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194 S. BRUSCHI, A. CARVALHO, J. CHOLEWA AND T. DÃlOTKO

1. INTRODUCTION

For η ≥ 0 consider a family of damped wave equations





utt + ηΛ
1
2 ut + aut + Λu = f(u), t > 0, x ∈ Ω,

u(0, x) = u0(x), ut(0, x) = v0(x), x ∈ Ω,

u(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

(1)

in a bounded smooth domain Ω ⊂ RN , where Λ : D(Λ) ⊂ L2(Ω) → L2(Ω), D(Λ) =
H2(Ω) ∩ H1

0 (Ω), denotes the negative Laplacian in L2(Ω) with homogeneous Dirichlet
condition, a > 0, and f : R→ R.

Our main objective in this paper will be to investigate the relationship between the
nonlinear asymptotic dynamics when the type of equation changes at η = 0, namely the
family of attractors for (1) behave upper and lower semicontinuously at η = 0. Note
that this kind of information is of independent interest since it may allow us to view a
damped hyperbolic equation, in the context of approximation, as a problem with parabolic
structure.

Attractors for damped wave equations have been considered by many authors, see [1,
3, 4, 5, 6, 11, 14, 19] and references there in. In [9] the authors prove that, if f = 0, the
linear semigroup associated to (1) is analytic. The local well posedness of (1) has been
considered in [5]. The existence of attractors was considered in [6] for a more general
class of problems which include (1) when Ω is a bounded smooth domain. When η = 0
the existence of attractors was considered in [2]. The continuity of attractors for related
problems have been considered by many other authors, see [1, 8] and references there in.

In [15] the authors consider the continuity of attractors for a family of damped hyperbolic
problems which degenerate to a parabolic problem as the parameter tends to zero. Here we
aim to approximate a damped hyperbolic problem by parabolic problems. To illustrate the
sort of difficulties that one faces investigating the dynamics of (1) note that in the linear
case (f ≡ 0), the problems (54)η>0 generate on Y = H1

0 (Ω) × L2(Ω) a compact analytic
semigroup {e−Aηt} whereas the semigroup {e−A0t} defined on Y by the linear hyperbolic
problem (54)η=0 (f ≡ 0) is of the class C0 and is neither compact nor analytic. This
implies in particular that the uniform exponential dichotomy (see Definition 2.1) for the
semigroups corresponding to the linearized problems is much more difficult to prove and
can hardly be obtained as a consequence of the general theory.

The main result of the paper is contained in

Theorem 1.1. Suppose (58), (55), (56) and let Aη, η ≥ 0, be a family of attractors
corresponding to (1) in Y . Then these attractors are upper semicontinuous with respect to
η as η → 0+. If in addition condition (67) is also satisfied, then the family Aη, η ≥ 0 is
continuous at η = 0; that is

lim
η→0+

dist(Aη, A0) = 0 (2)

Publicado pelo ICMC-USP
Sob a supervisão da CPq/ICMC



SINGULARLY PERTURBED DAMPED WAVE EQUATIONS 195

in the sense of Hausdorff distance of sets

dist(Aη, A0) = sup
a0∈A0

inf
aη∈Aη

‖a0 − aη‖Y + sup
aη∈Aη

inf
a0∈A0

‖a0 − aη‖Y .

Section 2 is devoted to the study of the continuity properties of the semigroups gener-
ated by the linear strongly damped wave operators when the strong damping approaches
zero. In Section 3 the continuity properties of the corresponding nonlinear semigroups are
proved and uniform bounds on the attractors are obtained. In Section 4 we prove the
upper semicontinuity of attractors using the results of Section 3, we also obtain the lower
semicontinuity of attractors using the continuity properties of the local unstable manifolds
of equilibrium solutions. Finally, in the Appendix we prove the existence and continuity of
the local unstable manifolds.

Additionally, at the end of Section 4, we also address regularity of the attractor A0

corresponding to a ‘limit’ hyperbolic problem and obtain that

Corollary 1.1. Under the assumptions of Theorem 1.1 the global attractor A0 for the
semigroup governed by the damped wave equation ((1) with η = 0) in H1

0 (Ω)× L2(Ω) is a
bounded subset of H2(Ω) ∩H1

0 (Ω)×H1
0 (Ω).

Acknowledgement: This work was started while the second author visited the Institute
of Mathematics of Silesian University in Poland and was carried out while the third author
visited Instituto de Ciências Matemáticas e de Computação, Universidade de São Paulo
in São Carlos, Brazil. They wish to acknowledge the hospitality of the people from these
Institutions.

2. PROPERTIES OF THE LINEAR PROBLEMS
2.1. Linear damped wave operators and corresponding semigroups

For η ≥ 0 consider a family of the linear damped wave operators,

Aη : D(Aη) ⊂ Y → Y, Aη [ u
v ] =

[
0 −I

Λ ηΛ
1
2 +aI

]
[ u

v ]

where Y = H1
0 (Ω)× L2(Ω), a > 0, and

D(Aη) = Y 1 = (H2(Ω) ∩H1
0 (Ω))×H1

0 (Ω), η ≥ 0.

We remark that Y is a Hilbert space with the product

〈
[

φ
ψ

]
,
[

φ̃

ψ̃

]
〉Y = 〈Λ 1

2 φ, Λ
1
2 φ̃〉L2(Ω) + 〈ψ, ψ̃〉L2(Ω),

[
φ
ψ

]
∈ Y,

which defines in Y a norm equivalent to H1
0 (Ω)× L2(Ω) norm and also to the norm

‖
[

φ
ψ

]
‖Y = ‖Λ 1

2 φ‖L2(Ω) + ‖ψ‖L2(Ω)
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that we use in this paper.

Proposition 2.1. The following conditions hold.
i) Aη, η ≥ 0, is a maximal accretive operator and {e−Aηt} is a C0-semigroup of contractions
on Y .
ii) 0 ∈ ρ(Aη) and Aη has compact resolvent for each η ≥ 0.
iii) For η > 0 semigroups {e−Aηt} are analytic and compact.
iv) For each η0 > 0 there is certain d > 0 such that

d−1‖
[

φ
ψ

]
‖Y 1 ≤ ‖Aη

[
φ
ψ

]
‖Y ≤ d‖

[
φ
ψ

]
‖Y 1 , η ∈ [0, η0],

[
φ
ψ

]
∈ Y 1. (3)

Proof: For i) we first note that

〈Aη

[
φ
ψ

]
,
[

φ
ψ

]
〉Y = −〈Λ 1

2 ψ, Λ
1
2 φ〉L2(Ω) + 〈Λφ + ηΛ

1
2 ψ + aψ, ψ〉L2(Ω)

= −2iIm〈Λ 1
2 ψ, Λ

1
2 φ〉L2(Ω) + η〈Λ 1

4 ψ, Λ
1
4 ψ〉L2(Ω) + a〈ψ, ψ〉L2(Ω)

and hence

Re〈Aη

[
φ
ψ

]
,
[

φ
ψ

]
〉Y > 0,

[
φ
ψ

]
∈ Y 1.

Furthermore, the equation

(I + Aη)
[

φ
ψ

]
=

[
φ̃

ψ̃

]

possesses for each
[

φ̃

ψ̃

]
∈ Y a unique solution1

[
φ
ψ

]
=

[ (
(1+a)I+ηΛ

1
2 +Λ

)−1(
(1+a)φ̃+ηΛ

1
2 φ̃+ψ̃

)
(
(1+a)I+ηΛ

1
2 +Λ

)−1(
(1+a)φ̃+ηΛ

1
2 φ̃+ψ̃

)
−φ̃

]
∈ Y 1. (4)

Hence the remaining part of the proof follows from the Lumer-Phillips theorem (see [18]).
Concerning ii) we recall that there exists bounded inverse operator A−1

η : Y → Y

A−1
η =

[
ηΛ−

1
2 +aΛ−1 Λ−1

−I 0

]
, η ≥ 0, (5)

which takes bounded subsets of Y into bounded subsets of Y 1, the latter space being
compactly embedded in Y .

The property iii) that −Aη, η > 0, generates a C0 analytic semigroup in Y follows from
[9, Theorem 1.1]. Compactness of {e−Aηt}, η > 0 is then a consequence of the compactness
of the resolvent of Aη.

1Operator
`
(1 + a)I + ηΛ

1
2 + Λ

´
appearing in (4) is selfadjoint in L2(Ω) (see e.g. [17, p. 287]) and

bounded from below.
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Concerning iv), the right hand side inequality in (3) is a consequence of the estimate

‖Aη

[
φ
ψ

]
‖Y = ‖

[ −ψ

Λφ+ηΛ
1
2 ψ+aψ

]
‖Y

6 ‖Λ 1
2 ψ‖L2(Ω) + ‖Λφ‖L2(Ω) + η‖Λ 1

2 ψ‖L2(Ω) + a‖ψ‖L2(Ω)

6 (1 + η0 + aλ
− 1

2
1 )

(
‖Λ 1

2 ψ‖L2(Ω) + ‖Λφ‖L2(Ω)

)
= d ‖

[
φ
ψ

]
‖Y 1 ,

[
φ
ψ

]
∈ Y 1,

where λ1 is the first positive eigenvalue of Λ in L2(Ω). To justify the left hand side
inequality we consider A−1

η as in (5) for which we have

‖A−1
η

[
φ
ψ

]
‖Y 1 = ‖

[
ηΛ−

1
2 φ+aΛ−1φ+Λ−1ψ

−φ

]
‖Y 1

6 η‖Λ 1
2 φ‖L2(Ω) + a‖φ‖L2(Ω) + ‖ψ‖L2(Ω) + ‖Λ 1

2 φ‖L2(Ω)

6 (1 + η0 + aλ
− 1

2
1 )

(
‖Λ 1

2 φ‖L2(Ω) + ‖ψ‖L2(Ω)

)
= d ‖

[
φ
ψ

]
‖Y ,

[
φ
ψ

]
∈ Y.

(6)

The proof of Proposition 2.1 is thus complete.
From the point of view of further applications it is reasonable to consider further in this

section the family of linear problems

d
dt [ u

v ] + Aη [ u
v ]−B [ u

v ] = 0, t > 0, [ u
v ]t=0 = [ u0

v0 ] ∈ Y, (7)

where B ∈ L(Y ). Proposition 2.1 extends then to the result below.

Proposition 2.2. The following conditions hold.
i) For each η ≥ 0,

Ãη = Aη −B with domain D(Ãη) = D(Aη)

is a closed (unbounded) operator in Y with compact resolvent.
ii) −Ãη, η ≥ 0, generates on Y a C0-semigroup {e−Ãηt} such that

‖e−Ãηt‖L(Y ) 6 e‖B‖L(Y )t, t ≥ 0, η ≥ 0. (8)

iii) {e−Ãηt}, η > 0, are analytic and compact semigroups in Y .

2.2. Convergence of resolvents and convergence of semigroups

Lemma 2.1. For a complex number λ0 ∈ C and r1 > 0 for which {λ ∈ C : |λ − λ0| 6
r1} ⊂ ρ(−Ã0) there exist η1 > 0 such that if |λ − λ0| 6 r1 and η < η1 then λ cannot be
the eigenvalue of −Ãη.

Proof: For

Rη =
[

0 0

0 ηΛ
1
2

]
(9)
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and |λ− λ0| 6 r1 we have the relation

λI + Ãη = (λI + Ã0)(I + (λI + Ã0)−1Rη). (10)

Also

‖
[

φ
ψ

]
‖Y 1 = ‖Λφ‖L2(Ω) + ‖Λ 1

2 ψ‖L2(Ω) = 1 and (λI + Ãη)
[

φ
ψ

]
= 0

imply

(I + (λI + Ã0)−1Rη)
[

φ
ψ

]
= 0 and 1 = ‖

[
φ
ψ

]
‖Y 1 = ‖(λI + Ã0)−1Rη

[
φ
ψ

]
‖Y 1 .

Applying next (3) (with constant d chosen to η0 = 1) we obtain the estimate

1 6 d‖A0(λI + Ã0)−1Rη

[
φ
ψ

]
‖Y = d‖(I + (−λI + B)(λI + Ã0)−1)Rη

[
φ
ψ

]
‖Y

6 ηd sup
|λ−λ0|6r1

‖(I + (−λI + B)(λI + Ã0)−1)‖L(Y ).

Therefore, the main assertion of the lemma holds with

η1 = min{1, (d sup
|λ−λ0|6r1

‖(I + (−λI + B)(λI + Ã0)−1)‖L(Y ))−1}.

Lemma 2.2. For any compact set K ⊂ ρ(−Ã0) there exists η̂ > 0 and CK > 0 such that

K ⊂ ρ(−Ãη), η ∈ (0, η̂) (11)

and

‖(λ + Ã0)−1 − (λ + Ãη)−1‖L(Y ) 6 ηCKd, η ∈ (0, η̂). (12)

Furthermore, the corresponding semigroups converge; namely

e−Ãηt
[

φ
ψ

]
Y→ e−Ã0t

[
φ
ψ

]
as η → 0+ (thus also e−Aηt

[
φ
ψ

]
Y→ e−A0t

[
φ
ψ

]
as η → 0+)

(13)
on bounded time intervals uniformly with respect to

[
φ
ψ

]
varying in arbitrarily fixed compact

subset J of Y .

Proof: Since K is compact, property (11) follows from Lemma 2.1. Applying (10) we
then have

‖(λI + Ã0)−1 − (λI + Ãη)−1‖L(Y ) ≤ ‖(λI + Ã0)−1Rη(λI + Ãη)−1‖L(Y )

≤ ‖(λI + Ã0)−1‖L(Y )‖Rη‖L(Y 1,Y )‖(λI + Ãη)−1‖L(Y,Y 1), λ ∈ K.

Note that

‖Rη‖L(Y 1,Y ) = ‖
[

0 0

0 ηΛ
1
2

]
‖L(Y 1,Y ) 6 η, η > 0,
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whereas, by (3),

‖(λI + Ãη)−1‖L(Y,Y 1) ≤ d‖Aη(λI + Ãη)−1‖L(Y )

= d‖I − (λI −B)(λI + Ãη)−1‖L(Y ), η ∈ (0, η̂).

What was said above ensures validity of (12), where

CK = sup
λ∈K

‖(λI + Ã0)−1‖L(Y )‖I − (λI −B)(λI + Ãη)−1‖L(Y ).

