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By using variational methods we prove that a class of critical semilinear
problems with a sublinear term at the origin possesses at least two positive
solutions under conditions which allow the primitive of the sublinear term to
assume negative values and it does not need to be convex. These problems are
treated on bounded domains in RV, N > 2. October, 2004 ICMC-USP

1. INTRODUCTION

In this paper we first prove the existence of two positive solutions for the problem

—Au = |ulP " u+ Af(z,u) in Q, w=0on0Q, (1)
where € is a smooth bounded domain in RY, N > 3, p = % is the critical Sobolev

exponent, A > 0 is a real parameter, and the nonlinearity f € C(Q x R,R) satisfies
f(z,0) = 0 and the conditions:

(f1) there are constants aq,as > 0 and 0 < o < p such that

[f(z,9)] <ails]” + a2, Ve €Q, s>0,

f(z,s)

(f2) lim = oo, uniformly on Q,
s—0t S
) .. F(z,s) . —
(fs) there is a constant ¢ > 0 such that liminf —— > @, uniformly on (2, where
§—00 S
F(z,s) = [ f(x,t)dt,
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(fa) there is a constant p > 0 such that f: Q x [0, p] — R is nondecreasing with respect
to the second variable.

Our first result is:

THEOREM 1.1.  Suppose f satisfies f(x,0) =0 and (f1)—(fs). Then there exists \* > 0
such that problem (1) possesses at least two positive solutions for every X € (0, A*).

We recall that the conditions (f1) — (f4) allow f(x,s) to have an oscillatory behavior
with respect to the variable s, the primitive F'(x, s) may assume negative values and does
not need to be convex on the interval (0,00). Theorem 1.1 establishes, in particular, the
existence of two positive solutions for the following model problem

—Au = |ulP" '+ A +sinu)u? in Q, w=0ondQ, (2)

where 0 < e and 0 < ¢ < 1.

In the seminal work [3], Ambrosetti-Brezis-Cerami considered problem (1) when f(x, s) =
8%, 0 < g < 1, and proved that there is A > 0 such that (1) has at least two positive so-
lutions for every A € (0, A), one positive solution for A = A and no one for A > A. Since
then related results have been obtained, most of them for the p-Laplacian operator, as can
be seen in [5, 6, 8, 12, 15, 16, 23], and references therein.

When €2 is a bounded domain in R? with smooth boundary 92, we consider the class of
problems

—Au=h(z,u) + Af(z,u) in Q, w=0o0n09QY, (3)

where A > 0 is a real parameter. The natural growth restriction on the functions f and h is
given by the inequality of Trudinger and Moser [18, 22]. More precisely (see [1, 14, 21]), we
say that a function g has a critical growth (subcritical growth) if there is ag > 0 (g = 0)
such that

(c) M . { 0 YVa > ag, unif. on Q,

exp(as?) +oo Ya < ag, unif. on €.

For problem (3) we assume that h € C(Q xR, R) has critical growth and f € C(Q xR, R)
a subcritical one; h(z,0) = 0, f(z,0) = 0. Moreover, considering H(z,s) = [ h(z,t)dt
and denoting by A; > 0 the first eigenvalue of —A on H{(2), we assume

2H
(h1) limsup @
s—0t S

(he) for any € > 2, there exists R(f) > 0 such that

< A1, uniformly on Q,

0<0H(z,s) <sh(x,s) Yz eQ, s> R(9),

(hs) lim sh(z, s)

————+ = 00, uniformly on Q,
s—o0 exp(aps?)
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(hy) there is a constant p > 0 such that & : Q x [0, p] — R is nondecreasing with respect
to the second variable.

Now we are ready to state our existence result for the case N = 2.

THEOREM 1.2.  Suppose h satisfies (h1) — (ha) and (¢)a,, with ag > 0, and f satisfies
(f2), (f3), (f1) and (¢)ay, with cg = 0. Then there exists \* > 0 such that (3) possesses at
least two positive solutions for every A € (0, A*).

We observe that this last result guarantees the existence of two positive solutions for the
problem

—Au = puexp(u?) + Me + sinu)u? exp(u) in Q, u=0 on I,

with0<e, 0<pu<Aand 0<g<1.

