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1. INTRODUCTION

Let B(F) denote the Banach algebra of all linear bounded operators on a complex Banach
space E. The set of all linear closed densely defined operators in £ will be denoted by
C(E). We denote by o(B) the spectrum of the operator B, by p(B) the resolvent set of B,
by N(B) the null space of B and by R(B) the range of B.

Let A be a generator of analytic Cp-semigroup exp(-A), defined on a Banach space F.
Consider in a Banach space E the problem

u'(t) = Au(t) + F(t)f, (1)
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122 A. PRILEPKO , S. PISKAREV AND S.-Y. SHAW

with
u(0) = u® € D(A), w(T) = u” € D(A), (2)

where .#(-) € C*([0,T]) is given function and f € E is an unknown element. Follow [4],[18]
the mild solution of such problem (1)-(2) is given by the formula

u(t) = exp(tA)u’ + /0 exp((t — s)A).F(s)fds, t € 0,T), (3)

with such an element f € E that conditions (2) are satisfied. Since, we will assumed
that A generates analytic Cp-semigroup, then in this case u(t) € D(A) for any function
F() € C\([0,TY), see 4], [17].

Applying A in (3) one gets

Au(t) = exp(tA) Au® — F(t) f + exp(tA).F(0)f + /0 exp((t — s)A).F(s). fds.

If one makes the choice of the function .#(-) such that #(T) = 1 and use condition
u(T) = u”T, then we get the Fredholm second order equation in the form

T
If —K(T)f :=If —exp(TA)Z(0)f — /0 exp ((T - S)A) F(s)dsf = G(T), (4)

where G(T) = exp(TA)Au® — AuT. Such problem is very important in many physical
applications, see [12].

So the main purpose of our paper is the construction of algorithm for approximation of
an element f, which solve the problem (1)—(2) or by other words we want to solve equation
(4). We give the algorithm on general approximation scheme, which includes finite element
and finite difference methods and projection methods.

The technique we developed here could be applied for more general situation, when
operator A generates integrated semigroup or C-semigroup, see [5] - [7]. Moreover, in the
proofs concerning compactness of integral from non-semigroup families it is convenient to
use results from [19]. We show this in forthcoming papers.

2. EXISTENCE OF CONTROL ELEMENT F

The main question is a solvability of the problem (1)-(2). It is clear that in the case of
compact operator K(T') the operator I — K(T) is Fredholm operator of index 0. Most of
the results on the existence of solution of problem (1)-(2) are concerned to compactness
or positivity property of resolvent of operator A. So the existence of bounded inverse
operator (I — K (T))~! follows practically from condition N(I — K(T)) = {0} and compact
convergence of resolvent, see Theorem 3.2 and Step 4 of the proof of Theorem 5.1. There are
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CONTROL ELEMENT APPROXIMATION 123

some theorems proved, say, in [11], [12], [13], which guarantee that condition N(I—K (T)) =

{0} holds.
Namely, let us list some results which could be applied here. Consider in a Banach space
FE the problem of finding an element f from relations:

u'(t) = Au(t) + F(t) f, t €[0,T], (1)

T
u(0) = u°, /0 u(t)du(t) = o’ u u” € D(A). (2)

THEOREM 2.1.  [13] Let pu(-) be nondecreasing on [0,T] and continuous on the right at
t=0. Let F(t) >0 for0 <t <T and fOT F(t)du(t) # 0 and ||exp(tA)|| < Me= Pt with
B> 0,t > 0. Suppose that anyone of the following conditions is fulfilled as well

a) F(t), >0 for0<t<T,

b) the function u(-) is convex upward on [0,T].

Then the Problem (1) — (2) is well-posed.

THEOREM 2.2. [18] Let u(-) be nondecreasing on [0,T] and continuous on the right at
t =0. Let F(t) > 0 for 0 <t < T and the operator 0 < (fOT F(t)du(t))~' € B(E). Let the
Cy-semigroup is positive. Assume also that o(A) C {\ € € : Re\ < 0}. Then the kernel
of problem (1) — (2) is trivial and thus for any u°,uT € D(A) this problem have at most
one solution.

Approximation of positive Cy-semigroups on general approximation scheme is described
in [10]. One can find there analogy of Theorem (ABC) for positive Cy-semigroups and also
stability condition for the scheme like (5).

