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ABSTRACT: In this paper we consider semilinear problems of the form
v’ = Au + f(u) where A generates an exponentially decaying compact an-
alytic semigroup in a Banach space F and f is globally Lipschitz and bounded
map from E¢ into E (E* = D((—A)%) with the graph norm). These assump-
tions ensure that the problem has a global attractor. Under a very general
approximation scheme we prove that the dynamics of such problem behaves
upper semicontinuously.

We also prove that, if all equilibrium solutions of this problem are hyper-
bolic, then there is an odd number of such equilibrium solutions. Additionally,
if we impose that every global solution converges as t — +oo, (e.g. gradient
systems), then we prove that under this approximation scheme the attractors
also behave lower semicontinuously.

This general approximation scheme includes finite element method, projec-
tion and finite difference methods. The main assumption on the approximation
is the compact convergence of resolvents which may be applied to many other
problems not related to discretization.  May, 2004 ICMC-USP
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1. INTRODUCTION

In this paper we give rather general conditions under which the asymptotic dynamics
(global attractors) of parabolic problems behave continuously with respect to perturbations
of the equation. This is done from a functional analytic point of view on general approxi-
mation scheme. By continuity of attractors we understand upper and lower semicontinuity
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72 A. N. CARVALHO AND 8. PISKAREV

of attractors. Next we introduce some terminology to be able to present the results that
we will prove in this paper.

Let X be a Banach space, A be a topological spaces and Ay C X, A € A. Denote by
dist(-,-) : X x X — R* the metric induced by the norm in X.

DEFINITION 1.1. By upper and lower semicontinuity of the family of sets {Ax}rca at
A = A9 we understand the following

1. We say that {Ay} is upper semicontinuous at Ao if sup,, ¢ 4, dist(zy,.A) A,

2. We say that {A,} is lower semicontinuous at Ag if sup,¢ 4 dist(z,.Ay) AR,

In order to prove upper and lower semicontinuity we employ the following result
LEMMA 1.1. Let {Ax}rea be as in Definition[1.1.

1.If any sequence {zy, } with x5, € Ax,, An — Ao, has a convergent subsequence with
limit belonging to A, then {Ax}aca is upper semicontinuous at \g.

2.If A is compact and for any x € A there is a sequence {xy,,} withxx, € Ax,, An — Ao,
which converges to x, then {Ax}xen is lower semicontinuous at Ag.

Proof: i) If any sequence {z),} with z), € A\, A, — Ao, has a convergent subsequence
with limit belonging to A, and {Ax}xca is not upper semicontinuous at Ay then, there are
e > 0 and sequence {\,} with A, — X\g such that SUPgea, dist(z, A) > 2¢, n € N. Thus,
for some x, € Ay, , we have that dist(zy,,.A) > ¢, n € N. This contradicts the fact that
{z, } has a subsequence which converges to an element of A.

ii) If A is compact and for any « € A there is a sequence {x, } with x), € Ax_, A, — Ao,
which converges to x and {A,} is not lower semicontinuous at Ay then, there are € > 0 and
sequence {\,} with A, — Ao such that sup,c 4 dist(z,Ay,) > 3¢, n € N. Thus, for some
zy, € A, we have that dist(zy, , Ay, ) > 2¢, n € N. Since A is compact we may assume that
{z, } converges to some = € A and that dist(z, Ay, ) > €, n € N. From our assumptions,
there is a sequence yy, € Ay, such that y, — 2 and 0 « dist(z, yx,) > dist(z, Ay,) > ¢,
which is a contradiction.p

Next we introduce the notion of global attractors for continuous semigroups. For that
we follow [31] (see also [9, 57, [69]). Let X be a Banach space, a continuous semigroup is a
one parameter family {T'(t) : t > 0} of (nonlinear) operators such that

n?

(i) T(0) =1,
(i) T(t+s)=T@t)T(s), t,s >0,
(iii) R* x X 3 (t,z) — T(t)z € X is continuous.

For each z € X, the positive orbit v (x) through z is defined as v*(z) = {T'(t)z : t > 0}.
A backward solution through x is a continuous function ¢ : (—o0,0] — X such that
#(0) = x and, for any s < 0, T(t)p(s) = ¢(t +s) for 0 < t < —s. A global solution
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APPROXIMATION OF ATTRACTORS 73

through z is a function ¢ : R — X such that ¢(0) = z, s € R and ¢ > 0 we have that
T(t)p(s) = ot + ).

Backward or global solutions may not exist and its existence may depend on the choice
of x. Also, when a backward solution exists, it may not be unique. Let the negative orbit
through = be defined as

v (z) = UisoH (t, ),

where H(t,z) = {y € X : there is a backward solution through x defined by ¢ : (—o0, 0]
— X with ¢(0) = z and ¢(—t) = y}.

The complete orbit v(z) through z is defined as y(x) = v~ (z) Uyt (z). If B and C are
subsets of X, we say that the set B attracts the set C' under T(t) if dist(T'(¢t)C, B) — 0 as
t — oo. A set S C X is said to be invariant under T'(-) if, for any € S, there is a complete
orbit y(x) through z such that v(x) C S or equivalently if T'(¢)S = S for any ¢t > 0.

DEFINITION 1.2. A set A C X is said to be a global attractor for semigroup {7T'(¢) : t >
0} if it is compact, invariant and attracts bounded subsets of X.

Let {T'(t,\) : t > 0} be a family of semigroups. Assume that for each A € A the
semigroup {T(¢,\) : ¢ > 0} has a global attractors A,.

To obtain the upper semicontinuity of attractors is a relatively simple matter being
enough to prove that the union of the attractors is relatively compact in X and that the
family of semigroups behaves continuously with respect to A.

THEOREM 1.1. Assume that the set U{Ax : X\ € A} is relatively compact in X and that

for any x) A0 T, X (zx € Ax, X # Xo) one has ||[T(t,N)zx — T(t, Ao)xr,]| — 0 as
A — Ao for any t € RT. Then, {Ax}rea 15 upper semicontinuous at A = Xo.

Proof: If {z), } is a sequence with =), € A\, A\, — A9, we may assume, from the
compactness of U{Ay : A € A}, that x, is convergent to some z), € X. By Lemma 1.1,
the result is proved if we show that x), € Ay,. To show that x), € A), it is enough to
show that there is a complete bounded solution through xy,. Let R 3 ¢ — ¢y (t) € X
be a complete solution through z, . Since the union of the attractors is bounded we have
that sup,,~; sup,cg ||#x, (t)[[x < co. From the convergence properties of the semigroups
we have that there is a complete bounded solution through z, and the result is proved.

The upper semicontinuity has been the subject of study by a number of authors, among
them we cite [1}, 3, B, 6, 8], [11] — [16], [30] — [37], [39, 41, [42], [45] — [48], [64] — [67].

On the other hand, the lower semicontinuity of attractors is a much more complicated
matter. We will not attempt to describe this procedure in this degree of generality and
will leave for a more specific case, still in this introduction. The pioneer work done in
[44] established the procedure to obtain the lower semicontinuity of attractors for gradient
semigroups (see Definition [6.2)). In the sequel we cite the work [43] by the same authors.
In the later the set of equilibria does not depend upon the parameter which considerably
simplifies the problem. Other works used the reduction to finite dimension to obtain lower
semicontinuity or even better continuity results as in [11} 13, 14} [15] 47, 66]. More recently
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74 A. N. CARVALHO AND 8. PISKAREV

the work [5] brought new light into the subject, in this case the set of equilibria also depends
upon the parameter and reduction to finite dimension is not available. The results in [5] are
oriented in such a manner that the continuity of attractors is drawn from the continuity of
the spectrum of the involved linear operators. Our approach resembles the steps described
in [5] in a rather general abstract formulation.

The aim of the present paper is to consider approximation/perturbation of attractors.
Actually, the problem of approximation/perturbation of attractors is naturally motivated
by the following arguments. The semigroup {T'(¢) : ¢t > 0} usually comes from a differential
equation that is a mathematical model for a phenomenon (physical, biological, economical,
etc). One central question in the modelling is the stability under perturbations. In fact, in
every step of modelling there is always a degree of uncertainty in the determination of the
parameters of the mathematical model. Roughly speaking everything in the mathematical
model is determined approximately. Therefore, it is crucial to determine whether the
solutions depend continuously on all the parameters of the model. We tackle this question
from the point of view of the asymptotic dynamics; that is, we will be satisfied with the
proof that the attractors behave continuously on all the parameters of the mathematical
model.

One subject for which approximation/perturbation techniques are crucial tools is nu-
merical analysis. In the setting of present paper we consider just discretization in space
and consider just convergence aspects, leaving the order of convergence and discretization
in time for forthcoming papers. In fact we will concentrate on the continuity of attractor
on a very general discretization scheme, which include finite element, projection and finite
difference methods and may as well apply to many perturbations that are not concerned
directly with discretization.

In [11] the authors study the continuity of attractors of a one dimensional parabolic
problem in space with respect to discretization. Of course the proof of the results in [11]
cannot be extended to higher dimensions. The spectral gap and the special convergence
of eigenvalues and eigenfunctions cannot be extended to higher dimensional domains and
enter in a crucial way in the proof of the results in [11].

In [32] 406, [52, 53] the authors also consider the continuity of dynamics with respect to
discretization.

To state the main results of this paper we specialize to the class of problems considered
here. Let E be a complex Banach space and A : D(A) C E — E be a closed linear operator
with compact resolvent, such that

_ M
IO = 7M€

Y for any ReA > 0. (1.1)

In such situation #(A) = inf{ReX : A\ € o(A)} < 0. Let (—A4)*, a € RT, denote the
fractional power operators (see [56, 49]) associated to A and denote by E* the corre-
sponding fractional power spaces; that is, E* := D((—A)®*) endowed with the graph norm
2] ge = [(=A)*z||&.
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APPROXIMATION OF ATTRACTORS 75

If A is as above and 0 < « < 1 is fixed, consider in the space E® the following semilinear
autonomous parabolic problem

u = Au+ f(u), t >0, (1.2)
u(0) =u® € E*, '
where f(-) : E* C E — FE is a globally Lipschitz, bounded and continuously Fréchet
differentiable function.

Remark 1. 1. The fact that —A is sectorial with compact resolvent enters in a crucial
way to prove the continuity of the dynamics near equilibria through the fact that the
linearization of the right hand side of (L.2) has only a finite number of eigenvalues with
positive real part. This is the main dificultness to generalize such results to the case when
A generates Cp-semigroups. Or course, for a certain class of operators (as those coming
from second order equations) the generalization may be possible but we will not consider
them here.

Under the above assumptions the mild solution of (1.2) is defined for all ¢ > 0 (see [49],
[82]). Let u(-) = T(-)u’ : RT — E* be the only mild solution of (1.2). With this notation
we have defined a family of nonlinear operators in E* {T'(t) : ¢ > 0} which is a continuous
semigroup. It is well known that nonlinear semigroup T'(-) is given by the Variation of
Constants Formula

T(t)u® = exp((t — to)A)T (to)u’ + / exp((t — s)A) f(T(s)u’)ds, t > to. (1.3)

to
Under all above assumptions it is not difficult to prove that

THEOREM 1.2 (Theorem 2.1).  The problem (1.2)) has a global attractor A in E<.

In the models that give rise to (1.2), the nonlinearity f(-) is not in general globally
bounded and globally Lipschitz. Instead, it usually satisfies conditions that ensure local
well posedness and existence of a global attractor. After obtaining some “nice” bounds
on the attractor we can change the nonlinearity, without affecting the attractor, so that it
becomes globally bounded and globally Lipschitz. This is seen in Example 6.1.

The equilibrium solutions of (1.2) are those solutions which are independent of time
u(t) = u, t > 0; that is, the solutions of equation in E*

Au+ f(u) =0. (1.4)

We denote by £ the set of solutions to (1.4); that is, £ = {u € E*: Au+ f(u) = 0}.
About the solutions of (1.4) we can prove the following result

PROPOSITION 1.1. (see Proposition[2.1) If every solution u* of (1.2)) satisfies 0 ¢ o(A+
f'(u*)), then € has 2k + 1 elements for some non-negative integer k.
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76 A. N. CARVALHO AND S. PISKAREV

This feature can be seen in [17], so called Chafee-Infante example, for which one can
check that the number of equilibrium points is always odd.

DEFINITION 1.3.  We say that a solution u* of (1.4), i.e. u* € &, is hyperbolic if the
spectrum o (A + f/(u*)) is disjoint from the imaginary axis, i.e. o(A + f/(u*)) NiR = ().

PRrROPOSITION 1.2. If a solution u* of (L.4) is hyperbolic then, u* is isolated. If all
solutions of u* are hyperbolic then, every element in & is isolated and there is an odd
number of them.