Convergence of the semigroups on bounded time intervals is a consequence of the Trotter-
Kato theorem. To prove that this convergence is actually uniform on compact subsets of
Y fix δ > 0, τ > 0, choose ε = δ

4e−τ‖B‖L(Y ) and cover a compact set J ⊂ Y with ε-balls
whose centers run through the points of J . Then J will be contained in a union of finite
number of the latter balls B1

ε , . . . ,Bn
ε and if

[
φi

ψi

]
(i = 1, . . . , n) are their centers there

exists a positive number ηδ = η(δ) such that

‖e−Aηt
[

φi

ψi

]
− e−A0t

[
φi

ψi

]
‖Y <

δ

2
for all t ∈ [0, τ ], η ∈ (0, ηδ), i = 1, . . . , n. (14)

Since the semigroups are of the same type (see (8)), choosing now together with an arbitrary
point

[
φ
ψ

]
∈ J an appropriate ball Bi

ε we conclude that

sup
t∈[0,τ ]

‖e−Aηt
[

φ
ψ

]
− e−A0t

[
φ
ψ

]
‖Y

6 sup
t∈[0,τ ]

‖e−Aηt(
[

φ
ψ

]
−

[
φi

ψi

]
)‖Y + sup

t∈[0,τ ]

‖(e−Aηt−e−A0t)
[

φi

ψi

]
‖Y

+ sup
t∈[0,τ ]

‖e−A0t(
[

φi

ψi

]
−

[
φ
ψ

]
)‖Y < 2e−τ‖B‖L(Y )ε +

δ

2
= δ

whenever η ∈ (0, ηδ).

2.3. Projected spaces and spectral properties

Lemma 2.3. The following conditions hold.
i) For every compact contour Γ̃ ⊂ ρ(−Ã0) there exists certain η̃ > 0 such that

•supη∈[0,η̃) ‖(λ− Ãη)−1‖L(Y ) < ∞,
•Γ̃ ⊂ ρ(Ãη) for each η ∈ [0, η̃),
•Γ̃ encloses finitely many points of σ(Aη),
•operators Q̃η : Y → Y are projections on Y

Q̃η =
1

2πi

∫

Γ̃

(λI − Ãη)−1dλ, η ∈ [0, η̃), (15)
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•Q̃η are convergent to Q̃0 in the uniform norm; namely

‖Q̃η − Q̃0‖L(Y ) 6 (2π)−1ηdCΓ̃, η ∈ [0, η̃). (16)

ii) For arbitrarily fixed
[

φ0
ψ0

]
∈ Q̃0Y any sequence of the form {

[
φηn

ψηn

]
}, where

[
φηn

ψηn

]
=

Q̃ηn

[
φ0
ψ0

]
and ηn → 0+, is convergent to

[
φ0
ψ0

]
.

iii) For each bounded set ⊂ Y

{Q̃ηB, η ∈ [0, η̃)} is a precompact subset of Y ; (17)

in particular Q̃ηB is finite dimensional for every η ∈ [0, η̃).

Proof: Part i) can be immediately infered from (11) and (12). We remark than because
of the compactness of resolvents any compact contour can enclose merely finite number of
eigenvalues of −Ãη.

Part ii) is a consequence of (16). For the final part iii) note that because the resolvent
operators are uniformly bounded on [0, η̃) then ‖ÃηQ̃η‖Y possess the same property. Re-
calling (3) we obtain boundedness of the set considered in (17) in the norm of Y 1. Its
compactness and finite dimensionality of rgQ̃η is thus evident (see [17, §III.4.1]).

Lemma 2.4. For any λ0 ∈ σ(−A0), there exists a sequence ηn → 0 and a sequence of
eigenvalues ληn ∈ σ(−Aηn), n ∈ N, such that ληn → λ0 as n →∞.

Proof: Suppose that there exists r0 > 0 and η0 > 0 such that for each η ∈ (0, η0)
the spectrum σ(−Ãη) is disoint with {λ ∈ C; |λ − λ0| 6 r0}. Let

[
φ0
ψ0

]
be an eigenvector

corresponding to λ0 and consider projections

Pη :=
1

2πi

∫

{|λ−λ0|=r0}
(λI − Ãη)−1dλ, η ∈ (0, η0).

Then 0 = P̃η

[
φ0
ψ0

]
→ P0

[
φ0
ψ0

]
=

[
φ0
ψ0

]
, which is impossible.

The following ‘upper semicontinuity’ result is a direct consequence of Lemma 2.1.

Corollary 2.1. If ηn → 0 and ληn is an eigenvalue of −Ãηn , then the set consisting
of the limits of convergent subsequences of {ληn} is contained in σ(−Ã0).

Lemma 2.5. Consider arbitrary compact contour Γ̃ ⊂ ρ(−Ã0) and let Q̃η be defined for

η ∈ [0, η0) as in (15). If ηn → 0+,
[

φηn

ψηn

]
∈ Q̃ηnY for n ∈ N, and sequence {

[
φηn

ψηn

]
} lies

in a bounded set B ⊂ Y then {
[

φηn

ψηn

]
} is precompact sequence in Y and a limit of any of

its convergent subsequence belongs to Q̃0Y .
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Proof: Property (17) ensures that the set {
[

φηn

ψηn

]
} is precompact as a subset of

{Q̃ηB, η ∈ [0, η̃)}. If {
[

φ
ψ

]
} is a limit of any convergent subsequence of {

[
φηn

ψηn

]
} =

{Q̃ηn

[
φηn

ψηn

]
}, then

[
φ
ψ

]
= limn→∞ Q̃ηn

[
φηn

ψηn

]
= Q̃0

[
φ
ψ

]
as a consequence of (16).

Corollary 2.2. Consider arbitrary compact contour Γ̃ ⊂ ρ(−Ã0) enclosing exactly one
eigenvalue of −Ã0 and let Q̃η be defined for η ∈ [0, η0) as in (15).

Then, there exists η̂ > 0

dimQ̃ηY = dimQ̃0Y for all η ∈ [0, η̂). (18)

Proof: Suppose it is possible to choose a sequence ηn → 0+ such that dimQ̃ηn
Y >

dimQ̃0Y for each n ∈ N. Then, for each n ∈ N, there exists
[

φηn

ψηn

]
∈ Q̃ηY with

‖
[

φηn

ψηn

]
‖Y = 1 for which distY (

[
φηn

ψηn

]
, Q0Y ) = 1 (see [17, Lemma IV.2.3]). Since in

the light of Lemma 2.5 it is impossible, we obtain that

dimQ̃ηY 6 dimQ̃0Y for all η ∈ [0, η1).

We remark that

dimQ̃ηY > dimQ̃0Y for all η ∈ [0, η2),

because each Q̃η takes basis of Q̃0Y into a system linearly independent in Q̃ηY .
From now on we will assume that

B [ u
v ] =

[
0

b(x)u

]
, [ u

v ] ∈ Y,

where b : Ω → R is a measurable function such that b(x)I ∈ L(H1
0 (Ω), L2(Ω)) and

Λ̃ := Λ− b(x) with domain D(Λ̃) = D(Λ)

is a selfadjoint operator in L2(Ω). Since our concern here is to develop functional analytic
tools useful for further description of the continuous dynamics of the nonlinear problems
(1) we will simply suppose throughout the rest of this section that b ∈ L∞(Ω).

Lemma 2.6. If η ≥ 0 and λη is an eigenvalue of −Ãη with non-zero imaginary part,
then Reλη ≤ −a

2 .

Proof: Suppose λη = c + di where d 6= 0 and c > −a
2 . Let

[
φ
ψ

]
∈ Y 1 be an eigenvector

of −Ãη corresponding to c + id and ‖
[

φ
ψ

]
‖Y = 1. Then,

([
(c+id)I 0

0 (c+id)I

]
+

[
0 −I

Λ−b(x) ηΛ
1
2 +aI

]) [
φ
ψ

]
= [ 0

0 ] (19)
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and consequently

(−Λ + b(x)− c2 + d2 − ac− ηcΛ
1
2 )φ = id(2c + a + ηΛ

1
2 )φ. (20)

Multiply both sides of (20) by φ in L2(Ω) to get:

−‖Λ 1
2 φ‖L2(Ω) +

∫
Ω

b(x)|φ(x)|2dx− (c2 − d2 + ac)‖φ‖2L2(Ω) − ηc‖Λ 1
4 φ‖2L2(Ω)

d((2c + a)‖φ‖2L2(Ω) + η‖Λ 1
4 φ‖2L2(Ω))

= i. (21)

Since the left hand side is a real number this is impossible and the proof of (22) is thus
complete.

Corollary 2.3. Let λ̂1, λ̂2 be two eigenvalues of −Ã0 such that −a
2 < λ̂1 < λ̂2 and no

other eigenvalue of −Ã0 lies between them.
Consider any two real numbers r1, r2 such that λ̂1 < r1 < r2 < λ̂2. Then,

∀λ̂1<r1<r2<λ̂2
∃η0>0 ∀η∈[0,η0] σ(−Ãη) ∩ {λ ∈ C : Reλ ∈ [r1, r2]} = ∅. (22)

Proof: If the assertion fails then there exists sequence ηn → 0 and a corresponding
sequence of complex numbers λn = cn + idn, where λn is an eigenvalue of −Ãηn and
cn ∈ [r1, r2]. From Lemma 2.6 we infer that the sequence {λn} consists of real numbers
and thus has a subsequence convergent to certain number r ∈ [r1, r2]. From Corollary 2.1
we infer that r is an eigenvalue of Ã0 which is impossible.

Corollary 2.4. Suppose that

b ∈ L∞(Ω) and 0 6∈ σ(Λ̃). (23)

Then (22) holds with λ̂2 being the first positive eigenvalue of −Ã0 and λ̂1 = max
λ∈σ(Ã0)
Reλ<0

{Reλ}.

2.4. Exponential dichotomy and continuity of projected semigroups

Definition 2.1. Let Z be a Banach space, η be a non-negative parameter and consider
the family of C0-semigroups {e−Aηt : t > 0} ⊂ L(Z), with generators −Aη. We say that
this family satisfies uniform exponential dichotomy condition (see [16, 12]) iff there exists
η0 > 0 such that Z can be decomposed for each η ∈ [0, η0) as a direct sum Z = Z−η ⊕Z+

η

of two closed subspaces, invariant under Aη, with the property that A+
η = Aη |Z+

η

∈ L(Z+
η )

and there are constants ε > 0, M ≥ 1 such that

‖e−A−η t‖L(Z−η ) 6 Me−εt, t > 0, η ∈ [0, η0),

‖e−A+
η t‖L(Z+

η ) 6 Meεt, t 6 0, η ∈ [0, η0),
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where A−η = Aη |Z−η
.

Our main concern in this subsection will be to show that

Theorem 2.1. If (23) holds then the family of semigroups {e−Ãηt}, η ≥ 0, satisfies
uniform exponential dichotomy condition.

The proof of the above theorem will be a consequence of Corollary 2.5 and Lem-
mas 2.9, 2.10.

Before we proceed with the proof it is important to recall that the eigenvalues of −Ã0

can be written as

λ±n = 1
2 (−a±

√
a2 − 4µn), µn ∈ σ(Λ̃), n ∈ N, (24)

(see e.g. [3, 9]). Assuming (23) consider a finite set σ−(Λ̃) consisting of all negative
eigenvalues of Λ̃ and the set σ̇(−Ã0);

σ̇(−Ã0) = { 1
2 (−a−

√
a2 − µ), µ ∈ σ−(Λ̃)}. (25)

Let γ be any circumference enclosing σ−(Λ̃) and define the projection P : L2(Ω) → L2(Ω),

P =
1

2πi

∫

γ

(λI − Λ̃)−1dλ.

Then Λ̃|kerP
is a selfadjoint positive operator on kerP and the norms ‖(Λ̃|kerP

)
1
2 (·)‖L2(Ω)

and ‖Λ 1
2 (·)‖L2(Ω) are equivalent on kerP .

Let Γ̇ ⊂ ρ(−Ã0) be a circumference lying to the left of imaginary axis surrounding
σ̇(−Ã0). Similarily, let Γ ⊂ ρ(−Ã0) be a circumference lying on the right hand side of
imaginary axis and enclosing those finite number of elements from σ(−Ã0) whose real
part is positive. Note that Γ can be choosen such that for each η ≥ 0 all eigenvalues of
−Aη with positive real parts2 are ‘inside’ Γ. On the other hand, by Corollary 2.1, there
exists η0 > 0 such that Γ̇ ⊂ ρ(−Ãη) for every η ∈ (0, η0). Furthermore, compactness of
the resolvents ensure that ‘inside’ Γ̇ there are merely finitely many eigenvalues of −Ãη.
Considering projections,

Q̇η : Y → Y, Q̇η =
1

2πi

∫

Γ̇

(λI − Ãη)−1dλ,

Qη : Y → Y, Qη =
1

2πi

∫

Γ

(λI − Ãη)−1dλ,

we then obtain decomposition of the ‘base’ space Y

Y = (I − Q̇η −Qη)Y ⊕ Q̇ηY ⊕QηY, η ∈ [0, η0),

2We remark that by Lemma 2.6 eigenvalues of −Aη with positive real parts are positive real numbers
and by (8) they cannot exceed ‖B‖L(Y ).
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as well as the corresponding decomposition of operators −Ãη, η ∈ [0, η0) (see [17, §III.6.4]
for details). We thus restrict our further considerations to η ∈ [0, η0).

Proposition 2.3. Space (I − Q̇0 −Q0)Y is spanned by
{[

en

1
2 (−a±

√
a2−4µn)en

]
; (µn, en) ∈M

}
.

In particular φ, ψ ∈ kerP whenever
[

φ
ψ

]
∈ (I − Q̇0 −Q0)Y .

