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In this paper we prove the existence of nested sequences of index filtrations
for convergent sequences of (admissible) semiflows on a metric space. This
result is new even in the context of flows on a locally compact space. The
nested index filtration theorem implies the continuation of homology index
braids which, in turn, implies the continuation of connection matrices in the
infinite-dimensional Conley index theory.  October, 2004 ICMC-USP

1. INTRODUCTION

Morse decompositions (see e.g. [5, 24, 22, 6]) are a useful tool in the analysis of flows or
semiflows defined by ordinary, functional and evolutionary partial differential equations.
Combined with an appropriate version of the Conley index and a corresponding Morse
equation, they often allow us to obtain multiplicity results for solutions of variational
problems (see e.g. [1, 12]). Through the use of some more refined topological tools like the
Conley connection matrix, Morse decompositions can also be used to detect connections,
i.e. heteroclinic orbits in dynamical systems.

The connection matrix theory for flows defined on locally compact spaces was developed
by Franzosa in his thesis [6] and in subsequent papers [7, 8, 9]. Important contributions
to the theory and applications were made in [15, 18, 19]. (Cf. also the recent volume [16]
for various articles on connection and transition matrices and the references contained
therein.)

One of the crucial results of Franzosa’s theory is the continuation (i.e. homotopy invari-
ance) property for homology index braids and the connection matrices along paths in the
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parameter space. The importance of this is clear: in order to compute a connection matrix
for a complicated flow, one may first try to homotope this flow to a simpler one for which
the connection matrix is easier to compute and use the same connection matrix for the
original flow. Franzosa’s proof of the continuation property heavily relies on continuation
results along paths both for the categorial Morse index (established by Conley [5]) and for
index triples (established by Kurland [13, 14]).

In [10] Franzosa and Mischaikow extended part of the theory of partially ordered Morse
decompositions and connection matrices to the setting of Conley index theory (developed
in [20, 21]) for admissible local semiflows on (not necessarily locally compact) metric spaces.
While those authors establish the existence of index filtrations and connection matrices in
this general setting, they do not prove any continuation property.

In previous papers [1, 3] we proved some continuation results for Morse decompositions
under very general assumptions, applicable to local semiflows and even to equations without
the uniqueness property of solutions.

It is the purpose of the present paper to prove a homotopy invariance property for homol-
ogy index braids (and thus for connection matrices) for parameter dependent admissible
local semiflows on general metric spaces. However, instead of simply extending Franzosa’s
proof method to the noncompact case (which would require imposing an unnecessarily
strong admissibility assumption on the parametrized semiflows) we choose a completely
different approach, yielding a stronger result under weaker hypotheses. Our approach is
similar in spirit to the proof of the continuation property of the homotopy Conley index
given in [20, 22]. In those works, for sequences of pairs (7, S, ) (where 7, is a local semi-
flow and S, is an isolated m,-invariant set) converging to a corresponding limit pair (g, So)
one proves, under the usual admissibility assumptions, the existence of nested sequences
of index pairs (for large n € N)

(Nin, Nay) C (N1,0,Nay) C (ﬁl,mﬁz,n) - (1\71,071\72,0)~

This result immediately implies that the inclusion Ny, /N2, — Ni /N2 is a homotopy
equivalence of pointed spaces and this, in turn, establishes a homotopy invariance property
of Conley index not only along paths but also along connected metric parameter spaces. In
this paper we will similarly establish the existence of nested sequences of index filtrations
(cf. Theorem 3.17) which immediately imply the homotopy invariance property of homol-
ogy index braids (cf. Theorem 3.18 and Theorem 3.20) along connected parameter spaces.
This gives us continuation results for connection matrices. An advantage of our method
is that it can also be adapted to singular perturbation problems in the setting considered
in [2]. This is treated in the subsequent publication [3].

The existence of nested sequences of index filtrations, new even in the locally compact
case, is a strong statement which is of interest in its own right. The proof of this very
technical result combines the ingenious construction of index filtration from [10] together
with various ideas employed in the existence proofs, given in [20, 21, 24], for isolating
blocks, index pairs and block pairs.

This paper is organized as follows. In the next section we recall some basic concepts
from Conley index and homology index braid theory and establish some preliminary results.

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC
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In particular, we state (in Theorem 2.11 below) an extension of an important existence
result for index filtrations due to Franzosa-Mischaikow. In Section 3 we state the main
results of this paper (Theorems 3.17, 3.18 and 3.20 below) and discuss their applicability.
In particular, we show that homology index braids for certain types of parabolic equa-
tions are isomorphic to the corresponding homology index braids of their (sufficiently high
dimensional) Galerkin approximations.

The last three sections of the paper are devoted to the proof of Theorem 3.17. In Section 4
we use Theorem 2.11 to prove an abstract existence result (Theorem 4.26) for a sequence
of index filtrations (N, )nen, such that A, is, in some sense, ‘asymptotically’ included in
Np. In Section 5 we construct sequences of index triples having special properties required
for the application of Theorem 4.26 (see Theorems 5.31 and 5.35 below). In Section 6
we make two very specific applications of Theorems 5.31, 5.35 and 4.26 to obtain two
sequences of index filtrations which are ‘almost’ nested. By appropriately modifying these
index filtrations (using Proposition 2.10 from Section 2) we finally achieve the full nesting
property and thus complete the proof of Theorem 3.17.

NoOTATION 1.1. In this paper, N, resp. Ny, denotes the set of all positive, resp. nonneg-
ative, integers.

2. PRELIMINARIES

The purpose of this section is to recall a few concepts from Conley index theory and
to establish some preliminary results needed later in this paper. We assume the reader’s
familiarity with the (infinite-dimensional) Conley index theory, as expounded in [22], and
with the papers [7] and [10].

In this section, unless otherwise specified, X is a metric space, 7 is a local semiflow on
X and all concepts are defined relative to 7.

Suppose that Y is a subset of X. By Invyf (Y), resp. Inv, (Y), resp. Inv,(Y) we denote
the largest positively invariant, resp. negatively invariant, resp. invariant subset of Y.
Moreover, let the function py = pyr: Y — RU{ oo} be given by

py (z) :=sup{t > 0 | znt is defined and z7[0,¢] C Y }.

Y is called w-admissible if Y is closed and whenever (), and (¢,), are such that ¢, — oo
and z, 7 [0,¢,] C Y for all n € N, then the sequence (z,,7t,, ), has a convergent subsequence.
We say that m does not explode in Y if whenever x € X and z7nt € Y as long as a7t is
defined, then zwt is defined for all ¢t € [0,00[. Y is called strongly m-admissible if Y is
m-admissible and 7 does not explode in Y.

Let IV and Y be subsets of X. The set Y is called N -positively invariant if whenever
x €Y, t>0 are such that z7 [0,t] C N, then a7 [0,t] C Y.

Let NV, Y7 and Y5 be subsets of X. The set Y5 is called an exit ramp for N within Yy
if whenever z € Y7 and zwt’ € N for some t' € [0, 00|, then there exists a ty € [0,t'] such
that z7 [0,t9] C N and z7ty € Ya.
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If Y7 and Y5 are subsets of X then Y5 is called an exit ramp for Y; if Y5 is an exit ramp
for N within Y7, where N =Y7.

DEFINITION 2.2. Let B C X be a closed set and x € OB. The point x is called a strict
egress (respectively strict ingress, respectively bounce-off ) point of B, if for every solution
o: [=61,02] — X through x, with 61 > 0 and d2 > 0, the following properties hold:

1. There exists an €9 € ]0,02[ such that o(t) & B (respectively o(t) € IntB, respectively
o(t) € B), fort €]0,eq].

2. If 61 > 0, then there exists an €1 € |0, 1] such that o(t) € IntB (respectively o(t) ¢ B,
respectively o(t) & B), fort € [—e1,0[.

The set of all strict egress (respectively strict ingress, respectively bounce-off) points of B
is denoted by B (respectively B®, respectively B®). Moreover, we call B~ := B* U B the
exit set of B and Bt := B* U B® the entrance set of B. B is called an isolating block, if
0B = B*UB'UB® and B~ is closed. If B is also an isolating neighborhood of an invariant
set S, then we say that B is an isolating block for S.

If B is an isolating block then (B,B~) is an example of an index pair in B. More
generally, we have the following definition.

DEFINITION 2.3.  Let N be closed in X. A pair (N1, N2) is called an index pair in N if:

1. N1 and Ny are closed and N -positively invariant subsets of N;
2. Ny is an exit ramp for N within Ny;
3. Inv,(N) is closed and Inv(N) C Int(Ny \ Na).

The next definition introduces a more general concept.

DEFINITION 2.4. A pair (N1, N3) is called a Franzosa-Mischaikow-index pair (or FM-
index pair) for S if:

1. N1 and Ny are closed subsets of X with No C N1 and Ny is Ny-positively invariant;
2. Ny is an exit ramp for Ni;
3. S is closed, S C Int(N71 \ N2) and S is the largest invariant set in CI(Ny \ Na);

ProOPOSITION 2.5. (cf. [10]) Let (N1, N2) be a pair of closed subsets of X with Na C Nj.

1. If S is an isolated invariant set, Ny is an isolating neighborhood of S and (N1, Na) is
an index pair in Ny, then (N1, N2) is an FM-index pair for S.

2. If (N1, N2) is an FM-index pair for S and N is an isolating neighborhood of S with
N1\ N2 C N, then Ny NN is an isolating neighborhood of S and (N1 N N, Ny N N) is an
index pair in N1 N N.
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PROPOSITION 2.6.  Let (N1, Na) be an FM-index pair for S. Let Y be a closed set such
that S C Int(Y) and such that Ny is an exit ramp for Y. Then (Y N N1,Y N Ny) is an
FM-index pair for S.