DEFINITION 1.4.  The unstable manifold of the equilibrium set £ is the set W*(&) =
{n € E* : u(t,n) is defined for all ¢ < 0 and u(t,n) — € ast — —oo}. The unsta-
ble manifold of an equilibrium solution u* € & is defined by WH(u*) = {n € E* :
u(t,n) is defined for all t < 0 and u(t,n) — u* as t — —oo}.

THEOREM 1.3.  (see Theorem 6.1) If A, o and f are as before and if {T(t) : t > 0}
is gradient (see Definition [6.2) then the attractor A for (1.2) can be characterized as the
unstable manifold of the equilibrium set &; that is, A = W"(E). If in addition, each u* € €
is isolated then & is a finite set and A = Uy»cgW"(u*), i.e. attractor consists of the union
of the unstable manifolds of equilibrium solutions.

Next we introduce the general discretization scheme and state the main results of the
paper. The general approximation scheme [23] — [25], [68] — [77], can be described in the
following way. Denote by N the set of natural numbers and by N, N” infinite subsets of N.
Let E, and E be Banach spaces, and let {p,} be a sequence of linear bounded operators
pn:E— E,,p, € B(E,E,), n € N, with the following property:

lpnzllE, — ||lz||E as n — oo for any = € E. (1.5)

We will also use the operators p = (—A,) *p,(—A)* € B(E“, E%) with the same
property (1.5), but for the spaces E“, EY. Operators A,, and A are supposed to be related
with conditions (1.1), (A) and (By).

DEFINITION 1.5. A sequence of elements {x,},x, € F,,n € N, is said to be P-

. . . P
convergent to x € E iff ||z, — pn2| g, — 0 as n — oo; we write this as ©,, — x.

DEFINITION 1.6. A sequence of elements {z,},x, € E,,n € N, is said to be P-compact
if for any N’ C N there exist N C N’ and = € F such that a:nixm as n — oo in N”.
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APPROXIMATION OF ATTRACTORS it

DEFINITION 1.7. A sequence of closed linear operators {A,}, A, € C(E,), n € N, is
said to be compatible with a closed linear operator A € C(F) iff for each 2 € D(A) there is

a sequence {x,},z, € D(A,) C E,,n € N, such that xnimc and AnanAx. We write
this as (A4,, A) are compatible.

Remark 1. 2. In a certain sense, a family {A,} is compatible with A =: Ay, the family
{G(A,)} is lower semicontinuous at infinity (here G(A,) is the graph of A,,).

Consider in Banach spaces E,, also the family of parabolic problems

u;z = Apuy, + fn(un)a t >0,
up(0) = uy) € By, (1.6)

where u?LP—amO, operators (A4,,A) are compatible, f, : ES — E, is globally bounded

uniformly for n € N, globally Lipschitz continuous and continuously Fréchet differentiable.

Under the above assumptions the mild solution of (1.6) is defined for all t > 0 (see
[49], [82]). Let u,(-) = Tp,(-)u’ : RT — E“ be the only mild solution of (1.6). With this
notation we have defined a family of nonlinear operators {T,,(t) : ES — E%, t > 0} which
is a continuous semigroup, for each n € N. It is well known that nonlinear semigroup T, (")
is given by the Variation of Constants Formula

T (t)ul = exp((t — to)An) T (to)ul + / exp((t — 8)An) fu(Tn(s)ul)ds, t >to. (1.7)

Under all above assumptions it can be proved (exactly as Theorem 2.1) that

THEOREM 1.4. The problem (1.6) has a global attractor A, in E<.

Consider the associated elliptic problems in E
Aptiy + fn(uy,) =0. (1.8)

We denote by &, the set of solutions to (1.6); that is, £, = {u, € EY : Apun+ fn(u,) = 0}.
DEeFINITION 1.8. A sequence of bounded linear operators B,, € B(E,),n € N, is said

to be PP-convergent to the bounded linear operator B € B(E) if for every x € E and for

every sequence {Z,}, x, € E,,n € N, such that =, N x one has B, x,, P, Bx. We write
. PP

this as B, — B.

We have the following version of Trotter—-Kato Theorem on the general approximation
scheme.

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



78 A. N. CARVALHO AND S. PISKAREV

THEOREM 1.5. [62] Let operators A and A, generate analytic Cy-semigroups. The
following conditions (A) and (B1) are equivalent to condition (C1).
(A) Compatibility. There exists A € [Nn p(An)] N p(A) such that the resolvents converge:

(AL, — An) P EE (N — A)7 L

(By) Stability. There are some constants My > 1 and wy such that

My

AIn_An -t gi
I <

, ReA>ws,n eN;

(C1) Convergence. For any finite p > 0 and some 0 < 6 < g, we have

max || eXp(UAn)U?1 — DPn eXP(UA)UOHEn —0
neX(0,un)

as n — oo, whenever ud — u®. Here, X(0, ) = {z € 3(0) : |2| < pu} and (0) = {z € C :
|arg z| < 6}.

The above Theorem ABC gives a necessary and sufficient condition for convergence of
mild solutions of (L.6) to mild solution of (1.2) in case f, = 0, f = 0. In this trivial case
under our above assumptions on A the attractor A = {0}, since || exp(tA)| < Me~%
as t — oo and equation Au + f(u) = 0 has only one solution u* = 0.

One may conjecture that from conditions (A) and (B;) of Theorem (1.5} it follows also
that || exp(tA,)|| < Me™ " as t — oo for some @ > 0 and M > 1. In general it is not true
as we can see from Example 6.2, If we also assume that A.. # ) and for A € A.. resolvents
(M, — A,,)~! are compact, then this holds as a consequence of Lemma 6.7

In Examplel6.3| we prove that the results in this paper holds for semilinear parabolic prob-
lems in bounded smooth domains of R? when approximated using finite element method.

Next we state the main results in this paper. To this end we will need the following
assumptions

— 0

e Conditions (L.1) and B; hold,
[A1]{ ® A # () and for A € A, resolvents (AI,, — A,)~! are compact,

* fn(zn) 2, f(z) whenever LAy

To prove (4.4) (which is used to prove Theorem [4.4)), besides the assumptions [A1] we
will need the following assumptions

A2 { o fé(xn)mf’(x) whenever @, ——= and

pa
o If 2 — ™, sup,cy SUD |y, | pe <p | £} (yn + z2)|| < 00, for some p > 0.
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THEOREM 1.6. (see Theorem 4.6) Assume that [A1] holds, then Tn(t)u%P—a>T(t)u0 uni-

formly in t € [0,T], T < oo, whenever u?bp—amo.

Remark 1. 3. We observe that compact convergence of resolvents and condition (L.1)
are not enough to ensure that (B7) is satisfied (see Example [6.4)).

DEeFINITION 1.9. Let A, C EY, n € Nand Ay, = A C E* Denote by dist(-,-) the
metric induced by the norm in Ef, n € N, i.e. dist(2y,yn) = [|[2n — ynl Ea-

1. We say that the family of sets {A, }1<n<oo 18 P¥-upper semicontinuous at infinity if
. o n—oo
sup,,, ¢4, dist(u,,pyA) — 0.
2. We say that the family of sets {4, }1<n<oo is P¥-lower semicontinuous at infinity if

n—oo

sup,, ¢ 4 dist(pSu, A,) — 0.

THEOREM 1.7. (see Theorem 5.1)) Let A, A, be the attractors for (1.2) and (1.6)), re-
spectively and assume that [Al] holds. If {z}}, =¥ € A,,, P*—converges to some point x*,
then x* € A and the {A,} is P*—upper semicontinuous at infinity.

THEOREM 1.8. (see Theorem/5.2) Assume that (1.4) has ezactly m solutions u', ..., u™,
that all of them are hyperbolic and that [Al],[A2] hold. Then, there exists ng such that for

all n > ng the problem (1.8) has at least m solutions uk, ..., u™ which satisfy
[|u, —pguiHES =20, i=1,...,m.
Furthermore, the sequence of unstable manifolds {W"(uk)}pen, k= 1,...,m, is P*—lower

semicontinuous at infinity (here W¥(uk,) = W4 (u*)).

THEOREM 1.9. (see Theorem [5.6) Let A = A, A, be the attractors for (L.2) and
(1.6), respectively. Assume A can be written in the form (6.2) and that € consists only
of hyperbolic equilibria. Assume also that [Al],[A2] hold. If x* € A, then there is a

sequence of points {z*}, with x¥ € A,, such that =¥ 2%, & and the {An} is P*—lower
semicontinuous at infinity.

In what follows we describe the algorithm that we followed to show continuity (upper and
lower semicontinuity) of attractors. As presented here, the problem (1.6)) is a perturbation
of the problem (1.2)).
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80 A. N. CARVALHO AND S. PISKAREV

e The perturbation of the unbounded operator A may be very singular and the continuity
of its approximation by A, is given in terms of continuity of resolvent operators.

e Continuity of resolvents (plus some P—compactness and stability) ensures the conti-
nuity (upper and lower) of the spectrum and of generalized eigenspaces.

e The continuity of resolvent operators (plus some stability) implies the continuity of
linear semigroups. This is accomplished through a version of Trotter-Kato Theorem (The-
orem [1.5)) referred as Theorem ABC.

e Using the variation of constants formula (plus some compactness) we can obtain the
continuity of nonlinear semigroups given in Theorem 4.6.

e The continuity of nonlinear semigroups (plus some uniform boundedness and P—com-
pactness) imply the upper semicontinuity of attractors.

e Assuming that all points in £ (solutions of (2.4)) are hyperbolic equilibrium we obtain
continuity of the set of equilibria.

e The continuity of the set of equilibria implies the continuity of the linear unstable
manifold of the linearization around equilibria. Using the continuity of the linear unstable
manifolds we obtain the continuity of the nonlinear local (near the equilibrium) unstable
manifolds.

e Assuming that the attractor for the problem (1.2) can be written in the form (6.2) and
using the continuity of the nonlinear semigroups and the continuity of the local unstable
manifolds (plus uniform boundedness and P—compactness of the attractors) we obtain
lower semicontinuity of attractors.

This paper is organized as follows. In Section 2 we establish the existence of attrac-

tors for (1.2)), prove that if all equilibrium points for (1.2) are hyperbolic then there is an
odd number of them, prove the existence of unstable manifolds in the way needed for the
approximation and characterize the attractors that can be approximated lower semicon-
tinuously. In Section [3| we establish the results on convergence of the spectrum (upper
and lower semicontinuously). Section [4 is devoted to approximation of semiflows. Finally
in Section 5 we prove the upper semicontinuity of attractors, the continuity of hyperbolic
equilibria and unstable manifolds and the lower semicontinuity of attractors. We conclude
the paper with an Appendix where we have placed basic results on attractors, examples and
counterexamples and some basic results on convergence of resolvents and uniform estimates
we needed throughout the paper.
Acknowledgement: This article has been written while the second author visited the De-
partmento de Matemdtica of the Instituto de Ciéncias Matemadticas e de Computagao/Uni-
versidade de Sao Paulo supported by grant # 02/10699-7 from FAPESP. The author wishes
to acknowledge the great hospitality of the people at this institution and the support from
FAPESP.

2. ATTRACTORS FOR ABSTRACT PARABOLIC PROBLEMS
The results in this section will be proved under the following assumptions
e the operator A generates a compact analytic Cp-semigroup with estimate ||e*4| <

Me™% t >0, for some w > 0, (we note that this follows from (1.1))),
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APPROXIMATION OF ATTRACTORS 81

e function f(-) : B — FE is a globally Lipschitz, bounded (i.e. 3 K > 0, such that
sup,epe ||f(u)||E < K), and continuously Fréchet differentiable function.

2.1. Preliminaries

Let us show that the conditions imposed on A and f(-) in (1.2) are enough to guarantee
that semigroup {T'(¢) : ¢ > 0} has a global attractor. Recall that for any set B C E“, the
sets ’Y+(B) = UUOGB’Y—F (u0)7 o (B) = UyoeBY" (UO), ’Y(B) = UuOGBV(uO% are respectively,
the positive orbit, the negative orbit, the complete orbit through B when they exist.

For any set B C E¢, define the w — limit set w(B) of B and the o — limit set a(B) of
B as

w(B) = ﬂs>0Ut>sT(t)B, O((B) = ﬁs>0Ut>sH(t, B)
We start with some basic lemmas:

LEMMA 2.1. If S C E® is invariant under {T(t) : t > 0} and v € S, then there is a
complete orbit through v.

LEMMA 2.2. A point v belongs to w(B) if and only if there is a sequence t, — 400 and
a sequence vy, € B such that T(t,)v, — v.

