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In this paper, which is a sequel to our previous work (On a general Con-
ley index continuation principle for singular perturbation problems, Ergodic
Theory and Dynamical Systems 22 (2002), 729-755) we establish a general
Singular nested index filtration principle which, in particular, implies a contin-
uation principle for homology index braids and connection matrices in singular
perturbation problems.  May, 2005 ICMC-USP

1. INTRODUCTION

In singular perturbation problems, like those arising from evolution equations on thin
domains or evolution equations with a small coefficient in the highest order term, one
is usually given a family (7.).¢)o,1] of semiflows on the space X, a family (pc)cejo,1) of
metrics on X and a singular limit semiflow 7y which is defined only on a subspace X of X.
Moreover, m. converges to my only in some restricted sense with respect to the above family
of metrics. For such problems, under an additional asymptotic compactness assumption,
we have recently established a general singular Conley index continuation principle, which
roughly states that every compact isolated invariant set Sy of the limit semiflow 7 continues
to a family S, of compact isolated invariant sets of 7., € > 0 small, having the same Conley
index as Sp. (See [3, Theorem 4.1] and also [1] for some applications.) This result, like its
usual counterpart for ‘regular’ perturbations, is useful in applications in that it permits,
e.g. to prove existence of nonempty invariant sets for the perturbed semiflows from the
existence of invariant sets of the limit semiflow with nonzero Conley index.

The main step in the proof of [3, Theorem 4.1] actually establishes a more general result,
namely a construction of families (Ny ¢, N2 ) and (]\71’57 ]\72,5) of index pairs for S., ¢ > 0

* The research of the first author was partially supported by the grant CNPqg-Brazil 302854/2002-9.
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2 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

small, enjoying the following singular nesting property:
Ni. CNigCNio CNig, i=1,2,

where (N7, N2g) and (1\7170,]\7270) are properly ‘inflated’ index pairs for Sy. Once this
singular index pair principle is proved, the singular Conley continuation principle easily
follows.

Morse decompositions (see e.g. [6, 23, 21, 7]) are a useful tool in the analysis of flows or
semiflows. Through the use of homology index braids and the ensuing Conley connection
matrix theory, which is a refinement of the homological Conley index, Morse decompositions
can be used to detect connections, i.e. heteroclinic orbits in dynamical systems.

The connection matrix theory for flows defined on locally compact spaces was developed
by Franzosa in his thesis [7] and in subsequent papers [8, 9, 10]. Important contributions to
the theory and applications were made in [13, 17, 18]. (Cf. also the recent volume [14] for
various articles on connection and transition matrices and the references contained therein.)
In [11] Franzosa and Mischaikow extended part of the theory of partially ordered Morse
decompositions and connection matrices to the setting of Conley index theory, developed
in [19, 20], for admissible local semiflows on (not necessarily locally compact) metric spaces.

One of the objectives of this paper is to show that a singular continuation principle
also holds for homology index braids and the connection matrices. This is the contents of
Theorem 3.21, which says that whenever Sy is a (compact) isolated invariant set, (P, <)
is a finite, partially ordered set and (M, o)pep is a Morse decomposition of Sy, relative to
the limit semiflow 7o, then (So, (Mp,0)pep) continues to a family (S;, (Mp.e)pep), € > 0
small, where S, is an isolated invariant set and (M .)pcp is a Morse decomposition of
S (relative to the semiflow ), such that the homology index braids of (Se, (Mp.e)pepr)
and (So, (Mp,0)pep) are isomorphic and, therefore, determine the same set of connection
matrices.

The proof of Theorem 3.21 is again a simple application of a more general result, the
singular nested index filtration principle (Theorem 3.20), in which we construct (for all
sufficiently small ¢ > 0) special index filtrations N and N, for (., 5., (Mp <)pep) as
well as properly ‘inflated’ index filtrations ANy and N, for (7m0, S0, (Mp.0)pep) enjoying the
following singular nesting property:

N. C Ny C N. C N,

It should be remarked that the proof of Theorem 3.20, although very technical, is largely
self-contained and does not make any use of homology index braid or connection matrix
theory.

This paper is organized as follows. In Section 2 we recall some basic concepts from
Conley index and homology index braid theory and establish some preliminary results.
In particular, we state, in Theorem 2.10 below, an extension of an existence result for
index filtrations proved in [11]. In Section 3 we state the main results of this paper,
Theorems 3.20 and 3.21. We also briefly illustrate these results by applying them to a thin
domain problem. More extensive applications will be given in a subsequent publication.
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CONTINUATION OF CONNECTION MATRIX 3

The last three sections of the paper are devoted to the proof of Theorem 3.20. In
Section 4 we use Theorem 2.10 to prove an abstract existence result (Theorem 4.24) for
a family of index filtrations N for (7., Se, (Mp.c)pep), with € > 0 small, such that N; is,
in some singular sense, asymptotically included in a properly inflated index filtration Nj
for (mo, So, (Mp,0)pep). In Section 5 we construct families of index triples having special
properties required for the application of Theorem 4.24 (see Theorems 5.27 and 5.32 below).
In Section 6 we make two very specific applications of Theorems 5.27, 5.32 and 4.24 to
obtain families of index filtrations which ‘almost’ satisfy the singular nesting property. By
appropriately modifying these index filtrations, using Proposition 2.9, we finally achieve
the full nesting property and thus complete the proof of Theorem 3.20.

2. PRELIMINARIES

The purpose of this section is to recall a few concepts from Conley index theory and
to establish some preliminary results needed later in this paper. We assume the reader’s
familiarity with the (infinite-dimensional) Conley index theory, as expounded in [21], and
with the papers [8] and [11].

In this section, unless otherwise specified, X is a metric space, 7 is a local semiflow on
X and all concepts are defined relative to .

Suppose that Y is a subset of X. By Inv} (Y), resp. Inv, (Y), resp. Inv,(Y) we denote
the largest positively invariant, resp. negatively invariant, resp. invariant subset of Y.
Moreover, let the function py = pyr: Y — RU{ o0} be given by

py (x) :=sup{t > 0| xnt is defined and zx[0,t] C Y }.

Y is called m-admissible if Y is closed and whenever (x,),, and (t,),, are such that ¢, — oo
and 2,7 [0,t,] C Y for all n € N, then the sequence (z,7t,), has a convergent subsequence.
We say that m does not explode in Y if whenever x € X and z7nt € Y as long as x7t is
defined, then xnt is defined for all ¢t € [0,00[. Y is called strongly m-admissible if Y is
m-admissible and 7 does not explode in Y.

Let IV and Y be subsets of X. The set Y is called N -positively invariant if whenever
x €Y, t >0 are such that z7 [0,t] C N, then a7 [0,¢] C Y.

Let N, Y7 and Y5 be subsets of X. The set Y5 is called an ezit ramp for N within Y;
if whenever € Y7 and zwt’ ¢ N for some t' € [0, 00], then there exists a ty € [0,t'] such
that 7 [0,t9] C N and z7ty € Ya.

If Y7 and Y5 are subsets of X then Y5 is called an exit ramp for Y7 if Y5 is an exit ramp
for N within Y7, where N = Y;.

DEFINITION 2.1. Let B C X be a closed set and © € OB. The point x is called a strict
egress (respectively strict ingress, respectively bounce-off ) point of B, if for every solution
o: [=61,02] — X through x, with 61 > 0 and d2 > 0, the following properties hold:

1. There exists an g2 € |0, 62 such that o(t) & B (respectively o(t) € Int(B), respectively
o(t) & B), fort €]0,¢eq].

2. If 61 > 0, then there exists an €1 € ]0,01] such that o(t) € Int(B) (respectively
o(t) & B, respectively o(t) & B), fort € [—e1,0].
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4 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

The set of all strict egress (respectively strict ingress, respectively bounce-off) points of
B is denoted by B¢ (respectively B, respectively B®). Moreover, we call B~ := B¢ U B®
the exit set of B and BT := B*U B the entrance set of B. B is called an isolating block, if
0B = B*UB'UB? and B~ is closed. If B is also an isolating neighborhood of an invariant
set S, then we say that B is an isolating block for S.

If B is an isolating block then (B, B~) is an example of an index pair in B. More
generally, we have the following definition.

DEFINITION 2.2. Let N be closed in X. A pair (N1, Na) is called an index pair in N if:

1. N1 and Ny are closed and N -positively invariant subsets of N;
2. Ny is an exit ramp for N within Ny;
3. Inv,(N) is closed and Inv,(N) C Int(Ny \ Na).

The next definition introduces a more general concept.

DEFINITION 2.3. A pair (N1, Na) is called a Franzosa-Mischaikow-index pair (or FM-
index pair) for S if:

1. Ny and Ny are closed subsets of X with No C N1 and Ny is Ny-positively invariant;

2. Ny is an exit ramp for Ny;
3. S is closed, S C Int(Ny \ Na) and S is the largest invariant set in C1(Ny \ Na);

PropPosITION 2.4. (cf. [11]) Let (N1, Na) be a pair of closed subsets of X with No C Nj.

1. If S is an isolated invariant set, N1 is an isolating neighborhood of S and (N1, Na) is
an indez pair in Ny, then (N1, N2) is an FM-indez pair for S.

2. If (N1, N2) is an FM-index pair for S and N is an isolating neighborhood of S with
N1\ No C N, then Ny N N is an isolating neighborhood of S and (N1 NN, Ny N N) is an
index pair in N1 N N.

PROPOSITION 2.5. Let (N1, Na) be an FM-index pair for S. Let Y be a closed set such
that S C Int(Y) and such that Ny is an exit ramp for Y. Then (Y N N1,Y N Ny) is an
FM-index pair for S.

Proof. 1t is clear that YN N7 and Y NNy are closed. If x € YN Ny and 27[0,t] C Y NIV,
for some ¢ > 0, then, since Ny is Nj-positively invariant, we obtain x7[0,¢] C N3 and so
a7[0,t] CY N Ny. This proves that Y N Ny is (Y N Np)-positively invariant.

There exist open sets V and W such that S C W C Ny \ Ny and S C V C Y. Thus
SCcVNWCcYN(N1\Na) C(YNN)\(YNNy)andso S CInt((Y NNy)\ (Y NNy))
Thus S C IHVﬂ— Cl((Y n Nl) \ (Y N Ng)) = IHVﬂ- CI(Y N (N1 \NQ)) C IDVW Cl(Nl \Ng) =5.
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CONTINUATION OF CONNECTION MATRIX 5

To complete the proof, let x € Y N Ny and assume that there exists a ¢’ > 0 such
that zwt’ ¢ Y N N1. Suppose first that py(z) > pn,(z). Then pn,(z) < oo and so
x7[0, pn, ()] € Y N Ny and zmpy, (x) € Ny since (N1, Na) is an FM-index pair for S.
Thus, zmpy, (x) € Y N Ny. Now assume that py (z) < pn,(z). Then py(z) < oo and so
x7[0, py ()] C YNN;. Moreover, since Nj is an exit ramp for Y, we have xmpy () € Ny and

so zmpy (z) € Y N Na. The proof is complete. |

DEFINITION 2.6. Let S be an isolated invariant set and (A, A*) be an attractor-repeller
pair in S. A pair (By,Bg) is called a block pair (for (w,S,A,A*)) if By is an isolating
block for A*, By is an isolating block for A, B := By U By is an isolating block for S and
B1N By C By NBy.

If (B, B2) is a block pair then (B, B U B~, B7) is an example of an FM-index triple:
DEFINITION 2.7. Let S be an isolated invariant set and (A, A*) be an attractor-repeller
pair in S. A triple (N1, No, N3) with N3 C Ny C Ny is called an FM-index triple (for

(m, S, A, A*)) if (N1, N3) is an FM-index pair for S and (N2, N3) is an FM-index pair for
A.

ProposITION 2.8. (cf. [11]) If (N1, N2, N3) is an FM-index triple for (mw,S, A, A*) then
(N1, N2) is an FM-index pair for A*.

Given an isolated invariant set K having a strongly m-admissible isolating neighborhood
we denote by h(K) = h(m, K) the Conley-index of K and by H(K) = H(m, K) = H(h(K))
the homology Conley index, where H is the singular homology functor (with coefficients
in some fixed module G over a PID).

If (A, A*) is an attractor-repeller pair in S and (Ny, Ny, N3) is an FM-index triple for
(m, S, A, A*) with N; strongly m-admissible, then the inclusion induced sequence

N2/N3 s Nl/N3 s Nl/NQ
induces a long exact homology sequence
— > Hy(No/N3)—-sHy(Ny /N3)—2> Hy(Ny /No) —2> H,_1 (Ny/N3) —.

This sequence is independent of the choice of (N7, N2, N3) and so there is a well-defined
long exact sequence

> Hy(A) "> Hy(8) > Hy(A") 2= Hy 1 (A)——

called the homology index sequence of (w, S, A, A*).

Recall that a strict partial order on a set P is a relation < C P x P which is irreflexive
and transitive. As usual, we write < y instead of (x,y) € <. The symbol < will be
reserved for the less-than-relation on R.
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6 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

For the rest of this paper, unless specified otherwise, let P be a fixed finite set and < be
a fixed strict partial order on P.

A set I C P is called a <-interval if whenever ¢, j, k € P, i, k € I and i < j < k, then
j € I. By Z(<) we denote the set of all <-intervals in P. A set I is called a <-attracting
interval if whenever i, j € P, j € I and i < j, then i € I. By A(=<) we denote the set of
all <-attracting intervals in P. Of course, A(<) C Z(<).

An adjacent n-tuple of <-intervals is a sequence (I j)?:l of pairwise disjoint <-intervals
whose union is a <-interval and such that, whenever j < k, p € I; and p’ € I, then p’ A p
(i.e. p < p' or else p and p’ are not related by <). By Z,(<) we denote the set of all
adjacent n-tuples of <-intervals.

Let S be a compact invariant set. A family (M;);cp of subsets of S is called a <-ordered
Morse decomposition of S if the following properties hold:

1. The sets M;, i € P, are closed, m-invariant and pairwise disjoint.

2. For every full solution ¢ of m lying in S either o(R) C My, for some k € P or else
there are k, [ € P with k <, a(0) C M; and w(o) C Mj,.

Let S be a compact invariant set and (M;);cp be a <-ordered Morse decomposition of
S. If A, B C X then the (m, S)-connection set CS; g(A, B) from A to B is the set of all
points € X for which there is a solution o: R — S of 7 with ¢(0) = z, a(c) C A and
w(o) C B.

For an arbitrary <-interval I set

M(I)=M.s(I)= |J CSxs(M;M;).
(i,§)EIXT

An indezx filtration for (m,S, (My)pep) is a family N' = (N(I))ca(<) of closed subsets
of X such that

1. for each I € A(=), the pair (N(I), N(0)) is an FM-index pair for M (I),
2. for each I, I, € A(%), N(Il mlg) = N(Il) ﬁN(Ig) and N(I]_ UIQ) = N(Il) UN(IQ)

N is called strongly m-admissible if N(P) is strongly m-admissible.
The following result is an immediate consequence of Proposition 2.5.

