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In this paper we discuss continuation properties and asymptotic behav-
ior of e-regular solutions to abstract semilinear parabolic problems in case
when the nonlinear term satisfies critical conditions. A necessary and suf-
ficient condition for global in time existence of e-regular solutions is given.
We also formulate sufficient conditions to construct a piecewise smooth ex-
tension for e-regular solutions (continuation beyond maximal time of exis-
tence for e-regular solutions). Applications to strongly damped wave equa-
tions and to higher order semilinear parabolic equations are finally discussed.
In particular global solvability and the existence of a global attractor for
uge + n(—AD)%ut + (=Ap)u = f(u) in H}(Q) x L?(Q) is achieved in case
when a nonlinear term f satisfies a critical growth condition and a dissipa-
tiveness condition. Similar result is obtained for a 2m-th order semilinear
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1. INTRODUCTION

Let X be a Banach space and A : D(A) C X — X be a sectorial operator. Denote by
X%, «a > 0 be the fractional power spaces associated to A. Consider semilinear parabolic
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52 A. CARVALHO AND J. CHOLEWA

equations of the form

u(t) + Au(t) = F(u(t)), t >0
uw(0) = up € X! (1.1)

where F': X! — X « >0, is a locally Lipschitz continuous map. A mild solution to (1.1)
is a function u(-,ug) € C([0, Ty, ), X') which satisfies the variation of constants formula

¢
u(t,ug) = e Aug + / e~ A=) P (u(s, ug))ds. (1.2)
0

We say that (1.1) is locally well posed in X! if for any ug € X! there is a unique mild
solution ¢ — u(t,up) to (1.1) defined on a maximal interval of existence [0, 7,,) which
depends continuously on the initial data ug.

If o > 0 then (1.1) is locally well posed (see [HE, CD]). If in addition F' takes bounded
subsets of X! in bounded subsets of X* then either 79 = +o00 or limtﬁm_0 lu(t, wo)||xr =
+oo (see [HE, CD]).

If @ = 0 the local well posedness is a more delicate matter. Usually it is not true that
the problem is locally well posed if F is assumed to be a Lipschitz continuous map from X!
into X (e.g. if F(u) = —2Au). In this case, following [AC], we define e-regular solutions
as the functions from C([0,7), X') N C((0,7), X1T¢) which satisfy (1.2) and we say that
(1.1) is locally well posed if for each ug € X there is a unique e-regular solution to (1.1)
defined on a maximal interval of existence which depends continuously on the initial data
up. Also, according to [AC], we say that F is an e-regular map relative to the pair (X!, X)
if there are constants C >0, p > 1, ¢ € (0, %), and 1 > v > pe such that

|F(v) — F(w)||x+ < Cllv — w|| x1+e (1 + ||v||”X_1L + ||wH’;(_1L> for v,we X', (1.3)

The following result, taken from [AC], ensures local well posedness in the case oo = 0.

Proposition 1.1.1. If (1.3) holds and vy € X', then there are r > 0 and 7 > 0 such
that for any ug € Bx1(vo,r) = {ug € X' ||ug —vol|x1 <7} there exists a unique e—reqular
solution u € C([0,7], X1) N C((0,7], X1*¢) to (1.1). In addition, if pe <~ then, r can be
chosen arbitrarily large.

Whenever v(g) > pe, the radius r in Proposition 1.1.1 can be chosen arbitrarily large
so that the time of existence of e-regular solution becomes uniform on bounded subsets of
X!, We remark that the latter property may be sometimes preserved also when v(g) = pe
(see Section 2). If this is the case, the following result is applicable.

Corollary 1.1.1. Suppose (1.3) hold, ug € X' and let u(-,uo) be a unique e-reqular
solution to (1.1) defined on its maximal interval of existence [0,7T,,). Suppose also that the
time of existence of e-reqular solution to (1.1) is uniform on arbitrarily large balls.

Under these assumptions, if Ty, < oo then limsup,_, . lu(t, wo)||xr = oo.
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As for the continuation it is proved in [AC, Proposition 1] that for any e-regular solution
u(+, up) defined on the maximal interval of existence [0, 7,,) we have

lim sup || (¢, ug)|| x1+e = 00

t—Tug

whenever 7,, < co. We remark that such a continuation result originates from a continua-
tion result in the subcritical case. Indeed, if u(-, ug) is an e-regular solution to (1.1), then
for each s € (0, 7,,) function u(- + s,ug) is a mild solution through u(0) = u(s,up) € X1*¢
of a ‘subcritical’ problem

i+ Ayu = F(u), t >0, (1.4)

with A, being X, realization of A and F satistying (1.3) where 1 +¢ > v > . In fact, if
u(-, up) is an e-regular solution defined on the interval [0, 7) with lim sup,_ , [[u(t, uo)| x,,. <
oo and if ¢, T 7, then from Proposition 1.1.1 there is a positive number 7; such that any
solution starting in u(¢,,ug) exists up to time 71. Since, for large n, t,, + 71 > 7 we have
the result.

Remark 1.1.1. The above considerations are stating that continuation is related to
locally uniform time of existence and convergence of the solution in an appropriate norm
or uniform time of existence in bounded sets and boundedness of solutions in an appropriate
norm.

