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194 S. BRUSCHI, A. CARVALHO, J. CHOLEWA AND T. DIOTKO

1. INTRODUCTION

For n > 0 consider a family of damped wave equations

Uy —|—77A%ut +aus + Au= f(u), t >0, z €,
w(0,2) = up(x), u(0,z) =vo(x),  €Q, (1)
u(t,z) =0, t >0, z € 99,

in a bounded smooth domain Q@ C RY, where A : D(A) C L*(Q) — L%*(Q), D(A) =
H2(Q) N HE(Q), denotes the negative Laplacian in L?(f2) with homogeneous Dirichlet
condition, a > 0, and f: R — R.

Our main objective in this paper will be to investigate the relationship between the
nonlinear asymptotic dynamics when the type of equation changes at 7 = 0, namely the
family of attractors for (1) behave upper and lower semicontinuously at n = 0. Note
that this kind of information is of independent interest since it may allow us to view a
damped hyperbolic equation, in the context of approximation, as a problem with parabolic
structure.

Attractors for damped wave equations have been considered by many authors, see [1,
3,4, 5,6, 11, 14, 19] and references there in. In [9] the authors prove that, if f = 0, the
linear semigroup associated to (1) is analytic. The local well posedness of (1) has been
considered in [5]. The existence of attractors was considered in [6] for a more general
class of problems which include (1) when € is a bounded smooth domain. When n = 0
the existence of attractors was considered in [2]. The continuity of attractors for related
problems have been considered by many other authors, see [1, 8] and references there in.

In [15] the authors consider the continuity of attractors for a family of damped hyperbolic
problems which degenerate to a parabolic problem as the parameter tends to zero. Here we
aim to approximate a damped hyperbolic problem by parabolic problems. To illustrate the
sort of difficulties that one faces investigating the dynamics of (1) note that in the linear
case (f = 0), the problems (54), _, generate on Y = HY(Q) x L?(Q) a compact analytic
semigroup {e~“4*} whereas the semigroup {e~“°*} defined on Y by the linear hyperbolic
problem (54), _, (f = 0) is of the class C° and is neither compact nor analytic. This
implies in particular that the uniform exponential dichotomy (see Definition 2.1) for the
semigroups corresponding to the linearized problems is much more difficult to prove and
can hardly be obtained as a consequence of the general theory.

The main result of the paper is contained in

THEOREM 1.1.  Suppose (58), (55), (56) and let A,, n > 0, be a family of attractors
corresponding to (1) in'Y. Then these attractors are upper semicontinuous with respect to
n as n — 0. If in addition condition (67) is also satisfied, then the family A,, n > 0 is
continuous at n = 0; that is

lim dist(A,, Ag) =0 (2)

n—0+
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SINGULARLY PERTURBED DAMPED WAVE EQUATIONS 195

in the sense of Hausdorff distance of sets

dist(A,, Ag) = sup inf |lag—ay|ly + sup inf [ag — aylly.
ap€Ap an€Ay an€A, ag€A

Section 2 is devoted to the study of the continuity properties of the semigroups gener-
ated by the linear strongly damped wave operators when the strong damping approaches
zero. In Section 3 the continuity properties of the corresponding nonlinear semigroups are
proved and uniform bounds on the attractors are obtained. In Section 4 we prove the
upper semicontinuity of attractors using the results of Section 3, we also obtain the lower
semicontinuity of attractors using the continuity properties of the local unstable manifolds
of equilibrium solutions. Finally, in the Appendix we prove the existence and continuity of
the local unstable manifolds.

Additionally, at the end of Section 4, we also address regularity of the attractor Ag
corresponding to a ‘limit’ hyperbolic problem and obtain that

COROLLARY 1.1. Under the assumptions of Theorem 1.1 the global attractor Ag for the
semigroup governed by the damped wave equation ((1) with n = 0) in H}(Q) x L3(Q) is a
bounded subset of H*(2) N HL(Q) x H}(Q).

Acknowledgement: This work was started while the second author visited the Institute
of Mathematics of Silesian University in Poland and was carried out while the third author
visited Instituto de Ciéncias Matematicas e de Computacao, Universidade de Sao Paulo
in Sao Carlos, Brazil. They wish to acknowledge the hospitality of the people from these
Institutions.

2. PROPERTIES OF THE LINEAR PROBLEMS
2.1. Linear damped wave operators and corresponding semigroups
For n > 0 consider a family of the linear damped wave operators,

Ay D(Ay) €Y =Y, Ag[E] = [} b har] 4]
where Y = H () x L?(Q), a > 0, and
D(Ay) =Y = (H*(Q) N Hy () x Hy(), n > 0.
We remark that Y is a Hilbert space with the product
o] [2]y = ndo, A2 dra) + (0, ey, [4] €Y
which defines in Y a norm equivalent to H} () x L*(Q) norm and also to the norm

18]Iy = 183 6lze) + llzaoy
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196 S. BRUSCHI, A. CARVALHO, J. CHOLEWA AND T. DIOTKO

that we use in this paper.

PROPOSITION 2.1.  The following conditions hold.
i) Ay, n >0, is a mazimal accretive operator and {e’A"t} is a CO-semigroup of contractions
onY.
ii) 0 € p(A,) and A, has compact resolvent for each n > 0.
i) For > 0 semigroups {e~“"*} are analytic and compact.
iv) For each ng > 0 there is certain d > 0 such that

a2 ]I <04y (4] Iy <l [$] v ne ol [4] ey, (3)
Proof: For i) we first note that

(A [ﬂ ’ Lﬂ” = —(A2Y,A26) 12(0) + (Ad+ nAZY + ), ) 120
= —2Tm(A2¢, A2¢) 12(0) + (AT, ATY) 12(0) + a(th, ¥) 120
and hence

Re(a, [4]. [0y =0, [2] ey,

}

Furthermore, the equation

e e]-|

RSN

possesses for each [ } €Y a unique solution!

€6

[d)] B l ((+a)I+naz+4) " ((1+a)d+nAt d+) eyl )
- ) )

¥ ((+a)1+na2+4) 7 ((1+a)d+nA2 $4+0) -

Hence the remaining part of the proof follows from the Lumer-Phillips theorem (see [18]).
Concerning ii) we recall that there exists bounded inverse operator Ay LY -Y

Al — {n/\*%m/\—l A—l] n>0 (5)
n _7 0 ) =Y
which takes bounded subsets of Y into bounded subsets of Y, the latter space being
compactly embedded in Y.

The property iii) that —A,, n > 0, generates a C° analytic semigroup in Y follows from
[9, Theorem 1.1]. Compactness of {e‘A"t}, 7 > 0 is then a consequence of the compactness
of the resolvent of A,.

LOperator ((1 + a)l + nA% + A) appearing in (4) is selfadjoint in L2(2) (see e.g. [17, p. 287]) and
bounded from below.

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



SINGULARLY PERTURBED DAMPED WAVE EQUATIONS 197

Concerning iv), the right hand side inequality in (3) is a consequence of the estimate

¢ _ -
14 [w} =1 [A¢+nA%¢+aw] Iy
< [A%¢ ] 12(0) + A8l 2() + 1l A2 Pl 20y + allv ] 2@
1
< (o +ad ) (1Al + A0laey) =d Il [ 2] v, [§] €Y7,
where \; is the first positive eigenvalue of A in L?(2). To justify the left hand side
inequality we consider A,! as in (5) for which we have
I A e R |
n |y ] Y —¢ v
1 1
< A2 2 (o) + alldlirz) + 1Yl L2) + 142 8l r2(o) (6)
1
< +mo+ax ) (62 llzae) + I0lee) = I [$] v, [§] €Y.
The proof of Proposition 2.1 is thus complete.

From the point of view of further applications it is reasonable to consider further in this
section the family of linear problems

# ol + A B = B[] =0,t>0,[3]—o =[w] €Y, (7)

where B € L(Y'). Proposition 2.1 extends then to the result below.

PRroOPOSITION 2.2. The following conditions hold.
i) For each n > 0,

A, = A, — B with domain D(A,) = D(A,)
is a closed (unbounded) operator in'Y with compact resolvent.
i) —A,, 1> 0, generates on Y a C°-semigroup {e~*n'} such that

le= Ly < elPleont £ >0, n >0, ®)

ii1) {e’A"t}, n > 0, are analytic and compact semigroups in Y .

2.2. Convergence of resolvents and convergence of semigroups

LEMMA 2.1. For a compler number g € C and ry > 0 for which {\ € C : |[A — Xo| <
r1} C p(—Ao) there ewist 11 > 0 such that if |\ — Xo| < 71 and 1 < then X cannot be
the eigenvalue of —A,,.

Proof: For
0 0
Ry = [ 0 771\%} 9)
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and |A — A\g| < r; we have the relation
M 4 Ay = (M + Ag) (I + (M + Ag)7'R,)). (10)
Also
5] v = 180l2@) + 1AZ¢ ]2y =1 and (AT +A,) [ 5] =0
W |y £2(9) £2() an ) |y

imply
(I + M+ Ao) " Ry) [9] =0 and 1= [2] Ivr = IO+ o) Ry [ 2] .
Applying next (3) (with constant d chosen to 79 = 1) we obtain the estimate

1< dJ A + Ao) 'Ry [ 4] Iy = dI(T + (=M1 + BYAT + Ao) )Ry [4] Iy

<nd  sup (1 + (7)‘I+B)(/\I+AO)71)”L(Y)~
I)\f}\glng

Therefore, the main assertion of the lemma holds with

771=rnin{1,(d| sup (7 + (=T + BYA + Ao)™Ylleev)) -
A=o| <

LEMMA 2.2. For any compact set K C p(—Ag) there exists 1 > 0 and Cx > 0 such that
K C p(=A4y), n € (0,7) (11)

and
IO+ )™ = A+ Aoy <nCicds € (0,): (12)

Furthermore, the corresponding semigroups converge; namely

e~ Ant [jﬂ Y, e~ Aot [i] as n— 0T (thus also e~ ! [i] L e Aot m] as 17— 0")
(13)
on bounded time intervals uniformly with respect to m] varying in arbitrarily fized compact

subset J of Y.

