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We study how to minimize the number of invariants that is sufficient for
the Whitney equisingularity of a one parameter deformation of corank one
finitely determined holomorphic germ f : Cn, 0 → C3, 0, with n > 3. As we
can see in the work of Gaffney, the invariants needed to control the Whitney
equisingularity are the 0-stable invariants and the polar multiplicities which
appear in the stable types of a stable deformation of the germ. First we give a
description of all stable types which appear in these dimensions, then we use
the relationship between the invariants in the stable types in the source and
the target to reduce the number using these relations. October, 2004 ICMC-USP

1. INTRODUCTION

Gaffney describes in [2] the following problem: “Given a 1-parameter family of map
germs F : C × Cn, (0, 0) → C × Cp, (0, 0), find analytic invariants whose constancy in the
family implies the family is Whitney equisingular.” He shows that for the class of finitely
determined map germs of discrete stable type, the Whitney equisingularity (hence the
topological triviality) of such a family is guaranteed by the invariance of the zero stable
types and the polar multiplicities associated to all stable types.

The number of invariants depends on the dimensions (n, p) and it can be very big ac-
cording to n and p are big. Then a natural question arises: “For a fixed pair of dimensions
(n, p), what is the minimum number of invariants in Gaffney’s theorem that are necessary
to guarantee the Whitney equisingularity of the family?”

In the case of corank one map germs, Vohra in [19] used Gaffney’s approach to study
map germs from n-space (n ≥ 3), to the plane. Recently the case n < p was described by
V.H.J.Perez and M.J.Saia and the case n = p by D. Levcovitz, V.H.J.Perez and M.J.Saia.

* The third named author is partially supported by CNPq - Grant 300880/03-6.
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264 V. H. JORGE PÉREZ, E. C. RIZZIOLLI AND M. J. SAIA

In this paper we also consider germs of corank one and investigate the case (n, 3) with
n > 3. We reduce the number of invariants needed by finding relations among them and
using the fact that they are upper semi-continuous. To obtain these relations we apply a
result of Lê-Greuel to all strata which are complete intersection with isolated singularity,
ICIS for short. We remark that in these dimensions there are some stable types which
appear in the source which, possibly are with non isolated singularities, for these sets we
apply results of Lê and Teissier which show how the Lê numbers control the invariants of
these strata.

The plan of this paper is as follows. In section 2 we recall the basic definitions. An
explicit description of the stable types which appear in dimensions (n, 3) is given in section
3. In section 4 we describe the invariants, polar multiplicities, for the stable types in the
target. I n sections 5 and 6 the invariants, polar multiplicities and Lê numbers, for the
stable types in the source are given. The main result of this paper is shown in section 7.

2. NOTATION AND PRELIMINARIES

We follow the notation used by Gaffney in [2] and denote by O(n, p) the set of origin
preserving germs of holomorphic mappings from Cn to Cp. Let Oe(n, p) denotes the set of
germs at the origin but not necessarily origin preserving.

For a germ f ∈ Oe(n, p), J(f) denotes the ideal generated by the set of p× p minors of
the derivative of f . The critical set of f , denoted by Σ(f), is the set of points x ∈ Cn such
that J(f)(x) = 0. The discriminant of f , denoted by ∆(f), is the image of the critical set
by f . The determinant of the derivative of f ∈ Oe(n, n) is denoted by J [f ].

Our interest is in A-finitely determined map-germs, where A denotes the usual Mather
group of germs of holomorphic difeomorphisms in the source and in the target. We denote
by F : (Cs × Cn, (0, 0)) → (Cs × Cp, (0, 0)) a versal unfolding of such an f .

Definition 2.1. We say that a stable type Q appears in F if for any representative
F = (id, fu(x)) of F , there exists a point (u, y) ∈ Cs×Cp such that the germ fu : Cn, S →
Cp, y is a stable germ of type Q, where S = f−1(y) ∩ Σ(fu). The points (u, y) and (u, x)
with x ∈ S are called points of stable type Q in the target and in the source, respectively.

If f is stable, we denote the set of points in Cs × Cp of type Q by Q(f) and call
QS(f) = f−1(Q(f))−QΣ(f), where QΣ(f) denotes f−1(Q(f)) ∩ Σ(f).

If f is finitely determined, we denote by Q(f) = ({0} × Cp) ∩ Q(F ) and QS(f) =
({0} × Cn) ∩ QS(F ), QΣ(f) = ({0} × Cn) ∩ QΣ(F ), where the bar over a set means the
closure of this set.

Definition 2.2. We say that Q is a zero-dimensional stable type for the pair (n, p) if
Q(f) has dimension 0 where f is a representative of the stable type Q.

We observe that the set Q(F ) = ∩F (j(p+1)F−1(Azi)) is closed and analytic, where zi is
the p + 1 jet of the stable type Q and Azi is the A-orbit of zi.
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WHITNEY EQUISINGULARITY AND INVARIANTS 265

A finitely determined germ f has discrete stable type if there exist a versal unfolding F
of f in which appears only a finite number of stable types. If (n, p) is in the nice range of
dimensions or in this boundary, then any finitely determined germ f has a discrete stable
type.

Suppose that Q(F ) = {p1, · · · , pr} is the set of points of zero-dimensional type, where F
is a versal unfolding of f . The 0-stable invariant of type Q of f, denoted by m(f ;Q) is the
multiplicity of the ideal msOQ(F ),(0,0)

in OQ(F ),(0,0)
, where ms denotes the ideal generated

by the coordinates of the space of parameters Cs.

Let F : (C×Cn, (0, 0)) → (C×Cp, (0, 0)), F = (t, f(t, x)), be a 1-parameter unfolding of a
finitely determined germ f , such that f(t,−) preserves the origin for all t. Let T := C×{0}.

The unfolding F is a good unfolding of f if there exist neighborhoods U , W of the origin
in C × Cn and C × Cp respectively such that F−1(W ) = U, F maps U ∩ Σ(F ) − T to
W − T and if (t0, y0) ∈ W − T , then the germ ft0 : Cn, S → Cp, y0 is stable, where
S = F−1(t0, y0) ∩ Σ(F ).

A good unfolding is said to be excellent if all the 0-stable invariants are constant in the
unfolding and f is of discrete type. In the equidimensional case n = p, it is also assumed
that the degree of f , δ(f) = dimC On

f∗(mn)On
, is constant in the unfolding.

We say that an unfolding F of f is Whitney equisingular along the parameter space T
if there exists a regular stratification of the source and the target, with T a stratunm of
the source and the target and these stratifications are Whitney equisingular along T , i.e.
satisfy the Whitney conditions a and b.

It is shown in [2] p. 208, that if f has discrete stable type, and F is a versal unfolding
which only a finite number of stable types, then the family F is Whitney equisingular.

One of the questions of main interest is to show when an excellent unfolding F :
(C × Cn, (0, 0)) → (C × Cp, (0, 0)) of a finitely determined germ f ∈ O(n, p) is Whitney
equisingular.

Using the polar invariants, i.e, polar multiplicities of the polar varieties of the stable types
(defined by Teissier in [18]) and Thom’s isotopy lemmas, Gaffney showed the following
principal result.

Theorem 2.1. ([2], p. 207) Suppose that F : (C × Cn, (0, 0)) → (C × Cp, (0, 0)) is an
excellent unfolding of a finitely determined germ f ∈ O(n, p). Also suppose that the polar
invariants of all stable types defined in:

1.the discriminant ∆(ft) = ft(Σ(ft)),
2.the singular set Σ(ft) and also in the set
3.X(ft) =

(
f−1

t (∆(ft))− Σ(ft)
)
,

are constant at the origin for all t. Then the unfolding is Whitney equisingular.

