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In this paper we study one dimensional parabolic problems that arise from
composite materials. We show that the eigenvalues and eigenfunctions of the
associated linear unbounded operator have the Sturm-Liouville property and
the non increase of the lap number along the solutions. These results are
used to show that the stable and unstable manifolds of equilibrium points are
transversal.  October, 2003 ICMC-USP

1. INTRODUCTION

In this paper we deal with equations that appear as limit of second-order parabolic
problems when the diffusion coefficient becomes large in a subregion which is interior to
the physical domain of the differential equation. This situation can be found, for example,
in composite materials, where the heat diffusion properties can change significantly from
one part of the region to another.

Let Q = (0,1), € a positive parameter, m a positive integer and Qg = U ; be a
subset of 2, where Qo ; = (a;,b;) C Q with Q; N Qj = for i # j, and Qp C (0,1). We
denote Q; = Q\ Qg. We also set by = 0 and a,,41 = 1.

The diffusion coefficients p., 0 < € < gg, are assumed to be smooth functions in (0, 1)
satisfying

p(z) uniformly on
pe(x) — ] (1.1)
oo uniformly on compact subsets of g
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400 V. L. CARBONE AND J. G. RUAS-FILHO

as ¢ — 0. For ¢ € C(Q) and smooth nonlinearities f, g : R — R consider the family of
parabolic equations

P.
Sue + b(a)us = g(u) for x € {0,1} "

{U§ = (p(2)us)s + e(x)us + f(uf) on (0,1)

where 0 < € < ¢g and g:ﬁlz = pe(x)(us, 7ie).

Physically, large diffusion will imply a rapid redistribution of the spatial inhomogeneities.
For this reason, we expect that, for small values of € the solution of the problem (P.) should
be approximately constant on each €1y ;. To obtain the limit equation, as € goes to zero,
suppose u° converges to some function u, in some sense, and that u takes a time dependent
spatially constant value on €, for each i = 1,...,m. Denote this value by uq, ,(t) for
each i = 1,...,m. Then, the limit equation is given by

up = (p()ug)s + c(z)u + f(u), in O

uﬂo’i (t) = ﬁ[p(bi)uw(bj7 t) - p(ai)uw(a;7 t)] + éiuﬂo,i(t) + f(uQO,i (t))7 (PO)
t=1,....m

94 +b(z)u = g(u), for z € {0,1}

where ¢; = ﬁ ff’ ¢(x)dx for each i =1,...,m and % = p(x) Uy, 7).
This type of equation, in the n-dimensional case, was extensively studied by Arrieta,
Carvalho and Rodriguez-Bernal in [3]. We will use their notation here. Let

Lg, (0,1) = {u € L*(0,1),u is constant on Qq;, i =1,...,m}
and
1 1 . .
Hg, (0,1) = {u € H*(0,1),u is constant on Qo 4, i = 1,...,m}.
Henry [5] and Angenent [2] showed that for one dimensional reaction-diffusion equations

Ut = Ugy + f(x,uaui)
aug(0) + Bu(0) =0
Yug (1) + du(l) =0

the stable and unstable manifolds of hyperbolic equilibrium points intersect transversally
for every reaction function f.

In this paper we show that this result is also true for equations, like (Pg), that are limit
of parabolic problems when the diffusion satisfies (1.1).

The paper is organized as follows. In section 2 we present the Sturm-Liouville theory
for equations of the form of (Pg). In the proofs we only point out to the differences of
ours results when compared with the proofs of the usual Sturm-Liouville theory. We also
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TRANSVERSALITY OF INVARIANT MANIFOLDS 401

prove that the number of zeros of the solution wu(-,t) of (Pg) decreases as time increases.
To obtain this we establish a minimum principle for equations of the type (Py).

In section 3 we study the asymptotic behavior of solutions of the linearization of (Py).
We obtain the behavior of theses solutions in terms of the eigenvalues and eigenfunctions
of the operator L(t) that comes from this linearization of (Py).

In section 4 we obtain a description of the tangent spaces of the stable and unstable
manifolds involving the asymptotic behavior of some solutions of the linear equation of
(Pg) and of the adjoint equation. In order to obtain this asymptotic behavior we will
rely on some lemmas due to Henry [5]. Using the description of the tangent spaces of the
stable and unstable manifolds of the hyperbolic equilibrium points we can prove that they
intersect transversally.

We intend to use the transversality of these manifolds in a future work to obtain the
topological equivalence of the flows on the attractors A. and Ay of equations (P.) and
(Py), respectively.

2. STURM-LIOUVILLE PROPERTIES AND NON INCREASE OF THE
LAP NUMBER

In our proof of the transversality of the invariant manifolds, the main arguments will
be the Sturm-Liouvile property obtained and the decreasing of numbers of zeros of the
solution u(-,t) of (Py) as time increases. Since we work with functions that are constant
on intervals we use the following definition of a zero of a function.

DEFINITION 2.1. If y is a function defined in (0, 1), constant in each interval (a;,b;), i =
1,...,m, we say that z is a zero of ¢ if z € Q1 and p(z) = 0 or if z = [a;, b;], for some
i=1,...,m and p(x) =0 for all x € [a;, b;].

The following result shows that the operator that appears in equation (Pg) has the
Sturm-Liouville properties. This result will used throughout the paper.

THEOREM 2.1.  Suppose p is a continuous real valued continuous function with p(x) >
0 in (0,1), differentiable in Q; and g is a C'-function of x and \, decreasing for \ in
(—o00,400). Let

D = sup p(z) >0, d= inf p(z) >0,

TEM z€Q
n(A) = sup gz, ), &N = inf g(z,N).
€N €N

Consider the equation,

[(p(@)ug)e + g(z, N)u] X, +

m 1 )
; {bi —a [p(bi)us () — plai)us(a; )] + ci(Mu X% =0 02)
Bu(1) + (1) = 0

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



402 V. L. CARBONE AND J. G. RUAS-FILHO

where ¢;(N) is decreasing in (—oo, +00) for each i =1,...,m. Suppose also that

(D)a#0 and B #0;
(i1)€(N) — 400 as A — —oo;
(#i1)n(\) — —o0 as A — +o0;

(iv)ci(A) = —00 as A — +o0, i =1,...,m.

Then there exist an infinite sequence of numbers (\;),jen with
AL>Ae > >N >

such that if @; is the solution of (2.2) when A = A; then @, has exactly (j — 1) zeros in
the interval (0,1) for each j =1,2,...