Proof: Since K is compact, property (11) follows from Lemma 2.1. Applying (10) we
then have

(AT + Ag)™! — (AT + An)_lllL(Y) < /(A + Ao)_an(AI + ;117)_1||L(Y)
< M+ A0)71HL(Y)||R77||L(Y1,Y)||(/\I + /In)ﬂ”L(Y,Yl), re K.

Note that

0 0
IRl = | s | ey <non >0,

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



SINGULARLY PERTURBED DAMPED WAVE EQUATIONS 199

whereas, by (3),

[T+ Ap) My < d Ay + A) 7 Yipr)
=d||[I — (M — BY(\ + A,) 7| Livy, n € (0,7).

What was said above ensures validity of (12), where

O = sup AL+ Ao) Mooy 1T — (M = BYN + Ay) "l oy
S

Convergence of the semigroups on bounded time intervals is a consequence of the Trotter-
Kato theorem. To prove that this convergence is actually uniform on compact subsets of
Y fix 6 > 0, 7 > 0, choose € = ge’T”B“U“ and cover a compact set J C Y with e-balls
whose centers run through the points of J. Then J will be contained in a union of finite

number of the latter balls B!, ..., B" and if [;’Z} (¢ = 1,...,n) are their centers there
exists a positive number ns = n(J) such that

o=t [ 9] = et [ ] Iy <5 forall te0,7], ne(0,n5), i=1,...,n.  (14)

Since the semigroups are of the same type (see (8)), choosing now together with an arbitrary

point [i} € J an appropriate ball B! we conclude that

—A,t | @ —Aot | ¢
sup [le= 4t [9] = e [9] )y
te(0,7] v v

< sup fle (2] = [2 D + sup et e [ ] Iy

telo,7] tel0,7]
. 0
— Aot/ | ¢i ) —7|Bllocy P
+ sup |le”° {}—{ } < 2e Me+—-=9§
te[og] : ( v v Iy 2

whenever n € (0,75s).
2.3. Projected spaces and spectral properties

LEMMA 2.3. The following conditions hold.
i) For every compact contour T C p(—Ag) there exists certain 7j > 0 such that

*SUPpelo,7) 1A= Ay) ey < o0,

o[ C p(A,) for each n € [0,7),

o encloses finitely many points of g(4,),
eoperators Qn 1Y — Y are projections on'Y

~ 1

Qy = ()\I Ay)~rA, 1 € [0,7), (15)

2ri
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o(),, are convergent to Qo in the uniform norm; namely

1@y — Qollzyy < (2m)'ndCy, 1 € [0,7). (16)

it) For arbitrarily fixed [f;g] € QoY any sequence of the form {m:" }}, where [iz"] =

an [ig} and 1, — 0%, is convergent to [i‘;}
i11) For each bounded set C'Y

{Q,B, n€[0,7)} is a precompact subset of Y; (17)

i particular QnB is finite dimensional for every n € [0,17).

Proof: Part i) can be immediately infered from (11) and (12). We remark than because
of the compactness of resolvents any compact contour can enclose merely finite number of
eigenvalues of —fln.

Part ii) is a consequence of (16). For the final part iii) note that because the resolvent
operators are uniformly bounded on [0,7) then ||/1nQn\\y possess the same property. Re-
calling (3) we obtain boundedness of the set considered in (17) in the norm of Y. Its
compactness and finite dimensionality of rg@,, is thus evident (see [17, §IIL.4.1]).

LEMMA 2.4. For any Ao € o(—Ay), there exists a sequence 0, — 0 and a sequence of
eigenvalues N, € o(—A,,), n € N, such that \,, — \o as n — oo.

Proof: Suppose that there exists 7 > 0 and 79 > 0 such that for each n € (0,79)
the spectrum o(—A4,,) is disoint with {\ € C;|\ — Xg| < ro}. Let [iﬂ be an eigenvector
corresponding to Ay and consider projections

1

Pyi=— (M — A,) 7N, n € (0,m0).
211 J{a=xol=ro}

Then 0 = Pn [i‘;} — Py [i‘;} = {iz }, which is impossible.

The following ‘upper semicontinuity’ result is a direct consequence of Lemma 2.1.

COROLLARY 2.1. Ifn, — 0 and )\, is an eigenvalue of —flnn, then the set consisting
of the limits of convergent subsequences of {\,,,} is contained in o(—Ap).

LEMMA 2.5. Consider arbitrary compact contour T' C p(—fio) and let Qn be defined for

n € [0,m0) as in (15). Ifn, — 0T, [i:”} € Q%Y for n € N, and sequence {{i’:’”}} lies
in a bounded set B C'Y then {[ij]" }} is precompact sequence in 'Y and a limit of any of

its convergent subsequence belongs to QoY .
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Proof: Property (17) ensures that the set {mzn}} is precompact as a subset of
{Q,B, n € (0,7} If {m]} is a limit of any convergent subsequence of {[ii:]} =
{Q.. mzn]}, then [iﬂ = limy,—0c Q. [j;n,:} = Qo [i] as a consequence of (16).

COROLLARY 2.2. Consider arbitrary compact contour Ic p(—flo) enclosing exactly one
eigenvalue of —Ag and let Q,, be defined for n € [0,10) as in (15).
Then, there exists 1 > 0

dimQ,)Y = dimQoY for all n € [0,7). (18)

Proof: Suppose it is possible to choose a sequence 1, — 07 such that diannY >
dimQ,Y for each n € N. Then, for cach n € N, there exists [32"} € Q,,Y with

I {i;’"} [y = 1 for which disty([i"’"} ,QoY) = 1 (see [17, Lemma IV.2.3]). Since in

n nn

the light of Lemma 2.5 it is impossible, we obtain that
dianY < dimQoY for all 5 € [0,7,).
We remark that
dim@,Y > dimQ,Y for all 5 € [0,72),

because each Qn takes basis of QOY into a system linearly independent in QnY. 0
From now on we will assume that

B[Z] = [b(g)u] ) [::;L] € Y»
where b: Q — R is a measurable function such that b(z)I € L(Hg(Q),L?(2)) and
A := A — b(z) with domain D(A) = D(A)

is a selfadjoint operator in L?(). Since our concern here is to develop functional analytic
tools useful for further description of the continuous dynamics of the nonlinear problems
(1) we will simply suppose throughout the rest of this section that b € L ().

LEMMA 2.6. Ifn > 0 and A, is an eigenvalue of —fln with non-zero imaginary part,
then Re\, < —%.

Proof: Suppose A\, = ¢+ di where d # 0 and ¢ > —35. Let [;ﬂ € Y'! be an eigenvector

of —An corresponding to ¢+ id and || [i} [y = 1. Then,

([(C+Sd)l (c+?d>1} + {A—l?(x) nA_%IJme [«ﬂ = [0] (19)
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and consequently
(A +b(z) — 2+ d® — ac — neA? )¢ = id(2¢ + a + nA? ). (20)
Multiply both sides of (20) by ¢ in L%() to get:

—[IAZ L2 + Jo b(@)|$(@)Pda — (2 — d? + ac) | ][32 () — nell AT B2 q)
d((2¢+ a)H¢||2L2(Q) + 77||A%¢||%2(Q))

=i (21)

Since the left hand side is a real number this is impossible and the proof of (22) is thus
complete.

COROLLARY 2.3. Let 5\1, 5\2 be two eigenvalues of —/10 such that —5 < 5\1 < 5\2 and no
other eigenvalue of — Ay lies between them.

Consider any two real numbers r1,ry such that 5\1 <ri<rg < ;\2. Then,

% F0>0 Yneome] (—Ay) N{X € C: Re) € [r1,72]} = 0. (22)

M<ri<ra<ia

Proof: If the assertion fails then there exists sequence 7, — 0 and a corresponding
sequence of complex numbers A\, = ¢, + id,, where ), is an eigenvalue of —flnn and
¢n € [r1,72). From Lemma 2.6 we infer that the sequence {\,} consists of real numbers
and thus has a subsequence convergent to certain number r € [r1,rs]. From Corollary 2.1
we infer that r is an eigenvalue of Ay which is impossible. 0

COROLLARY 2.4. Suppose that
be L®(Q) and 0¢ o(A). (23)

Then (22) holds with Ao being the first positive eigenvalue of — Ay and A\, = max {ReA}.
xeo(Ag)
ReA<0

2.4. Exponential dichotomy and continuity of projected semigroups

DEFINITION 2.1. Let Z be a Banach space, 17 be a non-negative parameter and consider
the family of C-semigroups {e~7! : t > 0} C L(Z), with generators —A,. We say that
this family satisfies uniform exponential dichotomy condition (see [16, 12]) iff there exists
7o > 0 such that Z can be decomposed for each n € [0,79) as a direct sum Z = Z;® Z;‘
of two closed subspaces, invariant under A,,, with the property that .Aﬁ = A"‘;ﬁ € L(Zj]r )

n

and there are constants € > 0, M > 1 such that
le™ ) sy < Me™, 20, 1 € [0,70),

At
le= A |z < Met, £<0, n € [0,m0).
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where A, = A”\Z—'
;

Our main concern in this subsection will be to show that

THEOREM 2.1. If (23) holds then the family of semigroups {e‘A"t}, n > 0, satisfies
uniform exponential dichotomy condition.

The proof of the above theorem will be a consequence of Corollary 2.5 and Lem-
mas 2.9, 2.10.
Before we proceed with the proof it is important to recall that the eigenvalues of — Ay
can be written as

AE = 1(—a+ /a2 —4uy), pn € o(A), n €N, (24)

n

(see e.g. [3, 9]). Assuming (23) consider a finite set o~ (A) consisting of all negative
—Ao);

eigenvalues of A and the set &(
o(—Ag) = {1(~a—Va® —p), pe o (A)}. (25)
Let 7 be any circumference enclosing ¢~ (A) and define the projection P : L2(2) — L?(Q),

p—_L (M — A)~td.

