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Itajubá, Caixa Postal 50, 37500-903 Itajubá, MG Brazil
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In this paper we seek for inner product dependent strictly positive definite
kernels on subsets of C. We present separated necessary and sufficient condi-
tions in order that a positive definite kernel on C be strictly positive definite.
One emphasis is on strictly positive definite kernels on the unit circle. Since
positive definite kernels on the circle were already characterized in [1], the
study in this case reduces to the determination of what kind of positive def-
inite kernels are indeed strictly positive definite. For other subsets, we begin
with a quite general positive definite kernel on the whole C and find conditions
in order that it is strictly positive definite on the subset. For some classes of
subsets, the results are final.
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1. INTRODUCTION

Recently, positive definite kernels on spheres and similar manifolds have been employed
in a variety of problems by many researchers (see [2,4,14] and references therein). Large
families of positive definite kernels have been found to be very useful in the construction
of the so-called spherical radial-basis function interpolants. In particular, if S is either the

* First and third authors Partially Supported by PPROCAD-CAPES, grant #0092/01-0

151

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



152 V. A. MENEGATTO, C. P. OLIVEIRA AND A. P. PERON

unit circle Ω2 in C or the unit circle S1 in IR2, these interpolants are functions of the form

z ∈ S −→
n∑

µ=1

cµf(z · zµ), (1.1)

in which z1, z2, . . . , zn are distinct points of S, c1, c2, . . . , cn are complex numbers, · is the
inner product of the space where S lives, and f is an appropriate real or complex function.
If the kernel (z, w) ∈ S × S 7→ f(z · w) is positive definite on S, i.e.,

n∑
µ,ν=1

cµcνf(zµ · zν) ≥ 0, (1.2)

whenever n is a positive integer, {z1, z2, . . . , zn} ⊂ S, and {c1, c2, . . . , cn} ⊂ C, the resulting
interpolation matrix (f(zµ · zν)) is already nonnegative definite. Its invertibility, i.e., its
positive definiteness, will depend on f and on the interpolation points.

The main issue in this paper is to search for a characterization of the continuous strictly
positive definite kernels on S. A positive definite kernel (z, w) ∈ S×S 7→ f(z ·w) is strictly
positive definite of order n (n ≥ 1) if the quadratic form (1.2) is positive whenever the zµ

are different from each other and at least one of the cµ is nonzero. A strictly positive definite
of all orders is termed strictly positive definite on S. In particular, a strictly positive definite
kernel produces a positive definite interpolation matrix for all choices of the interpolation
points. The above definitions can be naturally extended to other subsets of C as the reader
can easily verify himself.

According to Theorem 3.1 in [11], a continuous kernel (z, w) ∈ Ω2 × Ω2 7→ f(z · w) is
positive definite if and only if f is representable in the form

f(z) =
∑

k∈Z
ak(f)zk, |z| = 1, ak(f) ≥ 0,

∑

k∈Z
ak(f) < ∞. (1.3)

If (z, w) ∈ S1×S1 7→ g(z ·w) is positive definite, the function g must satisfy (see [6,16,17])

n∑
µ,ν=1

cµcνg(cos(θµ − θν)) ≥ 0, (1.4)

whenever n is a positive integer, the cµ are complex numbers and {θ1, θ2, . . . , θn} ⊂ [0, 2π).
In particular, (z, w) ∈ Ω2 × Ω2 7→ g(Re (z · w)) is positive definite and we can write

g(Re z) =
∑

k∈Z
bk(g)zk, |z| = 1, bk(g) ≥ 0,

∑

k∈Z
bk(g) < ∞. (1.5)

In polar coordinates, this reads

g(cos θ) =
∑

k∈Z
bk(g)eikθ, θ ∈ IR, bk(g) ≥ 0,

∑

k∈Z
bk(g) < ∞. (1.6)
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Since the above series defines an even function of θ, bk(g) = b−k(g), k ∈ Z. Thus, we infer
that g is a real function having the form

g(t) =
∑

k∈Z+

ak(g)Tk(t), −1 ≤ t ≤ 1, ak(g) ≥ 0,
∑

k∈Z+

ak(g) < ∞, (1.7)

in which T is the Tchebyshev polynomial (of first kind) of degree k. This characterization
matches that of Schoenberg in [17]. To the best of our knowledge, there is no complete
characterization of positive definite kernels on other relevant subsets of C in the sense
defined here.

For a positive definite kernel (z, w) ∈ Ω2×Ω2 7→ f(z·w) and n distinct points z1, z2 . . . , zn

on Ω2, it holds

n∑
µ,ν=1

cµcνf(zµ · zν) =
∑

k∈K(f)

ak(f)
n∑

µ,ν=1

cµcν (zµ · zν)k, (1.8)

in which K(f) := {k : ak(f) > 0}. Due to the nonnegative definiteness of the matrices
((zµ · zν)k), k ∈ K(f), the matrix (f(zµ · zν)) is positive definite if and only if

n∑
µ,ν=1

cµcν(zµ · zν)k > 0 (1.9)

for some k ∈ K(f). Thus, the strict positive definiteness of order n of the kernel depends
upon the set K(f) only and not on the actual values of the coefficients ak(f). This remark
opens space for the following additional definition: a subset K of Z induces strict positive
definiteness (SPD) of order n on Ω2, if every positive definite kernel (z, w) ∈ Ω2 × Ω2 7→
f(z · w) for which K(f) = K, is strictly positive definite of order n on Ω2. The above
remarks and definitions apply to S1 as well (see [16] for details).

SPD on Ω2 has not been investigated yet while many results on SPD on S1 can be found in
[6, 8, 16, 18]. To this day, no easy to check characterization of SPD on S1 was found, but SPD
of order 2 (see [10]). A complete characterization for strict positive definiteness on spheres
of Rm, m ≥ 3 and Cq, q ≥ 3, were given in [2] and [12] respectively. Characterizations for
strict positive definiteness on the unit sphere of a real or complex Hilbert space can be
found in [9] and [12].