Remark 2. 1. The theorem remains valid if we replace the term “an excellent unfolding”
in the hypothesis by “a 1-parameter unfolding which, when stratified by stable types and
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by the parameter axis T , has only the parameter axis T as 1-dimensional stratum at the
origin” ([19]). We shall apply this version of the Theorem.

Here we reduce the number of invariants needed by finding relations among them and
using the fact that they are upper semi-continuous.

We remark that in the case of corank one map germs, the stable types which appear in
the set Σ(ft) are ICIS and the stable types which appear in ∆(ft) are also related to ICIS
which are in Cn. For these sets we shall apply the following results.

Theorem 2.2. (Lê-Greuel, [9], page 47) Let X1 be an ICIS, with a singularity at 0 ∈ Cn.
Let X be an ICIS defined in X1 by fk = 0, and let f1, ..., fk−1 be the generators of the ideal
that defines X1 at 0 in Cn. Then

µ(X1, 0) + µ(X, 0) = dimC
On

(f1, ..., fk−1, J(f1, ..., fk))
.

In the case of a zero-dimensional ICIS we can use the following simpler formula. Let f :
Ck, 0 → Ck, 0 be a germ such that X = f−1(0) is an ICIS Then µ(X, 0) = δ(f)−1 (see [12]
p. 78). Another elementary result that we use here is the following. Let f : Cn, 0 → Cn, 0
be a finitely determined germ. Then f : Σ(f) ⊂ Cn, 0 → ∆(f) ⊂ Cn, 0 is bimeromorphic
(see [3] p.154, or [12]).

When n > 3, the stable types which appear in X(F ) = (F−1(∆(F ))− Σ(F )) possibly
are not ICIS. In this case, we use the associate Lê numbers to control all invariants needed
to show the Whitney equissingularity of these stable types along T . We apply the results
of Lê and Teissier given in [11] and of Gaffney and Gassler in [5].

3. THE STABLE TYPES IN O(N, 3)

According to the Theorem of Gaffney, the constancy of the polar invariants of all stable
types defined in ∆(ft), Σ(ft) and X(ft) is the condition for the Whitney equisingularity.

Therefore, the first step in the strategy to minimize the number of invariants is to give
a full description of all stable types which appear in these sets.

We remark that, as (n, 3) is in the range of the nice dimensions of Mather, any finitely
determined map germ f ∈ O(n, 3) is of discrete type, hence the stratification has a finite
number of strata.

After that we establish relations among the invariants on all strata. As these invariants
are upper semi-continuous, the relations will allow us to reduce the number of invariants
required in Gaffney’s theorem.

In general, for any pair of dimensions (n, p) the description of the stable types can be
done in terms of subschemes of multiple points of a germ f , as we can see in [16] for the
case n = p or in [17] for the case n > p.

Here we use the Thom-Boardman stratification to describe the stable types which appear
in the singular set Σ(f), then we show the stable types in the discriminant ∆(f) of f and
finally the stable types of X(f) = (f−1(∆(f))− Σ(f)).
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WHITNEY EQUISINGULARITY AND INVARIANTS 267

Stratification of Σ(f) ⊂ Cn

The strata in Σ(f) are the smooth parts of the following sets:

1. The 2-dimensional set of points of type Σn−2(f) = Σ(f);

2. The 1-dimensional set of points of type Σn−2,1(f);

3. The 1-dimensional set of double points D2
1(f |Σ(f)), which we describe below.

Let f|Σ(f) be the restriction of f to Σ(f), the set of double points of f|Σ(f), denoted by
D2(f |Σ(f)), is the set of points

{
(p1, p2) ∈ C2n, p1 6= p2, such that p1, p2 ∈ Σ(f), and f(p1) = f(p2).

}

If f is of corank 1, we can write f(x1, . . . , xn−1, z)) = (x1, . . . , xn−1, g(x1, . . . , xn−1, z)),
and consider D2(f |Σ(f)) (see [8] for details) as the subset (x1, . . . , xn−1, z, z1) ∈ Cn+1 such
that

g(x1, . . . , xn−1, z)− g(x1, . . . , xn−1, z1)
z − z1

=
z1

∂g(x1,...,xn−1,z)
∂z − z ∂g(x1,...,xn−1,z1)

∂z1

z − z1
=

=
∂g(x1,...,xn−1,z)

∂z − ∂g(x1,...,xn−1,z1)
∂z1

z − z1
= 0.

Then we denote by D2
1(f |Σ(f)) the projection of D2(f |Σ(f)) to the (x1, . . . , xn−1, z1)-

space. We remember that the set D2
1(f |Σ(f)) is part of the singular set of f .

Stratification of ∆(f) ⊂ C3.
The stratification in the target is done in the discriminant set ∆(f) = f(Σ(f)) ⊂ C3

and is the smooth parts of the following sets.

1. The discriminant ∆(f) = f(Σ(f)), which is 2-dimensional;

2. The 1-dimensional set f(Σ(n−2,1)(f));

3. The image of the double points of f , 1-dimensional and denoted by f(D2
1(f |Σ(f))).

3. Stratification of X(f) = (f−1(∆(f))− Σ(f)) ⊂ Cn

The stratification of the set X(f) is obtained by the inverse image of f of the stable
types in the target and also the inverse image of the multiple points.

Therefore it is done by the smooth parts of the following sets.
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1. The (n-1)-dimensional set X(f) = (f−1(∆(f))− Σ(f));

2. The (n-2)-dimensional set X1(f) = (f−1(f(Σn−2,1(f)))− Σ(f) ∩ Σn−2,1(f));

3. The (n-3)-dimensional set X2(f) = (f−1(f(Σn−2,1,1(f)))− Σ(f) ∩ Σn−2,1,1(f));

4. The (n-2)-dimensional set X3(f) = (f−1(f(D2
1(f |Σ(f))))− Σ(f) ∩D2

1(f |Σ(f)));

5. The (n-3)-dimensional set X4(f) = (f−1(f(A1A2))− Σ(f) ∩A1A2);

6. The (n-3)-dimensional set X5(f) = (f−1(f(D3
1(f |Σ(f))))− Σ(f) ∩D3

1(f |Σ(f))).

To a k-dimensional variety are associated k + 1 polar invariants. Since Σ(f) and
∆(f) are of dimension 2 and the dimension of D2

1(f |Σ(f)), Σn−2,1(f), f(Σn−2,1(f)) and
f(D2

1(f |Σ(f))) is 1, there are 14 polar invariants defined on these sets. We also have 3
multiplicities of the zero-dimensional stable types and 6n−8 polar multiplicities of the sets
X(f), X1(f), X2(f), X3(f), X4(f) and X5(f).

Therefore to apply Theorem 2.1 to germs in O(n, 3) we need the constancy of 6n + 9
invariants. In the following sections we show how they are related. We remark that as the
set X(f) is possibly with non isolated singularities, we shall use the relationship between
its polar multiplicities and Lê numbers.

4. POLAR INVARIANTS OF THE STABLE TYPES IN THE
DISCRIMINANT

To show how the stable types are related in the discriminant we also follow the method
developed by Gaffney in the cases n = p = 2 and n = 2, p = 3. The main idea is to compute
the polar multiplicities associated to the stable types. The fact that Σ(f), Σn−2,1(f) and
D2

1(f |Σ(f)) are ICIS is strongly used here. From this we can apply the theorem 2.2 and
also the results shown in the final part of the section 2.

