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Abstract. In this work we are concerned with non-linear reaction diffu-
sion equations with principal part given by p-laplacian and positive diffusion
coefficient az € L*°, 0 < § < ae, which has global attractors A.. We obtain
some properties about the convergence of the solutions of these equations and
show the upper semicontinuity of the attractors.  October, 2003 ICMC-USP

1. INTRODUCTION

Let Q C R”™ be a bounded domain with smooth boundary I" := 9f). Consider the second
order partial differential equation subjected to homogeneous Dirichlet boundary condition

Los (1) — div(a®|Vus ()P Vus (1)) = Bus(t),  t>0 M
u®(0) = ug € Wy P(Q),
where p > max{2,n/2}, a® € L>®(), a°(x) > d > 0 almost everywhere in  for every
e € 0,g0] and a® converges to a in L () when ¢ — 0. According with [4], by supposing
that B satisfies conditions H-1-H-5 enumerated below, for each £ € [0,¢q], the problem
(1) has a global attractor A, in Wy?(Q) and A. is embedded in L°(Q). In this work,
using some uniform estimates u®, with respect to e € [0,g¢], we obtain convergence of
the solutions u® to u®, as € goes zero and as a consequence of this fact we get the upper
semicontinuity of the global attractors A. at £ = 0, on Wy (Q) topology.

To properly state ours results we need to introduce some notation and some conditions
that we will assume through this work. Let H = L?*(Q), and for every ¢ € [0, o], consider
the operator A, defined as follow:
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320 C. B. GENTILE, M. R. T. PRIMO

{D(As) = {u € WlP(Q); div(a®|VulP~2Vu) € H}, @

Afu = —div(a®|Vul[P~2Vu), if u € D(A®),
with p and a® as we have described above.

Next we will state a set of hypothesis concerning the perturbation B. They are taken
from [4] and [5] in order to show global existence and the existence of global attractors. Let
us suppose that B is a Nemitskii operator associated to some real function b = by + by and
denote By and By the Nemitskil operators associated to by and b, respectively. Actually,
we suppose that

H-1 —b; is increasing, b1(0) = 0,in such way that A — By is the subdifferential 0¢° of
the convex lower semicontinuous map

. [ (e v - [“mw)an, wewin@,

400, otherwise

(we also impose conditions in by in such a way that D(¢°) = Wy P (Q), € € [0,20]);

H-2 by(r) > kyir + ko for all r € R, and there exists a constant ¢; > 0 such that for all
fized 6 € R for some choice of ca = c3(d), ba(r) < c1r + ¢2(9), if r > —0;

H-3 by satisfies an L> local Lipschitz condition, meaning that if IC := {u € H, ||ul| o (q)
< n} for some n > 0, then there exists w = w(n) > 0, such that ||Bz(u) — B2 (v)||g <
wlu —v| g, for every u,v € K;

H-4 There exists a real increasing positive function Lo(-), v € (0,1) and ¢ € R such that

1B2ullfy < yll0¢°ullZy + Lo(llullm)[(¢°(w)® + ¢,  Vu € D(9¢) and e € [0, o];

H-5 There exist positive constants o, 3 € R such that

(Bou,u) + ag®(u) < B(lull?; +1) VYu € D(0¢°) and ¢ € [0, &)

REMARK 1.1. We observe that H-2 does not imply linear growth. Also, if k1 is negative
we may incorporate kir to by and assume that ki is zero. Therefore we may always assume
that ky is non-negative.