Proof: It is evident that (I − Q̇0 −Q0)Y contains the space spanned by the system of
eigenvectors

{[
en

1
2 (−a±

√
a2−4µn)en

]
; (µn, en) ∈M

}
,

where M consists of all eigenpairs (µn, en) of Λ̃ with µn > 0. On the other hand if[
φ
ψ

]
∈ (I− Q̇0−Q0)Y then

[
φ
ψ

]
=

∑∞
n=1 c±n

" en

1
2 (−a±

√
a2−4µn)en

#
(see [9, Lemma A.1] ) and

consequently

[
φ
ψ

]
= (I − Q̇0 −Q0)

[
φ
ψ

]
=

∞∑

(µn,en)∈M
c±n

[
en

1
2 (−a±

√
a2−4µn)en

]
,

which completes the proof.
It is useful to introduce in Y a ‘new’ scalar product

〈
[

φ1
ψ1

]
,
[

φ2
ψ2

]
〉new
Y = 〈Λ̃

1
2
|kerP

(I − P )φ1, Λ̃
1
2
|kerP

(I − P )φ2〉L2(Ω) + 〈Λ 1
2 Pφ1, Λ

1
2 Pφ2〉L2(Ω)

+ δ(a− δ)〈φ1, φ2〉L2(Ω) + 〈δφ1 + ψ1, δφ2 + ψ2〉L2(Ω), δ ∈ (0, a),
(26)

which defines in Y a norm

‖
[

φ
ψ

]
‖new

Y =
√
〈
[

φ
ψ

]
,
[

φ
ψ

]
〉new
Y

equivalent to the norm ‖
[

φ
ψ

]
‖Y = ‖Λ 1

2 φ‖L2(Ω) + ‖ψ‖L2(Ω).

Lemma 2.7. For some ε > 0, (εI−Ã0)|(I−Q̇0−Q0)Y
is dissipative in (I − Q̇0 −Q0)Y . In

particular the semigroup {eεte−Ã0t|(I−Q̇0−Q0)Y
} is bounded on (I − Q̇0 −Q0)Y .

Proof: Using (26) and denoting by λ̃1 the first positive eigenvalue of Λ̃ in kerP we
have

Re〈−Ã0

[
φ
ψ

]
,
[

φ
ψ

]
〉new
Y = −δ‖Λ̃

1
2
|kerP

φ‖2L2(Ω) − (a− δ)‖ψ‖2L2(Ω)

6 −δ

2
〈
[

φ
ψ

]
,
[

φ
ψ

]
〉new
Y ,

[
φ
ψ

]
∈ (I − Q̇0 −Q0)Y ∩ Y 1, δ ∈ (0, δ0),

(27)
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where δ0 = min{a
2 , −a+

√
a2+4λ̃1
2 }. Therefore the result holds with ε = δ

2 and arbitrarily
fixed δ ∈ (0, δ0).

We will next show that

Lemma 2.8. For each δ ∈ (0, δ0) there exists ηδ > 0 such for each η ∈ (0, ηδ)

Re〈−Ãη

[
φ
ψ

]
,
[

φ
ψ

]
〉new
Y 6 −δ

4
〈
[

φ
ψ

]
,
[

φ
ψ

]
〉new
Y , (28)

whenever
[

φ
ψ

]
∈ (I − Q̇0 −Q0)Y ∩ Y 1.

Proof: Consider
[

φη

ψη

]
∈ (I − Q̇η − Qη)Y ∩ Y 1 with ‖

[
φη

ψη

]
‖new

Y = 1 and use the

decomposition of the space Y induced by the projection Q̇0 + Q0, so that
[

φη

ψη

]
= (Q̇0 + Q0)

[
φη

ψη

]
+ (I − Q̇0 −Q0)

[
φη

ψη

]
.

Since the value of −Ãη

[
φη

ψη

]
is given by −Ã0

[
φη

ψη

]
−Rη

[
φη

ψη

]
(see (9)) we then have

Re〈−Ãη

[
φη

ψη

]
,
[

φη

ψη

]
〉new
Y = Re〈−Ã0(I − Q̇0 −Q0)

[
φη

ψη

]
, (I − Q̇0 −Q0)

[
φη

ψη

]
〉new
Y

+ Re〈−Ã0(Q̇0 + Q0)(Q̇0 + Q0)
[

φη

ψη

]
, (Q̇0 + Q0)

[
φη

ψη

]
〉new
Y

+ Re〈−Ã0(Q̇0 + Q0)(Q̇0 + Q0)
[

φη

ψη

]
, (I − Q̇0 −Q0)

[
φη

ψη

]
〉new
Y

+ Re〈−Ã0(I − Q̇0 −Q0)
[

φη

ψη

]
, (Q̇0 + Q0)

[
φη

ψη

]
〉new
Y

− ηRe〈
[

0

Λ
1
2 ψη

]
,
[

φη

ψη

]
〉new
Y = I1 + . . . + I5,

(29)

where the components appearing on the right hand side are estimated as follows.
First, via (27), we obtain that I1 6 − δ

2 . Choosing constant c > 0 such that 1
c‖ · ‖Y 6

‖ · ‖new
Y 6 c‖ · ‖Y we have the estimates

‖(I − Q̇0 −Q0)
[

φη

ψη

]
‖new

Y 6 c2‖(I − Q̇0 −Q0)‖L(Y ) =: d0, (30)

and

‖(Q̇0 + Q0)
[

φη

ψη

]
‖new

Y 6 c2‖(Q̇0 + Q0)(I − Q̇η −Qη)‖L(Y )

= c2‖(Q̇0 + Q0)(I − Q̇0 −Q0) + (Q̇0 + Q0)(Q̇0 + Q0 − Q̇η −Qη)‖L(Y )

= c2‖(Q̇0 + Q0)(Q̇0 + Q0 − Q̇η −Qη)‖L(Y )

6 c2‖(Q̇0 + Q0)‖L(Y )(‖(Q̇0 − Q̇η‖L(Y ) + ‖Q0 −Qη)‖L(Y )).

(31)
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From (31) and (16) we next get

‖(Q̇0 + Q0)
[

φη

ψη

]
‖new

Y 6 (2π)−1ηc2d(CΓ|Γ|+ CΓ̇|Γ̇|)‖(Q̇0 + Q0)‖L(Y ) =: ηD, (32)

which together with (30) leads to the relations

I2 6 η2c2D2‖Ã0(Q̇0 + Q0)‖L(Y ), (33)

I3 6 ηc2d0D‖Ã0(Q̇0 + Q0)‖L(Y ). (34)

We remark that Y 1 ⊂ D(−Ã0
∗
) and

−Ã0
∗ [

φ
ψ

]
=

[
0 −I+Λ−1b(x)
Λ −aI

] [
φ
ψ

]
for

[
φ
ψ

]
∈ Y 1.

Since b ∈ L∞(Ω) and ‖Λ− 1
2 ψ‖L2(Ω) 6 1√

λ1
‖ψ‖L2(Ω) then

‖
[

0 −I+Λ−1b(x)
Λ −aI

] [
φ
ψ

]
‖Y 6 (1 +

a
√

λ1

)‖
[

φ
ψ

]
‖Y 1 + ‖Λ− 1

2 b(x)ψ‖L2(Ω)

6
(
1 +

a
√

λ1

+
‖b(x)‖L∞(Ω)

√
λ1

)‖
[

φ
ψ

]
‖Y 1 ,

(35)

which ensures that −Ã0
∗ ∈ L(Y 1, Y ). With the latter property and (30), (6), (32) we

obtain

I4 = Re〈(I − Q̇0 −Q0)
[

φη

ψη

]
,−Ã0

∗
(Q̇0 + Q0)(Q̇0 + Q0)

[
φη

ψη

]
〉new
Y

6 d0c
2‖−Ã0

∗
(Q̇0 + Q0)‖L(Y )‖(Q̇0 + Q0)

[
φη

ψη

]
‖new

Y

6 c2d0‖−Ã0
∗
(−Ã0)−1‖L(Y )‖−Ã0(Q̇0 + Q0)‖L(Y )‖(Q̇0 + Q0)

[
φη

ψη

]
‖new

Y

6 ηc2dDd‖−Ã0
∗‖L(Y 1,Y )‖−Ã0(Q̇0 + Q0)‖L(Y ).

(36)

I5 = −ηδRe〈Λ 1
4 ψη,Λ

1
4 φη〉L2(Ω) − η‖Λ 1

4 ψη‖2L2(Ω) 6 ηδ2

4λ
1
4
1

‖
[

φη

ψη

]
‖2Y 6 ηδ2c. (37)

Since each quantity I2, . . . , I5 contains a multiple of η the proof of condition (28) is
complete.

In the light of the Lumer-Phillips theorem condition (28) ensures that

Corollary 2.5. For arbitrarily fixed δ ∈ (0, δ0), δ0 = min{a
2 , −a+

√
a2+4λ̃1
2 },

‖e δ
4 te−Ãηt|(I−Q̇η−Qη)Y

»
φη

ψη

–
‖new

Y 6 ‖
»

φη

ψη

–
‖new

Y ,
[

φη

ψη

]
∈ (I − Q̇η −Qη)Y,
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for each η ∈ [0, ηδ).

In particular, if b ≡ 0 then (I − Q̇η −Qη)Y = Y and we obtain that

Corollary 2.6. For each η0 > 0 there exist constants c ≥ 1, ω < 0 for which

‖e−Aηt‖L(Y ) 6 ceωt, t ≥ 0, η ∈ [0, η0]. (38)

Remark 2. 1. By [13, Corollary IV.3.12],

inf{Re(λ) : λ ∈ σ(Aη)} = − lim
t→∞

ln ‖e−Aηt‖L(Y )

t
.

The latter fact and (38) justify that for each η0 > 0 there exists ω < 0 such that

Reσ(Aη) > −ω > 0 for η ∈ (0, η0].

Therefore semigroups {e−Aηt}, η > 0, which are analytic in Y , satisfy the estimates

‖Aα
η e−Aηt‖L(Y,Y ) 6 cη,αt−αeωη0 t, t > 0, α ≥ 0, η ∈ [0, η0], (39)

where constant ωη0 < 0 appearing under the exponent in (39) does not depend on η ∈
[0, η0].

In the next lemma we will obtain the uniform bound for {eεte−Ãηt|Q̇ηY
}.

Lemma 2.9. For each η ∈ (0, η∗) the following estimate holds

‖eεte−Ãηt
[

φη

ψη

]
‖Y 6 eεt∗+‖B‖L(Y )t

∗
, t ≥ 0,

[
φη

ψη

]
∈ Q̇ηY, ‖

[
φη

ψη

]
‖Y = 1. (40)

Proof: Consider
[

φη

ψη

]
∈ Q̇ηY with ‖

[
φη

ψη

]
‖Y = 1 and take advantage of the decompo-

sition of the space Y induced by the projection Q̇0 to get
[

φη

ψη

]
= Q̇0

[
φη

ψη

]
+ (I − Q̇0)

[
φη

ψη

]

where as a consequence of (16)

‖(I − Q̇0)
[

φη

ψη

]
‖Y = ‖(I − Q̇0)Q̇η

[
φη

ψη

]
‖Y

= ‖(I − Q̇0)(Q̇η − Q̇0 + Q̇0)
[

φη

ψη

]
‖Y

6 ‖(I − Q̇0‖L(Y )‖Q̇0 − Q̇η‖L(Y )

6 η(2π)−1dCΓ̇|Γ̇|‖I − Q̇0‖L(Y ) =: ηḊ.

(41)
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We then have

‖eεte−Ãηt
[

φη

ψη

]
‖Y 6 ‖eεte−ÃηtQ̇0

[
φη

ψη

]
‖Y + ‖eεte−Ãηt(I − Q̇0)

[
φη

ψη

]
‖Y

6 ‖eεt(e−Ãηt − e−Ã0t)Q̇0

[
φη

ψη

]
‖Y + ‖eεte−Ã0tQ̇0

[
φη

ψη

]
‖Y

+ ‖eεte−Ãηt(I − Q̇0)
[

φη

ψη

]
‖Y

≤ J1(t) + J2(t) + J3(t)

(42)

and, since {e−Ãηt|Q̇ηY
} is a C0 semigroup in Q̇ηY generated by a bounded operator

−Ãη |Q̇ηY
with all (finitely many) eigenvalues being negative numbers strictly less than

−a, there exists constant M0 such that

J2 6 ‖eεte−Ã0tQ̇0

[
φη

ψη

]
‖Y 6 M0e

−(a−ε)t‖Q̇0

[
φη

ψη

]
‖Y , t ≥ 0.

Note that ‖Q̇0

[
φη

ψη

]
‖Y 6 ‖Q̇0‖L(Y ) and define t∗ > 0 such that

J2(t∗) 6 1
4
. (43)

All
[

φη

ψη

]
lie on the unit sphere in Y , which is taken by Q̇η into a precompact subset of Y .

As a consequence of (13) there exists η1 > 0 such that

J1(t∗) 6 1
4

for all η ∈ (0, η1). (44)

Finally, applying (41) and the estimate for the perturbed semigroups we find the estimate

J3(t∗) 6 ηḊeεt∗+‖B‖L(Y )t
∗ 6 1

4
for all η ∈ (0, η2). (45)

We have thus shown that there exists t∗ > 0 and η∗ > 0 for which

‖eεt∗e−Ãηt∗
[

φη

ψη

]
‖Y 6 1,

[
φη

ψη

]
∈ Q̇ηY, ‖

[
φη

ψη

]
‖Y = 1

uniformly with respect to η ∈ (0, η∗). Decomposing next t = nt∗ + r and using the
estimate for the perturbed semigroups to find the estimate on an interval [0, t∗] we derive
the required bound (40) uniform with respect to η ∈ (0, η∗).

Remark 2. 2. If Yη
− := (I − Qη)Y then, because of the relation Q̇ηQη = 0 (see [17,

p. 179]), we have the equalities

kerQ̇η |Yη−
= (I − Q̇η |Yη−

)Yη
− = (I − Q̇η |Yη−

)(I −Qη)Y = (I − Q̇η −Qη)Y,
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rgQ̇η |Yη−
= Q̇η |Yη−

Yη
− = Q̇η(I −Qη)Y = Q̇η(I −Qη + Qη)Y = Q̇ηY.