In this paper, we study strict positive definiteness on Ω2 and more generally on subsets
of C. For subsets of Ω2, we begin with a kernel f as in (1.3) and find conditions on K(f) so
that it is strict positive definite on the subset. Since the positive definite kernels on other
relevant subsets of C are not characterized yet, the procedure we adopt in the other cases is
slightly different. If the kernel (z, w) ∈ C×C 7→ f(z ·w) is positive definite then Corollary
4.7 in [1] reveals that f must have the form

f(z) =
∑

k,l∈Z+

ak,l(f)zkzl, ak,l(f) ≥ 0, (1.10)
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where the series converges for all z ∈ C. Thus, given a function f as above and a subset B
of C, we will seek for conditions in order that (z, w) ∈ B×B 7→ f(z ·w) be strictly positive
definite. The strictly positive definite kernels having this form comprehend a large family
of kernels.

This paper is organized as follows. In Section 2, we compare SPD on Ω2 with SPD on
S1. In Section 3, we present some separated necessary and sufficient conditions for the
induction of SPD on Ω2. In Section 4, we present conditions on a function f as in (1.10)
that ensure the strict positive definiteness of the kernel (z, w) ∈ B×B 7→ f(z ·w). For two
different classes of sets, we present conditions which turn out be necessary and sufficient.

2. Strict positive definiteness on Ω2 and on S1

SPD on the circle was introduced and first studied in [6,18], considering the circle as
a subset of R2. Later, SPD was considered in [8] and [16], where separated necessary
and sufficient conditions for the induction of SPD on S1 were given. An easy to check
and complete characterization was never found. Our aim in this section is to explore the
relationship between the concepts of SPD on Ω2 and on S1. We refer the reader to [6,8,18,10]
for acquaintance with SPD on S1. The results in this section will confirm that to identify
sets that induce SPD on Ω2 is more complicated than to identify sets that induce SPD
on S1. It will be shown here that SPD on S1 corresponds to SPD on Ω2 of sets that are
symmetric with respect to 0.

An alternative formulation for SPD on Ω2 is presented in Lemma 2.1 below. Hereafter,
the inner product of C will be denoted trough its standard notation.

Lemma 2.1 Let K be a subset of Z and n a positive integer. The following assertions are
equivalent:
(i) K induces SPD of order n on Ω2;
(ii) There exists no nonzero function of the form

z 7−→
n∑

µ=1

cµeiθµz, c1, c2, . . . , cn ∈ C, (2.1)

where θ1, θ2, . . . , θn are distinct points in [0, 2π), that vanishes on K.
Proof. Writing zµ = exp(iθµ), θµ ∈ [0, 2π), equation (1.8) becomes

n∑
µ,ν=1

cµcνf(zµzν) =
n∑

µ,ν=1

cµcν

∑

k∈K

ak(f)ei(θµ−θν)k =
∑

k∈K

ak(f)

∣∣∣∣∣
n∑

µ=1

cµeiθµk

∣∣∣∣∣

2

. (2.2)
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The rest follows.

A similar result for SPD on S1 can be found in [16]. It uses subsets of Z+ and requires
real coefficients in (ii). Theorem 2.2 and Corollary 2.3 below allows us to consider SPD on
S1 as a particular case of SPD on Ω2.

Theorem 2.2 Let K be a subset of Z+. The following are equivalent:
(i) The set {k : |k| ∈ K} induces SPD of order n on Ω2;
(ii) K induces SPD of order n on S1.
Proof. Write K

′
:= {k : |k| ∈ K}. Let θ1, θ2, . . . , θn be distinct points in [0, 2π). If

c1, c2, . . . , cn are real numbers and

n∑
µ=1

cµeiθµk = 0, k ∈ K, (2.3)

then
n∑

µ=1

cµeiθµk = 0, k ∈ K ′. (2.4)

Hence, if K ′ induces SPD of order n on Ω2, Lemma 2.1 forces all the cµ to be zero. Thus,
(i) implies (ii). Conversely, if d1, d2, . . . , dn are complex numbers and

n∑
µ=1

dµeiθµk = 0, k ∈ K ′, (2.5)

then, the symmetric nature of K ′ allows us to conclude that

n∑
µ=1

dµ eiθµk = 0, k ∈ K ′. (2.6)

Thus,
n∑

µ=1

(Re dµ) eiθµk =
n∑

µ=1

(Im dµ) eiθµk = 0, k ∈ K ′. (2.7)

In particular,
n∑

µ=1

(Re dµ) eiθµk =
n∑

µ=1

(Im dµ) eiθµk = 0, k ∈ K. (2.8)

If K induces SPD of order n on S1, the above relations yield

Re dµ = Im dµ = 0, µ = 1, 2, . . . , n, (2.9)
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whence all the dµ are zero. By Lemma 2.1, K ′ induces SPD of order n on Ω2.

Corollary 2.3 If a subset K of Z induces SPD of order n on Ω2 then so does the set
{|k| : k ∈ K} on S1. The converse is true whenever K is symmetric in the sense that
K = {−k : k ∈ K}.

To see that the converse of Corollary 2.3 is not true in general consider the set K =
{−1, 0, 1, 2}. Being of cardinality 4, it does not induce SPD of order 5 on Ω2 (see Corollary
3.5 in Section 3 ahead). However, {|k| : k ∈ K} = {0, 1, 2} induces SPD of order 5 on S1

by Theorem 1 in [15].

3. Strict positive definiteness on Ω2

In this section, we study SPD on Ω2 and its subsets. Our results include separated
necessary and sufficient conditions for the induction of SPD on Ω2. Some of them come
from ideas present in the study of SPD on S1 while others are genuinely of complex nature.
Unfortunately, all the conditions do not complete characterize SPD on Ω2.

Our first important result establishes the invariance of SPD on Ω2 by integer translations.
The reader is advised that a similar invariance property does not hold for SPD on S1

because translation invariance does not preserve symmetry (see Corollary 2.3).

Theorem 3.1 Let K be a subset of Z, n a positive integer and l an integer. These properties
are equivalent:
(i) K induces SPD of order n on Ω2;
(ii) K + l := {k + l : k ∈ K} induces SPD of order n on Ω2.
Proof. Let θ1, θ2, . . . , θn be distinct points in [0, 2π) and c1, c2, . . . , cn complex numbers.
If (i) holds and

n∑
µ=1

cµeiθµ(k+l) = 0, k ∈ K, (3.1)

then Lemma 2.1 implies that cµ exp(iθµl) = 0, µ = 1, 2, . . . , n. It is now clear that c1 =
c2 = · · · = cn = 0. Thus, K + l induces SPD of order n on Ω2 by Lemma 2.1. If (ii) holds
and

n∑
µ=1

cµeiθµk = 0, k ∈ K, (3.2)

then

n∑
µ=1

cµe−iθµleiθµ(k+l) = 0, k ∈ K. (3.3)
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Applying Lemma 2.1 once again, we conclude that cµ exp(−iθµl) = 0, µ = 1, 2, . . . , n, that
is, c1 = c2 = · · · = cn = 0.