Related results about problems with exponential growth can be seen in [1, 2, 7, 14, 21]
and the references therein.

In [21], Silva and Soares showed that problem (3) with critical growth possesses at least
two nontrivial solutions provided the nonlinearity H + \F satisfies a condition of convexity
with respect to variable s. We observe that Theorem 1.2 improves this result when N = 2,
since (h1) — (h3) and (f2) — (f4) allow g(x,s) = h(x,s) + Af(x, s) to have an oscillatory
behavior on the variable s.

In order to prove Theorems 1.1 and 1.2, we first establish the existence of a nontrivial
local minimum for the associated functional. Then we use an argument of Brezis and
Nirenberg [10] to verify that the associated functional satisfies the Palais-Smale condition
on a given interval of the real line, under the assumption that the functional has only
the zero and the local minimum as critical points. Since now the primitive F'(z,s) may
not be convex on the interval (0,00), we first get an estimate from below for the term
F(z,s+t)— F(x,s)—g(z,s)t, when s and ¢ are small (see Lemma 2.2). Then this estimate
is used to prove that the level associated with the Mountain Pass Theorem belongs to that
interval; then we use the celebrated Theorem of Ambrosetti and Rabinowitz [4] to find the
second nontrivial solution.

2. PROOF OF THEOREM 1.1
Here we consider the Sobolev space Hg () with its usual norm. We assume that f(x, s) =

0 when s < 0 without changing the symbols f and F. I order to prove Theorem 1.1 it
suffices to show that there is \* such that the problem

—Au= (ut)? + A\f(z,u) in Q, u=0ondQ, (4)
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possesses at least two nontrivial solutions for each A € (0, A*). The critical points of the
associated C! functional I : H}(Q) — R, given by

1 1
I(u) = 5/Q\Vu\Qd:z:film Q(u+)p+1dxf)\/QF(x,u)dx,

are precisely the solutions of problem (4). If u denotes one of these solutions, then
I (u)(u~) = 0; thus w > 0. To see that v > 0 in Q by the strong maximum principle, we
observe that u is also a solution of the problem

—Au+cu= (utP +Af(z,u) +cut in Q, w =0 on 09, (5)

where ¢ > 0 is such that the term on the right is nonnegative for x in 2; the existence of
this ¢ follows from (f1) — (f2), p > max (1,0) and the continuity of (s? + Af(z,s))/s on a

compact subset of Q x (0, 00).
The next result gives the first solution for problem (4).

PROPOSITION 2.1.  Suppose f € C(Q x R, R) satisfies (f1) and (f2) . Then there exists
A* > 0 such that problem (4) possesses at least one positive solution uy for every X € (0, \*).
Moreover, uy is a local minimum of I and Ix(uy) < 0.

Proof: By (f1), the functional J : Hg(2) — R, given by J(u) = [, F(x,u) dz is continu-
ous. Thus, given € > 0, there is p; > 0 such that |J(u)| < ¢ if ||u|| < p1. Then,

1 1
In(u) > (5 - Zms(pﬂ)/2|\u||p_1)HU||2 = Ae,

where S denotes the best Sobolev constant.
Let p € (0, p1) be such that

1 :
I(u) = 2 ull® = e if [lul] < p.

Setting \* = p?/8¢ we obtain

Iy(w) > /8 if Jull = p and In(u) > —p*/8 it [lu]l < p (6)

for every 0 < A < A*. Let ¢y stands for the infimum of Iy on A = B,(0). From (f2), given
¢ € H} (), ¢ # 0,4 > 0, there exists t = t(¢) > 0 sufficiently small such that I, (t¢) < 0.
Then,

inf I inf 1 .
Inf Iy(u) <0 < inf I\(u) (7)

Therefore, by Ekeland’s variational principle [13], there is a sequence (uy) C int (A) such
that

1A (un)[l =0 and  Ii(un) — cx.
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As (uy,) is bounded and A is a closed convex set, we can suppose that there exist uy € A C
H} () and a subsequence of (u,,), still denoted by (uy), such that

up — uy weakly in H}(Q),
Up — uy strongly in L™(Q), for every 1 <r < p+1,
U, — Uy a.e. in €,