27 ~

Then A, , is a selfadjoint positive operator on kerP and the norms ||(1~\‘MTP)%(-)|\L2(Q)

and HA%(')||L2(Q) are equivalent on kerP.

Let I' € p(—Ap) be a circumference lying to the left of imaginary axis surrounding
5(—Ap). Similarily, let I' C p(—/io) be a circumference lying on the right hand side of
imaginary axis and enclosing those finite number of elements from O’(—Ao) whose real
part is positive. Note that I' can be choosen such that for each > 0 all eigenvalues of
—A, with positive real parts® are ‘inside’ I'. On the other hand, by Corollary 2.1, there
exists no > 0 such that I' C p(—fln) for every n € (0,19). Furthermore, compactness of
the resolvents ensure that ‘inside’ I" there are merely finitely many eigenvalues of —fln.
Considering projections,

1

Qy:Y =Y, Q,= o F(M—jxn)*ldA,
1 P
QY =Y, Q= F()\I—An) Yd\,

we then obtain decomposition of the ‘base’ space Y

Y=>1-Q,-Q,)Y®Q,Y ®Q,Y, necl0,mn),

2We remark that by Lemma 2.6 eigenvalues of — A, with positive real parts are positive real numbers
and by (8) they cannot exceed || B||L(y)-
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as well as the corresponding decomposition of operators —A,, n € [0,10) (see [17, §111.6.4]
for details). We thus restrict our further considerations to n € [0, 7).

PROPOSITION 2.3. Space (I — Qo — Qo)Y is spanned by

{{%(*ai\/h)en} i (s en) € M}.
In particular ¢, € ker P whenever {;ﬂ eI - Qo —Qu)Y.

Proof: It is evident that (I — Qo — Q)Y contains the space spanned by the system of
eigenvectors

{[%(—ai\/ar;—mkn] i (Hnsen) € M} ,
where M consists of all eigenpairs (pn,e,) of A with tn > 0. On the other hand if

o0

{f}] € (I —Qo—Qo)Y then [i] => " crf[%(_ai\/:;_m)en} (see [9, Lemma A.1] ) and
consequently

o0

[i} = (1= Qo= Qv) {;ﬂ = Z Cn {%(—ai\/h)en}’

(n,en)EM

which completes the proof.
It is useful to introduce in Y a ‘new’ scalar product

qal. [a]s = -
+6

]\ie,-p(l - P)¢171~\% (I = P)p2)r2(0) + (A2 Po1, A% Po) 20
(@ —0){(b1,9P2)L2(0) + (001 + 1,002 + P2)12(q),  d € (0,0a),

(26)

which defines in Y a norm
I[e] e = ye[2] [ ]

equivalent to the norm | m ly = A2 6) r2oy + 1] 22

LEMMA 2.7. For some e > 0, (517/10)“1 0u_quyy 18 dissipative in (I—Qo—QuY. In
—~“o~%o

particular the semigroup {este_Aot‘(F%iQO)Y} is bounded on (I — Qo — Q)Y .
Proof: Using (26) and denoting by A; the first positive eigenvalue of A in kerP we
have

1

Re(=Ao [ 3], [2]0%" = ~0IAE 8lacq) — (@~ D)6 1) o
o] [a]nees (8] e 0= Go— oy ny?, 50,6,
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where dp = min{§, sety e it V§2+45‘1} Therefore the result holds with ¢ = £ and arbitrarily
fixed § € (0,50) 0
We will next show that

LEMMA 2.8. For each 6 € (0,00) there exists ns > 0 such for each n € (0,75)
« 5
. ¢ ¢ |\new Yyl e ¢ | \new 28
Re(-A4, |:¢:|a|:1/):|>Y < 4<|:r¢;:|a|:1pj|>Y ) (28)
@ O _ 1
whenever | 7| € (I — Qo — Qo)Y NY™.

Proof: Consider m” € (I—-Q,—Q,)YNY" with | m:} |3 = 1 and use the

decomposition of the space Y induced by the projection QO + Qo, so that
[¢,,] (Qo + Qo) [ } (I -—Qo— Qo) [w,,]

Since the value of —A4,) [ij} is given by — A, [i’:} - Ry {i”}} (see (9)) we then have

Re(=A, [02], [ ] = Re(=Ao(1 = Qo — Qo) [0 ] (1 = Qo — Qo) [ 41 ]33
+ Re(=Ao(Go + Qo)(Go + Qo) [ 57 ] (@o+Qo) [ 52 |y
+ Re(—Ao(Qo + Qo) Q0+Qo{ } (I - QO—QO)[ bnew
+ Re(=Ao(I = Qo— Qo) | 57| . (o + Qo) [ 1 |33
0

—nRe([A wn} [;’m>”ew—11+ 4T,

¢
P
Pn
Wy

(29)

where the components appearing on the right hand side are estimated as follows.
First, via (27), we obtain that I; < —$. Choosing constant ¢ > 0 such that -y <
Il - H"ew < ¢ - ||y we have the estimates

1= Qo= Qo) [ 1] 15 < Il = Qo = Qo) = do, (30)
and

1(Qo + Qo) [ 5] 15 < (@0 + Qo)(T = @y = Q)
= ?||(Qo + Qo)(I — Qo — Qo) + (Qo + Qo) (Qo + Qo — @y — Qu)llL(v) (31)
=*||(Qo + Q0)(Qo + Qo — @y — Q)| L(v)
A1(Qo + Qo) ivy(1(Qo — Qullvy + 1Qo0 — Qn)ll(v))-
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From (31) and (16) we next get
1(@o +Qo) [ fr] I < (2m) 2 d(CrIT| + CIEDI Qo + Qo)) =i nD, (32)
which together with (30) leads to the relations
I, <n*D?|| Ao (Qo + Qo)ll vy (33)

I3 < nc*do D Ao (Qo + Qo) | L(v)- (34)

We remark that Y C D(—flo*) and

][ e 8] e (3]

Since b € L>=(Q) and |A~ 29| 120 < ﬁ”wHLQ(Q) then

I8 2,70 ] (2] Iy < @ I [ 2] I + 1A 20 ey

a @) L=@)\, e
< (1+ il T)H [w} Iy,

(35)

which ensures that —A4," € L(Y',Y). With the latter property and (30), (6), (32) we
obtain

I = Re{(I = Qo — Qo) [ 7] .= 40 (Go + Qo)(Do + Qo) [ 41 3™
< doc? |~ Ao (Qo + Qo)ll o Qo + Qo) [ 1] 5=
< Adoll— 40" (— o) v I = Ao(Qo + Qo)1 | (@0 + Qo) [ &1 I3
< ncdDd||~Ao || vy = A0 (Qo + Qo) Lv)-

(36)

Iy = —n6Re(A3ty, ATy 12 () — 77||A%7/’n||%2(9) <

n0* ¢,
" [ [3] I3 <nd%c.  (37)
1

Since each quantity I,...,I5 contains a multiple of 7 the proof of condition (28) is
complete.
In the light of the Lumer-Phillips theorem condition (28) ensures that

COROLLARY 2.5. For arbitrarily fized § € (0,0¢), 6o = min{g, A V;2+4)‘1},

3¢ —A . . by )
lefte= o o [l <[]l [9n] € (1= Qn—QuY,
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for each n € [0, ns).

In particular, if b = 0 then (I — Q77 — @)Y =Y and we obtain that

COROLLARY 2.6. For each ng > 0 there exist constants ¢ > 1, w < 0 for which

le™ 4 vy < ce®t, 20, n € [0,1m]. %)

Remark 2. 1. By [13, Corollary 1V.3.12],

inf{Re(\) : A € o(A,)} = — lim w
The latter fact and (38) justify that for each 79 > 0 there exists w < 0 such that
Reo(A,) > —w > 0 for n € (0, no].
Therefore semigroups {e~“n*}, > 0, which are analytic in Y, satisfy the estimates
[AYe™ 4| Lyy) < epat™ e, >0, a >0, 1 € [0,m0], (39)
where constant w,, < 0 appearing under the exponent in (39) does not depend on 7 €

[0’ 770]'

In the next lemma we will obtain the uniform bound for {e”e*‘i"tb L)
)

LEMMA 2.9. For each n € (0,n*) the following estimate holds

Jete=nt [ ]y < T Bt 20, [2] ey, | [2]Iv =1 (o)

Proof: Consider [ij} € Q,Y with || [i”}} lly =1 and take advantage of the decompo-
sition of the space Y induced by the projection Qg to get

(] =Go 2]+ -0 [ 3]
where as a consequence of (16)
1= Qo) [2] Iy = I = Q)@ [ 2] Iy
= (I = Q0)(@y — Qo+ Qo) [ &2] Iy ()

< = QollLv)lQo — @nllL(v)
< n(2m) T dCHIT||IT — Qollryy =: 1D.
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‘We then have

ettt [ Ty < llete™tclo [ 1] Iy + llete (T = Qo) [ 41 ] Iy

et (e= Mt — =% [ 1] Iy + llete= %' Qo [ 31 ] v

+[leste= AT — Qo) {wn} Iy
< T (t) + Jo(t) + J3(t)

N

(42)

and, since {e"‘i"t‘Q Y} is a CY semigroup in QnY generated by a bounded operator
~ n
— Ale . with all (finitely many) eigenvalues being negative numbers strictly less than
n

—a, there exists constant M such that
Hest —AOtQ |:¢’n:| ||Y Mye™ (a— s)tHQO [dm} HY’ t>0.
Note that [|Qo [ } Iy < ||Q0HL(Y) and define ¢* > 0 such that

Ja(t") < (43)

=

All [d)” } lie on the unit sphere in Y, which is taken by Qn into a precompact subset of Y.
As a consequence of (13) there exists 71 > 0 such that