THEOREM 2.3. [13] Let the conditions of Theorem 2.2 be fulfilled. Suppose also that the
Co-semigroup exp(tA) is compact. Then the problem (1) — (2) is well-posed.

3. GENERAL APPROXIMATION SCHEME

The general approximation scheme, due to [15], [16] can be described in the following
way. Let E, and E be Banach spaces and {p,} be a sequence of linear bounded operators
pn:E— E, p, € B(E,E,),n€ IN ={1,2,---}, with the property:

|lpnz||E, — ||z||E as n — oo for any = € E.

DEFINITION 3.1. The sequence of elements {z,},z, € E,,n € IN, is said to be P-
convergent to x € E iff ||z, — pnz| g, — 0 as n — oo and we write this z,, — .
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124 A. PRILEPKO , S. PISKAREV AND S.-Y. SHAW

DEFINITION 3.2. The sequence of bounded linear operators B,, € B(E,),n € IN, is said
to be PP-convergent to the bounded linear operator B € B(FE) if for every z € E and for
every sequence {x,},x, € E,,n € IN, such that x,, — = one has B,x, — Bx. We write
then B,, — B.

For general examples of notions of P—convergence see for instance [14].

Remark 3. 1. If we put E,, = E and p, = I for each n € IN, where I is the identity
operator on F, then Definition 3.1 leads to the traditional pointwise convergent bounded
linear operators which we denote by B, — B.

DEFINITION 3.3. A sequence of elements {x,},z, € E,,n € IN, is said to be P-compact
if for any IN' C IN there exist IN” C IN’ and = € E such that z,, — x, as n — oo in IN”.

DEFINITION 3.4. A sequence of operators {B,}, B, € B(E,), n € IN, converges
compactly to an operator B € B(E) if B, — B and the following compactness condition
holds:

l|znllE, = O(1) = {Byx,} is P-compact.

DEFINITION 3.5. A sequence of operators {B,}, B, € B(F,),n € IN, is said to be
stably convergent to an operator B € B(E) iff B,, — B and ||B;;!||p(g,) = O(1),n — .
We will write this as: B,, — B stably.

DEFINITION 3.6. A sequence of operators {B,}, B, € B(E,), is called regularly con-
vergent to the operator B € B(E) iff B, — B and the following implication holds:

|lznlle, = O(1) & {Bpxy,} is P-compact = {z,,} is P-compact.

We write this as: B,, — B regularly.

THEOREM 3.1.  [16] Let C,,Q, € B(E,), C,Q € B(E) and R(Q) = E. Assume also
that C,, — C' compactly and Q,, — Q stably. Then @, + C,, — Q + C converge reqularly.

THEOREM 3.2.  [16] For B, € B(E,) and B € B(E) the following conditions are
equivalent:

(i) B,, — B regularly, B,, are Fredholm operators of index 0 and ./\/(B) ={0};

(ii) B, — B stably and R(B) = E;

(iii) B, — B stably and regularly;
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CONTROL ELEMENT APPROXIMATION 125

(iv) if one of conditions (i)—(iii) holds, then there exist B,,' € B(E,),B~' € B(E), and
B! — B! regularly and stably.

In the case of unbounded operators, and we know in general infinitesimal generators are
unbounded, we consider the notion of compatibility.

DEFINITION 3.7.  The sequence of closed linear operators {A,}, A, € C(E,),n € IN,
are said to be compatible with a closed linear operator A € C(E) iff for each z € D(A)
there is a sequence {z,},x, € D(4,) C E,,n € IN, such that z,, — x and A,z, — Az.
We write (A,,, A) are compatible.

Note, that (A,,A) are compatible if resolvents converge (A, — A,)~! — (A — A)~L.
Usually in practice Banach spaces FE,, are finite dimensional, although, in general, say for
the case of a closed operator A, we have dim E,, — oo and ||A,||p(g,) — 00 as n — oo.