PROPOSITION 2.9. Let Y be a closed set such that S C Int(Y') and such that N(() is an
exit ramp for Y. Let N = (N(I))rca(<) be an index filtration for (m,S, (My)pep). Then
(YNN(I))rea<) is an index filtration for (m,S,(Mpy)pep).

A special version of the following basic result was established in [11].
THEOREM 2.10. (cf Theorem 3.5 in [11]) Let Ni, Ni, Ni i =2, 4, 1 € A(=<), be

sets such that, for each I € A(=<), (Ni,Ni,N3), i = 2, 4, is an FM-indez triple for
(m, S, M(I), M(P\I)). Suppose N? C N{, N3 C Ny and N? C N}, I € A(<). For each
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CONTINUATION OF CONNECTION MATRIX 7

p € P define the following sets:

= () Imt(N7 \ N3)) N (1) Int(NF \ N7))
pel pgl

and

E, :={x € N} | there exists a t > 0 such that z7[0,t] C N} and xnt € D, }.

For each I € A(=), define N(I) := N2\ Upepvi Ep- Then (N(I))rea(<) is an index
filtration for (m,S, (My,)pep). Moreover, N3 C N(0) and N} C N(I) for all I € A(<).

Proof. For N = Ni, N2 = N} and N? = N#, I € A(<), thisis just Theorem 3.5 in [11],
whose proof carries over almost verbatim to the present, more general case. Details are left
to the reader. |

Let N be a strongly m-admissible index filtration for (7, S, (M,)pep). For J € Z(<)
the set M(J) is an isolated invariant set and we write H(J) = H(m,J) := H(mw, M(J)).
If (I,J) € Io(<), then (M(I),M(J)) is an attractor-repeller filtration in M (I.J), where
IJ :=1UJ. Hence there is the corresponding homology index sequence

)
Hoy(1) = Hy (1) = Ho () == Hy 1 (1) ——
of (m, M(I.J), M(I),M(J)). Using the index filtration N one proves that for every triple
(I,J,K) € I5(<) the following diagram, made up of the four homology index sequences

defined by (I, J, K), commutes:

S

S (U)& )
H(IJK) Y :10)
/ \ / \
ps | T (JK)8\4 o
H(F) W H()
24 ( . (IJ)/ }
N
( T

The collection of all the homology indices H(m, M (J)), J € Z(<), and all the maps iz s,
pr.y and Or, 5, (I,J) € I3(=), is called the homology index braid of (w, S, (My)pep) and is
denoted by H(w, S, (Mp)pep)-
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8 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

For the rest of this section assume that, for ¢ = 1, 2, m; is a local semiflow on the
metric space X;, S; is an isolated invariant set and (M, ;)pecp is a <-ordered Morse de-
composition of S;, relative to m;. Write M;(I) = My, s,(I), H;(I) = H(m;, M;(I)) and
H; = H(m,Si, (Mp,i)pEP)v fori=1,2and I € Z(%)

Suppose [0] := ([0](J]))sez(<) is a family [©](J): Hi(J) — Ha(J), J € I(<), of maps
such that, for all (I, J) € Z3(<), the diagram

7 15}
——Hy () Hy (1)) Hy o (]) 5 Hy oy (1) —

[e1) [e1(1.J) [©1(J) [e1(1) (1)

*>H2,q(]).*>H2,q(I«])ﬁﬂ%,q(t})6*>H27q—1(1~)*>
1,7 ’ I,J

commutes. Then we say that [©)] is a morphism from Hy to Ho and we write [0]: H; — Ha.
If each [©](J) is an isomorphism, then we say that [©] is an isomorphism and that H; and
Ho are isomorphic homology index braids.

REMARK 2.11.  If Hyi and Hs are isomorphic homology index braids, then, by Proposi-
tion 1.5 in [10], H1 and Ha determine the same collection of connection matrices and the
same collection of C-connection matrices.

3. SINGULAR CONTINUATION OF HOMOLOGY INDEX BRAIDS

In this section we will state the main results of this paper: the Singular nested index
filtration theorem and the Singular continuation principle for homology index braids and
connection matrices. We shall also briefly discuss an application to a thin domain problem.

Let (Xo,dp) be a metric space. Let gg € |0, 00[ and for each € € ]0,¢¢] let (Yz,d.) be a
metric space and 6. € Y, be a distinguished point of Y.. The open ball in Y. of center in
v and radius 3 > 0 is denoted by B.(v, 3). Analogously, B.[v, ] is the closed ball in Y. of
center in v € Y, and radius § > 0.

For each € € ]0, gg] define the set Z. := Xy x Y. Endow Z. with the metric

- ((u,v), (v, ") := max{ do(u,u’),d.(v,0") } for (u,v), (u',0") € Z..

Given a subset V of Xy, 8 > 0 and ¢ € ]0,e] define the ‘inflated’ subsets |V g and
[V]e, of Z. as follows:

Wl ={(w,v)€Z. |ueV and v € B.(6.,5) },
Ve :={(u,v) € Z. |u eV and v € Cly,(B:(0e, 5)) }.

Note the following simple result:

LEMMA 3.12. IfV is open in Xo, o € ]0,00[, ugp € V, &, — 0, and
L., (wp, (ug,8c,)) — 0 as n — oo,
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CONTINUATION OF CONNECTION MATRIX 9

then wy, € Ve, o for alln € N large enough.

We recall the following result proved in [3].

LEMMA 3.13. [3, Lemma 4.10] Let € € ]0,e0] be arbitrary and n € ]0,00[ be such that
the set Cly.(B:(0,m)) is contractible to 0.. Let N1 and No be closed subsets in Xy such
that No C Ny. Let tey: Ni/No — [Ni]e /[ [Nolen be the map induced by the inclusion
u— (u,0:) and Tr 1 [Niley / [No)e,y — N1/N2 be the map induced by the projection onto
the first factor.

Then the maps tc, and 1., are homotopy inverses to each other in the category of
pointed spaces. In particular, the pointed spaces N1/No and [N1]c,y / [N2]e, have the same
homotopy type.

Let € € ]0,&0], m (resp. mp) be a local semiflow on Z. (resp. on Xjy), S. (resp. Sp) be
an isolated invariant set relative to m. (resp. my) and (Mp)pep) (resp. (Mpo)pep) be a
Morse decomposition of S (resp. Sp) relative to 7. (resp. mo). Let Nz = (Nc(1))rea(<) be
a strongly 7.-admissible index filtration for (7., Se, (M) c)pep) and Ny = (No(1))rea(<)
be a strongly mp-admissible index filtration for (mg, So, (Mp.0)pepr)-

Let 1 € ]0, 0o and suppose that the following singular nesting property holds:

N.(I) C [No(I))e,, for all I € A(=).

For J € Z(<) choose I, K € A(<) with (I,J) € Zo(<) and K = I.J. Then (N.(K), N.(I))
is an FM-index pair for M. (J), relative to 7. and (No(K), No(I)) is an FM-index pair for
My(J), relative to mg. The composition of the inclusion induced map from N, (K)/N.(I) to
[No(K))ey / [No(I)]e. followed by the map from [No(K)]c,, /[No(I)]en to No(K)/No(I)
induced by the projection onto the first factor induce a homomorphism

[Olennveno (J): H(me, Mo(J)) — H(mo, Mo(J))-

Of course, this homomorphism depends on the choice of € € |0,e0], 7 € ]0, 00[, Nz and N,
but we claim that it is independent of the choice of I and K. In fact, if I’ and K’ € A(<)
are such that (I',J) € Zy(<) and K’ = I'J then property (2) of index filtrations implies
that N.(K) \ N(T) = No(K") \ N.() and No(K)\ No(T) = No(K’)\ No(I").

Notice also that if (u,v) € [No(K)lc \ [No(I)]c,, then u € No(K) \ No(I) and so
u € No(K') \ No(I"). Hence (u,v) € [No(K")]en \ [No(I')]e,, and so there is an inclusion
induced, hence commutative, diagram of pointed spaces

Ne(K)/N(I) Ne(K')/Ne(I')

| |

[N()(K)]E,n / [NO(I)]E-,U - [NO(KI)]sm / [NO(II)}EW :
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10 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

Moreover, the diagram

[No(E)]e.n / [No(D)]e,n —— [No(K")]e.n / [No(I")]e.

| |

No(K)/No(I) No(K")/No(I")

commutes, where the horizontal maps are inclusion induced and the vertical maps are
projection induced. Composing these two diagrams we obtain a commutative diagram

Ne(K)/Ne(I) — Ne(K')/Ne(I')

| |

No(K)/No(I) —— No(K")/No(I')

with inclusion induced rows. Thus the two vertical maps represent the same map from
the (Categorial) homology Morse index of (m, Mc(J)) to the homology Morse index of
(mo, Mo(J)). This proves our claim. We write

[@]E,U,NE No = ([G]E,U,Ns No (J))JEI(—<)'

We also claim that [O]. , & Ay : He — Ho. In fact, let (I,J) € Zo(<) and let B be the
set of all p € P\ (IJ) for which there is a p’ € IJ with p < p’. It follows that B,
BI, BIJ € A(<). Setting Ni. = N.(BILJ), No. = N.(BI) and N3. = N.(B) and
Nl,O = No(BIJ), NQ,O = No(BI) and Ng,o = No(B) we see that (N175,N275,N375) is an
FM-index triple for (7., M. (IJ), M.(I), Mc(J)) and (N1,0, Na,0, N3 0) is an FM-index triple
for (mo, Mo(IJ), Mo(I), Mo(J)). Moreover, composing the inclusion induced commutative
diagram

NZ,E/N3,E ! Nl,s/NS,s—p>N1,s/N2,s

b |

[N2.0len / [N3,0)e.y —— [N1,0le. / [N3,0]e.n ——> [N10)esn / [N2,0le.n

with the inclusion and projection induced commutative diagram

[N20le.n / [N30le.s ——> [N1,0lemn / [N3,0len ——> [N1,0le.n / [N20le.n

L |

N3,0/N3 N1,0/N3o Ni,0/Na2yo

yields a commutative diagram which implies the commutativity of diagram (1).
We call [©]. ,, v N, & singular inclusion induced morphism from H. to Ho. Under certain
conditions, [O]. , A .A, IS an isomorphism:
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PROPOSITION 3.14. Let ¢, (12, S, (Mp.c)pep) and (7o, So, (Mp,0)pecp) be as above. Sup-
pose there are p, i € ]0,00[ are such that Cly,(B:(0s,p)) and Cly, (B:(0:,7)) are con-
tractible to 0.. Let No = (No(I))rea(<) and No = (N, o(I))rea(<) be strongly mo-admissible

index filtrations for (mo, So, (Mpo)pep), Ne = (N:(I Nrea<) and N (]\NJE(I))[EAH) be
strongly me-admissible index filtrations for (7r5, Se, (M), s)pep) and such that the following
singular nesting property holds:

N.(I) € [No(I)]ep C No(I) C [No(D)]. g for all I € A(<). (2)

Then H(mo, So, (Mp)pep) and H(me, Se, (M, c)pep)) are isomorphic.

Proof. Formula (2) implies that
No(I) € No(I), I € A(=). (3)

Let J € Z(<) and choose I, K € A(=<) with (I,J) € Zo(=<) and K = I.J. Hence there are
inclusion induced maps

a: Ne(K)/N(I) = [No(K)le g/ [No(D)le

b: [NO(K)]E,B/ [NO(I)]E,E - NE(K)/NE(I)7
and

¢: N.(K)/N.(I) = [No(K)le.g/ [No(I)]c.e

in the homotopy category of pointed spaces. Moreover, there is a commutative diagram

[No(K)e.p / [No(D)]e.p — [No(K)]. 0 / [No(1)]-e

| |

No(K)/No(I) ——————— No(K)/No(I)

in the homotopy category of pointed spaces, with inclusion induced horizontal maps and
projection induced vertical maps. By Lemma 3.13 the vertical maps are isomorphisms. The
lower horizontal map is an isomorphism, lying in the Categorial Morse index of (7y, Mo(J)).
(See Theorem 1.9.4 in [21].) This implies that the upper horizontal map is an isomorphism.
In other words, cob is an isomorphism. Since the inclusion induced map boa lies the Catego-
rial Morse index of (7., M(J)), it follows that boa is an isomorphism. Altogether we obtain
that a, b and c are isomorphisms. Thus the map T; goa is an isomorphism, where T, g is as
in Lemma 3.13 with (N7, Na) := (No(K), No(I)). This shows that the map [O]. 5 n. A, () :
H(m., M.(J)) — H(m, Mo(J)) induced by T; g o a is an isomorphism. The proposition is

proved. |

In the next two definitions, introduced in [3], (7<)z¢jo,e,] is a family such that, for every
e €]0,¢&0], 7 is a local semiflow on Z.. Moreover, 7 is a local semiflow on Xj.
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12 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

DEFINITION 3.15.  With the notation introduced above, we say that the family (7-)z¢]0,e0]
converges singularly to my if whenever (e,)n, and (t,), are sequences of positive numbers
such that e, — 0, t, — to as n — oo, for some ty € [0,00[ and whenever uy € Xy and
Wy, € Ze, are such that T, (wn, (ug,0e,)) — 0 as n — oo and ugmoto is defined, then there
exists an nog € N such that for all n > ng, w,me, t, is defined and

T, (wpme, tn, (ugmoto,be,)) — 0 as n — co.

DEFINITION 3.16. Let 8 be a positive number and N be a closed subset of Xog. We say
that N is a singularly strongly admissible set with respect to 3 and the family (7.)cc(o,e0]
if the following conditions are satisfied:

1. N is a strongly mo-admissible set;

2. for each € €]0,¢¢] the set [N]. g is strongly m.-admissible;

3. whenever (£,)n and (t,), are sequences of positive numbers such that €,, — 0, t,, — o0
as n — oo and whenever w,, € Z., is such that w,m., [0,t,] C [Nlc, g, then there exist
auy € N and a subsequence of the sequence (w,m., tn)n of endpoints, denoted again by
(wnTe, tn)n, such that L., (wpme, tn, (uo,0:,)) — 0 as n — co.

The following singular continuation result for Morse decompositions was established
in [5].

THEOREM 3.17. [cf. Corollaries 4.14 and 4.15 in [5]] Assume (7c)eclo,co] 95 @ family
of local semiflows that converges singularly to the local semiflow mo, B € ]0,00[ and N is
a singularly strongly admissible set with respect to 8 and (7.).c(o,c,]- Moreover, suppose
that Sy = Inv,ro(]v) relative to my and (Mpo)pep is a <-ordered Morse decomposition of
So relative to my. For each p € P, let £, C N be closed in Xo and such that M, =
Inv,, (E,) C Intx,(E,). (Such sets =, p € P, always exist.)