J1(t) < for all n € (0,m1). (44)

| =

Finally, applying (41) and the estimate for the perturbed semigroups we find the estimate

—_

Js(t*) < yDet TIBleont™ < = for all 5 e (0,12). (45)

N

We have thus shown that there exists t* > 0 and n* > 0 for which

et e~ Ant" [i] Iy <1, [;’2] € QY. | [;H ly =1

uniformly with respect to n € (0,1n*). Decomposing next ¢ = nt* + r and using the
estimate for the perturbed semigroups to find the estimate on an interval [0,¢*] we derive
the required bound (40) uniform with respect to n € (0,7%). g

Remark 2. 2. IfY,” := (I — Q,)Y then, because of the relation Q,Q, = 0 (see [17,
p. 179]), we have the equalities

keerYn, = - Q.my",)yni = - men,)(f — Q)Y = (I = Qy— QY.
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rngyn_ = Qn|yn_ Y, = Qn(I - Q)Y = Qn(I —Qy+QyY = Qny‘

Thus Q"\ is a projection on Y, whereas in our further consideration we will make use
Y77_

of the decomposition

Y=Y, @Y’ with Y, :=(1-Q,)Y and Y," =Q,Y, ne[0,n). (46)

Using the notation of spaces as in (46) and denoting by {1}, {e=A7 ) the semigroups

generated by :l:Af?r = j:A,,| L we obtain from Corollary 2.5 and Lemma 2.9 that for all n
Yo

sufficiently small space Y can be decomposed as a direct sum Y =Y,” & Yn+ of two closed

subspaces, invariant under {e_A”t}, for which the estimate
—A-t —et
l|e™"n ||L(Y;) S Me™, t >0,

holds with constants € > 0, M > 1 independent of 7.

Now we need to derive appropriate estimate of {esteA;rt}. Recall that via (17) projection
@y is compact and therefore has a finite rank. Following (46) we denote Yn+ = Q,Y,

0 < 1 < no and observe via Corollary 2.2 that the map S, : YO+ — Yn+ defined by

Sy [i:} =Qy m” is an isomorphism. We will next prove that

LEMMA 2.10. The inverse operators 87,_1 : Yn+ — Y, satisfy

_ —0
Hsn P QOHL(YJ,YO*) =0 (47)
and
+Att +Att n—0
Vrso sup [[eT"n'Q, —eT 0 Qol|Ly) — 0. (48)

te(0,7]

In particular, there exist constants € > 0, m > 1 (independent of ) such that

-, B
||€A"t||L<Yn+,Yn+) <me™, t>0. (49)

Proof: We first ensure that
||S;1||L(KT-,YU+) is bounded independently of 1. (50)

Suppose that there is a sequence [j:"]” ] with || m"]" } |y = 1 for which ||S, ! [fZ"I" } Iy idmey

oo. Then

Din —1 | $nn

I:wnn:| _S Sn" |:w7lni| (51)
— - nn —
ol B N O il B ¥
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T } } C Y;' has a convergent subsequence (for which we use the same
szt [ 5o v

Nn

notation) converging to some m] eyY,, |l [i] |ly = 1. It follows from (51) and (16) that

Syt [ZZZ] S [37,:} m=0 0 [¢] _[¢
R e [P T T @)=L

which is an absurd.
Having property (50) note further that for any [i:} eyt

st ] -eo[s] =srteur-ao 2]

Thus (47) follows from the fact that Q,(I — Qo) = (Qy, — Qo) — Qo) — 0 in L(Y) (see
(16)).

From this we can prove required convergence of the semigroups. In fact, since
+Att — s +At¢ _ st +Att
! Qn = o, € " QnQO + (QO n )e ! QnQO
i+ i+
+ (I = Qo)Qye™ ' QyQo + 1 Qy (I — Qo).

we have

i+ +4
sup [eFM'Q, — S et 7' QnQollLivy - 20,
te(0,7]

and it becomes sufficient to show the condition

A+ —0
sup H‘S 1 :I:A tQ iAOtHL(YJ) 77_>0
te(0,7]

The latter however follows from the fact that
Sn—leiAthn _ Sn—leifi;tsn _ esgl(ifi;)snt on Y0+
and from relation
1S, (£ANS, = (EAD v
= 118, [(£A5)Qy — (EAD)Q0 + (Qo — Qo) (EAD sy =2 0,
in which we used (47), (16) and a consequence of (12):

1(£4,)Q, — (iAO)QO”L(Y = H*/(()\[ — A7 = (M - Ao)il)d)‘”L(Y) 20.

2mi
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Since Rea(—/~10+) > At > 7 > 7 >0 (A being the first positive eigenvalue of —Ag)
then
A% —(r—r
et [ ] Iy <me= =t [2] v, e 0, [2] e vt

and in particular there exists £ > 0 such that
i AtE 1
lerte®S 2] Iy < 51 [2] v, [2] e ¥e
which can be rewritten as
Pt 1
leeiQo [ 5] Iy < 5100 [ 5] v [¢] €Y, (52)
Applying (52) and (48), for § = %e‘ri and appropriately chosen 75 > 0 we have

C s P Ati it+i
Jerfe i [ iy < erIeRQu—e e u) [ Iy
et e Qo [ 51 v (53)

’r‘A 1 )
<@+ D[] <[]y, (5] e vitome ).

n

In addition, since

- 1 -

and resolvents are convergent then /LT are estimated in a uniform topology uniformly with
respect to n sufficiently small. Inequality

eHAf,rH

it [ o, , ||
13[4 oy < o,

teR,

allows us next observe that the norms ||e”e‘ﬁt [Zﬂ I LY, remain bounded on compact

time intervals uniformly with respect to all 7 sufficiently small. Estimate (49) can be thus
deduced from (53) via decomposition t = n,t + 4.

3. PROPERTIES OF THE NONLINEAR SEMIGROUPS

3.1. Local solutions to semilinear damped wave equations
Problems (1) will be viewed in the abstract form

Fo]l+ A D] =F(T]), t>0, [T]—o=[u] (54)
where

(W] €Y = Hi(Q) x L*(Q) and F([%]) = [0n]-
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LEMMA 3.1. Suppose that f : R — R is a continuously differentiable function which
satisfies

[F'(s)] < (L +]s]7), s €R, (55)

where 0 < p < 2 if N >3 and p € [0,00) when N =1,2.

Then,

i) F:Y — Y is a continuously differentiable map which is Lipschitz continuous on
bounded sets. If f also satisfies

!
lim M =0, N>3, (56)

|s|]—o00 gN—2

then F':'Y —Y is compact.

ii) The problem (54) is locally well posed in'Y for each n > 0. Furthermore, if [,0] €
D(A,), then the corresponding solution to (54) is a classical solution

i) If T,)(t) [vg ], m > 0, denotes local mild solution (see [18, p. 146]) to (54) on'Y, then

sup. 1T, () (5] = To() [%0 ] Iy — 0, 7 — 07,
tel0,T

provided that [3"],[w] € Y, [v] R [ve], the solutions T, (t) v ], To(t) [wo] exist and
remain bounded in Y -norm uniformly with respect to t € [0,7] and n € N.

Proof: Suppose that p < ﬁ The proof that F' is a Lipschitz continuous map from Y
into Y follows easily from Sobolev type embeddings and Holder inequality. The continuous
differentiability of the map F' : Y — Y follows from the continuous differentiability of the
map f¢ : L¥2(Q) — L2(Q) given by fe(u)(z) = f(u(z)) which can be obtained using
the Dominated Convergence Theorem and a Converse on the Dominated Convergence
Theorem.

Assume now that (56) holds. Of course F' is a continuously differentiable map which
is Lipschitz continuous in bounded sets. To obtain that F' : Y — Y is a compact map
we decompose f as f = eg. + he where g. : R — R is continuously differentiable function
satisfying |g.(s)| < |s|ﬁ and h. : R — R is a continuously differentiable function with
compact support. If B is a bounded subset of Y it is easy to see that the measure of
non-compactness of the set F'(B) is zero.

The existence of a local mild solution to (54) in Y follows then from the Banach con-
traction principle (see e.g. [18, Theorems 6.1.4, 6.1.5]), which proves ii).

As for iii) we first use the Cauchy integral formula to get

1T, () o] = To (@) [5 v < [l (e™ " — e ) [50]Hly + lle™ = (5] =[5 D) Iy

[ (et =) P (9) (1) s
e 0 (6 22~ F(s) 1) vds for ¢ (0.7
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By Lemma 2.2 the first term on the right hand side converges to zero. Moreover, thanks to
the uniform bound [|e=#7*||(y) < 1, the second term tends to zero as well. Furthermore,
convergence of both these terms is uniform with respect to ¢ € [0, 7].

The third term is bounded by

Tsup{H ,mt(,,,)_engt [ }H [ } € J and r € |0, T}}

where J = {F(To(s)[2]), s € [0,7]} is a compact set. Thus, as a consequence of
Lemma 2.2 i), the third term tends to zero uniformy with respect to t € [0, 7].

The fourth term can be estimated with the aid of the Lipschitz continuity of F' and (55)
so that, recalling that ||T;, (s)[o" ]|y < C and ||To(s) [we] ]y < C for s € [0, 7], we get

Anf%wﬂkmnxamm—menmmmw
<e(l+ O /|wn §) (5] — Tos) [20] [y ds.

What was said above ensures that for arbitrarily fixed € > 0 there exists N. € N such
that

T, (&) (4] = To () [50] Iy < e O™ 4 c(1 4+ O(N /qu ] — To(s) [9] |lyds

whenever n > N, and t € [0, 7]. Applying Gronwall’s Lemma we thus get the estimate
1T, (@) [on ] = To(®) [w]lly <e t€0,7], n= N,

which completes the proof.