To prove this theorem we establish several lemmas extending preliminaries results of
Sturm-Liouville theory to equations of type (Pg). We state these lemmas below and point
out to the differences in the proofs when compared with the usual Sturm-Liouville theory.

Consider the following equations

[(p1(@)uz)z — g1 (x)u] Xq, ()

+ Z_; { 1 [p1(b0)ua (b)) — pr(ai)us(a;)] + Ci’U,:| Xy, (@) =0 (2.3)

bi — a;
u(0) = a1, uz(0) =

and

[(p2(2)v2)z ~ 92 (2)v)] Xq, (7)
+ Z { 1 ; [p2(bi)va (b) — p2(ai)va(a;)] + div] X0, (T) =0 (2.4)

bi —a
v(0) = az, v2(0) = .

Let u and v be solutions of (2.3) and (2.4) respectively. The following lemma shows that
the zeros of u and v alternate with each other.

LEMMA 2.1. Let u and v be solutions respectively of (2.3) and (2.4) with p1 = ps = p
where p, g1, g2 are real functions with g1 (x) > go2(x) continuous in (0,1), p > 0 in (0,1) is
differentiable in Q1 and c; < d; are constants fori=1,...,m. Then in each component of
Q ={z€(0,1) : u(x) # 0} there exists one zero of v.

Proof.  Let (z1,22) be a connected component of @, that is u(z1) = u(z2) = 0 and
u(z) # 0 for = € (#1,22) and suppose that v does not have zeros in (z1, z2). Without loss
of generality, we may assume that u and v are positive in the interval (21, z2). Multiplying
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(2.3) by v, (2.4) by u and using the fact that p is differentiable in Q;, we obtain

[dw [p(2) (uzv — uv)] + (92(2) = g1 (2))uv| X0, (2)

m

+;[

b; i a; [[p(bl)ux(b:r) - P(az)ux(a;)] v

— [p(bs)ve (b)) — plai)ve(a; )] u] +(c; — di)uwv]xq,, (x) = 0.

(2.5)

for x € (0,1).

We have two cases where there is some difference with the usual proof.
Case 1: z; = [a;,b;]) and 25 = [a;,b;] for some i < j, i, j =1,...,m.

Integrating (2.5) on (21, 2z2) and using the fact that v and v are constant in each Qg g
fork=i+1,...,5 —1 we have

p(z2)us(22)v(22) — p(21)us(21)v(21) = /z2 (91 — g2)uvxq, (z)dx

21

29 J—1
+/ Z (dr — cx)uvxa, , (z)dz.

1 k=it1

Using the hypotheses on g1, g2, ¢, and dj it follows that the right hand side is positive,
which is a contradiction.
Case 2: z1 = [a;,b;] for some i = 1,...,m and 23 # [a;,b,] for any j = 1,...,m. This case

can be treated in the same way as Case 1. |

The proof of the following lemma is very simple.

LEMMA 2.2. Let p1, p2, g1, g2 be real functions with g1 and go continuous and p; and
pa positive in (0,1). If u and v are solutions of (2.3) and (2.4), respectively, then for those
x € (0,1) where v(x) # 0 we have

u

d
. (;(pwmv — pzuvz)) X0, ()

#3204 g0 6) ~ e

u2

= a(0)0s(0F) = pafar)en (a1 xe. 0

= [(g1 — g2)u® + (01 — p2)ui + po (ua: - uvvx) Ixa.(z). (2.6

We now compare the distribution of zeros of solutions of equations (2.3) and (2.4).
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LEMMA 2.3. Let p1, p2, g1, g2 be real valued functions with g1 and g continuous, pi
and ps positive and satisfying in (0,1), p1(x) > pa(z) > 0, g1(z) > g2(z). Let d; > ¢,
1=1,...,m, be constants. Suppose

(i)ai + 67 # 0 and o3 + 35 # 0;
(19)if a1 # 0 and ag # 0 then pl(ol)ﬁl > p2(0)ﬁ2
(#i1)the identity g1 = go = 0 does not hold in any subinterval of (0,1).

Let u and v be solutions of (2.3) and (2.4) respectively. If u has n zeros in the interval
0 <z <1 then v(x) has at lest n zeros in the same interval and the i zero of v(z) is
smaller then the i'" zero of u(x).

Proof. Let z1,2a,...,2, be the zeros of u(x) in (0,1] and suppose that 0 < 23 < 29 <

. < zp < 1. By Lemma 2.1 is sufficient to prove there exists a zero of v between 0 and z;.
If 4(0) = 0 then by Lemma 2.1 v has a zero in (0, 21), and the result is proved. Suppose
that u(0) # 0. If z1 is not an interval the proof is the usual one.

If 21 = [a;, ;] for some ¢ = 1,...,m, integrating (2.6) and using the fact that v and v
are constant in each g ;, ¢ =1,...,m, we have

—af [p1(0 )%— pa( 62] Z/ (d; — ei)u’ Xy, (z)dx
[ o= 0200+ 01 =1+ 92 (o — )| e 00
+ ; g1 — g2)u P1 — p2)uy + D2 | Ug uv xq, (x)dz.

But this contradicts (4¢) since the left hand side is < 0. |

LEMMA 2.4. Let p1, p2, g1, g2 and (i)-(iii) as in the Lemma 2.3, u and v solutions of
(2.3) and (2.4), respectively. Let d be a point of (0,1], d & Qo such that u(d) # 0 and
v(d) # 0. If u(x) and v(z) have the same number of zeros in the interval (0,d) then

> pg(d)

Proof. Let [ be the number of zeros of u(x) and v(z) in (0,d). Suppose that [ > 1. If z; is
the largest zero of u(x) which is less then d then v has exactly [ zeros in the interval (0, 2;)
and no zeros in (2, d). Since d € € then d € (b;, aj41) for some j =0, ..., m. We consider
the following possibilities: (¢) z; € (b;, d); (@) 21 € (bs, @it1) C 1 forsomei =0,1,...,5—1
and (4i¢) z; = [a;, b;] for some 7 < j. In all cases we integrate (2.6) obtained in Lemma 2.2,
and use in (i) and (i4) that the solutions u and v are constant in each Qg x, k = 7 +

L....j 1

To obtain the decreasing of the numbers of zeros of the solution wu(-,t) of (Py) as time
increases we need a minimum principle for equations of the type (Pg) and for this we need
the following lemmas.
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LEMMA 2.5. Let E be a region of [0,1] x (0,+00). Suppose that u is constant in each
interval (a;,b;), 1t =1,...,m and Su < 0 where S is given by

Su(z,t) = [p(x)ugy + 7(x)uy + ¢z, t)u]xo, (z)

Dl 0w 07 6) = pladus (a7 )] + sl (@) — we(o, )

bi—ai

for (x,t) in E, q(x,t) < 0 and hi(t) <0, fori =1,...,m. Let K be a disk such that it
and its boundary OK are contained in E. Suppose that the minimum of u in E is M <0,
u > M in the interior of K, and w = M at some point P on the boundary of K. Then the
tangent to K at P is parallel to the x-azis.

