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We prove several results concerning topologic conjugation of two impulsive semidy-
namical systems. In particular, we prove that the homeomorphism which defines the topo-
logic conjugation takes impulsive points to impulsive points; it also preserves properties
as limit sets, prolongation limit sets, the minimality of positive impulsive orbits as well as
stability and invariance with respect to the impulsive system. We also present the concepts
of attraction and asymptotic stability in this setting and prove some related results.May,
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1. INTRODUCTION

Impulsive differential equations (IDE) are an important tool to describe the evolution of systems
where the continuous development of a process is interrupted by abrupt changes of state. These
equations are modelled by differential equations which describe the period of continuous variation
of state and conditions which describe the discontinuities of first kind of the solution or of its
derivatives at the moments of impulse.

The theory of IDE is an important area of investigation. In the present work we apply this
theory to semidynamical systems. We start by presenting a summary of the basis of semidynamical
systems with impulse effect. For detais, see [3], [4], [6], [7], [8] and [9]. Then we define the concept
of topologic conjugation between two semidynamical systems with impulse and give some results
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46 E. M. BONOTTO AND M. FEDERSON

on the structure of the phase space. We also deal with the concept of asymptotic stability for these
systems.

2. IMPULSIVE SEMIDYNAMICAL SYSTEMS
2.1. Basic definitions and terminology

Let X be a metric space andR+ be the set of non-negative real numbers. The triple(X, π, R+)
is called asemidynamical system, if the function

π : X× R+ −→ X

fulfills the conditions:

a) π(x, 0) = x, for all x ∈ X,

b) π(π(x, t), s) = π(x, t + s), for all x ∈ X andt, s ∈ R+,
c) π is continuous.

We denote such system by(X, π, R+) or simply (X, π). Under the above conditions, whenR+

is replaced byR, the triple(X, π, R) is a dynamical system. For everyx ∈ X, we consider the
continuous functionπx : R+ −→ X given byπx(t) = π(x, t) and called thetrajectoryof x.

Let (X, π) be a semidynamical system. Givenx ∈ X, thepositive orbitof x is given by

C+(x) = {π(x, t) : t ∈ R+}

which we also denote byπ+(x). Givenx ∈ X andr ∈ R+, we define

C+(x, r) = {π(x, t) : 0 ≤ t < r}.

For t ≥ 0 andx ∈ X, we define

F(x, t) = {y : π(y, t) = x}

and, for4 ⊂ [0, +∞) andD ⊂ X, we define

F(D, 4) = ∪{F(x, t) : x ∈ D andt ∈ 4}.

Then a pointx ∈ X is called aninitial point, if F(x, t) = ∅ for t > 0.
Now we define semidynamical systems with impulse action. Animpulsive semidynamical sys-

tem(X, π; M, I) consists of a semidynamical system,(X, π), a non-empty closed subsetM of X
and a continuous functionI : M → X such that for everyx ∈ M, there existsεx > 0 such that

F(x, (0, εx)) ∩M = ∅ and π(x, (0, εx)) ∩M = ∅.

Notice that the points ofM are isolated in every trajectory of the system(X, π). The setM is called
the impulsive set, the functionI is calledimpulse functionand we writeN = I(M). We also define

M+(x) = (π+(x) ∩M) \ {x}.
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IMPULSIVE SEMIDYNAMICAL SYSTEMS 47

Lemma 2.1. Let (X, π; M, I) be an impulsive semidynamical system. Then for everyx ∈ X,
there is a positive numbers1, 0 < s1 ≤ +∞, such thatπ(x, t) /∈ M, whenever0 < t < s1, and
π(x, s1) ∈ M if M+(x) 6= ∅.

Proof. When M+(x) = ∅, we can considers1 = +∞ and we haveπ(x, t) /∈ M, for all t > 0. Now
we suppose that M+(x) 6= ∅. Then there ist1 ∈ R+ such thatπ(x, t1) ∈ M. Sinceπx : R+ −→ X
is continuous andM is a non-empty closed set, then the compact subset[0, t1] ∩ π−1

x (M) of R+

admits a smallest element,s1 < +∞, satisfying the lemma. ¤

Let (X, π; M, I) be an impulsive semidynamical system andx ∈ X. By means of Lemma2.1,
it is possible to define a functionφ : X → (0, +∞] in the following manner: if M+(x) = ∅, then
φ(x) = +∞, and if M+(x) 6= ∅, thenφ(x) is the smallest, denoted bys, such thatπ(x, t) /∈ M,
for t ∈ (0, s), andπ(x, s) ∈ M. This means thatφ(x) is the least positive time for which the
trajectory ofx meetsM. Then for eachx ∈ X, we callπ(x, φ(x)) the impulsive pointof x.

The impulsive trajectoryof x in (X, π; M, I) is a functionπ̃x defined on the subset[0, s) of R+

(s may be+∞) in X. The description of such trajectory follows inductively as described in the
following lines.