Let us consider resulting from (1) equation for v = % and multiply it by v in L?(Q).
Since the negative Laplacian with Dirichlet boundary condition is self-adjoint we obtain,
for n > 0,

d<1 , 11 //“ , .
— | =|lv + —||Azu — f(s)dsdz | = —al|v] —n||A 10| p2¢0),
7 (310l + gt ula — [ [ 09 o122y — nllA¥ ol

which shows that the function L,

L([w,]) = ||w2||L2(Q)+ ||A2w1||L2(Q) / f(s)dsdx, [w,] €Y, (57)

is nonincreasing along the solutions. If the dissipativeness condition holds

lim sup fs) < A, (58)

ls]so0 S
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then via the Poincaré inequality
1
MllulZz i) < IIAZull72 )

we get the estimate

151 (E w0, vo)lly < ev/ 1+ L([wg]), (59)

where ¢ > 0 is independent of 77 > 0. Indeed, thanks to condition (58)

w1 A\ —¢
[ [ sesde = =2l - Mig,
QJo

where ¢ > 0 and M = M (e) is a positive constant. Hence the Lyapunov function £([:2])
is bounded from below, i.e.

w1 € 1 1
L([ws]) = QTIHA?MHQL?(Q) + §||w2|\2L2(Q) - M|Q

and also
L([w3]) = 00 as || [ws]lly — oo

Since we simultaneusly consider the hyperbolic case 7 = 0, note that the above calcu-
lations are valid for classical solutions corresponding to initial conditions chosen from Y!.
Therefore, classical solutions to (54) exist globally in time (see [18, Theorem 1.4]) and are

bounded uniformly with respect to ¢ € [0,00), > 0, and [ %0 ] varying in bounded subsets

of Y. The mentioned properties are then extended to all initial data in Y based on the
continuous dependence of mild solutions on initial conditions, which result follows from
the Gronwall’s Lemma.

3.2. Family of global attractors
Consideration of the previous subsection leads to the following proposition.

PROPOSITION 3.1. Suppose that (58) and (55) hold. Then for each n > 0 problem (54)
defines on'Y a C°-semigroup of global mild solutions with bounded orbits of bounded sets.
If, in addition, n > 0 or [30] € Y then

T, (1) [5] € C(0,00),Y) N CH(0,00),Y) N C((0,00), YY)

and T,(t) [o0] is a classical solution to (54).

For n > 0 denote by &, the set of all equilibria corresponding to {T7,(¢)} in Y. Let w,(B)
be an w-limit set of B C Y with respect to {T5,(¢)}. If [;ﬂ is such that there is a complete

orbit 7, ( [;ﬂ) passing through [zﬂ let avn([i}) be a corresponding a-limit set.
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PROPOSITION 3.2. Suppose that (58) and (55) hold. Then
i) E={[W]€eY : uyg=A"1f(ug), vo =0} is a bounded subset of Y'!,
ii) The equilibria of {T,(t)} are smooth and &, = E forn >0,
i) wy([vg]) C € and o, ([v5]) C & for [v] € Y and each n > 0.

Proof: If ug € H}(Q) and ug = A= f(ug) then (58) ensures the estimate
”A%UOHL’-’(Q) < M. (60)

Since f takes bounded subsets of H}(Q2) into bounded subsets of L?(2) we also get the
estimate

[Auo|| 22y = IIf (uo)ll2(0) < s (D)2 = ME, (61)
1A2 &l 2 ) <MS

which proves i).

Concerning ii) observe that & C &,. Next, if [30] € &, i.e. T,(t)[ve] = [v], then
through the Cauchy integral formula we get

t
L (e L) = L) s+ L]

Since the first right hand side term converges to zero as t — 07 we obtain that [ ] € D(4,)
and

1 uo —Aptuol) _ =
E([Uo]fe A [vo])*t

Ag 1581 = [s(uo ] -
Hence, vg = 0 and Aug = f(uop).

Suppose further that n > 0 and [39] € Wn([ib or[w]e oz,]([vﬂ). Then L (T,(t) [o0]) =
const, consequently its time derivate is zero, so that v = 0. Therefore, T),(¢) [v ] =[] =
‘4] and ug = A" f(uo), which proves iii).

LEMMA 3.2. Suppose (56) and dissipativeness condition (58) hold.

Then, for each n > 0, problem (54) defines on Y a C°-semigroup of global solutions
{T;(t)} which possesses a global attractor A, . Furthermore, |, Ay is bounded inY. In

particular, U, .o Ay is contained in a ball in'Y" of radius re := Sup[uo | cg e/ 14+ L[ ]).
Vo

Proof: The existence of attractors follows easily from the fact that (54) is a gradient
system, Proposition 3.1, Proposition 3.2 and Lemma 3.1.

Ifn > 0and [%gg ] € A,, then there exists a precompact complete orbit passing through
[%o7]. Denoting it by v, = {T;,(t) [wor | , t € R} we have that [0 | = T, (k)T,(—k) [ o7 |
for arbitrary k € N. Sequence {T;,(—k) [vor |} possesses a subsequence {T;,(—k;) [%o7 |}
convergent to certain element [ 49 ] of a, ([ ver ]). This together with (59), (60) and Propo-
sition 3.2 iii) ensures that for each k;

I L2 ]y = IT )Ty (k) [E] Iy < 1+ LTy (=) [12])
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and, therefore,

I wes ] lly < lim \/1 + L(Ty(=ko) [y ]) < V1+ L) < 7e

1—00

The proof is thus complete.

Remark 3. 1. The existence of attractors and their uniform bounds in Y can be obtained
under some more general growth conditions (see [2] for n = 0, [6] for n > 0). Nevertheless,
the uniform bounds in Y! below require the stronger restriction (56).

LEMMA 3.3. Suppose that (56) and (58) hold. For each 1> 0 any complete orbit lying

on A, is precompact in Y and Une(O,no) A, is bounded in Y for each ny > 0.

Proof: We first prove that %([’;g; ]) is a precompact subset of Y'! for each n > 0. Fix

Uon

n > 0, choose [ ] € A, and consider any complete orbit v, ([ wor |) = {T,(¢) [ver |, t €
R} passing through [23;] and lying on A,. By the smoothing properties of the semi-
groups generated by abstract parabolic equations it is known (see [10, Lemma 3.2.1]) that

Yo ([5or]) is bounded in Y'!; i.e.

sup 9] v < 0. (62)
HENES]

Note that

I91£(6) — FO 22y = 1)Vl L2y < | ™ 1Vl g,

L N—-2

Therefore F' — F([J]) takes bounded sets of Y! into bounded sets of Y'!, and based on (62)
we then have

o1 18] = FU8DIIv: < b
[w]e"’vl([vg:])
Using the Cauchy integral formula and (39) for {i] € 7,7([*;3;;]), t > 0, we obtain® for

1
<3

N|—

144 ent 1- _
1457 1) [ 3]l < =y [ 2]l + 147 (=) Ry

+ [ t cn(ew"(”)_nAn (FTy) [2]) = F8]) livds.

t—s)z
1-
3We observe that F([3]) € D(AZ ) but does not belongs to D(Ag) for a > % unless f(0) = 0.
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Since the orbit v, ([ %07 ]) is invariant under the semigroup {77,(t)}, this and (3) leads to
the relation

s[4 [y = s A @[]y
M) [$len o]
1- L gwn(1=s)
< cpe M, + || A2 (I - e—An) F(SDlly + cndecn/o st.

Hence v, ([ v0! ]) is precompact in Y.

Now let us prove that Une(O,no) A, is bounded in Y for each g > 0.

From the fact that %([33;]) is a precompact subset of Y'!, there exists a subsequence
{T, (ki) [ vor |} convergent in Y'! to an element of the a-limit set a,, ([vor |) C €.

Since £ is bounded in Y! we are able to obtain Y'-bound on the attractors, uniform
with respect to n € (0,79) for any 79 > 0. In fact we will get the Y'! estimate of complete
orbits v, ( [ o ]) lying on the attractors based on the estimates of the solutions with initial
conditions T,,(—k;) [7;3;7] chosen arbitrarily close in Y1-metric to the set £.

Following this scheme, we have

T, ()T (—ko) [won | = e A" Ty (=ka) [Bon ] + /Ote_A"(t_S)F(T,,(s)Tn(—kl) [von])ds
and, choosing € > 0, we find certain N, € N such that for all k; > N,
1T (k) [y ] llyr < M + e
where Mf is defined in (61). From this we have that

| Ay T, (6) T (=kr) [wor | 1y
< e M Ly AT (k) [vor ] Iy + 1| (I — e~ ) F([8D)ly
[ e gyl (P T (k) [57]) = FGD) s g
< ce’ (MY +e) + (1+ ce*)|F([3])ly

t
+/O cew(t—S)HA77 (F(T(s)Ty (ko) [wor 1) — F([3]) Iy ds.
If we let T, (t) T (— k) [38,’,’} = [Z” and use (56), which reads
Visodo,50 Vaert |f/(9)] < vls| 7% + C,
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then, for each n € (0,179), we have

1Ay (F ([22]) = FA3D) Iy =145 [ feuyy-so) ] Iy
Cuo IV (f(uy) = FO) |l L2(0) + all f(uy) — fF0)]|L2(q)
= rm”f’(“n)V“n”Lz(Q) +al| f(uy) — f(0)||L2(Q) (64)

< ’/CnoHun‘ Nijv CnoCU”VUUHL?(Q) + aHf(Un) - f(0)||L2(Q)

Cro (V]| Ay [ ]IIy+1)

where we have used the estimate of Lemma 3.2 and (3). From (63) and (64) we obtain
14, [57 ] lly < ce (MY +e) + (1+ ce*) [F([§])Ily
+/ e E= Gy (] Ay [ 1] lly + 1)ds
0

¢ = u
<c(Mf +e)+ 1+ )IFIDIy — anO(ViglgllAn [or ] lly + 1)ds,

where w < 0 is as in (38). Adding supremum and estimating, we find that

ol . .
(1+u ) sup (14, (2] v < e(MF + &) + (L + | ESN |y — e,
w te[0,00) w

which for sufficiently small v > 0 provides the estimate

sup (|4, [ ] Iy <M,
t€[0,00)

where M > 0 is independent |47 | € A, and of n € (0,70). Since T,,(t)T,(—ki) [vor | =

Von
[%7], the above considerations ensure that for any n € (0,79) and arbitrarily chosen
[%or] € A, we have the uniform bound

1Ay [voy ] Iy < M.
By Proposition 2.1 iv) we thus conclude that

sup  sup [ [ugr] [y <d7IM,
n€(0,70) [gg;r ] €A,
which completes the proof.