Proof. 1t is clear that YN N7 and Y NNy are closed. If x € YN Ny and 27[0,t] C Y NIV,
for some ¢t > 0, then, since Ny is Nj-positively invariant, we obtain zm[0,¢] C Na and so
x7[0,t] C Y N Ny. This proves that Y N Ny is (Y N Ny)-positively invariant.

There exist open sets V and W such that S C W C Ny \ Ny and S C V C Y. Thus
SCVNWCYN(N\Ny) C(YNN)\(YNNz) and so S C Int((Y N Ny)\ (Y NNy)).
Thus S C Il’lVﬂ—Cl((Y n Nl) \ (Y N Ng)) = InVﬂ-Cl(Y N (N1 \ NQ)) C IDVWCI(Nl \Ng) =S.

To complete the proof, let x € Y N N; and assume that there exists a t’ > 0 such
that xmt’ ¢ Y N Ny. Suppose first that py(x) > pn,(z). Then pn,(z) < oo and so
x7[0, pn, ()] € Y N Ny and zmwpy, (x) € Ny since (N1, Na) is an FM-index pair for S.
Thus, zmpn, (z) € Y N No. Now assume that py (z) < pn,(2). Then py(x) < oo and so
x7[0, py ()] C YNN;7. Moreover, since N» is an exit ramp for Y, we have xmpy (z) € N3 and

so zmpy () € Y N Na. The proof is complete. |

DEFINITION 2.7.  Let S be an isolated invariant set and (A, A*) be an attractor-repeller
pair in S. A pair (By, Bg) is called a block pair (for (m,S, A, A*)) if By is an isolating
block for A*, Bs is an isolating block for A, B := By U By is an isolating block for S and
BiN By C By NBy.

If (B, B2) is a block pair then (B, B U B~, B™) is an example of an FM-index triple:

DEFINITION 2.8.  Let S be an isolated invariant set and (A, A*) be an attractor-repeller
pair in S. A triple (N1, Na, N3) with N5 C No C Njp is called an FM-index triple (for
(m,S, A, A*)) if (N1, N3) is an FM-index pair for S and (N3, N3) is an FM-index pair for
A.

PropPosITION 2.9. (cf. [10]) If (N1, N2, N3) is an FM-index triple for (mw,S, A, A*) then
(N1, N2) is an FM-index pair for A*.

Given an isolated invariant set K having a strongly m-admissible isolating neighborhood
we denote by h(K) = h(m, K) the Conley-index of K and by H(K) = H(w,K) = H(h(K))
the homology Conley index, where H is the singular homology functor (with coefficients
in some fixed module G over a PID).

If (A, A*) is an attractor-repeller pair in S and (N7, Na, N3) is an FM-index triple for
(7, S, A, A*) with N; strongly m-admissible, then the inclusion induced sequence

Ny /N3 —> Ny /N3 —>> Ny /N,
induces a long exact homology sequence
——Hy(Na/N3)— > Hy(Ny [Ng)—"= Hy(N1 /Na) —2>Hy 1 (N3 /Ng) —.
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This sequence is independent of the choice of (N7, N2, N3) and so there is a well-defined
long exact sequence

> Hy(A) " Hy(8) > Hy(A") 2= Hy 1 (A)——

called the homology index sequence of (w,S, A, A*).

Recall that a strict partial order on a set P is a relation < C P x P which is irreflexive
and transitive. As usual, we write z < y instead of (z,y) € <. The symbol < will be
reserved for the less-than-relation on R.

For the rest of this paper, unless specified otherwise, let P be a fixed finite set and < be
a fixed strict partial order on P.

A set I C P is called a <-interval if whenever ¢, j, k € P, i, k € I and i < j < k, then
j € I. By Z(=<) we denote the set of all <-intervals in P. A set I is called a <-attracting
interval if whenever i, j € P, j € I and i < j, then i € I. By A(=<) we denote the set of
all <-attracting intervals in P. Of course, A(<) C Z(<).

An adjacent n-tuple of <-intervals is a sequence (Ij)?zl of pairwise disjoint <-intervals
whose union is a <-interval and such that, whenever j < k, p € I; and p’ € I, then p’ A p
(i.e. p < p’ orelse p and p’ are not related by <). By Z,(<) we denote the set of all
adjacent n-tuples of <-intervals.

Let S be a compact invariant set. A family (M;);cp of subsets of S is called a <-ordered
Morse decomposition of S if the following properties hold:

1. The sets M;, i € P, are closed, m-invariant and pairwise disjoint.
2. For every full solution o of 7 lying in S either o(R) C My, for some k € P or else
there are k, [ € P with k <[, a(c) C M; and w(o) C M.

Let S be a compact invariant set and (M;);cp be a <-ordered Morse decomposition of
S. If A, B C X then the (m, S)-connection set CS; g(A, B) from A to B is the set of all
points € X for which there is a solution o: R — S of 7 with ¢(0) = z, a(c) C A and
w(o) C B.

For an arbitrary <-interval I set

M(I)=M,s(I)= |J CSrs(M; M)
(i,5)eIxI

An indez filtration for (w,S, (My)pep) is a family N' = (N(I))reca() of closed subsets
of X such that

1. for each I € A(<), the pair (N(I), N(0)) is an FM-index pair for M (I),

2. for each I, I € A(%), N(Il N 12) = N(Il) ON(IQ) and N(Il UIQ) = N(Il) U N(IQ)
N is called strongly m-admissible if N(P) is strongly m-admissible.

The following result is an immediate consequence of Proposition 2.6.

PROPOSITION 2.10.  Let Y be a closed set such that S C Int(Y) and such that N(0)

is an exit ramp for Y. Let N = (N(I))ica(<) be an index filtration for (m,S,(Mp)pep)-
Then (Y N N(I))rea<) is an index filtration for (m,S,(Mp)pep).
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A special version of the following basic result was established in [10].

THEOREM 2.11. (cf. Theorem 3.5 in [10]) Let N{, Ni, Ni, i =2, 4, I € A(<), be
sets such that, for each I € A(=<), (N{,N},N3), i = 2, 4, is an FM-index triple for
(m, S, M(I), M(P\I)). Suppose N? C Ni, N3 C Ny and N} C N}, I € A(=<). For each
p € P define the following sets:

Dy = (") Int(N7 \ N3)) 0 (1) Int(N7 \ N7))
péI pél
and
E, :={x € N} | there exists a t > 0 such that zr[0,t] C N? and z7t € D, }.

For each I € A(=), define N(I) := N\ Upepvi Ep- Then (N(I))rea(<) is an index
filtration for (m,S, (My)pep). Moreover, N3 C N(B) and N7 C N(I) for all I € A(=).

Proof. For N? = N{, N2 = N} and N? = N}, I € A(<), this is just Theorem 3.5 in [10],
whose proof carries over almost verbatim to the present, more general case. Details are left

to the reader. |

Let N be a strongly m-admissible index filtration for (m, S, (M,)pep). For J € Z(<)
the set M(J) is an isolated invariant set and we write H(J) = H(m,J) := H(mw, M(J)).
If (I,J) € Io(=), then (M(I),M(J)) is an attractor-repeller filtration in M (IJ), where
IJ :=1UJ. Hence there is the corresponding homology index sequence

pI,J Or,J

Hy(]) 2 Hy oy (1) —>

i1,

Hy(I) Hy(17)

of (m, M(IJ),M(I),M(J)).
Using the filtration N one proves that for every triple (I, J, K) € Z3(<) the following
diagram, made up of the four homology index sequences defined by (I, J, K), commutes:

H(I) 0, _ H(K)
i: > H(IT) ‘p/\ }/83
H(IJK) , i H(J)
P Eum T,

H(K) __ 5, o H()
24 i: > H(IT) < :2

H(J) H(IJK)
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The collection of all the homology indices H(m, M (J)), J € Z(<), and all the maps iy,
pr,g and Oz 5, (I,J) € I3(=), is called the homology index braid of (w, S, (M,)pep) and is
denoted by H(w, S, (Mp)pep)-

For the rest of this section assume that, for i = 1, 2, m; is a local semiflow on the
metric space X;, S; is an isolated invariant set and (M, ;)pep is a <-ordered Morse de-
composition of S;, relative to m;. Write M;(I) = My, s,(I), H;(I) = H(m;, M;(I)) and
H; = H(m;, Siy (Mp;)pep), for i =1, 2 and I € Z(<).

Suppose 0 := (0(J)) jez(<) is a family 0(J): Hy(J) — Ha(J), J € I(<), of maps such
that, for all (I,J) € Z3(<), the diagram

i 16)
——Hy (1) Hy ((10) 2 Hy (1) Hy g1 () ——

o(I) 0(17) 0(J) o(1) (2.1)

HHQ’q(I)HHz)q(IJ)ﬁHQ)qQ])?HQ#Iil(I)H
1r,J ’ I,J

commutes. Then we say that 0 is a morphism from Hy to He and we write 6: H; — Hos.
If each (J) is an isomorphism, then we say that 6 is an isomorphism and that H; and Ha
are isomorphic homology index braids.

REMARK 2.12. If H; and Hs are isomorphic homology index braids, then, by Propo-
sition 1.5 in [9], H; and Hz determine the same collection of connection matrices and the
same collection of C-connection matrices.