If M +(x) = ∅, thenπ̃x(t) = π(x, t), for all t ∈ R+, andφ(x) = +∞. However if M+(x) 6= ∅,
it follows from Lemma2.1 that there is a smallest positive numbers0 such thatπ(x, s0) = x1 ∈ M
andπ(x, t) /∈ M, for 0 < t < s0. Then we definẽπx on [0, s0] by

π̃x(t) =
{

π(x, t), 0 ≤ t < s0

x+
1 , t = s0,

wherex+
1 = I(x1) andφ(x) = s0.

Sinces0 < +∞, the process now continues fromx+
1 on. If M+(x+

1 ) = ∅, then we define
π̃x(t) = π(x+

1 , t), s0 ≤ t < +∞, andφ(x+
1 ) = +∞. When M+(x+

1 ) 6= ∅, it follows again
from Lemma2.1 that there is a smallest positive numbers1 such thatπ(x+

1 , s1) = x2 ∈ M and
π(x+

1 , t− s0) /∈ M, for s0 ≤ t < s0 + s1. Then we definẽπx on [s0, s0 + s1] by

π̃x(t) =
{

π(x1
+, t− s0), s0 ≤ t < s0 + s1

x+
2 , t = s0 + s1,

wherex+
2 = I(x2) andφ(x+

1 ) = s1.
Now we suppose that̃πx is defined on the interval[tn−1, tn] and thatπ̃x(tn) = x+

n , where

tn =
n−1∑

i=0

si. If M +(x+
n ) = ∅, then π̃x(t) = π(x+

n , t), tn ≤ t < +∞, andφ(x+
n ) = +∞. If

M+(x+
n ) 6= ∅, then there existssn ∈ R+ such thatπ(x+

n , sn) = xn+1 ∈ M andπ(x+
n , t − tn) /∈

M, for tn ≤ t < tn+1. Besides

π̃x(t) =
{

π(x+
n , t− tn), tn ≤ t < tn+1

x+
n+1, t = tn+1,
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48 E. M. BONOTTO AND M. FEDERSON

wherex+
n+1 = I(xn+1) andφ(x+

n ) = sn. Notice thatπ̃x is defined on each interval[tn, tn+1],

wheretn+1 =
n∑

i=0

si. Henceπ̃x is defined on[0, tn+1].

The process above ends after a finite number of steps, whenever M+(x+
n ) = ∅ for somen. Or

it continues indefinitely, if M+(x+
n ) 6= ∅, n = 1, 2, 3, ..., and if π̃x is defined on the interval

[0, T (x)), whereT (x) =
∞∑

i=0

si.

It worths noticing that givenx ∈ X, one of the three properties hold:

i) M+(x) = ∅ and hence the trajectory ofx has no discontinuities.
ii) For somen ≥ 1, eachx+

k , k = 1, 2, ..., n, is defined and M+(x+
n ) = ∅. In this case, the

trajectory ofx has a finite number of discontinuities.
iii) For all k ≥ 1, x+

k is defined and M+(x+
k ) 6= ∅. In this case, the trajectory ofx has infinite

discontinuities.

Let (X, π;M, I) be an impulsive semidynamical system. Givenx ∈ X, thepositive impulsive
orbit of x is defined by the set

C̃
+
(x) = {π̃(x, t) : t ∈ R+},

and we denote its closure inX by K̃
+
(x).

Analogously to the non-impulsive case, we have the following properties.

Proposition 2.1. Let (X, π;M, I) be an impulsive semidynamical system. Ifx ∈ X, then

i)π̃(x, 0) = x,

ii) π̃(π̃(x, t), s) = π̃(x, t + s), with t, s ∈ [0, T (x)) such thatt + s ∈ [0, T (x)).

2.2. Semicontinuity and continuity of φ

In [6], the continuity ofφ is discussed and the author assumes thatφ is lower semicontinuous.
But Ciesielski showed in [3] that this does not always hold.

The results of this section are borrowed from [3]. They are applied intrinsically in the proofs of
the main theorems in the next section.

Let (X, π) be a semidynamical system. Any closed setS ⊂ X containingx (x ∈ X) is called a
sectionor aλ−sectionthroughx, with λ > 0, if there exists a closed setL ⊂ X such that

a) F(L, λ) = S;
b) F(L, [0, 2λ]) is a neighborhood ofx;
c) F(L, µ) ∩ F(L, ν) = ∅, for 0 ≤ µ < ν ≤ 2λ.

The setF(L, [0, 2λ]) is called atubeor aλ-tubeand the setL is called abar.
We include the complete proof of the next lemma.
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Lemma 2.2. Let (X, π) be a semidynamical system. IfS is a λ−section throughx, x ∈ X,
andµ ≤ λ, thenS is aµ−section throughx.

Proof. Consider the barLµ = F(Lλ, λ − µ), whereLλ is a bar of theλ−tube. Notice thatLµ

is closed, sinceπ is continuous. Hence

a) F(Lµ, µ) = S;
b) F(Lµ, [0, 2µ]) is a neighborhood ofx;
c) F(Lµ, σ) ∩ F(Lµ, ν) = ∅, for 0 ≤ σ < ν ≤ 2µ.