Let n € 10,8]. For e € |0,e0] and p € P set S := InV,TE([J\NT]E,n) and Mp. =
Inv. ([Ep)cn). Then there is an € € ]0,e0] such that for every e € ]0,] and p € P,

Se C Intz, ([Nley) and the family (Mp.)pep is a <-ordered Morse decomposition of Se
relative to .

REMARK 3.18. The family (Se, (Mp.c)pep) is, asymptotically for e — 0, independent of
the choice of B € 10,00[, n € ]0,00], N and Z,, p € P in the sense that if the hypotheses
of Theorem 3.17 are also satisfied with respect to some ', n', N’ and =, p € P, then,

for some €1 €]0,¢0] and all € €10,e1], Inv,_([N]e,y) = Inva ([N']z,) and Inv,_([E]:,,) =
Inv,, ([E']c,), p € P. This is a consequence of following result whose proof follows from
Corollary 4.7 in [5] and the proof of Lemma 4.5 in [3].
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PROPOSITION 3.19.  Suppose that (7:)ccjo,e,] s @ family of local semiflows that con-
verges singularly to the local semiflow my, B € ]0,00[, and Y1 and Yy are two (not nec-
essarily distinct) closed sets which are singularly strongly admissible set with respect to
B and (To)egfo,e0)- Suppose that Invy, (Y1) = Invy, (Yz) C Intx, (Y1) N Intx,(Y2). Let
0 < a<n<pf. Then there exists an € € ]0,&9] such that for all € €10,2], Inv,_([Y1].,) =
Invr, ([Yale,a) C Intz, ([Yile,y) NIntz, ([Y2]e.a)-

We will use Proposition 3.19 tacitly in the sequel.
We can now state the first main result of the paper, the Singular nested indez filtration
principle.

THEOREM 3.20. Assume the hypotheses (and thus also the conclusions) of Theorem 3.17
and let € > 0 be as in that theorem. Let Bo €10, 8] be fixed. Then there are p, 1 € ]O,Bo]
and an £. € ]0,€] such that for every e € [0,&] there exist strongly m.-admissible index
filtrations Nz = (N:(I))rea<) and Nz = (N(I))rea(<) for (me,Se, (M c)pep) such that
the following singular nesting property holds:

N.(I) C [No(I)]..p € No(I) C [No(I)]..q for all T € A(<) and € €]0,z.]. (4)

Theorem 3.20, Proposition 3.14 and Remark 2.11 immediately imply the following Sin-
gular continuation principle for homology index braids and connection matrices.

THEOREM 3.21. Assume the hypotheses of Theorem 3.20. Suppose that there exists an
Bo > 0 such that for all € € ]0,e0] and all n € ]0, Bo] the set Cly, (B:(6-,1)) is contractible.
Then there exists an €. € |0,€] such that the homology index braids H(mo, So, (Mp)pep)
and H(me, Se, (Mp e )pep)), € € 10,ec], are isomorphic and determine the same collection of
connection matrices and the same collection of C'-connection matrices.

Proof. Let ,50 < min{ By, 8 }. Theorem 3.20 implies that there are p, 77 € ]0, 50] and an
. € ]0,¢] such that for every e € [0, &.] there exist strongly m.-admissible index filtrations
Ne = (No(I)) reac<) and Ne = (Ne(I)) rea(<) for (me, Se, (M), 2)pep) such that the singular
nesting property (4) holds. Since 7, p € 10, By[, Proposition 3.14 and Remark 2.11 imply the

result. |

Theorem 3.21 refines the corresponding singular Conley index continuation principle
established in [3].

We will now briefly illustrate Theorem 3.21 by applying it to the thin domain problem
considered in [15] and [1]. More extensive applications will appear in a subsequent pub-
lication. We assume the reader’s familiarity with [15] and [1] and only recall some of the
relevant notations and definitions.

Let M and N be positive integers. Write (x,y) for a generic point of RM x RY. Let Q2
be an arbitrary nonempty bounded domain in R™ x RY with Lipschitz boundary and let
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14 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

£ > 0 be arbitrary. Define the symmetric bilinear form a.: H'(Q) x H*(Q) — R by
1
ae(u,v) = / (Viu Vv + ?Vyu . Vyv) dz dy
Q

and let b be the scalar product (-,-)z2(q). Let Ac: D(A;) € HY(Q) — L?*(2) be the linear
operator generated by the pair (a.,b). We define on H'(Q) the scalar product

(u,v)z := ac(u,v) + b(u,v), u,ve HY(Q)

and the corresponding norm

1/2
lul. = (ae(u,u)—&—\uﬁz(m) . ue HY(Q)

which is equivalent to the usual norm on H'(1).
We also define the “limit” space H}(f2) by

HY Q) ={uec H(Q)|V,u=0}.

Note that H!(Q) is a closed linear subspace of H!(Q) so H}() is a Hilbert space under
the usual scalar product of H!(2).

Furthermore, define the space L?(Q2) to be the closure of the set H(Q) in L?(Q). It
follows that L2(Q) is a Hilbert space under the scalar product of L?().

Now let ag: H1(Q) x H}(2) — R be the “limit” bilinear form defined by

ag(u,v) ::/Vu-Vvdxdy:/un-vadxdy.
Q Q

Finally, let by be the restriction of the scalar product b to L?(Q) x L2(£2). Denote by Ay
the operator generated by the pair (ag, bp).

Now let go € ]0,1] be arbitrary and (f:)zcjo,c,) be a family satisfying hypothesis (A1)
introduced in Definition 2.6 in [1]. For ¢ € ]0,&¢] let m. be the local semiflow on H*()
generated by the solutions of the evolution equation

= Acu+ fe(u).

Moreover, let my be the local semiflow on H!(£2) generated by the solutions of the evolution
equation
U= Aou + fo(u)

We will need the following singular convergence result proved in [1].

ProposITION 3.22. (Cf. Corollary 2.15 in [1] and its proof) Let (g,,), be an arbitrary
sequence of positive numbers convergent to zero. Moreover let t € [0,00[ and (t,), be a
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sequence in [0,00[ converging to t. Finally, let ug € HX(Q) and (un), be a sequence in
HY(Q) such that |u, — ugle, — 0 n — oo. Assume that ugmot is defined. Then, for all
n € N large enough, u,m,t, is defined and

‘unwgntn—uowoﬂe —0 asn— o0.
n

For all £ € ]0,&¢] set 0. := 0 € HY(Q) and let Q.: H'(Q) — H'(Q) be the orthogonal
projector onto H!(£2) with respect to the scalar product (-,-).. Let Xo := H1(Q) be en-
dowed with the usual norm of H!() and dy be the corresponding metric on Xgy. Moreover,
let Yz := (I — Q.)(H'(Q)) be endowed with the norm |- |. and let d. be the corresponding
metric on Y. Set Z. := Xo x Yz = H'(Q) and note that the norm

I, 0)lle = max{lul ey fol-}, (u,0) € Xo x Yz,

is equivalent to the norm |- |. on H!(§) with constants independent of ¢ € ]0, ). Let I'.
be the metric on Z. generated by the norm || - ||..

The remarks just made imply that, for every e € |0, gg], 7. is a local semiflow on Z. and
o is a local semiflow on Xy, while Proposition 3.22 just says that (7.).cjo,c,] singularly
converges to mg.

Now an application of Lemma 2.21 in [1] shows that whenever 8 > 0 and N is closed and
bounded in Xg then N is singularly admissible with respect to 8 and the family (7.).¢[0,¢.]-

It is clear that for all e € ]0, 0] and all 8 € ]0, 00| the set Cly, (B:(fe, 3)) is contractible
to f..

We thus obtain the following corollary of Theorems 3.17 and 3.20.

THEOREM 3.23. Let 3 be a positive number and N C HX(Q) be closed and bounded.
Suppose that (My)pep ts a <-ordered Morse decomposition of So := Inv.,(N) relative to
mo. For each p € P, let 2, C N be closed in Xy and such that M, = Inv. (E,) C
Intx,(E,). Moreover, for every I € I(=<), let £y C N be closed in Xy and such that
Mry.5,(1) =Invy (Er) C Intx, (E;). Fore €)0,e0] and p € P set My(e) := Inv,_([Ep):,5)-
Then there is an € € 10,e9] such that for every e € ]0,&] the family (My())pep is a
<-ordered Morse decomposition of Se :=Inv,_([N]e g) relative to m.. Moreover,

Mi(e) == My, 5. = Invr ([Erlep) C Intz ([Erlep), I € (=)
Finally, the homology index braids H(mo, So, (Mp)pepr) and H(me, Se, (Mp.<)pep)) are iso-

morphic and determine the same collection of connection matrices and the same collection
of C-connection matrices.

4. SEQUENCES OF INDEX FILTRATIONS
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16 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

This and the next two sections of this paper are devoted to the proof of Theorem 3.20.
Therefore, for the rest of the paper, assume the hypotheses of Theorem 3.17 with n :=
and let € > 0 be as in that theorem. For I € Z(<) and ¢ € [0,¢], let M.(I) := M,_s.(I).

For each € € 10, &), given w € Z. and ¢ > 0 such that wn.t is defined, the components
of wr.t are denoted by (we.t, wiht), where wo.t € X and wipet € Yz.

If Sy = @, then, by Proposition 4.4 in [3], S. = @ for all ¢ small enough, so we may choose
N.(I) := N.(I) := 0, I € A(<), € € [0,]. Hence Theorem 3.20 holds in this case.

Therefore we may assume that So # (). Taking the sets N and Ep, p € P, smaller if
necessary, we may assume from now on that N is an isolating block relative to g (cf. [19]

r [21]). Let U = Intx, (N).

In this section, starting with sequences of FM-index triples satisfying certain inclusions,
we will construct index filtrations with a “singular asymptotic” nesting property. This is
the crucial abstract step in the proof of Theorem 3.20.

THEOREM 4.24. Let Ni, Ni, Ni, i =2, 4, I € A(<), be sets such that, for each I €
A(=), (N{, N N3 is an FM-index triple for (mg, So, Mo(I), Mo(P\I)), i = 2, 4. Moreover
let €y €]0,€] and for each € €10,8], let N1 e, Nae, Ny, I € A(=), be sets such that, for
each I € A(<), (N1,e, N1 e, Nae) is an FM-index triple for (m.,Se, Mc(I), Mc(P\I)). For
each p € P and € € ]0,&] define the following sets:

Dy = (ﬂ Intz, (N1e\ N2e)) N (ﬂ Intz, (N1 \ Nre)),
I I

pel pgI
Dyo = ([ ) Intx, (N7 \ N3)) N () Intx, (N7 \ N7)),
pél peIEI
E,c:={we& Ny, |thereis at>0 such that wr.[0,t] C N1, and wr.t € Dy}

and
E,o:={u € N} | there exists a t > 0 such that um[0,t] C N7 and umot € Do }.

Let p, o and n be positive numbers with p < a <n and Vi and Vi;, i =3, 4, I € A(<),
be open sets in Xo such that for all € € 10,80] and I € A(<) the following inclusions hold:
N12 - [7’ [le]&u C ]Vl[s,a - Nl,e - [Nf]s,nv N22 - Nélv N12 - N;la
Clz. ([NFle \ [N3]e,n) € 1Vialea © Intz, (N72 \ Naye),

CIZE([NE]E,M \ [N?]E,n) C Viale,a CIntz (N1 \ Nie).

For each I € A(<) define

No(I):=N?\ | Epo,
peEP\I

N(I):= N1\ |J Epe for all €]0,5)].
peEP\I
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Then (No(I))rea(<) is an index filtration for (m., S, (Mp.c)pep) for all € € [0,&0]. More-
over,

NI C No(0) and N? C No(I) C N} for all I € A(=), (5)

and
Ns.. C N.(0) and Ny C N.(I) C Ny for all e €10, and for all I € A(<). (6)

Furthermore, whenever I € A(<), (en)n is a sequence such that €, — 0 as n — oo and
(W )n, with wy, = (uy,vy,) for n € N, is a sequence such that w, € [NZ]., , N N, (I) for
alln € N and I, (wp, (uo,0c,)) — 0 as n — oo, for some uy € Xo, then there exists an
no € N such that u, € No(I) for all n > ng.

Proof.  Theorem 2.10 immediately implies that (No(I))rea(<) is an index filtration
for (7o, So, (Mp,0)pep) satisfying (5). Moreover, the same theorem with Nj = N; . and
Nj = Nj. for i = 2,4 and j = 1, 2 implies that for all & € ]0,&0], (N-(I))rea() is an
index filtration for (m¢, Se, (M, <)pep) satistying (6).

Suppose the second part of the theorem does not hold. Then there exist a J € A(<), a
sequence (&, ), such that €, — 0 as n — co and a sequence (wy,),, with w, = (un,v,) for
n € N, such that w, € [Nf]., . NN, (J) for all n € N, T (wy, (ug,0c,)) — 0 as n — oo,
for some ug € Xy and u,, ¢ No(J) for all n € N.

The definitions of the sets N, (J) and Ny(J) imply that

Wy € N1, \ U E,., and u, ¢ N7\ U Ep, o for all n € N.
peP\J peP\J

Since w,, € [N{]., . N N, (I) for all n € N, it follows that u,, € N for all n € N and so
Uy € Upe P\J E, o for all n € N. Thus, taking further subsequences if necessary, we may

assume that there exists a ¢ € P\ J such that for all n € N, w,, € E, . So, for each n € N,
there exists a t,, > 0 such that wu,,m[0,¢,] C Ni and u,mot, € Dy 0. Set

V, = (ﬂ Viz)N (ﬂ Via), p€P.
1 I

pel p¢l

We claim that

[Clxo(Dp,o)le,u € Vple,a € Dy, p € P, e€]0,8)]. (7)
In fact, fix p € P and € € |0,&p]. It follows that

Clx, (Dp0) € ([ Clxo (N7 \ N3)) N () Cloo (N7 \ N7)).
I I

pel P&l
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Let w = (u,v) € [Clxy(Dpo)le,u- Then, u € Clx,(Dpo) and v € Cly, (B(0e,1)). Let
I € A(=). If p € I, then u € Clx,(N?\ N3) and so there exists a sequence (i), in
N?\ Ni such that do(@,,u) — 0 as n — oco. Hence (in,v) € [N, \ [Nz, for all
n € N and e ((in, v), (u,v)) — 0 as n — oo. This implies that w € Clz_([N7?]. .\ [N4]e.n)-
Similar arguments prove that w € Clz_([N7].,, \ [N{]e,,) for all p ¢ I. Hence

[Clx, (Dp,O)]a,u - (m ClZg([N?]e,u \ [Nél]e,n)) N (m CIZE([NE}E,M \ [N?]E,n))
I I

pel p&rI
- (ﬂ ]VI,S[E,Q) n (n }VIA[s,a) = ](ﬂ VI,3) n (n VIA)[E,Q = }Vp[s,a
I I I I
pel p¢lI pel pgl
C ([ Itz (N7.c\ Na)) N (() Intz, (N1 \ Nic)) = Dy
I I
pel p¢l

This proves (7). From (7) obtain that
Clx, DpoCV,, peP. (8)

In fact, if u € Clyx, Dy then (u,0.) € [Clx,(Dp.o)le.n C Vple.a 50 u € V.