4. DISCRETIZATION OF SEMIGROUPS

Let us consider the well-posed Cauchy problem in the Banach space E with operator
AeC(E)

w(0) =0 € E, (1)

where operator A generates Cop-semigroup exp(-A). It is well-known that the Cp-semigroup
gives the solution of (1) by the formula u(t) = exp(tA)u® for ¢t > 0. The theory of well-posed
problems and numerical analysis of these problems have been developed extensively, see for
instance [2], [3], [8]. Let us consider on the general discretization scheme the semidiscrete
approximation of the problem (1) in the Banach spaces E,, :

ul, (t) = Apun(t), t € [0,00),
un(0) = ud € E,, : (2)

with the operators A,, € C(E,,) , such that they generate Cp-semigroups, which are consis-
tent with the operator A € C(E) and u% — u°.

4.1. The simplest discretization schemes

We have the following version of Trotter-Kato’s Theorem on general approximation
scheme:

THEOREM 4.1.  [14] (TheoremABC) Assume that A € C(E), A,, € C(E,) and they
generate Co-semigroups. The following conditions (A) and (B) are equivalent to condition
(©).

(A) Consistency. There exists A € p(A) NNy, p(Ay) such that the resolvents converge
(AL, — A"t — (M- A)~Y
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(B) Stability. There are some constants M > 1 and w, which are not depending on n
and such that || exp(tAy)| < M exp(wt) fort > 0 and any n € N;
(C) Convergence. For any finite T > 0 one has maxyc(o 1] || exp(tAy)ud—py, exp(tA)u’|| —

0 as n — oo, whenever ul, — u® for any vl € E,,u’ € E.

Remark 4. 1. The condition (A) in the contents of these Theorems is equivalent to
compatibility of operators (A, A).

THEOREM 4.2. [8] Let operators A and A,, generate analytic Cy-semigroups. The fol-
lowing conditions (A) and (B1) are equivalent to condition (C1).

(A) Consistency. There exists A € p(A) NN, p(A,) such that the resolvents converge
(M, — Ay~ — (M — A)~Y

(B1) Stability. There are some constants Ms > 1 and wo independent of n such that for
any Re\ > wy

My
|)\—w2|

(C1) Convergence. For any finite 1 > 0 and some 0 < 0 < T we have

[(ALn, — An)iln < for alln € IN;

max | exp(nAn)ud — p, exp(nA)u’|| — 0
neD(0,1)

as n — oo whenever ul — u®. Here (0, 1) = {z € B(0) : |2] < u}, and () = {2 € C :
larg z| < 6}.

We can assume that conditions (A) and (B) for the corresponding semigroup case are
satisfied without any restriction of generality if any discretization processes in time are
considered. We denote by T,,(-) a family of discrete semigroups as in [3], i.e. T,(t) =

T, (7n)k, where k, = [TL], as 7, — 0,n — o0o. The generator of discrete semigroup is

defined by A, = %(Tn(Tn) —1I,) € B(E,) and so T,,(t) = (I, + Tnz‘in)k’L, where t = k,, 7.

THEOREM 4.3. [14] (Theorem ABC —discr) The following conditions (A) and (B') are

equivalent to condition (C"). .
(A) Consistency. There exists A € p(A) NN, p(An) such that the resolvents converge

A, — Angfl — (M — AL
B’SL Stability. There are some constants My > 1 and wy € IR such that

|T. ()| < Myexp(wit) fort € IRy = [0,00),n € IN;

(C") Convergence. For any finite T > 0 one has maxe [o,7) |15 (£)ud — pp exp(tA)u’|| — 0

as n — oo, whenever u® — u® for any u® € E,u € E,,.

THEOREM 4.4. [1]] Assume that A € C(E), A,, € C(E,,) and they generate Cy-semigroup.
Assume also that conditions (A) and (B) of Theorem 4.1 hold. Then the implicit difference
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scheme

Up(t+7,) —Un(t)

Tn

=AU, (t+7), Un(()) = Ug,, (3)

is stable, i.e. ||(I, — 7, Ap)7Fn || < Mye*it t = k,7, € IRy, and gives an approzimation to

the solution of the problem (1), i.e. Un(t) = (I, — T An) Frul — exp(tA)ul P-converges

n
uniformly with respect to t = k,7, € [0,T] as ul) — u®,n — o0, k, — 00,7, — 0.