Indeed. We will prove each of these items.
a) We have

x ∈ F(Lµ, µ) ⇐⇒ π(x, µ) ∈ Lµ = F(Lλ, λ− µ) ⇐⇒

⇐⇒ π(π(x, µ), λ− µ) ∈ Lλ ⇐⇒ π(x, λ) ∈ Lλ ⇐⇒ x ∈ F(Lλ, λ) = S.

b) Since F(Lλ, [0, 2λ]) is a neighborhood ofx, there is an open subsetU1 of X such that
x ∈ U1 ⊂ F(Lλ, [0, 2λ]). Let T = F (Lλ, [0, λ− µ] ∪ [λ + µ, 2λ]) . Notice thatT is closed
since given a sequenceyn in T, yn → y, there is a sequencetn ∈ [0, λ − µ] ∪ [λ + µ, 2λ]
such thatπ(yn, tn) ∈ Lλ. Since[0, λ − µ] ∪ [λ + µ, 2λ] is compact, we can assume, without
loss of generality, thattn → τ, τ ∈ [0, λ − µ] ∪ [λ + µ, 2λ]. Then the continuity ofπ implies
π(yn, tn) → π(y, τ). BecauseLλ is closed, we haveπ(y, τ) ∈ Lλ. Thereforey ∈ T. On the
other hand, sinceS ⊂ Tc, whereTc is the complement ofT in X, then there is an open setU2 ⊂ X
containingx and such thatT ∩U2 = ∅. Thusx ∈ U1 ∩U2 ⊂ F(Lµ, [0, 2µ]).

c) Supposey ∈ F(Lµ, σ) ∩ F(Lµ, ν), for 0 ≤ σ < ν ≤ 2µ. Hence

π(y, σ) ∈ Lµ = F(Lλ, λ− µ) and π(y, ν) ∈ Lµ = F(Lλ, λ− µ).

Therefore

π(y, σ + λ− µ) ∈ Lλ and π(y, ν + λ− µ) ∈ Lλ,

which is a contradiction, since0 ≤ σ + λ− µ < ν + λ− µ ≤ 2λ andS is aλ−section. ¤

Let (X, π) be a semidynamical system. We now present the conditions TC and STC for a tube.
Any tubeF(L, [0, 2λ]) given by the sectionS throughx ∈ X such that

S ⊂ M ∩ F(L, [0, 2λ])

is calledTC-tubeon x. We say that a pointx ∈ M fulfills the Tube Condition, we write (TC), if
there exists a TC-tubeF(L, [0, 2λ]) throughx. In particular, if

S = M ∩ F(L, [0, 2λ])

we have aSTC-tubeon x and we say that a pointx ∈ M fulfills the Strong Tube Condition, we
write (STC), if there exists a STC-tubeF(L, [0, 2λ]) throughx.

The following lemma is a consequence of these definitions.
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50 E. M. BONOTTO AND M. FEDERSON

Lemma 2.3. Let(X, π; M, I) be an impulsive semidynamical system. Suppose there is a point
x ∈ X satisfying(TC) (respectively(STC)) with a λ−sectionS. Then givenη < λ, the setS is
anη−section with aTC−tube(respectively aSTC−tube).

The next result establishes a condition on a point ofM so that the functionφ is upper semicon-
tinuous at it.

Theorem 2.1. Let (X, π; M, I) be an impulsive semidynamical system. Suppose each point
of the impulsive setM fulfills (TC). Thenφ is upper semicontinuous.

The following theorem states that ifx /∈ M, thenφ is lower semicontinuous atx.

Theorem 2.2. Let (X, π; M, I) be an impulsive semidynamical system. For eachx /∈ M, the
functionφ is lower semicontinuous atx.

The next result says thatφ is not lower semicontinuous atx, wheneverx ∈ M andx is not an
initial point.

Theorem 2.3. Let (X, π; M, I) be an impulsive semidynamical system. Supposex ∈ M and
x is not an initial point. Thenφ is not lower semicontinuous atx.

The next result concerns the continuity ofφ.

Theorem 2.4. Consider the impulsive semidynamical system(X, π; M, I). Assume that no
initial point belongs to the impulsive setM and that each element ofM satisfies(TC). Thenφ is
continuous atx if and only ifx /∈ M.

2.3. Additional definitions
Let us consider the metric spaceX with metricρ. By B(x, δ) we mean the open ball with center

atx ∈ X and ratioδ. LetB(A, δ) = {x ∈ X : ρA(x) < δ}, whereρA(x) = inf{ρ(x, y) : y ∈ A}.
In what follows,(X, π; M, I) is an impulsive semidynamical system andx ∈ X.
We define thelimit setof x in (X, π; M, I) by

L̃
+
(x) = {y ∈ X : π̃(x, tn) → y, for some tn → +∞}.

Theprolongation limit setof x in (X, π; M, I) is given by

J̃
+
(x) = {y ∈ X : π̃(xn, tn) → y, for xn → x and tn → +∞};

and theprolongation setof x in (X, π; M, I) is defined by

D̃
+
(x) = {y ∈ X : π̃(xn, tn) → y, for xn → x and tn ∈ [0, +∞)}.
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IMPULSIVE SEMIDYNAMICAL SYSTEMS 51

We say thatC ⊂ X is minimal in (X, π; M, I), whenever C= K̃
+
(x) for eachx ∈ C \M.