Following [5], the assumptions H-1 and H-4 imply that the problem (1) has a solution in
VVO1 P(Q), for every € € [0, 9], while the assumption H-5 implies the global existence of this
solutions. As we are not assuming that B is a globally Lipschtz operator, we can not assure
uniqueness of solutions for (1). In order to obtain existence of global attractors we have
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PARAMETER DEPENDENT QUASI-LINEAR PARABOLIC EQUATIONS 321

to ensure some strong smoothing and attraction properties, and the main tool we employ
to overcome this difficulty is a comparison result developed in [3]. The assumption H-2
is used to compare the solutions of problem (1) with solutions of two auxiliary problems,
both with linear perturbations. By this way we obtain L*°(Q2) bounds, uniformly with
respect to € € [0, gg], for solutions of problem (1). With those uniforms bounds and H-3
we can assume, without loss of generality, that the perturbation operator B satisfies a
global Lipschitz condition.
After we have come to this point, we can state that the problem

dt

{ iue(t) + 0¢°us(t) = Bous(t), t>0,e€[0,e0], 3)
u(0) =wug € Wol’p(Q),

has a global attractors A, in Wy (), embedded in L>(£2), [4], for each ¢ € [0, 0], and
the L bounds for the attractors are uniform on €. Note that the problem (3) is obtained
of the problem (1) by incorporate B; to the operator ¢, defined in H-1.

Using estimates in W, ”(2) of the solutions of (3), uniforms with respect to € € [0, o]
and uniforms with respect to initial data in bounded sets of VVO1 "P(Q), we finally show that
the family of global attractors {A.; ¢ € [0,e0]} is upper semicontinuous at ¢ = 0, on
W,*(€2) topology.

This work is organized as follow: In Section 2 we obtain some uniforms bounds, with
respect to € € [0,&¢], of the solutions of (3) and using the arguments contained in [4] we
get existence of global attractors of this problem. In Section 3 we obtain some properties
about the convergence of the solutions of the problem (3), as € goes to zero and obtain the
upper semicontinuity of the family of global attractors {A.; € € [0,g0]} in € = 0.

2. UNIFORM BOUNDS. EXISTENCE OF GLOBAL ATTRACTORS

In this section, with the assumptions H-1-H-5, we will obtain some estimates for so-
lutions u® of problem (3), uniformly on e € [0,&0]. Those uniform bounds will ensure the
existence of global attractors in I/VO1 P(Q). Also they will be helpful to obtain the upper
semicontinuity of this attractors.

LEMMA 2.1. Ifu® is a solution of (3), then exist a positive constant K1 > 0 such that
lus ()|l < Ky for every t >0 and e € [0, ).

Proof: In fact, as we have
5 / V() Pde < / o ()| Vu()Pdr < sup [l 1= (o / Vu(z)Pde, @)
Q Q Q

for every u € W, ?(Q), from [H-1], [H-5] (4) and Young’s inequality we obtain that

1 d € € € €
5 71w @l < =C@p, 0, DO + Bl Bl +1) < =Cullw* (@) + Ca,
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322 C. B. GENTILE, M. R. T. PRIMO

where C; = C1(0,p, a0, 5,9Q), and Cy = Co(4,p, o, 3, 2) are positive constants independent
of e. Then y(t) := |[u®(t)||% satisfies the inequality

Lo < —20i ()

2C5.
dty + 205

It follows from Lemma II1.5.1 in [7] that there exists Ty > 0 such that if ¢ > Ty,

2
. 205\ ?
ool < (252) 1.
On the other hand, if t < Ty we have that

1 1 t . 1 To
5\\u€(t)llir < 5|\UoH%r +/0 (Bau(s),u"(s))ds < 5||Uo||31 A B(llu ()11 + 1)ds.

From Gronwall Inequality we obtain that
H’U,E(t)HH S C(u0757T0)7 tS TO-

Taking

2
2 o
K; = max { <C2> ’ +1, C(Uo,ﬁ,To)} ,
Cy
it follows that
[v*@®)llm < K

for every t > 0 and € > 0. |

LEMMA 2.2. If u® is a solution of (3), then there exist a positive constant Ko > 0,
independent of €, such that

||U8(t)||wolvp(g) < Ky,
for everyt >0 and € € [0, &0].
Proof: Since

d (> € —_ € d € d
C 6 (1) = (Bou (1) — Sl(0), &

e € € d € e
g7 S5 () = Bau(2)) + (Bau(t) — u(t), Bau® (1)),

dt
then

1 d , d 1 )
- € e Y e, € < = €
B2 (2) — o ()13 + 567 (u (1) < 51 Ba (1) 3y,
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for every t > 0. From [H-4] and Lemma 2.1 we get that