LEMMA 2.3. For any bounded set B C E® the set v©(B) is bounded and T(t)y*(B) is
precompact for any t > 0.

Proof: It is well known that T'(t) : E* — E® is compact. Using the Variation of Constants
Formula and standard estimates, it follows from the assumptions on A and f(-) that v (B)
is bounded in E“ whenever B is bounded in E*. Therefore, since v*(B) is bounded, we
have that {T'(s)B : s >t} = T(t)y"(B) is compact and the result follows.

LEMMA 2.4. For anyu® € E® the set w(u®) is non-empty, connected, compact, invariant
and attracts u®.

See [31] for a proof.

LEMMA 2.5. Suppose that u® € E“ is such that there is a negative orbit ¢ : (—00,0] —
E* through u° and such that ¢((—o0,0]) is compact. Define

ay(u’) = {v € E*: 3 t, — co such that ¢(—t,) — v}.
Then, a¢(u0) s non-empty, connected, compact and invariant.
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Proof: It is easy to see that ag(u®) = Ni>op((—00,t]) and from this it is immediate that
ag(u®) is non-empty, compact and connected.

It remains to prove that a,(u®) is invariant. In fact, if v € ay(u®), then there is a
sequence t, — +oo such that ¢(—t,) — v. From the continuity of T(t) : B¢ — E¢
we obtain that T'(¢)¢(—t,) = ¢(t — t,) — T(t)v and therefore T'(t)v € ay(u’). On the
other hand, if w € ay(u®), there is a sequence t,, — oo (w.l.o.g. we can assume t,, > t,
n € N) such that ¢(—t,) — w. Since {¢(—t, —t) : n € N} is relatively compact, taking
subsequences if necessary, there is a z € E* such that ¢(—t, —t) — z and z € ay(u®). It
follows from the uniqueness of the limit that T'(t)z = w.g

Remark 2. 1. Tt follows immediately from the invariance that, if ug € E* and w(ug) =
{u*}, then u* is an equilibrium. Similar statements hold for a(ug) and o (uo).

LEMMA 2.6. The orbit of any bounded set B C E“ is bounded and for each bounded set
B C E® there is an instant Tp and a constant N (independent of B) such that

sup sup |lw|gs < N. (2.1)
t2Tp weT(t)B
Furthermore,
sup sup ||v||ge < N. (2.2)
BCE® w€Ew(B)
B bounded

Proof: The first statement follows trivially from the Variation of Constants Formula and
(2.2) follows from (2.1) and from the definition of w(B). It remains to prove (2.1). Given
a bounded set B C E® and v € B we have from (1.3)) that

T(t)v = exp(tA)v + /0 exp((t — s)A) f(T(s)v)ds, t > 0. (2.3)

From the hypothesis on f(-) and on A we have that there is a constant K such that
If(w)]|g € K for all w € E* and

t
T ()0l e < Me=P[[v]| e + MK/ (t — 5)= e l=2)gs.
0
From the fact that v lies in a bounded subset of £ we have that there exists 75 such that
IT(t)v||ge <1+ MK/ £ wSde = N, t>rTp.
0

Since N is independent of B C E“ the result follows.p

LEMMA 2.7. If B C E® is a bounded set, then w(B) is non-empty, compact, invari-
ant, and attracts B under {T(t) : t = 0}. Furthermore, if B is connected, then w(B) is
connected.
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See [31] for a proof.

THEOREM 2.1. If By = {u € E® : |Ju| g« < N}, then w(By) is the global attractor for
{T(t) : ¢t > 0}.

Proof. It is clear that w(By) is compact, invariant, connected and attracts By. First
note that for any bounded set B there is a 75 such that T'(¢t)B C By for all ¢t > 75. Since
By is attracted by w(By) and since By attracts B the result follows.

2.2. Equilibrium points

Now we are going to describe the structure of the attractor for (1.2). We will start
with the simplest elements from the attractor, the equilibrium solutions. The equilibrium
solutions of (1.2) are those solutions which are independent of time u(t) = u, t > 0; that
is, the solutions of equation

Au+ f(u) =0. (2.4)

We say that a solution u* of (2.4), i.e. equilibrium point u*, is hyperbolic if the spectrum
o(A+ f'(u*)) is disjoint from the imaginary axis, i.e. o(A + f/'(u*)) NiR = (.

Let C be an open convex set in a Banach space F, and let B : C — F be a compact
operator having no fixed points on the boundary 0C of C. Then for the vector field
V(z) = x — Bz, the rotation (degree) v(I — B;0C) being a integer-valued characteristics
of this field is well defined. Let z* be an isolated fixed point of the operator B in the ball
B(z*, 1) of radius rg centered at a point z*. Then v(I—B;dB(z*,r¢)) = y(I—B;0B(z*,r))
for 0 < r < rg. This common value of the rotation is called the index of the fixed point z*
and is denoted by ind(z*; I — B).

THEOREM 2.2. Ifu* is equilibrium point of (L.2) which satisfies 0 ¢ o(A+ f'(u*)) then,
u* is an isolated equilibrium and |ind(u*, I + A= (u*))] = 1.

Proof: Note that u* is an equilibrium point of (1.2) if and only if it is a fixed point
of the compact operator —A~1f(-) : E* — E* Also, 0 ¢ o(A + f'(u*)) if and only if
1 ¢ o(—A"'f'(u*)). Now the proof is a direct consequence of Theorem 21.6 in [55].

COROLLARY 2.1. Ifu* is a hyperbolic equilibrium point of (1.2) then, u* is an isolated
equilibrium and |ind(u*, I + A= f'(u*))| = 1.

ProPOSITION 2.1. If all points in € are isolated then, there is only a finite number of
them. If 0 ¢ o(A + f'(u*)) for each u* € & then, £ is a finite set with an odd number of
elements.
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Proof. First we observe that since f(-) : E* — E is bounded we have that all solutions of
(2.4) satisfies

Tu+ A" f(u)=0 (2.5)

and therefore ||ullgr < ||f(u)]lg < K. So if we consider the ball of radius more than
|A=17%|| K, then the operator —A~!f(-) maps the ball B(0,||A~1**||K) C E® into itself.
By Schauder fixed point Theorem (see Theorem 21.5 [55]) v (I+A~* f(-), 0B(0, [[A~1 | K))
=1, and there is at least one fixed point u* for —A~1f(-) in B(0, ||[A~*%|| K); that is,

Iu* + A7 f(u*) = 0 with u* € B(0, A~ K).

Since the operator —A~f(-) : E¥ — E“ is compact we have that the set £ = {u :
Au+ f(u) = 0} is compact in E“. Moreover, by Theorem 2.2 any fixed point u* is isolated
and |ind(u*, I + A71f(:))] = 1. If the number of the fixed points is infinite, i.e. we
have a sequence {u}}2,, then the sequence —A~1f(u}) = u} — u’, converges on some
subsequence i € N’ C N, which is a contradiction with the fact that each fixed point v is
isolated. So the number of the equilibrium points is finite. Now by Theorem 20.6 in [55]

L=~(I+Af(:),0B(0,[|A7YK)) = 2L, ind (u}, I + A7 f())

and therefore the number d = 2k + 1 for some integer k£ > 0.

2.3. Local unstable manifolds

Next we show that there are many other solutions which are in the attractor besides the
stationary solutions. It is easy to see that every mild solution of (1.2)) remains bounded
for any u” € E*; that is, sup,sq |u(t,u’)||ge < oo. If we show that there is a global
solution u(-,u’) : R — E“ through uy which is bounded, then it must lie in the attrac-
tor A. So it is enough to exhibit a bounded backward solution through uy to obtain a
solution in the attractor. We define the unstable set of u* € & as W*(u*) = {n € E~ :
there is a backward solution u(t,n) through 7 such that u(t,n) — u* as t — —oo}.

Before we give more details about how to construct W*(u*) in a neighborhood of u*, let
us consider (1.2) locally near u*. If we consider the change of variables v(-) = u(-) — u* in
the problem (1.2)), add and subtract f'(u*)v(-) to its right hand side we obtain

v'(t) = (A+ f'(w)v(t) + f o) + ") = f(u”) = f'(u)o(t), (2.6)
v(0) = u® — u* = 0. '

In this equation, for v very small, the part f(v + u*) — f(u*) — f/(u*)v becomes small
when compared to v. It is natural then to consider what happens when we neglect the
nonlinearity; that is, what happens to the Cauchy problem

Z’(%t)):zga‘lJr J (w))(?), (2.7)
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Just to say a word about the operator A + f/(u*), the operator f'(u*) € B(E*, E) and
therefore the operator A + f'(u*) is defined in D(A), has compact resolvent and it is
the generator of an analytic Cy-semigroup. It is well-known that such generator has the
spectrum consisting of isolated eigenvalues with finite dimensional generalized eigenspaces.
The part o of the spectrum of operator A + f/(u*) to the right of the imaginary
axis consists of a finite number of eigenvalues with finite multiplicity (see Figure 4). Let
U(ot) C {\ € C: ReX > 0} be an open connected neighborhood of ot which has a closed
rectifiable curve, U (o), as boundary. We decompose E* using the projection

Qo) = QU At )= o= [ (- (s rw)) d @)

 2mi oU (o)

defined by 0. Also, for some positive M, 3 > 0, because of analycity of semigroup, i.e.
from the property w(A) = 6(A), we have that

lexp(t(A + f'(u*))2llpe < Me=%||z| o, >0,
| exp(t(A+ f'(u*))z||pe < Mt~ Pt||z||lg, t >0, (2.9)
lexp(t(A + f'(u*)))vllpe < Me|Jv]|p, t<0

forallv € Q(oT)E* and z € (I-Q(ct))E®. Note that || exp(tA)z||ge = ||(—A)* exp(tA)z||
= |(~A)*A=*(—A)*exp(tA)z|| and since (—A)*(—A)~ is bounded we get inequalities
(2.9). We also note also that Q(cT)E* and Q(oc")E are the same finite dimensional
subspace of E and that in this sense the E“-norm is equivalent to the E-norm in it.

For vg € Q(o7)E?, the solution v(t,vg) of (2.7)) exists for all negative time and v(¢, vg) —
0 ast — —oo and v(t) + u* — u* as t — —oo. That serves as inspiration to what we want
to do. When we perturb (2.7) with a very small nonlinearity we should observe solutions
of (2.6)) that exist for all negative time. Of course, the initial data for which such solutions
exist will no longer be in Q(c™)E®, but in a nonlinear manifold near it (see Figure 1).

THEOREM 2.3.  Assume that u* is a hyperbolic equilibrium for (L.2), which is an isolated
solution of (2.4). Then, there exist a Lipschitz continuous function S : {n € Q(c™)E* :
Inllge < 8% — (I — Q(o™))E® such that, for suitably small § > 0, the local unstable
manifold W3 (u*) is given by

Wit (u*) = {(n, S(n)) +u" :n € Qo) E, ||n|| g~ < 3}
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// (. ()

Figure 1
Proof: Rewriting (1.2) for w(t) = u(t) — u* to deal with the neighborhood of u* € £ we
arrive at

w'(t) = (A+ f/(u))w(t) + f(w(t) +u”) = f() = [ (u)w(?). (2.10)

3

Now we decompose the equation (2.10)) in the following way. If w(-) is a mild solution
of (2.10) we write v(t) = Q(o)w(t) and 2(t) = (I — Q(c™))w(t). Hence, if B denotes
the restriction of (A + f'(u*)) to Q(c7)E* and by A the restriction of (A + f’(u*)) to
(I —Q(c%))E*, we have that

A~ —

(2.11)

where

H(v,z) = Qo) f(v(t) + 2(t) +u") — Qo) f(u") — Qo) f (w) (v(t) + 2(1))

and

G(v,2) = (I-Q(e ") f(v(t)+2(t)+u") —(I-Q(o ")) f(u") = (I = Qo)) £ (u") (v(t) +2(1)).

Hence, we have that, at (0,0) the functions H and G are zero with zero derivatives at
(0,0).