A point x ∈ X is calledstationarywith respect tõπ, if π̃(x, t) = x for all t ≥ 0, and it is called
periodicwith respect tõπ, if π̃(x, t) = x for somet > 0 andx is not stationary.

Let A ⊂ X. If π̃+(A) ⊂ A, we say thatA is positivelyπ̃−invariant. If for every ε > 0 and
everyx ∈ A, there isδ > 0 such that

π̃(B(x, δ), [0, +∞)) ⊂ B(A, ε),

thenA is calledπ̃−stable. The setA is π̃−orbitally stableif for every neighborhoodU of A, there
is a positivelyπ̃−invariant neighborhoodV of A, V ⊂ U . If for all x ∈ A and ally /∈ A, there
exists a neighborhoodV of x and a neighborhoodW of y such thatW ∩ π̃(V, [0, +∞)) = ∅, we
say thatA is π̃−stable according to Bhatia-Hajek. Finally, the setA is I−invariant in (X, π; M, I),
whenever I(x) ∈ A for all x ∈ M ∩ A, andA is I−stableif for every ε > 0, there isδ > 0 such
that

I(M ∩B(A, δ)) ⊂ B(A, ε).

3. THE MAIN RESULTS

3.1. Topologic conjugation
The qualitative study of an impulsive differential equation consists of the geometric description

of its phase space. It is natural to ask when two phase spaces have the same description. This
depends on a equivalence relation between impulsive equations. An equivalence relation that ex-
presses the geometric structure of the orbits is a topologic conjugation.

Let X andY be metric spaces with metricsρX andρY respectively. Let(X, π; MX, IX) and
(Y, ψ; MY, IY) be impulsive semidynamical systems. We say thatX andY are topologically
conjugate, if there exists a homeomorphismh : X → Y which takes orbits ofX to orbits ofY
and preserves orientation, that is,h(C̃

+

X(p)) = C̃
+

Y(h(p)), with h(π̃(p, t)) = ψ̃(h(p), t) for every
t ∈ TX(p) = TY(h(p)).

From Proposition3.1 below, it follows that the homeomorphismh takes impulsive points to
impulsive points.

Proposition 3.1. Let(X, π; MX, IX) and(Y, ψ; MY, IY) be impulsive semidynamical sys-
tems. LetX andY be topologic conjugate by the homeomorphismh. Then

φX(p) = φY(h(p)), for all p ∈ X.

Proof. Givenp ∈ X, we have

π̃(p, t) =
{

π(p, t), 0 ≤ t < φX(p)
p+
1 , t = φX(p).

Then

h(π̃(p, t)) =
{

h(π(p, t)), 0 ≤ t < φX(p)
h(p+

1 ), t = φX(p).

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



52 E. M. BONOTTO AND M. FEDERSON

Hence

ψ̃(h(p), t) =
{

ψ(h(p), t), 0 ≤ t < φX(p)
h(p+

1 ), t = φX(p).

If ρX(π(p, φX(p)), p+
1 ) > 0, sinceh is a homeomorphism, it follows that

ρY(ψ(h(p), φX(p)), h(p+
1 )) > 0.

ThereforeφY(h(p)) = φX(p). ¤

In what follows, we assume that(X, π; MX, IX) and(Y, ψ; MY, IY) are impulsive semidy-
namical systems which are topologically conjugate by the homeomorphismh.

Proposition 3.2. The following properties hold:

i)h(L̃
+
(p)) = L̃

+
(h(p)), for all p ∈ X;

ii)h(J̃
+
(p)) = J̃

+
(h(p)), for all p ∈ X;

iii) h(D̃
+
(p)) = D̃

+
(h(p)), for all p ∈ X.

Proof. We prove i). The proofs of ii) and iii) follow analogously.

Let x ∈ h(L̃
+
(p)). Then there isy ∈ L̃

+
(p) such thath(y) = x. Thus there exists a sequence

{tn} ⊂ R+ such that

π̃(p, tn) → y, as tn → +∞.

Sinceh is continuous, we have

h(π̃(p, tn)) → h(y), as tn → +∞.

But h(π̃(p, tn)) = ψ̃(h(p), tn), tn ∈ R+. Therefore

ψ̃(h(p), tn) → x, as tn → +∞

and hencex ∈ L̃
+
(h(p)).

Now we supposex ∈ L̃
+
(h(p)). Then there is a sequence{tn} ⊂ R+ such that

ψ̃(h(p), tn) → x, as tn → +∞.

Sinceh(π̃(p, tn)) = ψ̃(h(p), tn), tn ∈ R+, we have

h(π̃(p, tn)) → x, as tn → +∞.

But h is a homeomorphism. Therefore there existsh−1 continuous and

π̃(p, tn) → h−1(x), as tn → +∞.
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Thush−1(x) ∈ L̃
+
(p) and hencex ∈ h(L̃

+
(p)). The proof is then complete. ¤

Propositions3.3and3.4below show that the invariance is preserved by the homeomorphismh.

