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We prove several results concerning topologic conjugation of two impulsive semidy-
namical systems. In particular, we prove that the homeomorphism which defines the topo-
logic conjugation takes impulsive points to impulsive points; it also preserves properties
as limit sets, prolongation limit sets, the minimality of positive impulsive orbits as well as
stability and invariance with respect to the impulsive system. We also present the concepts
of attraction and asymptotic stability in this setting and prove some related resuits,
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1. INTRODUCTION

Impulsive differential equations (IDE) are an important tool to describe the evolution of systems
where the continuous development of a process is interrupted by abrupt changes of state. These
equations are modelled by differential equations which describe the period of continuous variation
of state and conditions which describe the discontinuities of first kind of the solution or of its
derivatives at the moments of impulse.

The theory of IDE is an important area of investigation. In the present work we apply this
theory to semidynamical systems. We start by presenting a summary of the basis of semidynamical
systems with impulse effect. For detais, s@le[4], [6], [7], [8] and [9]. Then we define the concept
of topologic conjugation between two semidynamical systems with impulse and give some results
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46 E. M. BONOTTO AND M. FEDERSON

on the structure of the phase space. We also deal with the concept of asymptotic stability for these
systems.

2. IMPULSIVE SEMIDYNAMICAL SYSTEMS
2.1. Basic definitions and terminology

Let X be a metric space arl, be the set of non-negative real numbers. The trifler, R, )
is called asemidynamical systerif the function

m: X xRy — X

fulfills the conditions:

a) m(x,0) =z, forall z € X,
b) n(m(z,t),s) = n(z,t+ ), forallz € X andt, s € Ry,
c) = is continuous.

We denote such system B¥X, =, R.) or simply (X, 7). Under the above conditions, whé&_
is replaced byR, the triple (X, =, R) is adynamical systemFor everyz € X, we consider the
continuous functionr,, : Ry — X given byr,(¢t) = w(x,t) and called thérajectoryof x.

Let (X, 7) be a semidynamical system. Givere X, thepositive orbitof = is given by

Ct(x) = {n(z,t) : t e R, }
which we also denote by™ (x). Givenz € X andr € R, we define
Ct(x,r) = {n(z,t) : 0 <t <r}
Fort > 0 andz € X, we define
Flz,t) ={y: 7(y, t) = x}
and, forA C [0, +o00) andD C X, we define
F(D, &) = U{F(z, t) : € D andt € A}.

Then a pointr € X is called arinitial point, if F(x, ¢t) = () for ¢ > 0.

Now we define semidynamical systems with impulse action.imypulsive semidynamical sys-
tem(X, m; M, I) consists of a semidynamical systefX, =), a non-empty closed subget of X
and a continuous functioh: M — X such that for every: € M, there existg, > 0 such that

F(z, (0, ;) NM =10 and  w(=z, (0,e,))NM = 0.

Notice that the points ¥ are isolated in every trajectory of the systéfy 7). The sefM is called
theimpulsive setthe functionl is calledimpulse functiorand we writeN = I(M). We also define

M (@) = (*(2) N M)\ {a}.
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IMPULSIVE SEMIDYNAMICAL SYSTEMS 47

LEmMMA 2.1. Let(X, m; M, I) be an impulsive semidynamical system. Then for everyX,
there is a positive numbef, 0 < s; < +o0, such thatr(z, t) ¢ M, wheneveb < ¢t < s1, and
n(x, s1) € Mif M (2) # 0.

Proof. When M" (z) = (), we can considet; = +oo and we haver(z, t) ¢ M, forallt > 0. Now
we suppose that M(z) # (. Then there ig; € R, such thatr(z, t;) € M. Sincer, : R, — X
is continuous and/ is a non-empty closed set, then the compact subsét] N 71 (M) of R
admits a smallest element, < +oo, satisfying the lemma. O