Now we will show that the equilibrium solution u* of (2.11)) has a local unstable manifold
which is given by

Wit (u*) = {(n,S(m) +u* :n € Qe ")E, |n|le, <4}
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A backward solution (v(¢),z(t)) on the unstable manifold must go to zero as t — —oo and
in particular it must stay bounded. Since

2(t) = exp((t — to) A)=(to) + / exp((t — 5)A) G(v(s), 2(s))ds,

to

making t; — —oo, we have that

The mild solution of (2.11) is a vector-function w(t) = (U(t>> , which satisfies equation

z(t)
exp((t —7)B)n+ / exp((t — s)B) H(w(s))ds
w(t) = O(n,w())(t) = ¢ T . (212)
/_ exp((t — s)A) G(w(s))ds
Now, let us consider (2.12)) in the space

T =Co((—00,7;;QoT)E™ x (I — Q(cT))E)
— {(28) € C((—00,7; Qe T)E™ x (I — Q(o1))E™) : lim (%;) =0}.

t——o0
with the sup norm. Let us show that ©(n,-) : T — T.
Take w(-) € T. It is easy to see that ©(n, w(-)) is a continuous function. It remains to
show that lim;—, o, O(n,w(:))(t) = 0.
Given € > 0, there exists t, € (—00,0) such that |H(w(s))||lgw+)s < € for all s < t..
From (2.9) it follows that lim,_, o, =785 =0 for any n € Q(c+)E® and, for t < t.,

<C

H(—A)a / B ((s))ds / 8 () ds

<0He<tfe>B/€e(feS>BH(w(s))ds+ eIBH (w(s))ds

T te

T te
< CM?2eP(t—te) / eBlte=3) K ds + Me/ eBt=5) g
te t

< onepe- i M
B B

Hence, given € > 0,

0 < limsup <e—.

t——o0

car exp((t — )B) H(w(s))ds
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This shows that the first coordinate of ©(n, w(-))(t) goes to zero as t — —oo. It is easy to
see that the second coordinate of ©(n,w(:))(t) also goes to zero as t — —o0.

If we put n = ng = 0 and w(t) = we(t) = <ZEE§;> = 0,t € (—o0,7], then wo(t) =

O(0,wp(+))(t) and operator ©(-,-) is continuous in both arguments. Moreover, Fréchet
derivative ©/, (1o, wp) : T — T is given by

/ AR (g () B (s)ds + / = B a(5)) 2 ) <O)

(0% (10, wo)R) (t) =" 7¢ i Tt i =
[ e IAG (wo(s))h! (s)ds + / e IAG (wo(s))h?(s)ds

oo — 00

1
t < 7, for any h = <22 Eg) € T, since functions G, H have derivatives equal to 0 at zero.

Therefore continuous operator (I — ©! (1o, wp))~* exists. By Theorem 54.2 from [55] it
follows that there are , p > 0 such that for || —no||g(o+)p= < 0 equation (2.12) has in the
ball ||w — wgl|r < p unique solution w(-), which depends on 7 continuously.

From this it follows that the unstable manifold is the graph of the function

S:{neQ@E" :|Inlp- <6} — (I - Qo)) E"

defined by

st =2(r) = [ " exp((r — 5)A) Gluw(s))ds.

—00

It is clear from the above reasoning that S is a continuous function and it is easy to see
that S is Lipschitz continuous. p

3. APPROXIMATION OF SPECTRUM OF LINEAR OPERATORS

The notions of stable and regular convergence play the most important role in approx-
imations of equation Bx = y and approximations of spectrum of an operator B. These
notions are used in many different areas of numerical analysis (see [2, 21} 26| 27, [74, [77]).

3.1. Stable and Regular convergences

DEFINITION 3.1. A sequence of operators {B,}, B, € B(E,),n € N, is said to be
stably convergent to an operator B € B(E) iff B.ZEB and 1B, BE,) =O0(1),n — .
We will write this as: B,—2B stably.
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DEFINITION 3.2. A sequence of operators {B,}, B, € B(E,), is called regularly
convergent to the operator B € B(FE) iff BHEB and the following implication holds:

|lznlle, = O(1) & {Bpzy} is P-compact = {x,,} is P-compact.

We write this as: anB regularly.

Let A C C be some open connected set, and let B € B(FE). For an isolated point
A € o(B), the corresponding maximal invariant space (or generalized eigenspace) will be
1
denoted by W(); B) = Q(M\)E, where Q()\) = 5 J (¢I —B)7'd¢ and 6 is small
™
IC=XJ=5
enough so that there are no points of o(B) in the disc {¢ : |¢ — A| < 0} different from A.
The isolated point A € o(B) is a Riesz point of B if A\ — B is a Fredholm operator of
index zero and Q(A) is of finite rank. Denote by

WA GB,) = | WO B.).

An€a(Bn),
[An—A[<8

It is clear that W(\,0; By,) = Qn(A\) Ey, where

T 2w

Qu(N) = - / (T - B,)dc.

[C=Al=6
The following theorem state the complete picture of the approximation of the spectrum.

THEOREM 3.1. [74] Assume that L,(\) and L()\) are Fredholm operators of index zero
for all X € A. Suppose that L, (\) — L(\) reqularly for any A € A and p(B) N A # 0. Then

(i) for any Ao € o(B) N A, there exists a sequence {\n}, A € 0(By), n € N, such that
An — Ag as n — oo;

(ii) if for some sequence {A\,}, A\, € 0(By), n € N, one has A, — Ao € A as n — oo,
then Ao € o(B);

(iii) for any x € W(\o, B), there exists a sequence {x,}, T, € W()\o, d; By,), n € N, such
that x,, — x as n — oo;

(iv) there exists ng € N such that dim W (\g, §; By,) = dim W(Ag, B) for all n = ny;

(v) any sequence {xn}, x, € W(Xo,0d; Bpn), n € N, with ||z,| g, = 1 is P-compact and
any limit point of this sequence belongs to W(\g, B).

The Theorem 3.1 gives us necessary and sufficient conditions for the equality
dim W(Ag, ; B,) = dimW(\g, B), V n = nog,
which is needed in the approximation of unstable manifolds.
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3.2. Regions of convergence

Theorem [3.1 have been generalized to the case of closed operators in [79] by using the
following notions introduced by T. Kato [51].

DEFINITION 3.3. The region of stability A, = As;({An}), A, € C(By), is defined
as the set of all A € C such that A € p(A,) for almost all n and such that the sequence
{1\ L — An) 7Y }nen is bounded. The region of convergence A, = A.({A,}), A, € C(E,),
is defined as the set of all A € C such that A € A;({A4,}) and such that the sequence of
operators {(Al, — A,) " }nen is PP-convergent to some operator S(\) € B(E).

DEFINITION 3.4. A sequence of operators {K,}, K, € C(E,), is called regularly
compatible with an operator K € C(E) if (K, K) are compatible and, for any bounded
sequence ||z, ||g, = O(1) such that z,, € D(K,,) and {K,x,} is P-compact, it follows that
{zn} is P-compact, and the P-convergence of {x,} to some = and that of {K,z,} to some
yasn — oo in N’ C N imply that z € D(K) and Kz = y.

DEFINITION 3.5.  The region of regularity A, = A,.({A,}, A), is defined as the set of all
X € C such that (K, K) are regularly compatible, where K,, = A\l — A,, and K = A\ — A .

The relationships between these regions are given by the following statement.

PROPOSITION 3.1.  [79] Suppose that A, # O and N'(S(X)) = {0} at least for one point
A € A, so that S(\) = (A — A)~L. Then (A, A) are compatible and

Ac=ANp(A) = AN A, = A, N p(A).

It is shown in [79] that the conditions (A,, A) are compatible, A\I, — A,, and \I — A
are Fredholm operators with index zero for any A € A and p(A) N A # () imply (i)—(iv) of
Theorem 3.1 when p(A) N A C A, and imply (i)—(v) of Theorem [3.1, when A C A,.

DEFINITION 3.6. A Riesz point Ag € o(A) is said to be strongly stable in Kato’s sense
if dimW(Ao, d; By) < dim W(Ag, B) for all n > ny.

THEOREM 3.2. [79] The Riesz point Ao € o(A) is strongly stable in Kato’s sense iff
X €ANA.Na(A).

We consider now the important class of operators which have compact resolvents, this is
say our case of problem (1.2)). In this case, it is natural to consider approximate operators
which “preserve” this property.
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DEFINITION 3.7. A sequence of operators {B,}, B, : E, — E,, n € N, converges
compactly to an operator B : E — FE if BnﬁB and the following compactness condition
holds:

lznl g, = O(1) = {Bpx,} is P-compact.

DEFINITION 3.8.  The region of compact convergence of resolvents, A = Ace(Ap, A),
where A, € C(E,) and A € C(FE) is defined as the set of all A € A, N p(A) such that

(AL, — Ay) "L ZE (AT — A)~! compactly.

THEOREM 3.3.  Assume that A.. # (0. Then for any ¢ € A, the following implication
holds:

lznlle, = O1) & (¢TI, — An)zn|lg, = O(1) = {z,} is P-compact. (3.1)
Conversely, if for some ¢ € A, N p(A) implication (3.1) holds, then A.. # 0.

Proof: Let (ul,, — An)*lﬂ(,uf — A)~! compactly for some p € A.. Then for ||z,| g, =
O(1) and ||(¢I, — An)zy||E, = O(1), from the Hilbert identity

(¢l — An)71 — (uly — An)71 = (u—Q)(Cln — An)il(ﬂln - An)ila (3.2)

we obtain z,, = (ul, —A,) " (L, — Ay)xn — (C—p) (ul, — Ay) Lo, and it follows that {z,,}
is P-compact. Conversely, let implication (3.1)) hold for some {; € A.Np(A). We show that
Co € A,e. Taking a bounded sequence {y,}, n € N, we obtain ||({ol, — An) tynllz, = O(1)
for n € N. Let us apply implication (3.1) to the sequence z,, = ({oI,, — A,) " ty,. It is easy
to see that {z,} is P-compact. Hence (p € Acc.g

COROLLARY 3.1.  Assume that A.. # 0. Then A.. = A.Np(A).

Proof: Tt is clear that A.. € A.N p(A). To prove that A.. D A. N p(A), let us consider
the Hilbert identity (3.2). Now let u € A... Then p € A.. N A. N p(A). Hence, for every
¢ € A.Np(A) and for any bounded sequence {z,}, n € N, the sequence {(¢I, — A,) 1z,}
is P-compact.g

THEOREM 3.4.  Assume that Ao # 0. Then A, = C.

Proof: Take any point A; € C. We have to show that (A1, — A,, \1I — A) are regularly
compatible. Assume that ||z,||g, = O(1) and that {(A\I, — A,)z,} is P-compact. To
show that {z,} is P-compact, we take u € A... Assume now that ||z,|| < constant and

(MI, — An)xniy, as n — oo in N’ C N. Applying operator (ul,, — A,)~! one gets first
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that {z,} is P-compact and then assuming 2n—sz as n € N’ C N one obtains

(uln — An) "MLy — Az, = g — )l — Ap) 2y + 20—

Lol =)y = (N — )l — A)'a ta

as n — oo in N’ C N. Then it follows that z € D(A) and (A — A)x =y
From the Theorem 3.4l it follows that in case A.. # () all the assumptions of Theorem
3.1l are satisfied and a complete picture of approximation of spectrum is valid.

4. DISCRETIZATION OF SEMIGROUPS

As we will see later, most of the results on approximation of attractors follow from
convergence of linear operators and families of operators.

The general approximation scheme is described in the Introduction. We just mention
that from (L1.5) and the Uniform Boundedness Principle (see [83]) one has

LEMMA 4.1. There is a constant C > 1 such that ||p,||(e,E,) < C, Vn € N.

Let us recall that each mild solution of problem (1.2) satisfies the equation

u(t) = (Ku)(t) = exp(tA)u’ —l—/o exp((t — s)A)f(u(s))ds, te€[0,T], T <oc. (4.1)

4.1. Compact convergence of some operator families

We know that all solutions of (1.6) are globally defined, hence t — T, (¢)(+) is a continuous
nonlinear semigroup for each n € N. Consider the operator equations

Un (t) = (Knuy,)(t) = exp(tA, )ul +/O exp((t — s)An) fn(un(s))ds, t€]0,T],T < co.

(4.2)
Consider the operators K : F' — F and K, : F,, — F,, defined by (4.1) and (4.2) where

F = C(0.71E%) = (u(t) : Jullr = max [lu(®)]p» < oc)

s

and

Fp=C([0,T]; ER) = {un(?) : [lunllp, = max |lun(t)]|zs < oo}
t€[0,T)

THEOREM 4.1. Assume that the operator A generates analytic and compact Cy-semigroup.
Then operator K is compact.
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Proof: The operator K defined by (4.1) is compact in F. Indeed, we obtain that the
operator

Feo(uF)(t) = exp(eA)/O _6(—A)O‘ exp ((t—s—€)A) f(u"(s))ds

maps any bounded set of functions {u*(-)} C F, into a compact set in E< for any 0 < € < .
Since

/t, |(=A) exp (£ — 5)A) f (u(5)) | ds < O~

we see that || F.(u®)(t) — F(u¥)(t)|| < Cel=* for any t € (0,T], where

]-'(uk)(t) = /0 (—A)* exp ((t — s)A)f(uk(s))ds

and 0 < € < ¢. Then it follows that the operator F(-)(t) : FF — E® is compact for ¢t > 0,
fixed. For t = 0, the operator F(-)(0) = 0 is also compact. Moreover, the set of functions
{Fp(")}, F(t) = F(uF)(t),t € [0,T], is an equibounded and equicontinuous family, since
for 0 < t1 < to, we obtain

IFette) = Futtr)len < O [ lexp ((t2 = 5)4) = exp (1 = )4) Lomdds + 12 = ).

and exp(-A4) is uniformly continuous in ¢ > 0. By the generalized Arzela—Ascoli theorem,
the same way as in Theorem 4.2} it follows that operator K is compact.q

Consider the sequence of operators P, : F — F,, defined by (P,u)(t) = p*(u(t)), t €
[0,T]. With this we can talk about PP—convergence of K,, to K.