COROLLARY 3.1. Under the assumptions of Lemma 3.3, for each ng > 0, Une(O,no) A,
s precompact in Y .
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4. UPPER AND LOWER SEMICONTINUITY OF THE ATTRACTORS

In the light of the results obtained in Section 3 the attractors A,, n > 0, are upper
semicontinuous at = 0. Indeed, if this is not true then there exist 1, — 07 and [%nn ] €

Vony,
A, such that inf[gg}er | [vor] = [%]]ly > e. Based on Corollary 3.1 one can choose

a subsequence {[53:;: }} convergent in Y to certain [gg] €Y. Lemma 3.1 allows then to

()
Do

show that there is a complete bounded orbit of {Ty(t)} passing through |
Ag, which leads to a contradiction.

For the lower semicontinuity note first that, under assumptions (58), (55) the semigroups
{T;,(t)}, n > 0, are gradient systems (see [14, Definition 3.8.1] or [15]). Suppose further
that

] and lying on

equation u = A~ f(u) has only finitely many solutions ug, ..., uo, € Hy(Q). (65)

Under the above assumption attractors A, corresponding to {7(t)}, n > 0, can be de-
scribed as

k
AnZUW#([”Si}), n>0, (66)

where W ([“0¢]) is the unstable set of [} |; i.e.

wr([":]) :{m €Y T, (~t) m exists for ¢ >0 and T),(—t) [;ﬂ — ["] as t— oo},
PROPOSITION 4.1. Suppose (58), (55) are satisfied. If
0¢ a(—A+ f(ug)) whenever ug € Hy() and ug = A" f(ug), (67)

then (65), (66) hold.

Proof: Note that if [}0] € Y is an equilibrium of {Tp(t)} then vg = 0, ug = A~ f(uo)
and 0 ¢ o(—A + f'(ug)). Consequently I — A=1f"(ug) : H}(Q) — HY(Q) is a linear
isomorphism. Since A71f : HY(Q) — H () is differentiable we obtain that

1o = A7 F (@) 1y (@) = 16 = wo + A7 f(uo) = A7 () 3o

6 — uo — (A1 f) (uo) (¢ — o) + (w0, & — uo)ll 2 o) (68)
> (|1 — A1 f" (uo)) (6 — o) 2 (e — lIr (o, & — o)l 2 ()

where ||7(uq, ¢—u0)||H3(Q)||¢—u0||;{21(9) — 0as [|¢—wuol| g3 (q) — 0. Fix % bigger than the
norm of (I —A~1f"(ug))~! and choose arbitrary € € (0, €g). Then the first term on the right
hand side of (68) is bounded from below by €[|¢ — uo|| s71 () for all ¢ € H} (). The second
one becomes less then %6||¢ — ug| HE () whenever ¢ belongs to certain neighborhood of g
in H}(Q2). Therefore ||¢ — A71f(¢)||Hé(Q) > gello — ol 3 (o) in the latter neighborhood,
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which shows that the equilibria of {T(¢)} are isolated points of H}(Q). Since all these
equilibria belong to the compact attractor Ag their number needs to be finite.

Recall that the proof of upper semicontinuity of {A,,n > 0} at n = 0 was based on
the fact that from each sequence {[‘b"” }} of elements [fZ:’]"] € A,, we were able to

choose a subsequence convergent in Y as 1, — 0% to certain [ig} € Ay. To justify lower

semicontinuity we will ensure that each element [ig} € Ay is a limit in Y of a sequence

{V”” }} as n, — 0T, where [z:n} €A,

Since under the assumptions (58), (55), (67) we know that the attractors exist and
possess the structure stated in (66) the unstable manifold technique can be applied (see
Appendix) and the lower semicontinuity result of Theorem 1.1 follows. Indeed, let us fix

any nonequilibrium point [f;“] € Ap. Then, there exists a complete orbit 'yo({%}) =

{To(¥) [ig] , t € R} through [‘1’2} such that, Ty(t) [wo} —[®] e ast — —oo. Note
that ug is such that Aug + f(ug) = 0 and that ug € L>(Q)). Rewrite (54) as

d .- < _
%[5]"”477[@]:}1([5])7 (69)

where

and
h(ED=F(E1+[0D-FATD-FUATDIF]-
Then, the conditions of Propostition 5.2 hold. As a consequence of that, a point [go] €
0

'yo([ }) (To(to) [;’zz] = [wo} to > 0) can be chosen which can be approximated by a

sequence {[w"" }} where 1, — 0 and m""} is in the unstable set of [ ] Thus there

n

exists a complete orbit 7, ( [i;z } ={T,, (t) [%n } ¢ € R} through each such [aﬁnn } and it

lies on the corresponding attractor A, . As a result of Lemma 3.1 the point i‘; is in fact

a limit of a sequence of points T}, (¢o) [%” ] Since we ensured that 75, (to) [32" ] €A,
for n € N, the proof of Theorem 1.1 is complete.

Corollary 1.1 follows as a consequence of lower semicontinuity of attractors and (uniform
with respect to the parameter) Y !-estimate of the attractors reported in Lemma 3.3.
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5. APPENDIX: EXISTENCE AND CONTINUITY OF LOCAL UNSTABLE
MANIFOLDS

Let Z be a complex Banach space and A : D(A) C Z — Z be the generator of a
strongly continuous semigroup {e** : ¢ > 0} of bounded linear operators such that the
set ot = {\ € o(A) : ReX > 0} is compact. If v is a smooth closed simple curve in
p(A) N{X € C: Re) > 0} oriented counterclockwise enclosing o let

Q= Q(ot) = = /(/\I — A)dx (70)

T om

and define Z+ = Q(Z) and 2~ = (I — Q)(Z2), AT = A, Ttisclear that Z = Z" @ 27,
that A~ generates a strongly continuous semigroup of operators and that AT € L(ZT).
Assume that

H6A+t||L(Z+) < Mewt’ t < 07 (71>

leA | pz—) < Me™™t, t>0.

Let h : Z — Z be a continuously differentiable function which satisfies h(0) = 0 and
h'(0) = 0 € L(Z) and consider the initial value problem

2= Az+ h(2),

Z(O) =2y € Z. (72)
In this equation, in a small neighborhood of z = 0, the nonlinear part has small Lipschitz

constant. Let us consider what happens when we neglect the nonlinearity; that is,

y=Ay

y(0) = yo. (73)

For yo € Z*, the solution y(t, yo) of (73) exists for all negative time, y(t,yo) "~ 0.

When we perturb (73) with the very small nonlinearity f we should observe solutions of
(72) that exist for all negative time and converge to z = 0 as t — —oo. Of course the initial
data for which such solutions exist will no longer be in Z% but in a nonlinear manifold
near it.

DEFINITION 5.1.  The unstable manifold of the equilibrium solution z = 0 to (72) is
the set

W*(0) = { (€ Z : there is a backward solution z(t, () through ( such that , lim z(¢,¢) =0}
——00
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z€EZ™

// -
P — ezt

Figure 1
If 2 is a solution to (72) we write 27 = Qz and 2~ = z — z*. Thus we have

Tt =At2t + H(z",27),
T =A"2" +G(T,27). (74)
where H(2T,27) = Qh(2zT +27) and G(z%,27)= (I — Qh(zT +27).

Since we have that, at (0,0) the functions H and G are zero with zero derivatives, from
the continuous differentiability of H and G we obtain that given p > 0 there exists § > 0
such that if ||zF| z + ||z~ ||z < §, we have

[H(z,27)|z < p,

”G(ZJrazi)”Z <p (75)
[H(z",27) = H(Z", 27)[lz < p(llzF = 2¥ |z + |27 — 27| 2),

IG(z*,27) = G(ET 27)lz < p(l2F = 2F |z + |27 = 27 ||2).

We can extend H, G outside ball of radius ¢ in such a way that the bounds (75) hold
forall z¥ € Z+, 2= c Z~.

Remark 5. 1. The procedure to extend a function g defined in the ball of radius ¢ in
such a way that it becomes globally Lipschitz continuous without changing its Lipschitz
constant is the following. Given a function g : V' x Z — W, where V, Z and W are Banach
spaces, define

( i - 9(2+72_)7 ||z+ +27]z <6
gs\z ,z2 )= 5t 52~ -
o (T ) It el >

The Lipschitz constant gs is the Lipshitz constant for g restricted to the ball of radius J.
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5.1. Existence of unstable manifolds as a graph

With the notation above, the equation (72) can be rewritten in the form (74). Assume
that H and G satisfy (75) for all 2zt € Z%, 2= € Z~ and let W*(0) be the unstable
manifold of equilibrium solution (27, 27) = (0,0) to (74). We will show that for a suitably
small p > 0, there is a function X : ZT — Z~ such that

W 0)={(z",27): 27 = X*(z"), 2t € 27}

where X* : ZT — Z~ is bounded and Lipschitz continuous.

We observe that we are looking for a function X* such that if Z 5 (¢, 2*(¢)) then the
solution of (74) starting at 27 (7) = ¢, 27 (7) = X*(¢) stays in the graph of X* for all
positive and all negative time. This means that 2= (t) = 2*(2%(t)) and that, for all ¢ and
(74) becomes

it = Aot 4 H(xt, D5 ()

A Gl T (), o

The solution (27 (¢),27(t)) must go to zero as t — —oco and in particular it must stay
bounded. Since

2 (1) = A1)~ () + /t t A=) G+ (s), 5 (+(s)))ds,
making ty — —oo, we have that
S0 =70 = [ A IaE), E )
in particular
2O =2 =)= [ AT (), 2 ()

After proving that the graph of X' is in the unstable manifold of z = 0 we need to verify
that any solution which is in the unstable manifold must be in this graph.

