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1. INTRODUCTION

A foliation on a compact orientable 3-dimensional manifold N can be obtained by
considering the orbits of an action ¢ of R? on N. The geometric description and charac-
terization of locally free C2-actions, that is, when all the orbits are of codimension 1 in
N, are given in [4], [10] and [1]. To our knowledge, the case when ¢ is not locally free has
no been dealt with in the literature. The aim of this paper is to initiate this study.

We consider here a family of C2-actions ¢ of R? on the solid torus N = St x D?
having Oy = S x {0} and O = S! x dD?, as the only compact orbits and with singular
set (orbits with codimension greater than 1) Sing(y) = S x {0}. We denote the set of all
the above actions by A, O, the w-orbit of p, G, the isotropy group of p, and Gy and
G the isotropy groups of Oy and O, respectively.

The possible ¢-orbits are homeomorphics to a point, a line, a circle, a cylinder, a plane
or a torus. In order to describe the asymptotic behavior of orbits, the topological concept
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2 L. F. M. BRITO AND C. A. MAQUERA

of limit set of O,, denoted by limO,, is essential. We show in Proposition 2.2 that
Op C lim O, for each p € N\ O. Consequently, the set C of points p € N such that
O, is a S' x R-orbit, is a disjoint union of Cy = {p € C; G, C G§} and C, = {p €
C; GpNGY = {0}}, where GY is the connected component of Gy that contains the origin.

We give in this paper a complete geometric description of the orbit structure of ¢ € A in
the complement of St (the solid k-tube of ¢ at Oy associated to k-tube I', see Definition
3.3). More precisely,

Theorem A. If ¢ € A, then there exist an integer k > 0 and a p-invariant neighborhood
U of O, homeomorphic to T? x (0,1], such that T, the frontier of U, is a k-tube of ¢
at Og and all the orbits inside U \ O have the same topological type. Furthermore, one
of the following cases occurs for each p e U\ O :

(1) O, isa St x R-orbit in Cy, C; =0 and lim O, = Oy U O. In particular, U =
N\Op.

(2) O, isa S' x R-orbit in C1, Co=0 and lim O, =T UO.
(3) O, is a R%-orbit dense in UUT, and limO, =T UU.

In case (1) of Theorem A, k=0 and I' = Oy = Sp. When k > 0, the orbit structure
of ¢ in the interior of Sr appears to be very complicated, although in this case the above
theorem states that Cy = 0.

We prove in Proposition 3.1 the existence of a closed embedded 2-disk ¥ in N with
0¥ C O which is in general position with respect to %, , the foliation defined by ¢.
Furthermore, the induced foliation on X is given by a vector field Z, .

Theorem A’. If ¢ € A, then there exist an integer k > 0 and a Z,-invariant neigh-
borhood V' of 0% in ¥ homeomorphic to S* x (0,1] such that T, the frontier of V in
Y, is a k-petal of Z, at OyNYE and all orbits inside V \ OX have the same topological
type. Furthermore, one of the following cases occurs for each p € V' \ 0% :

(1) Oy(Z,) is periodic and V =X\ (Op NX).
(2) Op(Z,) is homeomorphic to R and a(p) Uw(p) =02 UT.

The concept of k-petal is analogous to the k-tube (see Definition 3.2). In case (1) of
Theorem A’, k = 0. Theorems A and A’ are related as follows. Theorem A (1) is satisfied
if and only if and Theorem A’ (1) is true, and (2) or (3) in Theorem A is true if and only
if (2) in Theorem A’ is true. We shall prove Theorems A and A’ simultaneously.

The paper is organized as follows. We study in the next section the action ¢ € A
in neighborhoods of compact orbits and obtain topological and asymptotic properties of
orbits in Cy and Cp. In Section 3 we introduce the concept of general position, show the
existence of an embedded 2-disk ¥ in N which is in general position with respect to the
foliation defined by ¢, and give the proofs of Theorems A and A’.
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ORBIT STRUCTURE OF CERTAIN R2-ACTIONS ON THE SOLID TORUS 3

The results of our investigation can be used to study 3-manifolds that admit a Hee-
gaard splitting of genus, since these are obtained by gluing two copies of S' x D? by an
diffeomorphism of 9(S* x D?).
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2. PROPERTIES OF ACTIONS IN A

We start by studying the action ¢ € A in neighborhoods of compact orbits. We then
establish some properties that will be used in the proof of the main theorems.

We take D? = {(z1,22) € R%*2? + 22 < 1}. For each w € R?\ {0}, ¢ induces a
C?-flow (¢!))ier given by ¢! (p) = ¢(tw,p) and its corresponding C*- vector field X,, is
defined by X, (p) = D1p(0,p) - w. If {wy,wa} is a basis of R?, then {X,,, Xu,}, called
a set of infinitesimal generators of ¢, determines completely the action ¢. Moreover,
[quXwg] =0.