THEOREM 4.2.  Let the condition [Al] be satisfied and assume that ugp—amo. Then the

operators KnﬂK compactly.

Proof: To show that K, 20K compactly, we assume that ||u,| m, = O(1). We know from
Theorem 1.5/ that
sup [lexp(tA,)u;) — phexp(tA)u’||gg — 0
te[0,T]

whenever ||[u), —pu°|| e — 0 which means that sup, (o 7) [|exp(-An)uj — Poexp(-A)u’ || po —
0. This ensures that the family {exp(tA,)ul} is equicontinuous. The condition A.. #
implies (see Proposition [6.1)) that exp(tA4,) — exp(tA) compactly for each ¢ € [0,T].

Next we show that {K,u,} is P-compact by the generalized Arzela—Ascoli theorem. To
show this, we verify the vanishing of the noncompactness measure u({(K,u,)(t)}) = 0 for
all t € [0,T]. Let us consider the relation

(_An)a(Knun)(t) = (_An)a eXp(tAn)ug + %(t) + ‘P:z(t)a
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where

w;@>equAn>j€T<Aﬂ>aexp<@svwmﬁfaouxs»da

o1 (t) = /t (—A,)%exp ((t — S)An)fn (un(s))ds

—T

By virtue of the boundedness of | f, (un(-))||F,, we can choose the term ||¢],(-)|r, suffi-
ciently small with 7 small enough and p({¢)7}) = 0. The sequence {(—A)“exp(tA,)ul} is
also P-compact.

It is clear that { K,uy,} is uniformly bounded in n. To show equicontinuity one can write
for tl < tg

t2

||(—An)°‘/ exp ((ta — 8)An) fn (un(s))ds — (—An)o‘/o 1 exp ((t1 — 8)An) fo (un(s))ds| g,
<~ AL exp((t2 = $)Au) fu (un(9)) ds 2,
[ A (exp((ta = 5)40) = expl(ts = )An)) i (un(5) sl .

Exactly as in Theorem 4.1} the first term can be bound by C(ty — t1)}~%. To estimate the
second term we proceed as follows. First we rewrite it as

1] (=7 (expl(ta = ) 40) = 1) (=4 expl(ts = 5)Au)f(n(5)) s,

for 1 —a > e > 0. Now it is easy to see that the above term is bound by C|t; — ¢1]|°. This
concludes the proof of the result.
Let M,w > 0 and

QM = { (v, 2) € Co((—00, 0; Qo) B x (I=Q(o)) E): [lo(t) | o, [12(8) [ 2 < M, < 0}

One can show right from (2.12)) that its solution belongs to QM.

THEOREM 4.3. Assume that resolvent (A\I — A)~1 is compact for some X € p(A). Then
the operator ©(n,-) : @M« C T — T is compact.

Proof. Let us take the sequence of bounded functions {v*(:)}, {zF(-)},v*, 28 € QM k €
N. Then the sequence {O(n, (v*,2%))} is compact in Y. Indeed, one can easily check
compactness for any fixed ¢ < 0 and uniform boundedness. To check the compactness of
{©(n, (v¥,2%))} in T we note that H is continuous with H(0,0) = 0 and that (from the
definition of Q) given € > 0 there is a t. > 0 such that

II(—A)“/_ exp((t— (A + P W)U HWH (s), 2 ())ds]| <. VhEN.
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The rest of the proof follows from equicontinuity of
t
(—A)%exp((t — 7)B)n + (—A)* / I CINQ (o) H (vF (s), 2 () ds

and of

(=4)° /H exp((t = s)(A+ f'(u)))(I = Q(e))G(v"(s), 2 (s))ds

€

(obtained as in Theorem [4.2)) and the Arzela-Ascoli Theorem.
The same way as we introduced operator O(n,) : T — T in (2.12) we can introduce the

operator O, (n,,u,) : T — Y,,. We assume that nnp—am or even 1, = p&n. Rewriting
(1.6) for wy,(t) = u,(t) — ul to deal with the neighborhood of u we arrive at

Wi, (t) = Apwn(t) + fr,(un)wn (t) + fo(wn () + u3) = fu(un (8) = fr(up)wa(t).  (4.3)
If Q. (o) is as in Proposition 5.5 and W, (o}}) = Qy (07 )ES, then W, (o;") is isomorphic

to W = Q(o)E® through an isomorphism 3, = Qu(c;7)p% : W — W, (o;}), which is
bounded with bounded inverse J, 1 and the norms of 3,, and J;/! are uniformly bounded

in n > ng. Recall that Q, (o) are projectors such that Q,(o;)2—Q(c") compactly for
Q(o™) from Section 2.3. We identify all spaces W, (o,") through these isomorphisms to
the fixed space W.

Now we decompose the equation (4.3)) in the following way. If w,, is a solution to (4.3)
we write

wn(t) = alt) + 2 (), Where v (1) = Quloi wn(t), 2 (t) = (In = Qulo)wa(?).
Hence, we have
oy = (An+ £ 3))on(0) + Qo) (Falvn + 20+ ud) = fuluz) = Folul) (wn(t) + 2 ()
and
o= (Au + (370 + (= Qu(oiD) (Falva 4+ 20+ ) = Falu) = F(wE) (00 + 20) ).
We write
(Vs 20) = Qu(07) (F (0 + 20+ 15) = fulu) = £1(u3) (0n + 20))
and
G0 20) = (In = Qu(o70)) (£l + 20+ u3) = Fulu) = Fa(u) (00 + 20) ).
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Hence, we have that, H,(0,0) = 0,G,(0,0) = 0. If uzp—am*, with uf and u* as before,
it follows from our assumptions that given p > 0 there exist ng > 0 and § > 0 such that if
vnll 2y + [|2nllEa < § and n > ng we have

| Hy (vns 20)l E, < Py
G (Vs 20)l| B, < P

The fact that we can choose p and ¢ uniformly for n > ng satisfying the inequalities
above is the key point to obtain that the local unstable manifolds are defined in a small
“neighborhood” of the equilibrium point w,, uniformly for n > ng. Then, equation (4.3)
can be rewritten in the following form

n(t) = Bu(o )on(t) + Hy (va(t), 2 (1)),
(1) = Anzn(t) + Gn(va(t), 20 (),

where By, = (An+ 1 (u*))Qn, Ap = (An+ 1 (u?))(In — Qn(o;)) and H,,, G,, satisfy (4.4).

THEOREM 4.4. If [A1] and [A2] hold then, the operators ©,(n,,-) : QMw C T, — T,
converge compactly to O(n,-) : Qv c T — T.
Proof. We recall that

Ol = (226)) (26) o)

By P—convergence T, 3 un()im() € T we mean that ||u,(-) — Pyu(-)||r, — 0 where
P, (u(-))(t) = pu(t), t < 0. To prove that boundedness of the sequence {|lu,(-)|r, }
implies P—compactness of the sequence {©,,(n,, u,(-))} we apply the generalized Arzela-
Ascoli Theorem to the sequences

(4.4)

Z (4.5)

= sup
T, —o0o<t<0

R )

n

{(—Am xp{(t= ) B+ (—An)” [ expl(t = ) Ba) ok (5), z,f(s))ds} ,

t
{(—An)o‘/ exp((t — 8)A,) Gy (vE(s), zfl(s))ds} .
— o0
For that we proceed exactly as in Theorem 4.3 using (4.4).;0

4.2. Approximation of semiflows

We will need the following result

THEOREM 4.5. [29] Assume that the operator A satisfies (1.1)), and let K be the operator
given by formula (4.1). If u*(-) is a unique mild solution of problem (1.2), then ind(u*(-); I —
K)=1.
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THEOREM 4.6.  Assume that condition [Al] is satisfied. Then Tn(t)u%P—a>T(t)u0 uni-
0 P_amo.
Proof. We know (see Theorem 4.5)) that ind(u*, I — K') = 1. By Theorem 4.2] operators

K, PP K compactly, so according to Theorem 3 from [77] one has (I, — K,,98,) =1 for
n > ng. This means that there is a sequence {u}},n € N, which is a solution of problems

formly int € [0,T], T < oo, whenever u

(4.2) and {ul},u’ € F,, is compact; that is one can write uZ(t)P—am* (t) uniformly in
t€0,7] as n — oo.

5. APPROXIMATION OF ATTRACTORS

Next we intend to obtain that the attractors behave continuously with respect to pa-
rameters under rather general conditions.
To prove upper or lower semicontinuity of attractors we use the following result

LEMMA 5.1. Let AC E® and A, C ES, n € N.

1.If any sequence {u,} with u, € A, has a P*—convergent subsequence with limit be-
longing to A, then {A,} is P“—upper semicontinuous at infinity.

2.If A is compact and for any u € A there is a sequence {un,} with u, € A,, which
P—converges to u, then {A,} is P¥—lower semicontinuous at infinity.

The proof of this lemma is similar to the proof of Lemma [1.1.

5.1. Upper Semicontinuity of Attractors

In this subsection we obtain that the family of attractors {4, } is upper-semicontinuous.
In order to do that we use the results on continuity of nonlinear semiflows (Subsection [4.2)
and the following lemma.

LEMMA 5.2. Assume that the first two conditions in [Al] are satisfied. Given a < v <1,

there is a constant N, independent of n such that

sup sup unllsy < Ny
neNwu, €A,

Furthermore, any sequence {uy},u, € Ay, is P*—compact.

Proof. The first part of the lemma follows immediately from the invariance of the attractor
and of the variation of constants formula. For the second part we only need to apply
Lemma 6.8l

Remark 5. 1. We know by definition that any attractor A, is a compact set. The
above lemma is stating that the set of the attractors A,, is collectively P“—compact.
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THEOREM 5.1.  Let A, A, be the attractors for (1.2) and (1.6), respectively and assume
that [A1] is satisfied. If {z}}, xf € A, P*—converges to some point ©*, then z* € A and
the {A,,} is P*—upper semicontinuous at infinity.

Proof. Since z} € A,, through z there is a global solution u(-,z}) : R — E% of (1.6).
For any k € N, from Lemma 5.2, {u,(—k,z%)} has a convergent subsequence. From
the fact that u,(s,z)) = T(s — k)u,(—k,x}), s € [0,2k] and from Theorem 4.0, there
is a subsequence of {u,(-,z%)} which converges uniformly in [—k, k]. Using the Cantor
diagonal procedure we can construct a global solution (-, z*) through z*. Tt is easy to see
that u(-,2*) is bounded. From the fact that there is a bounded global solution through x*
it follows that z* € A

5.2. Approximation of the Set of Equilibria

Let us consider in Banach spaces ES the following family of nonlinear problems (1.8).

PROPOSITION 5.1.  Assume that condition [Al] is satisfied and that the problems (1.8)
have solutions {u’}, n € N. Then, taking subsequences if necessary, there is a solution u*
of (2.4) such that |luy — pou*||pa — 0 as n — oo.

Proof. It is clear that
uy + A:Llfn(u;) =0.

Since A;lﬂA_l compactly by Lemma 6.8 and f,(-) are bounded uniformly in n € N,
we have that there is a subsequence, which we again denote by w; and a point u* such

that quP—m* It follows from the continuity properties of f,(-) and from convergence of
resolvents A, LPE A= that

u* + AT (uF) =0,
which is equivalent to say that u* is a solution of (2.4).

PROPOSITION 5.2.  Assume that [Al] holds and that u* is hyperbolic solution of (2.4)).
Then there is ng and § > 0 such that for n > ng the equations (1.8) have at least one
solution uy, in {wy : ||[w, — phu*||ps < 0}. Furthermore, |luy — phu*||ga — 0 asn — oc.

Proof: As in Corollary 2.1l there is a ball B(u*,d) such that there are no other fixed
points in it except u*, and we get |ind(u*,I + A=1f(-))| = 1. The compact convergence
At fn(-)ﬁnér1 f() follows from boundedness (uniformly for n € N), P—convergence

of f, to f and compact convergence A, 1PP. A=1. Now compact convergence A1 f, () —
A~1£(-) implies (see [77], Theorem 3) that ind(u*, [+ A~1f) = y(I,+ A fn, 0B(ppu*,6)),
n > ng, which means that there is at least one fixed point u¥ exists in any ball B(p,u*, ),
n > ng. This sequence {u;,} is P*-convergent to u*.p
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In case we have information on differentiability of corresponding functions the result
could be sharper.