The first relation is for the polar multiplicities of the discriminant, as it is 2-dimensional,
there are 3 polar multiplicities, that we describe here:

To compute these multiplicities we follow the definition done by Teissier in [18]. In
order to compute m1(∆(f)) we choose a generic projection p1 : C3 → C2 such that the
degree of p1|∆(f) is the the multiplicity of ∆(f) at 0 and also the polar variety P1(∆(f)) is
Σ(p1|∆0(f)); we denote by m1(∆(f)) its multiplicity.

To compute m2(∆(f)) we also choose another linear generic projection p : C2 → C such
that the degree of (p ◦ p1)|P1(∆(f)) is m1(∆(f)) and the projection (p ◦ p1) := p2 is also
generic and defines the polar variety P2(∆(f)), or P2(∆(f)) = Σ(p2|∆0(f)); we denote by
m2(∆(f)) its multiplicity.

To obtain multiplicity m0(∆(f)), we consider the following diagram:
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WHITNEY EQUISINGULARITY AND INVARIANTS 269

Σ(f) ⊂ Cn f−→∆(f) ⊂ C3

↘p1◦f ↙p1

(C2, 0)

From the choice of p1, we obtain m0(∆(f)) = deg(p1|∆(f)).

Next we give a relation between the polar multiplicities of ∆(f) in terms of the Milnor
number of the singular set.

Theorem 4.1. Let f ∈ O(n, 3), n > 3 be a finitely determined map germ. Then:

m2(∆(f))−m1(∆(f)) + m0(∆(f) = µ(Σ(f)) + 1 (I)

Proof: We have the following diagram:

Σ(f) ⊂ Cn f→ ∆(f) ⊂ C3 p1→ C2 p2→ C

Now call X2 = V (p2 ◦ f, J [f ]) and X1 = V (p1 ◦ f, J [f ]). As X1 and X2 are ICIS, since
they are subsets of V (J [f ]) = Σ(f), we apply the Theorem 2.2 to obtain:

µ(X2) + µ(X1) = dimC
On

〈p2 ◦ f, J [f ], J [p1 ◦ f, J [f ]]〉 (1)

Since Σ(f) is also an ICIS we apply again the Theorem 2.2 to Σ(f) = V (J [f ]) and X2

to get

µ(Σ(f)) + µ(X2) = dimC
On

〈J [f ], J [p2 ◦ f, J [f ]]〉
Then

µ(X2) = dimC
On

〈J [f ], J [p2 ◦ f, J [f ]]〉 − µ(Σ(f)) (2)

and

dimC
On

〈J [f ], J [p2 ◦ f, J [f ]]〉 − µ(Σ(f)) + µ(X1) = dimC
On

〈p2 ◦ f, J [f ], J [p1 ◦ f, J [f ]]〉 (3)

But, X1 is 0-dimensional then

µ(X1) = deg(p1 ◦ f, J [f ])− 1 (4)
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and we obtain

dimC
On

〈J [f ], J [p2◦f,J [f ]]〉 − µ(Σ(f))+deg(p1 ◦ f, J [f ])−1=dimC
On

〈p2◦f, J [f ], J [p1◦f,J [f ]]〉
(5)

From the equation (5) we shall obtain the equation (I) which gives the relationship be-
tween the polar multiplicities of the discriminant. In fact these multiplicities are implicitly
described in the equation (5), as we shall see now.

Since f : Σ(f) → ∆(f) is finite and bimeromorphic, deg(p1|∆(f)) = deg(p1 ◦ f |Σ(f)) =
deg(p1 ◦ f, J [f ]).

Therefore

deg(p1 ◦ f, J [f ]) = m0(∆(f)) (i)

Now we find m1(∆(f)). Let V ′ = V (J [f ], J [p1◦f, J [f ]]) and call g : C3 → C the defining
equation of ∆(f), that is g−1(0) = ∆(f). As f|V ′ is finite and bimeromorphic we can also
define P1(∆(f)) in the following way:

Define the map H : C3 → C3, x 7→ (g(x), p1(x)). Then V (H)|∆(f) = P1(∆(f)), or
V (J [g, p1], J [f ]) = P1(∆(f)).

From this definition of P1(∆(f)), since V ′ = V (J [f ], J [p1 ◦ f, J [f ]]) we have that the
projection of p2 ◦ f(V ′) in C gives the same image than the projection of p2(P1(∆(f))) in
C.

V ′ ⊂ Σ(f)
f−→ ∆(f) ⊃ P1(∆(f))

↘p2◦f ↙p2

C

Then deg(p2 ◦ f |V ′) = deg(p2|P1(∆(f))), and from the choice of p2 we obtain,

deg(p2|P1(∆(f))) = m1(∆(f)).

Then m1(∆(f)) = deg(p2 ◦ f |V ′).

Since V ′ is I.C.I.S, the ring OV ′ is Cohen-Macaulay,then

m1(∆(f)) = deg(p2 ◦ f |V ′) = dimC
On

〈p2 ◦ f, J [f ], J [p1 ◦ f, J [f ]]〉 (ii)

Now we shall show that

m2(∆(f)) = dimC
On

〈J [f ], J [p2 ◦ f, J [f ]]〉
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Since this multiplicity involves the stable types, choose an s parameters versal unfolding
F of f , to get

F : Σ(F ) ⊂ Cs × Cn −→ ∆(F ) ⊂ Cs × C3

(x, u) 7−→ (u, fu(x))

From the fact that p2 is generic and linear, we have

Σ(((πs, p2) ◦ F )|Σ(F )) = V (J [F ], J [(πs, p2) ◦ F, J [F ]]) = V ⊂ Cn × Cs

We remark that m2(∆(f)) is controlled by the degree of the projection (πs, p2)|V , or in
other words, by the length eJ(f) of the maximal ideal ms in Os. Then

eJ(f) = dimC
On

〈J [f ], J [p2 ◦ f, J [f ]]〉
The possible components of V are the closure of the sets: F−1(P2(∆(F ), πs)), F−1(A3),

F−1(A(1,2)) and F−1(A(1,1,1)).

Now we need to count the contribution for the degree of the projection (πs, p2) restrict
to each one of these components.

To do this we choose a generic parameter u and neighbourhoods U2 ⊂ Cs × Cn, U1 ⊂
Cs such that for all point in U1 there exist eJ(f) pré-images in V ∩ U2, counting its
multiplicities.

Then we obtain

eJ (f) =
∑

x∈S

dimC
Os+n,x

〈ms, J [f ], J((πs, p2) ◦ f, J [f ])〉 =
∑

x∈S

dimC
On,x

〈J [fu], J(p2 ◦ fu, J [fu])〉

where S = πs
−1(0) ∩ V .

Since the parameter u is generic we can consider that fu is stable. Then to count the
contribution of these components we need to use the normal forms of the stable types which
appear in the dimensions (n, 3).

We present here an explicit description of the normal forms of all corank one stable map
germs in O(n, 3), n > 3, we remember that they are suspensions of the stable map germs
which appear in O(3, 3).

First we describe the mono germs.

Stable Germs:

1. Submersion Σ0, (A0): f(x1, x2, . . . , xn) = (x1, x2, xn)

2. Fold Σn−2, (A1): f(x1, x2, . . . , xn) = (x1, x2,±x2
3 ± · · · ± x2

n−1 ± x2
n)

3. Cuspidal edge Σn−2,1, (A2): f(x1, x2, . . . , xn) = (x1, x2,±x2
3 ± · · · ± x2

n−1 ± x3
n + x1xn)
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4. Swallowtail Σn−2,1,1, (A3): f(x1, x2, . . . , xn) = (x1, x2,±x2
3 ± · · · ± x2

n−1 ± x4
n ± x1xn ±

x2x
2
n)

To describe the stable multigerms we consider the normal crossing between the stable
germs.