To complete the proof of the theorem we will consider two cases.

Case 1. Suppose that (), is a bounded sequence. We can assume, taking subsequences
if necessary, that there exists a t € [0, 0o[ such that ¢, — t as n — co. Since N? C Uc ]\7,
it follows that 7 does not explode in N? and so

uomo[0,t] € N C V4. (9)

Recall that the family (7.).¢)o,c,) converges singularly to the local semiflow 7o, €, — 0
and I’z (wn, (uo,0e,)) — 0 as n — oo, thus, it follows that

T, (wpme, tn, (uomot, 0:,)) — 0 as n — oo. (10)

Moreover, since u,mot, € Dgo, n € N, it follows that uomet € Clx, Dgo, so, by (8),
uomot € V,. Formulas (9) and (10) together with Lemma 3.12 imply that there is an
ny € N such that w,m. b, € [Vylen.a C Dye, for all n > ny. Thus w, € E,., for all
n > n; with ¢ € P\ J. However, this is a contradiction to our choice of the sequence
(Wn )n-

Case 2. Suppose that (t,), is an unbounded sequence. We can assume, taking subse-
quences if necessary, that t,, — 0o as n — oo. Since u,m[0,t,] C NZ for all n € N, and
do(tn,ug) — 0 as n — oo, it follows that ugmg [0, 00] C N2.

Note that if n € N and 0 < ¢ < t,,, since u,7[0,t,] C N? and u,mot,, € Dy 0, it follows
that (u,mot)mo[0,t, —t] C Ni and (u,mot)mo(tn, — t) = upmoly, € Dgo. In other words,
unpmot € Eqo. Thus, for every t € [0,00[ and for all n > n, for some n; € N, we have
upmot € Ey . Since Eq 9 C Xo \ No(J), we conclude that

ugmot € ClXo (Eq’0> c Xp \ Inth (N()(J)) for all t > 0. (11)

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



CONTINUATION OF CONNECTION MATRIX 19

Let (sk)x be a sequence of positive numbers such that s — oo as k — co. By admissibility,
there exist a subsequence of (ugmsk)r which will be denoted again by (ugmosg)r and a
u € Sy such that ugmpsy — u as k — oo. Formula (11) implies that umg [0,00] C Xo \
Intx, (No(J)). The properties of Morse decompositions imply that the w-limit set w(u) of u
relative to mg is included in M, o, for some r € P. Since M, o C My(J) C Intx, (No(J)) for
all r € J, it follows that r € P\ J. Since M, o C D, and D, is an open set, we have that
there exists a t > 0 such that umgt € D, ¢ and so, for some k € N, ugmo (s +t) € Dy C V.
Since I'. (wp, (ug, b, )) — 0 as n — oo, it follows that

e, (wnme, (i + 1), (uomo(sk +1),0:,) — 0 as n — oo. (12)
Lemma 3.12 now implies that
wpTe, s € Dy, for all n large enough, (13)

where s := s, +t. Moreover, the fact that uym[0,s] C N? C Vi, the definition of singu-
lar convergence and Lemma 3.12 imply that w,,7., [0, s] C [Vile,.a C N1, for all n large
enough. This, together with (13), shows that w,, € E, ., for all n large enough, a contradic-

tion as r € P\ J. The theorem is proved. |

5. INDEX TRIPLE CONSTRUCTIONS

In this section we will prove the existence of index triples (relative to the approxi-
mating semiflows 7.) with special properties. We use some arguments from the proof of
existence of isolating blocks from [21]. Define the function F: Xy — [0,1] by F(u) :=

min{ 1, do(u, Inv, (N)) }. Furthermore, let

+ . + .
50 = PRxe> L0 = Per,
and

t2, = Py e €]0,e0], v > 0.

5,1/77757

Define the function g~ : N >R by

g~ (v) := sup{ a(t)F(umot) | t € [0, sd (u)], if s§ (u) < oo and
t € [0,00], if sg (u) = < },
where a: [0,00[ — [1,2[ is a monotone increasing C*°-diffeomorphism. Given ¢ > 0 and
b > 0, define
Bsy = Clx,({uecU|g (u) <8 and t}(u) > b}).

We require the following result.
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LEMMA 5.25. There exist 8o, b € ]0,00[ such that for all § € ]0,80] and b € [b,00],
Bsy C U and Bsy, is an isolating block for Sy relative to my with exit set ng ={u €
OBsy | g~ (u) <6 and t§(u) =b}.

Proof.  Suppose there exist sequences (d,,)n and (b,), of positive numbers and (up)n
such that 6, — 0, b, — oo and u,, € Bs, s, N(Xo\U) for all n € N. Hence, for each n € N,
there exists a 1, € U with g~ () < 0, and ta'(ﬂn) > b, such that d(u,,a,) < 27™. By
admissibility, we may assume, taking subsequences if necessary, that there exists an ug € Sp
such that @, — up and so u,, — ug. Therefore, ug € SoN (Xo\ U) which is a contradiction
to the definition of the open set U. Thus, there exist a d; € ]0,00[ and a b € ]0, o[ such
that Bs, C U for all § €10, 8] and b € [b,00[. Moreover, Inv, (Bs;) C Invy, (Clx, (0)) C
Inv, (]V) = Sp. On the other hand, if u € Sy, then u € ﬁ, g (u) = 0 and tar(u) = 00
so u € Bsyp. Thus Sy C Invy,(Bsp). Therefore, So = Invy,(Bsp) C {u € U | g~ (u) <
§ and tJ (u) > b} C Intx,(Bsp). The remaining assertions follow immediately since the
functions g~ and ¢§ decrease along solutions of 7y and g~ is upper-semicontinuous while ¢J

is lower-semicontinuous. |

Given 0, b € ]0,00[ and G C X define the sets
3175157G = B&b N G, B2767b7G = CIXO (B(;Jj \ G) (14)

Given I € A(=<) with Mo(P\ 1) # 0 let Up\; C N be an arbitrary open neighborhood
of Mo(P\I) with Clx,(Up\;) " Mo(I) = 0. Let g;\l: Up\1 — [0, 00[ be the map given by

g;\l(u) = inf{ (14+¢) " G(umot) | 0 <t < pup, ;. m (1) },

where G(u) := do(u, Mo(P\ I))/(do(u, Mo(P\ 1))+ do(u, Xo \ Clx,(Up\1))), u € Up\;-
Choose open sets Vpy; and Wp\ ; such that Mo(P\ I) C Vp\; C Clx,(Vp\1) € Wpy; C
Clx,(Wp\r) C Up\; and g;\I‘CIXO(WP\I) is continuous. This is possible by Proposition
1.5.2 in [21].
Now, for arbitrary I € A(<) and v € |0, oo[ define

G _ JCx,({ueVpy \9;\1(“) <~v}) i Mo(P\1)#0,
PALy - 0 otherwise

and set
Bp\1.56y = B1,65,Gp 10 Bropy = B2sbGpys 1 € AX), v €]0,00[.

The next lemma is fundamental for what follows.

_ LemMA 5.26. Let 6y € ]0,00[ and b € ]0,00[ as in Lemma 5.25. Then there ezist a
0 €10,60] and a7 € 0,00 such that the following properties hold:
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1. For all 6 €]0,6], v € ]0,7], b € [b,00[ and for all I € A(<) with My(P\ I) # 0,
Bp\1,56,y = Bspy NGp\1y C Vpr1-

2. For every 6 € 10,0], v € 10,7], b € [b,oc| and for every I € A(=), the pair
(Bp\1,6,b,v, B1,5,b,5) 15 a block pair for (mo, So, Mo(I), Mo(P\ I)).

3. Let I € A(=) and by, b3, Y2, 73, 0 and 52 be positive numbers such that b < by < bz,
Yo <v3 < ¥ and § < 09 < S. Then B[7§,b3773 C IntXO (3175271,2772).

Proof. If part (1) is not true, then there exist an I € A(<) with My(P \ I) # 0,
sequences (0,)n and (v, ), converging to zero, a sequence (by,), in @,oo[ and (up ), such
that

Un € Bs, b, NGp\1,4, N (Xo\ Vp\r) for all n € N.

Since u,, € Bs,, b, , it follows that ¢~ (u,) < d, — 0 as n — co. By admissibility, there exist
a subsequence of (uy),, denoted again by (u,)n, and an ug € Inv, (N) such that u, — ug
as n — oo. The definition of the set G'p\ 1 ,, implies that ug € Clx,(Vp\1) C Clx,(Wpy;).

The continuity of g;\1|01x0(Wp\1) implies that g;\I|ClX0(WP\I)(u0) = 0. It follows from

Proposition 1.5.2 in [21] that ug € Inv) (Cly,(Up\;)) C Inv) (N) and so ug € Sp. Since
Np\; N Mo(I) = 0 and (My(I), Mo(P \ I)) is an attractor-repeller pair in Sy, relative to
7o, we see that the w-limit set w(ug) of ug relative to mg is a subset of My(P\ I). Theorem
II1.1.4 in [21] implies that ug € Mo(P \ I) and so ug € Mo(P \ I) N (Xo \ Vp\;) which
contradicts our choice of the open set Vp\;. This proves part (1).

Part (2) follows from part (1) and the proof of Theorem I11.2.4 in [21].

To prove part (3) let I € A(<) be arbitrary. If My(P \ I) = @ then the result is
clear. Therefore, let Mo(P\ I) # 0. We claim that By s5p,, C Intx,(Bs,5,) \ Gp\1,4,- Let
u € By 5+, be arbitrary. Then, there exists a sequence (uy, ), such that u, € Bsp, \Gp\ 1,4,
for all n and w,, — w. In particular, u € U and g (u) <4 < 02 and ta'(u) > b3 > bo.
Thus u € {u € U | g (u) < & and ty () > by } C Intx,(Bs,p,). Suppose u € Gp\1,. It
follows from part (1) that u € Bs, 5, NG p\1,4, C Vp\1. Sou € Vpyj and g;\l(u) <72 < 7s.
Then for all n large enough, u, € Vp\; and g;\l(un) < 73. Thus u, € Gp\,, for all

n large enough which is a contradiction. This proves the claim and completes the proof. |

We now can state and prove the main result of this section.

THEOREM 5.27. Let b be as in Lemma 5.25 and & and 7 be as in Lemma 5.26. Fiz
positive numbers b, by, b, Y2, v3 and do with b < by < b3 < b, v3 < v2 <7 and by < 6.
For all I € A(<) and § €0,02], let Ars be a closed subset of Xo with

My(I) C Int x, (A]y(s) CArsC Br 565,75
and such that whenever I € A(<) and 6 < ¢, Ars C Arg .
Assume also that whenever I € A(<) and (6,)n is a decreasing sequence converging to

zero and u, € Ay s, for alln € N, then the sequence (uy), has a convergent subsequence.
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Fora>0,v>0,n>0,7>0,08 >0, withy < <n<v<pg, forall e A(<),
0 €10,62] and € €]0,¢], define

Nie(@,0) := [Bs,ps]ey N Clz ({w | there exist a W € [Bsp,)e,a and at >0

such that Wr,[0,t] C Uz g and w = Wngt }),

No(a,8) = Nio(a,8) N {w €U, | tF,(w) <b}

and

Nre(@,0) :==([Br1,65,b3,72)e,y NClz.({w | there exist a @ € [Afsle. and at >0
such that wr.[0,t] C |U[.p and w = wr.t})) U Ny (e, 8).

Letv>0,n1>0,7>0,0 >0 wthn <f <n<v<f, be fited. Under these
assumptions, there exist a 63 € 10,d2] and an oy € |0,7'] such that for all 6 € 10, 03]
and for all oo € 10, 9], there exists an &g = €o(a,d) € ]0,€] such that for all ¢ € ]0,&)
and for all I € A(<) the triple (N1,¢(,0), Ny (e, 9), No () is an FM-index triple for
(7e, Sey M (1), Mo (P\ I)).

Proof. It is clear that for all I € A(=<), € € ]0,€], a € ]0,7'] and § € ]0,d2], the sets
Nic(a,9), Nieo(e,d) and Nao(a,6) are closed in Z, and Na.(a,d) C Nyo(a,9).

Since # < f and ' < n, we have By s, b,.vs C Bs,.bys |Ule,3 C Uz p and [Br,s,.,65,70)en
is included in [Bs, p,]en for all € € ]0,€]. Moreover, since Ars C Brspy s C By, it
follows that [A7s5]c.a C [Bspsle,a for all € € ]0,€], a € ]0,7] and 6 € ]0,d2]. This proves
that for all € € ]0,€], « € ]0,1'] and § € )0, d2],

NI75(04,6) C Nl,E(Oé,(S). (15)

Lemmas 5.30 and 5.31 below complete the proof of Theorem 5.27. |

REMARK 5.28. Notice that if « > 0, v >0, 7> 0, ' > 0 and ' > 0 are such that
a<n <f <n<wv<pg, then for all § €]0,062], € € ]0,€] and for all I € A(<), we have
[Bé,bg}s,a C Nl,s(a75) C [Bég,bz]s,n and [Al,é]s,a C NI,E(avé) C [BI,52,b2,72]s,n/ UNQ,E(O‘,(S)-

To prove Lemmas 5.30 and 5.31 we will need the following result that follows from the
proof of Proposition 4.9 in [3].

LEMMA 5.29. Let b > 0. Let (Cu)n, (an)n and (e,)n be sequences in |0, 00[ converg-
ing to zero. For each n € N, let W,, = (Upn,Tn) € [B¢, plen,an and t, > 0 such that

Wy7e, [0,tn] C [N, 3. Then there is a subsequence of (Wnwe, ty)y which we will denote
again by (Wnme, tn)n and there is a o € Inv, (N) such that

L., (Wnme, tn, (Ug,0e,)) — 0 as n — oo.
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Proof. For each n € N, W,, = (Un,Tn) € [Be, blen,an- 1t follows that g~ (a,) < ¢, and
de, (Up,0e,) < ay,. Since ¢, — 0 as n — oo, there exists a subsequence of ()., denoted
again by (@ )n, and a ug € Inv, (N) such that @, — ug as n — oo and so

L., (Wy, (ug,0c,)) — 0 as n — oc. (16)

To complete the proof of the lemma, we will need to consider two cases.