Proposition 3.3. If A ⊂ X is π̃−invariant, thenh(A) is ψ̃−invariant.

Proof. For eachx ∈ A, we havẽπ(x, t) ⊂ A, for all t ∈ R+. Considerp ∈ h(A). Then there
existsy ∈ A such thath(y) = p. Thusπ̃(y, t) ⊂ A, for all t ∈ R+ and hence,h(π̃(y, t)) ⊂ h(A),
for all t ∈ R+. But h(π̃(y, t)) = ψ̃(h(y), t). Thereforeψ̃(h(y), t) ⊂ h(A) and the result follows.
¤

Proposition 3.4. Let A ⊂ X be such thatA ∩ MX is IX−invariant. Thenh(A) ∩ MY is
IY−invariant.

Proof. Let y ∈ h(A)∩MY. Thus there existsx ∈ A∩MX such thath(x) = y. By the hypothesis,
IX(x) ∈ A ∩MX. But IX(x) = x+

1 = π̃(x+
1 , 0). Hence

IY(y) = IY(h(x)) = ψ̃(h(x+
1 ), 0) = h(π̃(x+

1 , 0)) = h(IX(x)) ∈ h(A) ∩MY

and the result follows. ¤

The next proposition says that the stability is also preserved by the homeomorphismh.

Proposition 3.5. LetA ⊂ X. We have

i)If A is π̃−stable, thenh(A) is ψ̃−stable.

ii) If A is orbitally π̃−stable, thenh(A) is orbitally ψ̃−stable.

iii) If A is π̃−stable according to Bhatia-Hajek, thenh(A) is ψ̃−stable according to Bhatia-
Hajek.

Proof.
i) Suppose there existsε > 0 such that for everyδ > 0, ψ̃(B(h(x), δ)) is not contained in

B(h(A), ε). Then there existsh(x) ∈ B(h(x), δ) such thatψ̃(h(x), T ) /∈ B(h(A), ε), for
someT > 0, that is,h(π̃(x, T )) /∈ B(h(A), ε). Henceπ̃(x, T ) /∈ h−1(B(h(A), ε)). Besides,
h−1(B(h(A), ε)) is a neighborhood ofA. Therefore there existsη > 0 such thatA ⊂ B(A, η) ⊂
h−1(B(h(A), ε)). By the π̃−stability of A, there existsβ > 0 such that̃π(B(x, β)) ⊂ B(A, η),
which is a contradiction, sincẽπ(x, T ) /∈ h−1(B(h(A), ε)). Hence the result follows.

ii) For every neighborhoodU of A, there is aπ̃−invariant neighborhoodV of A such that
V ⊂ U . Thenh(A) ⊂ h(V ) ⊂ h(U). Sinceh is a homeomorphism,h(U) andh(V ) are neighbor-
hoods ofh(A). Therefore, by Proposition3.3, h(V ) is ψ̃−invariant.

iii) For everyx ∈ A and everyy /∈ A, there are neighborhoodsV of x andW of y such that
W ∩ π̃(V, [0, +∞)) = ∅. Sinceh is injective, we haveh(W ) ∩ h(π̃(V, [0, +∞))) = ∅, that is,
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54 E. M. BONOTTO AND M. FEDERSON

h(W ) ∩ ψ̃(h(V ), [0, +∞)) = ∅, whereh(x) ∈ h(A), h(y) /∈ h(A), andh(V ) andh(W ) are
neighborhoods ofh(x) andh(y) respectively. ¤

Proposition 3.6. If C̃
+

X(p) is minimal, theñC
+

Y(h(p)) is also minimal.

Proof. We need to prove that̃C
+

Y(h(p)) = K̃
+

Y(y), for everyy ∈ C̃
+

Y(h(p)) \ MY. Suppose

w ∈ C̃
+

Y(h(p)). Thenw = ψ̃(h(p), T ), for some T ≥ 0. Hencew = h(π̃(p, T )). SinceC̃
+

X(p)
is minimal, we haveh−1(w) ∈ K̃

+

X(z), for all z ∈ C̃
+

X(p) \ MX. Thus there exists a sequence
{tn} ⊂ R+ such that

π̃(z, tn) → π̃(p, T ), for all z ∈ C̃
+

X(p) \MX.

Becauseh is continuous, we have

h(π̃(z, tn)) → h(π̃(p, T )), for all z ∈ C̃
+

X(p) \MX,

that is,

ψ̃(h(z), tn) → ψ̃(h(p), T ), for all h(z) ∈ C̃
+

Y(h(p)) \MY.

Thereforew ∈ K̃
+

Y(y), for everyy ∈ C̃
+

Y(h(p)) \MY.