THEOREM 4.5.  [8] Assume that conditions (A) and (B1) of Theorem 4.2 hold and
condition

Tn”AnH < 1/(]\44—2)7 n € IN (4)
is fulfilled. Then the difference scheme

Un(t + 1) — Upn(t)

Tn

= AU, (t), Un(0) =4, (

ot
=

is stable and gives an approzimation to the solution of the problem (1), i.e. U,(t) =

(I, + T An)Fnul — u(t) discretely P-converge uniformly with respect to t = k7, € [0,T)

0 0
as u, — u-,n — 00, k, — 00,7, — 0.

Let us introduce the following equivalent conditions:
(B}) Stability. There are constants M’, w’ such that

/ M/ 7
|lexp(tA,)]| < M'e“?, ||A, exp(tA,)| < Te“’ tteR,.
(BY) Stability. There are constants M" w"” and 7* > 0 such that

”(I - TnAn)ik” < M//ew”kﬁrnv ”anAn(I - TnAn)ik” < M//ew”]”"v 0<m < T*,TL, ke IN.

THEOREM 4.6. The conditions (A) and (B}) are equivalent to the condition (Cy).

Remark 4. 2. Conditions (By),(B}) and (BY) are equivalent.

5. APPROXIMATION OF CONTROL ELEMENT F

Let A,, be a generator of analytic and compact Cy-semigroup exp(-A,,). Consider in a
Banach space E,, the problem

u;z(t) = Anun<t) + Lg.n(t)fna (1)
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with
un(0) = ud € D(A,), un(T) = ul € D(A,). (2)

The solution of problem (1)-(2) is given by the formula

un (t) = exp(tA,)ul +/0 exp((t — 8)An)Fn(s)fds, t € [0,T),

and corresponding second order Fredholm equation can be written in the form:

T
Iifn — Kn(T) fn = Infn — exp(T A, ) n(0) fr — /0 exp((T — S)An)ﬁn(s);fndS = Gn(T),
3)

where G, (T) = exp(TA,)A,u® — A,ul. Before we formulate our main results just recall
that condition N(I — K(T)) = {0} could be obtained from Theorems in section 2.

THEOREM 5.1.  Assume that functions F,(-),-F#(-) € C*([0,T)) and they converge
Fn(t) — F(t) uniformly in t € [0,T]. Let conditions (A),(B}) be satisfied and u —
w0, ul — u” in a such way that G, (T) — G(T). Assume also that N(I — K(T)) = {0},
operator (N — A)~t is compact and (M, — A,)) ™t — (A — A)~L compactly. Then solutions
of the problems (3) exist and converge to the solution of the problem (4), i.e. f, — f.

Proof. The proof falls naturally into 4 steps.

Step 1. First, let us show that the compact convergence of resolvents R(\; A,) — R(\; A)
is equivalent to the compact convergence of Cy-semigroups exp(t4,) — exp(tA4) for any
t > 0. Let [|z,|| = O(1). Then from the estimate |4, exp(t4,)| < 2e“!, which is exactly
condition (B]), we obtain the boundedness in n of the sequence {(A,, — AI,,) exp(tA,)z,}
for any fixed t > 0. Because of the compact convergence of resolvents, we obtain the
compactness of the sequence {exp(tA,)x,}.

The necessity will be proved if for the measure of noncompactness p(-) (for the definition,
see [16]), we establish that pu({(AL, — An)ta,}) = 0 for any [|z,|| = O(1). We have

WM — An)lan}) = {/ M exp(tAn)rn) ) < uf {/ ‘exp(tAn)rad} ) +

u({ /  exp(tA)radt) ) + o fexp(ed) / YN ep (0 - o))

Two first terms can be made less than e by the choice of ¢, Q. The last term is equal to
zero because of the compact convergence exp(eA,,) — exp(eA) for any 0 < € < gq.

Step 2. Consider the operators K(T') and K, (T) defined by (4) and (3) on the spaces
E and E,,. The operator K (T') defined by (4) is compact in F. Indeed, we obtain that the
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operator

K (t) = exp(eA) /0 h exp ((t — s — €)A).F(s),ds

is a product of compact and bounded operators. Moreover ||K.(t) — K(t)|| < Ce for any
t € (0,77, where

K(t) = / exp ((t — s)A)F(s).ds

0

and 0 < € < t. Then it follows that the operator K(¢) : E — E is compact for the same
t > 0. For t = 0, the operator K(0) is also compact.