We will now introduce an important class of morphisms between homology index braids.
Let N; = (Ni(I))rea(<) be a strongly m;-admissible index filtration for (m;, S, (M), i)pep),
1 =1, 2. Assume the nesting property

Nl(I)CNQ(I), IEA(%)

For J € Z(<) choose I, K € A(<) with (I,J) € Z5(<) and K = IJ. Then, for i =1, 2,
(N;(K), N;(I)) is an FM-index pair for M;(J), relative to m;. The inclusion induced map
from Ny(K)/Ni(I) to No(K)/Nz(I) induces a homomorphism

0(J) = Ony N, (J) s H(my, My(J)) — H(mo, Ma(J)).

Of course, this homomorphism depends on the choice of N, i = 1, 2, but we claim that
it is independent of the choice of I and K. In fact, if I’ and K’ € A(<) are such that
(I',J) € ITo(<) and K’ = I'J then property (2) of index filtrations implies that N;(K) \
N;(I) = N;(K')\ N;(I'"), i = 1, 2, so there is an inclusion induced, hence commutative,
diagram of pointed spaces

Ny (K)/Ni(I) —— N1 (K') /N1 (1)

| |

N (K)/Na(I) —— No(K')/No(I").
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This proves the claim in view of the identifications made in the definition of the homology
Conley index. We write

0./\/17/\/2 = (0/\/1,/\/'2 (']))JEI(<)'

We also claim that O, A, : H1 — He. In fact, let (I, J) € ZTo(<) and let B be the set of all
p € P\ (IJ) for which there is a p’ € I.J with p < p’. It follows that B, BI, BIJ € A(=<).
Setting, for i = 1, 2, Nl,i = NZ(BIJ)7 Ngﬂ' = NI(BI) and N37i = N,(B) we see that
(N1, Nai, N3 ;) is an FM-index triple for (m;, M;(1J), M;(I), M;(J)). Thus the inclusion
induced commutative diagram

N21/N3 1 —s Ni11/N3 1 L Ni1,1/Naa

i | |

N3 2/N3 2 —s Ni2/N3 2 L Ni2/Ns 2

implies the commutativity of diagram (2.1). This proves our second claim.
We call 6 := (0(J)) jez(<) the inclusion induced morphism from Hy to Ha.
We now obtain the following result:

PROPOSITION 2.13.  Fori = 1, 2 let Nj = (Ni(I))1ca<) and Ny = (N;(I))rea(<) be
strongly m;-admissible index filtrations for (m;, S, (Mp;)pep). Assume the nesting property

Ni(I) C No(I) C Ni(I) € Ny(I), 1€ A(<). (2.2)

Then the inclusion induced morphism On;, n;, s an isomorphism.

Proof.  Let J € Z(<) be arbitrary, a := Ox, £, (J), b= 0, o (J) and ¢ :=0g o (J).
Then b o a and c o b are isomorphisms, being induced by maps lying in the same con-
nected simple system (the categorial Morse index of (mq, M1(J)) and (ma, Ma(J)), re-

spectively). It follows that a, b and ¢ are isomorphisms. This proves the proposition. |

3. CONTINUATION OF HOMOLOGY INDEX BRAIDS

Let m,, n € Ny, be local semiflows on the metric space X. We say that the sequence
(T )nen converges mg and we write 7, — mg if whenever z, — z¢ in X, t, — to in [0, 00[
and xomotg is defined, then z,,m,t, is defined for all n large enough and x,m,t, — Tomoto
in X.

Given Y C X we say that Y is (7, )n-admissible if Y is closed and whenever (z,,), and
(tn)n are such that ¢, — oo, x,m,t, is defined and x,m, [0,t,] C Y for all n € N, then the
sequence (Z, Tty ), has a convergent subsequence.

The following continuation result for Morse decompositions was established in [3].
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THEOREM 3.14.  (cf. Corollaries 3.5 and 3.6 in [3]) Let m,, where n € Ny, be local
semiflows on X and N be a closed subset of X which is strongly m,-admissible for every
n € Ng. Moreover, assume that

(A) 7, — 7o and N is (7, )m-admissible for every subsequence (p, Jm 0f (7p)n.

Suppose that Sy = Inv,, (V) C Int(N) and (Mp)pep is a <-ordered Morse decomposition
of So relative to my. For each p € P, let 2, C N be closed in X and such that M, o =
Inv,,(E,) C Int(Z,). (Such sets E,, p € P, always exist.) For n € N and p € P set
S, :=Inv,, (N) and My, ==Inv, (Z,). Then there is an 7@ € N such that whenever n > 7

and p € P then S,, C Int(N), M,,, C Int(E,) and the family (M, ,)pep is a <-ordered
Morse decomposition of .S, relative to m,,.

REMARK 3.15. It follows from Theorem 3.3 and the proof of Corollary 3.5 in [3] that
Theorem 3.14 remains valid if we replace assumption (A) by the following weaker assump-
tion:

(B) Whenever (., )nm is a sequence in N with n,, — oo and, for every m € N, u,, is a
full solution of m,,  lying in N, then there is a subsequence (Umy )i of (Um)m and a full
solution ug of mg such that um,, (t) — wuo(t) as k — oo, uniformly for ¢ lying in compact
subset of R.

However, we require the stronger assumption (A) in Theorem 3.17 below.

The sets S, and M, ,, are asymptotically independent of the choice of N and E,,p€P,
in the sense that, given other sets N’ and E;, p € P satisfying the same properties as
N and Ep, then, for n large enough, Inv, (N) = Inv,, (N) and Inv,, (Zp) = Inve, (5},
p € P. This follows from the following result (cf. Proposition 2.17 in [2]).

PROPOSITION 3.16.  Suppose m, — m and Y1, Yo are two (not necessarily distinct)
closed sets which are strongly m,-admissible for every n € No and (my,, )m-admissible for
every subsequence (7, Vm Of (Tn)n. Suppose that Inv,, (Y1) = Invy, (Yz2) C Int(Y7)NInt(Y3)
(resp. suppose that Inv., (Y1) = 0). Then there is an ng € N such that, for all n > no,
Inv, (Y1) = Inv,, (Y2) C Int(Y7) N Int(Y2) (resp. Inv, (Y1) =0).

We will tacitly use this result in the sequel.
We can now state the main result of this paper, the nested index filtration theorem.

THEOREM 3.17. Assume the hypotheses (and thus also the conclusions) of Theorem 3.14
and let m be as in that theorem. Then there is an nqy > T such that for every n € Ny with
n =0 orn > ny there exist strongly m,-admissible index filtrations Ny, = (Np(I))rea(<)
and N,, = (Nn(f))IeAH) for (mn, Sn, (Mpn)pep) such that the following nesting property
holds:

No(I) C No(I) C No(I) € No(I) for allm > ny and I € A(<). (3.1)
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Theorem 3.17, Proposition 2.13 and Remark 2.12 immediately imply the following con-
tinuation result for homology index braids and connection matrices.

THEOREM 3.18. Under the hypotheses of Theorem 3.17 the homology index braids
H(mo, So, (Mp0)pepr) and H(mp, Sn, (Mpn)pepr)), n > n1, are isomorphic and determine
the same collection of connection matrices and the same collection of C-connection matri-
ces.

Let us make the following definition.

DEFINITION 3.19.  Let A be a metric space. A family (wx, Sx, (Mp x)pepr)rea s called
S-continuous if for every Ao € A there is a neighborhood Wy, of Ao in A and there are
closed subsets Ny,, Epx, C Ny,, p € P, of X such that for every A € Wy, 7y is a local
semiflow on X, Sy is a (compact) my-invariant set, (Mp x)pep is a Morse decomposition
of Sx, relative to wy, Ny, is a strongly mx-admissible isolating neighborhood of Sx and,
forp e P, Z, 5, s an isolating neighborhood of M, x, relative to wx. Moreover, whenever
An = Ao in Wy, then mx, — my, and Ny, is (7, )n-admissible.

We can now state our second continuation result for homology index braids and connec-
tion matrices.

THEOREM 3.20. Let A be a metric space and (mx, Sx, (Mpx)pep)rea be an S-continuous
family. Then for every X € A the homology index braid

Ha o= H(mx, Sx, (Mp,2)pep)

is defined and for every Ao € A there is a neighborhood W of Ao in A such that Hy is
isomorphic to Hy, for every A € W. In particular, if A is connected, then Hy, and Hx,
are isomorphic for all A1, Ao € A and determine the same collection of connection matrices
and the same collection of C-connection matrices.

Proof. A simple application of Theorem 3.17 shows that H, is defined for every Ao € A.
Thus, if the second assertion is not true then there is a Ao € A and a sequence (), with
An — Ao and for all n € N, H, is not isomorphic to Hy,. It is clear that all assumptions of
Theorem 3.18 are satisfied with (7, Sy, (Mp.n)p) 1= (7, Sx, s (Mp.r, )pepr), n € No, N :=
Ny, and £, := Z, »,, p € P. Thus, by Theorem 3.18, there is an n; such that H ), is isomor-
phic to Hy, for all n > n1, a contradiction which proves the second assertion of the theo-

rem. The last assertion now follows immediately. |

REMARK 3.21. Both Definition 3.19 and Theorem 3.20 can be generalized to topological
spaces A satisfying the first countability axiom, because that is all we use in the proof of
Theorem 3.20.

Theorems 3.18 and 3.20 refine the corresponding homotopy invariance results for the
(infinite dimensional) Conley index established in [20] (or [22]). The convergence and
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admissibility assumptions make these results applicable to various classes of parameter de-
pendent evolution equations (e.g. parabolic or damped hyperbolic equations on bounded
domains and even some parabolic equations on unbounded domains, see the recent pa-
per [17]).