Now we supposey ∈ K̃
+

Y(z), for everyz ∈ C̃
+

Y(h(p)) \ MY. Sinceh is a homeomorphism,

we haveK̃
+

Y(z) = h(K̃
+

X(h−1(z))). Thush−1(y) ∈ K̃
+

X(h−1(z)). But K̃
+

X(h−1(z)) = C̃
+

X(p).
Thereforey ∈ h(C̃

+

X(p)), that is,y ∈ C̃
+

Y(h(p)) and the proof is complete. ¤

3.2. Asymptotic stability of compact sets
In [11], the asymptotic stability is studied for non-impulsive semidynamical systems. Here we

introduce this concept for the impulsive case and verify whether some properties still hold.
In what follows,(X, π;M, I) is an impulsive semidynamical system.
Let H ⊂ X. We define the sets

P̃
+

W(H) = {x ∈ X : for every neighborhoodU of H, there is a sequence

{tn} ⊂ R+, tn → +∞ such that̃π(x, tn) ∈ U}

P̃
+
(H) = {x ∈ X : for every neighborhoodU of H, there isτ ∈ R+

such that̃π(x, [τ, +∞)) ⊂ U}
The setP̃

+

W(H) is calledregion of weak attractionof H according toπ̃ and the set̃P
+
(H) is

calledregion of attractionof H according tõπ. If x ∈ P̃
+

W(H) or x ∈ P̃
+
(H), then we say thatx is

π̃−weakly attractedor π̃−attractedto H respectively.
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Lemma 3.1. For any setH ⊂ X, we have

i)P̃
+
(H) ⊂ P̃

+

W(H);

ii) P̃
+
(H) andP̃

+

W(H) are π̃−invariant.

Proof.
i) Follows immediately.

ii) We will show thatP̃
+
(H) is π̃−invariant. Thẽπ−invariance of̃P

+

W(H) follows analogously.

Considery ∈ P̃
+
(H). Let U be an arbitrary neighborhood ofH. Thus there existsτ ∈ R+ such

thatπ̃(y, [τ, +∞)) ⊂ U.
Now, considerz = π̃(y, λ), λ ∈ R+. Then for everyt ∈ [τ, +∞), we have

π̃(z, t) = π̃(π̃(y, λ), t) = π̃(y, t + λ) ∈ U.

HenceC̃
+
(y) ⊂ P̃

+
(H). ¤

Lemma 3.2. GivenH ⊂ X andx ∈ X, the following are equivalent:

i)x ∈ P̃
+

W(H).
ii)There is a sequence{tn} ⊂ R+, with tn → +∞, such that either̃π(x, tn) ∈ H or

H ∩ L̃
+
(x) 6= ∅.

Proof.
i) ⇒ ii). Let x ∈ P̃

+

W(H). Suppose there is no sequence{tn} in R+, tn → +∞, with π̃(x, tn) ∈
H. Thus there existsτ ∈ R+, with C̃

+
(π̃(x, τ)) ⊂ X \H. If H ∩ L̃

+
(x) = ∅, then

K̃
+
(π̃(x, τ)) = C̃

+
(π̃(x, τ)) ∪ L̃

+
(π̃(x, τ)) = C̃

+
(π̃(x, τ)) ∪ L̃

+
(x) ⊂ X \H,

for all x ∈ X, K̃
+
(x) = C̃

+
(x) ∪ L̃

+
(x) (see [9], Lemma 2.10). SincẽK

+
(π̃(x, τ)) is closed,

X \ K̃
+
(π̃(x, τ)) is a neighborhood ofH. As a consequence, we do not haveπ̃(x, τ) ∈ P̃

+

W(H)
which impliesx /∈ P̃

+

W(H) and we have a contradiction.

ii) ⇒ i). Supposex /∈ P̃
+

W(H). Thus there are an open neighborhoodU of H and τ ∈ R+

such that̃π(x, [τ, +∞)) ⊂ X \ U . Since X\ U is closed, theñK
+
(π̃(x, τ)) ⊂ X \ U. Thus

H∩ L̃
+
(x) = ∅ and, for everytn → +∞, we havẽπ(x, tn) /∈ H which contradicts the hypothesis.

¤

A setH ⊂ X is called aweakπ̃−attractor, if P̃
+

W(H) is a neighborhood ofH, and it is called a

π̃−attractor, if P̃
+
(H) is a neighborhood ofH.
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Proposition 3.7. If H ⊂ X is a π̃−attractor, theñP
+
(H) = P̃

+

W(H).

Proof. From Lemma3.1, it is enough to prove that̃P
+

W(H) ⊂ P̃
+
(H). Let x ∈ P̃

+

W(H). Since

P̃
+
(H) is a neighborhood ofH, there existsτ ∈ R+ such that̃π(x, τ) ∈ P̃

+
(H). But P̃

+
(H) is

π̃−invariant. Hencex ∈ P̃
+
(H). ¤

A setH ⊂ X is calledπ̃−asymptotically stable, if it is both a weak̃π−attractor and̃π−orbitally
stable.

Theorem 3.1. If H ⊂ X is π̃−asymptotically stable, thenH is a π̃−attractor.

Proof. From Lemma3.1, it is enough to prove that̃P
+

W(H) ⊂ P̃
+
(H). Let x ∈ P̃

+

W(H) andU be
an arbitrary neighborhood ofH. By the π̃−stability of H, we can find a positivelỹπ−invariant

neighborhoodV of H such thatV ⊂ U andV ⊂ P̃
+

W(H). Let τ ∈ R+ be such that̃π(x, τ) ∈ V .