Stable multigerms:

1. Double points, (A(1,1)):
{
(x1, x2,±x2

3 ± · · · ± x2
n−1 ± x2

n) ;
(x1,±x2

2 ± x2
4 ± · · · ± x2

n−1 ± x2
n, x3)

}

2. Plane with a cuspidal edge, (A(1,2)):
{
(x1,±x2

2 ± x2
4 ± · · · ± x2

n−1 ± x2
n, x3) ; (x1, x2,±x2

3 ± · · · ± x2
n−1 ± x3

n + x1xn)
}

3. Triple points, (A(1,1,1)):
{
(x1, x2,±x2

3 ± · · · ± x2
n−1 ± x2

n) ;
(x1,±x2

2 ± x2
4 ± · · · ± x2

n−1 ± x2
n, x3) ; (±x2

1 ± x2
4 ± · · · ± x2

n−1 ± x2
n, x2, x3)

}

Now we return to count the contribution of the stable types: we remark that these
points can or not appear in V , depending of the type of the singularity.

• Singularity of type A3.

Here 〈J [fu], J(p2 ◦ fu, J [fu])〉 =
〈
x3, . . . , xn−1, 4xn

3 + 2x2xn + x1, . . . ,1
〉
. Hence

dimC
On,x

〈J [fu], J(p2 ◦ fu, J [fu])〉 = dimC
On,x

〈x3, . . . , xn−1, 4xn
3 + 2x2xn + x1, . . . ,1〉 = 0,

And we obtain that there is no contribution of this stable type.

• Singularity of type A(1,2). Here the ideal J [fu] is generated by the generators of the ja-
cobian ideals of the germs which define fu, then J [fu] =

〈
x2, x3, . . . , xn−1, xn, 3xn

2 + x1

〉
=

〈x1, x2, x3, . . . , xn−1, xn〉 .
Hence 〈J [fu], J(p2 ◦ fu, J [fu])〉 = 〈x1, x2, x3, . . . , xn−1, xn,1〉 and

dimC
On,x

〈J [fu], J(p2 ◦ fu, J [fu])〉 = dimC
On,x

〈x3, . . . , x1, x2, x3, . . . , xn−1, xn,1〉 = 0

And we obtain again that there is no contribution of the stable type A(1,2).

• Singularity of type A(1,1,1). Again we have J [fu] = 〈x1, x2, x3, . . . , xn−1, xn〉 and

〈J [fu], J(p2 ◦ fu, J [fu])〉 = 〈x1, x2, x3, . . . , xn−1, xn,1〉 .
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Therefore

dimC
On,x

〈J [fu], J(p2 ◦ fu, J [fu])〉 = dimC
On,x

〈x3, . . . , x1, x2, x3, . . . , xn−1, xn,1〉 = 0.

Again we obtain that there is no contribution of the stable type A(1,1,1).
We conclude that the components of V are in the closure of F−1(P2(∆(F ), πs)), then

eJ(f) =
∑

x∈S

dimC
On,x

〈J [fu], J(p2 ◦ fu, J [fu])〉 = deg(((πs, p2) ◦ F )|V )

Since F|V is finite and bimeromorphic we get

deg(((πs, p2) ◦ F )|V ) = deg((πs, p2)|P2(∆(F ), πs)) = m2(∆(f)).

On the other side,

m2(∆(f)) = eJ(f) = dimC
On

〈J [f ], J [p2 ◦ f, J [f ]]〉 (iii)

Now we use (i), (ii) and (iii) in the equation (5) to obtain (I):

m2(∆(f))−m1(∆(f)) + m0(∆(f) = µ(Σ(f)) + 1.

Next we give the relation for the polar multiplicities of f(Σn−2,1(f)), which are are 2.
The relation between them is given in terms of the Milnor number of the set Σn−2,1(f)
and also of the number of singularities of type A3.

Remark 4. 1. The ideal that defines Σn−2,1(f) is J(n−2,1)(f) = In(d(f, I3(d(f)))),
where d(h) denotes the Jacobian matrix of a map germ h and Is(M) denotes the ideal
generated by the s minors of some matrix M .

Then, for any corank one map germ f(x1, x2, . . . , xn) = (x1, x2, g(x1, x2, . . . , xn)) we
obtain J(n−2,1)(f) = 〈gx3 , gx4 , . . . , gxn ,M〉, where gxi denotes the parcial derivative of g

in the variable xi, M is the determinant
∣∣∣∣gx2

3
. . . gx3xngx4x3 . . . gx4xn

...
. . .

...gxnx3 . . . gx2
n

∣∣∣∣ and

gxixj denotes the partial derivative of gxi in the variable xj .

Theorem 4.2. For any corank on map germ f from Cn to C3:

m0(f(Σn−2,1(f)))−m1(f(Σn−2,1(f))) = ]A3 − µ(Σn−2,1(f)) + 1 (II)
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Proof: Since f is finitely determined, Σn−2,1(f) has reduced structure, from the fact that
f is of corank one Σn−2,1(f) = V (J(n−2,1)(f)) is an ICIS, then to get the equation (II) we
apply again the Theorem 2.2.

Choose a generic linear projection p1 : C3 → C such that X := Σn−2,1(f)∩ (p1 ◦ f−1(0))
is an ICIS and m0(f(Σn−2,1(f))) = deg(p1|(f(Σn−2,1(f)))) = V (J(n−2,1)(f), p1 ◦ f)

We apply the Theorem 2.2 for the sets Σn−2,1(f) and X to obtain

µ(Σn−2,1(f)) + µ(X) = dimC
On〈

J(n−2,1)(f), J [J(n−2,1)(f), p1 ◦ f ]
〉 (1)

From this equation we obtain the equation (II).

First we remark that X is an 0-dimensional ICIS, then

µ(X) = dimC
On〈

J(n−2,1)(f), p1 ◦ f
〉 − 1 = deg((p1 ◦ f)|Σn−2,1(f))

Since f |Σn−2,1(f) is bimeromorphic and finite,

deg((p1 ◦ f)|Σn−2,1(f)) = deg(p1|f(Σn−2,1(f))).

On the other side, from the choice of p1, deg(p1|f(Σn−2,1(f))) = m0(f(Σn−2,1(f))).

Therefore deg((p1 ◦ f)|Σn−2,1(f)) = m0(f(Σn−2,1(f))) and

µ(X) = dimC
On〈

J(n−2,1)(f), p1 ◦ f
〉 − 1 = m0(f(Σn−2,1(f)))− 1.

Then we have m0(f(Σn−2,1(f))) = dimC
On〈

J(n−2,1)(f), p1 ◦ f
〉 . (i)

Our next step is to work with m1(f(Σn−2,1(f))) to get the equation (II).

Since dim(f(Σn−2,1(f))) = 1 we need to consider all stable types which appear here, then
we need to count the contribution of each one of the 0-stable types in m1(f(Σn−2,1(f))).

To obtain this, we consider a s-parameters versal unfolding F of f

F : Σn−2,1(F ) ⊂ Cs × Cn −→ F (Σn−2,1(F )) ⊂ Cs × C3

(u, x) 7−→ (u, fu(x))

From the linearity of the generic projection p1,

Σ(((πs, p1) ◦F )|Σ(n−2,1)(F )) = V (J(n−2,1)(F ), J((πs, p1) ◦F, J(n−2,1)(F ))) = V ⊂ Cs×Cn
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and we conclude that the m1(f(Σn−2,1(f))) is controlled by the degree of the projection
πs restrict to V , that is, by the length eJ(f) of the maximal ideal ms in the source Os.
Then

eJ(f) = dimC
On〈

J(n−2,1)(f), J(p1 ◦ f, J(n−2,1)(f))
〉 .