PROPOSITION 5.3.  Assume that problem (2.4) has a solution u*, which is hyperbolic
point. Assume that [A1] and [A2] hold and that, for any p > 0, there exists 6 > 0 such that
SUP, e SUP |, || pa <6 £ (wn + pu”) — fr.(05u") || B(Ee E,) < p- Then, there exists ng and
6 > 0 so that pmblem (1.8) has exactly one solution, uy, in {w, : |w, — ppu*|gs <&} for
each n = ng. Furthermore, ||u}, — pju*||ge — 0 asn — oo. '

Proof. We want to prove that in a neighborhood of the solution u* of (2.4) there is a
unique solution ) of (1.8). From the above assumptions on f/ (-), there is a § > 0 such

that |lu, — pou*||pe < 6 implies C|| f) (un) — fé(p%u*)HB(E%’En) < %
From Proposition 5.5, o (A, + f},(pSu*)) is disjoint from the imaginary axis and there is
a constant M > 0 such that

o, #\) 1
1(An + fa(nu®) e, ) < C.

If u,, is a solution to (1.8), then

0 = Auttn + [ (P50 Y + fulun) = f1 (P50 Y
= (Au+ L050) (tn + (A + Fa5u) ™ (faltn) = £ (30 ) )

Since (A, + f, (p2u*)) is invertible, to show that u, is a solution to (L.8) is equivalent to
show that it is a ﬁxed point of mapping

Py (up) = —(An + frll(prc:U*))_l(fn(un) — [ hu” )un).

It is clear from the convergence of the resolvent and the continuity properties of f,,(-) and
fo(pu”) that

@ (pru’) = —(A+ /()7 (f(u”) = f'(w)u’) = u’ (5.1)

Next we show that, for suitably small § > 0 and n > ng, ®, is a contraction in the from
the closed ball B(p,u*,d) into itself. First, we show that ®,, is a contraction (uniformly in
n € N); that is,

[@n(un) = Pu(alllzg = 1(An + Falp5u )~ ((Faln) = fulon) = Fo(D3u7) (n = va))) |2
<MM+m@mm*m@wmhwm—mm—ﬁ@nx%—%n&
<0Mﬂw%+u—@%wwumm0w-wmmn
<O falsun + (1= 5)vn) = fa (50 esg 5 It = vl g
< %Hun - UHHE?,,?
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for some 0 < s < 1 and n > ng. To show that ®,, maps B(p,u*,d) into itself we observe
that if u, € B(ppu*,d), then

H(I)n(un) _an*HE,": < ”(I)n(un) - (I)n(an*)”E,‘f + “q)n(an*) _an*HE,‘:
< % + | ®n (pru”) _an*HE;“

It follows from (5.1) that there is a ng such that

[®n(un) — pnu*|Es < ikl = ng.

From that we obtain that if u,, € B(p2u*,d), then

[ ®r (un) — ppu”|

Ea <90

and therefore ®,, : B(p,u*,0) — B(p,u*,d) is a contraction for all n > ny. This shows
that there is a unique fixed point of (1.8) in the ball B(pSu*,?).

To show that u;ﬁp—am* we proceed in the following manner
P —uplleg = [[Pn(uy) = pPrutllee < [[Pn(uy) = Pn(Pau’)| By + [[Pn(Pat”) = pou”| mg-
From the fact that ®,, is a uniform contraction in EZ we have that
lpnu” = upllzy < 2[Pn(pru’) — prus)lle;-

From (5.1) we have the desired convergence and the result follows.p

As an immediate consequence of Proposition 5.2, we have

THEOREM 5.2. Assume that conditions [A1] and [A2] hold and that (2.4) has exactly m

solutions u',...,u™, all of them hyperbolic. Then, there exists ng such that for all m > ng
problems (1.8) has at least m solutions ul, ..., u™ for each n > ng. Moreover, we have
[uf — pouF|ga — 0 asn — oo for any k=1,...,m.

Proof: By Proposition 5.2, in a neighborhood of u* there is at least one solution of (1.8)
which converges to u*. This proves the result.q

THEOREM 5.3. Assume that conditions [Al] and [A2] hold and that (2.4) has exactly m
solutions u', ..., u™, all of them hyperbolic. Assume that, for any p > 0, there exists § > 0
such that sup,, ey SUD 1y, | pr <5 | £ (wn+pu?) = f1 (050" | BEe By < po 1 <k <m. Then,
there exists ng such that for all n > ng problems (1.8) has exvactly m solutions ul, ... u™.
Moreover, we have

HUﬁ—pi‘iu’“llEg —0asn— oo foranyk=1,...,m.
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Proof: By Proposition 5.1 we have that for any sequence {u}} of solutions to (1.8]) must
converge to the set of equilibria (2.4). But by Proposition 5.3, in a neighborhood of u*
there is only one solution of (1.8) which converges to u*. This proves the result.;

5.3. Approximation of Unstable Manifolds

Recall that we are assuming that all equilibrium solutions of (1.2) are hyperbolic; that
is, assume that each solution u* of (2.4)) is such that the operator A+ f/(u*) has spectrum
o(A+ f'(u*)) disjoint from the imaginary axis.

PROPOSITION 5.4. Let A be a sectorial operator with compact resolvent and let f'(u*) €
L(E“, E). Then the operator (A + f'(u*)) is sectorial with compact resolvent.

Proof: The result follows immediately from Theorems 1.3.2 and 1.4.8 in [49] or [81].4

From the above proposition, ot = o((4A + f/'(u*))) N {\ :€ C : ReX\ > 0} consists of a
finite number (possibly zero) of eigenvalues with finite multiplicity and there is a 5 > 0
and a finite rank projection Q(o%) such that (2.9) holds.

PROPOSITION 5.5.  Assume that [Al] and [A2] hold. Let quP—am* with u}, be solution
of (L.8) and u* be solution of (2.4). Then there is a n = ng such that o(A, + f](u}))
does mot intersect the imaginary axis for n > ng and ||(A, + f,(u*))7| < C with C
independent of n. Furthermore, if Qn (o) denotes the projection defined by the spectral
set of = {\ € o(A, + f1(u})) : ReX > 0}, then Qn(0,}) converges compactly to Q(o)
as n — oo (hence, dim(Q, (o, )ES) = dim(Q(oT)E®) for n > ng) and the family of sets
o — o™ in the sense of (i) — (v) of Theorem 3.1l

Proof. It follows from Lemma [6.10 and Theorem [3.1.

THEOREM 5.4.  Let u* be hyperbolic equilibrium of (1.2). Assume that [Al] and [A2]
hold. Then, for sufficiently small § > 0, (2.12)) has a solution (*(-). Furthermore, there is
a ng € N such that the equation (,(t) = ©pn(nn, (n(t)) has at least one solution (:(-) for
n = no and () — C*(¢) uniformly in t € (—o00,0] as n — .

Proof. We know that |ind({p,I — ©)| = 1 for {; = 0. According to Theorem 54.1 [55]
there exist p,d > 0 such that |ind(¢,I —0O)| =1 for ||n —0|| < 4,]|/¢ — 0] < p. By Theorem
4.4 operators ©,, — © compactly, so Y(I,, — ©,,00M«) = ind(¢,I — ©) and therefore
equation (,(t) = ©,,(,,(a(t)) has at least one solution (} at any set QM for n > ny.
This sequence {(} is discretely compact and (& — ¢* as n — oo.

PROPOSITION 5.6. Assume that [Al] and [A2] hold and that u* is a hyperbolic equilibrium
for (L2). Let W*(u*) be the unstable manifold of u*. Let 6 > 0 be such that u* is the
only solution of (2.4) in {w : |w — u*||g= < d}. By Proposition (5.2 there is a ng € N
such that (1.8) has at least one solution uy, in {wy, : ||w, — pyu*|gs < 8}. Furthermore,
luy, — ppu*||pa — 0 asn — co. Let W"(uy,) be the unstable manifold of uy,. Then, the
family {W¥(u)} is lower semicontinuous at infinity (W (ul,) = W*(u*)).
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Proof: As we have seen in Lemma [5.1/it is enough to prove that given a point € W*(u™*)
there is a sequence {x,} with z,, € W*(u;,) which satisfies ||z, — p§x|pa — 0. Let u(t, x)
be a backward solution of (1.2)) through = with u(t,z) — u* as ¢ — —oco. Let 7 > 0
be such that u(t,z) € {w : ||lw — u*||ge < 0}, t < —7, and let ¢*(-) = u(- — 7,z) be
the solution of (2.12). By Theorem 5.4/ there is a sequence {C*(-)} such that (¥(t) — u’
as t — —oo and () — ¢*(-) uniformly in (—o0,0]. It follows from Theorem 4.6/ that
W (u7) 3 To(r) (Ga(0) T ()u(—7,2) =
As an immediate consequence of this Proposition 5.6, we have

THEOREM 5.5. Assume that [Al] and [A2] hold and that problem (2.4) has exactly m
solutions u',...,u™ all of them hyperbolic. Then problem (1.8) has at least m solutions
ub, ..ol with |uf — peuF|pe — 0. If W¥(uk), k = 1,...,m, denotes the unstable

manifold of uk and W (uk)) = W*(u¥) denotes the unstable manifold of u¥ we have that
the family {W*(uk)} is lower semicontinuous at infinity for each k =1,--- ,m.

5.4. Lower Semicontinuity of Attractors

THEOREM 5.6. Let A, A, be the attractors for (1.2) and (1.6), respectively. Assume
that the attractor A of (1.2) can be written in the form (6.2) and that all points in € are
hyperbolic equilibrium. If x* € A, then there is a sequence of points {x,}, with x¥ € A,

such that x}, P2 o and the {A,} is P*—lower semicontinuous at infinity.

Proof: If z* € A, then it is on the unstable manifold of some equilibrium point. Following
back in time by some trajectory through z* one can come, in time —7 < 0, to a point
y in the neighborhood of some equilibrium point, which as we know by Theorem 5.4/ is
approximated by points y, € A,. Then, T,,(t)y, € A, approximates z* and the result now
follows from Theorem 4.6,

6. APPENDIX

6.1. Additional Results on Attractors and its Characterization

Let X be a Banach space and denote by dist(-,-) : X x X — RT the metric induced by
the norm in X.

DEFINITION 6.1.  An equilibrium point for the semigroup {T'(¢) : ¢ > 0} is an element
x € X such that T'(t)x = « for all t > 0. The set of all equilibrium points for the semigroup
{T'(t) : t > 0} will be denoted by &.
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It is clear that if the semigroup {T'(¢) : ¢ > 0} has a global attractor A, then £ is compact
and £ C A. In this case, if all equilibrium points are isolated, then there is only a finite
number of them.

We now specialize to a class of equations for which we can describe the structure of
attractor. We assume that any bounded global solution ¢(-) : R — X of (1.2) has limits

o(t) = ¢~ ast — —oo and P(t) — @7, ast — oo. (6.1)

In this case ¢ o, and ¢*  arein £ (¢4 ey d(t+s) =T(s)p(t) oo T(s)ph oy s = 0)
and the attractor has a representation A = Uy«ce W (2*) (note that £ may be an infinite
set). Next we prove that this is observed for gradient semigroup with isolated equilibria
(in this case £ will be a finite set).

DEFINITION 6.2. We say that {T°(¢) : ¢t > 0} is gradient if there is a continuous function
V : X — R such that function RT 3 ¢ — V(T(t)z) € R is non-increasing and £ = {z €
X :V(T(t)x) =V(z), Vt € R}

We observe that our general assumption (6.1) admits the case ¢* = ¢* ., which is not
allowed in case of gradient systems.

LEMMA 6.1. Assume that {T'(t) : t > 0} is a gradient semigroup for which any element
of € is isolated. Suppose that x € X is such that v+ (x) is compact, w(zx) = {z*} for some
xz* € &. As a consequence of that we conclude that T(t)x — =* as t — .

Proof: First note that if y € w(x) then there is a sequence t,, — oo such that T'(¢,)z — y.
Since V (T'(t)x) is decreasing and bounded below we have that there is an £ € R such that
V(T(t)x) — ¢ as t — oo. It is easy to see that V(T'(t)y) = ¢ for all ¢ € R. From this it
follows that y € £. Since the set £ consist only of a finite number of points and since w(z)
is connected we have that w(x) = {*} for some z* € £

Our results on lower semicontinuity of attractors require that the attractor A of (1.2)) is
characterized in the form

A=) w@) (6.2)
z*ef
with £ being a finite set consisting only of hyperbolic equilibria of (1.2). Other results on
upper semicontinuity of attractor or on continuity of the set of equilibria do not require such
special characterization. Let us also note that we do not require that the approximation
problems (1.6) have attractors in the form A, = ,. e, W*(27,) while in [50, 54] gradient
structure is used.