PROPOSITION 5.1. Assume that the above conditions are satisfied. Then, there exist
function * : Z% — Z~ | such that the unstable manifold W*(0) to (74) is given by

W0)={we Z:w=(Quw, X*(Quw))}.

Proof: In order to show the existence of such function X* we will use the Banach con-
traction principle. Let D > 0, L > 0 and 0 < ¥ < 1 be given and choose py > 0 such
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that
pM < D,
oM
1+ L)<9 <1
pM?(1+ L) < (77)

w—pMQA+1L) =7

*M2(1+L)(1+M)
PM + T < @

for all 0 < p < po.

For positive constants D and L, let LB(D, L) be the set of all globally Lipschitz bounded
functions ¥ : Z¥ — Z~ satisfying

sup [ 2(zF)z <D, [|¥(zF) - Z(EN)]z < Lllt - 27 2. (78)

ztezt
For ¥ and ¥ in £B(D, L) we define their distance || X — 3| as

|- 2= sup [[Z(zF) - 2(zT)] .
ztez+

It is easy to see that with this metric LB(D, L) is a complete metric space.
If 27 (t) = ¥(t, 7,¢, X) be the solution of

% = ATt + HT, X(:T)), for t<r 27(1)=¢, (79)
we define
®(X)(¢) = /_T et TTIG( T (s), B(27(s)))ds. (80)

In what follows we will show that, for p > 0 satisfying (77), the map ® takes LB(D, L)
into itself and is a strict contraction. Hence it has a unique fixed point in LB(D, L).
Note that by (71) one has

pM

20z < [ ppremstas = 2L, 1)

— 00

From the choice of p we have that, [|®(X)()[|z < D. Next, suppose that ¥ and é’ are
functions satisfying (78), ¢, ¢ € ZT and denote z¥(t) = ¥(t,7,¢, X)), 2T (t) = (¢, 7,(, X).
Then,

) - ) = -0+ / AT CDH (o, D)) — H(EY, B()ds.

T
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With some simple and standard computations we obtain
() = S Oll <Mee = {41 | 9B (=, () - (3, 2(E)] ds
t
< Met¢ = 8z + pM / Lemutt=9 (1 2(z4) - EE)z + 12 - )2 ds
< M=z + i | Tet=) (|15(24) — Sz + (L4 Dl - 2z ds
< M=z + o | Leti=) (14 D)t - £z + 12 - 1) ds
< Me*t=7)||¢ — 5||z +pM(1+ L)/Te‘”(t_s)Hz“‘ — zT||zds + pM|| X — Z~'|||/Tew(t_s)ds.
t i

Let ¢(t) = e~ =)z (t) — 2% (t)]| 2. Then,

$(t) < MII¢ = Cl|z + pM/ T ds|| 2 = 2 + M p (1 + L)/ ¢(s)ds.
t t
By Gronwall’s inequality

Iz () = 2 @)z < [M|¢ = {lze* 7 + pM/ (=) ds|| 2 — ZJlempMAHLI(E=T)
~ t
< [M[¢ =]z + pMw™|| £ — Z|]e=rMO+L(E=T)
Thus,
12(2)(¢) = () (Qlz < M/e—w<T—S>IIG(z+72(z+>) — G(z*, (1)) | zds
— 00
< pM/ e—w(T—s) (||2(z+) —ZEN|z +|lzT - 2+||Z> ds

<oM [ e [ et - 5z + 12 - B ds

Using the estimates for ||z — Z¥| z we obtain

S pM pM(1+ L) ~ pM?(1+ L) .
I2(2)0) - 22Nz < 2 |14 L LE D g - 5+ L E D1 - Gl
Let
_ M pM(1+ L) pM _ pMP(1+1I)
o= [ ) <0 S
It follows from our choice or p that Iy < ¢ and I < L and
[2(2)(C) — (X)()llz < LIIC - {llz + 91X — Z|. (82)
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The inequalities (81) and (82) imply that ® is a contraction map from the class of
functions that satisfy (78) into itself. Therefore, it has a unique fixed point X* = ®(X*)
in this class.

We now prove that {(zF,X*(2%)) : z¥ € Z*+} is invariant. Let (25,2;,) € W¥(0),
25 = X*(2f). Denote by z*"(t) the solution of the following initial value problem

P =AT 2T+ H(zT, 2% (21)), 21 (0) =z
This defines a curve (277 (t), ¥*(277(¢))), t € R. But the only solution of
F=ATE A GET(), 2 (),
which remains bounded as t — —o0 is
t
0= [ e IGET (), 2 9)ds = 2 0)

Therefore, (2" (t), *(27(t))) is a solution of (74) through (z, z; ) and the invariance is
proved.n

In what follows we will prove that, if H and G satisfy (75) for all (z7,27) € Z with p
suitably small and if (2% (¢),27(t)), t € R is a global solution for (74) lying in W*(0), then
27 (t) = X*(27(t)), for all t € R. To that end we will show that there are constants M > 1
and v > 0 such that

l2=(t) = Z* (=T ()l < MeT" 0127 (to) — Z*(F (o)) |z, to < t. (83)

Making tyg — —oo we obtain that 27 (t) = X*(27(¢)) for each ¢ € R.
Let £(t) = 27 (t) — X*(27(t)) and y*(s,t), s < t be the solution of

gt =Atyt + Hy", X" (y")), s<t
y*(t,t) = 27 (1)

Hence,
ly™(s,8) = =" (s)llz

- ‘ / CAT O [y (0,1), 5 (7 (0.1))) — H(=(6), = (6)))d6

pM/ O [+ D)lly*™(6.6) = 2F ()2 + 1127 (=7(8) — 2~ (6)]z] a9

Z

N

N

M / et (14 L)yt (0,0) — 2F(0)||z + 160) 1 2] db.
If 2(s) = e ||yt (s,t) — 27 ()] 2,
2(s) < pM(1+ L) /t 2(0)do + pM /tew9|g(0)||zd9, s < t.
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Using Gronwall’s Lemma we have

t
[y (s,t) — 27 (s)]| z < pM/ e~ (W PMATENO=9)1¢(6) | zdO, s <t. (84)
Let s <tg <t. Then,

||y+(87 t) _y+(87 tO)”Z
= [T o, ) — 2t 1)

* ‘/ AT (y (0, 1), 27 (5 (0, 1)) — H(y" (0, t0), £ (T (0, t0)))]d0
to zZ
t
< pM2ew(sfto)\/ 67<w7pM(1+L))(07t0)Hf(a)nzd@
to

to
+ pM/ =1+ L)yt (0,1) — yT (0. t0) ]| 20

Using Gronwall’s Lemma we have

t
I+ (s.8) — y* (s.t0)]1z < pM? / ¢~ (0mPMAFLNO=9) ¢(9) | 2do (5)

to

In what follows we use this to estimate £(¢). Note that

e (to) = 27 (1) = (=T (1) — et T (to) — 27 (2* (t0))]

gty —et
= / e G (s), 27 (8))ds — ZF (2T (1) + e T D (2 (1))
_ / AT (G2 (s), 27 (5)) — Gy (s,1), T*(y™ (s,1)))ds

B /0 AEIG (YT (s, 1), 27 (y T (1)) — Gy (s,t0), 27 (v (s, t0))))ds

o0
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Thus, using (84) and (85),

Jefe) —e* g2
t
< oM [ eI 6 =y (5Dl + 127 (6) = £ (5. 0) 2] ds
to
b ML) [ ey (50) — (s t0) | 2ds

—00

N

. t
pM [ e U9 g(s)||zds + pM (1 + L) / e 2 (s) =yt (s,t) ]| 2ds

to tO

to
+ pM(1+1L) / e[yt (s,1) — yt (s, t0) || zds

— 00

N

t
oM / e =9 ||¢(s)|| zds
to

t t
+ PPM*(1+ L) / e"”(t’S)/ e~ (mPMOFENO=9)1¢(6) || zdbds

to S

to t
# AL [ [ OO (o) doas

— 00 t()

N

t
oM / e~ ||¢(s)|| 2ds
to

t 0
+ p2M2(1+L)e—wt/ e—(w—pM(1+L))9||§(0)HZ/ e(2w—pM(1+L))sd8d9

to to

t to
+ p2M3(1+L)€7wt/ ef(wpr(lJrL))O”g(@)Hz/ 6(2w7pM(1+L))Sdsd9

to —00
so that
et —eA etz < [par + LMAELD) / =) ¢ (8)]| 2
e o)llz & |P % — pM(1 + L) toe s)lizas

pPM3(1+ L)

t
—w(t—to) —(w=pM(1+L))(6—to)
s e L I I€(®)] a6

to
and therefore
2M2(14 L) t
w(t—to) t < M t M p— / w(S—tQ) d
DIz < MIEGOlz + |pM o+ 52 s [ e e s
p*M3(1+ L)

t
—(2w—pM(1+L))(s—to) ,w(s—to) d
SRE s / e 1) (5)] zds

t
/ (=10 | (s) | zds.