Proof. Let K = Kg(&,t), where (Z,t) denotes the center and R the radius of K.
Suppose that the tangent to K at P is not parallel to the xz-axis. We assume that P is the
only boundary point where u = M. Otherwise, we may replace K by K’, with K’ € K and
OK NOK' = {P}. Let P = (z.,t,). We have two cases to consider: z, € Q1 or x, € Q.
Case 1: z, €

We take K such that if (z,t) € 0K then x and x, are in the same interval of the
Q. Construct a disk K; with center in P and radius R; sufficiently small, such that
Ry < |z, — Z|. Decrease Ry sufficiently, such that if (z,¢) € 0K; then z is in the same
interval of Q7 that contains ..

The boundary of K consists of the two arcs, ¢/ = K1 N (K UJK) and C" = 0K; \ C'.

There exists a positive constant 1 such that u > M +non ¢’ and v > M on C”. In
(0,1) x (0,00) consider the function

v(z,t) = el @2+ (=D _ ol

where « > 0 is sufficiently large such that

Sv(z,t) =[4a’p(z)(z — 7)* — 2ap(z) — 2ar(z)(x — T)
+ gz, t)[1 — e—a(Rz—(m—f)z—(t—t_)z)] +2a(t — 7g]e—a[(m—f)2+(t—t")2] >0

for (x,t) € K1 UOK;. This is possible since |x — Z| > |z, — | — Ry > 0.

Consider w = u — ev, where € is a positive constant. Then Sw(z,t) = Su(z,t) —
eSv(z,t) <0, for (x,t) in K7 UJK;. Choose ¢ sufficiently small such that w = u —ev >
M+n—ev>MonC andw=u—ecv>M-—ev>MonC” Then w > M on
0K, =C"uC”.

Since w(&«,tx) = u(Zx, t«) = M, the minimum of w in K; occurs in a interior point of
K. Let (2/,t') be this point; then wg(z',t") = w(2’,t") = 0 and Sw(z’',¢') > 0, which is a
contradiction.

Case 2: z, € Q, that is . € (a;,b;) for some j=1,...,m.

If the tangent to K at P is not parallel to the z-axis since u is constant in (a;,b;), we

have u(z’,t,) = M where (2/,t,) is a point in interior of K.
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Note that if x, = a; or x, = b;, for some j = 1,...,m then, as before, we can replace
K by K such that 9K C (a;,b;) with 9K NOK = {P} and we can proceed accordingly. |

The proof of the following lemma can be found in [6].

LEMMA 2.6. Let E, S, u and M as in Lemma 2.5. Suppose that uw > M in some interior
point (xo,to) of E. If 1 is any horizontal segment in the interior of E which contains (z,to)
then u > M in l.

LEMMA 2.7. Consider E and S as in the Lemma 2.5. Let u be constant in each interval
(ai, b)), i = 1,...,m, and Su < 0. Suppose that uw > M in the horizontal strip in E,
{(z,t) € E:tg <t < t1} with ty and t1 fized. Then uw > M on all line segment {(x,t) €
E . t= tl}

Proof. Suppose P = (z1,t1) is on the line ¢ = t; where u = M. Construct a disk K
with center at P and radius sufficiently small such that the lower half of K is entirely in
the part of E where t > t3. We have two cases to consider: x1 € €1 or 1 € Q.

Case 1: z1 €

Take K such that, if (z,t) € K then x is in same interval of ; that contains z1. In
(0,1) x (0,00), define the function v(z,t) = e~l(F=2)*+alt=t)] _ 1 where « is a positive
constant chosen sufficiently large so that

Sv(z,t) = |4p(x)(z — 21)* — 2p(x) — 2r(z)(z — 1)+

q(x,t)[l _ e(zfxl)era(tftl)] +a 67[(17m1)2+a(t7t1)] >0

when (z,t) € K and ¢ < t;.
The parabola

(r—21)’+alt—t)=0 (2.7)

is tangent to the line t = t; at P = (x1,¢1). Denote by C’ the arc in 0K, including the
endpoints, which is below the parabola (2.7) and by C” the arc of the parabola inside the
disk K. Let D be the region enclosed by C’ and C”'. There exists a positive constant n > 0
such that u > M + 7 on C’. Notice that v =0 on C”.

Consider now the function w = u — ev, where ¢ is a positive constant sufficiently small,
such that w has the following properties: (i)Sw = Su —eSv < 0 in D; (#))w = u —ev >
M +n—ev> M, on C’" and (iii)w > M, in D. Remark that w =u > M on C”.

Condition (¢) shows that w can not attain its minimum on D. From conditions (i7) and
(iii) it follows that (z1,#;) is a minimum point of w in D. Therefore wy(x1,t;) < 0. As
ve(z1,t1) = —a < 0, we obtain ui(z1,t1) = w(z1,t1) — ae < 0.

Since x = x7 is a minimizing point of u(:, 1) we have u,(z1,t1) = 0 and uy,(z1,t1) > 0.
Then Su(z1,t1) > 0, which contradicts the hypothesis Su < 0.
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Case 2: 1 € Qy, that is, 1 € (a;,b;) for some j =1,...,m.

Take K so that if (z,t) € OK then x € (aj,b;) and let ¢ty < to < t; such that C' =
{(z,t) € OK : t < ta} is in the boundary of K, C" = {(z,t) € K UOK;t =t;} U{(z,t) €
OK;ty <t <t} and D is the region between C’ and C”.