In the case when F : X' — X® and a > 0, a procedure commonly used to prove that
a solution to (1.1) is globally defined is to show that the X! norm of the solution remains
bounded in the maximal interval of existence.

In the case o = 0, to obtain global solutions we need to ensure that X!'*¢ remains
bounded in the maximal interval of existence. This becomes a very cumbersome task
since computations involving the X'+ norm are, in general, quite difficult (not to say
impossible). It becomes important, in the case @ = 0, to obtain any information that
allow us to conclude global existence of solutions simply by the knowledge of bounds for
the X! norm of the solution. Another important consideration is to give conditions under
which solutions (in a sense to be specified) may be continued beyond the maximal time of
existence when it is finite and, consequently, the X'+ norm blows up.

We remark that in the study of the asymptotic behavior of solutions to semilinear
parabolic problems it is of fundamental importance to be able to establish that solutions
exist globally. Questions like the existence of global attractors can only be addressed after
we have established the global existence of solutions. With this in mind, only in some very
special cases, one can obtain the existence of global attractors for parabolic problems with
critically growing nonlinearities. In [CC 2] one can find examples of semilinear strongly
damped wave equations, with critically growing nonlinearities, for which one cannot show
the global existence of solutions and consequently the existence of global attractors some
of these are considered here.

Following [WA] we give a necessary and sufficient condition for the global in time con-
tinuation of e-regular solutions. We also develop the idea of a piecewise smooth e-regular
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solution, which is a right-hand continuation of a non globally defined e-regular solution
u(-,up) onto a an interval containing the maximal time of existence 7, for the e-regular
solution. This will improve the existing results concerning solvability of abstract semilinear
parabolic problems in case of critically growing nonlinearities. Final examples will show
applicability of the above concepts in concrete problems; like an initial boundary value
problem for a 2m-th order semilinear parabolic equation in Hg}{ Bj}(Q) with a nonlinear

term growing like |u] N o (N > 2m).
In applications much of our attention goes to a strongly damped wave equation uz +
n(fAD)%ut + (—=Ap)u = f(u) with f satisfying growth condition lims_ . EEC) IR

|S‘N—2

(N > 3) and the dissipativeness condition limsupj,_, @ < 0. We show that in an
energy space HJ(2) x L?(Q2) this equation generates a dissipative semigroup of global
solutions possessing a compact global attractor, which extends the results obtained in
cited references.

Concerning the construction of a right-hand continuation of a non globally defined e-
regular solution to (1.1) we show that, although ||u(t,uo)||x1+- norm may ‘blow up’ as
t — 7., such a continuation is possible based on the following concept of piecewise e-

regular solutions.

Definition 1.1.1. Function U : [0,7) — X! is called a piecewise e-reqular solution to
(1.1) on [0,7) iff U(0) = ug and, for each T € (0,7), the following conditions hold:
(31)U € BWC([0,T], X" (the Banach space of all bounded and weakly continuous maps
from [0,T] to X1),
(32)U € C([0,T), Z) for certain Banach space Z satisfying embedding property X' — Z,
(Bs )there is a number Ny € N and times 7; € [0,T], i = 0,1,..., Ny satisfying 0 = 79 <
T <...< 7Ny <T =:TNp41 such that, for certain v > e,

U S C([Tifl,Ti),Xl)ﬂC((Ti,hTi),X1+7)ﬂcl((’r@',1,7’i),X1+C), ’L = ]., . .7]\/vT—‘v-].7 0 S C < Yy
and

limsup [|U(t)||x1+e = 00 whenever i=1,..., Np,

t—T;

(Ba)U(t) + AgU(t) = F(U(t)) for each t € (0,T)\ {rs;i=1,...,Nr}.

If U : [0,00) — X is a piecewise e-reqular solution to (1.1) on [0,7) for each T > 0,
then U is called a global piecewise e-regular solution to (1.1).

If 1 <00, U :[0,7) — X is a piecewise X*-solution to (1.1) on [0,7) and T is a limit of
a strictly increasing sequence {7;,i € N} of times for which limsup, - [|U(t)||x1+e = oo,
then 7T is called an accumulation time of singular times. '

It will be assumed (and next verified in concrete examples) that local solutions resulting
from Proposition 1.1.1 satisfy the condition

l[u(t, uo)llxr < g(uo), t € [0,7u,). (1.5)
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From the point of view of further applications the bound in (1.5) will be called energy
estimate.
Note that with (1.5), (1.3), and interpolation inequality

_ 1 1—1 _ 1 1—1
19l x1+e < Cll@llrve Dl x2” < CllGl ey 10l 52"

we arrive at the subordination condition of the form

1 (ut, uo))l[x+ < g(uo) (1 + [lult, uo)llx1+4) (1.6)

where §(ug) = 2C (14 ¢ g~ (uo)) + | F(0)| x~-

Mention should be made that in (1.6) the ‘distance on a scale’ between the spaces X7 and
X177 is equal to one. Furthermore, in this estimate we can hardly replace ||u(t,ug)]| x1+~
with any ‘weaker’ norm ||u(t, ug)|| x1+~-s. Therefore, the nonlinearity in (1.1) is critical not
only from the point of view of local solvability of (1.1) in X! but also from the point of
view of possibility of global in time continuation of a mild solution to (1.4) corresponding
to an initial data from X'*¢ (see [WA]).