We will not discuss applications in this paper, reserving them for a subsequent publica-
tion. However, we will show that in certain cases homology index braids (and connection
matrices) of infinite dimensional semiflows can be computed by restricting to their finite
dimensional Galerkin approximations.

For the rest of this section let X be a real Hilbert space and A: D(4) € X — X
be a positive selfadjoint operator with compact resolvent. Let (¢, ),en be a complete X-
orthonormal basis of X consisting of eigenfunctions of A. Let P,,: X — X be the orthogonal
projection of X onto the subspace spanned by the first n eigenfunctions. Moreover, set
Q@ := I — P, where I is the identity map on X. Note that A is sectorial on X and so it
generates a family (X*)aeqo,00[ Of fractional power spaces. Given a € [0,1[ and a locally
Lipschitzian map ¢g: X* — X we denote by 7, the local semiflow on X generated by the
abstract parabolic equation (see [11])

u=—-Au+g(u), uweX*

The following result has been proved in [23] (see Theorem 4.3 and Proposition 4.4 in [23]).

PROPOSITION 3.22.  Let f: X* — X be Lipschitzian on bounded subsets of X“. For
n €N and 7 € [0,1] let fnr: X* — X be defined by

fz(w) =0 =7)f(u) + TP f(Pou), uwe X"

Let N C X% be bounded and closed. Furthermore, let (N, )m be a sequence in N with
N, — 00 and (Tym)m be an arbitrary sequence in [0,1]. For every m € N let u,, be a full
solution of my, ~ lying in N. Then there is a sequence (my)r with my — oo and there
is a full solution uw of my lying in N such that w,, (t) — u(t) in X%, uniformly for ¢ lying
in compact subsets of R.

COROLLARY 3.23. Let f: X — X and f,, -, n € N, 7 € [0,1], be as in Proposition 3.22.
Let N be bounded and closed in X with S := Inv,,(N) C Intxa(N). Moreover, let
(Mp)pep be a <-ordered Morse decomposition of S, relative to wy. For each p € P let
Ep C N be closed in X such that M, = Inv,,(E,) C Intxa(Z,). Forn €N, 7 € [0,1] and
p € P define S, » = Invy, (N) and My, - = Invy, (E,). Then there is an ng € N so
that whenever n > ng and 7 € [0,1], then S, C IHtXa(N), Mpnr CIntxa(E,), p € P,
and the family (M, - )pep is a Morse decomposition of Sy, -, relative to my, _.

Proof. It is well-known (cf. [22]) that N is strongly 7y,  -admissible for all n € N
and 7 € [0,1]. Now the proof is completed by a contradiction argument, using Propo-
sition 3.22, Remark 3.15 and Theorem 3.14 with assumption (A) replaced by assump-
tion (B). Note that, for sequences n,, — oo and 7, in [0,1] we do not, in general,
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have that f, - (u) — f(u)in X locally uniformly in v € X, so that we cannot assert

that 7y, — 7. This is the reason for having to use the weaker assumption (B). |

COROLLARY 3.24.  Let ng be as in Corollary 3.23. Then for n > ng and 7 € [0,1]

the homology index braid of (my, _,Sn.r, (Mpnr)pep) is isomorphic to the homology index
braid of (wy, S, (My)pep)-

Proof. Let n > ng be arbitrary. If 7, — 7 in [0,1] then f, -, (u) — fn.-(v) in X, locally
uniformly in w € X. This implies, by results in [22], that 7y,  — 7y, . Results in [22]
also imply that N is (7 oy )r-admissible. Now Corollary 3.23 and Theorem 3.20 complete

the proof. |

Given n € N and f as in Proposition 3.22 we may consider the local semiflow 7] =
' , generated on the finite dimensional space Y, := P,(X®) = P,(X) by the ordinary
differential equation

i=—Au+ P,f(Pou), u€Y,. (3.2)

The local semiflow 7}, is the n-Galerkin approzimation of 7y.
Moreover, let 7!/ = 7T}I,n be the semiflow generated on Z,, := Q,(X%) by the evolution
equation

uw=—Au, u€ Z,. (3.3)

If fn := fn1 = Py o fo P, then, by Proposition 4.2 in [23] and its proof, the space Y, is
positively invariant relative to the local semiflow 7, and every bounded 7y, -invariant set
is included in Y, and is 7, -invariant. Moreover, every m -invariant set is 7y, -invariant.
Setting

Sp = 8p1 and My, := Mpn1,p € P,

we thus see that, whenever n > ng, then S, is a compact 7/,-invariant set and (Mp’n)pep
is a Morse decomposition of S,,, relative to m/,. Moreover,

M

Tfn>

S"(I) = Mﬂ-;”sn([) =: Mn(I), I e I(-<)

Choose an arbitrary strongly 7, -admissible index filtration N, = (N}, (I))rca(<) for
(7], Sny (Mp.n)pep). (Strong 7/, -admissibility means, in this finite-dimensional case, simply
that N’(P) is bounded in Y,,.) Let B = B,, be the closed unit ball in Z,,. Since |un/t|z, <
e Pntlu|z, for some B, € ]0,00] and all u € Z,, and t € [0, 00[ it follows that, relative to
7/, B is an isolating block for {0} with empty exit set, so in particular, B is positively
invariant.

We define N, (I) := N,(I)+ B = N/ (I) x B, I € A(<). It is now a simple ex-
ercise to show that N, = (Nn(I))rca(<) is a strongly my -admissible index filtration
for (my,, Sn, (Mpn)pep). Since N}, (I) C Nyo(I) for I € A(<) there is an inclusion in-
duced morphism Oxn n,, = (On7 w7, (J))sez(<) from the homology index braid H;, of
(7,3 Sn, (Mpn)pep) to the homology index braid H,, of (7y,,Sn, (Mpn)pep). We claim
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that On7 a7, is an isomorphism. In fact, let J € Z(<) be arbitrary. Choose I, K € A(=<)
with (I,J) € Iy(<) and K = IJ. Let ¢: N, (K)/N}(I) — Nu(K)/N,(I) be inclu-
sion induced and v¢: N, (K)/N,(I) — N, (K)/N/!(I) be induced by the canonical pro-
jection y + z — y of X* =Y, ® Z, onto Y,,. It follows that 1 o ¢ is the identity on
N/} (K)/N](I) while ¢ o1 is homotopic to the identity on N, (K)/N,(I) via the homo-
topy Np(K)/Nn(I) x [0,1] — N, (K)/N,(I) induced by the homotopy X* x [0,1] — X,
(y+ z,7) — y+ (1 — 7)z. The homotopy axiom for singular homology now implies that
the map

One w,, (J): H(my,, My (J)) — H(wy, , My(J))

no

(which is induced by ¢) is an isomorphism. Using Corollary 3.24 we have now established
the following result:

THEOREM 3.25.  If ng is as in Corollary 3.24, then, for n > ng, the homology index
braids of (m¢, S, (Mp)pep) and (), Sn, (Mpn)pep) are isomorphic so they share the same
connection matrices and the same C-connection matrices.

4. SEQUENCES OF INDEX FILTRATIONS

The rest of this paper is devoted to the proof of Theorem 3.17. Therefore, for the rest
of the paper, assume the hypotheses of Theorem 3.14 and let 7 be as in that theorem. For
I € Z(<) and n € Nq let M, (I) := My, s, (I).

If Sy = (), then, by Proposition 3.16, S, = () for all n large enough, so we may choose
N,(I):=N,(I):=0, I € A(<), n € Ng. Hence Theorem 3.17 holds in this case.

Therefore we may assume that Sy # (). Consequently, using Proposition 3.16 and taking
the sets N and E,, p € P, smaller and the number 7 larger, if necessary, we may assume
from now on that NN is an isolating block relative to mo. (Cf. [20] or [22].) Let U = Int(N).

In this section, starting with sequences of FM-index triples satisfying certain inclusion
conditions, we will construct index filtrations with an asymptotic nesting property. This
will be the crucial abstract step in the proof of Theorem 3.17.

THEOREM 4.26.  Let Ni, Ni, Ni i = 2,4, I € A(=X) be sets such that, for each
I € A(=), (N{,N Ni) is an FM-index triple for (mo, So, Mo(I), Mo(P \ 1)), i = 2, 4.
Moreover let ng > 7 and for each n > ng, let N1, Non, Nin, I € A(<), be sets such that,
for each I € A(<), (N1, Nin, Nay) is an FM-index triple for (my, Sn, M, (I), M, (P\I)).
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For each p € P and n > ng define the following sets:

Dy = ([ It(N7.n \ Nao.w)) 0 ([ Int(Ny i \ Ni)),
I

pel péI
Dy == ([ Int(N7 \ N3)) 0 () Int(N? \ N7)),
pél péf
Epn:={x € Ny, | thereis at >0 such that xm,[0,t] C N1, and zm,t € Dy, }

and
E,o:={x € N} | there exists a t >0 such that xm[0,t] C Ni and xmot € Dy }.

Suppose that there are open sets Vi and Vi, i =3, 4, I € A(<), such that for all n > ny
and I € A(<) the following inclusions hold:

N2cU, N2cVicNy,CN}! N;cNji N?cN;}
CI(N7\ N3) C Vi3 C Int(Nr, \ Nooy)
CI(N{\ N}) C Vi4 CInt(Nyp, \ Nrn).

