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Valuations compatible with a projection
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Given an N-dimensional germ of analytic hypersurface H, a finite projection
m: H — C¥ and a valuation v on the ring the ring of convergent series in
N variables, we study the valuations on the ring Oy that extend 7*v. All
these valuations are described when v is a monomial valuation whose weight
vector is not orthogonal to any of the faces of the Newton Polyhedron of the
discriminant of the projection 7. This description is done in terms of the
Puiseux parameterizations of H with exponents in a cone.  October, 2004 ICMC-
usp

1. INTRODUCTION

Let H be an irreducible germ of analytic hypersurface at the origin in CN*!, let 7 :
H — (CV,0) be a finite projection and denote by R the ring of convergent series in N
variables. Given a valuation v, : R — R>oU{oo}, we want to describe all the valuations
v: Oy — RxoU{oo} that extend v... That is, that make the diagram

OH L RZO U {OO}
"\Tr VN/ (1)

commute.

In this note all these valuations are described when v, is a monomial valuation whose
weight vector is not orthogonal to any of the faces of the Newton Polyhedron of the discrimi-
nant of the projection 7. This description is done in terms of the Puiseux parameterizations
of H.

The question was posed to me by Bernard Teissier at the congress ”Singularity theory
and Applications” held at Sapporo in 2003. I thank Daniel Levcovitz for fruitful discussions
during the preparation of this note.

*The research was carried out while the author was profiting from a DTT fellowship given by IM-AGIMB
processo 381461/2004-1 (NV)
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238 F. AROCA

In all what follows H will be a germ of analytic hypersurface embedded in (CN*1, 0)
defined by F(z1,...,2n,y) = 0, where F' = y% 4+ aq_1y% ' - + ap is an irreducible
polynomial of degree d in y and a; € R. The projection

T H — cN
(:L'la"'axva) = (xlw"axN)

(2)

will be supposed to be finite. The discriminant of the projection 7 will be denoted by §.
That is

d(x1,...,2n) = Resultant, (F, gF)
Y

The ideal of R[y] generated by F will be denoted by Z. So that Oy = = and 7+ is
Rly]
L,

the natural inclusion R —
2. MONOMIAL VALUATIONS

Given a Laurent series ¢ = > ., ~ aq®®, the set of exponents of ¢ is the set

E(p) = {a € Z" | aq £ 0}.

When &(yp) is finite, ¢ is a Laurent polynomial. When &(¢p) is contained in the first orthant,
@ is a series with non-negative exponents.

A subset of RY of the form o = {\ vy +---+ v, | A € R>o} for some v1,...,v, € QN
is called a (rational convex polyhedral) cone. A cone is said to be strongly convex when it
contains no non-trivial linear subspace.

Let 0 C RY be a strongly convex cone. The set of formal Laurent series with exponents
no

Clloll ={¢ | &(p) C 0}

is a ring with the natural sum and product.

DEFINITION 2.1.  The Newton polyhedron of a series ¢ € R is the convex hull in RY of
the set £(¢) + R>o™ and is denoted by NP¢. Let V be a vertex of NP¢. The cone of NP
associated to V is the cone

oy ={veRYN | (V + \v) € NPp for some positive real number A}

Remark 2. 1. The cone oy is always strongly convex and contains the positive orthant.
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LIFTING VALUATIONS 239

Now for k € N consider the ring of series

Cllol)s = Z aox% | ay € C

ae(+2)"no

When k divides k' there is a natural inclusion C[[o]]1 — (C[[a]]%. So, it makes sense to
consider the ring of formal Puiseux series with exponents in o

keN

We will work only with cones ¢ containing the first orthant, for such o we have the
following diagram of inclusions:

R — (CHLUH —  Fr(C[[0]])
Clle]]* — Fr(C[[0]]7)

where Fr(A) stands for the field of fractions of A.
The dual of a cone o is the cone ¢V := {v € RN |u-v > 0,Yu € ¢}. A cone o C RV is
strongly convex if and only if the interior of o (as a subset of RY) is not empty.

DEFINITION 2.2. Let o be a strongly convex cone. Given w € ¢V the map v, :
C[lo]]®* — R U {cc} defined by

Vyp® = min w -« 3
¢ = win (3)

is a valuation called the monomial valuation with weight w.
By restriction, v,, induces a valuation in all subrings of C[[¢]]® that we will still denote
by v4,. The extension of v, from R to C[[o]]® is not unique. Anyhow the following holds:

LEMMA 2.1. There exists a unique way to extend v,, from the ring of series with expo-
nents in o to the ring of Puiseux series with exponents in o.