As noticed in [WA], even if (1.5) holds the solution may cease to exist by oscillating when
t — 7,,- To prevent such a beviour we consider the following condition, which proves to
be useful in further applications:

if 7, < 0o, then there is a Banach space Z for which Xt—Z (17)
and a map [0,7,,) Dt — u(t,up) € Z is uniformly continuous. '

Section 2 is devoted to abstract results concerning solvability of pararabolic equations in
Banach spaces. In Theorem 2.2.1 a local well posedness result concerning almost critical
nonlinearities is proved. In particular, for such maps, the time of existence of e-regular
solutions is shown to be uniform on bounded sets. In Theorem 2.2.2 we give a necessary
and sufficient condition for the global in time existence of an e-regular solution. We also
show that a piecewise extension of an e-regular solution can be constructed whenever the
latter ceases to exist in a finite time.

In Sections 3 and 4, we discuss two examples of (1.1) with F satisfying certain critical
condition relatively to a pair of spaces (X!, X?). These are a strongly damped wave equa-
tion and a 2m-th order semilinear parabolic equation. Besides continuation of solutions the
existence of a global attractor is also shown provided growth condition and dissipativeness
condition are suitably formulated, which complements the results previously obtained in
[CC 2, Theorem 5] and [CD, Theorem 5.3.1].

2. ABSTRACT RESULTS

Assume that X is a Banach space, A is a sectorial operator in X and X denote the
fractional power spaces associated to A.

Definition 2.2.1. We say that F is an almost critical e-reqular map relative to the pair
1

(XY, X) if there are constants ¢ >0, p > 1, ¢ € (0, ;) and, for any n > 0, there is C;, > 0
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such that

1F(0) = F(w)llxoe < clfo = wllxree (Cy+llollfale +nllwllit.) for vw e X1,

IF@)lxoe < ellollxie (Cy+mllvl§al. ) for ve XU+,
(2.1)

THEOREM 2.2.1. Consider (1.1) and assume that F is an almost critical e-regular map.
Let ug € X! and Bx1(vo,r) be a ball in X* with radius r > 0 centered at vg.

Then, given r > 0 there is a 79 > 0 such that for each ug € Bx1(vg) there exists a unique
e-regular solution u(-,ug) to (1.1). In addition,
(i) t|Ju(t, ug) || x1+« — 0 ast — 0%, 0 < < pe,
(1) to]|u(t, ur) — u(t, uz)||x1+« < C'ug — uzllx1 fort € [0,70], 0 < ¢ < ¢ < pe, uy,ug €
Bx1(vog,T),
(iii) u(t,ug) € C((0,70], X1TP¢) N C((0,70], X1F) for 0 < ¢ < pe; in particular the
solution, u(t,ug) satisfies both relations in (1.1).

In addition, if the solution u(t,ug) is bounded in X' in its mazimal interval of existence,
then it must exist for all t > 0.

2.1. Proof of Theorem 2.2.1
Most of the proof of Theorem 2.2.1 is the same as in [AC]. We need to ensure that we
can obtain a uniform time of existence in bounded sets and then obtain the continuation
result stated as the last part of the theorem. The later follows from Corollary 1.1.1.
Before we prove Theorem 3.3.2 we will need some technical lemmas.

LEMMA 2.2.1. The operators t®e~ 4t : X1 — X1t >0, are bounded linear operators
satisfying ||to‘e’AtHL(X1’X1+a) < M, with M independent of t. Moreover, given a compact
subset J of X', we have

lim sup||t e x| x14a = 0.
t—0F zeJ

Proof. See [AC] for a proof. |
Let B(:,-) : (0,00) x (0,00) — (0,00), denote the beta function and define

BY = max {B(pe — €1~ pe), Bpe — €1 - po)}.

LEMMA 2.2.2. Assume that F' is an almost critical e-reqular map. If u € C((0,7], X*+¢)
then, for all 0 < 0 < pe,

t9||/ A=) P (u(s))ds|| x140 < cMBL(tP° + [A1)]?), 0<t<T,

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



CONTINUATION AND ASYMPTOTICS 57
where A(t) = sup,e o g 5% u(s)l|xr+e}-
Proof. Since F' is an almost critical e-regular map we have
t t
I ARl < A (0 5) 7)o ds
0 0
t
< et [ (= s) G ) s
0
t t
< cC, Mt° / (t —s)" 1705 + enMt? / (t — 5)71HPe=057P2 55 ||u(s) | x14¢|Pds
0 0
= cMBZ[Cyt” + n[A(1)]7),

from which the lemma follows. | I |

LEMMA 2.2.3. Let F be as before and u, i € C((0,7], X1T¢) be such that t¢||u(t)| x1+e <
woand )| a(t)|| xi+e < p, for some p > 0. Then, for all 0 < 0 < pe, we have
t
O [ e NP (u(s) - Plals))ldslxao <To(t) sup s uls) — als) e
0

s€[0,7]

where

Ty(t) = cMBY [CytP= =% + 2npP~ 1]

Proof. As in the preceeding lemma the proof follows from the fact that F' is an almost
critical e-regular map; namely