Likewise, a reflection with respect to 0 does not alter the SPD of the set.

Theorem 3.2 A subset K of Z induces SPD on Ω2 if and only if −K := {−k : k ∈ K}
does.

Next, we identify sets that induce SPD of order 2 on Ω2. The result indicates how
complicated can be to exhibit an easy to check condition characterizing SPD of order
n ≥ 3 on Ω2 and S1.

Theorem 3.3 A subset K of Z induces SPD of order 2 on Ω2 if and only if the difference
set {k − l : k, l ∈ K} possesses a relatively prime subset.
Proof. The proof is an adaptation of arguments already used in [7,10,13]. Invoking the
definition of SPD of order 2 it is readily seen that K induces SPD of order 2 on Ω2 if and
only if

f(1)2 − f(z)f(z) > 0, z ∈ Ω2 \ {1}, (3.4)

whenever (z, w) ∈ Ω2×Ω2 7→ f(z w) is a positive definite kernel with K(f) = K. But, this
is equivalent to the condition

∑
k,l∈K

k 6=l

ak(f)al(f)
(
1− zk−l

)
> 0, z ∈ Ω2 \ {1}, (3.5)

that is, to the requirement that the system

zm = 1, m ∈ {k − l : k, l ∈ K} \ {0}, (3.6)

have no solution in Ω2 \ {1}. This last assertion is equivalent to {k− l : k, l ∈ K} having a
relatively prime subset.

Theorem 3.4 below contains a necessary condition for the induction of SPD on Ω2. The
proof is included for completeness once similar arguments were already used in the proof
of Theorem 3.1 in [13]. An alternative proof can be elaborated via arguments used in the
proof of Lemma 12 in [6].

Theorem 3.4 Let K be a subset of Z and n a positive integer. In order that K induce SPD
of order n on Ω2 it is necessary that it have a nonempty intersection with the arithmetic
progressions

nZ+ j := {nl + j : l ∈ Z}, j = 0, 1, . . . , n− 1. (3.7)

Proof. We assume that K induces SPD of order n on Ω2 and that K ∩ (nZ + j) = ∅,
for some j in the set {0, 1, . . . , n − 1} and reach a contradiction. The complex numbers
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cµ = exp(−i2πµj/n), µ = 1, 2, . . . , n, are certainly not zero. Since k− j 6≡ 0 mod n, k ∈ K,
we have that

n∑
µ=1

cµei2πµk/n =
n∑

µ=1

ei2πµ(k−j)/n = ei2π(k−j)/n ei2π(k−j) − 1
ei2π(k−j)/n − 1

= 0, k ∈ K, (3.8)

in contradiction with Lemma 2.1.

Below, we use Theorem 3.4 to further illustrate the translation invariance phenomenon
explained in Theorem 3.1. We show that {0, 1} is the only set of cardinality 2 that induces
SPD of order 3 on S1. Due to Theorem 3.4, the sets {−2, 0, 2}, {−3, 0, 3}, and {−2,−1, 1, 2}
do not induce SPD of order 3 on Ω2. Thus, {0, 2}, {0, 3} and {1, 2} do not induce SPD of
order 3 on S1. To see that a set K of the form {α, β}, α + β ≥ 4, does not induce SPD of
order 3 on S1, consider f(t) := Tα(t) + Tβ(t) and the points

xj = (cos(j − 1)θ, sin(j − 1)θ), j = 1, 2, 3, θ = 2π/(α + β). (3.9)

on S1. These points are obviously different from each other and

(f(xµ · xν)) =




f(1) f(cos θ) f(cos 2θ)
f(cos θ) f(1) f(cos θ)
f(cos 2θ) f(cos θ) f(1)


 . (3.10)

The determinant of the above matrix is

2(2− f(cos 2θ))
[
2 + f(cos 2θ)− f(cos θ)2

]
. (3.11)

Since cos jαθ = cos jβθ, j = 1, 2, the expression inside brackets vanishes. Therefore, the
matrix is singular.

Corollary 3.5 Let K and n be as in Theorem 3.4. If K induces SPD of order n on Ω2

then its cardinality is at least n. In particular, a set that induces SPD on Ω2 is infinite.

Theorem 3.4 takes the following form when we are dealing with plain SPD on Ω2.

Theorem 3.6 Let K be a subset of Z. In order that K induce SPD on Ω2 it is necessary
that it have an infinite intersection with each one of the arithmetic progressions

nZ+ j, j = 0, 1, . . . , n− 1, n ∈ Z+ \ {0}. (3.12)

Proof. Suppose that K induces SPD on Ω2. Due to Theorem 3.4, K has a nonempty
intersection with every set listed in (3.12). Next, we assume that K ∩ (nZ+ j) is finite for
some n ≥ 1 and some j < n and reach a contradiction. Let k1, k2, . . . , kl be the elements
of K ∩ (nZ + j) and define m := max{|kµ| : µ = 1, 2, . . . , l}. If m > 0, pick an integer
k = 4nmp + 2nm + j in K ∩ (4nmZ+ 2nm + j). In particular, k belongs to K ∩ (nZ+ j).
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If p ≥ 0, then k ≥ 2nm + j > m. If p < 0, then

k ≤ −4nm + 2nm + j < −2mn + n ≤ −2mn + mn = −mn ≤ −m. (3.13)

In both cases, we have a contradiction to the definition of m. If m = 0, we pick an integer
k = 4n2p + 2n2 + j in 4n2Z+ 2n2 + j. If p ≥ 0, then k ≥ 2n2 + j > 0 = m. If p < 0, then
k ≤ −4n2 +2n2 + j = −2n2 + j < −2n2 +n < 0 = m. Once again, we have a contradiction
to the definition of m.

A more intricate proof of Theorem 3.6 can be elaborated on by mimicking the proof of
Corollary 5.2 in [16]. If the reader is asking himself about how far the condition given in
Theorem 3.6 is from being sufficient for the induction of SPD on Ω2, our guess is that either
it is not sharp enough or an additional necessary condition is needed. Our next theorems
may help the reader to form his own conclusion on that. The first one, is another result
that can be adapted from Lemma 12 in [6].