First assume that the sequence (¢, ), is bounded. By taking subsequence, if necessary,
we may assume that there exists a ¢ € [0, oo such that t,, — t as n — co. Since (7. )ce0,,]
converges singularly to g, formula (16) implies that

I, (@Wyme, tn, (uomot,bs,)) — 0 as n — oco.
Since Inv_ (1\7 ) is an N-positively invariant set relative to o, it follows that
Ug = ugmot € IHV;O (N)

Suppose that (¢,), is an unbounded sequence. Then we may assume that ¢, — oo as
n — oo. Since ., [0,t,] C [N]e, 3 and N is singularly strongly admissible with respect
to # and (7. )cco,e,], condition (3) of Definition 3.16 implies that there exist a subsequence
of (Wye, tn)n, denoted again by (Wnmre, tn)n, and there is a @y € N such that

L., (Wyme, tn, (g, 0:,)) — 0 as n — oo.

Lemma 3.5.(1) in [3] implies that g € Inv, (N). The proof is concluded. |

LEMMA 5.30. There exist a &' € ]0,02] and an o € ]0,7'] such that for all § € ]0,4']
and for all o € )0,0/], there exist an &1 = £1(,0) € ]0,€] such that for all ¢ € 10,e1] the
pair (N1 (e, ), Nac(a,0)) is an FM-index pair for Se..

Proof. We claim that for all ¢ € ]0,€], a € ]0,7'] and § € ]0, 2], the set N2 (a,d) is
N1 . (a, §)-positively invariant relative to ..

In fact, let € € ]0,€], a € ]0,1'] and ¢ € ]0,d2] be fixed. Let w € Ny (c,0) and ¢ > 0
such that wn.[0,t] C Ni(a,0). Hence, wn.[0,t] C Nyi-(,0) C [Bs,p,len- Let s € [0,¢].
Then

Woes € Bs,y b, C U and de (Wihes, 0:) <np < v.

Hence, wr.s € JU[c, for all s € [0,]. Since t}, (wmes) < tF,(w) < b, it follows that

wres € {z € U, | tF,(2) <b} and so wres € Na.(a,9) for all s € [0,¢]. This concludes
the proof of our claim.
The condition (1) of the Definition 2.3 is verified for all & € ]0,], & € ]0,7'] and § € ]0, 3].
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Let 6 € ]0,d2] and a € ]0,7']. Lemma 5.25 implies that Bs, s, and Bjsp, are isolating
blocks for Sy. Proposition 3.19 implies that there exists an &1 = £1(«, ) € ]0,] such that
for all € € ]0, 1] the sets [Bs, p,]c,n and [Bsp,]c,a are isolating neighborhoods for S.. Hence

Se C Nic(a,d) for all e € ]0,&1].
Moreover, if w € Se, € € ]0,&1], then w € [Bs, p,]e.y C JU].., and t,(w) = oo and so
w ¢ Ny (e, d). Thus

Se C Ny (e, 0)\ Nae(a,0) for all € € ]0,£7].

We claim that there exist a §% € |0, 2] and an of, € |0,7'] such that for all 6 € ]0, d%] and
for all & € ]0, o], there exists an &) = &} («,d) € ]0,&1(ex, §)] such that |Intx,(Bsps)|e.a C
Ni (e, 6) \ Nae(a,0) for all € € 10, 4]

Notice that Remark 5.28 implies that |Intx,(Bsp,)[e.a C Ni(a,d) for all € € ]0,¢],
a €1]0,7'] and § € ]0,d3]. Suppose that our claim is not true. Then there are sequences
(Ca)n, with ¢, < &9 for all n € N, (ap)n, (en)n and (wy), such that {, — 0, o, — O,
€, — 0 as n — oo and

Wy, = (Un, V) € |Intx,(Be, bs)len.an N Nag, (0, () for all n € N.

Thus u,, € Intx,(Bc, by), vn € B(0-,, ), wn € U], ., and t+ ,(wy) <bforallneN.

Since u, € Intx, (B¢, bs), it follows that g~ (u,) < ¢,. Hence, there exists a subsequence
of (tn)n, denoted again by (uy),, and a ug € N such that u, — ug as n — oo. Moreover,
since for all n € N, Intx, (B, 5s) C Bsy.b, it follows that ug € Bs, 4, C U. The continuity
of 7 implies that tJ (ug) > bs > b.

Since vy, € B(b.,,an), we have d._(vn, 0, ) < a, and so d._ (vy,0.,) — 0 as n — oo.
Hence

FEn (w’ﬂ’ (U’O? eé‘n)) — O as n — X0

and Lemma 4.6 in [3] implies that ¢f , (w,) — ¢ (ug) as n — oo and so tF ,(wy) > b for
all n large enough. However, this is a contradiction to our choice of the sequence (wy,),.
The claim is proved which, in turn, implies that for all § € ]0,0%] and for all « € ]0, ag],
there exists an ] = €] («,0) € 10,1 (e, §)] such that

S. C |Intx, (Bsps)|e.a € N1c(a,d)\ Noc(a,d) for all € € ]0,].

Therefore S, C Intz (N1 (e, d) \ Nac(a,98)) so Se C Invy (N1 (e, 9) \ Noc(e, d)) for all
e € ]0,e7]. Since Ni(a,0) C [Bs,py)emn C [N].s and S. = Inv,_([N]. ), it follows that
Se = Inv,_ Clz, (N1:(a,6) \ Noc(a,6)) for all € € ]0,¢}]. Hence, the condition (3) of
Definition 2.3 is verified for all € € ]0,¢€!].

The next claim is that there exist a ¢’ € ]0,d%] and an o € ]0, o] such that for all
0 €10,¢'] and for all « € ]0, &'], there exists an &1 = e1(w, d) € |0, ¢’ (e, §)] such that for all
e €10, e1], the set No (o, d) is an exit ramp for Ny .(a,d).
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First notice that for all € € ]0,€], a € ]0, /] and 6 € ]0, 6'], the set N1 (v, §) is [Bs, b, ]e.y-
positively invariant relative to m.. In fact, let £ € ]0,€], a € ]0, '] and § € ]0, '] be fixed.
Let w € Ny .(a,6) and s > 0 such that wn [0, s] C [Bs, p,]c,n. Hence there exist a sequence
(Wn)n In [Bspyle,o and a sequence (t,), of nonnegative numbers such that

wnre [0, 1] €U (17)

agd Wy, := Wy ety is such that T (W, w) — 0 as n — oo. We will show that w,m. [0, s] C
|Ule,p for all n large enough. Since wr [0, s] C [Bs, b, ]e,n, it follows that for all 7 € [0, s]

WPeT € Bg, b, C U and w.T € Cly, (B:(0:,7m)).

Since n < 3, it follows that wip.r € Be(0.,3). Thus wr.[0,s] C JU[. 3. Since 7. is
continuous, there exists an ng € N such that for all n > ng, @, 7. [0,s] C |U]; 3. Therefore

Wy (0,8, + 8] CU[ep for all n > ng. (18)
Let 7 € [0, s] be arbitrary. Then
e (wpme(tn + 7), wner) = Te (WymeT, wreT) — 0 a8 n — o0. (19)
It follows from (18) and (19) that

wm.T € Clg_({Z | there exist a z € [Bsp,]e.o and a ¢t > 0 such that

z7me[0,t] CU[e,p and zm.t =Z }).

Therefore wm, [0,s] C N1 (a,9).

Suppose that our claim is not true. Since for all £ € ]0,€], « € ]0,&'] and § € ]0, '],
the set N1 .(«,0) is [Bs, p,]e -positively invariant relative to m., it follows that there are
sequences (Cn)n, (@n)ns (En)n and (wy,), such that ¢, — 0, @, — 0, &, — 0 as n — oo and

Wy, = (Un,vn) € (N1,c, (Qn, Cn) N O [Bsy bslen,n) \ Noe, (on, (pn) for all n € N.

For each n € N, there exists a W, = (Un,0n) € [Bc, bslen.an and a t, > 0 such that

Wy, e, [0,tn] C U], g and Ty, (wp, Wpne, tr) < 277

Since (U, .3 C [N]e, 3, the hypotheses of Lemma 5.29 are verified and so there exists
a subsequence of (W, 7., t,)n, denoted again by (W, 7., t,)n, and there is a iy € Inv, (N)
such that . (Wy7e, tn, (to,0s,)) — 0 as n — oo which, in turn, implies that

T, (wp, (G,0:,)) — 0 as n — oo. (20)

Therefore, there exists an ng € N such that d., (v,, 0., ) <n for all n > ng. Since (uy,v,) €

0 [Bs, by)enn for all n € N, we have u,, € 0B;,, for all n > ng and so @y € 0Bs,p, C U.
This fact, formula (20) and Lemma 4.6 in [3] imply that
t+

Em,j(wn) — tg(ﬂo) as n — oo. (21)

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



26 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

Since Bs, p, is an isolating block for Sy relative to 7o, g~ (to) = 0 and g € OBs, by, it
follows that tg (ip) = ba.

On the other hand, since wy, ¢ Na.,(an,¢,) for all n € N, we have tf ,(w,) > b for
all n € N. This fact, together with formula (21), implies that by = td (iig) > b which is a
contradiction. Hence there exist a ¢’ € ]0,0%] and an o’ € ]0, ag] such that for all § € ]0, §’]
and for all @ € ]0,¢/], there exists an &1 = e1(e,0) € ]0,¢)] such that for all € € ]0,e4],

the set N3 ¢ (a,d) is an exit ramp for Ny .(«, d) and the proof of the lemma is complete. |

LEMMA 5.31. Let ¢’ and o as in Lemma 5.30. Given § € ]0,¢'] and o € ]0,0/], let
e1(a, ) € ]0,€] as in that lemma. Then there exist a 8" € ]0,9'] and an o €]0,a'] such
that for all § € 10,8"] and for all o € ]0, "], there exist an g9 = ea2(,d) € 10,¢1(v, 8)] such
that for all e € 10, 5] and for all I € A(=<), the pair (N1e(a,0), Na (e, d)) is an FM-index
pair for M.(I).

Proof. Tt is clear that for all ¢ € ]0,€], « € ]0,¢/] and 6 € ]0,4'], the set No.(a,d) is
Ni (o, §)-positively invariant relative to .. Indeed, let w € Na (e, 0) and ¢ > 0 such that
wm:[0,t] C Ny(a,d). Formula (15) implies that wn.[0,¢] C Ny (e, ). It follows from
the proof of Lemma 5.30 that N3 ¢ («,0) is N1 - (a, §)-positively invariant relative to . and
so wr.[0,t] C Na.(a,0). Hence, the condition (1) of the Definition 2.3 is verified for all
e €]0,¢], @ €]0,¢'] and § € ]0,4'].

We claim that given « € ]0,¢/] and § € ]0, '] there exists an 5 = &2(av, d) € ]0,e1(e, 9)]
such that for all € € ]0, &3],

M.(I) =Inv,, (Clz (Nic(a,0) \ Nae(e,0))) C Intz (Nyo(e,d)\ Naoe(a,d)).
Indeed, let @ €]0,¢/] and d € ]0,d’]. Lemma 5.26.(2), Theorem 3.17 and Proposition 3.19
imply that there exists an &3 = &3(c,0) € ]0,e1(cv, §)] such that for all € € ]0,&2], M.(I) =

v ([B1,65,b5,75)e,p) and Me(I) = Invr_([A15]e,0) C Intz ([Ar5]e,0)-
Let € € ]0,&3]. Since a < ', Remark 5.28 implies that [A7s]e.a € Nie(,0). Thus

M.(I) C Nre(a,6) C Nig(o,0) and M (I) C [Arsle,a € [Brspsysley C )Ule,n. On the
other hand, if w € M.(I), then tI,(w) = oo and so w ¢ Ny .(«,6). Hence

M(I) C Intz, ([Arsle) N {w €Uy [ ], (w) > b} C Npe(a,8) \ Noe(a,d).  (22)
This also implies that
M.(I) C Invy (Clz (Nye(a,8) \ Nae(a,0))). (23)
Since Ny (e, 0) \ Noc(a,8) C [Br,5y.b9,75 e it follows that
Invz (Clz. (N1e(e,0) \ Nac(@,6))) C Inve ([Br.s,,05,m0lem) = M (1)
This and inclusions (22) and (23) imply the claim.

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



CONTINUATION OF CONNECTION MATRIX 27

Our next claim it that for all € €]0,£], a €]0,¢’] and ¢ € ]0, '], the set

Ni (0, 0) :=[Br1,6; b5 72)ey NClz.({w | there exist an W € [Af s]c o and
a t > 0 such that wr.[0,¢] C ]ﬁ[gvg/ and w = Wt })

is [B1,5, 2,72,y -POsItively invariant relative to ..