Il /0 e~ A [F(u(s)) — F(a(s))|ds| x40 < cCyy Mt? /0 (t — ) 1P 057268 lu(s) — u(s)|| x1+=ds

t
+ chte/O (t = )07 (5% lu(s) || xaee )P+ (ssllﬂ(S)llxwa)”_l}SEHU(S) — a(s)]|x1+ds

=To(t) sup {s"[lu(s) — u(s)|xr+<}.
tel0,7]

Proof of Theorem 2.2.1: For the proof we refer the reader to [AC]. We only point
out the changes needed to obtain the uniform time of existence in bounded subsets of X!.
Given r > 0 let 4 = 4Mr. Choose 1 > 0 such that

1
on MBEpS ™! = o,
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then

" 1
R (2.2)
AM  4M(8cnMBe)7T

Also, for vy fixed, choose 75 € (0, 1] such that v(t) = max{t*s, (P~} < § for t € (0,70]
and

[t vo| 4. <

g, 0<t<m,

. (2.3)
CC»,IM(SB; = min{g, Z}

These choices imply I'.(t) < 3 for t € (0, 1).

As in [AC], we search for solutions in

K(m) = {u € C((077’0],X1+E) : s(up ]tE lw(®)|| x14e < ,u}
te (0,710

endowed with the topology given by the metric

d(u, V) (o) = seb ]ta [u(t) = v(®)ll x 1+ -
»TO

Assume that ug € X! with |lug — vo|| 1 < r and on K (79) define the map

T (u) (t) = e Mug + /0 e~ A=) B (u(s))ds.

Let us prove that (uniformly for ug € Bx1 (vg, 7)) T is well defined strict contraction from
K(7p) into itself.

Let us first prove that T is a well-defined map and that T'(K(r)) C K(79). Firstly,
exactly as in [AC], we obtain that

if u € K(7), then T (u) € C((0,70], X'*%) for all 8 € [0, pe). (2.4)

To show that t° ||T" (u) (t)|| y1+. < g, for all ¢ € (0, 79] we proceed as follows

t
N7 () Ol rne < 76 A w0l oo+ M [ (0= 5 H0C fu))ds
0

=< Htse_AtuOHXHs +c¢Cy MéBZ + en MBZp”
< Mr+ ||[tfe | 1ye + ¢Cp SMBE + e MBEp < pi,

which implies that T" takes K (71p) into itself.
The next step is to prove that the map T is a contraction from K (1) into itself, which
follows from Lemma 2.2.3 by taking § = . Thus T is a strict contraction in K (79) and

1
IT @) = T Wl = 510 = 0l
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By the Banach contraction principle we have that T has a unique fixed point in K (7).
We will denote this fixed point by U (t,ug); it is defined for ||Jug — vol|x: <7, 0 <t < 79.
Note that, from (2.4), U(-,up) € C((0,70], X'*?) for all 0 < 6 < pe. The remaining
existence proof and the uniqueness follows exactly as in [AC]. The statement concerning
global existence follows from Corollary 1.1.1. |

An e-regular map F' may not possess the properties of Definition 2.2.1 so that Corol-
lary 1.1.1 may not apply. Thus in the next theorem our concern is to prove a result
concerning continuation of solutions to (1.1) in case of nonlinearities satisfying (1.3).

THEOREM 2.2.2.  Suppose (1.3) hold, ug € X' and let u(-,ug) be a unique e-regular
solution to (1.1) defined on its maximal interval of existence [0,7y,) C [0,00).
Then 1,, = oo if and only if

for each T € (0,00) such that [0,T) C [0, 7y,) map

2.5
(0,T) >t — u(t,up) € X* is uniformly continuous. 25)

In case when (2.5) fails but X' is a reflexive Banach space and both (1.5) and (1.7) are
satisfied, there exist T € (Ty,,00] and a unique extension U : [0,7) — X1 of u(-,uq) such
that U is a piecewise e-regular solution to (1.1) on [0,7) and either 7 = oo or T is an
accumulation time of singular times.

Proof. Note first that by smoothness of e-regular solution reported in Proposition 1.1.1
we obtain immediately necessity of (2.5).
Suppose now that (2.5) holds and 7, < 0o so that

[0,7u,) 2t — u(t,ug) € X' is uniformly continuous.

If t — 7., then u(t,up) possesses a (left-hand) limit w in a strong topology of X! In
particular if ¢, — 7., then w, = u(t,,up) — w in X! and 7,, = Ty, — tn — 0, where
[0, T4, ) is a maximal interval of existence of u(-,w;). It is thus clear that the ‘life’ times
of the corresponding e-regular solutions (-, w,,) shrink to zero.

Observe however that, for any r > 0, almost all elements of {w,} lie in a ball Bx1(w,r)
so that by Proposition 1.1.1 almost all of e-regular solutions w(-,w,) must exist up to
certain positive time, which leads to a contradiction.

Now, if (2.5) fails, we know from the already proved equivalence that 7,, < oo, i.e.

lim sup ||w(t, uo)|| x1+e = 00

t~>7‘u*0

(see [AC, Proposition 1]). With (1.5) and (1.7) we thus need to construct an extension
of an e-regular solution u(:,ug) to a function U : [0,7) — X! with 7 > 7,, such that
(61) — (B4) hold for each T € (0,7) and 7 is an accumulation time of singular times unless
T is infinite.