Theorem 3.7 Let l and m be positive integers with l ≥ m. Let K be a subset of Z such
that K ∩ (lZ+ j) 6= ∅, j = 0, 1, . . . , m− 1. If θ1, θ2, . . . , θm are pairwise distinct module 2π,
r + {lθµ : µ = 1, 2, . . . , m} ⊂ 2πZ for some real r, and L(z) :=

∑m
µ=1 cµ exp(iθµz) annihi-

lates K then L is identically zero.
Proof. Use the hypothesis on K to select integers lαj + j in K ∩ (lZ+ j), j = 1, 2, . . . ,m.
If L annihilates K then

m∑
µ=1

cµeiθµ(lαj+j) = 0, j = 1, 2, . . . ,m. (3.14)

The hypothesis on the θµ allows us to reduce (3.14) to

e−irαj

m∑
µ=1

cµeiθµj = 0, j = 1, 2, . . . , m. (3.15)

Since the matrix of this system is Vandermonde-like associated to the distinct points
exp(iθµ), µ = 1, 2, . . . , m, all the scalars cµ must be zero.

In the next results, we use the following equivalence relation on [0, 2π):

θ ∼ φ if and only if
θ − φ

2π
∈ Q. (3.16)

The equivalence class of an element θ of [0, 2π) is written as [[θ]].

Theorem 3.8 Let K be a subset of Z containing an arithmetic progression of length at least
m and let θ1, θ2, . . . , θm be distinct points in [0, 2π). Assume that the classes [[θµ]], µ =
1, 2, . . . , m, are pairwise distinct. If the functional L(z) :=

∑m
µ=1 cµ exp(iθµz) annihilates

K then L is identically zero.
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Proof. Let p+q{0, 1, . . . , l−1} be the arithmetic progression of length l ≥ m contained in
K. The classes [[θµ]], µ = 1, 2, . . . , m, being pairwise distinct, we have that {q(θµ−θν) : µ 6=
ν} 6⊂ 2πZ, whence eiθµq 6= eiθνq, µ 6= ν. The condition L(p + qj) = 0, j = 0, 1, . . . , m − 1,
produces the system

m∑
µ=1

cµeipθµeiqjθµ =
m∑

µ=1

cµeipθµ
(
eiqθµ

)j
= 0, j = 0, 1, . . . ,m− 1. (3.17)

Once again, the matrix of the system being Vandermonde-like associated to distinct points,
we conclude that all the cµ must be zero.

Theorem 3.9 presents a sole sufficient condition for the induction of SPD on Ω2.

Theorem 3.9 Let K be a subset of Z satisfying the following condition: for every positive
integer n, the sets K ∩ (nZ + j), j = 0, 1, . . . , n − 1, contain arithmetic progressions of
length n. Then K induces SPD on Ω2.
Proof. Let θ1, θ2, . . . , θm be distinct points in [0, 2π) and suppose that the functional
L(z) :=

∑m
µ=1 cµ exp(iθµz) annihilates K. We show that L = 0 analyzing two distinct

cases. First assume that all the θµ belong to a same equivalence class. Without loss of
generality we can assume that θ1 < θ2 < · · · < θm and that θµ ∈ [[θ1]], µ = 1, 2, . . . , m.
Then, we can write

θµ = θ1 + 2πqµ, qµ ∈ Q ∩ [0, 1), µ = 1, 2, . . . ,m, (3.18)

with the qµ pairwise distinct. The functional L takes the form

L(z) = eiθ1z

(
c1 +

m∑
µ=2

cµei2πqµ z

)
:= eiθ1zL1(z). (3.19)

Obviously, L(z) = 0 if and only if L1(z) = 0. Since the qµ are rational, there is a positive
integer l ≥ m such that {lqµ : µ = 1, 2, . . . ,m} ⊂ Z. Since K∩(lZ+j) 6= ∅, j = 0, 1, . . . , l−1,
Theorem 3.7 is applicable. Thus, L1 = L = 0.
Next, we assume that the θµ’s generate at least two different equivalence classes. After
re-ordering the θµ’s if necessary, we can write

{θ1, θ2, . . . , θm} = ∪l
s=1[[θs]]

′
, 1 < l ≤ m, (3.20)

in which [[θs]]
′ ⊂ [[θs]], s = 1, 2, . . . l. Also, we can write

[[θs]]
′
= {θs + 2πqs,ν : ν = 1, 2, . . . , νs} , qs,ν ∈ Q ∩ [0, 1), s = 1, 2, . . . , l, (3.21)

in which νs is the cardinality of [[θs]]
′
. We observe that, for each s ∈ {1, 2, . . . , l}, the

rational numbers qs,ν , ν = 1, 2, . . . , νs are pairwise distinct. Renaming the cµ according to
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(3.21), the functional L takes the form

L(z) =
l∑

s=1

(
νs∑

ν=1

cν,se
i(θs+2πqs,ν)z

)
=

l∑
s=1

(
νs∑

ν=1

cν,se
i2πqs,νz

)
eiθsz, (3.22)

To proceed, let us choose an integer η ≥ 1 + max{l, ν1, ν2, . . . , νl} such that ηqs,ν ∈ Z,
ν = 1, 2, . . . , νs, s = 1, 2, . . . , l. Next, fix j ∈ {0, 1, . . . , η− 1}. Due to our hypothesis on K,
the set K∩(ηZ+j) contains an arithmetic progression of length η. The inner sums in (3.22)
remain fixed when z runs over ηZ+ j. In particular, the same is true when z runs over this
arithmetic progression. Denoting the arithmetic progression by p + q{0, 1, . . . , η − 1}, the
condition L(p + qµ) = 0, µ = 0, 1, . . . , η − 1, reduces (3.22) to

l∑
s=1

(
νs∑

ν=1

cν,se
i2πqs,νj

)
eiθsp eiθsqµ = 0, µ = 0, 1, . . . , η − 1. (3.23)

Since the θµ’s present in (3.22) are from different equivalence classes, the same argument
used in the proof of Theorem 3.8 holds, that is, eiθµq 6= eiθνq, µ 6= ν. In addition, we
conclude that

νs∑
ν=1

cν,se
i2πqs,νj = 0, s = 1, 2, . . . , l. (3.24)

Since j was arbitrary in {0, 1, . . . , η − 1}, (3.24) holds for all j’s in this set. For a fixed s,
(3.21) implies that qs,µ − qs,ν 6∈ Z, µ 6= ν. Hence, each system

νs∑
ν=1

cν,se
i2πqs,νj = 0, j = 0, 1, . . . , νs (3.25)

is Vandermonde-like associated to distinct points. Thus, all the cν,s vanish and L = 0.