Moreover, the sequence (f(z,un(z))) converges to f(z,ux(z)) a.e. in Q and by (f;) one

deduces it is bounded in L7 . Hence this sequence converges weakly to f(x,uy); similarly,
(uf)P — (uy)P. Consequently, passing to the limit in I} (u,)v, as n — oo, we have

/VuAVvd:c—/(u;f)pvdx—)\/ f(z,uy)vdr =0, Yo € H}(Q),
Q Q )

and thus uy is a critical point of the functional Ix. On the other hand, from (f1) and
Fatou’s Lemma, we have

ex > lminf[ly(u,) — —— (I3 (un), un)]

n—00 p+1

= hnnilgf[%”un”z +)\/Q(l%f($,un)un — F(z,uy)) dz]

1 1
> ol [ ()i = Pl da

= I\(uy) - Z%US(UA)JM =I\(uy) > ca.

Thus, Ix(uy) = ¢y < 0. Therefore, by (7), the function uy is a nontrivial solution of (4)
and is in the interior of B,. This completes the proof of the proposition. [

Now we prove that I satisfies (PS)_ below a given level, whenever we suppose that zero
and uy are the unique critical points (see [3, 10]).

LEMMA 2.1.  Suppose f satisfies (f1)—(f1). If zero and uy are the unique critical points
of Iy, then Iy satisfies (PS). condition for every ¢ < ¢ = I\(uy) + %S% and 0 < X < \*.

Proof: Let (u,) be a sequence in H}(Q) such that
I(up) —c< ¢ and I'y(upn) — 0. (8)
We observe that g(z,s) = (sT)? + A\f(z, s) satisfies Ambrosetti-Rabinowitz condition
0 < puG(z,s) < sg(x,s) forall |s|> M, (9)

and for some p > 2. Therefore, the sequence (u,) is bounded in H}(Q) (see [4, 20]).
Thus, just as in Proposition 2.1, there exists a subsequence of (u,), still denoted by (uy),
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which converges to a weak solution of problem (4). Next we use an argument due to
Brezis-Nirenberg [10] to show the convergence of a subsequence of (u,) in Hg (). We set
Vp = U, — u, then apply a result of Brezis-Lieb [9] to the sequence (u;)P™! and use the
condition (f1) and the fact that u is a solution of (4) to obtain

/\an|2 :/(U:)PH +o(1) and Amw%/mnﬁ’ — et o(1).

Hence, for a subsequence of (v,) one gets

/|an|2 — k>0 and /(vf{)p+1 — k.

It follows from Sobolev imbedding that k& > Sk?/(?*t1) which imply either k = 0 or k >
SN/2_1f either v = 0 or u = uy then k = 0, since otherwise we would have either

SN2 < oor In(uy) + SN2 <,

respectively. Hence the condition (PS), holds for each ¢ < ¢. "

In order to find the appropriate level to the use of Mountain Pass Theorem we follow the
method of [10] (see also [3]). However, under our assumptions the lower order perturbation
need not be increasing, so we start by proving an elementary estimate which will play a
significant role in the sequel.

LEMMA 2.2.  Suppose f € C(Q x R, R) satisfies f(x,0) =0, (f3) and (f1). Then, given
v > 0 there exist constants C > 0 and r > 0 such that

F(x,s+t) — F(z,s) — f(z,s)t > —Ct", (10)
for everyx € Q,0<s<rt>0.
Proof: By (f3), we have so > p such that
F(z,s) >as>0, Yz €, s> s. (11)

Now, invoking f(x,0) =0 and f € C(Q x R,R), we find r € (0, p/2) such that

f(z,s)gg, VeeQ,0<s<r. (12)
Hence, for every x € Q,s < r, we get
S0 a
| 18w - feldr < [+ Klso = (13)
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where K denotes the maximum of |f(z,s)| for  in Q and 0 < s < s9. Consequently, by
(11)-(13), we have

t+s a
F(z,s+1) - F(z,s) - f(z, )t = / (£, 7) ~ o, ) dr > —en + 9t = |F( 50)]|

whenever z € Q,0 < s <, 59 < t. Therefore, there exists R > 0 such that
F(z,s+t)— F(z,8) — f(x,8)t >0, Yz €Q, 0<s<r, R<Ht. (14)
On the other hand, given x € Q and 0 < s, ¢t <, we find 6 € (0,1) such that
F(z,s+t)— F(z,s) — f(z,s)t = [f(z,s + 60t) — f(x, s)]t.
Thus, by 7 < p/2 and (f2), we get
F(z,s+t)— F(x,8) — f(z,8)t >0,Yz € Q,0<s,t <. (15)
Next, we use f € C(Q x R,R) to obtain M > 0 such that
F(z,s+1t) — F(z,8) — f(x,8)t > —-M,Vr € Q,0<s<rr<t<R. (16)

