEMMA 4.3. Let # be a codimension one transversally orientable C" foliation, r >
1. Assume that F € F is a compact leaf with trivial holonomy, then there exists an open
neighborhood V' of F saturated by F and a CT-diffeomorphism h : F x (=1,1) - V
such that the leaves of F inside V are the submanifolds h(F x {t}), t € (=1,1) and
F = h(F x {0}). In particular, V\ F has two connected components.

Let Oy be a T" !-orbit of ¢ € A"(R", N) and {wy,...,w,_1,w,} a base of R such
that {wi,...,w,_1} is a set of generators of its isotropy group Go. Put X; = X,,., i =
1,...,n.

PROPOSITION 4.2. Let ¢ € A"(R",N), Oy a T" -orbit and assume that there exists
a neighborhood Vi of Oy such that every orbit in Vi is a T" '-orbit. Then there exists
a diffeomorphism f:V — T" "1 x (=1,1), where V C Vj is a neighborhood of Oqy, such
that

0

=1
00,1

X460, ) = avi(0) 2

90, + ot am—1)i(2)

ey, (5)

where 0 = (01, ...,0,—1) € T"™' and the functions a;; : T"~' x (—1,1) — R are of class
cr,j=1,....,n— 1.

Proof. By Lemma 4.3 we can assume that Oy = 7" x {0}, V = T x (=1,1)
and that O, = T" ! x {z} is the orbit of ¢ by the point (6,7) € V. Let H be
the vector subspace of R™ generated by Gy. By Lemma 3.5, there exist C” functions
w;:(=1,1) > H, i=1,...,n—1, such that G, , the isotropy group of O, , is generated
by {wi(z),...,wn—1(z)}. For each point x € (—1,1) there exists a diffeomorphism f, :
O, — O, such that (fs).Xw, @) = 6%7;’ i =1,...,n— 1. Since X; commutes with
Xuwi(z), forevery j=1,...,n and i=1,...,n —1, it follows that

n—1

0
(J2)X5(0:2) = Y aij(@) gy = 1iowoom.
i=1 v
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Define f:T" 1x(—1,1) — T tx(=1,1) by f(0,z) = f.(0). Since w; isa CT function,
we conclude that f is a C" diffeomorphism such that

n—1
o
f*Xj(evx) = Zaij(‘%’)ﬁ, j=1...,n.
=1 ?

PROPOSITION 4.3. Let ¢ € Act"(R™, N). Assume that there exists a @-invariant neigh-
borhood Vi of O such that every orbit inside Vy is a T '-orbit. Then, ¢ can not be
locally structurally stable at Oy .

Proof. By Proposition 4.2 we can assume that Oy = T"! x {0}, Vo =T" ! x (—1,1)
and that the infinitesimal generators have the form

0 .
+...+a(n_1)i(z)7 i=1,...,n.

0
XZ(971‘) :(117;(17)7 89 717

00,

Given £ > 0 there exist 6 > 0 and a function G, : (—1,1) — R such that a/,,(0) #
0, Gnn(x) =0 if & > |20] and ||apnl1 < e Let Apn(z) = (ai(x)), 4,5 =1,...,n —1,
and define for each k=1,...,n—1,

pn(0,2) = Enn(x)<[Am(x)]71 - ag(z), 9> + agn (),

where g (x) is the column vector (akl(x),...,ak(n,l)(x))t. The vector fields X;,...,
X,—1 together with

s Z;ll 516"(0,50)% —|—§nn(x)% ,in T x (—1,1)
" X, , otherwise

define an action @ € A"(R™, N) that can be taken arbitrarily C'-close of ¢ by choosing ap-
propriatly e. Note that ¢ has a 7"~ ! x R-orbit inside V; and thus can not be topologically

equivalent to ¢. |

In Proposition 4.3, the fact that ¢ € A™(R", N) is crucial. In fact Saldanha in [9] showed
that there are structurally stable actions of R? on T° with all orbits being T-orbits.
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