D Bt~ Tl + S (1) < LBV @)+ ()

for t > 0.
On the other hand, since ¢*(0) = 0, we have that

1d
2dt

|

[us (@)l 7 + (06" (u (1)), u* (1)) < (Bau (1), u(1))-

N | =
U

()1 + ¢ (1) < 5.5

Then, [H-5], imply that
t+r

1 € 2 v £(,,E 1 € 2 € 2
St +1)|3 + / (14 )" (s))ds < o @+ [ Bl (3)f + Vs (6)

(From Lemma 2.1 and the Uniform Gronwall Lemma ([7], Lemma III.1.1), (5) and (6),
we get that there exists K5 > 0, independent of €, such that

P (u(t+71)) < Ko,

for every t > 0. The equivalence given by (4) shows this lemma. |

The next result ensure uniforms L* estimates on ¢ € [0, &) for solutions of auxiliary
problems. Those estimates together with results in [3] will guarantee uniforms L esti-
mates for solutions of problem (3).

LEMMA 2.3. If u® is the solution of

%ue(t) + 0¢*u(t) = cruc(t) + c2, t>0,
us(t,x) =0, t>0, z €I, (7)

us(0) = up € W, P(Q),
e € [0,e0], there exists a positive constant K3 > 0, independent of €, such that
lu®(t) || Loy < K3,

for every e € [0,e0] and for t > Ty, with Ty large enough.

Proof: We know that u(t) € D(A®), for t > 0. Then, according to [4], we have that
us(t) € L>°(§). Thus, there is a positive constant C' = C(cy, ca, 0, ||u®(t) || &, ||uf (¢)| &) such
that ||u®(¢)|lcc < C. Thus we have to verify only that ||u$(¢)| g is uniformly bounded with
respect to € € [0, g¢] for large enough values of ¢. In fact, if 0 < s < t and h > 0, we obtain
that

1 1 ¢
§Ilu5<t +h) —uf(t)]|F < §|Iu5(s +h) —u(s)||H +/ cr|[us (7 + h) — u®(7) || dr.
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Multiplying by 1/h? and letting h goes to zero, we have that

IS0 Ol < IO+ 261 [ 1)l (¥
Also,
d £ € _ & £ d € _ € d £ d €
797 (W () = (007 (u (1)), (b)) = (cru™(t) + c2 — us(t), s (b))

1d, . d .
= 5o gl ® + eally = 15w Ol

By integration, from 0 to t,

[ I i < 67 + e+ e o)

where K7 is given by Lemma 2.1. From (8) and (9) we get that

d £ 2 d 2
- < || Zq8
| S @I < 15w ()3 +C, (10)
for 0 < s < t, where by (4),
O = 201¢6(U0) + (ClKl —+ 02)2

is independent of € € [0, &¢]. Integrating (10) from 0 to ¢, (9) implies that

IOl <3 [ 18w el o<t e
for t > 0. Hence, if T} is large enough,
d o2
IS @)l <1+,
for t > T and for every € € [0, &g). |

At this point we can proof the following result:

THEOREM 2.1. Suppose that the operator B satisfies the assumptions H-1—H-5, then
the problem (3) has a global attractor A. in W, P(Q), for every e € [0,0]. Furthermore,
A are uniformly embedded in L ().

Proof: From Lemma 2.3 and results contained in [3] we obtain L* estimates for solu-
tions of the problem (3), uniformly on e € [0,&0]. With the same arguments used in [4], we
get the theorem.

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



PARAMETER DEPENDENT QUASI-LINEAR PARABOLIC EQUATIONS 325

3. CONVERGENCE PROPERTIES

In this section we show that the solutions of the problem (3) tends to the solutions of
a limit problem, as € goes to zero. In particular, we also obtain that the family of global
attractors {A. C Wy P(Q); 0 < e < gy} of the problem (3) is upper semicontinuity at
1p
e =0, on Wy*(Q) topology.
We start with two technical lemmas.