Finally, choosing C' > 0 such that CrY > M, we invoke (14)-(16) to conclude that (10)
holds. The lemma is proved. n

The next auxiliary lemma is in [16].

LEMMA 2.3.  Ifr > 2, then for any o € (1,r — 1), there exists a constant C' > 0 such
that

A+ >1+t"+rt+rt" 1 —Ct7, Yt >0.

In order to use the Mountain Pass Theorem we need the following estimate.

LEMMA 2.4.  Suppose [ satisfies (f1) — (fa). Then, for every A € (0,\*), there exists
€ > 0 such that

N

1
max{Iy(uy +tve) | t > 0} < In(ux) + NS7.
Proof Let 7 > 0 be given by Lemma 2.2 for v = (N + 1)/(N — 2). Since uy > 0 and
uy € CH2(Q) N HL(Q), we obtain zg € Q and R, rg > 0 such that Bag(zo) C Q and
0 <71y <ux(z) <r, Vz € Bar(zo). (17)
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Without loss of generality we may assume that zo = 0 and we take ¢ € D(Bag(0)) such
that 0 < ¢(z) <1 in Byr(0) and ¢(x) =1 on Br(0). Set

us(x) = % and v.(z) = L(x), e>0.
(e +|z2) = [[telp+1
Then, v, satisfies as ¢ — 0 (see [10, 12])
IVeelf = S+0("%) (18)
looll7 = Ke i it > 2 (19)

We first apply Lemma 2.3 to the term |uy + tve[PT1 of Iy (uy +tv.), with o = %, then
we use I} (uy)(tve) = 0, to obtain

I I L2 2d - i '
uy + tv < u + Vo X
)\( A 8) )\( >\) 2 Kz| 6| 1

@ [ oPus dw 4 O I
— veuy dr + CF Uy Ve x
Q Q

- /\/(F(x,u)\ +tve) — Fx,uy) — f(x,uy)tv) de.
Q

Using Lemma 2.2 with v = ££1 and (17) in the last term, one has

t2 9 tp+1
I(uy +tve) < I(uy) + /|VUE| dx — —rot”/v”dx
Q p+ Q

1 . N+1
+ C’(1+/\)r%—2t%/vév’2 dx.
Q
By (18)-(19), there exist €9 > 0 and positive constants C; and Cs such that

Iy(uy + tve) < In(up) + 9 (t), Ve e (0,e),

where

p+1
O P

5 — O[T + (14 MtV 5 ] — CytPe 7.
P

Since W.(t) — 0, as t — 07, and V. (t) — —o0, as t — +o0, there exists £, > 0 such that
U, (te) = max{¥.(t);t > 0}. It follows from (6) that

2
0< % < max Iy (ux + t0.) < I(un) + We(te) < We(t). (20)

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



CRITICAL PROBLEMS INVOLVING A SUBLINEAR TERM AT THE ORIGIN 253

Now, we claim that there are T, T5 > 0 such that t. € [Ty, T3] for every € € (0,e0). In
fact, the lower estimate for ¢, follows from (20) since W.(¢t) — 0 as ¢ — 0T. For the upper
estimate, we assume by contradiction that there is a sequence (e,,), with €, — 0, such that
te, — 400, as n — oo. By UL(t. ) =0, it follows that

N-2 N+1 = g =2
2, = tn(S+2C1en™ ) + (1 4+ \) 5Ot ™ = Coptl len™

which can not happen for ¢, sufficiently large. This proves the claim.

p+1 . 1 .
;H,t > 0, occurs in t = S», with

maximum value %S %, by (20) and the lower and upper estimates for ¢, we have C3,Cy > 0
such that