Thus Q̇η |Yη−
is a projection on Y −

η whereas in our further consideration we will make use

of the decomposition

Y = Y −
η ⊕ Y +

η with Y −
η := (I −Qη)Y and Y +

η = QηY, η ∈ [0, η0). (46)

Using the notation of spaces as in (46) and denoting by {eÃ+
η t}, {e−Ã+

η t} the semigroups
generated by ±Ã+

η = ±Ãη |
Y

+
η

we obtain from Corollary 2.5 and Lemma 2.9 that for all η

sufficiently small space Y can be decomposed as a direct sum Y = Y −
η ⊕ Y +

η of two closed
subspaces, invariant under {e−Ãηt}, for which the estimate

‖e−Ã−η t‖L(Y −η ) 6 Me−εt, t ≥ 0,

holds with constants ε > 0, M ≥ 1 independent of η.
Now we need to derive appropriate estimate of {eεteÃ+

η t}. Recall that via (17) projection
Qη is compact and therefore has a finite rank. Following (46) we denote Y +

η = QηY ,
0 6 η 6 η0 and observe via Corollary 2.2 that the map Sη : Y +

0 → Y +
η defined by

Sη

[
φη

ψη

]
= Qη

[
φη

ψη

]
is an isomorphism. We will next prove that

Lemma 2.10. The inverse operators S−1
η : Y +

η → Y +
0 satisfy

‖S−1
η −Q0‖L(Y +

η ,Y +
0 )

η→0−→ 0 (47)

and

∀τ>0 sup
t∈[0,τ ]

‖e±Ã+
η tQη − e±Ã+

0 tQ0‖L(Y )
η→0−→ 0. (48)

In particular, there exist constants ε̃ > 0, m ≥ 1 (independent of η) such that

‖eÃ+
η t‖L(Y +

η ,Y +
η ) 6 me−εt, t ≥ 0. (49)

Proof: We first ensure that

‖S−1
η ‖L(Y +

η ,Y +
0 ) is bounded independently of η. (50)

Suppose that there is a sequence
[

φηn

ψηn

]
with ‖

[
φηn

ψηn

]
‖Y = 1 for which ‖S−1

ηn

[
φηn

ψηn

]
‖Y

ηn→0−→
∞. Then [

φηn

ψηn

]

‖S−1
ηn

[
φηn

ψηn

]
‖Y

= Sηn

S−1
ηn

[
φηn

ψηn

]

‖S−1
ηn

[
φηn

ψηn

]
‖Y

(51)
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and {
S−1

ηn

»
φηn

ψηn

–

‖S−1
ηn

»
φηn

ψηn

–
‖Y

} ⊂ Y +
0 has a convergent subsequence (for which we use the same

notation) converging to some
[

φ
ψ

]
∈ Y +

0 , ‖
[

φ
ψ

]
‖Y = 1. It follows from (51) and (16) that

0 ←− Sηn

S−1
ηn

[
φηn

ψηn

]

‖S−1
ηn

[
φηn

ψηn

]
‖Y

= Qηn

S−1
ηn

[
φηn

ψηn

]

‖S−1
ηn

[
φηn

ψηn

]
‖Y

ηn→0−→ Q0

[
φ
ψ

]
=

[
φ
ψ

]
,

which is an absurd.
Having property (50) note further that for any

[
φη

ψη

]
∈ Y +

η

S−1
η

[
φη

ψη

]
−Q0

[
φη

ψη

]
= S−1

η Qη(I −Q0)
[

φη

ψη

]
.

Thus (47) follows from the fact that Qη(I − Q0) = (Qη − Q0)(I − Q0) → 0 in L(Y ) (see
(16)).

From this we can prove required convergence of the semigroups. In fact, since

e±Ã+
η tQη = S−1

η e±Ã+
η tQηQ0 + (Q0 − S−1

η )e±Ã+
η tQηQ0

+ (I −Q0)Qηe±Ã+
η tQηQ0 + e±Ã+

η tQη(I −Q0),

we have

sup
t∈[0,τ ]

‖e±Ã+
η tQη − S−1

η e±Ã+
η tQηQ0‖L(Y )

η→0−→ 0,

and it becomes sufficient to show the condition

sup
t∈[0,τ ]

‖S−1
η e±Ã+

η tQη − e±Ã+
0 t‖L(Y +

0 )

η→0−→ 0.

The latter however follows from the fact that

S−1
η e±Ã+

η tQη = S−1
η e±Ã+

η tSη = eS
−1
η (±Ã+

η )Sηt on Y +
0

and from relation

‖S−1
η (±Ã+

η )Sη − (±Ã+
0 )‖L(Y +

0 )

= ‖S−1
η [(±Ã+

η )Qη − (±Ã+
0 )Q0 + (Q0 −Qη)(±Ã+

0 )]‖L(Y +
0 )

η→0−→ 0,

in which we used (47), (16) and a consequence of (12):

‖(±Ãη)Qη − (±Ã0)Q0‖L(Y ) = ‖±λ

2πi

∫

Γ

((λI − Ãη)−1 − (λI − Ã0)−1)dλ‖L(Y )
η→0−→ 0.
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Since Reσ(−Ã0
+
) ≥ λ̂+ > r̃ > r > 0 (λ̂+ being the first positive eigenvalue of −Ã0)

then

‖erteÃ+
0 t̂

[
φ
ψ

]
‖Y 6 me−(r̃−r)t‖

[
φ
ψ

]
‖Y , t > 0,

[
φ
ψ

]
∈ Y +

0

and in particular there exists t̂ > 0 such that

‖ert̂eÃ+
0 t̂

[
φ
ψ

]
‖Y 6 1

2
‖

[
φ
ψ

]
‖Y ,

[
φ
ψ

]
∈ Y +

0 ,

which can be rewritten as

‖ert̂eÃ+
0 t̂Q0

[
φ
ψ

]
‖Y 6 1

2
‖Q0

[
φ
ψ

]
‖Y ,

[
φ
ψ

]
∈ Y, (52)

Applying (52) and (48), for δ = 1
2e−rt̂ and appropriately chosen ηδ > 0 we have

‖ert̂eÃ+
η t̂

[
φη

ψη

]
‖Y 6 ert̂‖(eÃ+

η t̂Qη−eÃ+
0 t̂Q0

) [
φη

ψη

]
‖Y

+ ‖ert̂eÃ+
0 t̂Q0

[
φη

ψη

]
‖Y

6 (ert̂δ +
1
2
)‖

[
φη

ψη

]
‖Y 6‖

[
φη

ψη

]
‖Y ,

[
φη

ψη

]
∈ Y +

η , η ∈ (0, ηδ).

(53)

In addition, since

Ã+
η = ÃηQη =

1
2πi

∫

Γ

(−I + λ(λI − Ãη))−1dλ

and resolvents are convergent then Ã+
η are estimated in a uniform topology uniformly with

respect to η sufficiently small. Inequality

‖eÃ+
η t̂

[
φη

ψη

]
‖L(Y +

η ) ≤ e
‖Ã+

η ‖L(Y
+
η )
|t|

, t ∈ R,

allows us next observe that the norms ‖erteÃ+
η t

[
φη

ψη

]
‖L(Y +

η ) remain bounded on compact
time intervals uniformly with respect to all η sufficiently small. Estimate (49) can be thus
deduced from (53) via decomposition t = ntt̂ + rt.

3. PROPERTIES OF THE NONLINEAR SEMIGROUPS
3.1. Local solutions to semilinear damped wave equations

Problems (1) will be viewed in the abstract form

d
dt [ u

v ] + Aη [ u
v ] = F ([ u

v ]) , t > 0, [ u
v ]t=0 = [ u0

v0 ] (54)

where

[ u0
v0 ] ∈ Y = H1

0 (Ω)× L2(Ω) and F ([ u
v ]) =

[
0

f(u)

]
.
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Lemma 3.1. Suppose that f : R → R is a continuously differentiable function which
satisfies

|f ′(s)| 6 c(1 + |s|ρ), s ∈ R, (55)

where 0 6 ρ 6 2
N−2 if N > 3 and ρ ∈ [0,∞) when N = 1, 2.

Then,
i) F : Y → Y is a continuously differentiable map which is Lipschitz continuous on

bounded sets. If f also satisfies

lim
|s|→∞

|f ′(s)|
s

2
N−2

= 0, N > 3, (56)

then F : Y → Y is compact.
ii) The problem (54) is locally well posed in Y for each η ≥ 0. Furthermore, if [ u0

v0 ] ∈
D(Aη), then the corresponding solution to (54) is a classical solution

iii) If Tη(t) [ u0
v0 ], η ≥ 0, denotes local mild solution (see [18, p. 146]) to (54) on Y , then

sup
t∈[0,τ ]

‖Tηn(t) [ un
vn ]− T0(t) [ u0

v0 ] ‖Y → 0, ηn → 0+,

provided that [ un
vn

] , [ u0
v0 ] ∈ Y , [ un

vn
] Y→ [ u0

v0 ], the solutions Tηn(t) [ un
vn

], T0(t) [ u0
v0 ] exist and

remain bounded in Y -norm uniformly with respect to t ∈ [0, τ ] and n ∈ N.

Proof: Suppose that ρ ≤ 2
N−2 . The proof that F is a Lipschitz continuous map from Y

into Y follows easily from Sobolev type embeddings and Hölder inequality. The continuous
differentiability of the map F : Y → Y follows from the continuous differentiability of the
map fe : L

N
N−2 (Ω) → L2(Ω) given by fe(u)(x) = f(u(x)) which can be obtained using

the Dominated Convergence Theorem and a Converse on the Dominated Convergence
Theorem.

Assume now that (56) holds. Of course F is a continuously differentiable map which
is Lipschitz continuous in bounded sets. To obtain that F : Y → Y is a compact map
we decompose f as f = εgε + hε where gε : R → R is continuously differentiable function
satisfying |gε(s)| ≤ |s| 2

N−2 and hε : R → R is a continuously differentiable function with
compact support. If B is a bounded subset of Y it is easy to see that the measure of
non-compactness of the set F (B) is zero.

The existence of a local mild solution to (54) in Y follows then from the Banach con-
traction principle (see e.g. [18, Theorems 6.1.4, 6.1.5]), which proves ii).

As for iii) we first use the Cauchy integral formula to get

‖Tηn(t) [ un
vn

]− T0(t) [ u0
v0 ] ‖Y ≤ ‖ (

e−Aηn t − e−A0t
)
[ u0

v0 ] ‖Y + ‖e−Aηn t ([ un
vn

]− [ u0
v0 ]) ‖Y

+
∫ t

0

‖
(
e−Aηn (t−s) − e−A0(t−s)

)
F (T0(s) [ u0

v0 ])‖Y ds

∫ t

0

‖e−Aηn (t−s) (F (Tηn(s) [ un
vn ])− F (T0(s) [ u0

v0 ])) ‖Y ds for t ∈ [0, τ ].
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By Lemma 2.2 the first term on the right hand side converges to zero. Moreover, thanks to
the uniform bound ‖e−Aηt‖L(Y ) 6 1, the second term tends to zero as well. Furthermore,
convergence of both these terms is uniform with respect to t ∈ [0, τ ].

The third term is bounded by

τ sup
{∥∥∥(e−Aηn t(r)− e−A0t(r))

[
ψ
φ

]∥∥∥
Y

:
[

ψ
φ

]
∈ J and r ∈ [0, τ ]

}

where J = {F (T0(s) [ u0
v0 ]), s ∈ [0, τ ]} is a compact set. Thus, as a consequence of

Lemma 2.2 i), the third term tends to zero uniformy with respect to t ∈ [0, τ ].
The fourth term can be estimated with the aid of the Lipschitz continuity of F and (55)

so that, recalling that ‖Tηn
(s) [ un

vn
] ‖Y 6 C and ‖T0(s) [ u0

v0 ] ‖Y 6 C for s ∈ [0, τ ], we get

∫ t

0

‖e−Aηn (t−s)(F (Tηn(s) [ un
vn ])− F (T0(s) [ u0

v0 ]))‖Y ds

6 c(1 + C(N))
∫ t

0

‖Tηn(s) [ un
vn

]− T0(s) [ u0
v0 ] ‖Y ds.

What was said above ensures that for arbitrarily fixed ε > 0 there exists Nε ∈ N such
that

‖Tηn(t) [ un
vn

]− T0(t) [ u0
v0 ] ‖Y 6 εe−c(1+C(N))τ + c(1 + C(N))

∫ t

0

‖Tηn(s) [ un
vn

]− T0(s) [ u0
v0 ] ‖Y ds

whenever n > Nε and t ∈ [0, τ ]. Applying Gronwall’s Lemma we thus get the estimate

‖Tηn(t) [ un
vn

]− T0(t) [ u0
v0 ] ‖Y 6 ε, t ∈ [0, τ ], n > Nε,

which completes the proof.
Let us consider resulting from (1) equation for v = u̇ and multiply it by v in L2(Ω).

Since the negative Laplacian with Dirichlet boundary condition is self-adjoint we obtain,
for η ≥ 0,

d

dt

(
1
2
‖v‖2L2(Ω) +

1
2
‖Λ 1

2 u‖2L2(Ω) −
∫

Ω

∫ u

0

f(s)dsdx

)
= −a‖v‖2L2(Ω) − η‖Λ 1

4 v‖L2(Ω),

which shows that the function L,

L([ w1
w2 ]) =

1
2
‖w2‖2L2(Ω) +

1
2
‖Λ 1

2 w1‖2L2(Ω) −
∫

Ω

∫ w1

0

f(s)dsdx, [ w1
w2 ] ∈ Y, (57)

is nonincreasing along the solutions. If the dissipativeness condition holds

lim sup
|s|→∞

f(s)
s

< λ1, (58)
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then via the Poincaré inequality

λ1‖u‖2L2(Ω) 6 ‖Λ 1
2 u‖2L2(Ω)

we get the estimate

‖ [ u
v ] (t, u0, v0)‖Y 6 c

√
1 + L([ u0

v0 ]), (59)

where c > 0 is independent of η ≥ 0. Indeed, thanks to condition (58)

−
∫

Ω

∫ w1

0

f(s)dsdx > −λ1 − ε

2
‖w1‖2L2(Ω) −M |Ω|,

where ε > 0 and M = M(ε) is a positive constant. Hence the Lyapunov function L([ w1
w2 ])

is bounded from below, i.e.

L([ w1
w2 ]) > ε

2λ1
‖Λ 1

2 w1‖2L2(Ω) +
1
2
‖w2‖2L2(Ω) −M |Ω|

and also

L([ w1
w2 ]) →∞ as ‖ [ w1

w2 ] ‖Y →∞.

Since we simultaneusly consider the hyperbolic case η = 0, note that the above calcu-
lations are valid for classical solutions corresponding to initial conditions chosen from Y 1.
Therefore, classical solutions to (54) exist globally in time (see [18, Theorem 1.4]) and are
bounded uniformly with respect to t ∈ [0,∞), η ≥ 0, and [ u0

v0 ] varying in bounded subsets
of Y . The mentioned properties are then extended to all initial data in Y based on the
continuous dependence of mild solutions on initial conditions, which result follows from
the Gronwall’s Lemma.