2.1. The orbit structure in neighborhoods of Oy and O

Let S be a smooth compact surface and denote by X"(S), r > 1, the set of C” vector
fields on S. Let X € X"(S) with a finite number of singularities, all contained in the
interior of S when 95 # (. Suppose that f € Diff"(S) preserves the orbits of X. Let
M Dbe the manifold obtained from R x S by identifying (z,p) with (2 — 1, f(p)). The
suspension of f defines a C" foliation # (X, f) of M, which is the image of the foliation
of R x S whose leaves are R x O,(X) by the quotient map. The foliation # (X, f) is
called the suspension of X by f.

In N = S! x D? we consider coordinates (#,x) where § € S' and z = (z1,22) € D%
In the rest of the paper py = (0o, z0) € O, qo = (00,0) € Oy and S; = 0Dy, , where
Dg, = {6} x D2.

ProprosITION 2.1. If ¢ € A, then there exist neighborhoods Wy of Oy, Wi of O and,
for i = 0,1, a C? diffeomorphism f; : A; — U; and Y; € X'(A;), where Ag,Uy and
Ay ,Ur are neighborhoods in Dg, of qo and pg, respectively, such that f; preserves the
orbits of Y; and F,|w, is topologically equivalent to the suspension of Y; by f;.

The proof of Proposition 2.1 follows from Lemma 2.1 and 2.3 below, using the “charts
adapted to the compact orbits”.

Let ¢ € A and H a l-dimensional subspace of R? such that R? = H & G). Let
{w1,wa} be a basis of R? such that w; and wy generate the subgroups Go N H and G§,
respectively. Note that {X; = X, ;i = 1,2} is a set of infinitesimal generators of ¢ such
that Qg is a periodic orbit of X; of period one, and Xs(q) = 0 for every g € Op. We
say that {X7,Xo} is a set of infinitesimal generators adapted to ¢ at Oy .
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4 L. F. M. BRITO AND C. A. MAQUERA

Let I3(s) = {(0,x) € N;|0 — 6| < € and |z| < €} and h : V — I?(¢) be a chart of
N at qo such that if (0,21,22) € I?(¢), then the vector fields X; in this chart can be
written as

0
X1<97x1a$2) = %,
9 (1)
X2(07£L'1,£L'2) = a($1,$2)% + b(xl,xg)a—xl + C(xhl'g)aixg .
The above chart is called adapted to Oy at qg. The vector field
Ya(z1,22) = b(x x)i—i—c(x x)i (2)
2\41,42) — 1,42 8(131 1,42 8.1:2

defined on Ag(e) = {(fo,z) € N;|z| < e} has only qo as singularity.

Remark 2. 1. Note that {X1,Ys} defines alocal R2-action @ on I3(¢) and O(0,2) (@) =
Ow,z)(hopoh™t) for each (0, ) € I*(¢).

Let Uy be a neighborhood of gg in Dy, such that the Poincaré diffeomorphism of X; at
qo, fo:Ao(e) — Uy, is well defined. Note that fy is of class C?. For ¢ > 0 sufficiently
small, let 7: Ag(e) — [0,1 + &) be the time of the first return map. Let W, denote the
interior of Ugeai(ay(e)){X1(9);0 <t < 7(¢q)}. We have the following result.

LEMMA 2.1, There exist € > 0 and a neighborhood Wy of Oq such that fo preserves
the orbits of Yg and F,lw, is topologically equivalent to the suspension of Ya by fo.

Suppose that {w;,ws} is a basis of R? such that w; and ws generate the isotropy
group G of O. Write X; = X,,,; i = 1,2. Note that if ¢ € O, then for i € {1,2} the
orbit of X; by ¢ is periodic of period one. Without loss of generality, we can assume that
for each 0 € S', {0} x OD? is an orbit of X; and for each z € 9D?, S' x {z} is an
orbit of X5 . We shall say that {X;, Xa} is a set of infinitesimal generators adapted to ¢
at O. The holonomy of O as a leaf of .#,, yields information on the orbit structure of ¢
in a neighborhood of O.

We consider in N the coordinates system (6,z) where 8 € S', and z € D? is given in
polar coordinates (p,r). Let S;, i = 1,2, be the circle orbit of X; through pg, that is,
S1={6p} xOD? and Sy = S x {xg}. For € € (0,1) let A1(¢) = {(6o,p,7) € N;r > 1—¢}
and As(e) = {(0,p0,7) € N;r >1— ¢}, where xg = (pp,1). For simplicity of notation we
write (p,r) and (6,r) instead of (6o, p,r) and (0, po,7), respectively. Since Sy (Sz2) is
transverse to the orbits of Xa (X7), there exists € > 0 such that A;(e) and As(e) are
transverse to the orbits of X5 and Xj, respectively. Consequently, A;(e), Asz(e) and
J. = Aj(e) N As(e) are transverse to the orbits of ¢. Let 6 > 0, I(d) = (—4,4) and for
i =1,2 we consider the C?-maps h; : A;(¢) x I(§) — N defined by hi(q,t) = Xi(q) and
h2(q,t) = X{(q). There exists § > 0 such that h;|4,)x1(s) is a diffeomorphism onto its
image V;. Moreover, in the coordinates (hy',V;) the infinitesimal generators of ¢ are of
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ORBIT STRUCTURE OF CERTAIN R2-ACTIONS ON THE SOLID TORUS )

the form
0 0 0
Xilprit) = alp,r) g+ bilp ) 5o+ ealpr) 5 )
0
X = —
2(pa T, t) 8t ]
and in the coordinates (h; ', Va) the infinitesimal generators of ¢ are of the form
0
X1(6,7,t) = =
1( Ty ) ot 5 5 5 (4)
Xo(0,r,t) = a2(9a7‘)a + 52(977')% + 02(9,7”)5~