LEMMA 3.4. Let {S°(t) : H — H,t > 0} be the semigroup generated by 9¢°, € € [0, 0]
and u® the solution of the problem (3). Then

15%(R)u® (t) — w*(8)|lg — O,
as h — 0, uniformly in [0,g¢], for each t > 0. Furthermore, if T > 0 we obtain that
[u*(T = h) = S*(h)u*(T = h) ||z — 0,

as h — 0, uniformly in [0, &g].

Proof: For every ¢ € [0,¢¢], following [6], we obtain that
15 (hyu (8) = ()l < Bl (1) = T u ()|,

where J?" = (I + hdg®) L.
Now, since for every A > 0 and u € H, Proposition 2.11 in [2] shows that

1 e e 1
¢ o 2 e/ 7¢ — i - 2 G
8wl + 7 ) = mim | Lo~ iy + 070

we obtain by Lemma 2.2,

St (0) = T @+ 6 (D) < 6 (0) < K,

with K» uniformly with respect to € € [0, ¢].
With the same arguments above, we obtain that

[us (T — ) — SE(h)us (T — h)|| i < \/2hEK,

with Ky uniformly with respect to e € [0, gg]. |

LEMMA 3.5. Let u® be the solution of the problem (3) and u the solution of the problem

Lu(t) + Au(t) - Bru(t) = Byu(t), >0

1 (11)
u(0) = up € Wy (Q),
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where A is the operator A° given by (2). For every ¢ € [0,¢], define the function b¢(z) =
a®(z) — a(x), almost everywhere in Q). Then

t
/ (6| () [P~V (5), Viuls) — V()] ds — 0,
0
as € — 0, for every t > 0.
Proof: Firstly note that
[6°]| Lo (@) = lla® — al[ L) — 0,

as € — 0. Now, for every s > 0, Holder inequality yelds that

|<b5\Vu5(s)|p’2Vu5(s), Vu(s) — Vug(s)>|
< Hbs‘|L°°(Q)/Q|vu€(5)|p_2‘Vus(S)HVU(S) — Vus(s))|dx

S ||b5HLoc(Q)/Q [;lvu’f(sﬂ(?—l)p/ + %|VU(S) _ vu8(8)|17:| d$7

where ]l? + l, =1.
Since, by Lemma 2.2, the integral on second member of the inequality above is uniformly
bounded for ¢ € [0,&¢] and s > 0, we get the result. |

The next result shows that the solutions of the problem (3) goes to the solution of the
problem (11), as € goes to zero, in H.

THEOREM 3.2. Let u® be the solution of the problem (3) and u the solution of the problem
(11). Then,

[[us(t) — u(t)l|m — 0,
as ¢ — 0, uniformly in bounded sets of [Ty, +00), with Ty given by Lemma 2.3.
Proof: First observe that there exist a positive constant C' = C(p,n,d) such that
(Au— A*u® u—uf) = (a(|VulP7>Vu — |[Vus[P2Vus) , Vu — Vu©)
—(b°|Vu|P~2Vuf, Vu — Vuf)
C||Vu — Vu5||1£p(9) — (b°|Vuf|P~2Vus, Vu — Vud).

v

Additionally, from Lemma 2.3, assumption H-2 and results contained in [5], there exists
a positive constant K, such that

[u ()] e () < Ka,
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for t large enough. Again, Lemma 2.3 implies that K, is uniform with respect to € €
[0, g0]. Also, the operator Bs satisfies a local Lipschitz condition given by assumption H-3.
Therefore, if T is like at Lemma 2.3, u® e u are the unique solutions of the problems (3)
and (11) respectively. Moreover, there exists w > 0 such that

%IIU(t)*uE(t)qu < /0 (%[ Vs ()P~ Vs (s), Vu(s) — Vus(s))| ds

t
b [ us) = (5) By
0
The Gronwall Inequality and Lemma 3.5 imply that

Ju(t) —u(t)||3 — 0,

as € — 0, uniformly in bounded sets of [T}, +00). |

Finally we have the main result of this work.