3.2. Family of global attractors
Consideration of the previous subsection leads to the following proposition.

Proposition 3.1. Suppose that (58) and (55) hold. Then for each η ≥ 0 problem (54)
defines on Y a C0-semigroup of global mild solutions with bounded orbits of bounded sets.
If, in addition, η > 0 or [ u0

v0 ] ∈ Y 1 then

Tη(t) [ u0
v0 ] ∈ C([0,∞), Y ) ∩ C1(0,∞), Y ) ∩ C((0,∞), Y 1)

and Tη(t) [ u0
v0 ] is a classical solution to (54).

For η ≥ 0 denote by Eη the set of all equilibria corresponding to {Tη(t)} in Y . Let ωη(B)

be an ω-limit set of B ⊂ Y with respect to {Tη(t)}. If
[

φ
ψ

]
is such that there is a complete

orbit γη(
[

φ
ψ

]
) passing through

[
φ
ψ

]
let αγη (

[
φ
ψ

]
) be a corresponding α-limit set.
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Proposition 3.2. Suppose that (58) and (55) hold. Then
i) E = {[ u0

v0 ] ∈ Y : u0 = Λ−1f(u0), v0 = 0} is a bounded subset of Y 1,
ii) The equilibria of {Tη(t)} are smooth and Eη = E for η > 0,
iii) ωη([ u0

v0 ]) ⊂ E and αγη ([ u0
v0 ]) ⊂ E for [ u0

v0 ] ∈ Y and each η ≥ 0.

Proof: If u0 ∈ H1
0 (Ω) and u0 = Λ−1f(u0) then (58) ensures the estimate

‖Λ 1
2 u0‖L2(Ω) 6 ME

0 . (60)

Since f takes bounded subsets of H1
0 (Ω) into bounded subsets of L2(Ω) we also get the

estimate

‖Λu0‖L2(Ω) = ‖f(u0)‖L2(Ω) 6 sup
‖Λ 1

2 φ‖L2(Ω)6ME
0

‖f(φ)‖L2(Ω) = ME
1 , (61)

which proves i).
Concerning ii) observe that E ⊂ Eη. Next, if [ u0

v0 ] ∈ Eη, i.e. Tη(t) [ u0
v0 ] = [ u0

v0 ], then
through the Cauchy integral formula we get

1
t

(
[ u0

v0 ]− e−Aηt [ u0
v0 ]

)
=

1
t

∫ t

0

(
e−Aη(t−s)

[
0

f(u0)

]− [
0

f(u0)

])
ds +

[
0

f(u0)

]
.

Since the first right hand side term converges to zero as t → 0+ we obtain that [ u0
v0 ] ∈ D(Aη)

and

Aη [ u0
v0 ] =

[
0

f(u0)

]
.

Hence, v0 = 0 and Λu0 = f(u0).
Suppose further that η > 0 and [ u0

v0 ] ∈ ωη(
[

φ
ψ

]
) or [ u0

v0 ] ∈ αη(
[

φ
ψ

]
). Then L (Tη(t) [ u0

v0 ]) ≡
const, consequently its time derivate is zero, so that v ≡ 0. Therefore, Tη(t) [ u0

v0 ] ≡ [ u0
v0 ] =

[ u0
0 ] and u0 = Λ−1f(u0), which proves iii).

Lemma 3.2. Suppose (56) and dissipativeness condition (58) hold.
Then, for each η ≥ 0, problem (54) defines on Y a C0-semigroup of global solutions

{Tη(t)} which possesses a global attractor Aη. Furthermore,
⋃

η>0 Aη is bounded in Y . In
particular,

⋃
η>0 Aη is contained in a ball in Y of radius rE := sup[u0

v0 ]∈E c
√

1 + L([ u0
v0 ]).

Proof: The existence of attractors follows easily from the fact that (54) is a gradient
system, Proposition 3.1, Proposition 3.2 and Lemma 3.1.

If η > 0 and
[ u0η

v0η

] ∈ Aη, then there exists a precompact complete orbit passing through[ u0η
v0η

]
. Denoting it by γη = {Tη(t)

[ u0η
v0η

]
, t ∈ R} we have that

[ u0η
v0η

]
= Tη(k)Tη(−k)

[ u0η
v0η

]
for arbitrary k ∈ N. Sequence {Tη(−k)

[ u0η
v0η

]} possesses a subsequence {Tη(−kl)
[ u0η

v0η

]}
convergent to certain element [ u0

v0 ] of αγη (
[ u0η

v0η

]
). This together with (59), (60) and Propo-

sition 3.2 iii) ensures that for each kl

‖ [ u0η
v0η

] ‖Y = ‖Tη(kl)Tη(−kl)
[ u0η

v0η

] ‖Y 6
√

1 + L(Tη(−kl)
[ u0η

v0η

]
)
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and, therefore,

‖ [ u0η
v0η

] ‖Y 6 lim
kl→∞

√
1 + L(Tη(−kl)

[ u0η
v0η

]
) ≤

√
1 + L([ u0

v0 ]) 6 rE .

The proof is thus complete.

Remark 3. 1. The existence of attractors and their uniform bounds in Y can be obtained
under some more general growth conditions (see [2] for η = 0, [6] for η > 0). Nevertheless,
the uniform bounds in Y 1 below require the stronger restriction (56).

Lemma 3.3. Suppose that (56) and (58) hold. For each η > 0 any complete orbit lying
on Aη is precompact in Y 1 and

⋃
η∈(0,η0)

Aη is bounded in Y 1 for each η0 > 0.

Proof: We first prove that γη(
[ u0η

v0η

]
) is a precompact subset of Y 1 for each η > 0. Fix

η > 0, choose
[ u0η

v0η

] ∈ Aη and consider any complete orbit γη(
[ u0η

v0η

]
) = {Tη(t)

[ u0η
v0η

]
, t ∈

R} passing through
[ u0η

v0η

]
and lying on Aη. By the smoothing properties of the semi-

groups generated by abstract parabolic equations it is known (see [10, Lemma 3.2.1]) that
γη(

[ u0η
v0η

]
) is bounded in Y 1; i.e.

suph
φ
ψ

i
∈γη(

hu0η
v0η

i
)

‖
[

φ
ψ

]
‖Y 1 6 Mη. (62)

Note that

‖∇[f(φ)− f(0)]‖L2(Ω) = ‖f ′(φ)∇φ‖L2(Ω) 6 ‖uη‖
2

N−2

L
2N

N−2
‖∇uη‖

L
2N

N−2
.

Therefore F −F ([ 0
0 ]) takes bounded sets of Y 1 into bounded sets of Y 1, and based on (62)

we then have

suph
φ
ψ

i
∈γη(

hu0η
v0η

i
)

‖F (
[

φ
ψ

]
)− F ([ 0

0 ])‖Y 1 6 MF
η .

Using the Cauchy integral formula and (39) for
[

φ
ψ

]
∈ γη(

[ u0η
v0η

]
), t ≥ 0, we obtain3 for

1
2

−
< 1

2

‖A1+ 1
2
−

η Tη(t)
[

φ
ψ

]
‖Y 6 cη

eωηt

t
1
2
− ‖Aη

[
φ
ψ

]
‖Y + ‖A

1
2
−

η

(
I − e−Aηt

)
F ([ 0

0 ])‖Y

+
∫ t

0

cη
eωη(t−s)

(t− s)
1
2
− ‖Aη

(
F (Tη(s)

[
φ
ψ

]
)− F ([ 0

0 ]
)
‖Y ds.

3We observe that F (
ˆ
0
0

˜
) ∈ D(A

1
2
−

η ) but does not belongs to D(Aα
η ) for α ≥ 1

2
unless f(0) = 0.
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Since the orbit γη(
[ u0η

v0η

]
) is invariant under the semigroup {Tη(t)}, this and (3) leads to

the relation

suph
φ
ψ

i
∈γη(

hu0η
v0η

i
)

‖A1+ 1
2
−

η

[
φ
ψ

]
‖Y = suph

φ
ψ

i
∈γη(

hu0η
v0η

i
)

‖A1+ 1
2
−

η Tη(1)
[

φ
ψ

]
‖Y

6 cηeωηMη + ‖A
1
2
−

η

(
I − e−Aη

)
F ([ 0

0 ])‖Y + cηdMF
η cη

∫ 1

0

eωη(1−s)

(1− s)
1
2
ds.

Hence γη(
[ u0η

v0η

]
) is precompact in Y 1.

Now let us prove that
⋃

η∈(0,η0)
Aη is bounded in Y 1 for each η0 > 0.

From the fact that γη(
[ u0η

v0η

]
) is a precompact subset of Y 1, there exists a subsequence

{Tη(−kl)
[ u0η

v0η

]} convergent in Y 1 to an element of the α-limit set αγη (
[ u0η

v0η

]
) ⊂ E .

Since E is bounded in Y 1 we are able to obtain Y 1-bound on the attractors, uniform
with respect to η ∈ (0, η0) for any η0 > 0. In fact we will get the Y 1 estimate of complete
orbits γη(

[ u0η
v0η

]
) lying on the attractors based on the estimates of the solutions with initial

conditions Tη(−kl)
[ u0η

v0η

]
chosen arbitrarily close in Y 1-metric to the set E .

Following this scheme, we have

Tη(t)Tη(−kl)
[ u0η

v0η

]
= e−AηtTη(−kl)

[ u0η
v0η

]
+

∫ t

0

e−Aη(t−s)F (Tη(s)Tη(−kl)
[ u0η

v0η

]
)ds

and, choosing ε > 0, we find certain Nε ∈ N such that for all kl > Nε

‖Tη(−kl)
[ u0η

v0η

] ‖Y 1 6 ME
1 + ε

where ME
1 is defined in (61). From this we have that

‖AηTη(t)Tη(−kl)
[ u0η

v0η

] ‖Y

6 ‖e−Aηt‖L(Y )‖AηTη(−kl)
[ u0η

v0η

] ‖Y + ‖ (
I − e−Aηt

)
F ([ 0

0 ])‖Y

+
∫ t

0

‖e−Aη(t−s)‖L(Y )‖Aη

(
F (Tη(s)Tη(−kl)

[ u0η
v0η

]
)− F ([ 0

0 ])
) ‖Y ds

≤ ceωt(ME
1 + ε) + (1 + ceωt)‖F ([ 0

0 ])‖Y

+
∫ t

0

ceω(t−s)‖Aη

(
F (Tη(s)Tη(−kl)

[ u0η
v0η

]
)− F ([ 0

0 ])
) ‖Y ds.

(63)

If we let Tη(t)Tη(−kl)
[ u0η

v0η

]
=:

[ uη
vη

]
and use (56), which reads

∀ν>0∃Cν>0 ∀s∈R1 |f ′(s)| 6 ν|s| 2
n−2 + Cν
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then, for each η ∈ (0, η0), we have

‖Aη

(
F

([ uη
vη

])− F ([ 0
0 ])

)‖Y = ‖Aη

[ 0
f(uη)−f(0)

] ‖Y

6 Cη0‖∇(f(uη)− f(0))‖L2(Ω) + a‖f(uη)− f(0)‖L2(Ω)

= Cη0‖f ′(uη)∇uη‖L2(Ω) + a‖f(uη)− f(0)‖L2(Ω)

6 νCη0‖uη‖
2

N−2

L
2N

N−2 (Ω)
‖∇uη‖

L
2N

N−2 (Ω)
+ Cη0Cν‖∇uη‖L2(Ω) + a‖f(uη)− f(0)‖L2(Ω)

6 C̄η0(ν‖Aη

[ uη
vη

] ‖Y + 1),

(64)

where we have used the estimate of Lemma 3.2 and (3). From (63) and (64) we obtain

‖Aη

[ uη
vη

] ‖Y 6 ceωt(ME
1 + ε) + (1 + ceωt)‖F ([ 0

0 ])‖Y

+
∫ t

0

ceω(t−s)C̄η0(ν‖Aη

[ uη
vη

] ‖Y + 1)ds

6 c(ME
1 + ε) + (1 + c)‖F ([ 0

0 ])‖Y − c

ω
C̄η0(ν sup

t≥0
‖Aη

[ uη
vη

] ‖Y + 1)ds,

where ω < 0 is as in (38). Adding supremum and estimating, we find that

(
1 + ν

cC̄η0

ω

)
sup

t∈[0,∞)

‖Aη

[ uη
vη

] ‖Y 6 c(ME
1 + ε) + (1 + c)‖F ([ 0

0 ])‖Y − cC̄η0

ω
,

which for sufficiently small ν > 0 provides the estimate

sup
t∈[0,∞)

‖Aη

[ uη
vη

] ‖Y 6 M,

where M > 0 is independent
[ u0η

v0η

] ∈ Aη and of η ∈ (0, η0). Since Tη(t)Tη(−kl)
[ u0η

v0η

]
=[ uη

vη

]
, the above considerations ensure that for any η ∈ (0, η0) and arbitrarily chosen[ u0η

v0η

] ∈ Aη we have the uniform bound

‖Aη

[ u0η
v0η

] ‖Y 6 M.

By Proposition 2.1 iv) we thus conclude that

sup
η∈(0,η0)

suphu0η
v0η

i
∈Aη

‖ [ u0η
v0η

] ‖Y 1 6 d−1M,

which completes the proof.

Corollary 3.1. Under the assumptions of Lemma 3.3, for each η0 > 0,
⋃

η∈(0,η0)
Aη

is precompact in Y .
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4. UPPER AND LOWER SEMICONTINUITY OF THE ATTRACTORS

In the light of the results obtained in Section 3 the attractors Aη, η ≥ 0, are upper
semicontinuous at η = 0. Indeed, if this is not true then there exist ηn → 0+ and

[ u0ηn
v0ηn

] ∈
Aηn such that inf[u0

v0 ]∈A0
‖ [ u0ηn

v0ηn

] − [ u0
v0 ] ‖Y > ε. Based on Corollary 3.1 one can choose

a subsequence {
[

u0ηnk
v0ηnk

]
} convergent in Y to certain

[
û0
v̂0

] ∈ Y . Lemma 3.1 allows then to

show that there is a complete bounded orbit of {T0(t)} passing through
[

û0
v̂0

]
and lying on

A0, which leads to a contradiction.
For the lower semicontinuity note first that, under assumptions (58), (55) the semigroups

{Tη(t)}, η ≥ 0, are gradient systems (see [14, Definition 3.8.1] or [15]). Suppose further
that

equation u = Λ−1f(u) has only finitely many solutions u01 , . . . , u0k
∈ H1

0 (Ω). (65)

Under the above assumption attractors Aη corresponding to {Tη(t)}, η ≥ 0, can be de-
scribed as

Aη =
k⋃

i=1

Wu
η (

[ u0i
0

]
), η ≥ 0, (66)

where Wu
η (

[ u0i
0

]
) is the unstable set of

[ u0i
0

]
; i.e.