Example 3.10 If F ⊂ Z is finite then Z \ F induces SPD on Ω2.

The preliminary version of Theorem 3.9 we had proved carried the following pair of
hypotheses on K:
(i) K ∩ (nZ+ j) 6= ∅, j = 0, 1, . . . , n− 1, n = 1, 2, . . .;
(ii) K contains arbitrarily long arithmetic progressions.

The proof had a flaw which was unnoticed for a long period of time. We do not know
whether these two hypotheses are sufficient to guarantee the SPD of K on Ω2. We observe
that the above conditions are certainly independent of each other. Indeed, 2Z is an example
of set satisfying Condition (ii) but not (i). As for an example in the other way direction
one may proceed like this: let A1, A2, . . . be an enumeration of the family of sets

{nZ+ j : n = 1, 2, . . . ; j = 0, 1, . . . , n− 1}. (3.26)
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Inductively, pick kµ ∈ Aµ so that kµ > 2kµ−1 for every µ. Then the set K = {k1, k2, . . .}
satisfies Condition (ii) and contains no arithmetic progression of length 3.

Next, we address an apparently different sufficient condition for the induction of SPD of
on Ω2. An argument similar to the one used in the proof of Theorem 3.11 was used in [8].

Theorem 3.11 Let K be a subset of Z. If K contains arbitrarily long arithmetic progres-
sions pj + qj{0, 1, . . . , j} and the set {q : q is prime and divides some qj} is infinite then
K induces SPD on Ω2.
Proof. Let θ1, θ2, . . . , θm be distinct points in [0, 2π) and consider the set Λ := {(θµ −
θν)/2π : µ 6= ν}. For each element in this set choose a prime number p according to the
following rule: if the element is rational, let p be a divisor of its denominator. Otherwise,
let p be any prime. This choice produces a finite set of primes associated to Λ. Hence, due
to our hypothesis, we can choose an index j so that qj is not divisible by any of these
prime numbers. We can assume, in addition, that qj ≥ m. If L(z) :=

∑m
µ=1 cµ exp(iθµz),

in which the θµ are distinct in [0, 2π), it is easily seen that the system L(pj + qjµ) = 0,
µ = 0, 1, . . . , j, contains a subsystem whose matrix is Vandermonde-like associated to the
distinct points exp(iqjθµ), µ = 1, 2, . . . , m. Thus, L = 0.

4. Strict positive definiteness on subsets of C

In this section we study strictly positive definite kernels on other subsets of C. Here, we
lack of a characterization of the positive definite kernels on the subset. Even in the case in
which the subset is the whole C, a characterization is not available yet. Given a subset B
of C, the idea is them to consider kernels of the form

f(z) =
∞∑

k=0

∞∑

l=0

ak,l(f)zkzl, z ∈ C, (4.1)

in which all coefficients ak,l(f) are nonnegative and the series is convergent for all z in the
image of the kernel (z, w) ∈ B × B 7→ z w and to search for conditions in order that the
kernel (z, w) ∈ B ×B 7→ f(z w) be strictly positive definite. A similar problem in the real
context was proposed and solved by Pinkus in [15].

The case B = Ω2 will be not considered here because the analysis reduces to that of
Section 2. Indeed, given f as in (4.1) with a convergent series when z ∈ Ω2, it is very
easy to see that (z, w) ∈ Ω2 × Ω2 7→ f(z w) is strictly positive definite if and only if
{k − l : ak,l(f) > 0} induces SPD on Ω2.

We observe that some of the results we present in this section can be put in a more
general context. Indeed, it suffices to consider absolutely convergent series of the form

f(z) =
∞∑

k=0

∞∑

l=0

ak,l(f)ϕk,l(z), z ∈ C. (4.2)

Here, {ϕk,l} is a complex polynomial of degree k in the variable z ∈ C and of degree l in
z, fulfilling one or both conditions below:
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(i) ϕk,l is even when k + l is even and it is odd otherwise;
(ii) For each pair (k, l), the kernel (z, w) ∈ B ×B 7→ ϕk,l(z w) is well-defined and positive
definite.

We begin with the following elementary, but important, lemma.

Lemma 4.1 Let B ⊂ C and f a function as in (4.1). If (z, w) ∈ B×B 7→ f(z w) is strictly
positive definite and 0 ∈ B then a0,0(f) > 0.
Proof. If a0,0(f) = 0, then any set of the form {z1 = 0, z2, . . . , zn} will produce a matrix
(f(zµzν)) having an empty row. Thus, the kernel (z, w) ∈ B × B 7→ f(z w) cannot be
positive definite.

We call a subset B of C symmetric whenever it is symmetric with respect to the origin
of C. For a subset K of Z+ × Z+ we write

Ke := {(k, l) ∈ K : k + l ∈ 2Z+} (4.3)

and

Ko := {(k, l) ∈ K : k + l ∈ 1 + 2Z+}. (4.4)

In particular, for a function as in (4.1), we write Ko(f) := K(f)o e Ke(f) := K(f)e, in
which K(f) := {(k, l) : ak,l(f) > 0}.

The proof of our next result requires two elementary results on special matrices. We
quote them below without proof but refer the reader to [5, p. 407] and [5, p. 458]. The
first one is this: If G is the Gram matrix of a subset {z1, z2, . . . , zk} of Cq then the rank of
G is the maximum number of independent vectors in the set. The second one is this: If A1

and A2 are nonnegative definite matrices of same size then the Schur product A1 ◦A2 of A1

and A2 has rank at most (rank A1)(rank A2). The symbol |K| will stand for the cardinality
of the set K.

Lemma 4.2 Let f be as in (4.1). If K(f) is finite and B is a subset of C with more than
|K(f)| elements then (z, w) ∈ B ×B 7→ f(z w) is not strictly positive definite.