Now, observing that the maximum of p(t) = 5t —

N-2
1

I)\(UA +t1)5) < I)\(’U,)\) + %S% + {Cg [6 . + (1 + )\)E%] . C4}€¥,

for every ¢t > 0. Since the expression inside the braces is negative for € > 0 sufficiently
small, one has

1
max{Iy(uy +tve) | t > 0} < In(uy) + NS%,
provided ¢ is sufficiently small. This concludes the proof of Lemma 2.4. [

Now we are ready to complete the proof of Theorem 1.1. In fact, if I, possesses two
nontrivial critical points there is nothing to prove. Otherwise, we use (9) to choose u; such
that Ix(u1) < 0 and |luq]] > p , then we consider the family I' of all continuous paths ~y
joining uy to u; (see (6) and the proof of Proposition 2.1), and define

¢\ = inf max I\(y(¢)) >

r
vET t€[0,1] 8"

By Lemmas 2.2 and 2.5, one can apply the Mountain Pass Theorem [4] to obtain a second
nontrivial critical point of I at the level ¢). The proof of Theorem 1.1 is complete. [

3. PROOF OF THEOREM 1.2

In order to treat problem (3) variationally in Hg (£2), we use the inequalities of Trudinger
and Moser (see [18], [22]), which provide

exp(au?) € L' (Q), Yu € Hy(Q), Ya >0 (21)
and
sup / exp(au?)de < C, Va < 4n, u € HL (D). (22)
llull<1 /@
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Under condition (¢)q,, given 8 > ay, there exists C = C(8) > 0 such that
max{|f(z, )|, |F(z,s)|, [h(z,s)],[H(z,5)|]} < Cexp(Bs), (23)

for every € Q and s > 0. Using these estimates, it can be proved that the critical points
of the C! functional I : H}(2) — R, given by

IA(u):%/ﬂ|Vu|2dm—/QH(x,u)dx—A[)F(a@u)dm,

are the solutions of (3). Actually, by regularity argument it can be proved that u € C*(Q)
(see [11, 17]). We assume f(z,s) = h(z,s) = 0, for every z € Q,s < 0. We also observe
that conditions (h1), (f1), and the argument described in Section 2 imply that v > 0 in Q.

The next auxiliary lemma is a result due to Lions [19], which will be essential to verify,
via contradiction, that functional Iy satisfies (PS)., for ¢ below a given level.

LEMMA 3.1.  Let {u, € H(Q); ||lun| = 1} be a sequence converging weakly to a nonzero
function u. Then, for every 0 < p < (1 — [jul|?)~!, we have

sup/ exp(pdmu?) dr < oo.
neNJQ

In our first result in this section, we establish the existence of a solution for (3) when A
is sufficiently small.

PROPOSITION 3.1.  Suppose h € C(Q x R,R) satisfies (h1), (¢)a,, with ag > 0, and
f € C(Q2 x RR) satisfies (f2) and (¢)a,, with ag = 0. Then, there exists \* > 0 such that
(3) possesses at least one positive solution uy for each X € (0, \*).

Proof: Taking 0 > «p, by (23), given ¢ > 2, there exist sy > 0 and a positive constant C
such that

|H(z,5)| < Cs?exp(Bs?), Vs > sg.

Now using that h is continuous and satisfies (h1), we can choose 0 < p < Ay such that
|H(z,s)] < gSQ + Cslexp(Bs?), Vo € Q, s € R,
where C' is a positive constant. Combining this with Holder’s inequality we get

1/r
[t wlae < Jopa o [ ez s, @
. o a ol

where r and s are positive and 1/r + 1/s = 1. Moreover, the functional
J(u) = / F(z,u)dx
Q
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is continuous at u = 0, thus for € > 0 there exists § > 0 such that |J(u)| < € for ||ul| < d.
Taking o > 0 sufficiently small so that fro? < 4w, o < 6§, by (22), (24) and Sobolev
embedding we have

1 K 2
>Z (1.2 _ a_
B 2 3 (1= £ ulP - Clull - 2e

for every u € H}(2) with |ju|| < o. Since ¢ > 2, we can diminish o if necessary and then
choose a > 0 and A* > 0 such that