Since the possible components of V are the closure of the sets F−1(A3), F−1(A(1,2)),
F−1(A(1,1,1)) and F−1(P1(F (Σ(n−2,1)(F )), πs)), we need to count the contribution for the
degree of the projection (πs, p1) restrict to each one of these components.

To do this we choose a generic parameter u and neighborhoods U2 ⊂ Cs × Cn, U1 ⊂
Cs such that for each point in U1 there exist eJ(f) pre images in V ∩ U2, counting its
multiplicities.

Therefore, for S = πs
−1(0) ∩ V :

eJ(f) =
∑

x∈S

dimC
Os+n,x〈

ms, J(n−2,1)(F ), J((πs, p1) ◦ F, J(n−2,1)(F ))
〉 =

∑

x∈S

dimC
On,x〈

J(n−2,1)(fu), J(p1 ◦ fu, J(n−2,1)(fu))
〉

From the genericity of the parameter u we suppose that fu is stable and to count the
contribution of the components we use the normal forms.

Contribution of the stable types:

For the type A3, J(n−2,1)(fu) =
〈
x3, x4, . . . , xn−1, 4xn

3 + 2x2xn + x1, 12xn
2 + 2x2

〉
and

〈
J(n−2,1)(fu), J(p1 ◦ fu, J(n−2,1)(fu))〉=〈

x3, . . . , xn−1, 4xn
3 + 2x2xn + x1, 12xn

2 + 2x2,

J(x2, x3, . . . , xn−1, 4xn
3 + 2x2xn+x1,12xn

2+2x2)
〉
.

But J(x2, x3, . . . , xn−1, 4xn
3 + 2x2xn + x1, 12xn

2 + 2x2) = 24xn and

〈
J(n−2,1)(fu),J(x2,J(n−2,1)(fu))

〉
=

〈
x3, x4, . . . , xn−1, 4xn

32+2x2xn2+x1,12xn
22+2x2,24xn

〉

Therefore dimC
On,x〈

J(n−2,1)(fu), J(x2, J(n−2,1)(fu))
〉 = 1 and we conclude that, here the

contribution of the stable type A3 is 1.

For the type A(1,2). Since fu is a multi germ, the ideal J(n−2,1)(fu) is generated by
the generators of the iterated jacobean ideals J(n−2,1)(f1) and J(n−2,1)(f2) of the germs
which define fu. Consider f1(x1, . . . , xn) = (x1,±x2

2 ± x2
4 ± · · · ± x2

n−1 ± x2
n, x3), and

f2(x1, . . . , xn) = (x1, x2,±x2
3 ± · · · ± x2

n−1 ± x3
n + x1xn).
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Here J(n−2,1)(f1) = 〈x2, x4, . . . , xn−1, xn, 1〉 and J(n−2,1)(f2) = 〈x2, . . . , xn,1〉 then there
is no contribution of A(1,2).

Now we consider the type A(1,1,1), let f1(x1, . . . , xn) = (x1, x2,±x2
3 ± · · · ± x2

n−1 ± x2
n),

f2(x1, . . . , xn) = (x1,±x2
2 ± x2

4 ± · · · ± x2
n−1 ± x2

n, x3) and f3(x1, . . . , xn) = (±x2
1 ± x2

4 ±
· · · ± x2

n−1 ± x2
n, x2, x3).

Here use the results done for the ideal J(n−2,1)(f1) in the case A(1,2) to conclude also
that there is no contribution of the stable type A(1,1,1).

Therefore

eJ(f) =
∑

x∈S

dimC
On,x〈

J(n−2,1)(fu), J(p1 ◦ fu, J(n−2,1)(fu))
〉 = deg(((πs, p1) ◦ F )|V )

Since F |V is finite and bimeromorphic, we get

deg(((πs, p1) ◦ F )|V ) = deg((πs, p1)|P1(F (Σ(n−2,1)(F ), πs) = m1(f(Σ(n−2,1)(f)) + ]A3

On the other side

eJ(f) = dimC
On〈

J(n−2,1)(f), J(p1 ◦ f, J(n−2,1)(f))
〉

Then

m1(f(Σ(n−2,1)(f)) + ]A3 = dimC
On〈

J(n−2,1)(f), J(p1 ◦ f, J(n−2,1)(f))
〉 (ii)

Using (i) and (ii) in the equation (1) we obtain the equation (II):

m0(f(Σn−2,1(f)))−m1(f(Σn−2,1(f))) = ]A3 − µ(Σn−2,1(f)) + 1

Remark 4. 2. From these results we obtain the following equality:

m1(∆(f)) = m0(f(Σn−2,1(f))) (III)

Proof: Since f ∈ O(n, 3), n > 3 is finitely determined and of corank one, we have
f(x1, x2, . . . , xn) = (x1, x2, g(x1, x2, . . . , xn)) and J(n−2,1)(f) = 〈J [f ],M〉, where M is

the determinant
∣∣∣∣gx2

3
. . . gx3xngx4x3 . . . gx4xn

...
. . .

...gxnx3 . . . gx2
n

∣∣∣∣.
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In the proof of the Theorems 4.1 e 4.2 we see that

m1(∆(f)) = dimC
On

〈p2 ◦ f, J [f ], J [p1 ◦ f, J [f ]]〉

and

m0(f(Σn−2,1(f))) = dimC
On〈

J(n−2,1)(f), p1 ◦ f
〉 = dimC

On〈
J(n−2,1)(f), p1 ◦ f

〉

To obtain the equality m1(∆(f)) = m0(f(Σn−2,1(f))), or

dimC
On

〈p2 ◦ f, J [f ], J [p1 ◦ f, J [f ]]〉 = dimC
On

〈p1 ◦ f, J [f ],M〉

we need to show, from the genericity of the projections, that

J [p1 ◦ f, J [f ]] = 〈M〉

Since f is of corank one, we choose p1(y1, y2, y3) = (y1, y2), then (p1◦f)(x1, x2, . . . , xn) =
(x1, x2) and J [p1 ◦ f, J [f ]] = J [x1, x2, J [f ]] = 〈M〉

Remark 4. 3. Since the polar multiplicities are upper semi continuous, from the Theo-
rem 4.1 we see that if m1(∆(ft)) and µ(Σ(ft)) are constants in the family, then we obtain
that m2(∆(ft)) and m0(∆(ft)) are also constants in the family.

We have the following equalities

m2(∆(ft))−m1(∆(ft)) + m0(∆(ft) = µ(Σ(ft)) + 1

m2(∆(f0))−m1(∆(f0)) + m0(∆(f0) = µ(Σ(f0)) + 1

Therefore,

(m2(∆(ft))−m2(∆(f0)))− (m1(∆(ft))−m1(∆(f0))) +

+ (m0(∆(ft))−m0(∆(f0))) = (µ(Σ(ft))−µ(Σ(f0))) (∗)

If m1(∆(ft)) and µ(Σ(ft)) are constants in the family, the equation (*) gives

(m2(∆(ft))−m2(∆(f0))) + (m0(∆(ft))−m0(∆(f0))) = 0

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC
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From the upper semi continuity of both multiplicities, we have

(m2(∆(ft))−m2(∆(f0))) > 0

(m0(∆(ft))−m0(∆(f0))) > 0

Since the sum of positive parts implies that each part is zero, we get m2(∆(ft) =
m2(∆(f0)), and m0(∆(ft) = m0(∆(f0), for all t.

Now we show how the polar multiplicities of f(D2
1(f |Σ(f))) are related, there are here

also two polar multiplicities and the relation between them is given in terms of the Milnor
number of the set f(D2

1(f |Σ(f))) and also of the number of singularities of type A3.