SinceV is positively π̃−invariant, we havẽπ(x, [τ, +∞)) ⊂ V ⊂ U. Thusx ∈ P̃
+
(H) and

thereforẽP
+
(H) = P̃

+

W(H) is a neighborhood ofH. ¤

The next corollary follows from Lemma3.1and Theorem3.1.

Corollary 3.1. A setH ⊂ X is π̃-asymptotically stable if and only if it is both̃π−orbitally
stable and ãπ−attractor.

Theorem 3.2. SupposeX is locally connected. LetH be a non-empty compact subset of

X and suppose every component ofH is invariant by I, and thatP̃
+
(H) is open. ThenH is

π̃−asymptotically stable if and only ifH has a finite number of components each of themπ̃−asymp-
totically stable.

The proof of Theorem3.2, follows from the lemmas below in the same manner as the non-
impulsive case. See, for instance, [11], page61.

Lemma 3.3. SupposeX is locally connected,H ⊂ X is a π̃−attractor, P̃
+
(H) is open and

every component of̃P
+
(H) is invariant byI. If A1 is an I−invariant component of̃P

+
(H), then

H1 := A1 ∩ H is a non-emptỹπ−attractor, withA1 = P̃
+
(H1).

Proof. SinceX is locally connected, each component ofP̃
+
(H) is open and the setsA1 and

A2 = P̃
+
(H) \ A1 are open and separated, that is,A1 ∩ A2 = A1 ∩ A2 = ∅. Let H2 = A2 ∩ H.

Notice that H= H1 ∪H2. We will show thatH1 6= ∅.
If H1 is non-empty, thenA2 is an open neighborhood ofH. Letx ∈ A1. We can suppose, without

loss of generality, thatφ(x) < +∞. Since[0, φ(x)) is connected, it follows that̃π(x, [0, φ(x)) =
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π(x, [0, φ(x))) ⊂ A1 andx1 = π(x, φ(x)) ∈ A1. BecauseA1 is open andI−invariant, we

havex+
1 = I(x1) ∈ A1. In this manner,̃K

+
(x) ⊂ A1. ThereforeK̃

+
(x) ∩ A2 = ∅ which is

a contradiction, sinceA2 is a neighborhood ofH andx ∈ P̃
+
(H). Thus H1 6= ∅. By the same

argument H2 6= ∅.
SinceP̃

+
(H) is π̃−invariant, the same applies toA1 and A2. Besides, each point ofA1 is

attracted byH1. However, if any pointx ∈ A1 is attracted byH2, then there existsτ ∈ R+

such that̃π(π̃(x, τ), R+) ⊂ A2. But this contradicts the fact thatA1 is positively π̃−invariant.

ThereforeA1 ⊂ P̃
+
(H1).

SinceA1 is open,̃π−invariant and encompassesH1 and alsõP
+
(H1) ⊂ P̃

+
(H) = A1 ∪ A2, it

follows thatA1 ⊃ P̃
+
(H1). As a consequence,A1 = P̃

+
(H1) andH1 is aπ̃−attractor. ¤

Lemma 3.4. Let H1 andH2 be separated by neighborhoods. IfH1 ∪ H2 is π̃−asymptotically

stable, so areH1 andH2. However̃P
+
(H1) andP̃

+
(H2) are disjoint.

Proof. It is enough to apply the proof of [11], Lemma6.12 to the impulsive case with a few
changes. ¤

We say that the orbit̃C
+
(x), x ∈ X, uniformly approximatesits limit set L̃

+
(x), whenever for

everyε > 0, there existsT = T (ε) > 0 such that̃L
+
(x) ⊂ B(π̃(x, [t, t + T ]), ε) for all t ∈ R+.

This implies that the limit set of an orbit in an impulsive semidynamical system is an attractor.
The next theorem says that if the orbit of a point inX has compact closure and minimal limit set,

then it is possible to uniformly approximate this orbit and its limit set. The converse is also true.
For the non-impulsive case, see [1].

Theorem 3.3. Let (X, π; M, I) be an impulsive semidynamical system. SupposeK̃
+
(p) is

compact,p ∈ X\M andL̃
+
(p) ∩M = ∅. ThenL̃

+
(p) is minimal if and only if̃C

+
(p) uniformly

approximates, its limit set̃L
+
(p).

Proof. SupposẽC
+
(p) does not uniformly approximate its limit setL̃

+
(p). Then there areε > 0, a

sequence of intervals{(tn, τn)} and a sequence{yn} in L̃
+
(p) such thattn → +∞, (τn − tn) →

+∞ andyn → y. Notice thaty ∈ L̃
+
(p) andyn /∈ B(π̃(p, [tn, τn]), ε).

We can assume, without loss of generality, thatρ(yn, y) <
ε

3
, for everyn. Thus, for arbitrary

n, we have

ρ(y, π̃(p, [tn, τn])) ≥ ρ(yn, π̃(p, [tn, τn]))− ρ(yn, y) > ε− ε

3
=

2ε

3
.

Now we consider the sequence of points{ωn}, whereωn = π̃(p, t
′
n), with t

′
n = (tn + τn)/2.