There exists a positive constant 7 such that u > M+ on C’. In (0, 1) x (0, 00) define the
function v(z,t) = e~ (t=t) _ 1 where the positive constant « is taken sufficiently large,
so that

Sv(%t) = (hj(t)(l _ ea(t—tl)) + a) e—a(t—tl) >0

for (x,t) in K UOK and t < t;.

Consider w = u—ew, where we choose ¢ > 0 sufficiently small to have (i)Sw = Su—eSv <
0in KUOK and (it)w=u—cv>M+n—ev>Min C".

Let (2/,t") be the minimum point of w in DU C" U C”; then (2/,t') is in I = {(z,t) €
KUOK :t=ti}orin I’ ={(z,t) e KUJK :ta <t < t1}.

Since w is constant in (a;, b;) we have w,(a;,t') <0, wm(bj,t’) >0, we(2',t') <0 and
w(z',t') < M < 0. Then Sw(a’,t') > 0, contradicting (7).

If 21 = a; or &y = bj, for some j = 1,...,m we have u(x,t,) = M for all x € [a;,b;].

In this case we consider Z € (aj,b;) and repeat the argument above for P = (Z,t1). |

THEOREM 2.2. Consider the region FE and the operator S as in Lemma 2.5. If the
minimum M of u is attained in an interior point (z.,t.) of E and M <0 thenu= M on
each line segment {(x,t) € E : t =t} for every t < t..

Proof. Suppose there exist t < t, and Z € (0, 1) such that w(Z,) > M. Then by Lemma
2.6, u(z.,t) > M. Let 7 = sup{t < t. : u(z,,t) > M}. By continuity u(x.,7) = M. Let 71
such that u(z.,t) > M for some interval 7 <t < 7.

As u(xy,t) > M for ; < t < 7, using Lemma 2.6 we get u(x,t) > M for , <t < .
From Lemma 2.7, we have u(z,7) > M in F and in particular we obtain the contradiction

u(zye,7) > M. |

Our next theorem shows that the number of zeros of the solutions of the linearizations
of equation (Pg) decreases with time.

THEOREM 2.3. Letr,p: (0,1) — R be continuous in Q1; p > 0 and differentiable in Qy;
hi:fto,t1] = R, i=1,...,m; q,w : [0,1] X [to, t1] — R, bounded, w continuous, w # 0, w,,
continuous in [0,1] x (to, t1], we, Wee continuous in (0,1) x (tg,t1] and w(-,t) constant in
each Qo i =1,...,m and satisfying

wy = [P(T)Wee + r(x)ws + q(x, H)w]xa, (2.8)

Dl 0w 0,0~ plau o7 0+ o
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n (0,1) x (to, t1]. Suppose also that Bo(t) and B1(t) are continuous in [to,t1] and

w(0,)(p(0)w(0, 1) + Bo(t)w(0, 1))

0
w(1, 1) (p(Dws(1,1) + G1(t)w(1, 1)) < 0.

IN IV

(2.9)

Then the number of components of the set {x,0 < v < L;w(x,t) # 0} decreases in ty <
t<t.

Proof. 'We can assume, without loss of generality that ¢(z,t) < 0, h;y(t) < 0, for
i=1,...,m, Bo(t) = —1 and B (t) = 1. If not we can consider w(z,t) = w(z,t)eP @At
where A > 0 is a constant to be chosen, ¢(z,t) is a smooth function satisfying ¢, (0,¢) >
ﬁ[ﬁo(t) + 1] and p,(1,1t) < ﬁ[ﬁl(t) —1]. Then w satisfy

Wy = [p(m)u?m + T( )Wz + q(x t) ]Xﬂl

T Z [bil[P(bi)@m(bﬁ t) — plai) iy (a; )] + hi(t)]d | X0,

and
w(0,1)(p(0)w,(0,t) — w(0,2)) >0
w(1,t) (p()w,(1,t) + w(1,t)) <0,
where 7"(3?) = r(z) = 2p(x)¢a, 4(z,t) = q(z,t) — p(x)Pae + p(z ) —r(x)ps + o1 — A and

hi(t) = hi(t) — 5 7%[ (b:) ez (biy t) —plai) s (ai, )]+ o — A, i = 1,...,m. Take A sufficiently
large such that §(z,t) <0 and h;(t) <0,i=1,...,m.

Let Q(t) = {x € (0,1); w(x,t) # 0} for tx <t < t;. We will show that Q(tg) has at least
as many components as Q(t).

Let o be a component of Q(¢1) in (0,1) and S, the component of

((0,1) x [to, ta]) N {(2, 1) : w(z,t) # 0}

containing 0. We will prove that (i) Sy N {(z,t0) : 0 <2 < 1} # 0 and (i) if o and o7 are
disjoint components of Q(¢1) then S, NS, = 0.
(z) Suppose that S, N {(z, %) : 0 <z < 1} = . We may assume w(z,t) > 0 on Sy, so

M = max{w(z,t) : (z,t) € Sy} > 0.
Suppose the maximum occurs at (z/,t') € S,. Let
N (2, ¢') = D(2/,¢') N ((0,1) % [to, t1]),

where D, (z',t') is a disk with center in (2, t') and radius . Then N, is convex, N.NS, # 0
and if € is small w > 0 in N.. Thus N, C S,, for ¢ sufficiently small.
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TRANSVERSALITY OF INVARIANT MANIFOLDS 409

Since S, N {(z,t0) : 0 <z <1} =0 we have t’ > to. If to <t <t; and 0 < 2’ < 1 then
we (2, t") = 0, wye (2, ) <0, we(z',t) > 0 and w(z',t') = M > 0.
It follows from (2.8) that

(i) If 2’ € QO then we(a’,¢') = p(2" ) wey (2, ') +q(2’, t") M which is a contradiction, since
the first member is greater then zero and the second member is strictly negative.
(ii) If 2’ € Qg then 2’ € Q ; for some j =1,...,m and

1
bj—a]-

we(2' ) = [p(bj)wa (b5, ') = plag)we(ay ') + h;(t") M

since (2,t') is the maximum point. Then w;(a;,t’) > 0 and w,(b;,t') < 0 and as in (i)
we get a contradiction.

Ifto <t/ <ty, 2" =0 then (z,t') € S, for x > 0 small, and w(0,¢') = M > 0, from
(2.9) we get w,(0,t) > % > 0 and M is not the maximum. Similarly, if 2’ = 1 we have
(x,t') € Sy for small 1 — 2z > 0 and w(1,t') = M > 0 and again from (2.9) we obtain
we(1,t) < ;(—% < 0 and M is not the maximum. Therefore S, N{(z,t =t) : 0 <z <
1} £0.