Step 3. It is easy to see that K, (T) — K(T). To show that K, (T) — K(T) compactly,
we assume that || f,,||z, = O(1). Now {K,(T)f,} is P-compact because of representation

Kon(t) = exp(eAn) /0 e (= 5 — ) An) Fn(s).ds

and one can easy verify the vanishing of the noncompactness measure pu({K,(t)f,}) =0
for all t € [0, T, taking into an account that || K, ,(T) — K,(T)| < Ce.

Step 4. Now I, — I stably and K, (T) — K(T) compactly. Hence it follows from
Theorem 3.1 that I, — K,(T) — I — K(T) regularly. Moreover, the nullspace N(I -
K(T)) = {0} and the operators I,, — K, (T) are Fredholm of index zero. Then it follows
from Theorem 3.2 that I,,— K, (T) — I— K (T) stably, i.c. (I,—K,(T))"" — (I-K(T))"".
Since G,,(T) — G(T), one gets f, = (I, — K,(T))"*Gn(T) — (I — K(T))"'G(T) = f.
The Theorem is proved.

One can find that solution of the problem (3) with u® = 0 according to Theorem ??,
since r(K,(T)) < 1, could be organized as follows:
fTL,j"rl :Kn(T)f’fL,_] _Anuz;a .] 20517"'a (4)

with initial condition f,, o = 0. The value K,,(T') f, ; is nothing else as a solution of Cauchy
problem

vp(t) = Apn(t) + Fu(t)ifugs va(0) = Fu(0) fu g, ()

at the point T, i.e.
T
Kn(T) frg = vn(T5 fnj) = eXp(TAn)g[n(O)fn,j +/ exp((T" — S)An)yn(s)lsfmjds'((s)
0
So (4) could be written in the form, starting from f, o =0,

fn-,j+1 :’U’I’L(T’fn,j)_AnuZ,j:O,17 (7)
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Moreover, fy, j — fn as j — oo since 7(K,(T)) < 1.

There are different ways how one can calculate v(T'; f,, ;). One can use directly Theorems
4.4, 4.5 or maybe some hire order difference schemes for approximation of exp(T'4,),
say as in [2, 9], and then apply some quadrature formula for approximation the term

fOT exp((T — S)An)yn(s);fmjds'

In this paper we consider just the simplest way which comes from Theorem 4.4. In case
of Theorem 4.5 we have to assume stability condition, but the other considerations are the
same. So following the scheme (3) we consider approximation of the equation (1) by

Up(t+7,) —Un(t)

Tn

= ATt +7) + Tt + 1) fry Un(0) =°,  t=krp.  (8)

The solution of the scheme (8) can be written in the form
U, (t) = (I, — 10 A) 7Ful + 28 N1, — 7, A) M T (I + 1) fuTny, t=kTne (9)

To construct approximation of operator K, (T') in (6) we just consider the simplest formula
(T = knTn)

Z A
Ko (T) = (I, — TpAp) " 2, (0) 4+ SF 5 M (1, — 7 Ay) Pt F (1T + Tn) Jn(zm)%

Tn

(10)

Let us remark that we have some interesting relation between (10) and (9). Namely, let us
put ©2 =0 in (9) and apply operator A,,. We have integrating by parts (t = k7,)

A Un(t) = St mnAn (I — 10 An) " Z 0 (lrn + 70) [ =
=50 (In = T An) ¥ Z (I + ) fro — S0 (I — 70 Ap) FH F (j70) frt

+(In - TnAn)_kgn(O)fn - (In - TnAn)_ogn(an) =

—k+l yn(lTn + Tn> - gn(l'rn)

Tn

(In - TnAn)_k'g\n(O)fn + Zf;ol(ln - TnAn) fnTn - gﬂ(ﬂfn

(11)

THEOREM 5.2.  Let Cy-semigroup exp(-Ay) be positive and compact. Assume also that

Fat) = 0,.F,(t), > 0 for any t € [0,T]. Define operator K,(T) as in (10). Then
r(K,(T)) < 1.