In(u) > —%U2 if Jul| <o and Iy(u)> it |ul| =0, (25)

e

for every 0 < A < A*. Let c¢) be the infimum of Iy on A = B,(0). Since g(z,s) =
h(z,s) + Af(z,s) satisfies (f2), given ¢ € D(Q), ¢ # 0, ¢ > 0, there exists t = t(¢) such
that Ix(t¢) < 0. Then
= inf I inf Iy (u). 2
= I 1) <0 < i 1) 20)
Applying the Ekeland’s variational principle, as in the proof of Proposition 2.1, there is a
sequence (u,) C int (A) such that

115 (upn)|| — 0 and I(up) — ca. (27)

Since (uy,) is bounded and A is a closed convex set, we can assume that there exist u € A
and a subsequence of (u,,), still denoted by (u,,), converging weakly in Hg () to a solution
uy of (3). Moreover, we may assume that u,(x) — uy(x), for almost every x € Q, and
that there exists a function M = M (z) in LP(€2) such that |u(z)| < M (z) for all z in © and
p > 1. Now we will show that ||u,| — ||u|| as n — co. By condition (¢)4,, the inequality

[h(x, 5)s| < Cls|exp(Bs?)

holds for z in Q and s in R. As in (24), we use (22) and Hoélder’s inequality to obtain

/E\h(x,un(x))un(xﬂd;v§CLM($)de,

where F is any measurable subset of 2. Thus, the set {h(z, uy)u,} is uniformly integrable
and Vitali’s theorem imply that the sequence (h(x, u, )u, ) converges to h(z,uy)uy in L (£2);
similarly, f(x,un)un — f(z,ux)uy in L () as n — oo. Now we use (27) and the fact that
uy is a critical point of I to conclude that |lu,| — [Jua|| as n — oo; hence, the sequence
(un) converges to uy in HE(2) and Iy(uyn) = cx. Therefore, from (26), I, possesses a
nontrivial local minimum uy € int (A). This completes the proof of Proposition 3.1. n

Considering the solution uy given by Proposition 3.1, we shall verify that I satisfies
PS). condition below the level Iy (uy) + 2%, whenever we suppose that zero and u) are
[e70)
the unique critical points of I}.
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LEMMA 3.2.  Suppose h satisfies (he) and (¢)a,, with ag > 0, and f satisfies (¢)q,, with
ag = 0. Assume that zero and uy are the unique critical points of I. Then I satisfies
(PS)., for every ¢ < In(uy) + 7[:

Proof: Let (u,) C H}(2) be a sequence such that
I,\(un)—>c<1')\(u)\)—|—z—70r and I} (un) — 0. (28)

We observe that g(z,s) = h(z,s) + Af(z, s) satisfies the conditions (hs) and (¢)q,. Thus,
we may apply Lemma 6.1 from [21] to obtain a subsequence (u,;) converging weakly in
H} () to a solution u of (3) such that

/G(w,unj)dx% / G(z,u)dx, asn — oo, (29)
Q Q

where G(z, ) fo x,t)dt. Moreover, we may assume that u,,(z) — u(z), for almost
every x € Q Then, elther u=0or u=uy Ifu=0,using that I)\(uA) < 0, by (29) and
(28) we have

4 4
i [Jun|? = 2(c + / [F (e, w) + AF(,w)] d) = 2 < 213 (13) + - < =
Q

n—o0 0 (67}

Thus, we can choose ¢ > 1 such that qag||un, |2 < 4, for every j > jo, for some jo € N.
Consequently, from (23) and Trudinger-Moser inequality, we find

/ (2, un, )| do < c/ exp(gao um, (-2 %) da < C. (30)

[ nJII

Since up, (x) — u(x), for almost every x € Q, by Egoroff’s Theorem, given ¢ > 0 there
exists £ C € such that |E| < € and u,,(r) — u(z), uniformly on x € Q\ E. Observing
that

h(2, U, un; — h(z, u)u = h(x, U, ) (Un; —u) + (h(z,u,,) — h(z,u))u,
by Holder’s inequality and (30), we get

|/ T, Un; Jun; — h(z,w)u) dre| < Cllun, —ullpo/@-1 @)+

(M, up,) — Wz, u))udr| + Cela—D/a,
O\E

As € > 0 can be chosen arbitrarily small and h(z,u,,) — h(x,u) uniformly on Q\ E, we
have

h(z, Un; ), dz — [ h(z,u)udr = 0.
Q Q
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Since f has subcritical growth, a similar and more direct argument implies that
/ f (@, un; ), doe — / f(z,w)udx = 0.
Q Q
Thus, from (28), we have
||unj HQ = IS\(U”I’LJ)U’TLJ +/ h(l‘,unj )u’I’LJ‘ dl' + )‘/ f(xaunj)unj dx - 0
Q Q