Proof. Let z1, z2, . . . , zn be distinct points in B where n > |K(f)|. The Gram matrix
(zµ zν) has rank at most 1. Hence, the same is true of the Schur product with µν-entry
(zµ zν)k(zν zµ)l. The lemma follows.

Lemma 4.3 Let f be as in (4.1). If B ⊂ C is symmetric, B 6= {0}, and either Ke(f) or
Ko(f) is empty then (z, w) ∈ B ×B 7→ f(z w) is not strictly positive definite.
Proof. We only prove the lemma in the case in which Ko(f) is empty, being the other case
similar. Take 2n distinct points z1, z2, . . . , z2n in B such that zn+µ = −zµ, µ = 1, 2, . . . , n.
Write A to denote the 2n×2n matrix with µν entry f(zµ zν) and for each µ ∈ {1, 2, . . . , n},
let v(µ, µ + n) be the vector in C2n having 1 as its µth component, −1 as its (µ + n)th

component, and 0 elsewhere. Since K(f) = Ke(f), it follows that the ηth component of
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the vector Av(µ, µ + n) is precisely

f(zη zµ)− f(zη zµ+n) =
∑

(k,l)∈Ke(f)

ak,l(f)
[
(zη zµ)k(zµzη)l − (−1)k+l(zη zµ)k(zµzη)l

]
= 0.

(4.5)
Thus, A is singular because its rank is at most n.

Theorem 4.4 Let f be as in (4.1). Assume that B ⊂ C is infinite and symmetric. If
(z, w) ∈ B × B 7→ f(z w) is strictly positive definite then both sets Ke(f) and Ko(f) are
infinite.

Proof. If Ko(f) is finite, pick n > 1 + |Ko(f)| and take 2n distinct points z1, z2, . . . , z2n

in B such that zµ+n = −zµ, µ = 1, 2, . . . , n. Define

Ao :=
∑

(k,l)∈Ko(f)

ak,l(f)(zµ zν)k(zνzµ)l (4.6)

and

Ae :=
∑

(k,l)∈Ke(f)

ak,l(f)(zµ zν)k(zνzµ)l (4.7)

so that

A := f(zµ zν) = Ao + Ae. (4.8)

The proof of Lemma 4.2 implies that the rank of Ao is less than n− 1. Lemma 4.3 reveals
that the rank of Ae is at most n. Thus, A has rank at most 2n − 1. If Ke(f) is finite, a
similar argument can be used to reach the same conclusion.

Lemma 4.5 Let {z1, z2, . . . , zn} be a subset of C\{0} and K a subset of Z+×Z+. Assume
that the following condition holds: if |zµ| = |zν |, µ 6= ν then zµ = −zν . If both Ke and Ko

are infinite then the system

n∑
µ=1

cµzk
µzµ

l = 0, (k, l) ∈ K, (4.9)

has a unique solution (c1, c2, . . . , cn) ∈ Cn.

Proof. Multiply Equation (4.9) by z−k
m (zm)−l, in which zm has maximum modulus among

all the zµ. The resulting equation has the form

∑

|wµ|=1

cµwk
µwµ

l +
∑

|wµ|<1

cµwk
µwµ

l = 0, (k, l) ∈ K (4.10)
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in which wµ := zµ/zm, µ = 1, 2, . . . , n. Since limp→∞ wp
µ = 0 when |ωµ| < 1, given ε > 0,

there is an integer N(µ) > 0 such that

|cµwk
µwµ

l| < ε

n
, (k, l) ∈ K, k + l ≥ N(µ). (4.11)

Hence, there is an N > 0 such that
∣∣∣∣∣∣

∑

|wµ|<1

cµwk
µwµ

l

∣∣∣∣∣∣
< ε, (k, l) ∈ K, k + l ≥ N. (4.12)

Looking at (4.10), we conclude that
∣∣∣∣∣∣

∑

|wµ|=1

cµwk
µwµ

l

∣∣∣∣∣∣
< ε, (k, l) ∈ K, k + l ≥ N. (4.13)

Due to our hypothesis on the zµ, the sum in (4.13) reduces to either

|cm| < ε, (k, l) ∈ K, k + l ≥ N, (4.14)

or

|cm + cµ(−1)k+l| < ε, (k, l) ∈ K, k + l ≥ N, (4.15)

for some µ. Due to our hypothesis on K, we conclude that cm = 0 in the first case. As for
the other, cm + cµ = cm− cµ = 0, that is, cm = cµ = 0. Now, we apply the same procedure
to the sum resulting from (4.10) when we eliminate the cµ which are zero. After finitely
many steps, we conclude that all the cµ are zero.

This is our first characterization of SPD on a subset of C.

Theorem 4.6 Let f be as in (4.1). Let B be an infinite and symmetric subset of C \ {0}
and satisfying the following condition: if z, w ∈ B, z 6= w, and |z| = |w| then z = −w.
Then, (z, w) ∈ B ×B 7→ f(z w) is strictly positive definite if and only if Ke(f) and Ko(f)
are infinite.
Proof. Necessity was proved in Theorem 4.4. As for the sufficiency, let z1, z2, . . . , zn be
distinct points in B and consider the associated quadratic form

Q :=
n∑

µ,ν=1

cµcνf(zµ zν). (4.16)

We show that if Ke(f) and Ko(f) are infinite, the condition Q = 0 implies cµ = 0,
µ = 1, 2, . . . , n. To do that, we first observe that

Q =
∑

(k,l)∈K(f)

ak,l(f)

∣∣∣∣∣
n∑

µ=1

cµzk
µzµ

l

∣∣∣∣∣

2

. (4.17)
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Thus, if Q = 0 then
n∑

µ=1

cµzk
µzµ

l = 0, (k, l) ∈ K(f). (4.18)

Under the hypothesis of the theorem, Lemma 4.5 is applicable. It follows that all the cµ

are zero.

Recalling Lemma 4.1, we have the following version of the previous theorem.