Let (X, 7; M, I) be an impulsive semidynamical system and X. By means of Lemma.],
it is possible to define a function: X — (0, +oc] in the following manner: if M (z) = 0, then
¢(z) = +oo, and if MT (z) # 0, theng(z) is the smallest, denoted By such thatr(z, t) ¢ M,
fort € (0, s), andn(z, s) € M. This means thap(z) is the least positive time for which the
trajectory ofr meetsM. Then for eachr € X, we callr(x, ¢(z)) theimpulsive poinof x.
Theimpulsive trajectoryof = in (X, =; M, I) is a functionr, defined on the subsft, s) of R
(s may be+oo) in X. The description of such trajectory follows inductively as described in the
following lines.
IfM*(2) = 0, then7,(t) = w(z,t), forall t € Ry, andé(z) = +oc. However if M () # 0,
it follows from Lemmé2.1that there is a smallest positive numbgsuch thatr(z, sg) = 21 € M
andr(z, t) ¢ M, for 0 < ¢ < so. Then we definér, on |0, sq] by

+ —
zy, t = so,

<
Fo(t) = { m(x, t), 0<t<sg
wherez = I(z1) andé(z) = so.

Sincesy < +oo, the process now continues franf on. If M*(xz]) = 0, then we define
7o(t) = m(z],t), so < t < +oo, andg(x]) = +oo. When M (z]") # 0, it follows again
from Lemma2.1/ that there is a smallest positive humbersuch thatrr(xf, s1) = x2 € M and

. G
m(x], t—so) ¢ M, forsp <t < so9 + s1. Then we definér, on[sg, so + s1] by

_ (a1 T, t —sg), so <t <89+ 81
ﬂ-m(t) = + t =
x27 *304’517

wherezy = I(x2) ande(z]) = s1.
Now we suppose that, is defined on the intervdt, i, t,] and thatr,(t,) = z;, where
n—1
tn = Y si. FMT(2f) = 0, then7,(t) = m(a},t), tn < t < 400, and () = +oo. If
1=0
M*(x}) # 0, then there exists,, € R, such thatr(x}, s,,) = x,41 € Mandr(z}t, t —t,) ¢
M, for ¢, <t < t,y1. Besides

_ tot—t,), t,<t<t
7T.L(t) = { W'(Fxn7 ”)7 tn__t < e
'Tn-!,-l) — tn+41,
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48 E. M. BONOTTO AND M. FEDERSON

whereaz:j;r1 = l(xp41) and¢(z;,") = s,. Notice thatr, is defined on each intervéd,,, t,1],

wheret,, | = Zsl Hence7, is defined or{0, ¢,,.1].
=0
The process above ends after a finite number of steps, whenever;M = ( for somen. Or
it continues indefinitely, if M (z;7) # 0, n = 1,2, 3,..., and if 7, is defined on the interval
(oo}

[0, T(x)), whereT'(z) = > s;.
=0
It worths noticing that given: € X, one of the three properties hold:

i) M (z) = () and hence the trajectory efhas no discontinuities.

ii) For somen > 1, eachx; k =1,2,..,n,is defined and M(z;}}) = 0. In this case, the
trajectory ofz has a finite number of discontinuities.

iy Forallk > 1, ) is defined and M (x) # 0. In this case, the trajectory afhas infinite
discontinuities.

Let (X, m; M, I) be an impulsive semidynamical system. Giver X, the positive impulsive
orbit of z is defined by the set

C'(a) = (Fle. 1) t€ Ry},

and we denote its closure X by K+(x).
Analogously to the non-impulsive case, we have the following properties.

ProprosITION 2.1. Let(X, 7; M, I) be an impulsive semidynamical system: ¥ X, then

7 (z, 0) =z,
iT(7(z, t), s) =7(z, t +s), witht,s € [0, T'(x)) such that + s € [0, T'(x)).

2.2. Semicontinuity and continuity of ¢
In [6], the continuity of¢ is discussed and the author assumes dhiatlower semicontinuous.
But Ciesielski showed in3] that this does not always hold.
The results of this section are borrowed fra8h [They are applied intrinsically in the proofs of
the main theorems in the next section.
Let (X, ) be a semidynamical system. Any closed$et X containingz (z € X) is called a
sectionor a A\—sectionthroughz, with A > 0, if there exists a closed sktC X such that

a)F(L, \)=S;
b) F(L, [0, 2)\]) is a neighborhood af;
c) F(L, p)) NF(L, v) =0,for0 < p < v < 2A

The set'(L, [0, 2)]) is called aubeor aA-tubeand the sel is called abar.
We include the complete proof of the next lemma.
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IMPULSIVE SEMIDYNAMICAL SYSTEMS 49

LEemMMA 2.2. Let(X, 7) be a semidynamical system.Slis a A\—section throughe, = € X,
andy < A, thenS is a u—section through.

