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We apply the method of constructing controlled vector fields to give suffi-
cient conditions for the A-topological triviality of deformations of map germs
ft : (C™,0) — (CP,0) of type fi(z) = f(z)+th(z), withn > porn < 2p. These
conditions are given in terms of an appropriate choice of Newton filtrations for
On and Op and are for the A-tangent space of the germ f.

For the case n > p, we follow the technique used by M. A. S. Ruas in
her Ph.D. Thesis [5] and construct control functions in the target and in the
source to obtain, via a partition of the unit, a unique control function. We
use the control function of the target to give an estimate for the case p > 2n.
Moreover, in this case we also show that if the the coordinates of the map germ
satisfy a Newton non-degeneracy condition, deformations by terms of higher
filtration are topologically trivial.  May, 2004 ICMC-USP
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1. INTRODUCTION

The determinacy of topological triviality for families of map-germs is a fundamental subject
in singularity theory. As we see in the articles of Damon (see [3] for example), the method
of constructing controlled vector fields is a very powerful tool to compute the topological
triviality. M. A. S. Ruas in her PhD. Thesis gives an explicit order such that the A-
topological structure of a homogeneous polynomial map-germ f : (C",0) — (CP,0), with
n > p, is preserved after higher order perturbations.

* Partially supported by CNPg-Grant 300880/2003 - 0.
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28 M.J. SATA AND L. M. F. SOARES

In this paper we apply this method to give sufficient conditions for the A-topological
triviality of deformations of map germs f; : (C™,0) — (CP?,0) of type fi(x) = f(x)+th(x),
with n > p or n < 2p. These conditions are given in terms of an appropriate choice of
Newton filtrations for O, and O, and are for the A-tangent space of the germ f.

First we generalize the results of M. A. S. Ruas [5], by considering different Newton
filtrations Ay, for O,, and By for O,, these results are done for the case n > p. We construct
control functions in the target and in the source to obtain, via a partition of the unit, a
unique control function. We remark that in [5] these control functions are homogeneous,
since they are associated to the usual filtration, done by the degree of monomials.

In the case p > 2n we give an estimate in terms of the control function of the target.
Moreover, if p > 2n, we apply the results of Gaffney in [4] to show that deformations
by higher Newton filtration are A-topologically trivial if the map germs satisfy a Newton
non-degeneracy condition.

2. NEWTON FILTRATION AND CONTROL FUNCTIONS

To construct controlled vector fields that guarantee the topological triviality we define
a convenient control function in terms of a fixed Newton polyhedron. First construct a
control function in the target, denoted by pm and a function in the source, denoted by py.
When n > p, the control function p is defined from these, via a partition of the unity. For
p > 2n, the control function used is pm.

We fix a coordinate system x in C", (y in CP) and identify the set O, of holomorphic
germs g: (C0) — (C,0), £ = n or p, with the ring C[[z]] (C[[y]]), of convergent power
series.

We follow [1] and say that a subset I'y C R is a Newton polyhedron if there exist some
ki,...,k. € Q} such that 'y is the convex hull in R} of the set {k; +v :v € R}, i =
1,...,r} and T'y intersects all the coordinate axis. Denote by I' the union of the compact
faces of I'; and consider the Newton filtration of O,, = Ag 2 A1 2 Az D ..., by the ideals
A, ={g9€ 0, :suppg C ¢p"(q+N)}, for all ¢ € N, here ¢r is the Newton function of T,
see [1] for more details.

For a germ of function g = 3, axz”, we denote d(g) = max{q : g € A,}. For a map germ
g:(C"0)— (C?,0), g=(g1,-..,9p), call D; = d(g;) and consider D1 < Dy < ... < D,,.

Denote by M; the determinant indexed by I, of the px p minor of the matrix of the partial
derivatives of g, I = {i1,...,i,} C {1,...n}, with i1 < ... <i,, and call L; = d(M).

Define the control function in the target, pm : CP — R by

pm(y) = lyi P+ el 4 P
and the function in the source pg(g) : C* — R by
pe(g)(x) =Y M.