Wu
η (

[ u0i
0

]
) = {

[
φ
ψ

]
∈ Y ;Tη(−t)

[
φ
ψ

]
exists for t ≥ 0 and Tη(−t)

[
φ
ψ

]
→ [ u0i

0

]
as t →∞}.

Proposition 4.1. Suppose (58), (55) are satisfied. If

0 /∈ σ(−Λ + f ′(u0)) whenever u0 ∈ H1
0 (Ω) and u0 = Λ−1f(u0), (67)

then (65), (66) hold.

Proof: Note that if [ u0
v0 ] ∈ Y is an equilibrium of {T0(t)} then v0 = 0, u0 = Λ−1f(u0)

and 0 /∈ σ(−Λ + f ′(u0)). Consequently I − Λ−1f ′(u0) : H1
0 (Ω) → H1

0 (Ω) is a linear
isomorphism. Since Λ−1f : H1

0 (Ω) → H1
0 (Ω) is differentiable we obtain that

‖φ− Λ−1f(φ)‖H1
0 (Ω) = ‖φ− u0 + Λ−1f(u0)− Λ−1f(φ)‖H1

0 (Ω)

‖φ− u0 − (Λ−1f)′(u0)(φ− u0) + r(u0, φ− u0)‖H1
0 (Ω)

> ‖(I − Λ−1f ′(u0))(φ− u0)‖H1
0 (Ω) − ‖r(u0, φ− u0)‖H1

0 (Ω),

(68)

where ‖r(u0, φ−u0)‖H1
0 (Ω)‖φ−u0‖−1

H1
0 (Ω)

→ 0 as ‖φ−u0‖H1
0 (Ω) → 0. Fix 1

ε0
bigger than the

norm of (I−Λ−1f ′(u0))−1 and choose arbitrary ε ∈ (0, ε0). Then the first term on the right
hand side of (68) is bounded from below by ε‖φ− u0‖H1

0 (Ω) for all φ ∈ H1
0 (Ω). The second

one becomes less then 1
2ε‖φ− u0‖H1

0 (Ω) whenever φ belongs to certain neighborhood of u0

in H1
0 (Ω). Therefore ‖φ − Λ−1f(φ)‖H1

0 (Ω) > 1
2ε‖φ − u0‖H1

0 (Ω) in the latter neighborhood,
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which shows that the equilibria of {T0(t)} are isolated points of H1
0 (Ω). Since all these

equilibria belong to the compact attractor A0 their number needs to be finite.

Recall that the proof of upper semicontinuity of {Aη, η ≥ 0} at η = 0 was based on

the fact that from each sequence {
[

φηn

ψηn

]
} of elements

[
φηn

ψηn

]
∈ Aηn

we were able to

choose a subsequence convergent in Y as ηn → 0+ to certain
[

φ0
ψ0

]
∈ A0. To justify lower

semicontinuity we will ensure that each element
[

φ0
ψ0

]
∈ A0 is a limit in Y of a sequence

{
[

φηn

ψηn

]
} as ηn → 0+, where

[
φηn

ψηn

]
∈ Aηn

.

Since under the assumptions (58), (55), (67) we know that the attractors exist and
possess the structure stated in (66) the unstable manifold technique can be applied (see
Appendix) and the lower semicontinuity result of Theorem 1.1 follows. Indeed, let us fix
any nonequilibrium point

[
φ0
ψ0

]
∈ A0. Then, there exists a complete orbit γ0(

[
φ0
ψ0

]
) =

{T0(t)
[

φ0
ψ0

]
, t ∈ R} through

[
φ0
ψ0

]
such that, T0(t)

[
φ0
ψ0

]
→ [ u0

0 ] ∈ E as t → −∞. Note
that u0 is such that Λu0 + f(u0) = 0 and that u0 ∈ L∞(Ω). Rewrite (54) as

d

dt
[ ũ

ṽ ] + Ãη [ ũ
ṽ ] = h ([ ũ

ṽ ]) , (69)

where

Ãη = [Aη − F ′([ u0
0 ])]

and

h ([ ũ
ṽ ]) = F ([ ũ

ṽ ] + [ u0
0 ])− F ([ u0

0 ])− F ′([ u0
0 ]) [ ũ

ṽ ] .

Then, the conditions of Propostition 5.2 hold. As a consequence of that, a point
[

φ̃0

ψ̃0

]
∈

γ0(
[

φ0
ψ0

]
)

(
T0(t0)

[
φ̃0

ψ̃0

]
=

[
φ0
ψ0

]
, t0 > 0

)
can be chosen which can be approximated by a

sequence {
[

φηn

ψηn

]
}, where ηn → 0 and

[
φηn

ψηn

]
is in the unstable set of

[ u0i
0

]
. Thus there

exists a complete orbit γηn(
[

φηn

ψηn

]
) = {Tηn(t)

[
φηn

ψηn

]
, t ∈ R} through each such

[
φηn

ψηn

]
and it

lies on the corresponding attractor Aηn . As a result of Lemma 3.1 the point
[

φ0
ψ0

]
is in fact

a limit of a sequence of points Tηn(t0)
[

φηn

ψηn

]
. Since we ensured that Tηn(t0)

[
φηn

ψηn

]
∈ Aηn

for n ∈ N, the proof of Theorem 1.1 is complete.
Corollary 1.1 follows as a consequence of lower semicontinuity of attractors and (uniform

with respect to the parameter) Y 1-estimate of the attractors reported in Lemma 3.3.
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5. APPENDIX: EXISTENCE AND CONTINUITY OF LOCAL UNSTABLE
MANIFOLDS

Let Z be a complex Banach space and A : D(A) ⊂ Z → Z be the generator of a
strongly continuous semigroup {eAt : t > 0} of bounded linear operators such that the
set σ+ = {λ ∈ σ(A) : Reλ > 0} is compact. If γ is a smooth closed simple curve in
ρ(A) ∩ {λ ∈ C : Reλ > 0} oriented counterclockwise enclosing σ+ let

Q = Q(σ+) =
1

2πi

∫

γ

(λI −A)−1dλ (70)

and define Z+ = Q(Z) and Z− = (I −Q)(Z), A± = A|Z± . It is clear that Z = Z+⊕Z−,
that A− generates a strongly continuous semigroup of operators and that A+ ∈ L(Z+).
Assume that

‖eA+t‖L(Z+) 6 Meωt, t 6 0,

‖eA−t‖L(Z−) 6 Me−ωt, t > 0.
(71)

Let h : Z → Z be a continuously differentiable function which satisfies h(0) = 0 and
h′(0) = 0 ∈ L(Z) and consider the initial value problem

ż = Az + h(z),
z(0) = z0 ∈ Z.

(72)

In this equation, in a small neighborhood of z = 0, the nonlinear part has small Lipschitz
constant. Let us consider what happens when we neglect the nonlinearity; that is,

ẏ = Ay
y(0) = y0.

(73)

For y0 ∈ Z+, the solution y(t, y0) of (73) exists for all negative time, y(t, y0)
t→−∞−→ 0.

When we perturb (73) with the very small nonlinearity f we should observe solutions of
(72) that exist for all negative time and converge to z = 0 as t → −∞. Of course the initial
data for which such solutions exist will no longer be in Z+ but in a nonlinear manifold
near it.

Definition 5.1. The unstable manifold of the equilibrium solution z = 0 to (72) is
the set

Wu(0) = { ζ∈Z : there is a backward solution z(t, ζ) through ζ such that lim
t→−∞

z(t, ζ) = 0}
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z=S∗(v)

z∈Z−

v∈Z+

*
¼
¾

6

?

-

Figure 1
If z is a solution to (72) we write z+ = Qz and z− = z − z+. Thus we have

ż+ = A+z+ + H(z+, z−),
ż− = A−z− + G(z+, z−). (74)

where H(z+, z−) = Qh(z+ + z−) and G(z+, z−) = (I −Q)h(z+ + z−).
Since we have that, at (0, 0) the functions H and G are zero with zero derivatives, from

the continuous differentiability of H and G we obtain that given ρ > 0 there exists δ > 0
such that if ‖z+‖Z + ‖z−‖Z < δ, we have

‖H(z+, z−)‖Z 6 ρ,
‖G(z+, z−)‖Z 6 ρ,
‖H(z+, z−)−H(z̃+, z̃−)‖Z 6 ρ(‖z+ − z̃+‖Z + ‖z− − z̃−‖Z),
‖G(z+, z−)−G(z̃+, z̃−)‖Z 6 ρ(‖z+ − z̃+‖Z + ‖z− − z̃−‖Z).

(75)

We can extend H, G outside ball of radius δ in such a way that the bounds (75) hold
for all z+ ∈ Z+, z− ∈ Z−.

Remark 5. 1. The procedure to extend a function g defined in the ball of radius δ in
such a way that it becomes globally Lipschitz continuous without changing its Lipschitz
constant is the following. Given a function g : V ×Z → W , where V, Z and W are Banach
spaces, define

gδ(z+, z−) =

{
g(z+, z−), ‖z+ + z−‖Z 6 δ

g
(

δ z+

‖z++z−‖Z
, δ z−
‖z++z−‖Z

)
, ‖z+ + z−‖Z > δ

The Lipschitz constant gδ is the Lipshitz constant for g restricted to the ball of radius δ.
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5.1. Existence of unstable manifolds as a graph
With the notation above, the equation (72) can be rewritten in the form (74). Assume

that H and G satisfy (75) for all z+ ∈ Z+, z− ∈ Z− and let Wu(0) be the unstable
manifold of equilibrium solution (z+, z−) = (0, 0) to (74). We will show that for a suitably
small ρ > 0, there is a function Σ : Z+ → Z− such that

Wu(0) = {(z+, z−) : z− = Σ∗(z+), z+ ∈ Z+}

where Σ∗ : Z+ → Z− is bounded and Lipschitz continuous.
We observe that we are looking for a function Σ∗ such that if Z 3 (ζ,Σ∗(ζ)) then the

solution of (74) starting at z+(τ) = ζ, z−(τ) = Σ∗(ζ) stays in the graph of Σ∗ for all
positive and all negative time. This means that z−(t) = Σ∗(z+(t)) and that, for all t and
(74) becomes

ż+ = A+z+ + H(z+, Σ∗(z+))
ż− = A−z− + G(z+, Σ∗(z+)). (76)

The solution (z+(t), z−(t)) must go to zero as t → −∞ and in particular it must stay
bounded. Since

z−(t) = eA
−(t−t0)z−(t0) +

∫ t

t0

eA
−(t−s)G(z+(s), Σ∗(z+(s)))ds,

making t0 → −∞, we have that

z−(t) = Σ∗(z+(t)) =
∫ t

−∞
eA

−(t−s)G(z+(s), Σ∗(z+(s)))ds,

in particular

Σ∗(ζ) = Σ∗(z+(τ)) = z−(τ) =
∫ τ

−∞
eA

−(τ−s)G(z+(s), Σ∗(z+(s)))ds.

After proving that the graph of Σ is in the unstable manifold of z = 0 we need to verify
that any solution which is in the unstable manifold must be in this graph.

Proposition 5.1. Assume that the above conditions are satisfied. Then, there exist
function Σ∗ : Z+ → Z−, such that the unstable manifold Wu(0) to (74) is given by

Wu(0) = {w ∈ Z : w = (Qw,Σ∗(Qw))}.

Proof: In order to show the existence of such function Σ∗ we will use the Banach con-
traction principle. Let D > 0, L > 0 and 0 < ϑ < 1 be given and choose ρ0 > 0 such
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that

ρM
ω 6 D,

ρM
ω (1 + L) 6 ϑ < 1
ρM2(1 + L)

ω − ρM(1 + L) 6 L,

ρM + ρ2M2(1+L)(1+M)
2ω−ρM(1+L) < ω.

(77)

for all 0 < ρ 6 ρ0.
For positive constants D and L, let LB(D, L) be the set of all globally Lipschitz bounded

functions Σ : Z+ → Z− satisfying

sup
z+∈Z+

‖Σ(z+)‖Z 6 D, ‖Σ(z+)−Σ(z̃+)‖Z 6 L‖z+ − z̃+‖Z . (78)

For Σ and Σ̃ in LB(D,L) we define their distance |||Σ − Σ̃||| as

|||Σ − Σ̃||| := sup
z+∈Z+

‖Σ(z+)− Σ̃(z+)‖Z .

It is easy to see that with this metric LB(D, L) is a complete metric space.
If z+(t) = ψ(t, τ, ζ, Σ) be the solution of

dz+

dt
= A+z+ + H(z+, Σ(z+)), for t < τ, z+(τ) = ζ, (79)

we define

Φ(Σ)(ζ) =
∫ τ

−∞
eA

−(τ−s)G(z+(s), Σ(z+(s)))ds. (80)

In what follows we will show that, for ρ > 0 satisfying (77), the map Φ takes LB(D, L)
into itself and is a strict contraction. Hence it has a unique fixed point in LB(D, L).