Proof:

1, Cllo]]t, ..., tN]
({t:i* — izt N)
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240 F. AROCA

is a normal algebraic extension. Its Galois group is formed by the automorphisms
1 Tt . .
9(1,ein) * Xi* '_)fhxik; gk =1, (]17~~'7JN) GNN‘
by a theorem of Ostrowski and Krull [4, F,Theorem 1] two extensions of a given valuation

are conjugate. Since vy, (g( in) (@) = v we have the result.
Q.E.D.

J1seees

Remark 2. 2. Let Clo] denote the ring of Laurent polynomials with exponents in o.
That is Clo] = {¢ € Cl[o]] | #E(¢) < oo}. Then C[[o]] is the completion of Clo] with
respect to the valuation v, for any w in the interior of ¥. The field of fractions of Clo] is
the same as the field of fractions of C[zy,...,2n]. Then, C[[o]] is a ring of dimension N.

3. PARAMETRIZATIONS WITH EXPONENTS IN A CONE.

J. McDonald showed in [3] that given a polynomial P in C[z1, ..., zx][y], for any w € RY
of rationally independent coordinates, there exists a strongly convex cone o, with w € oV
such that P has a root in Cl[[o]]¥. Moreover he gives an algorithm to compute such series.
Then, P. Gonzilez Pérez showed in [2] that o may be chosen to be a cone of the Newton
polyhedron of the discriminant of P with respect to y.

DEFINITION 3.1.  Let ¢ € R be a cone. For p € (R>0)N, the o-wedge of polyradius o
is the set

W(o, o) = {z e (@ 7(2)" < o", Vu e UOZN}

where 7(z1,...,2n8) = (|z1],- - -, |2n])-

Denote by  the discriminant of F' with respect to y. For each vertex V' of the Newton
Polyhedron of ¢ let oy be the cone of NP§ associated to V' (Definition 2.1). By [1, Propo-
sition 5.1], there exists gy € (R>0)N such that the oy -wedge of polyradius gy does not
intersect the zero locus of §.

DEFINITION 3.2. A connected component of 7~1(W (o, ov)) N'H will be called a oy -
branch of H. Given a oy-branch C of H the degree of the covering 7 : C — W(oy, ov)
will be denoted by dc.

Remark 3. 1. Let By be the set of oy -branches of H, d = Z dc, d being the degree

CeBy
of Fin y.

The following proposition is proved in [1]:
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LIFTING VALUATIONS 241

ProPOSITION 3.1. Let V' be a vertex of NP§ and let oy be the cone of NP§ associated
to V. Given a oy-branch C of H, there exist a oy -wedge W and a series pc € Cllov]],
convergent on W such that

dg w — CcN+1

(.’El,...,CCN) = (l'ldcval’NdeQOC(x))

parameterizes C. That is:

{(xldc,...,dec,goc(x)) | (1,...,2N) € W} =C. (4)

Remark 3. 2. Let ¢ be a primitive dg-root of unity, the set of functions with property
(4) is

{@c(gilml,...,CiNxN) |i; € {1,...,dc}} = {cpg),...,goédC)}

and it has exactly dc elements.

Remark 3. 3. The irreducibility of H implies that a polynomial A € R is an element of
7 if and only if it vanishes on C. That is

h(:vldc, .. .,deC,goc(wl, .2N)) =0

1

1
which is equivalent to h(z1,...,2n,0c(z1%,...,2Nx%)) = 0.

4. c-BRANCHES AND PRIMARY DECOMPOSITION.

Let V be a vertex of NPd and let C be a oy-branch of H. We will denote by Jc the
kernel of the morphism

Cllovlily] — Cllov]]
h(z1,...,2n,y) +— h(z9e,.. . zn9, oc(x)).

where ¢¢ is as in proposition 3.1.
Since C[[ov]] is an integral domain, J¢ is a prime ideal of C[[ov]][y]. By remark 3.3 we
have T = Jo NR[y] for any C € By.

PROPOSITION 4.1. Let Z°V be the extension of T to the ring Cllov]][y] via the natural
inclusion. Then

v = ﬂ JTe.