Thanks to (1.7) there exist Z with X! C Z and u; € Z such that

lim |lu(t,uo) — u1]|z = 0.

t—>7'u0
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Since X! is reflexive, the energy inequality ensures that

if ¢, — Tue» then there is a subsequence ¢, — 7, and

certain 4; € X' such that u(t,,ug) — @; weakly in X*.
Because of the embedding X' C Z we then have
w(tns, ug) — g weakly in Z,

which necessitates that u; = %;. As a consequence u; belongs to X' and u(t, up) can be
extended in a unique way to a function Uy € C([0, 7y, ], Z) N BWC([0, Ty, ], X1).

By Proposition 1.1.1 to the initial condition u; there will correspond a unique e-regular
solution w(-,uy). Thus, in case when 7,, < oo, the above considerations allow us to find
uy € X! being a left-hand limit of u(-, u1) in a weak topology of X! and in a strong topology
of Z and thus extend u(-,u;) in a unique way to Uy € C([0,7y,], Z) N BWC([0, 7y, ], X1).

If there is k& € N such that after k¥ + 1 steps we will have 7,, = oo then function
U :[0,00) — X!, where

o) = {Uo(t), t €00, 7u,), 26)

i - ) '
Uj (t - Z?:O Tuz) ) t e (Z{:O Tul,zgzoﬂn , ] = 1,...7I€7

satisfies requirements (81) — (84).
Otherwise, continuing the described procedure we will obtain a sequence of maps

U;j € C([0,7-,,1,Z) N BWC([0,7,,], X"), j=0,1,...,

so that condition (2.6) with k£ € N will define a piecewise e-regular solution to (1.1) on
[0,7), with 7 := Z(;io Tu,;- It is now evident that if 7 < oo, then 7 is accumulation time of

singular times 7; := Z{:o Tu> J € N.
Theorem 2.2.2 is thus proved. |

Remark 2.2.1. Note that although formulation of the condition (2.5) is in a vein of
[WA], the global existence result of Theorem 2.2.2 is obtained in this paper as a straight-
forward consequence of the properties of e-reqular solutions.

3. STRONGLY DAMPED WAVE EQUATION IN AN ENERGY SPACE
Consider the problem
Ugt + n(_A)%Ut +(-Au=f(u), t>0, z€Q,

uw(0,2) = ug(x), ue(0,z) = vo(z), x € Q, (3.1)
u(t,x) =0, t >0, z € 99,
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where (2 is a bounded smooth domain in RN, N > 3, and A = (—A) with Dirichlet
boundary conditions. It is well known that A is a positive, self-adjoint operator with
domain D(A) = H?(Q)N HE(Q) and therefore —A generates a compact analytic semigroup
on X = L%(Q2). Denote by X the fractional power spaces associated to the operator A;
that is, X* = D(A®) endowed with the graph norm.

!/

The problem (3.1) will be viewed in a product space Y = X x X2, where X2 = (X2),
in a form of an ordinary differential equation:

d |u U u Ug
— — = .2
i o] <4 li] = 0 [ -3 @2
with A and F denoted in a matrix form by
0 -1 0
a0 e[ o3

Here F is the Nemitskil map associated to f and A : D(A) C Y° — Y° with
D(A)=Y'=X7 x X. (3.4)

is a sectorial positive operator possessing compact resolvent and bounded imaginary powers
(see [CC 1, Proposition 5]).

The main result in this paper concerning global solvability and the existence of a global
attractor for (3.1) is

THEOREM 3.3.1. Let N > 3. If f & CY(R,R) satisfies the growth condition

[/ (s)]

1
|s]—o00 |S‘ N—2

=0 (3.5)
and the dissipativeness condition

lim sup /) <0, (3.6)

then (3.1) is globally well posed in Hg(2) x L2(2) and possesses a compact global attractor
A which consists of the elements of H*(Q) N Hg () x H(Q).

3.1. Local well posedness for (3.1)
LEMMA 3.3.1. Let p> 1. If f € CH(R,R) fulfils

o )

|s]—o0 ‘8‘1_’)

=0, (3.7)
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then given m > 0 there is a positive constant C,, such that

|f(s1) = f(s2)] <ls1— s2l (Cy +nlsal”" +nlsa|”™1) (3-8)
and
|f(s)] < Cy +nls|”. (3.9)

Proof. Condition (3.8) follows by a mean value theorem. Then (3.9) is obtained via
Young inequality. |

LEMMA 3.3.2. Let N > 3, p = % and f : R — R satisfy (3.8). Then, for each

e €10, ﬁ] and 1 > 0 there are a ¢ > 0 and C,, > 0 such that

-1 -1
< cllwr = wallmseay (Cy + nllwrllfrihe o + nllws it o )

[1f (w1) = f(w2)]]

2N
LNF2-27(5) (Q)

for w1, W € H1+€(Q).
Proof. It follows from (3.8) and from Hélder inequality that:

N+42—2pe
2N

10 £ e g < | 01 = wnl(Cy -+ hn 2 o] 77557

LNF2-2p5 (Q) —

N—2-2¢ 4+2(e—pe)
aN 2N . . oN 2N
< | [ Jwr —wo| ¥ (Cy + nlwr [P~ nwe [P T2
Q Q
< c||lwy —w C, +nllw P L. +llws||P "Ly, .
s 2||LN‘22N‘25 (2 ( il 1”1:4411;(5?;‘3) Q) il 2HL42+]\£<(§733) Q)

Note that the following Sobolev embeddings hold

2N (p—1

Lv 457 (@) > H'H(9), LSS () 5 HITE (@)

since p = % The proof is complete. |
14+

Let us recall that Y179 = X x X2, a € [0,1], and

2N

X2 x LIYQ)CcYyy, ——
XL Y e,

<q, ac|0,1]

(see [CC 1, Theorem 2, Corollary 1]). We thus get

Corollary 3.3.1. Let N >3 and f : R — R satisfy (3.8) with p = % Let F be the
map defined by

Flu) = [ F?u)} (3.10)
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where F(u) is the Nemitskii map associated to f.
Then, F is an almost critical e—regular map relatively to (Y1, Y) for each ¢ € [0, ﬁ]
That is,

17 () = F (') lyee

[, (ol

whenever ¢ € [0, i]

p—1
<c

g

+n

Y1+£

VL e o
Y1l+e v v

We are now ready to formulate the following local well posedness result.

THEOREM 3.3.2.  Consider problem (3.2) corresponding to (3.1) with f : R — R as in

Corollary 8.3.1. Let [uo

o
at [uo} .
Vo

Then, given r > 0 there is a 79 > 0 such that for each {ZO} € By1( BO} , 1) there exists
0 0

] €Y' and By ( [150] ,7) be a ball in Y' with radius v > 0 centered
0

a unique e-reqular solution B] (-, u0,v0) to (3.2). In addition,
) 1 2] ool — 0 as e 0%, 0 << 4

(ii) || m (t,ur,v1) — m (t, uz,v2)||y 1+« < C'| {:ﬂ - [Zﬂ ly1 whenever t € [0,70],
1 2

u U
0<¢<q<43, Eﬂ ; [vj € Byl({vﬂ .7,

(113) {Z] (-, u0,v0) € C((0,70], Y1H2) N CL((0, 7], Y1) for 0 < ¢ < 1. in particular the
solution, B] (-, up,vo) satisfies both relations in (3.2).

In addition, if the solution Z (t,up,v0) is bounded in Y in its maximal interval of

existence, then it must exist for all t > 0.

The proof of Theorem 3.3.2 follows immediately from Theorem 2.2.1 and from Corollary
3.3.1.
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3.2. Proof of Theorem 3.3.1

We first note that by (3.6) the Xz x X norm of solutions remains bounded uniformly in
time. Indeed, multiplying the first equation entering (3.1) by v = @ in L?(2) we get

d u 1 2

where

wq 1 2 1 1 2 i w1 1
c([]) = sl + g1akwnlee — [ [ soasae, [22] e )

so that by (3.6)
fomsl, some(lg],) e

Considerations of Theorem 3.3.2 guarantee that (3.1) is globally well posed in H{(£2) x
L?(Q). Thus, by (3.14) and compactness of the resolvent of A, problem (3.1) generates
a C° semigroup of global solutions {S(¢)} which is compact! and have bounded orbits
of bounded sets. Dissipativeness condition (3.6) ensures next that the set of equilibria is
bounded in H{(2) x L*(Q) (see [CC 2, p. 297]). Combining this with the properties of
the Lyapunov function £ defined in (3.13), we conclude that {S(¢)} is dissipative and thus
possesses a global attractor A (see [HA]).

As follows from [CC 2, Theorem 4], the global solutions [%] € C([0, 00), Hg () NL?())
obtained in this section fulfil the condition

< const. <’

Y1

m € C((0,00), H*(Q) N Hy(Q) x HJ(Q2)) N C'((0,00), Hy () N L*(Q)).

This ensures the inclusion A C H?(Q) N H () x H}(Q) and thus the proof is complete.

3.3. Piecewise e-regular solutions to (3.1)
Suppose now that instead of (3.7) we only know that

feCHR,R) and |f'(s)] Sc(l+|s|ﬁ), s€eR. (3.15)
Connecting (3.12), (3.14) and the relation
AT+ qu4 ATu = A_%f(u),

we obtain

RS Wl’l((oﬁ Tuofvo)a L2(Q))

n case of almost critical nonlinearities compactness of a nonlinear semigroup in case when the resolvent
of A is compact follows from the compactness of embeddings among fractional power spaces and property
(ii) of Theorem 2.2.1.
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and

€ WH(0, Tug vg), HH(R)).

The latter ensures that

[0, Tug o) 2t — [zg’zo’zog] € L*(Q) x HY(Q) is uniformly continuous,
s 40y Y0
i.e. condition (1.7) holds with Z = L?*(Q) x H~1(Q).
We thus conclude that

Corollary 3.3.2. Under assumptions (3.15), (3.6) any non global e-reqular solution to
(3.1) can be extended to a piecewise e-reqular solution.

It is an open question whether a piecewise e-regular solution resulting from Corol-
lary 3.3.2 exists globally in time.