It is clear thatt
′
n → +∞. We can assume, without loss of generality, thatπ̃(p, t

′
n) → z ∈ L̃

+
(p),

sinceK̃
+
(p) is compact.
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BecausẽL
+
(p) is minimal andz /∈ M, we havẽL

+
(p) = K̃

+
(z). Besides,{yn} ⊂ L̃

+
(p) =

K̃
+
(z). Therefore, givenn, there exists a sequence{λn

k} ⊂ R+ such thatλn
k → +∞ ask → +∞,

and

π̃(z, λn
k ) → yn, as k → +∞,

Henceρ(π̃(z, λn
k ), yn) < ε, for sufficiently largek. And sinceyn → y, there exists a sequence

{nk} of positive numbers such that

ρ(π̃(z, λk
nk

), y) <
ε

3
, for nk > k,

wherek is sufficiently large.

ChoosenM such thatρ(π̃(z, λM
nM

), y) <
ε

3
and ofφ(z+

i ) < λM
nM

< φ(z+
i+1) for somei. Then

the continuity ofI andπ implies there existsσ > 0 such that ifρ(z, w) < σ, then

ρ(π̃(z, λM
nM

), π̃(w, λM
nM

)) <
ε

3
.

TakingN sufficiently large such thatρ(z, ωN ) < σ andλM
nM

<
τN − tN

2
, we have

ρ(π̃(z, λM
nM

), π̃(ωN , λM
nM

)) <
ε

3

and then

ρ(y, π̃(ωN , λM
nM

)) ≤ ρ(y, π̃(z, λM
nM

)) + ρ(π̃(z, λM
nM

), π̃(ωN , λM
nM

) <
ε

3
+

ε

3
=

2ε

3
,

But

π̃(ωN , λM
nM

) = π̃(π̃(p, t
′

N
), λM

nM
) = π̃(p, t

′

N
+ λM

nM
),

with

tN <
tN + τN

2
< t

′

N
+ λM

nM
<

tN + τN

2
+

τN − tN
2

= τN ,

Thusπ̃(ωN , λM
nM

) ∈ π̃(p, [tn, τn]), which is a contradiction, since

ρ(y, π̃(p, [tn, τn])) >
2ε

3
.

ThereforẽC
+
(p) uniformly approximates its limit set̃L

+
(p).

Conversely, supposẽL
+
(p) is not minimal. TheñL

+
(p) 6= K̃

+
(y), for somey ∈ L̃

+
(p) \ M.

Then there existsz ∈ L̃
+
(p) such thatz /∈ K̃

+
(y).

Let ε = ρ(z, K̃
+
(y)) > 0. By the uniform approximation, there existsT > 0 such that

L̃
+
(p) ⊂ B(π̃(p, [t, t + T ]), ε/2), for t ≥ 0. (3.1)
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Besides, there isδ > 0 such that ifρ(y, w) < δ, then

ρ(π̃(y, t), π̃(w, t)) <
ε

2
, for t < T, and φ(y+

i ) < t < φ(y+
i+1), (3.2)

for somei ∈ {0, 1, 2, 3, ...}.
Sincey ∈ L̃

+
(p), there is a sequence{tn} ⊂ R+ such that̃π(p, tn) → y. Therefore there is

N > 0 sufficiently large such that

ρ(π̃(p, tN ), y) < δ. (3.3)

Since (3.1) holds we have, in particular, thatL̃
+
(p) ⊂ B(π̃(π̃(p, tN ), [0, T ]), ε/2). And because

z ∈ L̃
+
(p), it follows that

ρ(z, x) <
ε

2
, for x = π̃(π̃(p, tN ), τ), τ ∈ [0, T ].

Takingτ ∈ [0, T ] such that

τ 6= φ(y+
i ), for all i ∈ {0, 1, 2, 3, ...}, (3.4)

it follows from (3.3) and (3.4), in view of (3.2), that

ρ(π̃(π̃(p, tN ), τ), π̃(y, τ)) <
ε

2
.

Hence

ρ(z, π̃(y, τ)) ≤ ρ(z, x) + ρ(x, π̃(y, τ)) <
ε

2
+

ε

2
= ε,

which contradicts the fact thatρ(z, K̃
+
(y)) = ε. ThereforeL̃

+
(p) is minimal and the proof is

complete. ¤
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1. N. P. Bhatia and G. P. Szegö, Stability theory of dynamical systems, Lecture Notes in Mathematics 35, Springer-Verlag

1967.

2. K. Ciesielski, Sections in semidynamical systems,Bull. Polish Acad. Sci. Math., 40(1992), 297-307.

3. K. Ciesielski, On semicontinuity in impulsive systems, to be published.

4. K. Ciesielski, On stability in impulsive dynamical systems, Proceedings of the Conference Topological Methods in
Differential Equations (Plovdiv, 1993), 31-38, VSP, Utrecht, 1994.

5. L. Fichmann, E. M. Sallum and M. Barone Jr., Sistemas Dinâmicos: Noç̃oes B́asicas, IME-USP, 2001, (in portuguese).
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