Proof. Consider the bak,, = F(Lx, A — 1), whereL, is a bar of the\—tube. Notice thal.,,
is closed, sincer is continuous. Hence
a) F(Lm 1) =S;

b) F(L,, [0, 2u]) is a neighborhood af;
c) F(L,, o) NF(L,, v)=0,for0 <o <wv <2pu.

Indeed. We will prove each of these items.
a) We have

zeFRL,, p)<=n(z, n)el,=FLx A\—p) <=

— m(r(z,pu), A\—p) €Ly <= 7(z, \) eLy <=z € F(L,, \) =S.

b) Since KL, [0, 2)]) is a neighborhood of;, there is an open subs&l; of X such that
x € Uy C F(Ly, [0, 2\)). Let T = F(Ly, [0, A — p] U [A + u, 2A]) . Notice thatT is closed
since given a sequengg, in T, y, — y, there is a sequendg € [0, A — p] U [X + p, 2)]
such thatr(y,, t,) € Lx. Since[0, A — u] U [\ + u, 2)\] is compact, we can assume, without
loss of generality, that,, — 7, 7 € [0, A\ — u] U [A 4+ g, 2A]. Then the continuity ofr implies
7(Yn, tn) — w(y, 7). Becausd., is closed, we have(y, 7) € Ly. Thereforey € T. On the
other hand, sinceé C T¢, whereT¢ is the complement 6f' in X, then there is an open Sét C X
containingz and such thal' N U, = 0. Thusz € Uy N U, C F(L,,, [0, 24]).

c) Suppose € F(L,, o) NF(L,, v),for0 < ¢ < v < 2u. Hence

m(y, o) € Ly, =F(Lx, A —p) and  7(y,v)el,=FLx A—p).
Therefore

m(y, o +A—p)ely and  7w(y, v+ A—p) €Ly,
which is a contradiction, sind@< o + XA — u < v+ X — p < 2) andS is aA—section. O

Let (X, 7) be a semidynamical system. We now present the conditions TC and STC for a tube.
Any tubeF (L, [0, 2)]) given by the sectio throughz € X such that

S MAF(L, [0, 2)])

is calledTC-tubeon z. We say that a point € M fulfills the Tube Conditionwe write (TC), if
there exists a TC-tubB(L, [0, 2A]) throughz. In particular, if

S =MNF(L, [0, 2)])

we have aSTC-tubeon = and we say that a point € M fulfills the Strong Tube Conditianwe
write (STC), if there exists a STC-tuli&L, [0, 2)]) throughz.
The following lemma is a consequence of these definitions.
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LemMA 2.3. Let(X, m; M, I) be an impulsive semidynamical system. Suppose there is a point
x € X satisfying(TC) (respectively(STC)) with a A—sectionS. Then givem < A, the sefS is
ann—section with a'C—tube(respectively &TC—tube).

The next result establishes a condition on a pointicgo that the functior is upper semicon-
tinuous at it.

TueoreM 2.1. Let (X, 7; M, I) be an impulsive semidynamical system. Suppose each point
of the impulsive s\l fulfills (T'C). Theng¢ is upper semicontinuous.

The following theorem states thatif¢ M, then¢ is lower semicontinuous at

THEOREM 2.2. Let(X, 7; M, I) be an impulsive semidynamical system. For ea¢hM, the
functiong is lower semicontinuous at

The next result says thatis not lower semicontinuous at wheneverr € M andx is not an
initial point.

THEOREM 2.3. Let(X, m; M, I) be an impulsive semidynamical system. Supposé\l and
2 is not an initial point. Thery is not lower semicontinuous at

The next result concerns the continuity¢f

THEOREM 2.4. Consider the impulsive semidynamical systéin=; M, I). Assume that no
initial point belongs to the impulsive skf and that each element df satisfies(TC). Theng is
continuous at if and only ifz ¢ M.