The maps h; are called a cylindrical coordinate system adapted to O at S;, i =1,2. The
vector fields

_ 9 9 o 0 0
X1 = bl(p,T)% +cl(par)a and X2 = bQ(G’T)% +62(0,7’)§ (5)

define a local flow on A;(e) and Aa(e), respectively. Furthermore, S; C A;(€) is an orbit
or X;, i=1,2. ~

Note that py € J. and the map «; : [0,1] — A;(e) given by a;(7) = X7 (po) is a
parametrization of S;, i =1,2. Let P;: (J.,po) — (Je,po) be the Poincaré map of «;
and

Hol : Wl(o,po) ~72 - DiﬁQ(Jsva) (6)

the holonomy of O as a leaf of the foliation .%,. Then P; = Hol(]e]).

Remark 2. 2. Note that {)A(l,Xg} and {Xl,)?g} define two local RZ-actions
and @2 on Aj(e) x I(§) and Ax(e) x I(9), respectively, where X; and X, are given in
Equation 5. Moreover,

Opr)(@1) = O(pry(h1 0@ o i) and Ogr.4)(B2) = Oty (h2 0 0 hyt).

The following result is a particular case of Lemma 2.4 in [2]. The condition of C?
differentiability is necessary.

LEMMA 2.2. There exists € € (0,1) such that for each i € {1,2} one of the cases holds:

(a) P;|;. =id; that is, every )?i-orbit near S; 1s periodic.
(b) Either Pi|;. or (Pi|;.)~' is a topological contraction, i.e. every X;-orbit near S;
spirals towards S; .

Furthermore, if Py (resp. P») satisfies (a), then Py (resp. Pi) satisfies (b).
The following lemma completes the proof of Proposition 2.1.

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



6 L. F. M. BRITO AND C. A. MAQUERA

LEMMA 2.3. There exist € > 0, a neighborhood Wy of O, a neighborhood U; in Dy,
of S1 and a C2-diffeomorphism fi1 : Ai(e) — Uy that preserves the orbits of X1 such
that F,lw, is topologically equivalent to the suspension of X1 by fi.

Proof. Since X4(S1) = S;, thereexist € > 0 such that X4(A;(¢)) C V3. Consequently,
the time of first return map 7: A;(e) — [0,1+49) isa C? map. If U; = quAl(E)XQT(Q) (q),
then the C? map f; : A1(e) — Uy, defined by fi(q) = X;(q)(q) is a diffeomorphism that
preserves the orbits of X;. Let W; be the interior of Ugeal(As () 1X5(0);0 <t < 7(q)}.

By taking a smaller e if necessary, f; and X, induces a local diffeomorphism of J.,
which coincides with P . Therefore, the holonomy of O as a leaf of the foliation obtained
by suspension of X; by fi is the same holonomy of O as a leaf of .#,, which is given

by Lemma 2.2. Thus, .#,|w, is topologically equivalent to the suspension of X; by fi. |

Lemma 2.2 yields a natural decomposition of the family A into a disjoint union:
A=Ast UAR U AL,

where Ag1 = {p € A; P =id}, A§ = {p € A; P, =id} and AR = {p € A; P, P, # id}.

LEMMA 2.4. Let ¢ € A5 UAL . Then there exists an orientation preserving C? diffeo-
morphism f: S* — S such that for each m € N either Fix(f™) =0 or Fix(f™) = S'.

Proof. As ¢ € A§ U AR, there exists a C? embedding F : S' — A;(e) such that
S = F(S') is transverse to X . Then the diffeomorphism f;, as in Lemma 2.3, induces
a C? diffeomorphism f : S' — St defined by f(q) = F~1(SN OfloF(q)()A(l)). If g €St
is a fixed point of f™, then f{*(F(q)) € (’)F(q)()?l) with F(q) # po. Without loss
of generality we can assume that F(q) € J.. Hence Pi*(F(q)) = F(q), and it follows
from Lemma 2.2 that Py* = id, that is, f™ = id. Therefore f : S* — S preserves

orientation (otherwise it would have exactly two fixed points, see [6, Exercise 11.2.4]). |

LEMMA 2.5. If ¢ € A, there exists a @-invariant neighborhood U of O such that all
p-orbits inside U\ O have the same topological type and one of the following possibilities
occurs for each pe U\ O :

(1) O, is a S* x R-orbit, cl(O,)\ O, has two connected components, with O being one
of them, and ¢ € Ag1 U A§ .
(2) O, is a R*-orbit which is dense in U, and ¢ € A% .