The numbers r;, a; and D are chosen as the smallest positive integers such that D;r; =
arLy = D for all i and I. Then d(pf(g)) = mlin{QaI.LI} =2D.
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A-TOPOLOGICAL TRIVIALITY AND NEWTON FILTRATIONS 29

The Newton filtration in Op = By 2 By D By 2 ..., is given by the Newton polyhedron,
which has only one compact face, defined by the p tuple w = (w1, ..., wp), with w; = R/r;,
R=m.cm{ry,..,mp}.

For any monomial y® € Oy, we denote fil,(y*) = wioq + ... + wpay and call By =
{9 € Op; fily(g9) > k'}. Hence fily,(pm) = 2R and

d(pm © g) = fil(|g1]*™ + |92l + ... + |gp|*") = 2.r5.D; = 2D.

Denote by v? = (v{, oovl), § = 1,2,...,r the vertices of the Newton polyhedron
't (A2p), and define the control function

I . .

2v7 2v7

Po(T1, .. xy) = E Tyt xn "
Jj=1

We remark that the function py is not a control function for any Newton polyhedron.

Example: Let g : C? — C? defined by g(z,y) = (vy,z* + y° + 23?). Fix the Newton
polyhedron I'; (g2) to obtain the control function in the target pm : C2 — R pm(y) =
ly1]*®+]y2|'°, and the function on the source pg(g) : C? — R defined by: pg(g) = (5y°—4a*+

22)10. The control function p, associated to 'y (gi0) is p,(z,y) = (230 4 y100 + 220440)z

3. A-TOPOLOGICAL TRIVIALITY

Denote by F': (C™ x C, (0,0)) — (C? x C,(0,0)), F(x,A) = (f(z,A),t) a one parameter
unfolding of a finitely determined map germ f : (C",0) — (CP,0) and call the family of
map germs fy(x) = f(x,\) a deformation of the germ f.

A deformation fy(z) is A-topologically trivial if, for small values of A, there exist two
farrllilies of homeomorphisms hy : C",0 — C"”,0 and k) : CP,0 — CP,0 such that k) o f) o
hy* = fo.

Let g : (C™,0) — (CP,0), be a finitely determined map germ satisfying

Aspyp,ty C tg(A2pbn) + wg(Bary10y). (1)

(From the constructions done above we have the following:

Proposition 3.1.

1. If n > p, suppose that in a neighborhood V of 0 in C", there exist constants o e 3
such that ps(g(x)) > Bpy(z), for all x € V N {x; pm(g(x)) < apy(x)}.

2. If p>2n, suppose that pm(g(x))>cpy(x), for all x in a neighborhood V of 0.
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30 M.J. SAIA AND L. M. F. SOARES

Then deformations of gn = g + Ah of g, with fil(h;) > Dp, ¥ i = 1,...,p, are A-
topologically trivial for small values of X.

In order to prove this Proposition we use the next Lemma, where it is shown that it is

possible to extend the filtration condition of the equation (1), to the tangent space of an
unfolding of the germ g.

We fix a finitely generated ideal I in O, call m; the maximal ideal in O; and A, D+D,
the ideal in Oy generated by the monomial A and the ideal Aspyp,.

Lemma 3.2. Let G(z,A) = (ga(z), A) be un unfolding of go(x) = g(x), such that gx —go €
m1.Ap,0c and |\ < € for small values of €. If the equation (1) holds, then

A2D+Dp0G - tG(A2D0n+1) + wG(I.0p+1).

Proof: Since
Aspyp,0c = Aspyp,0g + AAapyp,0c C tg(Aapbn) +wg(1.0,) + Aapyp,ba,

and tg(Aapby,) +wg(1.0,) C tG(A2pbny1) +wG(I.0p11) + A2pip,0c it follows that

A2D+Dp9G - tG(A2D9n+1) + wG(I.0p+1) + )\A2D+ngg. (2)

Let E be the finitely generated O,,1-modulo defined as

o tG(A2D9n+1) + wG(I.9p+1) + A2D+Dp9G
tG(A2D0n+1) + wG(I.9p+1) '

We remark that E is a G*(Op41)-modulo and (A).E = E since

tG(AzDGHJrl)-‘rwG(I.Qerl)-‘r(/\)[tG(AzDGHJrl)-‘rwG(I.Qerl)+A2D+Dp\9g]
tG(A2D9n+1)+wG(I.0p+1)