2.3. Additional definitions

Let us consider the metric spaXewith metricp. By B(z, ¢) we mean the open ball with center
atz € Xandratiod. Let B(4, 0) = {x € X : pa(x) < §}, wherepa(z) = inf{p(z, y) : y € A}.

In what follows, (X, 7; M, I) is an impulsive semidynamical system and X.

We define thdimit setof = in (X, m; M, I) by

[+(:c) ={y e X: 7(x, t,) — y, forsomet, — +oo}.
Theprolongation limit sebf z in (X, 7; M, I) is given by
T_(x) ={ye X :w(xp, t,) — vy, for z, —x and ¢, — +oo};
and theprolongation sebf z in (X, 7; M, I) is defined by
[~)+(ac) ={y e X:7(zp, tn) —y, for z, -z and ¢, € [0, +o0)}.
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IMPULSIVE SEMIDYNAMICAL SYSTEMS 51

We say thatC C X is minimalin (X, m; M, I), whenever C= R+(x) for eachr € C\ M.

A pointz € X is calledstationarywith respect tar, if 7(z, t) = z forall ¢t > 0, and it is called
periodicwith respect tar, if 7(z, t) = « for somet > 0 andz is not stationary.

Let A C X. If 7+(A) C A, we say thatd is positivelyw—invariant If for everye > 0 and
everyx € A, there isd > 0 such that

7(B(z, d), [0, +00)) C B(A, ¢),

thenA is calledr—stable The setA is 7—orbitally stableif for every neighborhood’ of A, there
is a positivelyr—invariant neighborhood of A, V' C U. Ifforall x € A and ally ¢ A, there
exists a neighborhooW of = and a neighborhoot” of y such thatV N7 (V, [0, +00)) = 0, we
say thatd is m—stable according to Bhatia-Hajelcinally, the set isI—invariantin (X, 7; M, I),
whenever (z) € Aforallz € M N A, andA is I—stableif for everye > 0, there isé > 0 such
that

I(M N B(A, 6)) C B(A, ¢).

3. THE MAIN RESULTS
3.1. Topologic conjugation

The qualitative study of an impulsive differential equation consists of the geometric description
of its phase space. It is natural to ask when two phase spaces have the same description. This
depends on a equivalence relation between impulsive equations. An equivalence relation that ex-
presses the geometric structure of the orbits is a topologic conjugation.

Let X andY be metric spaces with metrigsx and py respectively. Le(X, 7; Mx, Ix) and
(Y, ¢¥; My, Iy) be impulsive semidynamical systems. We say thandY are topologically
conjugate if there exists a homeomorphisim: X — Y which takes orbits oKX to orbits of Y

and preserves orientation, thatﬁg@; (p)) = 6¥(h(p)), with h(7(p, t)) = ¥ (h(p), t) for every

t € Tx(p) = Ty (h(p))-
From Propositior.1 below, it follows that the homeomorphismtakes impulsive points to
impulsive points.

ProprosITION 3.1. Let(X, m; Mx, Ix) and(Y, ¢; My, Iy) be impulsive semidynamical sys-
tems. LeX andY be topologic conjugate by the homeomorphisnThen

ox(p) = oy (h(p)), forall p € X.

Proof. Givenp € X, we have

_ [ wp, 1), 0<t<ox(p)
7(p, t) = { pir’ t = éx(p).
Then
(o, 0) = { i D 9 = <)
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Hence

Bhip). 1) = { 0 0 ) 2] <)

If px(7(p, #x(p)), pi") > 0, sinceh is a homeomorphism, it follows that

py (¥(h(p), ¢x(p)), h(p)) > 0.

Thereforepy (h(p)) = ¢x(p). -

In what follows, we assume th@k, 7; Mx, Ix) and (Y, ¢; My, Iy) are impulsive semidy-
namical systems which are topologically conjugate by the homeomorghism

ProrposiTION 3.2. The following properties hold:

DAL (p)) = L' (h(p)), forall p € X;
iyh(3"(p)) =3 (h(p)), forall p e X;

iii) h(D " (p)) = 5+(h(p,)), forall p € X.

Proof. We prove i). The proofs of ii) and iii) follow analogously.

Letx € h([Jr(p)). Then there ig; € E+(p) such thath(y) = «. Thus there exists a sequence
{t,} C R, such that

T(p, tn) =y, ast, — +oo.