Proof. A classical result in foliation theory states that the leaves structure of a foliation
in the neighborhood of a compact leaf is determined by the holonomy of this leaf, see [3].
The holonomy of the orbit O, given in Lemma 2.2, guarantees that the @-orbits by points
in Uy, the saturated of J. \ {po} by ¢, either are all homeomorphics to S x R, or all

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



ORBIT STRUCTURE OF CERTAIN R2-ACTIONS ON THE SOLID TORUS 7

homeomorphics to R2. We take U = Uy U O. If every orbit inside Uy is homeomorphic
to S' x R, then part (1) of the Lemma follows from Lemma 2.3. Assume now that
every orbit inside Uy is homeomorphic to R?. In this case ¢ € AR. Let f € Diﬁ’i(S b
be the diffeomorphism given in Lemma 2.4 and 7(f) its rotation number. We claim
that 7(f) € R\Q. Otherwise, if 7(f) € Q, then f has at least a periodic point. It
follows from Lemma 2.4 that f™ = id for some m € N. This implies that Pj* = id,
contradicting the fact that P, satisfies (b) of Lemma 2.2. Therefore 7(f) € R\Q. Since
f is of class C?, by Denjoy’s Theorem [6, Theorem 12.1.1] f is topologically conjugate
to the rotation in S' given by R, (0) = 0 + 7(f). Therefore, the set {f"(q)}nez,

is dense in S! for each ¢ € S'. Consequently, every orbit inside Uj is dense in Uy. |

2.2. Asymptotic properties
The limit set of O, is a -invariant compact set given by lim O, = N2,cl(O, \ K;),
where K is a compact subset of O,, K; C K;11, Op = U2, K; and cl denotes the
closure of a set. It is not difficult to show that cl(O,) = O, Ulim O, . The notions of
minimal and exceptional minimal sets that we use here are the standard ones.

PROPOSITION 2.2. If ¢ € A, then:

(i) O and Oy are the only minimal sets of ;
(i1) Op C lim O, for each p € N\ O. Consequently G, C Gy .

Proof. (i). Suppose that u is a minimal set of ¢ such that u # O and Oy. Then p is
also a minimal set of the action ¢’ of R? on N’ = N\ (OUQOy) given by ¢’ = p|pz2yxn- -
Consequently, as ¢’ has no exceptional minimal sets (see [11, Theorem 8]), either p = O,
for some p e N’, or p=N'. If u=0O,, then O, is a compact orbit of ¢, contradicting
the fact that ¢ € A. If p = N’ then cl(u), the closure of p in N, contains O and Q.
This contradicts the fact of © be a minimal set of ¢. This completes the proof of (i).

(ii). Suppose that (ii) is not true, i.e. there exists p € N\ O such that Oy ¢ lim O, .
Since cl(0,) = 0, Ulim O, we have Oy ¢ cl(O,). Therefore, as the p-invariant compact
set cl(Op) contains a minimal set p which by (i) coincides with O, we have O C cl(O)).
If O, is a S' x R-orbit, then by item (1) of Lemma 2.5, there exits a connected com-
ponent A of cl(O,) \ O, such that ONA = . Let ¢/ C A be a minimal set of
. By (i), ¢/ = Op, which contradicts the fact that A N Oy = (. This contradic-
tion shows, in this case, that Oy C cl(O,). Finally, assume that O, is a R2-orbit.
Then the neighborhood U of O, as in Lemma 2.5(2) satisfies cl(O,) NU = U, and
Front(U) satisfies Front(U) N Oy = ) = Front(U) N O. So, Front(U) contains a mini-

mal set which is neither Oy nor O, contradicting (i). This concludes the proof of (ii). |

Remark 2. 3. For each ¢ € A, let C be the set of points p € N such that O, is a
S1 x R-orbit. Since G, C Gy, it follows that C is a disjoint union of the sets Cjy and
C1, with:

Co={peC;G,CGy} and C,={peC;G,NGY={0}}.
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8 L. F. M. BRITO AND C. A. MAQUERA

Let o € A, ¢ € Cy and {wy,ws} a base of R? such that the vector fields {X; =
X, » X2 = Xy, } are infinitesimal generators adapted to ¢ at Oy with ws a generate of
Gy .

LEMMA 2.6. Given p € Oy and a neighborhood V,, of p, there exists a neighborhood
U, CV, of p such that Oy (X2) CV, forall ¢ € O,NT,.

Proof. Since the orbits of X, by points of O, are periodic of period 1, it is sufficient to
show that there exists a neighborhood U, of p such that X%(U,) C V,,, for all t € [0,1].
Since Xi(p) =p, t € [0,1], then there exist a neighborhood U, ; of p and an open interval
I, C [0,1] that contains ¢ such that X7 (U,,) C V,, for all s € I;. There exists a sub-
family {I;, ;i =1,...,k} of {I;;t € [0,1]} that covers [0,1]. The statement now follows by
taking U, =N U, . |

PROPOSITION 2.3. If p € A, then im O, = Oy U O for every q € Cy .