Note that by (71) one has

‖Φ(Σ)(·)‖Z 6
∫ τ

−∞
ρMe−ω(τ−s)ds =

ρM

ω
. (81)

From the choice of ρ we have that, ‖Φ(Σ)(·)‖Z 6 D. Next, suppose that Σ and Σ̃ are
functions satisfying (78), ζ, ζ̃ ∈ Z+ and denote z+(t) = ψ(t, τ, ζ,Σ), z̃+(t) = ψ(t, τ, ζ̃, Σ̃).
Then,

z+(t)− z̃+(t) = eA
+ (t−τ)(ζ − ζ̃) +

∫ t

τ

eA
+ (t−s)[H(z+, Σ(z+))−H(z̃+, Σ̃(z̃+))]ds.
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With some simple and standard computations we obtain

‖z+(t)− z̃+(t)‖Z6Meω(t−τ)‖ζ − ζ̃‖Z+M

∫ τ

t

eω(t−s)‖H(z+, Σ(z+))−H(z̃+, Σ̃(z̃+))‖Zds

6 Meω(t−τ)‖ζ − ζ̃‖Z + ρM

∫ τ

t

e−ω(t−s)
(
‖Σ(z+)− Σ̃(z̃+)‖Z + ‖z+ − z̃+‖Z

)
ds

6 Meω(t−τ)‖ζ − ζ̃‖Z + ρM

∫ τ

t

eω(t−s)
(
‖Σ(z̃+)− Σ̃(z̃+)‖Z + (1 + L)‖z+ − z̃+‖Z

)
ds

6 Meω(t−τ)‖ζ − ζ̃‖Z + ρM

∫ τ

t

eω(t−s)
(
(1 + L)‖z+ − z̃+‖Z + |||Σ − Σ̃|||

)
ds

6 Meω(t−τ)‖ζ − ζ̃‖Z + ρM(1 + L)
∫ τ

t

eω(t−s)‖z+ − z̃+‖Zds + ρM |||Σ − Σ̃|||
∫ τ

t

eω(t−s)ds.

Let φ(t) = e−ω (t−τ)‖z+(t)− z̃+(t)‖Z . Then,

φ(t) 6 M‖ζ − ζ̃‖Z + ρM

∫ τ

t

eω(τ−s)ds|||Σ − Σ̃|||+ M ρ (1 + L)
∫ τ

t

φ(s)ds.

By Gronwall’s inequality

‖z+(t)− z̃+(t)‖Z6 [M‖ζ − ζ̃‖Zeω (t−τ) + ρM

∫ τ

t

eω(t−s)ds|||Σ − Σ̃|||]e−ρM(1+L)(t−τ)

6 [M‖ζ − ζ̃‖Z + ρMω−1|||Σ − Σ̃|||]e−ρM(1+L)(t−τ)

Thus,

‖Φ(Σ)(ζ)− Φ(Σ̃)(ζ̃)‖Z 6 M

∫ τ

−∞
e−ω(τ−s)‖G(z+, Σ(z+))−G(z̃+, Σ̃(z̃+))‖Zds

6 ρM

∫ τ

−∞
e−ω(τ−s)

(
‖Σ(z+)− Σ̃(z̃+)‖Z + ‖z+ − z̃+‖Z

)
ds

6 ρM

∫ τ

−∞
e−ω(τ−s)

[
(1 + L)‖z+ − z̃+‖Z + |||Σ − Σ̃|||

]
ds.

Using the estimates for ‖z+ − z̃+‖Z we obtain

‖Φ(Σ)(ζ)− Φ(Σ̃)(ζ̃)‖Z 6 ρM

ω

[
1+

ρM(1 + L)
ω−ρM(1 + L)

]
|||Σ − Σ̃|||+ ρM2(1 + L)

ω − ρM(1 + L)
‖ζ − ζ̃‖Z .

Let

IΣ =
ρM

ω

[
1 +

ρM(1 + L)
ω − ρM(1 + L)

]
6 ρM

ω
(1 + L) and Iζ =

ρM2(1 + L)
ω − ρM(1 + L)

.

It follows from our choice or ρ that IΣ 6 ϑ and Iζ 6 L and

‖Φ(Σ)(ζ)− Φ(Σ̃)(ζ̃)‖Z 6 L‖ζ − ζ̃‖Z + ϑ|||Σ − Σ̃|||. (82)
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The inequalities (81) and (82) imply that Φ is a contraction map from the class of
functions that satisfy (78) into itself. Therefore, it has a unique fixed point Σ∗ = Φ(Σ∗)
in this class.

We now prove that {(z+, Σ∗(z+)) : z+ ∈ Z+} is invariant. Let (z+
0 , z−0 ) ∈ Wu(0),

z−0 = Σ∗(z+
0 ). Denote by z+∗(t) the solution of the following initial value problem

ż+ = A+ z+ + H(z+, Σ∗(z+)), z+(0) = z+
0 .

This defines a curve (z+∗(t), Σ∗(z+∗(t))), t ∈ R. But the only solution of

ż− = A−z− + G(z+∗(t), Σ∗(z+∗(t))),

which remains bounded as t → −∞ is

z−
∗(t) =

∫ t

−∞
eA

−(t−s)G(z+∗(s), Σ∗(z+∗(s))ds = Σ∗(z+∗(t)).

Therefore, (z+∗(t), Σ∗(z+∗(t))) is a solution of (74) through (z+
0 , z−0 ) and the invariance is

proved.
In what follows we will prove that, if H and G satisfy (75) for all (z+, z−) ∈ Z with ρ

suitably small and if (z+(t), z−(t)), t ∈ R is a global solution for (74) lying in Wu(0), then
z−(t) = Σ∗(z+(t)), for all t ∈ R. To that end we will show that there are constants M > 1
and γ > 0 such that

‖z−(t)−Σ∗(z+(t))‖Z 6 Me−γ(t−t0)‖z−(t0)−Σ∗(z+(t0))‖Z , t0 6 t. (83)

Making t0 → −∞ we obtain that z−(t) = Σ∗(z+(t)) for each t ∈ R.
Let ξ(t) = z−(t)−Σ∗(z+(t)) and y+(s, t), s 6 t be the solution of

ẏ+ = A+y+ + H(y+, Σ∗(y+)), s 6 t

y+(t, t) = z+(t).

Hence,

‖y+(s, t)−z+(s)‖Z
=

∥∥∥∥
∫ s

t

eA
+(s−θ)[H(y+(θ, t), Σ∗(y+(θ, t)))−H(z+(θ), z−(θ))]dθ

∥∥∥∥
Z

6 ρM

∫ t

s

eω(s−θ)
[
(1 + L)‖y+(θ, t)− z+(θ)‖Z + ‖Σ∗(z+(θ))− z−(θ)‖Z

]
dθ

6 ρM

∫ t

s

eω(s−θ)
[
(1 + L)‖y+(θ, t)− z+(θ)‖Z + ‖ξ(θ)‖Z

]
dθ.

If z(s) = e−ωs‖y+(s, t)− z+(s)‖Z ,

z(s) 6 ρM(1 + L)
∫ t

s

z(θ)dθ + ρM

∫ t

s

e−ωθ‖ξ(θ)‖Zdθ, s 6 t.
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Using Gronwall’s Lemma we have

‖y+(s, t)− z+(s)‖Z 6 ρM

∫ t

s

e−(ω−ρM(1+L))(θ−s)‖ξ(θ)‖Zdθ, s 6 t. (84)

Let s 6 t0 6 t. Then,

‖y+(s, t)−y+(s, t0)‖Z
=

∥∥∥eA
+(s−t0)[y+(t0, t)− z+(t0)]

∥∥∥
Z

+
∥∥∥∥
∫ s

t0

eA
+(s−θ)[H(y+(θ, t), Σ∗(y+(θ, t)))−H(y+(θ, t0), Σ∗(y+(θ, t0)))]dθ

∥∥∥∥
Z

6 ρM2eω(s−t0)

∫ t

t0

e−(ω−ρM(1+L))(θ−t0)‖ξ(θ)‖Zdθ

+ ρM

∫ t0

s

eω(s−θ)(1 + L)‖y+(θ, t)− y+(θ, t0)‖Zdθ

Using Gronwall’s Lemma we have

‖y+(s, t)− y+(s, t0)‖Z 6 ρM2

∫ t

t0

e−(ω−ρM(1+L))(θ−s)‖ξ(θ)‖Zdθ (85)

In what follows we use this to estimate ξ(t). Note that

ξ(t)−eA
−(t−t0)ξ(t0) = z−(t)−Σ∗(z+(t))− eA

−(t−t0)[z−(t0)−Σ∗(z+(t0))]

=
∫ t

t0

eA
−(t−s)G(z+(s), z−(s))ds−Σ∗(z+(t)) + eA

−(t−t0)Σ∗(z+(t0))

=
∫ t

t0

eA
−(t−s)[G(z+(s), z−(s))−G(y+(s, t), Σ∗(y+(s, t)))]ds

−
∫ t0

−∞
eA

−(t−s)[G(y+(s, t), Σ∗(y+(s, t)))−G(y+(s, t0), Σ∗(y+(s, t0)))]ds
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Thus, using (84) and (85),

‖ξ(t)−eA
−(t−t0)ξ(t0)‖Z

≤ ρM

∫ t

t0

e−ω(t−s)
[‖z+(s)− y+(s, t)‖Z + ‖z−(s))−Σ∗(y+(s, t))‖Z

]
ds

+ ρM(1 + L)
∫ t0

−∞
e−ω(t−s)‖y+(s, t)− y+(s, t0)‖Zds

6 ρM

∫ t

t0

e−ω(t−s)‖ξ(s)‖Zds + ρM(1 + L)
∫ t

t0

e−ω(t−s)‖z+(s)− y+(s, t)‖Zds

+ ρM(1 + L)
∫ t0

−∞
e−ω(t−s)‖y+(s, t)− y+(s, t0)‖Zds

6 ρM

∫ t

t0

e−ω(t−s)‖ξ(s)‖Zds

+ ρ2M2(1 + L)
∫ t

t0

e−ω(t−s)

∫ t

s

e−(ω−ρM(1+L))(θ−s)‖ξ(θ)‖Zdθds

+ ρ2M3(1 + L)
∫ t0

−∞
e−ω(t−s)

∫ t

t0

e−(ω−ρM(1+L))(θ−s)‖ξ(θ)‖Zdθds

6 ρM

∫ t

t0

e−ω(t−s)‖ξ(s)‖Zds

+ ρ2M2(1 + L)e−ωt

∫ t

t0

e−(ω−ρM(1+L))θ‖ξ(θ)‖Z
∫ θ

t0

e(2ω−ρM(1+L))sds dθ

+ ρ2M3(1 + L)e−ωt

∫ t

t0

e−(ω−ρM(1+L))θ‖ξ(θ)‖Z
∫ t0

−∞
e(2ω−ρM(1+L))sds dθ

so that

‖ξ(t)−eA
−(t−t0)ξ(t0)‖Z 6

[
ρM +

ρ2M2(1 + L)
2ω − ρM(1 + L)

] ∫ t

t0

e−ω(t−s)‖ξ(s)‖Zds

+
ρ2M3(1 + L)

2ω − ρM(1 + L)
e−ω(t−t0)

∫ t

t0

e−(ω−ρM(1+L))(θ−t0)‖ξ(θ)‖Zdθ

and therefore

eω(t−t0)‖ξ(t)‖Z 6 M‖ξ(t0)‖Z +
[
ρM +

ρ2M2(1 + L)
2ω − ρM(1 + L)

] ∫ t

t0

eω(s−t0)‖ξ(s)‖Zds

+
ρ2M3(1 + L)

2ω − ρM(1 + L)

∫ t

t0

e−(2ω−ρM(1+L))(s−t0)eω(s−t0)‖ξ(s)‖Zds

6 M‖ξ(t0)‖Z +
[
ρM +

ρ2M2(1 + L)(1 + M)
2ω − ρM(1 + L)

] ∫ t

t0

eω(s−t0)‖ξ(s)‖Zds.
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From Gronwall’s inequality we have that

‖ξ(t)‖Z 6 M‖ξ(t0)‖Z e−γ(t−t0) (86)

where

γ = ω −
[
ρM +

ρ2M2(1 + L)(1 + M)
2ω − ρM(1 + L)

]
.

This proves (83) and consequently z−(t) = Σ∗z+(t) for all t ∈ R.

5.2. Continuity of unstable manifolds
Let Z be a complex Banach space and Aη : D(Aη) ⊂ Z → Z be the generator of a

strongly continuous semigroup {eAηt : t > 0} of bounded linear operators and that there
are constants M̄ > 1 and ω̄ > 0 such that

‖eAηt‖L(Z) 6 M̄eω̄t. (87)

Let σ+
η = {λ ∈ σ(Aη) : Reλ > 0}. If γ is a smooth closed simple curve in ρ(A0)∩ {λ ∈ C :

Reλ > 0} oriented counterclockwise enclosing σ+
0 , assume that there exists η0 such that γ

is in ρ(Aη) and encloses σ+
η for all 0 ≤ η ≤ η0. For 0 ≤ η ≤ η0 let

Qη = Qη(σ+
η ) =

1
2πi

∫

γ

(λI −Aη)−1dλ (88)

and define Z+
η = Qη(Z) and Z−η = (I−Qη)(Z), A±η = A|Z±η . It is clear that Z = Z+

η ⊕Z−η ,

that A−η generates a strongly continuous semigroup of operators and that A+
η ∈ L(Z+

η ).
Assume that there are constants M > 1 and ω > 0, independent of η, such that

‖eA+
η t‖L(Z+

η ) 6 Meωt, t 6 0,

‖eA−η t‖L(Z−η ) 6 Me−ωt, t > 0.
(89)

Assume that Qη converges to Q0 in L(Z) and that eAηtz converges to eA0tz uniformly
for t in bounded intervals of [0,∞) and for z in a compact subset of Z and that eA

+
η tQηz

converges to eA
+
0 tQ0z uniformly for t in bounded intervals of (−∞, 0] and for z in a compact

subset of Z.
Let h : Z → Z be a compact function which satisfies h(0) = 0 and consider the initial

value problem

ż = Aηz + h(z),
z(0) = z0 ∈ Z.

(90)

Consider the decomposition of a solution to (90) as z+
η (t) = Qη(z(t)) and z−η (t) = (I −

Qη)(z(t)). Then

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



230 S. BRUSCHI, A. CARVALHO, J. CHOLEWA AND T. DÃlOTKO

ż+
η = A+

η z+ + Hη(z+
η , z−η ),

ż−η = A−η z−η + Gη(z+
η , z−η ). (91)

where Hη(z+
η , z−η ) = Qηh(z+

η + z−η ) and Gη(z+
η , z−η ) = (I − Qη)h(z+

η + z−η ). Let D > 0,
L > 0, 0 < θ < 1 and ρ > 0 satisfying (77). Assume that

‖Hη(z+
η , z−η )‖Z 6 ρ,

‖Gη(z+
η , z−η )‖Z 6 ρ,

‖Hη(z+
η , z−η )−Hη(z̃+

η , z̃−η )‖Z 6 ρ(‖z+
η − z̃+

η ‖Z + ‖z−η − z̃−η ‖Z),
‖Gη(z+

η , z−η )−Gη(z̃+
η , z̃−η )‖Z 6 ρ(‖z+

η − z̃+
η ‖Z + ‖z−η − z̃−η ‖Z).