4. HIGHER ORDER PARABOLIC EQUATION IN A HILBERT SCALE

Let a triple (A4, {B;},Q), where Q is a bounded subdomain of R forms a regular elliptic
boundary value problem as in [CD, pp. 29-30], so that A with the domain W{ng’f (Q) is
sectorial in LP(§2), p € (1,00). Suppose additionally that A in X = L?(Q) with the domain

X! = HQQ,’?BJ} is selfadjoint and positive definite. For example A = (—A)™ with Dirichlet

boundary conditions {B; = a%’ j=0,...,m—1} although any particular choice does not
influence in an essential way further considerations of this section.

Denote by [(X%, Ay);a € R] the fractional power scale generated by (X, A), which is a
Hilbert scale equivalent to the interpolation-extrapolation scale generated by (L?(£2), A)
and [, ]o (see [AM, Theorem V.1.5.15]). In particular

X — Hyg  for a € [0,1] (4.1)

and X< = Hg’?g‘]} unless 2ma — % coincides with the order of some of boundary operators

2
Bj,7=0,...,m—1
Consider further an initial-boundary value problem (see [WA])

ur+ Au= f(u), t >0, z€ QC RN, N >2m > 2,
Bou: :Bm,lu:07 (42)
(0, z) = ug EHZ‘{BJ_}(Q)

and focus on the case of critical nonlinearity
FeCYR,R), |f(s) <c (|s|i%f3?¢i*1 + 1) , seR. (4.3)

A technical lemma below displays the ‘critical’ feature of the exponent in (4.3) and is

crucial both for the discussion of e-regular solutions and piecewise e-regular solutions to
(4.2).
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LEMMA 4.4.1. Let N > 2m, NQ_”;m <p< %*_‘32 =:p* and

[f(s) = F&)] < cls =L+ [s|*7 +[t1771), s,t € R

Then, for each € € [0, 5=] there is certain y(€) € [pe, 1] such that

35)
£ () = FwD - 3400

~ —1 —1 1
< ello=wl g (14 Il + Rl ) v e X5

*

Furthermore, if p = p* then v(e) = p*e.

Proof. We first note that by (4.1)

X%+€MLP(Q)7 1Sp§$a i )
N —2m —4me’ 2p

L<p< 2N 1
=P= N —2m+4m~y(e)’ 2

x50 LP(9),

and hence

2N
N +2m —4m~y(e)’
From (4.7), (4.4) and Holder inequality we then obtain

1 (0() = Fw - g0 < M) = ()]

< lefo = wl(1+ o]~ + w7

LUQ) = X5, >

2N
L N+2m—4am~(e) () (Q)

2N
[ N+2m—4am~(e) (SZ)

< dcfjo—w]| 11+ o]~ fw]? =

2N ____ 2N
L N—2m—4me (Q) L4Am+4dm(e—~(e)) (Q)

-1 -1
<c"|lv - w”L%(Q) (1 + 0177 anipy + w7 awpn

LImFamE—E) () LTt amGE— (=) (Q)

Y , 4mtdam(e—~(e))
where ¢’ = cc (1 + |9 =D

)

(4.5)

(4.6)

As a consequence of (4.6) to pass from the right hand side of (4.8) to (4.5) we need to

guarantee that
2N(p-1) ON
4m +4m(e —y(e)) =~ N —2m — 4me’

i.e.
N +2m — dmry(e)
P>"N_"om—dme
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However, if (g) > pe then
< N+2m—4mp€.
N —2m — 4me
Evidently (4.9) holds if and only if p < %f%ﬂ = p*. Also, p = p* cannot be attained for
~(g) > p*e. The proof is thus complete. |
We will consider next

(4.9)

_1
(X,A) = (X 2)‘4—%)
and a fractional power scale [(X%, A.); « € R] (equivalently interpolation-extrapolation
scale) generated by (X,.A). We also recall that
(XD"AO[) = (Xai%’Aoz—%) for « S R,

except for equivalent norms.
From Lemma 4.4.1 we infer in particular that in a critical case p = p* function f
defines a substitution operator F being an e-regular map relative to the pair (X1, X) =

(HZ{BJ}(Q), [HQ{BJ}(Q)]’) such that a counterpart of (1.3) holds. Namely,
IF(@) = F)ll e < Cllo = wllrse (14 Jollgit + Jwllfrt)  (410)
for each v, w € X1*¢ and ¢ € {0, %}
This shows that (4.2) can be written abstractly in a Banach space X = (H;L{Bj}(Q))/ as

a(t) + Au(t) = Flu(t)), t >0

u(0) = ug € X1, (4.11)

with A = A_1 and F' being an e-regular map with respect to (X1 x) = (Hm (Q), [H;”{Bj} (Q)]’) .

2,{B;}
Note that in this example nonlinearity is in fact critical with respect to (X!, X). Note
also that e = # is allowed in (4.10), which implies that e-regular solution u(-,ug) to the

problem (4.11) belongs to C((0, 7)), X172) N C((0, 7y ), X17¢), ¢ € [0, 2), s0 that

u(-u0) € C([0,7uy), H3' 5,y () N C((0, 7, ), HYYp 3 (2)) N CH((0, 7y ), H' 5,3 ().
(4.12)
Multiplying both sides of the first equation entering (4.2) by @ in L?(£2) we obtain

Lo 1 1
/0 (s, u0)| 720 ds + §IIU(t,uO)|Ii% - 5\|Uolli% < A(u(t,uo)) — Auo), t € (0, 7y,).