Proof. Let q € Cy. Since G, C G, we take as {X;,X>} infinitesimal generators
adapted to ¢ at Oy such that ws generates G4, and (h,V,,) a chart adapted to Oy at
¢o - By Lemma 2.6, there exists a neighborhood Uy, of ¢o such that Oy (X2) C V,, for
every ¢’ € OyNUy,, . We first show that lim O, (which in this case is equal to cl(O4)\ Oy)
has two connected components Ag and A with Oy C Ag. R

By Lemma 2.1, .|, is the suspension, in a neighborhood of Og, of Y5 by the Poincaré
diffeomorphism fq : Ag(e) — Uy of X7 at qo.

Let € > 0 such that Ag(e),Uy C Uy, . Since Oy C cl(Oy), there exists ¢ € Oy N Ag(e)
such that Oy (X2) and Oy 4 (X2) C Vg, . Consequently, the Ya-orbits v, and v2 by
¢ and fo(q'), respectively, are periodic, contained in Ag(e) and satisfy fo(y1) = 2.
Furthermore, fo(71) # 72, otherwise Oy would be a compact ¢-orbit. We can assume
that 2 is contained in the interior of v; in Ag(e). Let A C Ag(e) be the ring limited by
v1 and v and B C O, the closed cylinder whose boundary is y; Uvy2. Then T'= AU B
is an embedded topological torus containing Op in its interior and such that N \ T has
two connected components Ny and Np, with Oy C Ny, see Figure 1.

FIG. 1.
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ORBIT STRUCTURE OF CERTAIN R2-ACTIONS ON THE SOLID TORUS 9

If OF ={Xi(m);t >0} and O~ = {X{(71);t <0}, then Oy = O~ U~ UOT. Since
X is transverse to Ag(e) D A, then OF C Ny and O~ C N;. Consequently, cl(O,)\ O,
has two connected components, Ay and A. Since Oy C cl(O,), we can assume that
Oy C Ap.

Finally, we show that A = O and Ay = Oy. We have O C A, otherwise ¢ has a mini-
mal set © C A, with p # Op and O, contradicting Proposition 2.2(i). It follows then from
Lemma 2.5(1) that A = 0. We consider a sequence {7 }ren, where v, = fo(yx—1) is a
closed orbit of Y. If int(v4) denotes the interior of 7y, in Ag(e), then 7 C int(y,_1). We
claim that Npenint(yx) = {go}, otherwise Ngenint(yx) is an open 2-disk in Ag(e) whose
boundary + is a closed orbit of Y, such that fo(7) =7, and thus the @-orbit that contains
v would to be homeomorphic to T?. Therefore, Nyenint(yx) = {go}. Since ¢ is given by a
suspension, in a neighborhood of Oy, it follows that Ag = Oy, which concludes the
proof. |

Remark 2. /. Proposition 2.3 is not necessarily true when ¢ € Cy. For example, the
closure of a S' x R-orbit in a k-tube of ¢ at Op (see Definition 3.3) does not contain O.

2.3. Cy versus C;
We need the following result from [3] (Corollary 2, p. 176).

LEMMA 2.7. Let ¢ : G X M — M be a locally free action of a simply connected Lie
group G on M, a C* manifold with dim(M) = dim(G)+1>3. If O is an orbit of ¢
and i: O — M is the canonic immersion, then i, : m1(O) — w1 (M) is injective, i.e. if v
s a closed curve in O homotopic to a constant in M, then -y is homotopic to a constant
in O.

THEOREM 2.1.  Suppose that Oy is a St x R-orbit of ¢ € A and let v C O4 be a
simple closed curve which is not homotopic to a constant in O4. Then,

(a) Oy C Cy if and only if v is homotopic to a constant in N.

(b) if p € Agr, then C=Cop =N\ (OyUO).

(c) Oq C Cy if and only if ¢ € Agr.

(d) if Oy C Cy, then ~ bounds a closed 2-disk D C N such that Oy N D # (.
(e) Oq C Cy if and only if v is not homotopic to a constant in N.

(f) Oy C Cv, if and only if p € AZ U AL .

Proof. (a). Let {X;, X2} be infinitesimal generators adapted to ¢ at Op. If O, C Cy,
then we take ws as the generator of G,. Let p € Oy and V), a neighborhood of p.
By Proposition 2.2 and Lemma 2.6, there exist a neighborhood U, of p and a point
q € U, N O, such that Oy (X2) C V,. We can take V, sufficiently small such that
Oy (X2) bounds a closed 2-disk inside V},, i.e. Oy (X2) is homotopic to a constant in
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10 L. F. M. BRITO AND C. A. MAQUERA