(92)

for all z+
η ∈ Z+

η and z−η ∈ Z−η .

Proposition 5.2.

Assume that the above conditions are satisfied and (77). Then, there exist a function Σ∗
η :

Z+
η → Z−η , such that the unstable manifold Wu

η (0) of the equilibrium solution (z+
η , z−η ) =

(0, 0) to (91) is given by

Wu
η (0) = {w ∈ Z : w = (Qηw, Σ∗

η(Qηw))}

and for any ζη ∈ Z+
η , η > 0,

Σ∗
η(ζη) =

∫ τ

−∞
eA

−
η (τ−s)Gη(z+

η (s), Σ∗
η(z+

η (s)))ds.

If in addition we suppose that ρ0 > 0 is such that
[
ρM

ω
+

ρ2M2(1 + L)
ω(2ω − ρM(1 + L)

]
6 1

2

for all ρ 6 ρ0, then for any r > 0,

sup
z∈Z

‖z‖Z6r

{‖Qη(z)−Q0(z)‖Z + ‖Σ∗
η(Qη(z))−Σ∗

0 (Q0(z))‖Z
} η→0−→ 0

Proof: Note that

‖Σ∗
η(Qη(z))−Σ∗

0 (Q0(z))‖Z6‖Σ∗
η(Qη(z))−Σ∗

η(QηQ0(z))‖Z
+ ‖Σ∗

η(QηQ0(z))−Σ∗
0 (Q0(z))‖Z

6 L‖Qη(z)−Q0(z)‖Z + ‖Σ∗
η(QηQ0(z))−Σ∗

0 (Q0(z))‖Z
and from the uniform convergence of resolvents that

sup
z∈Z

‖z‖Z6r

‖Qη(z)−Q0(z)‖Z η→0−→ 0.
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It remains to prove that

sup
z∈Z+

0
‖z‖Z6r

‖Σ∗
η(Qη(z))−Σ∗

0 (z)‖Z η→0−→ 0.

Let z ∈ Z+
0 with ‖z‖Z 6 r, then

Σ∗
η(Qηz)−Σ∗

0 (Q0z) =
∫ τ

−∞
eA

−
η (τ−s)Gη(z+

η , Σ∗
η(z+))ds−

∫ τ

−∞
eA

−
0 (τ−s)G0(z+

0 , Σ∗
0 (z+

0 ))ds

=
∫ τ

−∞
eA

−
η (τ−s)(I −Qη)h(z+

η , Σ∗
η(z+))ds−

∫ τ

−∞
eA

−
0 (τ−s)(I −Q0)h(z+

0 , Σ∗
0 (z+

0 ))ds

=
∫ τ

−∞
eA

−
η (τ−s)(I −Qη)h(z+

η , Σ∗
η(z+))ds−

∫ τ

−∞
eA

−
0 (τ−s)(I−Q0)(I−Qη)h(z+

0 , Σ∗
0 (z+

0 ))ds

+
∫ τ

−∞
eA

−
0 (τ−s)(I −Q0)Qηh(z+

0 , Σ∗
0 (z+

0 ))ds

=
∫ τ

−∞

[
eA

−
η (τ−s)(I −Qη)− eA

−
0 (τ−s)(I −Q0)

]
(I −Qη)h(z+

η , Σ∗
η(z+))ds

+
∫ τ

−∞
eA

−
0 (τ−s)(I −Q0)

[
(I −Qη)h(z+

η , Σ∗
η(z+))− (I −Qη)h(z+

0 , Σ∗
0 (z+

0 ))
]
ds

+
∫ τ

−∞
eA

−
0 (τ−s)(I −Q0)Qηh(z+

0 , Σ∗
0 (z+

0 ))ds

Let

I1(η) =
∫ τ

−∞

[
eA

−
η (τ−s)(I −Qη)− eA

−
0 (τ−s)(I −Q0)

]
(I −Qη)h(z+

η , Σ∗
η(z+))ds

I2(η) =
∫ τ

−∞
eA

−
0 (τ−s)(I −Q0)

[
(I −Qη)h(z+

η , Σ∗
η(z+))− (I −Qη)h(z+

0 , Σ∗
0 (z+

0 ))
]
ds

I3(η) =
∫ τ

−∞
eA

−
0 (τ−s)(I −Q0)Qηh(z+

0 , Σ∗
0 (z+

0 ))ds

Since f is a bounded map and since (I−Qη)Q0 converges to zero in the uniform operator
topology we have that I3 converges to zero uniformly in z ∈ Z. To see that I1 converges to
zero uniformly for z ∈ Z with ‖z‖Z 6 r it is enough to note that we have convergence of
the linear semigroups uniformly in compact subsets of Z, uniform exponential decay rates
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and that f is a bounded and compact map. Also note that

‖I2‖Z ≤ ρM

∫ τ

−∞
e−ω(τ−s)

[‖z+
η (s)− z+

0 (s)‖Z + ‖Σ∗
η(z+

η (s))−Σ∗
0 (z+

0 (s))‖Z
]
ds

≤ ρM

∫ τ

−∞
e−ω(τ−s)

[
(1 + L)‖z+

η (s)− z+
0 (s)‖Z + ‖Σ∗

η(Qηz+
0 (s))−Σ∗

0 (z+
0 (s))‖Z

]
ds

≤ ρM(1 + L)
∫ τ

−∞
e−ω(τ−s)‖z+

η (s)− z+
0 (s)‖Zds +

ρM

ω
|||Σ∗

η −Σ∗
0 |||r,

where

|||Σ∗
η −Σ∗

0 |||r = sup
z
+
0 ∈Z

+
0

‖z+
0 ‖Z6r

‖Σ∗
η(Qηz+

0 )−Σ∗
0 (z+

0 )‖Z .

After these we obtain that

∥∥Σ∗
η(Qηz)−Σ∗

0 (Q0z)
∥∥
Z6 o(1) + ρM

ω |||Σ∗
η −Σ∗

0 |||r
+ ρM(1 + L)

∫ τ

−∞
e−ω(τ−s)‖z+

η (s)− z+
0 (s)‖Zds

(93)

To prove that I2(η) converges to zero uniformly for z ∈ Z with ‖z‖Z 6 r we need to
estimate

sup
z∈Z

‖z‖Z6r

sup
t6τ

‖z+
η (t)− z+

0 (t)‖Z

To prove this we first note that

z+
η (t) = eA

+
η (t−τ)Qηz +

∫ t

τ

eA
+
η (t−s)Qηh(z+

η (s), Σ∗
η(z+

η (s)))ds.

Proceeding as in the proof of (97) we obtain that

‖z+
η (t)‖Z 6 Me(ω−ρM(1+L))(t−τ)‖Qηz‖Z . (94)

When η = 0 we may assume, without loss of generality, that M = 1.
It remains to estimate ‖z+

η (t)− z+
0 (t)‖Z . Note that

‖z+
η (t)−z+

0 (t)‖Z 6
∥∥∥eA

+
η (t−τ)Qηz − eA

+
0 (t−τ)Q0z

∥∥∥
Z

+
∥∥∥∥
∫ t

τ

[
eA

+
η (t−s)Qηh(z+

η (s), Σ∗
η(z+

η (s)))ds− eA
+
0 (t−s)Q0h(z+

0 (s), Σ∗
0 (z+

0 (s)))
]
ds

∥∥∥∥
Z
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so that

‖z+
η (t)−z+

0 (t)‖Z
≤

∥∥∥eA
+
η (t−τ)Qηz − eA

+
0 (t−τ)Q0z

∥∥∥
Z

+
∥∥∥∥
∫ t

τ

[
eA

+
η (t−s)Qη − eA

+
0 (t−s)Q0

]
h(z+

0 (s), Σ∗
0 (z+

0 (s)))ds

∥∥∥∥
Z

+
∥∥∥∥
∫ t

τ

eA
+
η (t−s)Qη

[
h(z+

η (s), Σ∗
η(z+

η (s)))ds− h(z+
0 (s), Σ∗

0 (z+
0 (s)))

]
ds

∥∥∥∥
Z

6 o(1) + ρM

∫ τ

t

eω(t−s)
[‖z+

η (s)− s+
0 (s)‖Z + ‖Σ∗

η(z+
η (s))−Σ∗

0 (z+
0 (s))‖Z

]
ds

6 o(1) +
ρM

ω
|||Σ∗

η −Σ∗
0 |||r + ρM(1 + L)

∫ τ

t

eω(t−s)‖z+
η (s)− z+

0 (s)‖Zds.

Using Gronwall’s inequality we obtain that

‖z+
η (t)− z+

0 (t)‖Z 6
[
o(1) +

ρM

ω
|||Σ∗

η −Σ∗
0 |||r

]
e(ω−ρM(1+L))(t−τ) (95)

Applying (95) to (93) we obtain that

‖Σ∗
η(Qηz) −Σ∗

0 (Q0z)‖Z 6 o(1) + ρM
ω |||Σ∗

η −Σ∗
0 |||r

+ρM(1 + L)
∫ τ

−∞
e−(2ω−ρM(1+L))(τ−s)

[
o(1) + ρM

ω |||Σ∗
η −Σ∗

0 |||r
]
ds

6 o(1) +
[

ρM
ω + ρ2M2(1+L)

ω(2ω−ρM(1+L))

]
|||Σ∗

η −Σ∗
0 |||r

(96)

From these it follows that

|||Σ∗
η −Σ∗

0 |||r 6 o(1) +
1
2
|||Σ∗

η −Σ∗
0 |||r

and the result is proved.

5.3. Conclusion
In this section we use the results in Section 5.1 and Section 5.2 to obtain the existence

and continuity of local unstable manifolds for the case when h is only a continuously
differentiable compact function.

Let Z be a complex Banach space and A : D(A) ⊂ Z → Z be the generator of a
strongly continuous semigroup {eAt : t > 0} of bounded linear operators such that the
set σ+ = {λ ∈ σ(A) : Reλ > 0} is compact. Let Q be given by (70), Z+ = Q(Z),
Z− = (I − Q)(Z) and A± = A|Z± . It is clear that Z = Z+ ⊕ Z−, that A− generates a
strongly continuous semigroup of operators, that A+ ∈ L(Z+) and assume (71).

Let h : Z → Z be a continuously differentiable function which satisfies h(0) = 0 and
h′(0) = 0 ∈ L(Z) and consider the initial value problem (72)
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Proposition 5.3. Assume that the above conditions are satisfied. Then, there exist a
neighborhood V of z = 0 in Z and a function Σ∗ : Z+ → Z−, such that the local unstable
manifold Wu

loc(0) is given by

Wu
loc(0) = Wu(0) ∩ V = {w ∈ V : w = (Qw,Σ∗(Qw))}.

Proof: According to Remark 5.1 and Proposition 5.1, we only need to ensure that, given
δ > 0 there is 0 < δ′ 6 δ such that any solution (z+(t), z−(t)) on the unstable manifold
which satisfies ‖z+(t0)‖Z+‖z−(t0)‖Z < δ′ satisfies ‖z+(t)‖Z+‖z−(t)‖Z < δ, for all t 6 t0.
It is easy to see from the fact that z+(t) is the solution of

ż+ = A+z+ + H(z+, Σ∗(z+(t))), t 6 t0,

and from the variation of constants formula that

‖z+(t)‖Z 6 Me(ω−ρM(1+L))(t−t0)‖z+(t0)‖Z (97)

and

‖z−(t)‖Z = ‖Σ∗(z+(t))‖Z 6 MLe(ω−ρM(1+L))(t−t0)‖z+(t0)‖Z .

The proof now follows easily.
Let Z be as above and Aη : D(Aη) ⊂ Z → Z be the generator of a strongly continuous

semigroup {eAηt : t > 0} of bounded linear operators satisfying (87), η > 0.
Assume also that the set σ+

η = {λ ∈ σ(Aη) : Reλ > 0} is compact and bounded uniformly
in η and that (89) holds. Let Qη be given by (88), Z+

η = Qη(Z), Z−η = (I −Qη)(Z) and
A±η = A|Z±η . It is clear that Z = Z+

η ⊕ Z−η , that A−η generates a strongly continuous

semigroup of operators and that A+
η ∈ L(Z+

η ).
Assume that Qη converges to Q0 in L(Z) and that eAηtz converges to eA0tz uniformly

for t in bounded intervals of [0,∞) and for z in a compact subset of Z and that eA
+
η tQηz

converges to eA
+
0 tQ0z uniformly for t in bounded intervals of (−∞, 0] and for z in a compact

subset of Z.
Let h : Z → Z be a continuously differentiable compact function which satisfies h(0) = 0

and h′(0) = 0 ∈ L(Z). If we consider the initial value problem (90) then, as a consequence
of Proposition 5.3, the following result holds

Proposition 5.4. Assume that the above conditions are satisfied and that (77) holds.
Then, for each η > 0, there exist a neighborhood V of z = 0 in Z (independent of η) and
a function Σ∗

η : Z+
η → Z−η , such that the local unstable manifold Wu

η, loc := Wu
η (0) ∩ V is

given by

Wu
η, loc(0) = {w ∈ V : w = (Qηw, Σ∗

η(Qηw))}
and for any ζη ∈ Z+

η , η > 0,

Σ∗
η(ζη) =

∫ τ

−∞
eA

−
η (τ−s)Gη(z+

η (s), Σ∗
η(z+

η (s)))ds.

Publicado pelo ICMC-USP
Sob a supervisão da CPq/ICMC



SINGULARLY PERTURBED DAMPED WAVE EQUATIONS 235

If in addition we suppose that ρ0 > 0 is such that
[
ρM

ω
+

ρ2M2(1 + L)
ω(2ω − ρM(1 + L)

]
6 1

2

for all ρ 6 ρ0, then for any r > 0,

sup
z∈V

{‖Qη(z)−Q0(z)‖Z + ‖Σ∗
η(Qη(z))−Σ∗

0 (Q0(z))‖Z
} η→0−→ 0
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