Hence u,; — u = 0 strongly in Hj(Q).
Now, we suppose that u = uy. In this case, by (29),

||un_7‘||2 - 2(C+/Q(H($,U)\) + )\F((E,U,\))dl‘, asj — OQ.

Taking v; = HZﬁ and defining d = [, (H (z,uy) + AF(z,uy)) dz, we get
U
T BT )
Consider § > ag such that
e < In(uy) + %T

From (¢)q,, we find ¢ > 1 and a constant C' > 0 so that
max{|f(x, s)|, |h(x, s)|?} < Cexp(Bs?), YV € Q,s € R.

Thus, for every 7,
max{ /Q (@ un, ) da, /Q (s un, |7 de} < C /Q exp(Bllun, |20y (@) 2) dz.  (31)

On the other hand,

4

B

Consequently, there exists p > 0 such that

g

r 2
1 1 |

lwn, I < p <

1
1= [Jvf*"
Hence, by Lemma 3.1 and (31), there exists M > 0 such that

max{/ |f (@, un,)|? dl‘,/ \h(@, un,)| dz} < M, V3.
Q Q
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Applying Egoroff’s Theorem one more time, the above inequality and the argument em-
ployed in the previous case, we obtain

/ (h(2, tn, Y, + AN (2, U, ), | dz — / [h(z,un)ux + Af(x, uy)uy] de,
Q Q
as j — oo. Therefore, by (29) and using that uy is a critical point of I, we get
Jun, 12 = [ s + Ao Jus] o = fus
Q

The lemma is proved. n

In order to find the appropriate level to the use of Mountain Pass Theorem we follow the
method used in [1, 2, 14, 21]. Before to state our estimate, we define the Moser functions
(see [18]). Let xg € Q and R > 0 such that Br(xg) C Q. The Moser functions are defined
for 0 <r < R by

1

(log &)z if0<|z—ao| <7

M (z) = — lo8 if r < | <R

=—7=y ——— ifr<|jz—=

" V2 (10g§)% - or=
0  iflz—ao| >R

Then, M, € H} (), || M,|| =1 and supp(M,.) C Br(zo). B
Let 7 > 0 be given by Lemma 2.2 for v = 3. Since uy > 0 and uy € C*(), we obtain
xo € Q and R, 19 > 0 such that Br(xzg) C Q and

0<rg <ux(z) <r, Vo€ Bgr(xo). (32)

We Consider the Moser sequence M,, = M, for every n € N.
Taking A\* > 0 and uy, for 0 < A < A*, given in the proof of Proposition 2.1, we have

PROPOSITION 3.2, Suppose h € C(QxR,R) satisfies (h1)— (ha) and (¢)a,, with ag > 0,
and f € C(QxR,R) satisfies (f3)—(f1) and (¢)a,, with ag = 0. Then, for every A € (0, \*),
there exists n € N satisfying

2
max{Iy(ux + tM,); t > 0} < Iy(uy) + ai
0

The proof of Proposition 3.2 will be carried out through the verification of several steps.
First, we suppose by contradiction that, for every n € N, we have

2
max{Iy(uy + tMy); t > 0} > Iy(uy) + — (33)

Oéo.
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From (h)e, and (hsg),

]

tli)rglo In(uy +tM,) = —oc. (34)
Thus, there exists ¢, > 0 such that
In(ux + t,My,) = max{Ix(uy + tM,); t > 0}. (35)
LEMMA 3.3.  There are ng € N and a positive constant C = C(\,ng) such that

4m ct?

2> ——n__
" T ag  (logn)3/?

n > ng.