(\).E =

tG(A2p0nt1)+wG(I.0p41)+A2p4 D, 00

tG(A2D0n+1)+wG(I'9P+1) - E

Therefore if we show that F is finitely generated as G*(Opy1)-modulo we apply the
lemma of Nakayama to obtain E = 0, or

A2D+Dp0G - tG(A2D9n+1) + wG(I.0p+1).
We show now that E is finitely generated as G*(Op41)- module.
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A-TOPOLOGICAL TRIVIALITY AND NEWTON FILTRATIONS 31

; From the inequality

tG(AQDHn_H)+wG(I.0p+1)+A2D+Dp9G CtG(A2D0n+1)+A2D+Dp0G wG(19p+1)
tG(A2D0n+1) + U)G(I.9p+1) - tG(A2D9n+1) tG(AQDGn_H)
call E' the finitely generated O, 1-modulo

tG(AQD(gTH_l) + A2D+Dp9G
tG(A2pbn+11)

E =

Since wG(I'e”“)) is finitely generated as a G*(Op41)- modulo and the ideal I is finitely

tG(A2pOnt1
generated, we need to show that E’ is finitely generated as a G*(Op41)- modulo.
(From the Theorem of Preparation of Malgrange, E’ is a finitely generated G*(Op41)-

modulo if, and only if dim¢ #/E, < +o00.

+1)

tG(A2p0n41)+A2p4D,0G

!
Write E = 1G(A2D0n+1)
G* (mp+1)E’ G*(myp11)[tG(A2p0n41)+A2D+D,0G]+tG(A2p0n+1)
tG(A2p0n41)

tG(A2pOny1) + A2pyp,fa
tG(A2pOnt1) + G*(mp11)[tG(A2p0n11) + A2p+4 D, 0G]

and denote S = A2D+Dp9G and T = tG(A2D9n+1) + G*(mp+1)A2D+Dpﬁg.

. . T+S __, S

TT”, by the isomorphism theorem 7 Thg

JFrom tG(Aapbny1) +wG(1.0p41) +MNAapip,Oc € tG(A2pbOny1) +G*(myi1)0e and by
the equation (2) we conclude that tG(A2ppy1) + G*(mpy1)0c 2 A2pyp,0c-

Multiplying by Aspyp,:

Since the quocient above is

tG(Aspyp,Ont1) + G (mpi1)Aapip,bc 2 Aspyop,fc.
On the other hand,

tG(Asp+D,0n11) + G*(Mpi1)A2pip,0c 2 Mapip,0c.

A2p+4p,0c

Hence, dimc 25 < dime 5 < 400. I
2D+

DpA2D+D,0G
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32 M.J. SATA AND L. M. F. SOARES

Proof of the Proposition 3.1: Let G)(z,y) = (g9x(z,y), A) be an unfolding of g, with
ga(z,y) = g(z,y) + Ah(z,y) and h € Ap,b,.

(From the general hypotheses, hpm(g) € tg(A2p8,) + wg(B2r+10,). Applying the
Lemma above, there exist analytic vector fields £ € Aapb, 41 and nn € Bar410p41 such that
the above inclusion holds for deformations, i.e.:

hpm(gr) =tG(§) +noG. (3)

(From the equation (3) we construct the vector field controlled by pm. Define w in
(CP x C,0 x 0) as

w(y, \) = pm(y)’ y70

0, y = 0.

Since fil,(n) > 2R+ 1 = fily,(pm) + 1 we apply Lemmas (1) e (2) of [6] to conclude
that the vector field w is integrable.

Proof of the case n > p. In order to define the vector field controlled by the function
0
ps, for each I = {i1,4a,...,ip} C {1,2,...,n} write %MIA = tG(71), with v7 = 3 i 52

and each +; is defined as
Yi = O7 if 4 ¢ I
Yim = 3 Ny, (%i;)] if i, €l

where Nj; s the (p — 1) x (p — 1) cofactor of aagJ
Since pg(ga) Z | M7, |**T, we obtain

hpg(gr) = tG (Z WMﬁ’*lMiAav :