THEOREM 3.3. Let u® be the solution of problem (3) and u the solution of the problem
(11). Then,

[[u®(t) = u(®)llyyr @) — 0,
as e — 0, on bounded sets of [Ty, +00), with Ty given by Lemma 2.3.
Proof: For T} <t < T, since that

[|us(t )HWlp(Q) < Ko,

uniformly in [0, &¢], every sequence in {u®(t); 0 < e < g}, has a subsequence {u"(¢)} that
converge weakly to u(t), as £, — 0, on Wol’p(Q) topology. We will show that

En
= ()l — 1) ety
as ¢ — 0. To do this, we first note, from Lemma 3.5 and Theorem 3.2, that

T T
[ (s) = 9y gy < [ Aule) = A0 5), (o) - () ds

T1 Tl

+ —/ (0" Vs (s) P72V (s), Vu(s) — Vu(s))| ds

—/ Ju(s) — un (s) | ds

+ ﬁ |<b€"\Vu€"( )P2Vuc (s), Vu(s) — Vus(s))| ds — 0,
T:

IN
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as €, — 0, where w and C are taken from proof of Theorem 3.2.
Therefore, there is a subsequence, {u"*(¢)}, such that

s (6) = ()l gy = 0 Emy — O,

almost everywhere in [T, T].
Now, fixing t € [Ty, T],

7k e (6) = (B < |67 (une (1)) = g7 (uwn (0))
g (e (0) = (O] + |$(u(6)) — H(u(®)]
Choosing 6 € [T1,T], close enough of ¢, in such way that
™ @)ooy = IO gy e =0

we can conclude that

P (unk (1) — d(u(t)),  en, — 0,
since that the right side of the inequality
t
J

1

t
< 5 [ 1BaEe (o),
2 /g

|9+ (ure (2)) — @7k (ur(0))] ds

IN

d
(0 aems(0). o)

is uniformly bounded in ¢, for s € [T},T] and, by similar arguments, we estimate the
third term in the right side on (12).
Thus,

a0 gy = la@®llgnys  en = 0,

for every t € [T1,T]. The result follows since that, for every t € [T1,T],

WaP(Q)
wre(t) = ut) and ut (@)l = lu®llweo),

as €y, — 0, showing that
uk () — u(t), ep, — 0

on Wy (Q), everywhere in [Ty, T). I

As an application of Theorem 3.3 we have the following result.
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COROLLARY 3.1. The family of global attractors
{A. CWyP(Q); 0< e <ep}

of the problem (3) is upper semicontinuity in ¢ = 0, on Wol’p(Q) topology.
Proof: Consider the initial value problems (3) and (11) with initial data ¢. € A., for
every € € [0,ep]. Theorem 3.3 implies that there exists § > 0 such that

4]

€ _ .0 e
Jus(t) —u (t)HW()l”’(Q) <5

for every € € [0,g0] and t > T3.
On the other hand, A, attracts bounded sets of WO1 P(Q) and the results contained in
Section 2 imply that there exists a bounded set B C W,*(€) such that
A. C B,

for every € € [0, e0]. Therefore, there is T5 > T; in such way that

N >,

sup distwl,p(ﬂ)(uO(Tg), Ap) <
pe€A. €[0,e0] 0

Thus, for every € € [0, 0], we obtain that
distyy1. () (U7 (T2), Ao) < distyy 10 gy (u”(T2), u®(Ty)) + distyy1.0 g (u®(Ty), Ag) < 6.
On the other hand, for every e € [0, £¢], we have that
Ug(TQ)Ag = ./45,

then we conclude that
diStWOl’p(Q) (Ag7 AO) < (5,

for every € € [0,&¢], completing the proof of the corollary. |
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