To prove (ii) let o and o1 be disjoint components of Q(¢1). We shall prove that S,NS,, =
(. Suppose S, N S,, # 0. Then S, = S,, and we assume, as before, w > 0 in S,. The set

Se N{(z,t);0 <z < 1,tg <t <t}

is open and connected, hence path connected. There is a simple path v in S, N {(z,t) : 0 <
x <1, tg <t <t} with one initial point in o N {¢t = ¢;} and end point in o1 N {t = #1}.
Adding a line segment in {(z,t =¢1) : 0 < < 1} joining these points, we obtain simple
closed curve bounding a region FE.

Note that in any interval in {(x,#1) : 0 < x < 1} that intersects ¢ and oy we must have
w(z,t1) = 0 at some point z € (0,1). On IEN{(z,t) : 0 < x < 1,t < £1} and at the end
points of the E N {(z,t; : 0 <2 < 1)} we have w > 0.

It follows from Theorem 2.2 that w > 0 in E. In particular w(x,#;) > 0 in any interval

joining ¢ and o1, and this is a contradiction. |

3. ASYMPTOTIC BEHAVIOR OF SOLUTIONS

Let p(x), g(x,t), hi(t), i =1,...,m, v(t) and 71 (¢) be real valued functions. Suppose
p(x) > 0 and differentiable in Qy; h;(t), i =1,...,m, q(z,t), 70(t) and 1 (t) and their first
t-derivatives are bounded and continuous on —oo < t < 0o, 0 < z < 1 and v (t) and ~; (¢)
are locally Holder continuous. Let
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410 V. L. CARBONE AND J. G. RUAS-FILHO

and define L(t) : D(L(t)) — L3, (0,1) by

Let

D(Ls) = {u € Hy, (0,1) : (p(w)us)s € L3, (0,1), p(0)us(0) = 757u(0),

and define L+ : D(L+) — L3 (0,1) by

(La0)(@) = [(p(@)ve (2))s + g2 (2)0(@)] X0, (&)
3 p(ba)ue (67) — plas)ue(a; )] + hi o(@)]xa,, (2), (3.11)

b, — a;
i=1 ¢

where q:t(w) = limy 100 Q(z7t)a hii = lim; 400 hl(t)7 73: = limy 4o VO(t) and PY?: =
hmtﬂ:too 4t (t)

The operators —L(t), for each fixed ¢, and —L are sectorial operators. Let \;(t) be the

th eigenvalue of L(t), with A\;(¢) > )\]_H( ) and )\i be the jt" eigenvalue of the Li Notice

that \;(t) — )\jt as t — +oo. Let %“-AL be the jt* elgenfunctlon of the L.

THEOREM 3.4. Suppose the hypotheses above about p(x), q(x,t), hi(t), i = 1,...
Y (t) and ~1(t) are all satisfied. Suppose also that

m

3 9

/‘[uw|%xt +§nh|d+sw (Fa()] + Fo(s))| dt < o0
oo LoO<z<1 <s<t+1
and

oo

sup  ([91(s)] + h0(s)]) < o0
n—0 n<s<n+1

Then there are classical solutions v; (:E t) of the problem

vy = (p(x)v )I—&— q(z,t)v, x € N, t € (—o0,00)

b0y (1) = 525 [p(0i)ve (07, 1) — plai)ve (a7, )] + hi(t)va, , (8), i =1,...,m
p(0)vz(0,t) = Wo(t)v( )
p(Dvz(1,t) = n(t)v(l,t)
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with vy defined on —oo <t < oo and v}' defined for t < t;, for some t; such that

v;'(a:,t) = exp </0 Aj(s) ds) [zbj'(a:) +0o(1)], ast — +oo (3.13)

and

0

vy (z,t) = exp (— Aj(s) ds) [1/); (z) +o(1)], ast — —o0 (3.14)

t

with convergence in C1(£).

Proof. We consider the case t — 400; the case t — —oo can be treated in a similar
way. We change variables to have the boundary conditions independent of ¢. Consider

¢('a t) € H}zo (0’ 1)7

Pz, t) = d1(z) (7 (t) — ) + do(x) (0 (t) —77)

where ¢1, o € Hg, (0,1) are such that ¢ (0) =0, (1) =1, ¢((0) = 1 and ¢4(1) = 0.
Let v be a solution of (3.12) ans let v(z,t) = e?@Yw(z, t). Then w satisfies

wi = eI (L) (D) — g,

with boundary conditions p(0)w,(0) = vg w(0) and p(1)w, (1) = ;" (1). Defining A(t)w =
e~ GO (L) (e?CHw)) we get

wy = (A(t) — éo)w, (3.15)

and A(t) has the same spectrum as L(t). Note that ¢(x,t) — 0 and A(t)u — Liu as
t — +oo for each u € H, (0,1).

Let {T'(t,s),t > s} be the evolution operators for equation (3.15), in the sense of Theorem
7.1.3 in Henry [4], so that w(t,-) = T'(¢, s)w(s, ) when w solves the equation in the interval
[s,1].

Consider —L, as the principal operator and define v € D(L,) — Pu € H2(Q;) by
Pu = ulg,. Then D(Ly) — H*(Q1), L§ () — L*(Q) and by interpolation X =
D((L4)®) — H2*(Qq) for 0 < a < 1, where [|¢]|o = [(=L+)*¢[[Lz, - So convergence in

0
| - ||« implies convergence in C1(Q4) for o > 3/4.
Furthermore, | - [|1/2 is equivalent to the H{, (0,1) norm. Indeed,

19132 = I(=L) ¥llZ, = (~La)e,¥)rg,

/lemwzdw/ol

*Q-O-(x)XQl (x) - Z h’i+XQO,7‘,(‘T) l/fz(x) dx
+700?(0) = m9?(1).
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412 V. L. CARBONE AND J. G. RUAS-FILHO

Since H'(0,1) — C°([0,1]), it follows that [| - |12 is equivalent to the H{, (0,1) norm.
Using Theorem 7.1.3 (c) in Henry [4] and from the equivalence of the norms || - ||; /o and
|- [l there exists ¢, depending on —L and (supg<, <y lq(z,)[)* + 3272, [hi(t)[?, such
o <a<
that