N. Since v is simple, then Oy (X2) and v (or —v) are homotopic in O, , and therefore
~ is homotopic to a constant in N. Conversely, suppose that ~ is null homotopic in N
and O, C Cy. Since R? = H & G, we can assume that H is generated by G,. Let
fo : Ao(e) — Uy be the Poincaré diffeomorphism of X; at qo € Op. Let V(e) = S* x D,
where D, = {(z1,72) € D% 22 + 2% < ¢} and 7:V(e) — S given by 7(0,x) = 0. There
exists € > 0 such that 7=1(0) is transverse to X7, for each 6 € S1. Since Oy C cl(O,),
there exist p € O, N Ap(e) and n € Z such that O,(X;1) C V(e) is periodic of period n,
ie. fi(p) =p. Then 7=1(0o) N Op(X1) has exactly n elements, and consequently every
n71(6), 6 € S', contains exactly n points of O,(X7). In particular, 7(0,(X1)) = Oy,
and thus O,(X7) is not homotopic to a constant in N. This is not possible since O,(X1)
is homotopic to v (or —v) in O,, which by hypothesis is homotopic to a constant in N.
This contradiction show that O, C Cy and completes the proof of (a).

(b). If ¢ € Ag1, by Lemma 2.5 and item (a), there exists a ¢-invariant neighborhood
U of O such that U\ O C Cy. It follows from Proposition 2.3 that U = N \ Oy.

(c). We assume that ¢ € Cy and ¢ ¢ Ag1. By Proposition 2.3, O C cl(O,), and
consequently it follows from Lemma 2.5 that ¢ € Af . Since Py = id, there exists a simple
closed curve v C O, which is neither homotopic to a constant in O, , nor homotopic to a
constant in N, contradicting item (a). This shows that ¢ € Ag1. Conversely, if ¢ € Ag1,
it follows from (b), that O, C Cj.

(d). Let ¢ € Cy and ¢’ be the action of R? on N’ = N\ (Og U O) defined by
©'(9,p) = ¢(g,p). By item (a), v bounds a closed 2-disk D C N. If Og N D = 0, by
Lemma 2.7, 7 is homotopic to a constant in Oy, since O, is also a ¢’-orbit.

(e)-(f). Since C' = CoUC, with CoNCy = 0, it follows that (e) (resp. (f)) is equivalent to

(a) (resp. (c)). 1

3. PROOF OF THE MAIN RESULTS

Theorems A and A’ are proved simultaneously. We chose ¥ a 2-disk embedded in N,
in general position with respect to .

DEFINITION 3.1. Let ¢ € A and %, be the restriction of %, to N\ Op. An
embedding g : D*> — N with g(0) € Oy is said to be in general position with respect to
F, if g is transverse to ., at ¢(0) and, for every distinguished map f of %y, the map
(f 0o g)lp>\{oy is locally of Morse type. The submanifold g(D?) is said to be in general
position with respect to #, .

Remark 3. 1. If g: D* — N with g(0) € Oy in general position with respect to %, ,
then ¢ induces a foliation .#* in ¥ = g(D?) whose leaves are the connected components
of the intersection of the leaves of .#, with g(D?). Furthermore, .#* has a finite number
of singularities that are centers or saddles, except maybe for ¢(0). The singularities of .Z*
are the points where 3 is tangent to a leaf of %, .
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ProrosITION 3.1. If ¢ € A, then there exists ¥ a closed 2-disk embedded in N in
general position with respect to F,, such that 0¥ C O and the foliation in ¥ induced by
F, 1is given by a vector field Z, € X*(X).

Proof. Let j: D? — N be the inclusion such that j(D?) = Dy, = {6} x D?, for some
0y € St. Given £ >0 and an integer r > 2, with an adaptation of Haefliger’s techniques
[5], we obtain a C*°-embedding g : D? — N in general position with respect to F,, that
is e-close to j in the CT-topology, and that coincides with j in neighborhoods of 0D?
and 0. R

The foliation .#*, in a neighborhood of gg = (o, 0), is given by the vector field Y, , asin
the Equation 2. Thus, by Remark 3.1, .#* is C? locally orientable, and consequently by [3,
Proposition 2, pg. 123], .#* is C? orientable. Set X = g(D?). It follows that the foliation

Z* is given by a vector field Z, € X*(X). |

Remark 3. 2. There exists € > 0 such that Ag(e) and A;(e) are contained in ¥. We
can take Z, such that Z,|a ) = )7'2 and Zy|a,(c) = )/(:1, where 3//\'2 and )/(\'1 are the
vector fields given in Equations (2) and (5), respectively. Furthermore, by a small isotopy
of ¥ in a neighborhood of each singularity different of g9, we may assume that no two
singularities of Z, in ¥\ {qo} are on the same leaf of .%,. Thus we can assume that
there is no connection between two different saddles of Z, in £\ {go}.

As a consequence of Theorem 2.1(a), we have:

COROLLARY 3.1. If Z, € X*(X) is a vector field induced by ¢ € A and v is a closed
orbit of Z, whose interior in X contains qo, then the -orbit that contains v is a
St x R-orbit that is contained in Cp .