Theorem 4.3. Let f(Cn, 0) → (C3, 0) be a finitely determined map germ of corank one.
Then:

2m0(f(D2
1(f |Σ(f))))−2m1(f(D2

1(f |Σ(f))))+µ(D2
1(f |Σ(f)))=3]A(1,2)+3]A3+6]A(1,1,1)+1

(IV )

Proof: Call I = f∗(m3)OD2
1(f |Σ(f)), from 8.1 of ([2], p. 209) and ([18], p. 294), we choose

a linear generic projection p : C3 → C in such a way that

e(I) = deg(p ◦ (f |(D2
1(f |Σ(f)))) and deg(p|(f((D2

1(f |Σ(f)))))) = m0(f(D2
1(f |Σ(f))))

Since f |(D2
1(f |Σ(f)))−{0} is a two sheets recovering of f(D2

1(f |Σ(f)))−{0} we know that
e(I) = 2deg(p|(f((D2

1(f |Σ(f)))))) = 2m0(f(D2
1(f |Σ(f)))).

Therefore

2m0(f(D2
1(f |Σ(f)))) = deg(p ◦ (f |(D2

1(f |Σ(f)))) = deg(p ◦ f, I2
1 (f |Σ(f)))

where I2
1 (f |Σ(f)) is the defining ideal of (D2

1(f |Σ(f))).

Call X2 = V (I2
1 (f |Σ(f))) = D2

1(f |Σ(f)) and X1 = V (I2
1 (f |Σ(f)), p ◦ f) = D2

1(f |Σ(f)) ∩
(p ◦ f)−1(0).

As D2
1(f |Σ(f)) is an ICIS, X2 and X1 are also ICIS, then applying the Theorem 2.2 to

X2 and X1,

µ(X2) + µ(X1) = dimC
On

〈I2
1 (f |Σ(f)), J [I2

1 (f |Σ(f)), p ◦ f ]〉 (1)

Since X1 is 0-dimensional,
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µ(X1) = deg(p ◦ f, I2
1 (f |Σ(f)))− 1 = 2m0(f(D2

1(f |Σ(f))))− 1 (2)

Then

µ(D2
1(f |Σ(f))) + 2m0(f(D2

1(f |Σ(f))))− 1 = dimC
On

〈I2
1 (f |Σ(f)), J [I2

1 (f |Σ(f)), p ◦ f ]〉 (3)

To end this proof we need to show that

dimC
On

〈I2
1 (f |Σ(f)), J [I2

1 (f |Σ(f)), p ◦ f ]〉=2m1(f(D2
1(f |Σ(f))))+3]A(1,2)+3]A3+6]A(1,1,1).

This equality appears when we study the multiplicity m1(f(D2
1(f |Σ(f)))), we remember

that this is the multiplicity where the 0-stable types appear.

Choose a s-parameters versal unfolding F of f ,

F : D2
1(F |Σ(F )) ⊂ Cs × Cn −→ F (D2

1(F |Σ(F ))) ⊂ Cs × C3, F (x, u) = (u, fu(x)).

From the linearity of the generic projection p we have

Σ(((πs, p) ◦ F )|D2
1(F |Σ(F ))) = V (I2

1 (F |Σ(F )), J((πs, p) ◦ F, I2
1 (F |Σ(F )))) = V ⊂ Cn × Cs

Since the multiplicity m1(f(D2
1(f |Σ(f)))) is controlled by the degree of the projection

πs : Cn ×Cs → Cs restrict to V , or in other words, by the length of eJ(f) of the maximal
ideal ms in Os. Then

eJ(f) = dimC
On

〈I2
1 (f |Σ(f)), J [I2

1 (f |Σ(f)), p ◦ f ]〉 .

The possible components of V are the closure of the sets:

F−1(P1(F (D2
1(F |Σ(F ))), πs)), F−1(A3), F−1(A(1,2)) and F−1(A(1,1,1)).

Then we need to count the contribution of the degree of the projection (πs, p) restrict
to each one of these components. Choose a generic parameter u and neighborhoods U2 ⊂
Cs × Cn, U1 ⊂ Cs in such a way that for any point in U1 there are eJ(f) pre-images in
V ∩ U2 counting multiplicities.

Hence

eJ(f)=
∑

x∈S

dimC
Os+n,x

〈ms,I2
1 (F |Σ(F )), J((πs, p) ◦ f, I2

1 (F |Σ(F )))〉 =

∑

x∈S

dimC
On,x

〈I2
1 (fu|Σ(fu)), J(p ◦ fu, I2

1 (fu|Σ(fu)))〉
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where S = πs
−1(0) ∩ V . From the genericity of the parameter u, we consider that fu is

stable.
We remark that F−1(P1(F (D2

1(F |Σ(F ))), πs)) contributes 2m1(f(D2
1(f |Σ(f)))) with this

degree, we need now to count the contribution of the 0-stable types.

To count this contribution, we use the fact that the stable germs in O(n, 3), with n > 3
are the suspension of an Ak singularity which appears in O(3, 3), and in this case, the
double points set of this singularity in O(n, 3) coincides with the double points set of the
singularity in O(n, 3), see [[8], pp.378] for more details.

Therefore we use the calculation done by V. H. J. Peres in [[15], pp.11] to get that the
contribution of the type A3 is 3, the contribution of the type A(1,2) is also 3 and of the
type A(1,1,1) is 6.

Then, since

eJ(f) =
∑

x∈S

dimC
On,x

〈I2
1 (fu|Σ(fu)), J(p ◦ fu, I2

1 (fu|Σ(fu)))〉 = deg(((πs, p) ◦ F )|V )

and F |V is finite and bimeromorphic, we get

deg(((πs, p) ◦ F )|V ) = deg((πs, p)|P1(F (D2
1(F |Σ(F ))), πs) =

2m1(f(D2
1(f |Σ(f)))) + 3]A3 + 3]A(1,2) + 6]A(1,1,1).

On the other side,

eJ(f) = dimC
On

〈I2
1 (f |Σ(f)), J(p ◦ f, I2

1 (f |Σ(f))〉 .

Then

dimC
On

〈I2
1 (f |Σ(f)), J(p ◦ f, I2

1 (f |Σ(f))〉 =

2m1(f(D2
1(f |Σ(f)))) + 3]A3 + 3]A(1,2) + 6]A(1,1,1) (4)

From these, we get the equality (IV)

2m0(f(D2
1(f |Σ(f))))−2m1(f(D2

1(f |Σ(f))))+µ(D2
1(f |Σ(f))) = 3]A(1,2)+3]A3+6]A(1,1,1)+1

5. RELATIONS AMONG THE INVARIANTS OF THE STABLE TYPES IN
Σ(F )

To obtain the relations among the invariants in Σ(f) we use the result of Teissier, given
in [18] pp.481, where it is shown how the absolute polar multiplicities of a d-dimensional

Publicado pelo ICMC-USP
Sob a supervisão da CPq/ICMC



WHITNEY EQUISINGULARITY AND INVARIANTS 281

hypersurface X with isolated singularity are related to the Milnor numbers µ(k)(H) =
µ(X ∩Hk), with Hk being a generic hyperplane of dimension k, we have

mk(X) = µ(k+1)(X) + µ(k)(X), 0 ≤ k ≤ d− 1 (∗)
We remark that this result is also valid for ICIS, as we see in [4], pag.210.
To apply these results we remember that the strata of Σ(f) are the regular parts of

Σ(f), Σ(n−2,1)(f) and D2
1(f |Σ(f)), Σ(f) is a two dimensional ICIS and for corank one

map germs, the set Σ(n−2,1)(f) is also an ICIS.