Let € €10,€], a €]0,a'] and § € ]0,4'] be fixed. Let w € Nf_(«,d) and s > 0 such that
wre [0, 8] C [Br,6,,b9,7)e,n’- Hence there exist a sequence (Wy,),, in [Af s]c,« and a sequence
(tn)n of positive numbers such that

W [0,t,) C Ue s (24)

and wy, := Wy ety is such that I'. (w,, w) — 0 as n — co. We will show that w,m. [0, s] C

|Ule,p for all n large enough. Since wn, [0,5] C [Br s,,b5,2)e, it follows that for all
T€[0,]

WOHT € Bl ,5y.b5,45 C U and wi.r € Cly. (B.(6,7)).
Since ' < @', it follows that wip.7 € B:(0.,0'). Thus wr. [0,s] C ]ﬁ[sﬁ/. Since 7. is

continuous, there exists an ng € N such that for all n > ng, w, 7. [0, s] C JUle,g. Therefore

Wy, e [0,y + 8] C U[e,p for all n > ny. (25)
Let 7 € [0, s] be arbitrary. Then
e (Wpme(tn + 7), wr.7) = Te (W, wreT) — 0 a8 n — 0. (26)
It follows from (25) and (26) that
wrmeT € Clz_({ z | there exist a Z € [A15]e,o and a t > 0 such that
zn.[0,1] € |U[.p and Zmt = 2 }).
Therefore wr [0, s] C Nf _(a,d). The proof of our claim is complete.
Since Nf (c,0) is [B1,5,,b5,7,e,n/-Positively me-invariant, to prove that Na.(a,d) is an
exit ramp for Ny (o, d) we need to show that there exist a 6" € ]0,6’] and an o’ € ]0, /]

such that for all § € ]0,4”] and for all & € 0, &”'], there exist an €2 = e2(av, ) € ]0,£2(c, 0)]
such that for all € € ]0,¢e2] and for all I € A(<)

O[B1,63,b2,2 e, N N1e(a,6) C Nae(a,d).
Suppose this does not hold. Then there exist an I € A(=<) and sequences (a,)n, (Cn)n,
(en)n and (wy), such that ((,)n is decreasing, with ¢, < d2 for alln € N, o, — 0, ¢, — 0,
e, — 0 as n — oo and

Wy, = (Un,Vn) € O[Br1,655,b5,7s)en.’ VN1, (Qny Ca) \ Nog, (an, (), foralln e N (27)
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Hence for all n € N, w,, € N1, (@n,Cn) C [Bsypylen.n C JU[c, . and so tF  (w,) > b.
Moreover, for each n € N, there exist a W, = (Un,Tpn) € [Ar¢,]en,an and a t, > 0 such
that @y, [0,tn] C U, 5, and T'., (wy, Wnme, tn) < 277

Since (Tp,Tp) € [Arcylen,an, it follows that @, € Ar e, C Brc,.bsvs C Beobss and so
9 (Un) < (p, and d., (Tn, 0e,) < an. Since ¢, — 0 as n — oo, there exists a subsequence
of (Wn)n, denoted again by (U )n, and a ug € Inv, (N) such that @, — ug as n — oo and
S0

T., (Wn, (up,be,)) — 0 as n — oo. (28)

For all n € N, we have (,, < (1 < 2. Hence Lemma 5.26 implies that

Up € A1¢,, C Brcobss C Brcibs,vs C Inbxg(Brs, 0s,7.)

which, in turn, implies that uy € Br ¢, bs,vs C Intx, (Br1,65,60,72)-
Notice that @, € [Arc,len.an C [Benbslen,an and Wyme [0,¢,] C Uls, g0 C [N, .5
Hence, Lemma 5.29 implies that there is a subsequence of (W, 7., t, ), which we will denote

again by (W,7.,t,)n and there is a g € Inv, () such that

Te, (Wnme, tn, (lo,0e,)) — 0 as n — oo (29)
and so I'c, (wn, (Go,0:,)) — 0 as n — oo. Thus do(un, o) — 0 as n — oo. Since w, €
[Bs,.bsleny C [Ule, v, it follows that u, € Bs, s, and so g € Bs,p, C U. Formula (29)
and Lemma 4.6 in [3] imply that

t;’ml,(@nﬂ'gntn) — ta'(ﬂo) as n — 00. (30)

Let b" > 0 be such that by < b < b. Since tI ,(w,) > b for all n € N, formula (30)
implies that t§ (@ig) > b > b’ and, again, by formula (30) we have

th (Wnme, ty) > b for all n large enough. (31)
We claim that
Wy Te,, [O,tn] C [31;52,b2;72]5m77' for all n € N. (32)

Suppose this claim is not true. Then for each n € N | there exists a 7, € [0, t,] such that
Wy e, [0, 7n] C [B1,6s,b2 70l and WnTte, T € O [Br6y by 0] ey

We will show that there exists a subsequence of (73,),, denoted again by (7,)n, and an
r > 0 such that 7,, > r for all n € N. In fact, suppose that 7,, — 0 as n — oo. Since
(T<)e€]o,e0) converges singularly to o, formula (28) implies that

T., (Wnme, Tn, (U0, 0s,)) — 0 as n — oo.

Thus, there exists an ng € N such that e (W, 7., T, (uo, 0, )) < 1’ for all n > ng which
implies that d., (Wnte, Tn,0:,) <1’ for all n > ng. Since Wym., T € O [Br,5,,b0,72)en,n fOr
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all n € N, we have Wy¢., 7, € 0B 5,,,~, for all n > ng. Therefore, ug € 0B 5,,b,,7, N
Intx,(Br1,5,,b5,7.) Which is a contradiction. Thus, there exists a subsequence of (7,)n,
denoted again by (7,,)n, and an r > 0 such that 7, > r for all n € N.

For each n € N, define z, := W,m., (7, — r). Lemma 5.29 implies that there exists a
subsequence of (z,), which will be denoted again by (z,), and a zy € N such that

Tc, (zn, (20,0r)) — 0 as n — oo. (33)
Notice that z,7.,[0,r] = Wyne, [Tn — 7, Tn] C [Br,62,b0,72)en,n and so
Zn@e, s € Br 5, 0,4, for all s € [0,7]. (34)
Since (7 )ce)o,e,) converges singularly to mo, formula (33) implies that for all s € [0, 7]
L., (zn7e, 8, (20m08,6y)) — 0 as n — oc. (35)

This fact, together with formula (34), implies that zom[0, 7] is included in By s, p,,~, and
de, (2nte,1,0e,) < n' for all n large enough. Thus, z,¢., 7 = Wypoe, T € OBJ 5,,,,~, and
formula (35) implies that zomor € OBy s, b,,7,- Hence, zomor ¢ BI+,52,b .

Y
Since (Br,55,b5,720 BP\1,62,62,7,) 18 @ block pair for (Mo (1), Mo(P < 1)), it follows that

; +
2007 & Bp\1,62,b5,7,- Indeed, otherwise, 20mo7 € Br.5,.b5,45 N BP\1,62,b2,72 C Bl sy by N
B-

P\I,52.b2,72 which is a contradiction. Hence

ZoToT € aBTﬁzﬁzﬁz \BP\Lisz,bzﬁz - 83527172'

Moreover, zomo[0,7] C Bs,p,. Hence zomor € B;, 4, and so, by Lemma 5.25, t*(zomor) =
bs. On the other hand, since 7, < t,, for all n € N, it follows that t;yy(@nwsnm) >
t+ (Wyme, t,) > b for all n large enough, by (31). Since tf ,(Wnm., ) — tg (2070r), We
have td (zomor) > b’ > by which is a contradiction. Hence, our claim (32) holds.

Suppose that ¢, — 0 as n — oco. Since (7:)cejo,c,] converges singularly to 7o and

I., (Wn, (ug,0:,)) — 0 as n — oo, we have I, (W, tn, (uo,0:,)) — 0 and
Le, (wm (U07 agn)) — 0 as n — oo.

This implies that d., (vn,0.,) < 1’ for all n large enough. Recall from formula (27)
that wp, € O[Brs,bp,7sleny- Thus, u, € 0Brs,p,~, for all n large enough and so
Uo € OB 5,.b,,4, but this is a contradiction. Hence there exists a subsequence of (tr)ns
denoted again by (t,),, and an s > 0 such that 7,, > s for all n € N.

For each n € N, define Z,, := wW,n, (t, — s). Lemma 5.29 implies that there exists a
subsequence of (%), which will be denoted again by (2,)n, and a Zy € N such that

I. (Zn,(%0,0:,)) — 0 as n — oo. (36)
Notice that Z,7, [0, s] = W, e, [tn — S, tn] C [Br,63.b5,72)en,n and so, by (32)
Zn®e, T € Br,5, 05,4, for all 7 € [0, s]. (37)
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Since (¢ )ee)o,,) converges singularly to mo, formula (36) implies that for each 7 € [0, s]
T., (Znme, 7, (Z0mo7,0c,)) — 0 asn — oo (38)

and so, for each 7 € [0, s], do(Z,¢c, T, Z0moT) — 0 as n — oo. This and formula (37) imply
that Z070[0, ] C Br,s,,b0,7,- Since 2,7, § = Wy, e, by, it follows that

I, (wn, (20m0s,0,)) — 0 as n — oo.

Thus de(vp,0,) < n' for all n large enough. This, together with (27), implies that
Up, € OBJ,5,.b, 4, for all n large enough and so Zgmos € 0By s,,b,,+,- Thus, Zomos ¢ B;’:(Sg,bg,"yg
and 50 20705 € OBr.5,.b5,75 \ BP\1,55,b2,72 C 0Bs,,- This, together with Zomo[0, s] C Bs, b, ,
implies that Zomos € By, ;,. By Lemma 5.25, we have td (z0mor) = ba. On the other hand,
since tf  (W,mc,t,) > b’ for all n large enough, by formula (31), and ¢ (W,7e,tn) —
td (Z0m0s), we have t& (29mos) > b’ > by which is a contradiction. The proof of the lemma is

complete. |

THEOREM 5.32. Let b be as in Lemma 5.25 and Sibe as in Lemma 5.26. Let the positive
numbers b, by, bs, by, by, d2, v, n, B be such that b < ba < bz < by < b < by, d2 €]0,0]
and ' <n <v <. Then the following holds:

1. there exist a 0} € ]0,02] and an uo € 10,5’ such that for all 6 € ]0,04] and for all
w €10, po), there exists an e = eh(u, d) € 10,€] such that for all € € 10, 5],

[Bsa N {u €U | tg(u) < b5 Yoy C [Bogolew N {w € )ULw | 1, (w) <0},

2. there exist a 04 € ]0,d2] and an of € 10,5'] such that for all 6 € ]0,8)] and for all
a €]0,af], there exists an €5 = (., 8) € ]0,€] such that for all € € ]0,€4],

Na,e(a,6) C [Bayp, N {u € U [t (u) b7 ey -

Proof. Suppose the conclusion of (1) does not hold. Then there exist sequences ({y)n,
(4n)ns (En)n and (wy)y such that ¢, — 0, u, — 0, &, — 0 and

Wy = (tn, 0n) € [Be, by N{u €U |t (u) <by}e, ., forallneN (39)
and
Wy, = (Un,Vn) & [Be, bslenun N{w € ](7[5”}” | t;‘my(w) <b} forall n e N. (40)

39) implies that u, € Be, s C Bsgps C Bsyps C U and v, € Cly,, (B(0.,, ptn)) for all
n € N. Hence, w, € [B¢, bsle,,u, for all n € N. Since p, — 0 as n — oo, it follows
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that p, < v for all n large enough and so w, € ]ﬁ[smy for all n large enough. Hence,
formula (40) implies that

t+ ,(wn) > b for all n large enough. (41)

Since u,, € B¢, », and ¢, — 0 as n — oo, admissibility implies that there exist a ug € N
and a subsequence of (uy, ), denoted again by (), such that u,, — ug as n — oco. Hence,
up € U and so t (u,) — t (ug) as n — co. Formula (39) implies that ¢ (ug) < by < b.

Since v, € Cly, (B(0.,,un)) for all n € N and p,, — 0 as n — oo, it follows that
de, (Un,0c,) — 0 as n — oo and so I'c, (wy, (ug,8:,)) — 0 as n — oo. Hence, Lemma 4.6
in [3] implies that ¢} ,(w,) — t3(ug) as n — oo and so tf  (wyp) < b for all n large
enough. But this contradicts formula, (41).

Suppose the conclusion of (2) does not hold. Then there exist sequences ((p)n, (an)n,
(en)n and (wp ), such that ¢, — 0, @, — 0, &, — 0 and

W, = (tUn; Vn) € Nae, (o, ) \ [Bsyp, N{u €U | tg_(“) < Hewm - (42)
Since w, € Na.,(an,Cn), it follows that w, € ]U[., ., and t+ ,(wy) < bfor all n € N.
Moreover, for each n € N, w,, € [Bs, p,], n and there exist an W, € [B¢, ,]e,,a, and a
t, > 0 such that w, e, [0,t,] C ]Tj’[enﬁ and e, (wy, Wyme, t,) < 277

Hence, u,, € U and v, € Cly., (B(0,,n)) for all n € N and so, by formula (42), we have
td (uy) > by for all n € N.

Lemma 5.29 implies that there exist a subsequence of (W, 7., t,), which we will denote
again by (Wn7- tn)n and a ug € N such that I's, (Wnme, tn, (uo, 0z, )) — 0 as n — oo.
Hence, I';, (wy, (ug,8c,)) — 0 as n — oco. Since u,, € Bs,p, for all n € N, it follows
that ug € Bs,, C U and so t{ (u,) — t (ug). Thus, tF (ug) > b}. On the other hand,
Lemma 4.6 in [3] implies that ¢f , (wn) — t§ (uo) — 0 as n — oo and so t{ (ug) < b < b

which is a contradiction. ||

6. THE PROOF OF THE SINGULAR NESTED INDEX FILTRATION
THEOREM

Let b be as in Lemma 5.25 and § and 7 be as in Lemma 5.26. Fix real numbers ;, b;,
i=1,...,5,0;,1=1,2,b, 0, b/ i=1,2such that
0< <YV e<B<MUu<v<7 0<dh<d<d (43)

and
b<by <by<bg<by<bs<b<by<b<b] <. (44)

For all 6 € ]0,02] and I € A(<) define A7 := By sy, 1t is immediately checked that
the family A s of sets satisfies the hypotheses of Theorem 5.27.

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



32 MARIA C. CARBINATTO AND KRZYSZTOF P. RYBAKOWSKI

LetV>O,77>O7ﬁ’>0,withﬁ’<n<u<§0<6,beﬁxed.

Let 04 €]0,02] and po € 0, 3'] be as in Theorem 5.32.(1). For all § € ]0, ] and for all
w €10, pol, let e5(p,0) € ]0,€] be such that the conclusions of Theorem 5.32.(1) hold for
all € €]0,¢5(p, 0)].

Fix ng € 10, o[- Hence, o < §' <n<v < fy < .

For all I € A(<), 6 €]0,d2], a € ]0,m0], and € € |0,¢], let the sets Ny (v, d), Nr(,0)
and No . (v, d) be as in Theorem 5.27 with respect to the set Ar 5 = By 5,4, and 7' = 1.
More explicitly,

Ni (e, 6) = [Bsyp]e.n N Clz, ({w | there exist a W € [Bspy]e,q and at >0
such that wm,[0,t] C }(7[575 and w = Wt }),

Noo(e,8) := Ny o(a,8) N {w €U, | 5, (w) < b}

and

Ni(0,8) :=[Br1,s;b9,75)em NClz. ({w | there exist a W € [Br 5,b5,75)e,0 and

a t > 0 such that wr.[0,¢] C |Ul; s and w = wn.t}) U Na (e, 0).

An application of Theorem 5.27 shows that there exist a d3 € ]0,d2[ and an «g € |0, 70]
such that for all 0 € ]0,d3] and for all @ € |0, o], there exists an £p(a, d) € |0, €] such that
for all € €]0,£p(cx, d)] and for all I € A(<) the triple

(Nl,s(aa 6)7 NI,E(av 6), N2,s(a7 5))

is an FM-index triple for (7., Se, Mo (1), Mc(P\ I)).

Moreover, let 04 € ]0,d2] and of € ]0, 8] be as in Theorem 5.32.(2). For each § € 0, 64]
and for each a € ]0,af], let (e, d) € ]0,e0] be such that the conclusions of Theo-
rem 5.32.(2) hold for all ¢ € ]0,¢4 (e, d)]. Choose positive numbers §; and oy such that
04 < min{ d3,9},04 } and a1 < min{ ag, oy, no }.