A limit cycle T' of Z, is a non-empty limit set «(y) or w(y), of some orbit v of Z,
such that vyNT' = (), and which does not consist of a singular point. By Poincaré-Bendixson
Theorem, if go € I', then I' is either a periodic orbit or a graph of Z, . In the last case, by
taking Z, asin Remark 3.2, I' is the union of a saddle p with one or two self-connections
of p. Since T is connected, if T' # 93, then X\ T has at least two connected components,
a neighborhood of 0¥ being one of them.

PROPOSITION 3.2. Let ¢ € AZUAR and T # Sy be a limit cycle of Z,. Then qo € T’
and T'\ Sing(Z,) has a finite number of connected components, each one of them contend
qo n its closure.

Proof. We start by showing that gy € I'. Let Or be the @-orbit containing I', and
g € I' aregular point of Z,. Since I' is a limit cycle, the holonomy transformation of Or
at ¢ associated to I' is not trivial. Consequently, I" is not homotopic to a constant in Or .
If go ¢ T, we claim that ¢o € R(T"), where R(T") is the union of the connected components
of ¥\T that do not contain 9X. Indeed, if g9 & R(T"), then T' is homotopic to a constant
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in ¥\{qo}, and hence, homotopic to a constant in N\ (OyUQO). Consequently, by Lemma
2.7, I' is null homotopic in Or . But this contradicts the fact that I' is a limit cycle of Z, .
Therefore, qo € R(I"). By taking Z, as in Remark 3.2, T' is either a simple closed curve
or the union of two simple closed curves I'y and I'y with I'y N Ty = {¢} = Sing(Z,) NT.
Since g9 € R(T), it follows that either ' or T';, for some i = 1,2, is not homotopic
to a constant in Op. However these are homotopic to a constants in N. Thus, Or is
a S' x R-orbit, and by Theorem 2.1(a), Or C Cy. Hence, by item (c) of Theorem 2.1,
@ € Ag1 . This contradiction proves that gy € T'.

Finally, by Poincaré-Bendixon Theorem, I'\ Sing(Z,) has a finite number of connected
components. Let s C I' be a separatrix of p € I' N Sing(Z,). We show that cl(s) =
sU{p, qo}. If this is not the case, since Z, has not connection between two different saddles
in ¥\ {qo}, then v =sU{p} is a closed simple curve such that gy ¢ int(y). Then, v is
homotopic to a constant in N\ (OyUQO), and by Lemma 2.7, « is homotopic to a constant
in Or. Again, this contradicts the fact that I' O ~ is a cycle limit and completes the
proof. |

Remark 3. 3. Note that if Z, € X%(X) has no limit cycle, then qo is the only singularity
of Z,.

Let {wy,ws} be a base of R? such that the vector fields {X; = X,,, , Xo = X,,,} are
infinitesimal generators adapted to ¢ at O.

LEMMA 3.1. If ¢ € Agi UAS, then there exist a meighborhood V of O and a C*
function u; : V — R? such that u;(po) = w; and for each q € V, u;(q) generates G, .

Proof. Let I%(e) = {(w1,22) € R?|z1|, |22 < &} and h: V,, — I?() x (—¢,0] be a
chart at pog with h(pg) = 0, such that, if (1,22, 23) are the coordinates of I?(g) x (—¢,0].
Then h,X) = 8/0x;, for k =1,2. Let Dy = Dy (e) = {(x1,x2,23) € I*(e) X (—¢,0]; 21 =
0} and Xy = Si(e) = h1(Dy) for k = 1,2. The function 74 : V,, — (—¢,¢) given
by 7k(q) = —zr(q), where h(q) = (21(q), z2(q),z3(q)), is such that X;’“(q)(q) € Xy, for
k =1,2. Since X} (po) = po, k = 1,2, it follows that there exists 0 < § < ¢ such that
XH(ER(8)) C Voo k=1,2. Let B, = B, (6) = £1(6)NE2(8). X, is a transverse section
to O at py. Consider the functions wu; : ¥, — R? given by

ur(q) = (14 71(X1 () wr + 72(X{ ())wa, if i =1,

1
iy N o (7)
uz(q) = 7(X2(q))wy + (1 + 12(X2(g))wy, if i = 2.

It can be shown that every orbit of X, 4 inside O, q € X, is periodic of period one
and u;(po) = w; . We can extend the functions u; to the openset V = Uges, (O4NV,,) by

defining u;(q) = u;(3p, N Oy). 1
PrROPOSITION 3.3. If ¢ € Ag1 UAL, then there exists a p-invariant neighborhood U

of O such that for each ¢ € U\ O, O, is a S* x R-orbit. Moreover, one of the following
occurs:
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(1) if o € Agr, then g € Cy and G, is generated by ws ;
(2) if € AS, then g € Cy and G is generated by ws .