17t sylca, < elllg, (3.16)

It )0y, < ot~ )2l g, (3.17)

for0<t—s<1.
Fix 7 and consider ¢ so that 0 < ¢ —7 < 1. Write (3.15) as

W = [A(T) + (A(t) = A(T) — ¢1)]w

From the variation of constants formula we get

t s
T(t,7) = eMMET)gy 4 / eAW(H)(/ A(r)dr — ¢y(s,))T(s, 7)Y ds,

T

where
A= 6 o1 )ute) + o), 0) + D o)l ()
with,
q(x,t) = q(z,t) + (p(x)u(, )0 +p(2) 97 (2, 1)
n(z.t) = 2p(x) (.1
ha(t) = ha(t) + ——[p(b)6e (07 1) — plar)a a7, ).
fo<ax<l,
t
770 = AT < e L)t g
/ IAG) drll ey, 3, ) IT (s, 7y, ds
[ o= B0 g oo, VTG, i, .
Also,
2
A 22 < 2 r + r + h/ 21
laGul, < @m)? nglm (@)l+ s o (r.r) ;' | Tl

< Kea(rPllully,
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where

K1—2mma><{1, sup |(p(z)¢ ()] + sup [(p(z)¢y(2))|
0<z<1 0<z<1

+2< sup p(e)é; ()] + sup p<x>¢s<x>|> [( sup |6(x)|
0<z<1 0<z<1 0<z<1

+ sup [¢1(@))( sup [n(r) =1+ sup  |y(r) =g ]) +1
0<z<1 T<r<rt+1 T<r<rt+1

m

+ Z b; i a ‘p(bi)flﬁ'l(bf) — plag) ¢y (as)|

i=1 v

Y g 060 ~ plon)oh(an)l

=1

and

er(r) = sup |go(e,r)|+ Y hi(r)|+  sup (Ia(s)] + o (s)]).

0<z<1 i—1 r<s<r+1

Then

s t t
1] Al ea, aa, < [ 1A lear, az,) < 1 [ et

From the above estimate, together with (3.16) and (3.17), it follows that

t t
1Tt 7Y% — A, < e,y / Si()dr [ (=97 s = 1) sl ol
T 0

T

t
4 e, / (t—s5)"" sup |gu(x,)ldsl|]z
r 2€[0,1] ©

Qg

t
< cea KiB(1/2,1 — a)/ ex(r)dr(t — 7)M/2=9 ]| 2

_ 1 . . —a
+caka g sup  (|51(s)] + o ()t = 7) 27 [Yllrz,
— O r<s<T+1 0

where B(+,-) is the beta function and Ky = sup |¢1(x)| + sup |¢o(z)]. If
0<z<1 0<z<1

1
c’a:ccamaX{KlB(l/Q,l—a)7K21 },
-«
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414 V. L. CARBONE AND J. G. RUAS-FILHO

then
|T(t, 7)) — M=), <

[/ ei(r)dr+  sup <m<s>|+wo<s>>}<t—7>1/2“nngo- (3.18)

T<s<7+1

Consider the continuous linear operators 4,, = e and B,, = T(n+1,n)—A, forn € Z*.
Inequality (3.18) implies

[eS) ) [eS)
S Bl < ¢, / a(dr+3 sup (Fnls)] + o(s)]) < oo,
n=0 0 n:0n§s§n+1

Also,

0 0 1 n+l

>l Ans - Anllea,) = > ||/ 6(175)1\(")(/ A(r) dr)es2 ) gg||
n=0 0 n

n=0
o0 n+1 e’}
§C’Z/ sl(r)drgc'/ e1(r)dr < .
n=0v" 0

Letting eX+ = lim,,_ 1o A,, the hypotheses of Theorem 1 in [5] are satisfied. Let

{wn;n > ng} be the sequence provided by Theorem 1, with =2 — w;’ as n — +oo and

Twall
Wpt1 = (Ap + Bp)w, = T(n+ 1,n)w,, for n > ny.
Define, w(t) = T'(t,no)wn,. For n > ng, we have w(n) = w,. If 0 < s <1 and ¢t > ny,
using (3.18) with a = 0, we obtain

lw(t +s) = e 2 w(t)| g,

t+s
<op|[ et sw (00 + D] oz,
t t<r<t+1 o

Thus ||w(t + s) — eSA(t)w(t)HL% = o([[w(t)| 2 ) as t — +oo uniformly for 0 < s <1 and
0 0
t > mng. By Corollary 1 in [5] for any constant ¢ # 0, we have
t
w(t) = cexp(/ Aj(s) als)[lb;F +o(1)] as t — +oo
0
C 2

where the convergence is in L (0,1).

We now show the convergence is in fact in the || ||, norm for any o < 1, and that ensures
the C!(Qy)-convergence. To show this let

A(t) = %exp(— /O M (s) ds)w(t),
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TRANSVERSALITY OF INVARIANT MANIFOLDS 415

so z(t) — ¢j in L (0,1) as t — +o0.
There is an eigenfunction ;(t) of A(t) such that v;(t) — w; as t — 4o0 in HY, (0,1).
Since, w(t+ 1) = T(t+ 1,n0)wn, = T(t + 1,6)T (¢, no)wn, = T(t + 1,t)w(t) it follows that

o . — A - — A
Ihmﬂl‘ Aj(s)ds)z(t +1) — e Vz(t)]la = 1T +1,8)2() — ™V 2(8)]|o

t+1
<, [/ adr+ s ()] + Bo)) | I=@lla, — 0.

t<r<t+1

as t — +oo. From \;(t) — )\;7 as t — +o00, we get f:H Aj(s)ds — )\;7 as t — +o0, and
hence,

t+1
exp( / Aj(s) ds)|=(t + 1) — 5 (8)
t+1
<llespl [ (o) ds)a(t+1) = OO+ O — A 0]

t+1
T [N (1) — exp( / X (5) ds)5 (1)1

= o(1) + [[e*® (2(t) = ¥ (1)) a-

then [|z(t + 1) — ¢;(t)]la — 0 as t — 400 and thus ||z(t) — 1/)J+Ha —0,ast — 4o0. |

Since, M0 (2(t) = ¢y(E)lla < dalles B DO 2(t) — (D)l s — 0 as ¢ — +oo,
0

REMARK 3.1. Since L(t)@b;E = /\jiwj-: Theorem 2.1 implies that 1/)? has only simple

zeros and vanishes exactly (j — 1) times in (0,1); due to the C1(Qy)-convergence obtained
in Theorem 3.4 and since vji are solutions of (3.12) it follows that vji(t, -) has ezxactly
(j — 1) simple zeros in (0,1) when %t is sufficiently large.