Theorem 4.7 Let f be as in (4.1). Let B be an infinite and symmetric subset of C satisfying
the following conditions: {0} ⊂ B and if z, w ∈ B \{0}, z 6= w, and |z| = |w| then z = −w.
Then, (z, w) ∈ B × B 7→ f(z w) is strictly positive definite if and only if a0,0(f) > 0 and
both, Ke(f) and Ko(f), are infinite.
Proof. Necessity follows from Lemma 4.1 and Theorem 4.4. As for the sufficiency, it suffices
to prove that the matrix (f(zµzν)) is positive definite whenever n ≥ 1, z1, z2, . . . , zn are
distinct points in B, and 0 is among the zµ. Once again we consider the associated quadratic
form

Q :=
n∑

µ,ν=1

cµcνf(zµ zν). (4.19)

If n = 1, the condition a0,0(f) > 0 implies that Q = c1c1f(0) > 0, when c1 6= 0. If n 6= 1,
we can set z1 = 0. We assume that at least one cµ is nonzero and prove that Q > 0. If
c1 = 0, then

Q =
n∑

µ,ν=2

cµcνf(zµ zν) > 0, (4.20)

due to the previous theorem. If c1 6= 0, write

Q =
n∑

µ,ν=1

cµcν [f(zµ zν)− f(0)] + f(0)

∣∣∣∣∣
n∑

µ=1

cµ

∣∣∣∣∣

2

=
n∑

µ,ν=2

cµcν [f(zµ zν)− f(0)] + f(0)

∣∣∣∣∣
n∑

µ=1

cµ

∣∣∣∣∣

2

.

If cµ = 0, µ 6= 1, the second summand above is positive. Otherwise, the first one is positive
due to the previous theorem. In any case, Q > 0.

¿From now on, we will try to establish a similar theorem for sets B intersecting circles
in more than 2 points. We begin with a generalization of Lemma 4.5. We use the following
equivalence relation on a finite subset B of C:

z ' w if and only if |z| = |w|. (4.21)
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The equivalence class of an element z of B is denoted by dzc. The symbol arg z will represent
the sole argument of the complex number z in [0, 2π).

Lemma 4.8 Let B be a finite subset of C \ {0} and K a subset of Z+ × Z+. Assume that
the following condition holds: if w ∈ B and dwc has at least two elements then there exists
a real number r such that arg z ∈ r + 2πQ, z ∈ dwc. If {k − l : (k, l) ∈ K} ∩ (nZ+ j) 6= ∅,
j = 0, 1, . . . , n− 1, n = 1, 2, . . . then the system

∑

z∈B

czz
kzl = 0, (k, l) ∈ K, (4.22)

has a unique solution (cz)z∈B.
Proof. We adapt the proof of Lemma 4.5 to the situation under consideration. We recall
that the proof of Theorem 3.6 reveals that the condition {k− l : (k, l) ∈ K}∩ (nZ+ j) 6= ∅,
j = 0, 1, . . . , n − 1, n = 1, 2, . . . translates itself into the following one: every set {k − l :
(k, l) ∈ K} ∩ (nZ + j) is infinite. Let w be an element of B having maximum modulus.
Given ε > 0, there is an integer N = N(ε) such that

∣∣∣∣∣∣
∑

z∈dwc
cze

i(arg z−arg w)(k−l)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑

z∈dwc
cz

zk

wk

zl

wl

∣∣∣∣∣∣
< ε, (k, l) ∈ K, k + l ≥ N. (4.23)

If dwc = {w}, the arguments at the end of the proof of Lemma 4.5 can be entirely re-
produced. Indeed, if K satisfies {k − l : (k, l) ∈ K} ∩ (nZ + j) 6= ∅, j = 0, 1, . . . , n − 1,
n = 1, 2, . . . then Ke and Ko are infinite. Hence, we conclude that cw = 0. If dwc has
cardinality m > 1, the hypothesis on K allows us to select a pair (k0, l0) in K so that
{(k0 − l0)(arg z − arg w) : z ∈ dwc} ⊂ 2πZ. For j ∈ {0, 1, . . . ,m − 1} fixed, the set
{k − l : (k, l) ∈ K} ∩ ((k0 − l0)Z + j) contains infinitely many elements (k, l) such that
k + l ≥ N . On the other hand, for such an element, say (k0 − l0)α + j, we have that

∑

z∈dwc
cze

i(arg z−arg w)((k0−l0)α+j) =
∑

z∈dwc
cze

i(arg z−arg w)j . (4.24)

Thus, since ε is arbitrary, we conclude that
∑

z∈dwc
cze

i(arg z−arg w)j = 0, j = 0, 1, . . . , m− 1. (4.25)

The matrix of this system is a Vandermonde corresponding to m distinct points. Therefore,
cz = 0, z ∈ dwc. We now repeat this procedure to the sum resulting from (4.22) when we
eliminate these cz’s which are 0. After finitely many steps, we conclude that all the cz’s
are zero.

Theorem 4.9 Let f be as in (4.1) and B a subset of C \ {0}. Assume that the following
conditions hold:
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(i) If w ∈ B and dwc has at least two elements then there exists a real number r such that
arg z ∈ r + 2πQ, z ∈ dwc;
(ii) Given n ≥ 1, there exists an equivalence class dwc containing n equally spaced points.
Then, (z, w) ∈ B ×B 7→ f(z w) is strictly positive definite if and only if

{k − l : (k, l) ∈ K(f)} ∩ (nZ+ j) 6= ∅, j = 0, 1, . . . , n− 1, n = 1, 2, . . . . (4.26)

Proof. Sufficiency follows from the previous lemma. Necessity follows from arguments
similar to those used in the proof of Theorem 3.4.

Example B = {sei2πq : s ∈ (0,∞), q ∈ Q ∩ [0, 1]} satisfies the conditions required in the
previous theorem.

Corollary 4.10 Let f be as in (4.1) and B be a subset of C. Assume that the following
conditions hold:
(i) If w ∈ B and dwc has at least two elements then there exists a real number r such that
arg z ∈ r + 2πQ, z ∈ dwc;
(ii) Given n ≥ 1, there exists an equivalence class dwc containing n equally spaced points.
Then, (z, w) ∈ B × B 7→ f(z w) is strictly positive definite if and only if a0,0(f) > 0 and
{k − l : (k, l) ∈ K(f)} ∩ (nZ+ j) 6= ∅, j = 0, 1, . . . , n− 1, n = 1, 2, . . ..

We close the paper with a sufficient condition for strict positive definiteness on C.