For each I € A(<) define

No(I) == N} \ U Epo0,
peEP\I

No(I) == Ny, \ U Epn, 1> mno.
pEP\I

Then (Nn(I))rea(<) 5 an index filtration for (mn,Sn, (Mpn)pep), for all n € No with
n =0 orn > ng. Moreover,

N3 C No(I), Ni C No(0), I € A(=), (4.1)

and
Ng}n - Nn(@> and NI,n (- Nn(l), n>ng, I € A(-<) (42)

Furthermore, whenever I € A(<), (Nm)m is a sequence such that n,, — 0o as m — oo and
(Tm)m 18 a sequence in N such that x,, € N, (I) for allm € N and (x,,)m is convergent
(in X ), then there exists an mg € N such that x,, € No(I) for all m > my.

Proof.  Theorem 2.11 immediately implies that (No(I));ca(<) is an index filtration
for (7o, So, (Mp,0)pep) satisfying (4.1). Moreover, the same theorem with Ni = N;,, and
Nj = Np,, for i =2, 4 and j = 1, 2 implies that for all n > ng, (Nn(I))7ea(<) is an index
filtration for (m,, S, (Mp n)pep) satisfying (4.2).

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



188 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

Suppose the second part of the theorem does not hold. Then there exist a J € A(<), a
sequence (1., )y, With n, — 0o as m — oo and a sequence (2, ), in NZ such that z,,, — x
as m — oo, for some z € X, and z,, € N,,,, (J) \ No(J) for all m € N. The definition of
the sets N, (J) and No(J) imply that for all m € N,

Tm € N17n'm \ U E s, and Tm ¢ N12 \ U E ,0-
pEP\J pEP\J

Since z,, € N? for all m € N, it follows that for all m € N, z,,, € UpEP\JEpvo' Thus,
taking further subsequences if necessary, we may assume that there exists a ¢ € P\ J
such that for all m € N, z,,, € E, . So, for each m € N, there exists a t,,, > 0 such that
Ty 70[0, tm] C NE and @, motm € Dyo-

We claim that for all p € P, there exists an open set ‘7p such that for all n > ny,
Cl(Dp,0) C X~/p C Dp . In fact, fix p € P and n > ng. It follows that

Cl(Dp,0) € ([) CUNE\ N)) N (7] CUNT \ NT))

pel pé[
cV,:= (ﬂ Vi) N (ﬂ Vi.4)
pél péI
C (()It(N7p \ Now)) N ([ ) Int(N1 \ Nin)) = Dy
pél péf

To complete the proof we will consider two cases.

Case 1. Suppose that (¢,,)n, is a bounded sequence. We can assume, taking subsequences
if necessary, that there exists a ¢ € [0, oo[ such that t,,, — t as m — co. Since NZ C Uc
N, it follows that m does not explode in N2 and so zmo[0,¢] € N2 C V;. Recall that
T, — Ty as n — oo and n,, — oo as m — oo. Hence, there exists an mg € N such that
ZTmTn,, [0, tm] C Vi C Ny, for all m > mg.

Moreover, we have zmyt € Cl(Dgo) C ‘7:1 and so there exists an m; > mg such that
T T, tm € ‘7,] C Dy, for all m > my. Therefore, x,,, € E,,,, for all m > m;. Since
g € P\ J, we have a contradiction to our choice of the sequence ().

Case 2. Suppose that (¢,,)m is an unbounded sequence. We can assume, taking subse-
quences if necessary, that t,, — 0o as m — oo. Hence 27 [0, 00[ C N3.

Note that if m € N and 0 < t < t,,, since 2,m[0,t,] C N and z,,motm € Dy, it
follows that (z,,m0t)mo[0,tsm — t] C N and (@mmot)To(t —t) € Dgo. In other words,
Tmmot € Eqo. Thus, for every t € [0,00[ and for all m > m,, for some m; € N, we have
Tmmot € Eg0. Since E, 9 C X \ No(J), we conclude that

xmot € Cl(Eq0) C X \ Int(No(J)) for all ¢ > 0. (4.3)

Let (sk)r be a sequence of positive numbers such that s — oo as k — oo. By admis-
sibility, there exist a subsequence of (zmgsy)r which will be denoted again by (xmosk)k
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and a y € Sy such that xmpsy — y as k — oco. Formula (4.3) implies that ymg [0, 00[ C
X \ Int(No(J)). The properties of Morse decompositions imply that the w-limit set w(y)
of y relative to 7 is included in M, g, for some r € P. Since M, o C My(J) C Int(No(J))
for all r € J, it follows that » € P\ J. Since M, o C D, and D, ¢ is an open set, we have
that there exists a ¢ > 0 such that ymot € D,.o and so, for some k € N, xmo(sx +t) € D, .
Hence

T Tn,,8 € Dro C Dy, for all m large enough, (4.4)

where s := s5, + t. Moreover, 2m[0,s] C NZ C V4 and s0 2,7y, [0,s] C V4 C Ny, for all
m large enough. This, together with (4.4), shows that z,,, € E, . for all m large enough, a

contradiction as r € P\ J. The theorem is proved. |

5. INDEX TRIPLE CONSTRUCTIONS

In this section we will prove the existence of FM-index triples (relative to the approx-
imating semiflows 7,) with special properties. We use some arguments from the proof
of existence of isolating blocks from [20] (or [22]). Define the function F: X — [0,1] by
F(z) := min{ 1,d(z, Inv (N)) }. Furthermore, let

sh = P& th = P, ™ENg
and define the function g~ : N>R by

g~ (z) :=sup{ a(t)F(amot) | t € [0,sd (2)], if s§ () < oo and
t € [0,00], if sf (z) = 0},

where a: [0,00[ — [1,2[ is a monotone increasing C*°-diffeomorphism. Given ¢ > 0 and
b > 0, define

Bsy:=ClzeU|g (x)<dandt](z) >b}.
The sets B; enjoy the following property.

LEMMA 5.27.  There exist 8o, b € |0,00[ such that, for all § € ]0,80] and b € @,oo[,
Bsy C U and Bsp s an isolating block for Sy relative to my with exit set B;b ={z €
OBsp | g~ (x) <6 and td (z) =b}.

Proof.  Suppose there exist sequences (d,,), and (b,), of positive numbers and (z,),
such that 6,, — 0, b, — oo and x,, € By, 1, N (X \ U) for all n € N. Hence, for cach n € N,
there exists a y,, € U with 9~ (yn) < 6 and t7 (y,) > by, such that d(z,,,y,) < 27" By ad-
missibility, we may assume, taking subsequences if necessary, that there exists an xy € Sy
such that y,, — x¢ and so x, — xg. Therefore, g € Sop N (X \ (7) which is a contradiction
to the definition of the open set U. Thus, there exist a d, € ]0,00] and a b € ]0, o[ such
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that Bsp C U for all § € 0,d0] and b € b, 00[. Moreover, Inv,(Bsp) C Invy, (CLD))
Inv,,(N) = Sp. On the other hand, if z € Sy, then z € U, g~ (z) = 0 and td(z) = o0
so ¢ € Bsyp. Thus Sy C Invg,(Bsp). Therefore, Sy = Invy,(Bsp) C {z € Ulg(z) <
§ and tf (z) > b} C Int(Bsp). The remaining assertions follow immediately since the func-
tions g~ and tar decrease along solutions of 7y and g~ is upper-semicontinuous while tg is

lower-semicontinuous. |

Given 0, b €]0,00] and G C X define the sets
Bispc:=Bsp NG, Basp.a:=Cl(Bsy\G). (5.1)

Given any I € A(=<) with Mo(P\I) # 0 let Up\; C N be an arbitrary open neighborhood
of Mo(P\ I) with Cl(Up\;) N Mo(I) = 0. Let 9;\1: Up\r — [0, 00[ be the map given by

g;\l(l’) = inf{ (1 + t)ilG(zwot) | 0<t< PUp\1,m0 (‘T) }a

where G(z) := d(z, Mo(P\ I))/(d(xz, Mo(P\ I)) +d(z, X \ Cl(Up\1))), © € Up\;-

Choose open sets Vp\; and Wpy\; such that Mo(P\ 1) C Vp\; C Cl(Vp\;) € Wpys C
Cl(Wp\r) C Up\; and g;\l\m(wpv) is continuous. This is possible by Proposition 1.5.2
in [22].

Now, for arbitrary I € A(<) and ¢ € |0, oo[ define

G o Cl{geVP\I|g;\1(y)<5} if Mo(P\1I)#0
P\I,e -— .
1] otherwise

and set

Bp\1,56,e = B1,60,Gpr1..r Brope = B2spcpy,. I €AR), e€]0,00[.
The next lemma is fundamental for what follows.

_ Lemma 5.28.  Let 6y € ]0,00[ and b € ]0,00[ as in Lemma 5.27. Then there exist a
6 €10,80] and an g € ]0,00[ such that for all § € ]0,6], £ € ]0,], b € [b, 00| and for all
I € A(=) with Mo(P\ I) # 0,

Bpispe = BspyNGpyre C Ve

Proof.  Otherwise, there exist an I € A(<) with My(P \ I) # (), sequences (d,), and
(n)n converging to zero, a sequence (by,), in [b,00[ and (z,), such that

Tn € Bs, b, NGp\1e, N (X \ Vp\s) for all n € N.