DEFINITION 6.3.  We say that an invariant set I' is asymptotically stable if there is a
neighborhood V' of I such that dist(T'(t)y,I') — 0 as t — oo, for any y € V.

In fact, in the proof of lower semicontinuity of attractors, we may assume that the
attractor is the union of unstable manifolds of hyperbolic equilibria W*(z}), 1 < ¢ < n*,
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together with asymptotically stable invariant set I'; that is,

A= [J W@} ur

1<i<n*

which can be approximated (upper and lower semicontinuously). As an example, under
the same assumptions on A and f(-) we can approximate uniformly stable periodic orbits
of (1.2), see [10, 28].

Remark 6. 1. In Chafee-Infante example [17] the attractor is the union of unstable
manifolds of equilibrium points.

The next result implies that if there is a negative orbit through x which is bounded,
then the it must converge to an element z* € £ as t — —o0.

LEMMA 6.2. Assume that {T'(t) : t > 0} is a gradient semigroup for which any element
of € is isolated. Suppose that x € X is such that there is a negative orbit ¢ : (—o0,0] — X
through © and such that ¢((—o0,0]) is compact. Define

ag(x) ={y € X : 3 t,, = oo such that ¢(—t,) — y}.

Then, there is a x* € £ such that ay(x) = {z*}. As a consequence of that we conclude
that ¢(t) — x* as t — —oo.

Proof. First note that if y € as(x), then there is a sequence t,, — oo such that ¢(—t,) — .
Since V(¢(—t)) is increasing and bounded above we have that there is an r € R such that
V(é(—t)) — r as t — oo. It is easy to see that V(T'(t)y) = r for all ¢ € R. From this it
follows that y € £. Since the set £ consist only of a finite number of points and since ay(x)
is connected we have that ay(z) = {z*} for some z* € £. Furthermore, for any sequence
t, — oo, {¢(—t,)} has a subsequence which converges to z* and therefore ¢(t) — x* as
t— —oo.

LEMMA 6.3. Let S be a relatively compact invariant subset of X under {T(t) : t > 0}.
If y € S such that (6.1) is satisfied, then there are x*, 2~ € € such that y € W¥(z ") and
yeWs(z™).

Proof: Let y € S. Since S is invariant, there is a complete orbit R 3 ¢ — T(t)y € S
through y. Since S is compact this complete orbit is compact. The result now follows from
the previous lemmas.q

From this lemma one gets the following result.

THEOREM 6.1.  Assume that the semigroup {T(t) : t > 0} is a gradient semigroup
for which any element of £ is isolated. If {T(t) : t = 0} has a global attractor A then,
A = Ul*egW“(I*)
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6.2. Examples and Counterexamples

ExaMPLE 6.1. Let € C R™ be a bounded smooth domain. Consider the second order
strongly elliptic operator

n

Lu= -Zl i (T) U, + Zl bj(®)ug,; + (c(z) + v)u, (6.3)

where the coefficientes a;;, b;, c are smooth. Consider the associated parabolic problem

w(t, ) = Lu(t,x) + f(u(t,x)), t>0, z€Q,
(t,2) =0, t>0, x €09, (6.4)
(0,2) = u’(z) € H(Q).

S

u

Let E = L?(Q) and define the operator A : D(A) C E — E by D(A) = H%(Q) N H(Q)
and Au = Lu for all u € D(A). It is well known that A generates an analytic and compact
Co-semigroup {exp(tA) : t > 0}. Assume that v is chosen such that the spectrum of A is
located to the left of the imaginary axis. Then, we can define the fractional powers (—A)®
of —A as before. It is well known that E* = D(A) = H2(Q) N HA(Q) and Bz = HL(Q).

Concerning the nonlinear term f(-), it was shown in [4], [7] that under some growth
conditions, the problem (6.4) is locally well posed in E 3. These growth restrictions are
expressed as follows:
(G)p: Let f(-) : R — R be a C*(R,R) function and assume one of the following

iyn=1,

ii) n = 2 and f satisfies, for every n > 0, that there exists ¢, > 0 such that

|f (@, u) = f(z,0)] < (e 4T ju— o, (6.5)
iii) n > 2 and f satisfies
|f (@, u) = f,0)] < clu = vl (jul’ ™ + o]~ + 1), (6.6)

with exponent p such that

It is also known (see [4],[7]) that, under these assumptions, these solutions are classical.
If in addition to the assumptions above we assume that

f(u)

lim sup T < 0, (67)

|u|—o0

then all solutions of (6.4) are globally defined. In this case we have, for each u® € E? a
globally defined solution ¢ — u(t,u’) € Ez, ¢t > 0.
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Under the above hypotheses, the nonlinear semigroup {T(¢,-) : t > 0} associated to (6.4)
has a global attractor A in E2 and the attractor A satisfies (see [8])

sup ||| o () < oo. (6.8)
u€A

This bound enable us to cut the nonlinearity f(-) in such a way that it becomes bounded
with bounded derivatives up to second order, but the problem with such changed nonlin-
earity has the same attractor. After these considerations we may assume, without loss of
generality, that f(-) is bounded with bounded derivatives up to second order.

If we change L to Lu = szzl(aij (7)ug, ), and ask that (a;)1<i j<n is symmetric, then
the semigroup associated to (6.4) is gradient (see Definition [6.2).

EXAMPLE 6.2.  Discrete convergence of resolvents (without condition A.. # () is not
enough to get uniform estimates (and also the statement of Theorem [6.6), which is clear
from the following example noted to us by Professor Cesar Palencia (private communica-
tion). Let us consider a Banach space E = [y, the Hilbert space formed by all the square
summable sequences, i.e ¥ = (x1,Za, ), 35, |z)|*> < co. Then, the operator

A =diag(—o1, —az, —as,- )
with 1 = a; < ay < --- generates on E an analytic Co-semigroup with ||et4|| =e™?, ¢ >
0, i.e. it is exponentially decreasing semigroup. The spectrum o(A4) = {—a1, —a2, —as, - }.
One could consider approximation of A by the operators

)

Ay = diag(fala —Q2,..., —Qn, Mna 0,0,0,.. ')7

where M,, = —wl,, + L,, with 0 < w < 1, is n X n-matrix and L,, has got all of its entries
equal to zero, except the first upper diagonal which is formed by ones. The spectrum of
M, reduces to —w. Moreover, since

| exp(tM,,)|| < e~ “telinllt < e(=w)t

it is clear that, on finite intervals of ¢ € [0,7], we have the strong convergence of the
semigroups generated by

A, = diag(—aq, —ag, -+, —ap, My,0,0--)

toexp(tA) = diag(e=*1t e~2t e~3t ... ) Inthe mean time, the (1,n) element of exp(tM,,)

—wt

is nothing but e % so that, by Stirling formula

) (’I’L _ 1)n—1 6(n—1)(1—w)

n—1)M, > p—w(n—1 ~
I e (n—1)! (27n)1/2

e as n — oo,
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and since 0 < w < 1 we have then
sup{[le™ VM| - n > 1} = 4o0.

It is necessary to stress that in this example Reo(A,) < —w, one has uniform convergence
exp(tA,) — exp(tA) in t € [0,T] for any finite ' > 0, and || exp(tA)|| < e~*,¢t > 0, but in
the mean time ||exp(t,A4,)|| — 0 ast, =n—1— co.

So, this counterexample shows that it can happen || exp(t,A,)|| — oo as ¢, — oco. Since
splitting of the solutions of the problem (1.2) in the neighborhood of any equilibrium point
involves (see (6.21)) estimates like || exp(tA,)|| < Me~“! ¢t > 0, with some M > 1,0 > 0,
for operator A,,, which is the restriction of A4,, on the corresponding subspaces, one needs
to put on (4,, A) additional assumption besides the discrete convergence of resolvents (A)
and stability (By).

EXAMPLE 6.3. Let A, E and E2 be as in Example 6.1. It is well known (sce [51]) that
A can be associated one-to-one with a sesquilinear form o : 3 x E* — C such that

1
o, 0)| < eallull y ol y0 ww € B,

Reo(u,u) > 02||u||E%7 ueE?,

o(u,v) = (—Au,v), u€ D(A), ve E?.

If O C R? is a convex polygon consider a subdivision of it which consists of a regular
triangulation where each triangle has largest diameter equal to h. In this case denote by
Sy, the set of all functions in E2 which are linear in each triangular element.

So we are given a family S, of finite dimensional subspaces of H}(Q) with the standard
(see [70]) approximation property

in;f (Ilv = Xl + hllv = x| g1/2) < CR?||v|| g for v € H?(Q) N H ().
XESh
We also introduce analogy of our connecting mappings {p%} as @, = phu, i.e. the projection

1
of u e Ez on E? with respect to the H'(€2) inner product and we have

lu—a < Chl|ullgr  and  |Ju—@"||g < Ch?|ul|gr, wue€ B!

" s
E2
1
see [19, 20]). Incidentally we stand P,u for the projection of u € F on S = E? with
h

respect to the L2(2) inner product, these operators play the role of connecting mappings
{pn}. In this framework, our finite element approximation Ay : S, — S, of A is defined by

(= Anbn,n) = o (b, n),  bnn € B2
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In other words, Ay, is the operator associated with the sesquilinear form oy,(+,-) which is

1 1
the restriction of o(-,-) to E? x E?. With such setting one can prove that there exist a
constant C' and an acute angle 6 such that for any x € E and z € {z € C: 0 < |argz| < 7}
we have for instance

||(ZI - A)711’ — (ZIh — Ah)*lpthE < Ch2||$HE

This estimate shows that in such example one has P-convergence with uniform convergence
of the resolvents. Since our resolvent (A — A)~! is compact for some A, then because of
inequality (where p(-) is mesure of noncompactness)

p((2In = Ap) " tan) < p((21 = A) " an) + (| (21 = A) " ran — (21, — Ap) " @ |e < CR?|lan| &

resolvents converge compactly as b — 0. So we will use compact convergence property as
one of the basic assumption on general approximation scheme to get the estimates like
(6.21).

Let up(t) : [0,00) — Eh% be the solution of

(uh (), 6n) + o (un(t), 6n) = 0, & € EE, (6.9)

and u(0) = uY. Then we can write instead of (6.9)

; (6.10)

S o=

uh (t) = Apup(t), un(0)=u) € E

and we also have uy, (t) = exp(tAy)ul). Moreover, for x € E? we have (see [19]) for example
that

~ _1
lexp(tA)e — exp(tAn) Prl g < Chi~ o]y

With this we conclude that the results in this paper holds for (6.4), with n = 2, when we
use finite element method to approximate it.

For the case of finite difference methods approximation of eigenvalues and regular con-
vergence of operators (where the notion of discrete compactness play crucial role) has been
considered in [78]. For more references concerning discretization of problems like (1.2)), see
for example, [10, 28, 58, 59, 61, 63].

ExAMPLE 6.4. The condition (B7) and compact convergence of resolvents are indepen-
dent in the following sense. Let A be as in Example [6.2, with o, = n%,n € N, but we
approximate it with A,, in the form

An = diag(_ah —Q2, —(3, , —Qp_1,0p, —Qpy1, " )7

one can see that resolvents are compact and A,;* — A~! compactly. But, since a,, — +00,
the estimate (B;) does not hold. So this means that compact convergence of resolvents is
not enough to ensure that (By) is satisfied.
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6.3. Compact Convergence and Uniform Estimates

In this subsection we present some basic results on compact convergence and its conse-
quences

6.3.1. Basic Results on Compact Convergence

Recall that B € B(F) is called a Fredholm operator if R(B) is closed, dim N (B) < oo
and codim R(B) < oo, the index of B is defined as ind B = dim N'(B) — codim R(B).

THEOREM 6.2.  [77] For B, € B(E,) and B € B(E) the following conditions are
equivalent

(i) B, PE2.B regularly, B, are Fredholm operators of indez 0 and N(B) = {0};

(ii) B, — B stably and R(B) = E;

(iii) B, — B stably and regularly;

(iv) if one of conditions (i)—(iii) holds, then there exist B! € B(E,), B! € B(E), and
BglﬂBfl regularly and stably.

This theorem admits an extension to the case of closed operators B € C(E), B, € C(E,,)
[79].