CeBy
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242 F. AROCA

Proof: Set qbg) = cp(ci)(xli, e ,xN%), i =1,...dc, where the gog) are as in remark

3.2. Each w(cl) is a root of F' as a polynomial in y. Then H(y — (;58)) divides F' as an
i=1
element of C[[oy]]®[y]. This, together with remark 3.1, implies

dc )
F= 1] [[w- ). (5)

CeBy i=1
Let ng) be the kernel of the morphism

Cllovl]®ly] —  Cllov]]®
h(z,y) h(x,¢8)(x))-

By remark 3.3 we have

Jo =KD nCllov]lly] forany i€ {l,...,dc}. (6)
Let Z°v" be the extension of Z to the ring C[[oy]]?[y] via the natural inclusion. Equation

dc
(5) implies V" = ﬂ ﬂ ICS), and the conclusion follows from (6).
CeBy i=1
Q.E.D.

PROPOSITION 4.2.  The only prime ideals P of C[[ov]][y] with the property PNR[y] =T
are of the form Jc with C € By .

Proof: It follows from proposition 4.1 and remark 2.2.
Q.E.D.

5. THE THEOREM

Given w € Rs”, take a vertex V of the Newton polyhedron of § such that w € oV.
Each oy -branch C of ‘H induces a valuation
Ve Oy — RUoo

1
hzy,...,zN,y) +— %uwh(xldc, .. .,:ENdC,goc)

that extends v,,.

THEOREM 5.1. Let w € Rso be a vector non-orthogonal to any of the faces of the
Newton Polyhedron of 0, and let V' be the only vertex of NP) such that w belongs to the
dual of oy . Then all the valuations that extend v, are the ones induced by the oy -branches

of H.

We start by proving a lemma:
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LIFTING VALUATIONS 243

LEMMA 5.1. Let w be a vector in the interior of oy, and let v : Oy — Rxo U {0}
be a waluation that extends v,,. There exists a oy-branch C of H and a valuation v :
Cllovilll —, R U {oo} that makes the diagram

Jc
Cllov]] < 76[[(}‘/2]@] — Opn
NV L v v,
RU {0}
commutative.

Proof: An element h € Cl[[o]][y] is written as

degh
h = Z ¥iy®,  where Y = Z agf)xa
i=0 a€ZNNo

for some A € ZN. For each i € {0,...,degh} and j € Z set

Y = Z aldz®,
acZVNNo
jfw-a<j+1

Since w is in the interior of ¢V, for all j, the set {a € ZN No | j <w-a < j+ 1} is finite
and then the wgﬂ )’s are Laurent polynomials. We have

Y=Y ¢ forall ie{l,... degh}.
=0

Let R[y|z be the localization of R[y] with respect to Z. Since ZNR = {0}, we have
¢ e Rlylz,  Vje€ZandVie {1,... degh}
Let 7 : Rz — R be the extension of the morphism given by the composition

Rly] — Oy - RU oo.

Since v extends vy, and ¢ € Fr(R), we have # (ng)) = Uy (ng)) > j. Then

7 Z wZ(K)yi > K + min{0, v(y) deg h}, VK. (7)
ie{l,...,degh}

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



244 F. AROCA

Set

K

=0y 3 Py

I=0 3¢ {1,...,degh}

Inequality (7) implies that either 7x > K + min{0, v(y) deg h} for all K or there exists
K such that 7, = 7 for all [ > K. Then it makes sense to define:

vh:= lim 7k.

By construction, 7(hh') = 0(h) + ©(h') and ©(h + h') > min{P(h), 7(h')}, then ¥ induces
Cllo]lly]
v=1(00)

The ideal 77! (00) is prime and 7~ (c0)NR[y] = Z. Then, by proposition 4.2 there exists
C € By such that 771(c0) = Jo.

a valuation v : — RU .

Q.E.D.
Proof of theorem: Let C and v : %]J[y] — R U {0} be as in the lemma. Let IC(Cl) be
- C 2
as defined in the proof of proposition 4.1, and let 7 be an extension of 7 to HU’CV(]l])[y].
c

Given h € R[y],

h(z,y) = h(z,00)) + (y — 5 ))g(x,y), where g(z,y) € C[[o]]*.
So,

v(h) = o(h) = #(h(z,6))) "2 v, h(z, ¢1))) = voh.
Q.E.D.
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