Since x,, € Bs, 4, , it follows that ¢~ (z,) < §, — 0 as n — oco. By admissibility, there

n’

exist a subsequence of (2,,)n, denoted again by (z,),, and an o € Inv (N) such that
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Tp, — xo as n — o0o. The definition of the set Gp\s., implies that xo € Cl(Vp\;) C
Cl(Wp\r). The continuity of g}t\I‘CI(WP\I) implies that 9;\1|01(Wp\1)(x0) = 0. It follows
from Proposition 1.5.2 in [22] that z¢ € Invy (Cl(Up\;)) C Inv;fo(ﬁ) and so g € Sp.
Since Cl(Up\y) N Mo(I) = 0 and (Mo(I), Mo(P \ I)) is an attractor-repeller pair in S,
relative to mp, we see that the w-limit set w(wxg) of xg relative to my is a subset of
Mo(P \ I). Theorem III.1.4 in [22] implies that g € My(P \ I) and so zg € Mo(P \

I)N (X \ Vpy\ ;) which contradicts our choice of the open set Vpy ;. The lemma is proved. |
Let b > 0 be as in Lemma 5.27 and § > 0 and € > 0 be as in Lemma 5.28.

COROLLARY 5.29. For all § €]0,6], e €]0,2], b € @,oo[ and for oll I € A(<), the pair
(Bp\1,6,b,¢> B1,6,b,c) is a block pair for (mo, So, Mo(1), Mo(P\ I)).

Proof. This follows from Lemma 5.28 and the proof of Theorem I11.2.4 in [22]. |
We also have the following result.

_ LeEmMA 5.30. Let I € A(<) and bz, b3, €2, €3, 0 and d2 be positive numbers such that
b<by <bz,ea<e3<Zandd <dy <. Then BI,é,bg,Eg C Int(B17527b2752).

Proof. Let I € A(<) be arbitrary. If My(P \ I) = ) then the result is clear. Therefore,
let Mo(P\I) # 0. We claim that By s5p,., C Int(Bs,p,) \ Gp\1,e,- Let y € Brsp,.e,
be arbitrary. Then there exists a sequence (x,), such that z, € Bsyp, \ Gp\1,, for all
n and z,, — y. In particular, y € U and g (y) <6 < & and tf(y) > b3 > by. Thus
ye{zeU|g (y) < b and tf (y) > by} C Int(Bs,,). Suppose y € Gp\I,e,- It follows
from Lemma 5.28 that y € Bs, , N Gp\1e, C Vp\;. So y € Vpy; and g;\l(y) <eg < e3.
Then for all n large enough, x, € Vp\; and g;\l(xn) < e3. Thus x, € Gp\1 ., for all
n large enough which is a contradiction. This proves the claim and completes the proof. |

We can now state the main result of this section.

THEOREM 5.31.  Let b be as in Lemma 5.27 and & and € be as in Lemma 5.28. Fiz
positive numbers b, ba, b3, €3, €3 and 0o with b < by < by < b, €9 < €3 <€ and d < . For
all I € A(=<) and all § €]0,05], let Ar s be a closed subset of X with

Mo(]) C Int(AI,(S) C AI,6 - BI,5,173753

and such that whenever 6 < §' then Ars C Apsr.
Assume also that whenever I € A(<) and (6,)n is a decreasing sequence converging to

zero and x, € A5, for all n € N, then the sequence (z,,)n has a convergent subsequence.
For § €10,62], n € N and I € A(<) define the sets

N1.,,(0) := Bs, 5, N Cl{ y | there exist an x € Bsyp, and at > 0 such that

27, [0,t] C U and y = zmat },
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Nop(8) := Nin(®) N{y € U |t (y) <b},

and

Nin(9) = [317527;,2752 NCY y | there exist an x € Ay s and at > 0 such that
27, [0,8] C U and y = xm,t H U Na o (96).

Under these assumptions there exists a d3 € 0,92 such that for all § € ]0,03], there
exists an no(6) € N such that for every n > ng(d) and for every I € A(<) the triple
(N1 (0), Ny n(8), N2 (9)) is an FM-index triple for (mp, Sy, My (I), M, (P\ I)).

Proof. It is clear that the sets Ny ,,(6), N2 ,(0) and Ny, (d) are closed and Ny ,,(d) C
N1n(8) C Nin(6). Moreover, using arguments completely analogous to those contained in
the proofs of Lemmas 1.12.5 and 1.12.6 in [22], we can establish the validity of the following
results.

LEMMA 5.32.  There exists a §' € ]0,02] such that for all § € ]0,d'], there exists an
n'(8) € N such that for all n > n'(8) the pair (N1 ,(0), N2n(0)) is an FM-index pair for
Sn, relative to m,.

LEMMA 5.33.  Ifu, — ug in U then t} (u,) — t3 (u) as n — oo.

Now Lemma 5.34 below completes the proof of Theorem 5.31. |

LEMMA 5.34.  There exists a 6" € ]0,0'] such that for all § € ]0,8"], there exists
an n”(0) € N, n”(8) > n'(9), such that for all n > n"(0) and all I € A(<) the pair
(N1,n(6), Napn(6)) is an FM-index pair for My (I), relative to m,.

Proof. In this proof we will write B := By s, b,,e, for short.

Using standard arguments together with Proposition 3.16 we see that there is a §"” €
10,6’] such that for all § € ]0,d”], there exists an n’(§) € N, n”(8) > n/(J), so that
for all n > n”(9) and all I € A(<), Na,(0) is Ny, (d)-positively invariant, M, (I) C
Int(Ny,,(6) \ Na,n(6)) and M, (I) is the largest m,-invariant set in C1(Ny ,,(5) \ N2, (9)).

Now notice that the set

Ny ,,(0) := Br N Cl{ y | there exist an x € Ar s and a t > 0 such that
2mp[0,8] € U and y = zm,t }

is Br-positively invariant relative to m,. Thus, if Ny ,(d) is not an exit ramp for Ny, (J)
(relative to m,) then 0B; N Ny, (8) ¢ Na,(0). Therefore, the proof of the lemma will be
complete if we show that there exists a 6"’ € |0, "], such that for all § € ]0, "], there exists
an n'’(6) > n’"(9) such that for all n > n”’(§) and all I € A(<), By N Ny, (§) C Nap(9).
Suppose this is not true. Then there exist an I € A(<) and a decreasing sequence (Y, )m,
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with 7, < d2 and sequences (N, )m and (Ym)m such that v, — 0, n,, — 0o as m — oo
and

Ym € (OBr N N, (vm)) \ Non,,, (vm), m € N. (5.2)
Hence, ym € N1 n,, (Ym) and so for each m € N, ¢} (y,,) > b and there exists a x,,, € Az 5,
and a t,, > 0 such that x,,m, [0,t,] C U and A(Ymy T Tn,, tm) < 1/2™. Admissibility
and the properties of the set A, imply that there exist subsequences of () and
(tm)m, denoted again by (2.,)m and (tm)m, and zg, yo € X such that z,, — z¢ and
LT, tm — Yo as m — 00. Since T € A1y, C Br, bses C Bl bgeq, With 71 < 82,
Lemma 5.30 implies

g € B[Wl’bm63 C Int(B[). (53)

We claim that z,,7,,,[0,t,] C Br for all m € N large enough. If our claim is not true,
then, using (5.3) and taking subsequences if necessary, we may assume that for each m € N,
there exists a 7,,, < t,,, such that

T, [0, 7] C By and xy,m,, Tm € OBJ. (5.4)

Let b’ € ]by,b[. Since y,, — yo as m — oo Lemma 5.33 implies ¢ (yo) > b > b’. Hence,
again by Lemma 5.33, t;} (2mmp,, tm) > ' for m large enough.

Suppose that 7,,, — 0 as m — oo. Since m, — o, it follows that x,,m,, ™m — o as
m — oo. Formulas (5.3) and (5.4) imply that zg € Int(B;) N 0By which is a contradiction.
Hence, we may assume, taking subsequence if necessary, that there exists an r > 0 such
that 7, > r for all m large enough.

Define z, = Tmmp, (Tm — r), m € N. Without loss of generality, we may assume
that there exists a zg € X such that z,, — z9 as m — oo. Note that, for all m € N,
2mTn,, [0, 7] = T T, [T — T, Tm] C Br and so zqmo[0, 7] C By. Since, 2y, © = TmTn,, Tm
for all m € N and m, — mo, it follows from (5.4) that zomor € 0B;. Since zomp[0,7] C
B and zgmer € 0By, it follows that zomor ¢ Bf, where, as usual, B;r is the entrance
set of the isolating block By, relative to mo. Since (B, Bp\1,s,,b,.c,) s @ block pair for
(0, So, Mo(I), Mo(P \ I)) and so By N Bp\1.6,.50,e; C Bf N B 1.6y b.cy0 1t fOllows that
200" & BP\1,65,b0,e,- Hence, zomor € OB1 \ Bp\1,5,,b5,c0 C OBs,p,. Since zgmo[0, 7] C
Br C Bs, p,, it follows that zomor € Bj_ ;. Lemma 5.27 implies that td (zomor) = ba. On
the other hand, since 7, < t,,, it follows that t} (zpmn,, Tm) > tF (Tmmy, tm) > b for
all m large enough and so by = t{ (z0mor) > b’ > by which is a contradiction. Therefore,
our claim holds.

Suppose now that t,,, — 0 as m — oo. Since m, — 7, it follows that x,, 7, tm — xo as
m — 0o and 8o Y, — xo as m — oo. Formulas (5.2) and (5.3) imply that 2o € Int(B;)NdB;
which is a contradiction. Hence, we may assume that, taking subsequence if necessary, there
exists an s > 0 such that ¢,, > s for all m large enough.