Define €1 := min{ &y(1,04),€5(n0,94), €5 (1,94) }. Choose

m e ]0, 041[ and J5 € ]0, 54[ (45)
For € € ]0,¢1] and I € A(<), define the following sets:

N?:= By, 4,, N2Z:=Bs. 5, N{uecl|t(u)<b,},

N{:=Bs 4, Ni:=Bs . N{uecl|tf(u)<by},

Ni. = Ni(a1,04), Nag:= Ny (a1,04),

N} = Brs, bsa UN3, Ni:=DBrs b0 UNs, Ni.:=Nr.(a1,6s),
Vi i= Intx, (Bs, 0s), Vi = Intx, (Br.s, psms) N {u e U |t (u) > b},
Via = Tntx, (Bs,bs) N (X0 \ Brsybene) N {ueU|td(u)> b}
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It is clear that for each I € A(<) the triple (Ni, Ni, N&) is an FM-index triple for
(o, S0, Mo(I), Mo(P\I)), i =2, 4. We need to show that these sets satisfy the inclusions
of Theorem 4.24. It is easy to prove that

N2 cU, NZcNy (46)

and
NZ c N} for all I € A(<).

LEMMA 6.33. For all € € ]0,e1], the following inclusions hold

[N12]87u C ]Vl[&al C NLE C [Nﬁem'

Proof. Let € € ]0,e1] be fixed. It is straightforward to prove that N7 C V;j. Since
< ay, it follows that [N7]e . C [Vilea, -

Since 04 < 02 < 0, b3 > by > b and oy < 1 < 3, it follows that [Bjs, p;]c,a1 C [Bss,bslen
and [Bs, psle,ar C JUle,p and so [Bs, psle,ar € Nie(a,04) C [Bs,py)en (see also Re-
mark 5.28). Hence [Vi|c.a, C [Bsybsle,ar C Nie(@1,64) C [Bs,py)ey = [Nile, as d2 < 61

and by > b;. The lemma is proved. |

LEMMA 6.34. For all € €]0,e1] and for all I € A(<), the following inclusions hold

CIZE([NIQ]E,M \ [Nél}ew) C ]VI73[57041 - IntZs (NI,E \N2,E)~

Proof. Let € €10,e1] and I € A(<) be fixed. Let w = (u,v) € [N7].,, \ [N4]c,,- Hence
uw € N? = Bl s, b, UN; and v € Cly,(B(6., 1)) C Cly,(B(6:,n)). Thus, u ¢ N3 and so
U € By s, bays U N3\ Ny. The second inclusion in (46) implies that u € By s, by, \ Na-
Hence

Clz. (N7l \ [N3]e.n) € Clz ([Br,ss bava \ Naleon) = [Clxo (Brss b \ N2)lew
c [BI,55,b47’Y4]57M'

It is clear that By s, pyva C Bsspy C Bsip, C U and so Br 55,6474 \ Ny C Br1 55 pay. N
{u € U | tf(u) > by}. Moreover, the inequality b5 > b} and Lemma 5.26 imply that
B17557b47"/4 n {u ev | tg(u) > b/Q/} - Inth(BI,54,b3,’Y3) N {u ev ‘ ta_(u) > blll} = VI,3'
Hence

CIZE([N?]E’H \ [Nél]eﬁn) - ]VL?)[E:OQ ) (47)

as u < aq. It follows from Remark 5.28 that

[Br1,64,63,75)e,01 € Ni1,e(@1,04) C [B1,65,b5,75) 0 U Noe(@1,04)  C [Bis, bo]e,ne U Nae(an, 04)
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and so
Vislea, € Niclar,d)N{ueU|td(u) > b Hea, =T

If (u,v) € T then t§ (u) > b/ so, by Theorem 5.32, (u,v) ¢ Na.(a1,d4). It follows that T' C
Nipc(a1,04)\ Nao (a1, 04) and this, together with (47), concludes the proof of the lemma. |

LEMMA 6.35. For all e €]0,e1] and for all I € A(<), the following inclusions hold

CIZE([NE]E,/L \ [N?]s,n) C ]VIA[s,m C Intz, (Nl,s \ Nl,s)-

Proof. Let € € ]0,e1] and I € A(<) be fixed. Let w = (u,v) € [N{]c . \ [Nflen-
Hence u € N = Bs, 5, and v € Cly, (B(c, 1)) C Cly.(B(b:,n)). Thus, u ¢ N} and so
u € B(Ss,b4 \ (BI,(s],bl"yl U NSL) Hence

Clz. ([NF)e o\ [N7)ein) € Clz. ([Bsg s \ (Brsy b1 U N)le )
= [ClXo (B557b4 \ (31,51761,71 U N;))]&M
- [B55J74 \Inth (B1751,517’Yl U N24)]€uu :

A simple computation shows that By, 5, \ Intx,(Br,s,,61,7 U N3) C Intx,(Bs,ps) N (Xo \
Bl s bsy) N{u € U | td(u) > b} = Vi4. Since p < g, it follows that

ClZs([le}s,/t \ [N?]E,n) c ]VIA[s,al :

We claim that [Vialca, C Nige \ Nre. First notice that [Vialca, C [Bsybsle,ar C
Ni c(aq,04). Suppose that there exists a (u,v) € |V7ale.a; N Nre(aq,d4). Hence (u,v) €

[31,52’52,72]6,770 U N2,6(a17 64)'
If (u,v) € [B1,55,b2,72)e,m0> then u € By s, 5, .~,, but this contradicts the definition of V7 4.
If (u,v) € N3 (a1, 04), Theorem 5.32.(2) implies that

(u7v) € [B52J72 n {'LL € ﬁ | tér(u) S b/ll }]8777
and so u € By, p, N {u € U | tF(u) < by} which is a contradiction to the definition of

the set V7 4. Therefore our claim is proved and this concludes the proof of the lemma. |

The above results mean that all assumptions of Theorem 4.24 are satisfied. That theo-
rem, therefore, implies the following.

THEOREM 6.36. With the notation introduced above, there exists an €1 € |0, such that
for every e € [0,e1] there exists an index filtration (Ne(I))rea(<) for (me,Se, (Mpc)pep)
such that for all I € A(<) the following inclusions hold:

L. Brssbsys UNs = N7 C No(I) C N} = Bs, v,
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2. N3 € No(0),

3. Nie C Ne(I) C Ny fore €]0,61] and

4. N2,5 C NE(Q)) fOTE S }0,81].
Furthermore, whenever I € A(<), (en)n is a sequence such that e, — 0 as n — oo and
(Wp)n, with wy, = (uy,vy,) for n € N, is a sequence such that w, € [N{]., , N N., (I) for

alln € N and T, (wp, (ug,0:,)) — 0 as n — oo for some ug € Xo, then there exists an
ng € N such that u, € No(I) for all n > ng.

Let &1 > 0 and (No(I))7ca(<) be as in Theorem 6.36. For I € A(=<) we will now define

a new family ép\]m/, v €10, 00], of neighborhoods of My (P \ I) to which the results of the
preceding section, in particular Theorems 5.27 and 5.32, can be applied.

Given I € A(=) with Mo(P\ I) # 0 let
Up\r := Intx, (No(P) \ No(I)). (48)

ﬁp\[ is an open neighborhood of My(P\I) with CIXO(ﬁp\])mMO(I) = (. Let ﬁ;\j : ﬁp\] —
[0, o[ be the map given by

Gh () = inf{ (1 + 7 Glumgt) |0 <t < P (W)},

where G(u) = do(u, Mo(P\ 1))/(do(u, Mo(P\ 1)) + do(u, Xo\c1xo(ﬁp\,))) ue Up\,
Choose open sets VP\[ and Wp\I such that My(P\ 1) C VP\] - CIXO(VP\I) C WP\] C
ClXO(WP\ 1) C U p\7 and 9P\ I\Clx (o)) is continuous. This is possible by Proposition
0

1.5.2 in [21].
Now, for arbitrary I € A(<) and 7 € ]0, oo define

P\I

G {Clxo({ueffp\l|§}t\](u)<’y}) if Mo(P\ 1) # 0
P\I,y "=

0 otherwise
and set
EP\I,(S,b,'y = BL(;’}%@P\I,Wa éI,6,b,'y = 32767b7€1’\[,7’ Ie 'A(<)a e ]0700[
(cf. (14).)
Lemma 5.26 implies that there exist a dp € ]0,d5[ (with d5 as in (45)) and a 7y €
]0 [ such that for all 6 € 10,4, 7 € ]0,%0], b € [b,00[ and for all I € A(<), the pair

(Bp\[(;b,y,B](;b,y) is a block palr for (mo, So, Mo(I), Mo(P \ I)). Moreover, if 0 < 73 <
’}/2<’Yo,0<53<52<50 andb2<b3<b then

Bfﬁsags#s C Intx, (Bfﬁz 32732)' (49)
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Formula (48) implies that

No(I)N Bg, C Bygyqr 010,00, 7€10,70], b€ [boof, I € A(<).  (50)

Let b;, i = 1,..., 5, b, b}, b/, i = 1, 2 be the positive numbers fixed as in (44). Let 75 €
]0,%o[- It follows easily that for every ¢ € ]0,do] and I € A(=<) the set A} ¢ := No(I)NBg,
is a closed subset of X and satisfies the conditions on Theorem 4.24, i.e.

Mo(I) CIntx,(A;g) CA e C Brgy o

whenever § < &', then A 18 C A, g and whenever (8,)n is a decreasing sequence converging
to zero and u,, € A, ¢ foralln € N, then the sequence (un)n has a convergent subsequence.

Foralla >0,7>0,7>0,7>0,3>0,0>0withi/ <3 <7 <<}, for all
I € A(=), § €]0,02) and € € ]0,&4], define

Ny (@,0) := [Bs, 4,)e.6 N Clz. ({w | there exist a W € [Bg, |- and a t >0

such that wm,[0,t] C }(7[8 g and w = wr.t }),

Noo(&,0) := N1 o(&,0) N {w €U0 | ] o(w) < b}

and
N1 2(@,0) == ([Brg, 1, 6,
and a t > 0 such that wr.[0,t] C }ﬁ[e g and w="wnct})U N275(a,g).

Je.y NClz ({w | there exist aw € [No(I) N By, |- e

Let 1 > 0 be as in (45). Let 7>0,7>0,3 >0,3>0, with 3/ <ij<v<f<p,be
fixed.

Let 03 € ]0,05] and fip € ]0,5'] such that for all 6 € 10,8 and for all i € 0, fio),
there exists an €5(f,6) € ]0,] such that the conclusions of Theorem 5.32.(1) hold for all
e €10,85 (i, 9)], i-e.

[Bg,, N{ue U|t5(u) <bh}ep C [Bg ,)e0 N{w € 1Uce | t1g(w) <b}. (51)

Fix 7o € 0, Jio|. Hence, 7o < 3' <7 < < 3. For all I € A(=<), § €10,05], & > 0 and
€]0,2], consider the set N; <(a, §) with 7 := 7o.

An application of Theorem 5.27 shows that there exist a 85 €10,05] and an ag € ]0, 7jo]
such that for all § € - 0, d3) and for all & € ]0, @), there exists an £o(a, b) € - 10, £] such that
for all € € ]0,8)(a,0)] and for all I € A(<) the triple (N .(&,6), Nr..(a@,9), Ngs(a 8)) is
an FM-index triple for (7, Sc, M.(I), M. (P \ I)).

Moreover, let 87 € ]0,05] and &/ € ]0, 3] be as in Theorem 5.32.(2). For all § € ]0,8/]
and for all @ € ]0,d], let 4(a, 8) € ]0,2] be such that for all £ € ]0,&4(a, d)],

Noo(@,0) C [Bg, , N{u €U |tf(u) <t }cq. (52)
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Choose 54 > 0 and &7 > 0 such that 54 < min{ gg,gfbgﬁf} and a; < min{ &g, ay, 7o }-
Define gl = min{?o(al, 54),%(770,54),%3(0(1,54) } Choose

e 0, aq]
Fix positive numbers 7;, i = 1,... 4, 51 and 55 such that
0 <A1 <Ao <3 <4 <o and 0< 5 < dg <3 < dy < < 0. (53)
For € € ]0,£1] and I € A(<), define the following sets:

N?:=Bg ,, Ni:=Bg, N{ucl]|tf(u)<b},

Ni = Bg 4, Ni = Bg , N{ue U | td(u) < by 3,
Nici=Nic(@1,01), Noei=Nao(d1,04),

N2m B, UL =B, . UNL N No.@d).
V= Intx,(Bg, 4,), Vi :=Inty, (Br g, bss) M{u € U |t (u) > by},

Via:=Intx,(Bg, , )N (Xo\ By g, 6,) N{ucU|tg(u) >0}

Note that there is no tilde “over the letter ‘B’ in the definitions of N? and V7 3.

It is clear that for each I € A(<) the triple (]\7{,]\7},]@) is an FM-index triple for
(o, S0, Mo(I), Mo(P\ I)), i =2, 4. Tt is easy to prove that the following inclusions hold:

N2cU, N}cN}
and

N? C Nj for all T € A(=).

The next lemmas complete the proof that all assumptions of Theorem 4.24 are satisfied for
this new choice of FM-index triples.

LEMMA 6.37. For all e € ]0,&1], the following inclusions hold

[]\712]575 C ]‘71[5,&1 C ]\71,5 C U\N/vﬂa,a'

Proof. Let ¢ € ]0,&1] be fixed. It is straightforward to prove that Kff C V4. Since
[ < aq, it follows that [N7]. e C Vil e,-

Since 04 < 09 < 6, b3 > by > b and a; < 77 < 3, it follows that [B§4,b3]€»91 C [392,172]676
and [Bg ; |-e, C JU[. g and so [Bg ; ].e, C Nie(a1,04) C [Bg, , ]ce (see also Re-
mark 5.28). Hence, |Vi[; e, C [B&hbS]E,ﬁ1 C Nie(aq,04) C [Bglﬁbl]g,e = [N{]. e as 02 < &3

and by > b;. The lemma is proved. |
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LEMMA 6.38. For all ¢ €]0,&1] and for all I € A(=), the following inclusions hold

Clz. ([Nl.p \ [N3]e19) C IVisleia, C Intz (N e\ Nae).