Proof. We take U as in Lemma 2.5, and assume it contains the neighborhood V' given
in Lemma 3.1. Since O C cl(0y), ¢ € U, then G, C G. Consequently, (1) and (2) follow by

Theorem 2.1 and Lemma 3.1. |

DEFINITION 3.2.  Let Z be a vector field on R?, p a singularity of Z, k > 0 an
integer and T' = UX_v;, where 79 = p and ~;, i = 1,...,k, is a regular orbit of Z. T
is said to be a k-petal of Z at p if cl(v;) \ v = {p} and cl(y;) is the frontier of a open
2-disk D; such that D, N D; =0 for j=1,...,k with j # 4.

DEFINITION 3.3. Let ¢ € A, kK> 0 an integer and T' = Uéﬁ:o@i» where O;, i =
1,...,k, isa S x R-orbit. T is said to be a k-tube of ¢ at Op if cl(0;)\ O; = Oy and
cl(0;) is the frontier of a open solid torus 7; such that T, NT; =0 for j =1,...,k with
j #1i. The set Sp = UF_,cl(T}) is said to be a solid k-tube of ¢ at Oq associated to T.

Remark 3. 4. Every S' x R-orbit in a k-tube is contained in Cf .

3.1. Proof of Theorems A and A’
We consider the following two cases separately.

(i) The case when ¢ € Ag1 . We shall show that there exists a closed 2-disk ¥ embedding
in N transverse to .%, such that the induced vector field Z, satisfies Theorem A’(1).
Theorem A (1) follows then by Corollary 3.1 and Proposition 2.3.

By Theorem 2.1, Oy C Cj for each ¢ € N\ (Op U O). Let U be the -invariant
neighborhood of O, as in Proposition 3.3, and A = Uge7O04(X1), where J is a segment in
J. with end points pg and p; . It is not hard to show that A is homeomorphic to S* x[0, 1]
and is transverse to X,, and consequently is transverse to %, . Given a neighborhood
Vo of qo, by Lemma 2.6, there exists a neighborhood Uy of o such that O,(X;) C Vg,
for each ¢ € Uy N O,, . Since Oy C cl(Op,), there exists ¢t € R such that Xi(p1) € Uy
and, consequently, Ox;(,,)(X1) = X5(0p, (X1)) C Vo. The ring Ay = X5(A) is the union
of closed orbits of X, transverse to F,, with A2 = Ox¢(p)(X1) U Oxt(p,)(X1). We
consider V{, as the domain of a chart adapted to ¢ at gg. Then there exists a closed
2-disk D C Vo transverse to Z,, such that 0D = Oxy(,,)(X1). Let X € X%(D) be the
vector field whose orbits are the connected components of the intersection of D with the
-orbits. We claim that every orbit of X inside D \ Op is periodic. Otherwise, there
exists ¢ € D such that wx(q) =~ (or ax(q) =), where v C D is a closed orbit of X
and ¢ ¢ 7. Then O, the -orbit containing +, is contained in cl(O,) and is different
from Oy and O. But this contradicts Proposition 2.3. Therefore all the orbits of X in
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D\ Op are periodics. Let D= AyUD, f:D?— DCN a homeomorphism and Dy a
neighborhood of f~1(4D) in D?. We take a C* embedding g : D? — N, arbitrarily close
to f, in the C°-topology, such that 9l(p2\Dy) = fl(p2\Dy) and transverse to .#,. Then,
the foliation .#*, in ¥ = g(D?) induced by %, , is given by a vector field Z, € X*(X)
whose orbits in X\ (Op NX) are all periodics.

.V -V

- \Q

FIG. 2. The y-orbit that contain [ intersects the region D.

(it) The case when ¢ € Af U AL . In this case we take Z, as in Remark 3.2. Let V be
the saturated of A;(g) by Z,. Then V is homeomorphic to S* x (0,1] and every orbit
of Z, inside V '\ S; is homeomorphic to R. Hence, the frontier I' of V' in X, either
coincides with {go} or is a limit cycle of Z,, .

We suppose that I' is a limit cycle of Z,. By Lemma 2.3, there exist a neighborhood
Wi of O, a nelghborhood U; of S in D@O and a C? dlffeomorphlsm fi:Ai(e) = Uh
that preserves orbits of X1 such that Z,|w, is the suspension of X1 Zylaye) by fi1-
Then, as V is invariant by Z,, we obtaln an extension F} : V — V of f;, that is given
by Fl(q) = Z.(f1(Z;'(q))), where t € R is such that Z_'(q) € S with S C Ay(e) a
circle transverse to Z,. Note that, by definition, F; preserves the orbits of Z,, and
thus Z,|y is the suspension of Z |y by Fi, where U is as in Lemma 2.5. Therefore,
V =UNX. We claim that T' is a k-petal, i.e. I'NSing(Z,) = {qo}. Suppose that there
exists ¢ € I'N Sing(Z,) with ¢ # go. Since T is a limit cycle, ¢ is necessarily a saddle.
Hence, as X is in general position with respect to %, , every -orbit by points in V' has
points in X\ cl(V), see Figure 2. But this contradlcts the fact that V = U N X. This
contradiction shows that I' is a k-petal of Z, at gy, and consequently Front(U) is a
k-tube of ¢ at Op. Theorem A (2) and (3) then follow from Theorem 2.1.
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