If we consider a map f : (Cn, 0) → (Cn−d, 0), with f−1(0) = Xd and p1 : Cn → C a
linear generic projection, if V (p1, f) is an ICIS, from the Theorem 2.2 and the definition
of polar multiplicities, we have

md(Xd) = µ(Xd) ∩ p−1
1 (0) + µ(Xd) (∗∗)

Then we show the following:

Theorem 5.1. Let f ∈ O(n, 3) with n > 3 be a finitely determined map germ, then:

m2(Σ(f))−m1(Σ(f)) + m0(Σ(f) = µ(Σ(f)) + 1. (I)

Morever, if f is of corank one,

m1(Σn−2,1(f))−m0(Σn−2,1(f)) = µ(Σn−2,1(f))− 1, (II)

m1(Σ(f)) = m0(Σn−2,1(f)), (III)

m1(D2
1(f |Σ(f)))−m0(D2

1(f |Σ(f))) = µ(D2
1(f |Σ(f)))− 1. (IV )

Proof: To show the first equality we use the fact that Σ(f) is an ICIS with dimension 2.
From (∗)

m0(Σ(f)) = µ(1)(Σ(f)) + µ(0)(Σ(f)) (1)

m1(Σ(f)) = µ(2)(Σ(f)) + µ(1)(Σ(f)) (2)

From (1) we obtain

µ(1)(Σ(f)) = m0(Σ(f))− 1 (3)
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and from (2):

µ(2)(Σ(f)) = m1(Σ(f))− µ(1)(Σ(f)) (4)

Moreover, from (**) we get

m2(Σ(f)) = µ(Σ(f) ∩ p−1
2 (0)) + µ(Σ(f)) (5)

Then we obtain

m2(Σ(f))− µ(Σ(f) ∩ p−1
2 (0)) = µ(Σ(f)), (6)

But

µ(Σ(f) ∩ p−1
2 (0)) = µ(2)(Σ(f)) (7)

From (7) and (6) we get

m2(Σ(f))− µ(2)(Σ(f)) = µ(Σ(f)) (8)

From (4) and (8), we obtain

m2(Σ(f))−m1(Σ(f)) + µ(1)(Σ(f)) = µ(Σ(f)) (9)

From (3) and (9):

m2(Σ(f))−m1(Σ(f)) +−m0(Σ(f))− 1 = µ(Σ(f))

and the equality (I) follows.

If we suppose that f is of corank 1, Σn−2,1(f) is an ICIS 1-dimensional, then (*) and
(**) hold, or

m0(Σn−2,1(f)) = µ(1)(Σn−2,1(f)) + µ(0)(Σn−2,1(f)) (10)

and this is equivalent to

µ(1)(Σn−2,1(f)) = m0(Σn−2,1(f))− 1 (11)

and

m1(Σn−2,1(f)) = µ(Σn−2,1(f) ∩ p−1
1 (0)) + µ(Σn−2,1(f)). (12)

But

µ(Σn−2,1(f) ∩ p−1
1 (0)) = µ(1)(Σn−2,1(f)) (13)

from (13) and (12) it follows that

m1(Σn−2,1(f)) = µ(1)(Σn−2,1(f)) + µ(Σn−2,1(f)). (14)
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Then, from (11) and (14) we obtain

m1(Σn−2,1(f))−m0(Σn−2,1(f)) = µ(Σn−2,1(f))− 1,

Therefore the equality (III) follows from the definition of the polar multiplicities and
using the genericity of the projections, as we can see in the proof of 4.2.

The proof of the equality (IV) is analogous to the proof of the equality (II), since
D2

1(f |Σ(f)) is 1-dimensional.

6. THE INVARIANTS IN THE STABLE TYPES OF X(FT )

We consider now the set X(ft) =
(
f−1

t (∆(ft))− Σ(ft)
)
.

Call ht : (Cn, 0) → (C, 0) the function that defines f−1 (∆(ft)) in Cn, and denote by
Xo(ft) : (Cn, 0) → (C, 0) the function X0(ft) := ht(x, z)/J2[ft] which defines X(ft).

As we are considering n > 3 the set X(ft) is an hypersurface, possibly with non-isolated
singularities, then we can not apply the Theorem 2.2 to the hypersurface X(ft) in {t}×Cn,
since it is not with isolated singularity.

On the other side, we apply the results of Lê and Teissier given in [11], and of Gaffney
and Gassler in [5] to prove the Whitney equisingularity of the regular set of X(F ) =
(F−1(∆(F ))− Σ(F )) along the parameter space T = C× {0}.

The main invariants used to obtain the Whitney equisingularity of the family X(ft)
are the Lê numbers, which are the generalization of the Milnor number for handling non-
isolated hypersurface singularities. See [13] for the definition of these numbers.

Proposition 6.1. The pair (X(F )− Σ(X0(F )), T ) is Whitney equisingular if, and only
if, the Lê numbers λi(X0(ft)/Hk) and λi(X0(ft)) are constants on T for all i = 1, . . . , k−1,
k = 1, ..., n− 2, where Hk is a generic k-dimensional linear subspace in Cn.

Proof: To proof of this result we follow the proof done by M. J. Saia and V. H. J. Peres
in [16] for the case n = p.

From Gaffney and Gassler in [5], p. 726 we see that

χ(k) = mk(X0(ft)) +
k∑

i=0

(−1)k−iλi(X0(ft)), (1)

here χ(k) denotes the reduced Euler characteristic of the Milnor fibre of X0(ft) restricted
to a generic k-dimensional linear subspace in Cn.

We denote by χ∗ the sequence χ∗ =
(
χ(n), · · · , χ(2)

)
. From the theorem (5.3.1) p. 95 of

[10], we see that X(F )− Σ(X0(F )) is Whitney equisingular along the parameter space if,
and only if, χ∗ is constant.

If the Lê numbers of X(ft) and the Lê numbers of all generic planar sections of X(ft)
are constant on T , we apply the equality (1) for χ(k) and the following equalities given by
Gaffney and Gassler in [5], p. 710:
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λ0(X0(ft)/Hj) = λn−j(X0(ft)) + mn−j(X0(ft)), for j = 2, ..., n− 1, (2)

λk−i(X0(ft)/Hk) = λn−i(X0(ft)) for i = 1, . . . , k − 1,

to obtain that χ∗ is constant, hence the pair (X(F )− Σ(X0(F )) , T ) is Whitney equisin-
gular.

We remark that here mk(X0(ft)) denotes the relative polar multiplicity.
On the other side, if the pair (X(F )− Σ(X0(F )), T ) is Whitney equisingular, then χ∗

is constant. Moreover we obtain that all relative polar multiplicities are also constant, see
[18] chapter V theorem 2.1. From the equality (1) we obtain that λj are constant for all j.
From the equality (2) we obtain that λj(X0(ft)/Hk) are constants for each generic k-plane
Hk.

Remark 6. 1. From this Proposition and also from the theorem (5.3.1) of [10] we obtain
that the total space X(F ) has a stratification by the stable types and the parameter space
T , such that the condition Wf , therefore the Whitney equisingularity, holds for every pair
of strata, except possibly over T .

However, we can use the Lê Numbers associated to the sets X(ft) to obtain the Whitney
equisingularity of the full set X(F ) along the parameter space.

Let F : (C × Cn, (0, 0)) → (C × C3, (0, 0)) with n > 3 be a 1-parameter unfolding of a
finitely determined map germ f ∈ O(n, 3).