COROLLARY 3.1. With the same assumptions and notations of Theorem 3.4 the adjoint
equation

ne + [(p(T)n:)x + a(z, t)n] X0,

#3000 = oo 0]+ 0] o, =0 61

1=

with boundary conditions
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has classical solutions njj-[ (z,t) (n; defined fort <tj for some t}) such that
t
nF (2,t) = exp(— / X (P)dr)[d () +o(1)] as t — +o0
0

0
07 (1) = exp / X () (2) + o(1)] as t — —oo

with convergence in C1(€).

Proof. The result follows by applying Theorem 3.4 with S(t) = —L(t). |

REMARK 3.2. The application t — fol n(t, x)v(t, x)dx, where n(t,x) solves (3.19) and
v(t,x) solves (3.12), is constant for tg <t < ;.

THEOREM 3.5. With the same assumptions and notations of Theorem 3.4, let v(x,t) be
any solution, not identically zero, of (3.12) for t > tq.
Suppose that

m 1/2
te (0,00) s [(03331 ICRIEDS hz-<~>2] € (0, 00) N Ly, 0, 00).

Then there exists an integer 7 > 1 and a constant ¢ # 0, such that
t
v(x,t) = exp(/ Aj(s) ds)[cz/);'(x) +0o(1)] ast — +oo
0
with convergence in the sense of C*(Q1). In fact, given any constant k, if we define

m by /\;7"“_1 < —k < AL then there exwist constants ci,ca,...,cm such that v(x,t) =
S civi (x,t) + o(exp(—kt)) as t — 4o0.

Proof. We know that |[v(t,-)|| = O(e*?) as t — +o0, for some constant w. Thus
. 1
= limsup = log(|lv(t, )|liz <w < +oo.
t——+o0 t 0
We prove that u > —oo as v # 0. Write (3.12) as

vy = B(t)v+ C(t)v

with D(B(t)) = D(C(t)) where

D(C(t)) = {y € Hg, (0,1), (p(2)pz)s € L, (0,1),
P(0)ue(0) = v0(t)u(0), p(1ue(1) =71 (H)u(1)},
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Bt)u(x) = [(p(e)un)alxen + i 0 )~ plan)ese o,
and
() = a(z, Oyoxa, + im(ﬂvmo,,
Then 7

H—BUw@mS<Q?prt) +§]h )Mia7

where B(t) is symmetric. The hypotheses of Proposition 2.1 in Agmon [1] are verified.
Hence there exists a constant o > 0 (depending on v(t)) such that [[v(t)[|Lz > exp(—o(t—
0

1?0))||1)(750)||L§2O for t > to and

. 1
p = limsup(—log(|[v(t,")[|Lz )) = —o > —o0.
t—too t 0

Set Af = +oo and choose j > 1 such that )\j <p< )\;'_1. From (3.18) we have

lo(t + 5) — e“*u(t)]lrg,
< T(t+ s, t)o(t) = "0 1)l + e — P2l 1)|Lg
0 0

t+s
<[/ ei(r)dr +  sup <w1<r>|+wo<r>|>+||eL<t>s—emn}nv(-,wLao-
t

t<r<t+1
Since
D) = Loelly, = [ la(e.t) = g (@)l d:c+2 [, 00— ho o
%o Q Qo,;
< | o6 - 0o ) DR hﬂ / o,
0<z< 0
and ||eX+%|| < Ne“®, we have |[el(®)s — el+s|| < Ne® (eNILO-L+ll 1) — 0 as t — +oo,

uniformly in 0 < s < 1. Thus
lo(t + ) — e v (®)[lLy = o(l[v(t)lez, ), as t — +oo.

Choose a and 8 such that )\;:_1 <a<f< )\j‘ < p; then o(ef+)N{z € C:e® < 2] <
e} = 0. We can then decompose L (0,1) = X' & X? and the operator L = L} & L%
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where X! = [y, ... ,’(/J;_], is the subspace generated by ¥, ... ,w;-r and X% = (X1)*. The
o(eltt) = {z € o(el+?) 1 |2 > €8t} and a(eL4t) = {z € o(el+t) : |2] < et}

Since o < p and p = limsup,_, , o + log(Hv(t)HLSz]O) it follows that ”v(t)”L?zo is not o(e*t)
as t — +o0. By Corollary 2 in [5] we have [[v*(¢)|| > ||v}(¢)]| for ¢ sufficiently large. But
lo(®)|| = max(|[vt(2)|], |v*(¢)]|) and hence the component of the HU(?&)HL%O in [y, 1<k<j
is small compared to ||v(t )||L2 .

Nowchooseaandﬁsuchthat )\+ <p<a<fp< )\ ~, and o(el+)Nn{z € C:
e* < |z| < €°} = . Decompose LQ 0,1) = X' @ X2 and Ly = LY ® L%, where

V=1[yf,..,¢f ] and X2 = [ ¢f,,..]. Then oleltt)y = {z € o(eL+t) Dz| > ePt}
and o(eLtt) = {z € g(el+t) 1 2] < et}

Since p = limsup,_, , o +log(|lv(t, ')HL%O) and p < G it follows that HU(t)HL?zD = o(eP)
as t — 4o0. By Corollary 2 in [5] the component of Hv(t)”L%U which is independent of
[ : 1<k <j—1]is small compared to ||v(t)HL%O. Then there exist real functions o(t)
and ay(t) such that

lo(t) = o ()¢ |z
I Mo o ama Oy (3.20)
[z, @z,
as t — +oo. Let z(t) = exp(— fo v(t) and c(t) = exp(— fo o(t). Using
(3.20) we get
l2(t) = c(t)v; Iz
7 5% g and M—q, (3.21)
ECIPY EOIPY

as t — +00. We now show that ¢(t) converges to a nonzero limit as ¢ — +00. We have

t+s
HZ(HS)GXP(/t Aj(r)dr) — e Oa(t)llig, = IT(t + 5,0)2(t) — e O2(t)|1g,

t+s
<d [/ adr+ sup ()] + B | 120l (3.22)
¢ t<r<t+1 0
for 0< s < 1and [ 1 (R)dr + X o suppcrn 1 (Fa(r)] + Fo(r)]) < oc.