P

Malflvul —
therefore h = tG (), with ¢ = Rl ,JIE o0 2 Denote yg = > WMIO‘;*lMIA " to obtain
filr, (vr) = filr, (pglgr)) + 7, with r = mln{é( 5ok b
The integrability of the vector field ¥ = ’Z N is guaranteed by the hypotheses of the
PE\Y

following:
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A-TOPOLOGICAL TRIVIALITY AND NEWTON FILTRATIONS 33

Lemma 3.3. There exist positive constants o, 8 and a neighborhood V' of the origin in
C™ such that

pi(gr()) = arpy(z), ¥z € VN {pm(gr(z)) < Bpo()}.
Proof: Since g\ = g + Ah, and fil(h) > fil(g), we have

pe(gr) = pe(g) — A0(x, A), with  fil(0) > fil(pg(g))-

By hypotheses pg(g) > ap,(z) for = € V N {x;pm(g(x)) < Bpy(x)} hence there exists
a constant ¢ > 0 such that A0(xz,\) < ¢p,(x). Since pm(gxr(z)) < pm(g(x)), for each
z € VN {z; pm(gxr(2)) < pm(9(x)) < apy(x)}, then

pe(ga(@)) = pely(x)) — A0(z, )
> (a—=c)py(x)
= aypy(x).

To finish the proof ot the Proposition 3.1., consider the following partition of the unity.
Let H=(V xI)—(0x1I), with I = (—¢,¢) and the following sets

Fy = ({(z,\);gx(z) =0} = (0x C)) N H, Fy = {(x,\); pm(ga(x)) > apy(x)} N H,

By ={(, \); pm (92 (2)) <0apo(2)} N H and By ={(z, \): prn (91 () < azpy ()} N H.
with a1 < a < as.

We remark that F; anf F5 are closed and disjoint from H.

Define ((z) = (1(z) + C2(z), a partition of the unity related to {Es, (Ey)°}.

1, if(x,\)eF
Cl(x’)‘) =
0, if (z,\) € (Eq)°
and
1, if (.’L‘, A) € Fy
CQ(x’)‘) = .
0, if ({IT,)\) € k.
L@ e () \) € Fy©
ENED M !
Call vo(x,\) = P
0, if ($,)\) € Fy,

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



34 M.J. SAIA AND L. M. F. SOARES

where £(z, A) is given in equation (3), and define

IR s .
Pf(gl{(w))’ if (z,)) € F»

vi(z,A) =
0, if (I,)\) € Fb.

Since all functions defined above can be extended in such a way that they are zero at
0 x A, let v be the vector field in (C™ x C,0 x 0) defined as

Cl(x, )\)Vl(l',)\)+C2($, )\)+V2(£C7>\), 1fx7é0
v(z,\) =
0, if x =0.

Then the vector field v is continuous, integrable and

h=tGv(z,\)) + w(G(z, N)).

[ From the integral curve solutions of v e w we construct the germs of homeomorphisms
H:(C'"xC,0x0)— (C"xC,0x0), H(z,\) = (h(z,\),N), h(z,0) =z,

and

K:(C"xC,0x0) = (C”"xC,0x0), K(y,A) = (k(y,A), M), k(y,0) =y

to obtain K o Go H~! = (g,idc).
Therefore the two families of homeomorphisms h) : C*,0 — C™,0 and k) : CP,0 — CP,0
that give ky o fy o h;l = fo are hy = h(z,\) and k) = k(x, A). I

Proof of the case p > 2n: From the equation (3) we have

=G (pmfgx)>+p?nczgci)'

By the general hypotheses, £ € Asp and by (2) we have, pm(gx)(z) > cp,(x), therefore

the vector field is integrable and the homeomorphisms H and K are obtained as

pm(9»)
above. I

4. THE NON-DEGENERATE CASE WHEN P > 2N

In the case p > 2n, we show the A-topological triviality of a family gy = g + Ah if
the map germ h has a higher order filtration and the ideal generated by the coordinate
functions g; satisfies a Newton non-degeneracy condition.
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A-TOPOLOGICAL TRIVIALITY AND NEWTON FILTRATIONS 35

First we recover the basic definitions needed for the Newton non-degeneracy condition.

Let g =), arz® in O, denote supp g the set of points k € Z™ with a;, # 0. If I is an
ideal in O,,, define supp I = Ugersupp g.