Define wy, := Ty, (tm — ), m € N. Taking subsequence if necessary, we may assume
that there exists a wy € X such that w,, — wg as m — oo. Note that, for all m € N|
W Tn, [0, 8] = TmTh, [tm —8, tm] C Br and so womg[0, s] C Br. Since wy,Tn,, 8 = TmTn,, tm
it follows that womgs € dBy. Thus womes ¢ B;“ and so womes € OBy \ Bp\1,655,b3,e0 C
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0Bs, b, Since womo[0, s] C By C Bs, b, , it follows that womes € B;, 4,- Lemma 5.27 implies
that t§ (womos) = ba. On the other hand, since t;} (2, tm) > b’ for all m large enough,
we have by = tg (womps) > b > bg which is a contradiction. The proof of the lemma is com-

plete. |
We conclude this section with the following result.

THEOREM 5.35. Let the numbers b, b, by, b3, €, €2, €3, 0, 02 and the sets Ars be as in
the hypotheses of Theorem 5.31. Let 03 € ]0,02] be as in the conclusion of that theorem.
Let the numbers b, by and by be such that bg < b} < by <b < bf. For each § € ]0,03], let
no(0) € N such that the conclusions of Theorem 5.31 hold for all n > no(6). Then there
exists a 04 € 10, 03] such that for all § €]0,04], there exists an nq1(8) > ng(d) such that for
all n > ny(0), the following inclusions hold:

Bsp, N{y €U |tf(y) <by} C Bsp, N{y U |ti(y) <b}

and

NQ,TL(6> C B52,b2 N {y € [7 | t(JJr<y) < blll }

Proof. Suppose the conclusions of the theorem do not hold. Then there exist a de-
creasing sequence (Y, )m converging to zero, a sequence (N, )m in N with n,,, — oo and a
sequence (Ym )m such that

Ym € Byypyy 14 (Ym) < by and ¢ (ym) > b for all m € N (5.5)

or

Ym € Nap,, (Ym) and ta'(ym) > b for all m € N. (5.6)

By admissibility there exists a subsequence of (¥, )m which we denote again by (ym )m and
there is a yg € N such that Ym — Yo as m — oo. If (5.5) holds, then, for all m € N large
enough, ym € B, b C Bs, by C Bs,p, and so yo € Bs, 5, C U. If (5.6) holds, then, for all
m €N, y,, € Bs,p, and so again gy € U. In both cases Lemma 5.33 and the continuity of
td imply that £} (ym) — tg (yo) and tg (ym) — td (yo) as m — oco.

Suppose (5.5) holds. Then we get tJ (yo) < by < b < t{ (yo) which is a contradiction.
If (5.6) holds, the definition of the N, () implies that ¢} (y,) < b for all m € N

and so t§ (yo) < b < by <t (yo) which is a contradiction again. The theorem is proved. |

6. THE PROOF OF THE NESTED INDEX FILTRATION THEOREM

Let b be as in Lemma 5.27 and § and € be as in Lemma 5.28. Fix real numbers ¢;, b;,
i=1,..,5,8;,i=1,2,b, 0,0 i=1,2such that

0<e1<ea<e3<es<es<f0<da<8 < (6.1)
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b<by <by<bg<by<bs<by<by<b<b] <.

For all 6 € ]0,85] and I € A(<) define A7 s := By 5p;.e5-
It is immediately checked that the family A s of sets satisfies the hypotheses of Theo-

rem 5.31.

195

(6.2)

For 6 €]0,d2], n € N and I € A(<) define the sets Ny ,,(8), N;,,(6) and N2 ,(6) as in
Theorem 5.31 with respect to this choice of the set A; ;. More explicitly,

N1, (0) := Bs,p, NCl{y | there exist an « € Bsp, and a t > 0 such that

27, [0,t] C U and y = zm,t },

Non(8) i= Nun(8) N{y € U | tF(y) <D},
Nin(9) = [B[752’b2752 NCl{y | there exist an & € By sp,,, and a t > 0 such that

27, [0,t] C U and y = zm,t H U Na . (6).

An application of Theorem 5.31 shows that there is a d3 € ]0,d2[ such that for every
0 € 10, 03], there exists an ng(d) € N such that for all n > ny(d) and for all I € A(<)
the triple (N1,,(6), N1, (0), N2, (0)) is an FM-index triple for (my,, Sy, M, (I), M, (P \ I)).
Let 04 € [0,03] be as in Theorem 5.35 and nz := n1(d4) € N as in the conclusions of that
theorem (again for the above choice of A;s). Choose 5 with

(55 S ]0,54[

For n > ny and I € A(<) define the following sets:

N?:=Bs,p,, N2:=Bs,s,N{yelU|ti(y) <b,},

N{:=Bs 4, Ni:=Bs s N{yelU]|tiy) <b]},

Nip = Nin(b4), Nay:= Na,(ds),

N? = Brs,pyes UNZ, Ni:=Bjs p.co UNy, Nini=Np,(6s),
Vi :=Int(Bs, 4,), Vi :=Int(Brs, ps.0,) N{y €U | t5(y) > b7},
Via = Int(Bs, b,) N (X \ Brs,paes) N {y €U | 5 (y) > b }.

(6.3)

It is clear that for each I € A(<) the triple (Nj, N}, N3) is an FM-index triple for
(o, S0, Mo(I), Mo(P \ I)), i = 2, 4. Moreover, a lengthy but straightforward check us-
ing Theorem 5.35 confirms that for all n > ng and I € A(<) the following inclusions

hold:

N?cU, N)cViCNy,CN}, N}cNj N?cN}
CI(N?\ Ny) C Vi3 C Int(Nrp, \ Noy)
CIN?\ N7) C Vig CInt(Nyp \ Nrp)-
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This means that all assumptions of Theorem 4.26 are satisfied. That theorem therefore
implies the following result.

THEOREM 6.36.  With the notation introduced above, there exists an no € N such that
for every n € No with n = 0 or n > ny there exists an index filtration (N, (I))rea(<) for
(Tn, Sny (Mp.n)pep) such that for all I € A(<) the following inclusions hold:

L. Br1.55bae4 UJVZ2 = N12 - NO(I) - N12 = Bisg b
2. N22 - No(@),
3. N[’n C Nn<1) C Nl,n;
4. Ny, C N, (0).
Moreover, whenever I € A(<), (nm)m is a sequence such that n, — oo as m — 0o and

(Tm)m 18 a sequence in N such that x,, € N, (I) for allm € N and (x,,)m is convergent
(in X ), then there exists an mo € N such that x,, € No(I) for all m > my.

Let ng and (No(I))rea(<) be as in Theorem 6.36. For I € A(<) we will now define a

new family CNJP\LE, e €10, 00[, of open neighborhoods of My(P \ I) to which the results of
the preceding section, in particular Theorems 5.31 and 5.35, can be applied.
Given I € A(=) with Mo(P\ I) # 0 let

Upyr = Int(No(P) \ No(I)). (6.4)

ﬁp\] is an open neighborhood of My (P \ I) with Cl(ﬁp\]) NMy(I) = 0. Let g;\jz ﬁp\] —
[0, o[ be the map given by

Gh (@) = inf{ (1 + )" Glamt) |0 <t < Pop s mo (@) )

where G(z) := d(z, Mo(P\ I))/(d(z, Mo(P\ I)) + d(z, X \ CU(Up\;))), « € Up\;-

Choose open sets ‘713\[ and WP\I such that My(P\ I) C ‘7]3\] C Cl(‘7p\1) - Wp\] C
CI(WP\[) C ﬁp\[ and g;\I\CI(WP\I) is continuous. This is possible by Proposition 1.5.2
in [22].

Now, for arbitrary I € A(<) and € € ]0, oo[ define

G CHy e Ve | gh ) <e} if Mo(P\T) #0
P\l,e -— .

0 otherwise
and set

BP\L(S,b,e = Bl’évbv@P\I,e’ BI,6,b,e = B2,6,b,@P\1,57 Ie A(<)v €& ]0,00[

(cf. (5.1).)

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



NESTED SEQUENCES OF INDEX FILTRATIONS 197

Lemma 5.28, Corollary 5.29 and Lemma 5.30 imply that there exist a dy € |0, d5[ (with
85 as in (6.3)) and an &, € ]0,2[ such that for all 4 € ]0,d,], & € 0,8], b € [b,00[ and for
all I € A(<), the pair (BP\ItSbavBI(SbE) is a block pair for (WO,SO,MO(I) MO(P\ I)).
Moreover, if 0 < €3 < €3 < &g, 0 < 53 < 8y < 50 and by < b3 < b then BI B Bie C
Int(BI’%’gQ&). Formula (6.4) implies that

No(I)N Bg, C By g, o 6€10,00], 8€]0,8], b€ [b,00], I €AR). (6.5)

Therefore, the following lemma is obvious:

LEMMA 6.37. Let &5 € ]0,20[. Then for every 6 €10,00] and I € A(<) the set A g:=
No(I) N By, is a closed subset of X and

Mo(I) CInt(A; g) CA; e CBrgy o

Whenever § < g’, then A, ¢ C A, . Furthermore, whenever (gn)n s a decreasing sequence

converging to zero and x, € A, ¢ for all n € N, then the sequence (x,), has a convergent
subsequence.

For 6 €10,0), n € N and I € A(<) define

]\Nfln(g) = Bg ,, NCl{y | there exist an « € Bg; and a ¢ > 0 such that
2m,[0,8] C U and y = xm,t },
Now() 1= Min@) 0 {y € T | () < b},
Nln(g) = [EI 8,000, | CH{L y | there exist an @ € No(I) N By, and a t > 0 such
that z7,[0,¢] C U and y = zm,t Hu ]\Nfgn(g)

An application of Theorem 5.31 shows that there is a 55 € ]O 52[ such that for every
6 € 1]0,85), there exists an ng(6) € N such that for all n > fio(d) and for all I € A(<)
the triple (N1 n(0), Nt n(é) N, n(é)) is an FM-index triple for (7rn, Spy Mp(I), Myp(P\ I)).