Sinceh is continuous, we have

h(7(p, tn)) — h(y), ast, — +oo.

But h(7(p, tn)) = ¥(h(p), tn), t. € Ry. Therefore

Y(h(p), t,) — x, ast, — +oo

and hence: € L' (h(p)).
Now we suppose € E+(h(p)). Then there is a sequen€g, } C R such that

Y(h(p), tn) — x, ast, — +oo.
Sinceh(7(p, tn)) = V(h(p), tn), tn € Ry, We have

h(7(p, t,)) — x, ast, — +oo.
But & is a homeomorphism. Therefore there exists continuous and

7(p, tn) — h~(x), ast, — +oo.
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Thush~—'(z) € L (p) and hence: € h(L " (p)). The proof is then complete. O
Propositions3.2 and3.4 below show that the invariance is preserved by the homeomorphism

PROPOSITION 3.3. If A C X is 7—invariant, thenk(A) is Y —invariant.

Proof. For eachw € A, we haver(z, t) C A, forallt € R,. Considerp € h(A). Then there
existsy € A such thati(y) = p. Thus7(y, t) C A, forall¢t € R, and hencel(7(y, t)) C h(A),
forallt € Ry. Buth(7(y, t)) = ¥ (h(y), t). Thereforey(h(y), t) C h(A) and the result follows.
|

ProprosiTION 3.4. Let A C X be such thatA N Mx is Ix—invariant. Thenh(A) N My is
Iy —invariant.

Proof. Lety € h(A) NMy. Thus there exists € A N Mx such thati(z) = y. By the hypothesis,
Ix(r) € ANMx. Butlx(z) = 27 =7(z], 0). Hence

Iy (y) = Iy (h(z)) = P(h(z7), 0) = h(7 (2], 0)) = A(lx(z)) € h(A) N My
and the result follows. O

The next proposition says that the stability is also preserved by the homeomovphism
ProrosITION 3.5. LetA C X. We have

i)If Ais7—stable, therh(A) is i)—stable.
i) If A is orbitally m—stable, therh(A) is orbitally ¢»—stable.

i) If A is m7—stable according to Bhatia-Hajek, ther(A) is Y —stable according to Bhatia-
Hajek.

Proof.

i) Suppose there exists > 0 such that for every > 0, ¢(B(h(z), §)) is not contained in
B(h(A), ). Then there exist&(z) € B(h(x), §) such thaty(h(z), T) ¢ B(h(A), ¢), for
someT > 0, thatis,h(7(Z, T)) ¢ B(h(A), €). Hencer(z, T) ¢ h~'(B(h(A), ¢)). Besides,
h=1(B(h(A), )) is a neighborhood aofl. Therefore there existg > 0 such thatd C B(A4, n) C
h=1(B(h(A), €)). By thew—stability of A, there exists? > 0 such thatr(B(z, 3)) C B(4, n),
which is a contradiction, sinc&, T') ¢ h~'(B(h(A), €)). Hence the result follows.

ii) For every neighborhood/ of A, there is ar—invariant neighborhood” of A such that
V c U. Thenh(A) C h(V) C h(U). Sinceh is a homeomorphisnk,(U') andh(V') are neighbor-
hoods ofh(A). Therefore, by Propositic®.3, i.(V) is ¢ —invariant.

iif) For everyxz € A and everyy ¢ A, there are neighborhoods of = and W of y such that
W N7V, [0, +00)) = 0. Sinceh is injective, we havé (W) N h(7(V, [0, +00))) = 0, that is,
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W) N (h(V), [0, +00)) = O, whereh(z) € h(A), h(y) ¢ h(A), andh(V) andh(W) are
neighborhoods of(x) andh(y) respectively. O

PROPOSITION 3.6. If Cy(p) is minimal, therCy, (h(p)) is also minimal.