Proof. The operator f{n(T) is positive and compact , so by Krein -Rutman Theorem

there are A9 > 0 and 0 < f2 # 0 such that K, (T)f% = X\of?, and, moreover, r(K, (T)) =
Ao-
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Assume now in contradiction that Ag > 1. Let us consider the operator in (11) with
fn = f°. One gets that A,U,(T) is positive for positive f0. So if we apply (—A, )", then
because of positiveness of Cp-semigroup exp(-4,,) the resolvent (—A,)~! is also positive
and (—A,) 1A,U,(T) = 0, which means that 0 = U,,(T). From the other hand from (9)
it follows that U,,(T) = 0 for f0 = 0 and u2 = 0. This means that U,,(T) = 0, which can
happen just in case of f0 = 0. But this contradicts to f° # 0. The Theorem is proved.

(From Theorem 5.2 it follows that one can organize the process
Frgir = Kn(D) fuy — Anul, j=0,1,..., (12)

which converge fw- — fn as j — 0o, where fn is a solution of problem

THEOREM 5.3. Let Cy-semigroups exp(-4,,) be positive and analytic. Assume also that
functions F,(+), F(-) € CY([0,T]) and they converge F,(t)" — F(t)" uniformly in t €
[0,T). Let conditions (A),(B]) be satisfied and u® — u® ul — uT in a such way that
Gn(T) — G(T). Assume also that N(I — K(T)) = {0}, operator (\I — A)~! is compact
and (M, — A,)™t — (M — A~ compactly and F,(-) € C3([0,T)) and | F, (1)}, <
constant, t € [0,T]. Then solutions of the problems (13) exist and converge to the solution
of the problem (4), i.e. fn — f asn — oco.

Proof. If K, (T) — K(T) compactly, then the statement of the Theorem follows the
same way as in the Step 4 of Theorem 5.1.

So we are going to show that K, (T') — K(T) compactly. To do this it is enough to prove
that || K, (T) — K, (T)|| — 0 as n — oo, since the statement K, (T) — K(T) compactly is
already proved in Theorem 5.1. One can write

K, (T) — K, (T) = exp(TA,) %0 (0) — (I, — Tn Ap) " .Z,(0)+

T T
b [ Bl )40 Fals)ds Db (1 — myagy et Dol b ) Fullr)
0

Tn

where k7, = T. In [1], p. 765, it is proved under condition (B;) that ||exp(tA4,) — (I, —
TnAn)*k" < CTT"e“’t as k,, — oo and 1,k, = t. Let us consider now the difference

— Kyl Lgﬁn(h—n + Tn) - ﬁn(h—n)

(I4+1)7y,
Ef;(;l/ eXp((T_S)An)thn(S)Isds_zézal(In_TnAn)
l

Tn Tn

To finish with the demonstration we have to use

ds

(I+1) 7 T (0 .
iEf;gl /l exp((T — 5)A,) Fn(ltn + 1) — Fnln)

Tn Tn

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC

Tn-



132 A. PRILEPKO , S. PISKAREV AND S.-Y. SHAW

terms. Indeed, it is easy to show that difference

exp((T'—s)A,)

ol /UH)T" fen—1 /(Hlm Fnl1 +70) = Fu(Im)

exp((T—s)A,)Fn(s)sds—Sim;

Iy ITh Tn

converge to zero as k, — oo and T = k,,7,, since

+1)7, a A
[ et = a0 (Fatey, - T = Zullnd g,

Tn Tn

A z
is estimated by C’fl(rljl)T" | F(s)l — J"(”"J”:z*‘%"(”") |ds = O(72). The second term

S

from =+ construction could be estimated as

< ﬁn(lTn +7Tn) — fn(h’n)

e 1 (I+1)1 -
1% / (exp((T = 8)An) = (I = Tp An) ™ F )d :
(+1)m,
<ot [ (T - 940 - eo((T - i) Adlds + Ot

C 2feg M exp((T=1ma) An)~(Ln—=Ta An) 5 7 < C (Sh25 27/ (hn—1= 1)+ 525 o  (hn=1) )

We took into an account here also that || exp((T'—s) A, ) —exp((T—I7,) Ay )|| < C "+
for any s € [l1y,, (I 4+ 1)7,], 0 <1 < k,, — 2. The Theorem is proved.

nTn—lTn—Tn
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