(4.13)
where

Muttun)) = [ [ " s
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Let c1/2 > 0 be such that [|¢[[12(q) < c1/2]|¢]l, 1 and suppose further that

X2
" 1
/ f(s)ds < ar® +b, r € R with certain a € (0, F) and beR. (4.14)
0 1/2

From (4.13) we then have

¢ 1 1
. 2 2 2
/0 (s, wo) 172y s + llult, wo)|% g = Fluoll’,y < —A(uo) +bI, t € (0,7,,). (4.15)

and thus
||u(t,u0)||i% < 2””°”3{% — 4A(ug) + 409, t € (0, Ty,) (4.16)
which is a counterpart of (1.5).
Furthermore, (4.15) implies that
u(-,up) € WHH(0,7y,), L*(2)) (4.17)

and hence
[0,74,) 3t — u(t,up) € L*(Q) is uniformly continuous,
as required in (1.7).
Based on Theorem 2.2.2 we conclude that
Corollary 4.4.1. Under the assumptions (4.3), (4.14), whenever 7,, < co there exists
T € (Tuy, 0] and a unique extension U : [0,7) — H3" 5 4 () of e-regular solution u(-, uo)

to the problem (4.11) corresponding to (4.2). Furthermore, T is an accumulation time of
singular times unless T = co.

Suppose further that b = 0 in (4.14) and let us restrict our attention to initial data
satisfying

pr—1
p)

uo € Hy' 5 1(9), chpwm@wmAAA@@} = Clup) < 1 (4.18)

where constants C'y, and C are as in the estimates below:

. .1 .1
1611720 () < const.|| @]l pzm anH¢H%;“%}“D < Creldlxliol’ 4

Lo (4.19)
1f(s)| <C(1+]s]”), s€eR
From (4.2) and (4.19) we then get
it uo) s < NIt wo) 2@y + 1C (L + [u(t, uo)” ) 2oy (4.20)

< it o) 2y + CIQU7 + CCllult, uo)||” 3 lu(t, uo)llx1, ¢ € (0,7up).
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Connecting (4.20), (4.16), (4.18) we next obtain

1 . clQ|z
t < ——||u(t —_—, t w0 ) 4.21
”u( vuO)HXl =71_ C(uo) ”u( vuO)”Lz(Q) + 1_ C(UOY € (O’T 0) ( )
Note that as a consequence of (4.21), (4.17) for a triple of Hilbert spaces X! < Xz < X!

we have
u(-,ug) € L2((0, 7wy ) X1, (-, u0) € L2((0, 7y, ), L2(Q)) — L*((0, 7y, ), X 1.
Thus, by [TE, Chapter II, Lemma 3.2],
[0,7uy) Dt — u(t,ug) € X? is uniformly continuous. (4.22)

Since X1 = X2 the above relation is a counterpart of (2.5).
Under the assumptions (4.3) and (4.14) with b = 0 we thus proved that
Corollary 4.4.2. If ug € H' () satisfies (4.18) then 7,, cannot be finite, i.e.

7{Bj}
e-regular solution u(-,ug) to (4.2) exists globally in time.

Remark 4.4.1. In [WA] existence of a global smooth solutions have been obtained
under the assumptions similar to (4.3), (4.14) but with an additional requirements that

s(s) 2 = (|{ 755 1) (4.23)

N+2m

sf(s) <c <|s|N*2m+175 + 1) sl > 1.

Condition (4.23) was used in [WA] to get uniform continuity in the energy space of the
smooth solution corresponding to arbitrarily chosen initial data ug € W{Qg,z_’}p(Q), p>N+1.

Since within the above approach we cover the case when ug € WQ’TL{BJ_}(Q) and we do not
assume a ‘stucture’ condition (4.23), the above considerations complements the results of

[WA].

In case when instead of (4.3) we assume that

feC'®RR), 1im LWL g (4.24)

|s|—o0 |S| N—2m

then the Nemitskii map associated to f will be almost critical e-regular map relative

to the pair of spaces (H;”‘{Bj}(ﬂ), [HZL{Bj}(Q)]/) so that Theorem 2.2.1 will apply. If

dissipativeness condition limsupj,|_, @ < 0 is assumed, then (4.14) holds for any a > 0
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with certain b = b(a) so that uniform in time Hy" Bj}(Q) estimate of e-regular solutions

to (4.2) will be derived similarily as in formulas (4.13)-(4.16). Additionally, stationary
solutions to (4.2) will remain bounded in H;’f{ Bj}(Q) based on the estimate

(Au,u)r2() = HUHi% = (f(u),u)r2(0) < 6”“”%2(9) +Cs

and compactness of the resolvent of A will translate into compactness of w-limit sets of
bounded sets. Since we have also shown regularity condition (4.12) the above considerations
proves that

THEOREM 4.4.1. If N > 2m and (4.24), (3.6) hold then (4.2) is globally well posed in
Hg”,'{Bj}(Q) and possesses a compact global attractor which is a subset of HQQT?BJ}(Q).
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