Proof. We need to prove thaly (h(p)) = Ky (y), for everyy € Cy(h(p)) \ My. Suppose
w € Cy(h(p)). Thenw = ¢(h(p), T), forsome T > 0. Hencew = h(7(p, T)). SinceCy (p)

is minimal, we havei~(w) € Ky (2), for all z € Cy(p) \ Mx. Thus there exists a sequence
{tn} C R, such that

F(z, tn) — 7(p, T), forall z € Cu(p)\ Mx.
Becausé: is continuous, we have
h(7(z, tn)) — h(7(p, T)), forall z € 6;2(19) \ Mx,
that is,

B(h(2), ta) — D(h(p), T), forall h(z) € Cy (h(p)) \ My.
Thereforew € P~(¥(y), for everyy € EJ\;(h(p)) \ My.
Now we supposeg € R¢(z), for everyz € 6¥(h(p)) \ My. Sinceh is a homeomorphism,
we haveKy (z) = h(Kx(h~1(2))). Thush~'(y) € Ky (h='(2)). ButKx(h~'(2)) = Cx(p).
Thereforey h(é; (p)), thatis,y € é$(h(p)) and the proof is complete. O

3.2. Asymptotic stability of compact sets

In [11], the asymptotic stability is studied for non-impulsive semidynamical systems. Here we
introduce this concept for the impulsive case and verify whether some properties still hold.

In what follows, (X, 7; M, I) is an impulsive semidynamical system.

LetH C X. We define the sets

F’\X,(H) = {z € X : for every neighborhood’ of H, there is a sequence

{tn} C R4, t, — +oo such thatr(z, t,) € U}

AF3+(H) = {x € X : for every neighborhood’ of H, there ist € R

such thatr(z, [r, +o0)) C U}

The setf’\J,rv(H) is calledregion of weak attractiorof H according tor and the set5+(H) is

calledregion of attractionof H according tor. If x € I5\J,f,(H) orx € ﬁ+(H), then we say that is
m—weakly attractedr T—attractedto H respectively.
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LEMMA 3.1. Forany setH C X, we have
)P (H) < Py(H);
i)P" (H) andP,,(H) are 7 —invariant.

Proof.
i) Follows immediately.

i) We will show thatl5+(H) is T—invariant. Ther —invariance oﬂ5\J,rv(H) follows analogously.

Considery € I~3+(H). LetU be an arbitrary neighborhood 8f. Thus there exists € R, such
that7(y, [r, +00)) C U.
Now, consider: = 7(y, A), A € R,. Then for every € [, +00), we have

Fo 1) = 7y N, 8) = 7y, t 4 A) € U.
HenceC ' (y) c P’ (H). O

LeMmMa 3.2. GivenH C X andz € X, the following are equivalent:
i)z € Pyy(H).
ii)There is a sequencét,} C R., with ¢, — +oo, such that eithefr(z, ¢t,) € H or
~+
HNL (z)# 0.

Proof.
i) =ii). Letz € ﬁ\TV(H). Suppose there is no sequerdeg} in R, t, — +oo, with7(z, t,) €

H. Thus there exists € R, with 6+(%(x, 7)) CX\H. IfHN [+(3c) = (), then

K ((z, 7)) =C (F, 1)UL (G(z, 7)) = C (#(z, 7)) UL (z) € X\ H,
forall z € X, R+(x) = 6+(9:) U [+(z) (see ], Lemma 2.10). Sinc&+(%(z, 7)) is closed,
X\ R+(%(;z:, 7)) is a neighborhood oH. As a consequence, we do not haue:, 7) € ﬁJV(H)
which impliesz ¢ Py, (H) and we have a contradiction.
i) = i). Supposer ¢ I5\J,rV(H). Thus there are an open neighborhdddf H andr € R
such thatr(z, [r, +o0)) € X \ U. Since X\ U is closed, therK~+(%(;z:, 7)) € X\ U. Thus

HN [+(x) = () and, for every,, — 400, we haver(z, ¢,) ¢ H which contradicts the hypothesis.
]

A setH C X is called aweakr—attractor, if ﬁ\JX,(H) is a neighborhood off, and it is called a
7—attractor, if f’+(H) is a neighborhood dfl.
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PROPOSITION 3.7. If H C X is a7—attractor, thenP ' (H) = Pyy(H).

Proof. From Lemma3.1, it is enough to prove tha, (H) P (H). Letz € Py (H). Since
P"(H) is a neighborhood off, there exists- € R, such thati(z, r) € P (H). ButP (H) is
~ . . ~+

m—invariant. Hencer € P (H). O

A setH c X is calledm—asymptotically stabléf it is both a weakr —attractor andr—orbitally
stable.