Fix an ideal I with finite colength in O,, i.e., dim¢ % < o0, and consider its Newton
polyhedron I' { (), the convex hull in R of the set {k +v:v € R}, k € supp (I)}

For each compact face A of T, denote by C(A) the cone with vertex at the origin and
passing through A and denote by Aa the subring with unity of O,, Axn = {g € O, :
suppg C C(A)}. For a germ g € O, denote by ga the polynomial gn = > apz® with
k € suppg N A.

Definition 4.1. An ideal I is Newton non-degenerate if there exists a system of generators
gi,---,9s of I such that for each compact face A C T, the ideal generated by the system
{g1A,---,9sa} has finite colength in Aa.

To show the main result of this section we fix some notation.

Since p > 2n, any map germ g = (g1, ..., gp) is A-finitely determined if, and only if, g is
L- finitely determined, here £ denotes the L£-group of Mather.
In this case, we define the control function p : C? — R, by

p(y) = ya** + o 22 + ..+ |y, |27,

where the numbers {s1,...,s,} are integers, such that we can write
Igx
- € TLyg.
o P9) 9
Now we denote by w/ = (w{ cowl), §=1,2,...,7 the vertices of the Newton polyhe-

dron fixed by p(g), and define the control function

T . .
2wy 2w?
Pw(T1,. o xy) = Z;z:lwl ot
j=1
Call I the ideal generated by the system {g>*',... ,gzsp}.

Proposition 4.2. Suppose that I is Newton non-degenerate. Then, deformations of g of
type gx = g + Ah, with fil(h;) > fil(g;), for i =1,...,p are A-topologically trivial.

Proof: Since the map germ g is L-finitely determined, there exists a vector field n € m,0,
such that

9 plg) =nog

o\’ '
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neyg

To prove that the vector field om(g) is integrable, we follow Gaffney in [4] p.482.
m

Then it is sufficient to show that there exists a constant C' > 0 such that

g

B e )| <l

or equivalently:

09

Bt € CUAP ot ) 5)

0,
L/\*()\,xl,...,xn)

< Cp(gn)-

F)
For gy = g + Ah, we have p(gx) < p(g) + A0(z, \), with fil(0) > fil(p(g)).
Since the ideal I is Newton non-degenerate, there exists a constant C' > 0 such that

pu(r) < Cp(g).
Then, as fil(h;) > fil(g;) we obtain ‘68%()\7951, cey Tn)

And this inequality is equivalent to ‘

< pw(z) < Cp(g). [

An example in C? — C*
Let k > 5 be an odd integer with k, k+1, k+2, k43 two by two primes, and ¢ : C? — C*,
the map germ g = (g1, 92,93, 94) with

gi(z,y) = oz’ + agy® + a1y + agt 2y,
g2(z,y) = Bra™? 4 Boy™ 2 + byt + baaty;
g3(z,y) = 012" + 00y T 4 12yt + ezt iy,
9a(z,y) = 12"tC + 9yt + dizyF Tt 4 daat Tty

We see in the example 2.1 of [2] that g is A-finitely determined for generic values of «;,
Bi, 0; and ~;, with a;, b;, ¢; e d; being all distinct prime numbers.

To apply the Proposition 4.2 we fix the Newton polyhedron T'; (g1 ), and denote
si=(k+2)(k+4)(k+6), sa=k(k+4)(k+6), ss=k(k+2)(k+6), sa=k(k+2)(k+4).
We define the control function
pm (Y1, Y2, Y3, Ya) = [y [+ [yl + Jys|* + [yal*.
Since fil(g1) = k(k — 1), fil(g2) = (kK + 2)(k — 1), fil(gs) = (k+ 4)(k — 1), and
fil(gs) = (k+6)(k —1), we see that the ideal I generated by the system {g7*, g5, g5°, 94* }

is Newton non-degenerate.
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A-TOPOLOGICAL TRIVIALITY AND NEWTON FILTRATIONS 37

Therefore we conclude that if gy = g + Ah is an A-topologically trivial deformation if
Fil(he) > k(k = 1), fillhs) = (k= 2)(k — 1), fil(hs) > (k + 4)(k — 1) and fil(hs) >
(k+6)(k—1).
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