Proof. Let e €]0,&1] and I € A(=<) be fixed. Let w = (u,v) € []VIQ]E,& \ [Nél]a)e. Hence
ue N =DB,g , s Y N2 and v € Cly.(B(0., 1)) C Cly.(B(6,7)). Thus, u ¢ N3 and so

u€eBg, U N2\ N£. Since N2 C N2 we have u € B g by \ N£. Hence

CIZE([NIQ]&E \ [Né]&?) C CIZE([BL&J;&% \Ng]aﬁ) = [ClXo(B[7§57b5ﬁ5 \N24)]67ﬁ2
= [Bfﬁ&bsﬁs]s’ﬂ'
It is clear that B, g ,  CBg , CBg , C U and so Bl g bons \Nic B g ponsN{uc

U |t (u) > by }. Moreover, it follows from b > b and formula (49), that B g b MHu€

U | t5(u) > by} CIntx,(Brg ) N{uecU]|tf(u)>b/}="Vs Since i <a, we
obtain

Clz. ([Nlep \ [NF]e6) € 1Vislesa, - (54)

To complete the proof we need to show that ]‘7[’3[5731 - 1%76 \ 1\72,@ Note that ‘71,3 C

No(I) N Bg, 1,- Indeed, Vi3 C Intx, (31,94,174,74) C Bg, ,, C Bg, ;, and

T 2 2
Vig C Inth(B[,&,b%%) C Br,65,b4,71 C Br,ss,paya YNy = Nj C NO(I)v

where the last inclusion follows from Theorem 6.36. Moreover, it follows from Remark 5.28
that [NO(I) ﬂB§47b3}5731 C N[’a(al,&;) C [Blﬁg,bz,eg]E»eO U Ng,a(&l,(h) C [Bgz’b2]€130 U

N2,5(&17 54). Hence
Vislea © Nie(@,da) N{ue Ut (u) >b] Hea, =T

If (u,v) € T, then t¢ (u) > b} so, by (52), (u,v) & Nac(dy,0s). Thus T C Ny (é1,04) \
Ny o(1,d4) and this, together with (54), concludes the proof of the lemma. |

LEMMA 6.39. For all € €0,&1] and for all I € A(<), the following inclusions hold

Clz. ([Nlo.p \ [N{]e9) € IVialeie, C Intz (N1 \ Nrc).

Proof. Let ¢ € ]0,&1] and I € A(<) be fixed. Let w = (u,v) € []Vlz]e’ﬁ \ []\Nfﬂs’e.
Hence u € Nf = By, and v € Cly.(B(6e, 1)) C Cly.(B(6.,7)). Thus, u ¢ N; and so
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u€ Bg , \(B U N£). Hence

1,8,b1,81

Clz. ([N{le.e \ [Nf]c) C Clz. ([Bg, 4, \ (Br g, 4,0, Y N)lep)
= [Clx, (B§5,b5 \ (Bl,sl,bl,el U Né))]s,ﬂ
c [B§5,b5 \Inth(BI,Sl,bl,el U Ng)]e,m

é simple computation shows that Bg , \ Intx, (B
B

. ! 18006, UNS) C Intxy (Bg )N (Xo\
I,Sz,bg,eg) N{ueU|td(u)>0by}=Vr4 Since i < @y, it follows that
ClZs([Nf]E,ﬂ \ [N;l]e,e) C ]‘71,4[5,31 .

We claim that ]‘71,4[5,91 C NLE \ K/‘LE. First notice that }‘71,4[5,91 C [35471,3]5,&1 C
Nic(@1,04). Suppose that there exists a (u,v) € |Vr4l. e, N Nre(@1,94). Hence (u,v) €
[El,sz,bz,gz]s,eo U~N2,e(&175~4)- N

If~ (w,v) € [Brg, b0l theE u € §17§21b2732’ but this contradicts the definition
of Vi4. Suppose that (u,v) € Ny (1,04). Then formula (52) implies that (u,v) €
[Bg, 4, N {uecU| ta (u) < b/ }.eandsou e Bg, ,,{ueU| td (u) < by } which is a con-
tradiction to the definition of the set V; 4. Therefore our claim is proved and this concludes

the proof of the lemma. |
We have proved the following result.

THEOREM 6.40.  With the notation introduced above, there exists an €1 € ]0,€] such that
for every e € [0,&1] there exists an index filtration (N:(I))rea(<) for (me,Se, (Mpc)pep)
such that for all I € A(<) the following inclusions hold:

1. N2 C No(I) C N2 =B, ,

2. N2 C No(0),

3. [No(I) N Bg,  Je.ar € Nic C No(I) C N1 for e €]0,8] and
4. Ny C N.(0) for e €]0,&].

Furthermore, whenever I € A(<), (en)n 15 a sequence such that €, — 0 as n — oo and
(Wn ), with wy, = (un,vy,) for n € N, is a sequence such that w, € [NZ]. o NN, (I) for
alln € N and T'¢, (wp, (uo,0s,)) — 0 as n — oo for some uy € Xo, then there exists an

ng € N such that w, € No(I) for all n > nyg.

The index filtrations that we have obtained from Theorem 6.36 and Theorem 6.40 do
not as yet form a singular nested sequence as described in Theorem 3.20. However, after
intersecting these index filtrations with appropriate sets and using Proposition 2.9 we
will obtain new index filtrations which do satisfy the singular nesting property. This will
complete the proof of Theorem 3.20.
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For £ €]0,05[, p € 10, 1] and € € ]0, €] define the sets

Yic(p,€) == [Bg, ;. ]e.e N Clz. ({w | there exist an W € [Be,y e, and a t > 0
such that Wr.[0,#] C |U[, g and w = Wr.t}),
Yorl(p,€) = Y1e(p, &) N{w €]Ue | to(w) < b ).

Then there exist a & € ]0,d5[ and j € ]0, fi[ such that for all £ € ]0,&] and p € ]0, po),
there exists an £3(p, &) € ]0,€] such that for all € € ]0,€2(p, €)], Se C Intz, (17175(p, £)) and
the pair (Y1.c(p,€), Yac(p,€)) is an FM-index pair for S relative to m.. (cf. Lemma 5.30).

Given such an € € ]0,&3], since pp < @ < &y < 17, & < 65 we see, using (44), (53) and
Theorem 6.40 that

571,5(p’§) - [B§5,b5}57ﬂ C [B94,b3]5»31 C Nl,a(a1a54)

and so
Yae(p,€) € Nio(G1,00) N {w € |U[p | ] (w) < b} = Noo € NL(D).

Since }~/275(p7 €) is an exit ramp for 17175 (p, €) relative to 7., it thus follows that N.() is an

exit ramp for ffl’s(p7 €) relative to 7.
An application of Proposition 2.9 now implies the following result.

LEMMA 6.41. For every £ € ]0,50] and p €0, po] and for alle €10,82(p, &)], (17175(;), &N
No(I))rea(<) is an index filtration for (mc,Se,(Myc)pep)-

We also have the following

LEMMA 6.42. There exist a & € ]0,&] and a py € )0, po] such that for all € €10,&,] and
all p €0, p1], there exists an £3(p, &) € ]0,2(p,&)] such that Yy (p,§) N N:(I) C [No(1)]e,g
for all e €10,&5(p,&)] and all T € A(<).

Proof. Suppose the conclusion of the lemma is not true. Then for some I € A(<) there
exist sequences (£,)n, (Pn)n, (€n)n and (wy), such that &, — 0, p, — 0 and €, — 0 as
n — oo and

Wy = (Un,vn) € Ve, (pnsén) NN, (I))\ []VO(I)]ER# for all n € N.

Notice that for all n € N, (un,vn) € Vi, (pn,&n) C [Bg_ 1. )ene = [N2].. p- Moreover,
for each n € N, there exist an W, € [Bg, p,Je,,p, and a t, > 0 such that w,m.,[0,t,] C
]U[Emg C [N]e,p and Ty (wp, Wpme, tn) < 27

Lemma 5.29 implies that there is a ug € N such that T, (W,me, tn, (u0,0z,)) — 0 as
n — oo and so I'¢, (wy, (ug,0e,)) — 0 as n — oo. In particular, there exists an ng € N
such that d., (vn,0c,) <7 for all n > ny.
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Since w,, ¢ [NO(I)]E,‘3 for all n € N, it follows that u,, ¢ No(I) for all n > ng. However,
Theorem 6.40 implies that u,, € K/‘O(I ) for all n large enough, which is a contradiction. |

Let € € 10, §~1] and p € ]0, p1] be fixed. Hence, setting €5 = £3(p, {N) we have the following
corollary.

COROLLARY 6.43. There ezist a f €10,05), ap €10, i) and an &5 € )0,2) such that, when-
ever e €10, 23], then (Y1..(7,€) NN, (I))rea(<) is an index filtration for (nc,Se, (Mp.c)pep)
and Y1 . (p,€) N N.(I) C [No(I)]e.q for all T € A(=).

We claim that

ng,l C N2 C No(0) (55)

Here, B§ is the exit set of the isolating block Bg p Telative to mg.
,b 1 U1

In fact, the inequalities Eg b5 < 85 and by > bs imply that BE b C B§5 », Moreover, if

u € By, , then u € U and tf (u) = b}. It follows that ng, C Bs,p, N{ueU|tt(u) <
S 1 )

b}, } = NZ. The last inclusion in (55) follows from Theorem 6.36 and our claim is proved.

Since Bg , is an exit ramp for BE " relative to mg, it follows from (55) that Ny(0) is an
exit ramp for BP b, relative to mp. The inclusion Sy C Intx, (BE b,) and Proposition 2.9
imply the followmg result.

LEMMA 6.44. (No(I)N ngg)IEAH) is an index filtration for (mg, So, (Mp0)pepr)-
Since Eg 55 < 6, and by < b}, it follows that Bg y C Bg, b and ng,l = BE y (1 Bg, by
Hence Ny(I) N Bey, = No(I)N (ng,1 N Bg, ,,)- Since p < i < a1, we have

[No(I) N Bgy, le.p = [No(I) N (Bgy, N Bg, y, )lee = [No(I) N Bg, ; lep N [Beylee
C [No(I) N Bg, ;,]c.e: N [Bgy lep
C [No(I) N Bg, . ]c.a: N Y1:(, )

This fact, together with Corollary 6.43 and Theorem 6.40, implies that, setting ef, :=
min{ey, €3}, for all € € ]0,¢p] and for all I € A(<)

[No(1) N By, Jeip © No(1) N Y1.6(5,€) C [No(D)]-yg- (56)
Let ¢ := min{¢, 65} and p/ € 0, 5]. For £ €]0,00], p €10, 1/[ and & € ]0,2] define the sets

Y1:(p,€) := [Bs p;]e s N Clz, ({w | there exist an W € [Bg ple,, and a t > 0 such
that wr.[0,t] C JU[..3 and w = wr.t }),
Yv2,€(p7 5) = Yl,s(p7§) N {U) € ][7[5,1’ | t:,u(w) S b}
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Then there exist a § € |0, 5] and pg € |0, /[ such that for all £ € ]0,&] and p € ]0, po],
there exists an e4(p, &) € ]0,€] such that for all € € ]0,e4(p,€)], Se C Intz_(Y1.:(p,&)) and
the pair (Y1,:(p,€), Y. (p,€)) is an FM-index pair for S relative to m.. (cf. Lemma 5.30).

Given such an € € ]0,e4(p,&)], since pg < ' < aq <1, 8’ < 5 < d4 we see, using (44)
and Theorem 6.36, that

}/I,E(pag) C [B(Sl,bll]!;‘,,u/ C [B(54,b3]6,0<1 C Nl,E(a1754)

and so Y5 .(p,&) C Nao C N.(0). Since Y5 (p, &) is an exit ramp for Y7 .(p, §) relative to
e, it thus follows that N.((}) is an exit ramp for Y7 .(p, §) relative to 7.
An application of Proposition 2.9 now implies the following result.

LEMMA 6.45. For all £ €]0,&] and p € 10, po] and for all € € ]0,e4(p,&)], (Y1,£(p,&) N
No(I))rea(<) is an index filtration for (mc,Se,(Mpc)pep)-

We also have the following

LEMMA 6.46. There exist a & € ]0,&)] and a p1 € |0, po] such that for all & € ]0,&]
and all p € )0, p1], there exists an e5(p,&) € 10,e4(p,§)] such that Y1.(p,&) N N.(I) C
[No(I)N Bg,b;]fﬁ for all e €10,e5(p,&)] and all T € A(<).

Proof. Suppose the conclusion of the lemma is not true. Then for some I € A(<) there
exist sequences (&,)n, (Pn)n, (En)n and (wy,), such that &, — 0, p, — 0 and €, — 0 as
n — oo and

Wy, = (Un, V) € Y1,e, (Pn, &) N Ne, (1)) \ [No(I) N B@,b’l]ﬁn»ﬂ for all n € N.

Notice that (un,vn) € Y1, (Pn:&n) C [Bsr by len.uwr C [Bsybalenn = [N?)., . forallm € N.
Moreover, for each n € N, there exist an w, € [Bg, ple, p, and a t, > 0 such that

Wne, [0,tn] CJU[c, .8 C [N]e, 6 and I, (wn, W, ty) <277

Lemma 5.29 implies that there is a ug € N such that I'. (w,7c, tn, (uo,0:,)) — 0 as
n — oo and so I¢, (wn, (ug,0,)) — 0 as n — oo. In particular, there exists an ng € N
such that T, (vn,0c,) < p for all n > ny.

Since u,, € Bey, and wy, ¢ [No(I) N B&b’l]fmﬁ for all n € N, it follows that w,, ¢ No(I) for
all n > ng. However, Theorem 6.36 implies that u,, € Ny(I) for all n large enough, which is

a contradiction. |l

Let £ €1]0,&1] and p € ]0, p1] be fixed. Hence, setting e5 = £5(p, ) we have the following
corollary.

COROLLARY 6.47. There is a £ € ]0,05], p € 10,1] and an e5 € ]0,€] such that, for
all € € ]0,¢e5], (Y1,(p,€) N Ne(1))1ea(<) is an index filtration for (7, S, (Mpc)pep) and
Y1.:(p, &) N N(I) C [No(I) N ng,l]gjﬂ for all I € A(<).
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Proof (Proof of Theorem 3.20). Let e. := min{e(,e5} and € € |0, e.] be arbitrary. Define
No = (No(I) N Be ) 1eac<)> No = (No(I))rea(=)s Ne i= (Y1, (p,€) N Ne(1) e a(<) and
Nei= (Y1,(0,6) "N(I)) rea(<)- Theorem 6.40, Lemma 6.44 and Corollaries 6.43 and 6.47

imply that, for each ¢ € [0,&.], N and N. are index filtrations for (e, Se, (My ) pep)-
Formula (56) and Corollary 6.47 imply that for all € € ]0,e.] and for all I € A(<)

Yl,s(pv 5) N NE([) C [NO(I) N ng/l]e,p - NE(I) N )71,5(ﬁ7 g) - []\70([)]5,3-

i.e. the singular nesting property (4) holds. Since NO(P) CcUC N and N is singular
strongly admissible, it also follows that for each € € |0,e.], N: and N; are strongly m.-

admissible. This completes the proof of Theorem 3.20. |
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