Proof: From (33) and (35),
2m
I (uy) + w < In(uy + tn My,).
0

Using that uy is a solution of (3), we get

2T
— > I)\(U)\ + tnMn) - I)x(u)\)
@
t2
= ?" - / (H(xz,uy +t,My,) — H(z,uy) — h(u))t,M,) dzx
Q

_ A / (F(2,n + tu M) — Fla,un) — F(, ux)tn M) da
Q

From (f4), (ha), and (40), using Lemma 2.2, we have

2 t2
i < 5+C / £3 M3 da. (36)

On the other hand, from definition of M,,, we find

C
/ M3(z (log Tog )72 (37)

for some positive constant C'. Using (36) and (37), we conclude the proof of the lemma.
"

As consequence of Lemma 3.3 we conclude that the sequence (t,) does not have any
convergent subsequence to zero.

LEMMA 3.4.  The sequence (t2) converges to 4r/ay.
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Proof: Since %I,\(u,\ +tM,,) =0 for t = ¢,, we have
/ V(uy + t, M)V (t, M,) dx = / (h(z,up + tn M,) + Mf(x, up + t, M,)t, M, dzx.
Q Q

Since h and f are continuous and h satisfies (h3) and (cq, ), with o > 0, and f satisfies
(Cag), With ap = 0, given K > 0 there exists a constant C' > 0 such that

s[h(x,8) + Af(z,5)] > K exp(ags®) — C, Vs >0, x € Q.

Hence, from Holder’s inequality, we have

tnMn

——dux.
uy + tnMn

tollun + tn My > K [exp (cvoluy + to M%) — C’}
Br(zo)

Using that 0 < 1o < uy(x) < r, for every x € Br(xo), and the definition of M,,, we find
to(2)

r -+ tn(loég;n)l/g

logn
tolluy +t, Myl > K exp (aoti 5 )
Bk (wo) g

tn My,
—of
Br(z) UA + tn My,

Since (t,,) does not converge to zero and logn — oo, as n — oo, there is ng € N such that

KnR? logn tn M
. e > BT 2 _C _mn g 38
n”u)\ + n T‘LH jl 2”2 exp (O[O n 2 ) /BR(TO)U)‘ + tnMn * ( )
KnR? Qo 9 / tn My
> ex —t2 —1)2logn| — C 1 s dl’,
= D) p [(47'(' n ) g } BR(zg)uA + tnMn

for every n > ng. Moreover, as 0 < rg < uy(z), for every x € Br(zg), we can write

2

R
tullu + ta My | 2 Kr - exp (32

tn —1)2logn] —CxR’, ¥n=mny.  (39)
™

This implies that (¢,) is a bounded sequence. Now, we observe

tn M, t, M, tn M,
B - — Ty 4+ ————dx
Br(zo) Ux +tn My B g (x0) ux +tn My Br(z0)\B g (z0) ux + tn My
ogn ﬁ
S bUED i o8{1) o,
n2 ¢ logn 1/2 (10 n)1/2 :
o+ tn(557) Br(zo)\B g (0) (108

Thus, from Lebesgue’s dominated convergence theorem and using that (t,) is bounded,
we have

tn My,
/ —————dx — 0, as n — oc. (40)
Br(zo) U + tnMn
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Combining (38) with (40), we obtain 2 — a— This concludes the proof of the lemma. =

Now, we are ready to conclude the proof of Proposition 3.2. By Lemma 3.3 and Lemma
3.4, there is a constant C' > 0 such that

From (38),

tullun + tady]| > KET o (= —C0 /
n||U n nl| =2 ex —
A > P (= o ) Bn(wo) uA—Ft it bl

for every n > ng. Then, taking n — oo and using (40) we obtain

477 KR271'
2lurlly = :

However, this gives us a contradiction, because K can be chosen arbitrarily large. The
proof of Proposition 3.2 is complete. [

dx,

Now, we may conclude the proof of Theorem 1.2. Arguing by contradiction, we suppose
that zero and uy are the only possible solutions of (3). By Lemma 3.2, T, satisfies (P.S),
for every ¢ < In(uy) + 2m/cap. Furthermore, by (25) and (34), I satisfies the geometric
hypotheses of the Mountain Pass Theorem [4]. Invoking Proposition 3.2 and using that
Iy(uy) < 0, we conclude that I possesses at least three critical points. However, this
contradicts the fact that zero and w, are the only possible critical points of I. Theorem
1.2 is proved. [
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