Asin Henry [5], this 1mphes that |e(n+1)—c(n)| < Brle(n)| forn =1,... with Z:z Bn <
0o. Thus

|e(n + 1)
le(n)]
Since Y7, B, < oo it follows that [],,,, (1+3,) < 0o, and by comparison [, -, C(gz;r)l)

converges, so ¢(n) — ¢* # 0 as n — 4o00. The estimative above for z shows that ¢(t) — ¢*
as t — +oo and therefore z(t) — c*w;', proving the first part of the theorem.

<1+5,
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Let 0 = v — C*Uj. This solution is such that ||f)(-,t)||Lg20 = o(exp(fot Aj)) as t — 400
so that ||@(-,t)|\L%D = o(exp(t (A;_l €))) as t — 400, for any € > 0, and by iteration we
obtain the expansion v(-,t) = >, ¢;v; F(,t) +o(e™ ), for ke (A 1, AL

Note that we proved only convergence in L?(0, 1), but using the same procedure used
in the proof of Theorem 3.4, we can show that this implies convergence in |||, for any o < 1

ensuring the convergence in C'(Q4). |

4. TRANSVERSALITY OF STABLE AND UNSTABLE MANIFOLDS

Let ¢+ be hyperbolic equilibrium points of (Pg) and @ = @(z,t) a solution of (Pg), in
—00 < t < 400 such that
lim a(z,t) = o1 (z).

t—+oo

If ¢ is an equilibrium of (Py) the stable and unstable manifolds of ¢ are defined by

W*(p) = {ug € Hg, (0,1); the solution wu(t;ug) of (Py) exists for all
t >0 and u(t;ug) — ¢ as t — o0}

and

W*(p) = {up € Hg, (0,1) : there exists a solution u(t, ) of (Pg) for t <0,
(0, ) = ug and u(-,0) — ¢ as t — —oo}.

Let q(m t) = f'(u(z,t)) + c(x), hi(t) = f'(Uq,,(t) + ¢ for i = 1,...,m, where ¢; =
b ial f c(x)dz, yo(t) = ¢'(u(0,t)) — b(0) and 1 (t) = ¢'(u(1,t)) — b(1 ) and consider the

linearized equation

vy = (p(z)v )m+q(:c v, z €y, t € (—00,00)
bi)v

i)ﬂo,i(t) - [p( (b:r;t) — p(ai)vz(a; O]+ it )UQO,i(t)7 i=1...,m (4.23)
p(0)vz(0,7) = Vo(t)’U( t)
p(L)vg(1,1) = m(t)o(1,1).

Suppose the application
1/2

€ (0,00) — su (z,1)] 24 hi(
(0,00) = | ( st laf Z|

is in L>°(0, 00) N L, (0,00).

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



420 V. L. CARBONE AND J. G. RUAS-FILHO

At the point @(to,-) € W?2(py) N WH(p_) the tangent spaces to the manifolds W?* (o)
and W"(p_) can then be described by

TagteyW* (04) = {v(to, ") € Hy, (0,1); v(z,t) solves (4.23) in tg < t < +o0

and |lv(t, )|z = O(e™c") as t — +oo for some € > 0}
0
and

Tagto yW" (=) = {v(to,") € Hy, (0,1) : v(z,t) solves (4.23) in — oo < t < tg
and [v(t,-)||lLz = O(e™) as t — —oo for some & > 0}.
0
Using the solutions {n;" (z,t), k > 1} obtained in Corollary 3.1 and the solutions {v; (z,1), 5=
1} obtained in Theorem 3.4 we can write Ty, )W*(¢4) and Ty, ) W3 (0 ).
Suppose that A is the m'! eigenvalue of the linearization of (Pg) at ¢, with At >0 >

Ab .1 and A, is the n'® eigenvalue of the linearization of (Po) at ¢_ with A, > 0> A, ;.
Then

1
TatryyW*(04) = {6 € Hh,0,1) 5 [t () =0 for 1 < b < m)
0
and
Tato,)W" () = subspace generate by {v; (to,") : 1 < j < n}.

THEOREM 4.6 (Transversality Theorem).  Suppose the linearization of (Pg) at o_ has
n_ positive eigenvalues and the linearization of (Po) at ¢4 has my positives eigenvalues.
Ifn_ >my >0 then

W (=) Ma.te) W (e4), (4.24)

that is, the sum of the subspaces Tg(. 1 )W"(0—) and Tg 1, \W*(¢4) is the whole space
H%Zo (0,1). Conversely, n_ > my is a necessary condition for transversality.

Proof.  Suppose that (4.24) does not occur, that is, the sum of subspace generated by
{v7(to,) : 1 < j < n_}and {¢ € Hy (0,1) : [ nf(to,) = 0, k = 1,...,my} is not

contained in H}lo (0,1). Then there are constants ¢;, j =1,...,m, not all zero, such that
n(x,t) = chn;-r(x,t) and / n(x,to)v; (x,t0)dz =0 (4.25)
j=1 0

for 1 <i<n_.Let 1 <k < my, besuch that ¢; = 0 for j > k and ¢, # 0. By Corollary
3.19 we have n(z,t) = exp(— fot e (r)dr)[exibit (z) + o(1)], as t — +oc.
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Since this convergence is in C*(£2;) the solution 7(-, ) vanishes (k — 1) times in (0,1)
for large positive t. By Theorem 2.3, applied to the adjoint equation with the sign of ¢
reversed, 7(+,t) vanishes no more than (k — 1) times in (0,1), for every t.

By Theorem 3.5, reversing the sign of ¢, there exist ¢ # 0 and j > 1 so that

0
e t) = expl [ A)levs (@) +o(1)
t
as t — —oo. Suppose j < n_. Then from (4.25), we have
0= (n(z,to), vy (x,t0))rz,

_ /01 0z, o7 (@, t)da

1
/0 (67 (@0 (2) + o(1)]

=c+o(l), ast — —oc0

which is false. Thus j > n_ and #(-,t) vanishes (j — 1) times in (0,1) for large negative ¢.
We must have j < k as noted before, so n_ < j < k < m_, contrary to our hypothesis. |
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