Theorem 4.11 Let f be as in (4.1). If a0,0(f) > 0 and for every n, the sets {k− l : (k, l) ∈
K(f)} ∩ (nZ + j), j = 0, 1, . . . , n − 1 contain an arithmetic progression of length n, then
(z, w) ∈ C× C 7→ f(z w) is strictly positive definite.
Proof. Let B be a finite subset of C \ {0}. Assuming the conditions in the statement of
the theorem, we will show that the system

∑

z∈B

czz
kzl = 0, (k, l) ∈ K(f) (4.27)

has just one solution. The procedure is the same used in other proofs in the paper. Let w
be an element of B having maximum modulus. We break our analysis into two cases. If
dwc = {w}, the procedure used in the proof of Lemma 4.5 can be repeated here. Indeed,
the condition on K(f) in the statement of the theorem implies that Ke(f) and Ko(f) are
infinite. Thus, cw = 0. If dwc has at least two elements, we repeat the procedure used in
the proofs of Lemmas 4.5 and 4.8. Given ε > 0, there is an integer N = N(ε) such that

∣∣∣∣∣∣
∑

z∈dwc
cz

zk

wk

zl

wl

∣∣∣∣∣∣
< ε, (k, l) ∈ K(f), k + l ≥ N. (4.28)
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Writing z = |w|eiθz , z ∈ dwc, inequality (4.28) reduces itself to
∣∣∣∣∣∣

∑

z∈dwc
cze

i(θz−θw)(k−l)

∣∣∣∣∣∣
< ε, (k, l) ∈ K(f), k + l ≥ N. (4.29)

We now proceed analyzing two sub-cases:
If θz ∈ [[θw]], z ∈ dwc, we can write

θz − θw = 2πqz, qz ∈ Q ∩ (−1, 1), z ∈ dwc (4.30)

and (4.29) becomes
∣∣∣∣∣∣

∑

z∈dwc
cze

i2πqz(k−l)

∣∣∣∣∣∣
< ε, (k, l) ∈ K(f), k + l ≥ N. (4.31)

Next, we choose an integer m ≥ |dwc| + 1 such that mqz ∈ Z, z ∈ dwc. Recalling our
assumption on K(f), we can refine our choice of m so that the following additional feature
holds: for j ∈ {0, 1, . . . , m − 1}, the set {k − l : (k, l) ∈ K(f)} ∩ (mZ + j) contains an
element k − l = mαj + j such that k + l ≥ N . Returning to (4.31), we obtain

∣∣∣∣∣∣
∑

z∈dwc
cze

i2πqzj

∣∣∣∣∣∣
< ε, j = 0, 1, . . .m− 1. (4.32)

Since ε was arbitrary and the whole procedure above was independent of ε, we conclude
that

∑

z∈dwc
cze

i2πqzj = 0, j = 0, 1, . . . , |dwc|. (4.33)

Obviously, qz − qζ ∈ (−2, 2), z, ζ ∈ dwc. If qz − qζ = 0 then z = ζ and if |qz − qζ | = 1, then
θz − θζ = ±2π. It follows that qz − qζ 6∈ Z, z, ζ ∈ dwc, z 6= ζ. In particular, the system
(4.33) has just one solution, that is, cz = 0, z ∈ dwc.
If not all θz belong to the class [[θw]], we can write

{θz − θw : z ∈ dwc} =
(
∪L

s=1[[θs]]
′)− θw, 1 < L ≤ |dwc|, (4.34)

in which [[θs]]
′ ⊂ [[θs]] and {[[θs]] : s = 1, 2, . . . , L} are the distinct classes generated by

arguments of elements in dwc. In addition, we write

[[θs]]
′
= {θs + 2πqs,ν : ν = 1, 2, . . . , νs} , qs,ν ∈ Q ∩ [0, 1), s = 1, 2, . . . , L, (4.35)

in which νs is of cardinality of [[θs]]
′
. We observe that, for each s ∈ {1, 2, . . . , L}, the

rational numbers qs,ν , ν = 1, 2, . . . , νs are pairwise distinct. Expression (4.29) takes the
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form
∣∣∣∣∣

L∑
s=1

(
νs∑

ν=1

cν,se
i2πqs,ν(k−l)

)
ei(θs−θw)(k−l)

∣∣∣∣∣ < ε, (k, l) ∈ K, k + l ≥ N. (4.36)

To proceed, we choose an integer η ≥ 1 + max{L, ν1, ν2, . . . , νL} and such that ηqs,ν ∈
Z, ν = 1, 2, . . . , νs, s = 1, 2, . . . , L. In view of our hypothesis on K(f), we can assume
that η is large enough so that the following conditions are fulfilled: the sets {k − l :
(k, l) ∈ K}∩ (ηZ+ j), j = 0, 1, . . . , η− 1, contain arithmetic progressions of length at least
max{L, ν1, ν2, . . . , νL} and every element in these progressions come from pairs (k, l) for
which k + l ≥ N . Let us denote these progressions by pj + qj{0, 1, . . . , η− 1}. Returning to
(4.36),

∣∣∣∣∣
L∑

s=1

(
νs∑

ν=1

cν,se
i2πqs,νj

)
ei(θs−θw)(pj+qjµ)

∣∣∣∣∣ < ε, µ, j = 0, 1, . . . η − 1. (4.37)

Since ε was arbitrary and the procedure does not depend on it, we conclude that

L∑
s=1

(
νs∑

ν=1

cν,se
i2πqs,νj

)
ei(θs−θw)pj ei(θs−θw)qjµ = 0, µ, j = 0, 1, . . . η − 1. (4.38)

For every j ∈ {0, 1, . . . , η − 1}, (θs − θw)qj 6= (θr − θw)qj when r 6= s. Thus,
(

νs∑
ν=1

cν,se
i2πqs,νj

)
ei(θs−θw)pj = 0, s = 1, 2 . . . , L, j = 0, 1, . . . , η − 1, (4.39)

that is,
νs∑

ν=1

cν,se
i2πqs,νj = 0, s = 1, 2 . . . , L, j = 0, 1, . . . , η − 1. (4.40)

For a fixed s, qs,ν − qs,µ 6∈ Z, µ 6= ν. Thus, cν,s = 0, ν = 1, 2, . . . , νs, s = 1, 2, . . . , L, and,
consequently, cz = 0, z ∈ dwc. We now repeat the argument to the next z ∈ B of maximum
modulus, after eliminating the elements of dwc from the sum in (4.26). After finitely many
steps, we conclude that all the cz are zero.
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