Theorem 6.1. Suppose that the stratification by the stable types of F has only the
parameter space T = C× {0} in C×C3 as a locus of instability. Then the pair (X(F ), T )
is Whitney equisingular if, and only if, the sequence (γ1(X0(ft)),. . .,γn−1(X0(ft)),χ∗) is
independent of t.

Proof: First we remark that if the closure of a stratum S of V (X0(F )) = X(F ) is the
image of a component of the exceptional divisors of the Blow up B = BlJ(X0(F ))Cn+1, from
the fact that the condition AF of Thom is generic and also from dimensional reazons, this
component is the conormal space of S̄. Then, applying the theorem 6.3 of [7], the Blow up
of this component by the pullback of γT has a exceptional divisor which is equidimensional
over T . From the theorem V.1.2 of [18]), the pair (S, T ) satisfies the condition WF , hence
the Whitney equisingularity.

Therefore it is enough to show that each stable type is the image of a component of the
exceptional divisor of the Blow up B = BlJ(X0(F ))Cn+1.

First we show this for the mono germs. Here it is sufficient to show that if fQ represents
a minimal stable type Q which appears with positive dimension in F , then the relative
polar curve of X(fQ) at the origin is not empty, but this curve is empty if and only if the
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intersection H1 ∩ . . .∩Hn−1 ∩BlJ(h)Cn is empty if and only if the fiber over the origin is
not a component.

Therefore we conclude that the origin is the image of a component of the exceptional
divisor. Since X(fQ) is a cartesian product along the strata of X(F ) which are different
from T , the stratum which represents the stable type Q is also the image of a component
of the exceptional divisor.

We remember that if the multiplicity of the relative polar curve is not zero, then the
polar curve is not empty. Massey showed in ([14], p. 365) that this multiplicity is the
number of spheres in the homotopy type of the link of the singularity, independently of
the dimension of the singular locus. Here we only need to show now that this number is
greater that zero.

For this we apply the theorem 3.1 of Damon in [1], pp. 14, which tell us that for t and ε
small enough, (X0(fQ))−1(0) ∩Bε or (X(fQ) ∩Bε) is independent of the stabilization fQ
and is homotopically equivalent to a bouquet of n real spheres, since n > 3, this is different
from zero.

Therefore the multiplicity of the relative polar curve is not zero, and we finish the proof
for mono germs.

Now we consider the stable types of the multi germs. Here we have that if two smooth
sheets of X(F ) intersect, then this has codimension 0 in Σ(X0(F )), so this stratum must
be the image of a component of the exceptional divisor. Otherwise, we can assume that
the set X(ft) is locally the union of two hypersurfaces X1 and X2 embedded in Ck×Cn−k,
with equations g1(z1, . . . , zk) = 0 and g2(zk+1, . . . , zn) = 0. There are two cases: one with
k = n− 1 and g2 = zn and the other is with both g1, g2 defining singular hypersurfaces.

Suppose first that h2 = zn. Then we can assume that φ1 parametrizes a branch of the
polar curve of h1 and h1z1 ◦ φ1 is zero for 1 ≤ i ≤ n − 2. As h1 is in the integral closure
of J(h1) we obtain that (h1/h1zn−1) ◦ φ1 is an analytic germ ψn. Call ϕ = (φ1, ψn) then
if f = znh1fzi ◦ ϕ = 0 for 1 ≤ i ≤ n− 2 and (fzn − fzn−1) ◦ ϕ = (h1 − znh1zn−1) ◦ ϕ = 0.
Hence ϕ parametrizes the branch of the polar curve of f .

Now suppose that f = h1h2 and assume that φ1 and φ2 are parametrizations of the
branches of the polar curves h1 and h2, respectively. Then ϕ = (φ1, φ2) parametrizes a
polar surface of f and we obtain fz1 ◦ ϕ = 0 for 1 ≤ i ≤ k and k + 1 ≤ i ≤ n. Therefore,
for an appropriate choice of A and B, (Afzk

+ Bfzn) ◦ ϕ defines a curve of singularities
which branch is parametrized by ψ, then ϕ ◦ψ parametrizes a branch of the polar curve of
f and we are done.

From the equivalence between the sequences (γ1(X0(ft)), . . . , γn−1(X0(ft)), χ∗),
(γ1(X0(ft)), . . . , γn−1(X0(ft)), λ2(X0(ft)), . . . , λn(X0(ft))) and the equations 2, we obtain
the following:

Corollary 6.1. The pair par (X(ft), T ) is Whitney equisingular if and only if the Lê
numbers λi(X0(ft)), 1 ≤ i ≤ n and λk(X0(ft)|Hn−k), 1 ≤ k ≤ n− 1 are constant in the
origin for any t.
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7. THE MAIN RESULTS

From the main Theorem of Gaffney, we need the constancy of (6n + 9) invariants to
guarantee the Whitney equisingularity, for example, in the case n = 4 we need 33 invariants.

To minimize this number we apply all results shown here to obtain first a result for the
case of map germs with any corank. In this case we reduce the number of invariants from
6n + 9 to 2n + 13.

Theorem 7.1. Let F : (C × Cn, (0, 0)) → (C × C3, (0, 0)) with n > 3 be a 1-parameter
unfolding of a finitely determined map germ f ∈ O(n, 3). Suppose that the stratification
by the stable types of F has only the parameter space T = C× {0} in C×C3 as a locus of
instability.

Then the family is Whitney equisingular if and only if the following numbers are constant
at the origin for all ft:

µ(Σ(ft)), m1(Σ(ft)), m0(Σ(n−2,1)(ft)), m1(Σ(n−2,1)(ft)), m0(D2
1(ft|Σ(ft))),

m1(∆(ft)), m0(ft(Σ(n−2,1)(ft))), m1(f(Σ(n−2,1)(ft))), m0(ft(D2
1(ft|Σ(ft)))),

m1(ft(D2
1(ft|Σ(ft)))), v m1(D2

1(ft|Σ(ft))), λi(X0(ft)), for 1 ≤ i ≤ n, λk(X0(ft)|Hn−k),
for 1 ≤ k ≤ n− 1.

In the case of corank one map germs, we minimize the number of invariants to obtain
the following:

Theorem 7.2. Let F (t, x) = (t, ft(x)) be an unfolding of a finitely determined map
germ and of corank one f ∈ O(n, 3), n > 3. Suppose that the stratification by the stable
types of F has only the parameter space T = C× {0} in C× C3 as a locus of instability.

Then the family is Whitney equisingular if and only if the following numbers are constant
at the origin for all ft:

µ(Σ(ft)), µ(Σ(n−2,1)(ft)),m1(Σ(ft)),m0(D2
1(ft|Σ(ft))), m1(D2

1(ft|Σ(ft))),m1(∆(ft)),

m0(ft(D2
1(ft|Σ(ft)))), m1(ft(D2

1(ft|Σ(ft)))), λi(X0(ft)), for 1 ≤ i ≤ n, λk(X0(ft)|Hn−k),
for 1≤k ≤n−1.

Here we reduce the number of invariants from 6n + 9 to 2n + 7.
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16. V. H. Jorge Pérez D. Levcovitz M. J. Saia, Invariants, equisingularity and Euler obstruction of map
germs from Cn to Cn, Notas do ICMC, n:158 (2002) To appear in Journal fur die Reine und angewandte
Mathematik, Crelle’s Journal.

17. V. H. J. Jorge Prez and M. J. Saia. Euler Obstruction, polar multiplicities and equisingularity of map
germs in O(n, p), n < p. Notas do ICMC, no: 157, 2002.

18. Tessier, B., Variétés Polaires 2: Multiplicités Polaires, Sections Planes, et Conditions de Whitney,
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