TueoreM 3.1. If H C X is 7—asymptotically stable, the is a7 —attractor.

Proof. From LemmaéB.], it is enough to prove thévt\J,r\,(H) C ﬁ+(H). Letz € ﬁ\TV(H) andU be
an arbitrary neighborhood di. By the w—stability of H, we can find a positivelyr—invariant

neighborhood” of H such thaty” ¢ U andV C AF"\J,F\,(H). Letr € R, be such that(z, 7) € V.
SinceV is positively 7—invariant, we haver(z, |1, +00)) C V C U. Thusz € I5+(H) and
thereforeP  (H) = Pyy(H) is a neighborhood dl. O

The next corollary follows from Lemnid.1 and Theoren3.1.

CoroLLARY 3.1. A setH C X is m-asymptotically stable if and only if it is both—orbitally
stable and ar—attractor.

THEOREM 3.2. SupposeX is locally connected. LeH be a non-empty compact subset of

X and suppose every componentlbfis invariant byI, and thatﬁ+(H) is open. TherH is
m—asymptotically stable if and onlylf has a finite number of components each of therasymp-
totically stable.

The proof of Theoren8.2, follows from the lemmas below in the same manner as the non-
impulsive case. See, for instanc#l], page61.

LeMMA 3.3. SupposeX is locally connectedd C X is a m—attractor, §+(H) is open and
every component cﬁ+(H) is invariant byl. If A; is an I—invariant component OFF(H), then
Hi := A; N His a non-emptyr—attractor, withA; = ﬁJr(Hl).

Proof. SinceX is locally connected, each component'li)#(H) is open and the setd; and
Ay = ﬁ+(H) \ A; are open and separated, thatds,N A; = A; N Ay = (). Let Hy = Ay N H.
Notice that H= H; U Hy. We will show thatH; # 0.

If Hy is non-empty, therl; is an open neighborhood 8f. Letx € A;. We can suppose, without
loss of generality, thap(z) < +o00. Since[0, ¢(x)) is connected, it follows that(z, [0, ¢(x)) =
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m(z, [0, ¢(z))) C Ay andzy; = 7(z, ¢(z)) € A;. Becaused; is open and—invariant, we
havez] = I(z1) € A;. In this mannerjz+(:r) C A ThereforeR+(x) N Ay = 0 which is
a contradiction, sincel; is a neighborhood oH andz € |5+(H). Thus H # (. By the same
argument H # 0.

SinceﬁJr(H) is m—invariant, the same applies t&, and A,. Besides, each point ol is
attracted byH;. However, if any pointz € A, is attracted byH,, then there exists € R
such thatr(7(z, 7), Ry) C Ag. But this contradicts the fact that; is positively 7—invariant.

Therefored; C I5+(H1).
SinceA; is open,r—invariant and encompassHs and alsd5+(H1) C I5+(H) = A UA,, it
follows thatA4; D 5+(H1). As a consequencél; = I5+(H1) andH; is aw—attractor. O

LemMA 3.4. LetH; andHs be separated by neighborhoodsHf U H, is 7—asymptotically
stable, so ardl; and H,. However5+(H1) andﬁ+(H2) are disjoint.

Proof. It is enough to apply the proof ofLl], Lemma6.12 to the impulsive case with a few
changes. O

We say that the orbﬁﬁ(x), x € X, uniformly approximatess limit set[+(x), whenever for
everye > 0, there existd” = T'(¢) > 0 such thaf+(x) C B(w(z, [t,t+T)]), ¢)forall t € R,.
This implies that the limit set of an orbit in an impulsive semidynamical system is an attractor.

The next theorem says that if the orbit of a poinKifas compact closure and minimal limit set,
then it is possible to uniformly approximate this orbit and its limit set. The converse is also true.
For the non-impulsive case, s&.[

TaEOREM 3.3. Let (X, 7; M, I) be an impulsive semidynamical system. Sup[%g@a) is
compactp € X\M andL' (p) "M = 0. ThenL (p) is minimal if and only i (p) uniformly
approximates, its limit sdi (p).