By Theorem 5.35 there exists a 0, € lo, ds] such that for all & € ]0,d,], there exists an
71(8) > 7ip(8) such that for all n > 7i1(0), the following inclusions hold:

Bg, N{ycU|ti(y)<by} C By, N{ycUlti(y) <b} (6.6)
and
Nou(8) € Bg, 4, N{y € Ult5(y) < b} (6.7)
Fix positive numbers &;, i = 1,... 4, 61 and &5 such that
0 <8l <E8y<&3<&y<Eoand0<ds<dy<ds<dy<dy <0 (6.8)
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For n > n3 := max{ny, 711 (04)} Define the following sets:

N} =By, Nii=Bg, n{yeU|tfy) <vi},

N} = Bg 4, N3 = Bg ,, N{y € Ul td(y) <by},

Nl,n = ]\71,n(5~4), NQ,n = ]\72,11(54),

N? =By, . UNZ, Ni=Bg, . UN&, Np,i= NG,
Vii=Tnt(Bg,, ), Vig=Int(B, g, )N{yecU|tf(y) >0/},

Via=Int(Bg , )N (X\B;g , o) {yelU]| td(y) > b }.
Note that there is no tilde™ over the letter ‘B’ in the definitions of ]VIQ and 171’3.

It is clear that for each I € A(<) the triple (N{, Ni, Ni) is an FM-index triple for
(mo, S0, Mo(I), Mo(P \ I)), i = 2, 4. We claim that for all n > ng and I € A(=<) the
following inclusions hold:

N2cU, N)cV,cN,cCN} N:cNj N?cN} (6.9)
CI(N?\ N3) € Vi3 C Int(N; ., \ Na.p) (6.10)
CINE\N}) € Vg CInt(Ny o \ Nim). (6.11)

We prove inclusion (6.10) and leave the other inclusions to the reader. Let n > n3 and
I €~A(<)~be arbitrary. NotNice that NIQ\ZY24 =~(BI’§5,b5’€5UN22)\N§1. C~learly, N2 C Ny, and
so NP\ Ny CBjg ... \Ng and thus NP\ Ny C B, g, N{yecU|tf(y)>b5}=T.
By Lemma 5.30, B; ¢ c Int(B£,§4,b4,%) so we obtain that T C ‘N/Lg. §ince T is closed
we only need to show that Vi3 C N, \ Na,. The definition of the set Ny, implies that
No(I)NBg, ,,, C Nin C Bg, ,, . Furthermore, since d4 < d5 it follows that Int(B, g , _ ) C
B17557b4754 - BI,55,b4784 U N22 = N12 and Int(BI,§4,b4,54)
inclusions and Theorem 9.36 imply that VL;:C (N2 n B§4,b3) N{yeU]|ti(y) >} C
(No(1) 11 By, ,) " {y € U | 5(6) > B} € Ny {y € U | 15(9) > B} € By, N {y €
U|tf(y) > b/} C X\ Na,. (The last inclusion follows from (6.7).) This proves (6.10).

Inclusions (6.9), (6.10) and (6.11) imply that the assumptions of Theorem 4.26 are
satisfied. That theorem therefore implies the following result.

C Bg .- Therefore, the previous

THEOREM 6.38.  With the notation introduced above, there exists an nzg > no such that

for every n € Nog with n = 0 or n > ng there exists an index filtration (Ny(I))rca(<) for
(Tns Sny (Mp.n)pep) such that for all I € A(<) the following inclusions hold:

1. N} C No(I) c N =B, ,

2. ]"\}22 C N()(@),

3. No(I) N Bg, ;,, € Ni,nw C No(I) C Ny,
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4. Ny, C No(0).

Moreover, whenever I € A(<), (nm)m is a sequence such that n, — oo as m — oo and
(T )m is a sequence in Ni such that x, € Ny, (I) for allm € N and (z,,)m is convergent
(in X ), then there exists an mg € N such that x,, € No(I) for all m > my.

The index filtrations that we have obtained from Theorem 6.36 and Theorem 6.38 do not
as yet form a nested sequence as described in Theorem 3.17. However, after intersecting
these index filtrations with appropriate sets and using Proposition 2.10 we will now obtain
new index filtrations which do satisfy the nesting property. This will complete the proof
of Theorem 3.17.

For v € ]0, 00| define the sets

?Ln(fy) = Bg , NCHy| there exist an x € B, ;; and a t > 0 such that
2mp[0,4) C U and y = am,t },
Yo (7) = Yin() N {y €U | 1 (y) < b7 }.

Then there exists a Jy > 0 such that for all v € ]0,7o], there exists an n¢(y) € N such that
for all n > ng (), S, C Int(?lyn(fy)) and the pair (}717n(’y), }72”(7)) is an FM-index pair for
Sy, relative to m,. (cf. Lemma 5.32).

Given such an n, we see, using (6.2), (6.8) and Theorem 6.38 that )72,”(7) C Ngm C
N, (). Since Ya,,(7) is an exit ramp for Y3 ,(7), relative to m,, it thus follows that N, (0)

is an exit ramp for Y; ,,(7), relative to mp,.
An application of Proposition 2.10 now implies the following result.

LEMMA 6.39.  For every y € 0,70], and all n > fig(v), (Yin(y) N NTL(I))IEA(-Q is an
index filtration for (mn, Sn, (Mpn)pep)-

We also have the following

LEMMA 6.40.  There exists a 1 € ]0,70] such that for all v € 10,71], there exists an
n1(7y) > no(7y) such that Y1,,(v) N N, (I) C No(I) for all n > nq(y) and all I € A(<).

Proof. Suppose the conclusion of the lemma is not true. Then for some I € A(<) there
exist sequences (Vm)m, (Nm)m and (2., )m such that ~,, — 0, n,, — co and

Zm € (Yin,, (ym) N Ny, (I)) \ No(I) for all m.

Notice that ., € }71n (vm) C Bg ,. = NIQ By admissibility, (2, )m has a convergent sub-
sequence, denoted again by (2, ). Theorem 6.38 implies that there exists an my € N such
that x,, € No(I) for all m > my, which is a contradiction. |

Define 7 := min{7, 55} Hence, setting 77 := 1 (§) we have the following corollary.
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COROLLARY 6.41.  There is a ¥ € ]0,55] and an ny € N such that, for all n > nq,
(Y1,n(Y)NNp(I)) 1ea(<) is an indez filtration for (7, Sn, (Mpn)pep) and Y1 (7)NN,(I) C

No(I) for I € A(<).

We claim that
Bgy, C N3 C No(0) (6.12)

Here, of course, B; p 18 the exit set of the isolating block Bg y relative to .
01

In fact, the inequalities 7 < 55 < 05 and by > by and the definition of the set f’ln(ﬁ)

imply that Bgy C )71n(3?) C Bg ;. C Bssp,. Moreover, if € B;b,l, then z € U and
td (z) = b}. It follows that B;b,l C Bs,p,N{y € U | tT(x) < b, } = N2. The last inclusion
in (6.12) follows from Theorem 6.36. This proves (6.12).

Since B;b,l is an exit ramp for By, relative to 7, it follows from (6.12) that Ny (0) is

an exit set for Bg 1, relative to o, and since Sy C Int(Be,b'l), Proposition 2.10 implies the
following result.

LEMMA 6.42.  (No(I) N Be ) rea(<) is an index filtration for (mo, So, (Mp0)pepr)-

Since § < d5 < 04 and by < b}, it follows that Bgy, C By, , s0 By, = Bey, N By,
and so No(I) N Bep;, = No(I) N (Bey, N Bg, ;) C (No(I) N Bg, ;) N Y1 (3). This fact,
together with Corollary 6.41 and Theorem 6.38, implies that, setting n( := max{ng, n1},

No(I) N By C Y1,0(7) N Nu(I) C No(I), n=>nf, I €A(=). (6.13)
Let ¢’ := min{#, d5}. For v € ]0, o0[ define the sets

Yin(7) := Bsrpy NCl{ y | there exist an x € B, and a t > 0 such that
27,[0,8] C U and y = xmat },
Yo (7) = Yiu(m) N{y €U | tH(y) <b}.

Using arguments which are completely analogous to those leading to Corollary 6.41 we
obtain the following

COROLLARY 6.43.  There is a v1 € ]0,00[ and an ny € N such that, for all n > nq,
(Yi,n(71) N Nu(I))reac<y is an index filtration for (mn, Sp,(Mpn)pep) and Yin(y1) N
No(I) C No(I) N By gy, for all T € A(=).

Proof of Theorem 8.17.  Let ng := max{ny,n1} and n > ngy be arbitrary. Define
No == (No(I) 0 Be.y; )rea(<): No i= (No(I)reac<)» N = (Yin(31) 0 Nu (1) 1e.a(<) and
Ny = (Y1,n(F)NNn(I)) 1ca(<)- Lemma 6.42 and Corollaries 6.41 and (6.43) imply that, for
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each n € Ny with n = 0 or n > ng, NV,, and ./\N/'n are index filtrations for (m,,, Sy, (Mpn)pep)-
Formula (6.13) and Corollary 6.43 imply that

Yi0(71) N Nu(I) € No(I) N Bey, C Y1,n(3) N No(I) € No(I), n > no, I € A=),

i.e. the nesting property (3.1) holds. Since No(P) C U it also follows that for each n € Ny

with n = 0 or n > ng, N,, and N,, are strongly m,-admissible. This completes the proof of
Theorem 3.17. |
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