LEMMA 6.4. Assume that Bnt compactly and operators B, B, are compact. Assume
also that N'(I + B) = {0}. Then there exist an ng > 0 and M > 0 such that

H(In—l—Bn)_1||B(En) <M, formn>=ng. (6.11)

Proof: Since the compact convergence Bnt implies that I,, + BW,E»I + B regularly,
the result follows from Theorem 16.2.

LEMMA 6.5. Let Ac. # 0. Then for any A € p(A), there is any > 0 such that A € p(A,,)
for all n > n and there is a constant My > 0 such that

(A, — A) 7Y < My, forn>njy.

Furthermore, (A, — An)_lﬂ()\l — A)~t compactly.

Proof. The result follows from Lemma 6.4 and Corollary 3.1l
THEOREM 6.3. [74] Let B € B(E), By, € B(E,). The following conditions are equiva-

lent:
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(i) operators B.22B asn — 00;

(i) || Bn|| < constant,n € N, and || Bppnx — ppBz|| — 0 for any x € E as n — oo;

(i) | Bn| < constant, n € N, and ||Bpzy, — ppBz|| — 0 for any x € E as n — o0,
whenever x,, — x € E.

LEMMA 6.6. Assume that A.. # 0 and resolvents (A — A)~*, (A, — A,) ™! are compact.
Let A be a compact subset of p(A). Then there is a constant ny > 0 such that A C p(Ay,)
for alln > ny and

sup ||(A, — A,) 7| < . (6.12)
AEA
n>na
Furthermore, for any u € E
sup [[(A, — Ap) " o — pn (M — A)"tul| — 0. (6.13)

AEA

Proof. Let us first prove that there is a ny > 0 such that A C p(A4,) for all n > ny.

Suppose that this is not the case, then there are sequences k,, — 0o, {\;, } € A such that

Ak, is an eigenvalue of Ay, . Since A is compact we may assume that there is a A € A such

that A\, — A. It follows form Theorem 3.1/ (ii), that A € o(A) which is a contradiction.
To prove (6.12)), it is enough to prove that

sup [[(1 — A4 7| < oo

AEA

n>na
Assuming in contradiction that this is not the case; that is, assume that there are sequences
kn — 00, A, € A (which we may assume convergent to A € A) such that

12 = Aw, A )7 = oo

Since A, A,:nly converges compactly to AA~! this is in contradiction with Lemma 6.4.
It remains to prove (6.13). Once again, we prove it by contradiction. Assume that there
are sequences k, — 0o, A3 A\, — A € A and € > 0 such that

1N T = Ak, )™ P, = i, (A, T = A) " Ha| > e (6.14)

But this contradicts according to Theorem 6.3 to ||(A, — An) " ppu — pp(A — A)~Lu| — 0
for A = X\ and estimate (6.12).

Next we show that the compact convergence of A ! to A~! ensures that the resolvent of
A,, contains a fixed sector for almost all n. We observe that no information about bounds
on the resolvent are provided. Let us denote ¥4 5 = {X € C: |arg(A — @)| < 7 — ¢}.
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LEMMA 6.7. Assume that A.. # 0, for A € A, resolvents (\,, — A,)~! are compact
and conditions (1.1), (B1) are satisfied. Then there are a sector X5 _,, ¢ < ¢ < 7/2,
0 <w<w, a constant n, > 0 and a constant M,, such that

M.,

AIn*An -t gi
I < 2

, VAEX; _, asn > ng. (6.15)

Proof. Let w < wy; < @ and consider the region A = {A € C: ReA > —w; and A ¢ 3y o }.
Then A (see Figure 2) is a compact set and A C p(A4). It follows from Lemma [6.6/ that
there is a constant ny > 0 such that A C p(A,) for all n > na and

sup ||[(M, — A,) 7| < o0. (6.16)
AEA
nz>na

Figure 2
If we take ¢ < m/2 such that X5 , N {\ € B4 : Red < w1} = 0 we have that X , C
p(Ay) for all n = ny. The estimate (6.15) follows easily from (6.16) and from estimate

(B1)-1

PROPOSITION 6.1.  Let conditions (A) and (By) be satisfied. Then the compact conver-
gence of resolvents (A, — An)_lﬂ()\l — A)~! is equivalent to the compact convergence
of analytic Cy-semigroups exp(tAn)ﬂ exp(tA) for any t > 0.

Proof: First, let us show that the compact convergence of resolvents (A\I,, — An)_lm

(M — A)~1 is equivalent to the compact convergence of Cy-semigroups exp(tA, ) — exp(tA)
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for any ¢t > 0. Let [2,|| = O(1). Then from the estimate ||A,exp(td,)| < e~t, we
obtain the boundedness of the sequence {(A, — AI,,) exp(tA,)x,}. Because of Theorem
3.3 and the compact convergence of resolvents, we obtain the compactness of the sequence

{exp(tA,)xn}.
The necessity will be proved if for the measure of noncompactness u(-) we establish that

pw({(AL, — Ay) "z, }) =0 for ||z, || = O(1). We have

p({ML = Ap) 2 }) = u({ / M oxp(tA )xn}) ({ /O Y exp(tAn)xndt})+

{/ Mexp(tA )xndt}) + u({exp(eA )/qQ e Mexp ((t— e)An)xndt}).

Two first terms can be made less than e by the choice of ¢, Q. The last term is equal to zero

because of the compact convergence of semigroups exp(eAn)E» exp(eA) for any 0 < e < ¢
and boundedness of the sequence {qu e Mexp ((t — €)An)zndt}p

6.3.2. Compact Convergence of Fractional Powers

Here we obtain the compact convergence of negative fractional powers assuming compact
convergence of resolvents. Such results are essential to obtain the P*—compactness of the
union of the attractors in Lemma [5.2.

LEMMA 6.8. Let A,, A be such that conditions (1.1), (B1) and A.. # 0 are satisfied.
Then for any 0 < 8 < 1 one has A;OE»A*O compactly.

Proof. Let X5 _, be as in Lemma (6.7 and (2 be the boundary of X5 _,. Since

1
—A,) " = — [ (=N 7\, — A,) T dA
(47 = 5 [N )
From Lemma 6.7, the above integral is absolutely convergent uniformly for n > n,,. There-
fore, given € > 0, one can divide contour 2 = Qf U5 in such way that € is bounded and
the integral

1
— NN, — A) 7N <€, no= .
277 Jog [[(=A)~"( )l €& nzn

As for the integral over Qf we rewrite it as

Al -6 -1
By =2 [ (M)A, — A,) " tdA

21
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we observe that [|(=\) " A(AI,, — A,)~!| is bounded uniformly for n > n,,. From the fact
that A1 — A~! compactly it follows that B,, — B compactly. Let p be a measure of
non-compactness. Now, taking any sequences n — oo and {un}, un € Ep, |un] = 1, we
obtain that

p=A0) " 0}) < B} + s [ (-NTOL = A dru) <

It follows that, given {u,}, with u, € E,, n — oo, |lua| = 1, p({(=An)u,}) = 0 and
that (—A4,)~% — (—A)~? compactly.

To see that (—A,) "0 25 (—A)~% we use that (M, — Ap) "t "= (AT — A)~! for all A € Q
and the Dominated Convergence Theorem.q

Now we consider a relatively bounded perturbation of A,, and A in the following manner.

We consider perturbations satisfying

(L) D, € B(E%,E,), D € B(E*, E)) such that D,,, D are compatible.

We assume the following hyperbolicity condition

(H) c(A+D)Nn{A e C:Rex =0} = 0.

It is clear that if resolvent of A is compact, then A + D has compact resolvent.

LEMMA 6.9. Assume that A.. # 0 and conditions (1.1), (By) are satisfied. Then, for
any 0 < 0 < 1 operators D,, € B(E%, E,), such that D,, — D in the sense of the spaces

E2,E, and E®, E, then one has (—A,)%(A, + Dn)*lm(—A)e(A + D)=t compactly.

Proof: To prove the result chose positive numbers r; and ro such that 1 > a+r; > 6 and
r9 = 1 — a — r1 and note that

<_An)0(An + Dn)71 = (_An)i(aJrrlie)(_In + (_An)iran(_An)iaih)71(_An)7r2

Since {(—Ay) 2D, (—A,)"* "} converge compactly, the result now follows from Lemma
6.8/ and from Lemma 6.4,

6.3.3. Convergence of Linearized Semigroups

The next result ensures a stability condition.

LEMMA 6.10. Let A, A be such that conditions (1.1), (B1), A # 0, (L) and (H) are
satisfied. Then, there is a sector Y¢, ., ¢a < 7/2, wg € R, a constant nqg > 0 and a
constant My such that

My

I(ALn = (An + fr(up)) M < Tl

, forany A € 4, w, and for alln > ng. (6.17)
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Proof. It follows from Lemma 6.7 and from the Moment Inequality that for A € X5,
M

[(=An)*(AMn — An)71” < P"TON n 2 N
Since D, (—A, )~ is bounded uniformly in n and
(>\In - An - Dn) - (In - Dn(_An)ia(_An)a()\In - An)il)(AIn - An)

we have that there is a R > 0 such that for [A\| > R, A € X5 ,, we have that the operator
(I, — Dp(—A,)"*(—An)*(\, — A,)) is invertible and

I(Zn = Dn(=An) " (=An)* (M — A) )7 < 2.

From that we obtain the desired result (see Figure 3) for any wy > R with 64 suitably
chosen such that ¥, ., C {\ € ¥g4: [A| > R}

Im

Figure 3
Observing that, from Lemmal6.9, (A, +f! (u}))~! converges compactly to (A + f/(u*))~
and proceeding exactly as in Lemma 6.6/ we obtain the following result

LEMMA 6.11. Let Ay, A be such that conditions (L.1), (B1), Ace # 0, (L) and (H) are

satisfied. Let A be a compact subset of p((A+ f'(u*))). Then, there is a constant ny > 0
such that A C p((An + f,(ur))) for alln = ny and

1

sup [[(Aln — (An + £, (u;)) 7| < oo (6.18)

AEA
n>na
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Furthermore, for any u € E

sup IA L = (An + fr(un) ™ ppu — (M = (A + f'(w"))) " ul — 0. (6.19)

The following result can be proved exactly as Theorem 3.1 and Lemma [6.7.

Let Q(c") be as in Definition 2.8 and denote by W(cT, A + f/'(u*)) the subspace
Q(oT)E*. Similarly, if Q,(c;") is as in Proposition 5.5, we denote by Wy (o,b, An + [l (ul))
the subspace Q, (o, )ES,

THEOREM 6.4. Let A, A be such that conditions (1.1)), (B1), Ace # 0, (L) and (H) are
satisfied. Then the following statements hold :

(i)there exists ng > 0 such that dim W, (o;F, (A, + f}(uk))) = dim W (o™, (A + f'(u*)))
for all n > ng;

(ii)for each u € W (o, (A+ f'(u*))), there is a sequence {u,}, with u, € W, (o}, (An +
Fi (), such that u,2—u;

(iii)any sequence, {un}nen, with u, € Wy(o,F, (An + f1(ul))), n € N, with |Ju,||g, =1
has a convergent subsequence and any limit point of this sequence belongs to W (o™, (A +

f'(u));

(tw)there is a > 0 and ng > 0 such that o((An + f1,(uf))) N{A € C: |ReA| < B} =0,
n = ng;

v)there are /2 > ¢3 >0, B> 0 and ng > 0 such that
B B

Mg
Yo5,—8 CP(( nt fulu ))‘ [=Qn(oF  An+f1 (us, En) | < g
n > ng and
Mg
|| ()\ (A + fn |([ Qn(o'nyAnJFfl (u*)))En) || X |>\ 6| V)\ S E¢B — (620)
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Figure 4

6.3.4. Some Uniform Estimates

It is well known that, if condition (1.1)) is satisfied, for each w < @ there is a constant
M, > 1 such that

[t* exp(tA) || (2, me) < Mue™", ¥t = 0.

From Lemma 6.7, the estimate in (1.1) holds uniformly for the semigroups generated by
A, for n large enough. From this we obtain the following result

THEOREM 6.5. Assume that A # 0 and conditions (1.1), (B1), (L), (H) are satisfied.
Then, for each w < @, there are constants, nyg and M,, such that

[t exp(tAn)| B(E, poy < Mue™", VE20, 0<a<1, n>=ne.

As a consequence of Theorem 6.4/ we have that

THEOREM 6.6. Assume that A.. # 0 and conditions (1.1), (B1), (L), (H) are satisfied.
Then, there are constants, ng and Mg such that

[t*exp(t(An + f;l(u:)))(ln - Qn(a:{)> IB(E..B3) < Mge™', ¥t >0, 0<a <1,

(6.21)
lexp(t(An + FL(uz)@n(07) (5, < Mae™, Wt <0,

n z=ng.
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