Proof. Supposévt+ (p) does not uniformly approximate its limit st (p). Thenthere are > 0, a
sequence of intervalt,,, 7,)} and a sequenciy,, } in E+(p) such that,, — +o0, (1, — t,,) —
+o0 andy,, — y. Notice thaty € E+(p) andy, ¢ B(7(p, [tn, Ta]), €)-

We can assume, without loss of generality, th@at,, y) < %, for everyn. Thus, for arbitrary
n, we have

2e

P 7. [ty 7)) 2 Py, 7. [ty 7)) = Pl 9) > € = 5 = T

Now we consider the sequence of poifiis, }, wherew,, = 7 (p, t,,), With ¢, = (t,, 4+ 7,,)/2.
Itis clear thatt, — +oo. We can assume, without loss of generality, th@t, t,,) — z € [+(p),
sinceK ' (p) is compact.
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Becausd. ' (p) is minimal andz ¢ M, we havel (p) = K (2). Besides{y,} c L (p) =

R+(z). Therefore, givem, there exists a sequengg} } C Ry such that\} — +oo ask — +o0,
and

7(2, AR) = yn, ask — +oo,
Hencep(7(z, A\}), yn) < ¢, for sufficiently largek. And sincey,, — v, there exists a sequence
{n} of positive numbers such that

, for np >k,

W ™

p((z, A, ) <

wherek is sufficiently large.
Choosen ) such thap(7(z, A ), y) < % and ofg(z;") < AM

n M U

the continuity ofl andr implies there exists > 0 such that ifp(z, w) < o, then

< ¢(zf, ) for somei. Then

~ - €
p(w(z, )‘7]%”)’ W(w7 >‘nMM>) < g
.= _ ~ — v
Taking N sufficiently large such that(z, wy) < o andAM < TNTN we have
~ ~ €
,0(71'(2:, A’ﬁ/ﬂ/j)7 71'(%, Ain)) < g
and then
~ AM )y < H(n \M e M ) = AM €,€6_ 2
p(y7 Tr(wﬁ7 nM)) = p(y7 7(27 nM)) +p(7T(Z, nM)7 ﬂ—(wﬁ? nM) < § + g - ?7
But
%(WN, )‘fyM) = %(%(P, tlﬁ)v Ag{w) = 7~T(p, t/ﬁ+ Aﬁ{w)a
with
tw + 7w / M v+ T tw
tﬁ<%<tﬁ+)\n1u< N2N N2N:Tﬁ,

Thus7(ws, A ) € 7(p, [ta, 7)), Which is a contradiction, since

nM

(Y, 7D, [t T])) > %6

ThereforeC - (p) uniformly approximates its limit sdi (p).

Conversely, suppose’ (p) is not minimal. Therl ' (p) # K ' (y), for somey € L (p) \ M.
Then there exists € L ' (p) such that: ¢ K ' (y).

Lete = p(z, R+(y)) > 0. By the uniform approximation, there exisfs> 0 such that

L () ¢ BGp, [t. t+T1), £/2), for ¢ > 0. (3.1)
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Besides, there i§ > 0 such that ifp(y, w) < d, then

p(E(y, 1), W(w, 1)) < 5, for t<T, and ¢(y) <t<d(y) B2

IR

for somei € {0,1,2,3,...}.

Sincey € [+(p), there is a sequendg, } C R, such thatr(p, t,) — y. Therefore there is
N > 0 sufficiently large such that

p(7(p, tn), y) < 0. 3.3)

Since B.7) holds we have, in particular, thEt+(p) C B(7(7(p, tn), [0, T]), €/2). And because
2 e L (p), it follows that

p(Z, $) <3 for == 7?(%(pv tN)v T)a T € [Oa T]

DN ™

TakingT € [0, 77 such that

T # ¢(yl), forall i€ {0,1,2,3,..}, (3.4)

it follows from (3.3) and 3.4), in view of (3.2), that

p(T(7(p, tn), 7), w(y, 7)) < g
Hence
p(z, 7y, 7)) < p(2, 2) + p(z, Ty, 7)) < g + g —,
which contradicts the fact that(z, R+(y)) = e. Therefore[+(p) is minimal and the proof is
complete. .
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