< MIlE(to) = + [pM+ PMA(1+ L)(1 +M>}

2w — pM(1+ L)
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From Gronwall’s inequality we have that

€)1z < MIIE(to)llz ™74 (86)

where

P’ M?(1+ L)(1+ M)
2w—pM(1+ L)

y=w— |pM +

This proves (83) and consequently z~ () = X*zT(¢t) for all t € R

5.2. Continuity of unstable manifolds

Let Z be a complex Banach space and A, : D(A,) C Z — Z be the generator of a
strongly continuous semigroup {ent . t > 0} of bounded linear operators and that there
are constants M > 1 and @ > 0 such that

HeA"t”L(z) < Me*'. (87)

Let 0,7 = {A € 0(A,) : ReA > 0}. If  is a smooth closed simple curve in p(Ag) N {A € C:
Re) > 0} oriented counterclockwise enclosing oy , assume that there exists 7o such that ~
is in p(A,) and encloses o, for all 0 <7 < no. For 0 <5 <1 let

Q) = Qy(0;) = 55 [T = A,) (38)

= omi

and define ZF = Q,(2) and Z; = (I-Q,)(2), Af = A‘zni' It is clear that Z = ZF @ 2",

that A, generates a strongly continuous semigroup of operators and that .A; € L(Z;‘ ).
Assume that there are constants M > 1 and w > 0, independent of 7, such that

(89)

Aot

Assume that Q,, converges to Qy in L(Z) and that eAntz converges to e”o'z uniformly

for t in bounded intervals of [0,00) and for z in a compact subset of Z and that eAjlrthz
converges to eAs tQpz uniformly for ¢ in bounded intervals of (—oo, 0] and for z in a compact
subset of Z.

Let h : Z — Z be a compact function which satisfies h(0) = 0 and consider the initial
value problem

2= A,z + h(z),

2(0) =2 € Z. (90)

Consider the decomposition of a solution to (90) as z(t) = Q,(2(t)) and z, (t) = (I —
Q,)(z(t)). Then
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2+ = ATt
71 V;‘l z +g(n’zn) (91)
Zny = Z + (n’zn)

Qh(zf +2,) and Gz, 2,) =

where H, (2,5, 2,) =
L>0,0<6<1and p> 0 satisfying (77). Assume that

(I = Qy)h(zf +2,). Let D > 0,

[Hy (27, 2 )|z < p,
||G7](Z'r;7tvzrz)||z < p7~+ o N . 3 . (92)
||HT](27] ) 2y ) - Hﬂ(fn 7%17 )HZ < p(Hzn - “n ||Z + ||Zn - fn ||Z)v
1Gn (275 27) = G (7, B2 < plllzy — 27 llz + N2y — 2 |l2)-

€Z, .

for all 2" € ZF and 2
Then, there exist a function X7
.

PROPOSITION 5.2.
+ _
nen ) -

Assume that the above conditions are satisfied and (77)
Zt — Z., such that the unstable manifold W (0) of the equilibrium solution (z

" )
(0,0) to (91) is given by
W) = {w € 2w = (Qyu, 55(Qyu)}

and for any ¢, € 27, n >0,
TG = / A T=IG, (2 (), T (= (5))) ds.

— 0o

If in addition we suppose that po > 0 is such that
[p]\/[ p?M?(1+ L) <L

w o w@w—pM1+L)| "2

for all p < po, then for any r > 0,
sup {124(2) = Qo(2)llz + 1 25(Q(2)) — 5 (Qol(=

|\Z|\2<T

Nz} — %0

Proof: Note that
25(Qo(2)llz <[127(24(2)) — 27(2,Q0(2))| 2

1273(@n(2)) =
+ 1123(20Q0(2)) = 26(Q0(2)) |2
Qo(2)llz + [127(2Q0(2)) = 25(Qo(2))] 2

< L|[Qn(2) —
and from the uniform convergence of resolvents that
—0
sup [Q,(2) = Qo(2)|lz == 0.
z€EZ
=z <r
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It remains to prove that

* * —0
sup [ 25(Qn(2)) = Z5(2)[lz = 0.
zEZJ’
llzllz<r

Let z € Z; with [|z]|z < r, then

T T

55(Qy2) — Z5(Qo2) = / AT CIG (2, £1(2))ds - / A0 TGy (2, 3 (2))ds

— 0o — 00

e TN — Q)h(zy, X (21))ds */ e 71 — Qo) , T (= ))ds

= [ @ s [ AU QU@ s

T

Ao (1 — Q) Q= Ty () ds

_l’_
—

[P @) A T - 00)] (1 - @)h(e, By (s

A I = Qo) [(1 = @)z, Zy(=1) = (I = Qe , S (=) ds

1
— T

3

T

Ao (1 — Qo) Qb= T (=) ds

J’_
—

— 00

Let

L(n) = [ ) (AT = @) = e I = Q)| (1 = @)h(=, Zy(2H))ds

Iy(n) = /T e 71— Qo) [(I — Qu)hlzf, Ty (1)) — (I — Qu)hla, Zg (=) ds

—0o0

I3(n) :/ e TN — Qo) Qi X5 (=) ds

Since f is a bounded map and since (I — Q,) Qo converges to zero in the uniform operator
topology we have that I3 converges to zero uniformly in z € Z. To see that I3 converges to
zero uniformly for z € Z with ||z]|z < r it is enough to note that we have convergence of
the linear semigroups uniformly in compact subsets of Z, uniform exponential decay rates
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and that f is a bounded and compact map. Also note that

2]z < PM/ e T |I24(s) — 28 (9)llz + |25 (25 (5)) — T (24 (5)) ]| 2] ds
< pM/ e (T [(1+ LD)|lzf(s) = 25 ()l z + [125(Qnzg (s) — X5 (25 ()| 2] ds
< oM D) [ e (s) | pds + P s
< pM(1+ L) e llz; (5) — 25 ()]l z 5+7|H w20l

where

12 = Z5ll- = sup  [|Z5(Qyzg) — Z5(25)llz-
ZJEZJ
25 lz<r

After these we obtain that

125(Q02) = £5(Qo2)l|; < o(1) + £3 15 — il
MU+ L) [ e D (s) (5 zds

— 00

(93)

To prove that I5(n) converges to zero uniformly for z € Z with ||z||z < r we need to
estimate

sup  sup |1z (8) — 2 (H)l2
leiser ST

To prove this we first note that

t
z;f(t) — A (t=7) Q,z +/ eAr (t=9) th(zﬁ(s), E:;(zn*(s)))ds

T

Proceeding as in the proof of (97) we obtain that
25 (0|2 < M= PMAFENET Q2] 2. (94)

When 1 = 0 we may assume, without loss of generality, that M = 1.
It remains to estimate ||z, (t) — z5 (¢)||z. Note that

ey () =z ()12 < [AH4770,z — A 0y
zZ

+ \ [ [ 0uh (). 25 (s1)ds = 4549 Qo (5), Z e (5)) ] ds

zZ
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so that

12y (1) =25 ()] =

< e.A;I*'(th) an o e.Ag'(th) QOZH
zZ

t
+ / (4100, — AT =0 Qg | h(=f (5), T (=4 (s)))ds

zZ

+ / A0, [z (s), T (5 ())ds — bz (s), T (= (5)))] ds

zZ

< o(1) +pM /; U Iz (s) = s§ ()2 + 1125 (25 () — 5 (25 ()1 2] ds

N

pM * * i w(t—s
o) + 5 = Sl + oM+ 1) [ e (5) = 5 ()] 2.
Using Gronwall’s inequality we obtain that
pM . * w— —r
2, () — 25 ()]l 2z < {0(1) + 7|||2,7 - H (w—pM(1+L))(t—7) (95)

Applying (95) to (93) we obtain that

125(Qn2) =Z5(Qo2)ll2 < o(1) + 251 2 — Tl
+pM (1 +L)/ e (GumpMAFL)(T=) [0(1) + 2z - Ea‘ln,} s (96)

M > 2M2(14+L * *
<o(1) + [ 4 MR S 1Dy — Zsle

From these it follows that
* * 1 * *
125 = 251l < o(1) + 5127 = Zoll

and the result is proved.

5.3. Conclusion

In this section we use the results in Section 5.1 and Section 5.2 to obtain the existence
and continuity of local unstable manifolds for the case when h is only a continuously
differentiable compact function.

Let Z be a complex Banach space and A : D(A) C Z — Z be the generator of a
strongly continuous semigroup {e”* : ¢ > 0} of bounded linear operators such that the
set ot = {X € o(A) : ReX > 0} is compact. Let Q be given by (70), Z* = Q(Z2),
Z= = (- Q)(Z) and AT = A_,. Tt is clear that Z = Z* @ Z~, that A~ generates a
strongly continuous semigroup of operators, that A* € L(ZT) and assume (71).

Let h : Z — Z be a continuously differentiable function which satisfies h(0) = 0 and
h'(0) =0 € L(Z) and consider the initial value problem (72)
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PROPOSITION 5.3.  Assume that the above conditions are satisfied. Then, there exist a
neighborhood V of z = 0 in Z and a function X* : ZT — Z~, such that the local unstable
manifold W _(0) is given by

Wi (0)=W*0)NV ={weV:w=(Quw,X*(Quw))}.

Proof: According to Remark 5.1 and Proposition 5.1, we only need to ensure that, given
d > 0 there is 0 < ¢ < 6 such that any solution (27 (t),z7(¢)) on the unstable manifold
which satisfies ||z (to)||z + ||z~ (to)||z < &’ satisfies |27 (¢)||z+ ]z~ (t)||z < d, for all t < to.
It is easy to see from the fact that 27 (t) is the solution of

= ATt + HT, 25 (2 (1)), t<to,
and from the variation of constants formula that
2 ()| 2 < MelomPMAFENE=t0) |24 (1) 2 (97)

and
Iz~ (@®)llz = | Z*(zF ()| 2 < MLl PMIFENE=0) |23 (1) 7.

The proof now follows easily.

Let Z be as above and A,, : D(A,) C Z — Z be the generator of a strongly continuous
semigroup {e“* : t > 0} of bounded linear operators satisfying (87), n > 0.

Assume also that the set 0,7 = {\ € 0(A,) : ReA > 0} is compact and bounded uniformly
in 7 and that (89) holds. Let Q, be given by (88), ZF = Q,(2), 2, = (I — Q,)(Z) and

Aﬁ = .A|Z .- Tt is clear that Z = ZF @ Z, that A, generates a strongly continuous
n

semigroup of operators and that A} € L(ZF).

Assume that Q,, converges to Qg in L(Z) and that e?n*z converges to e

z uniformly
for t in bounded intervals of [0,00) and for z in a compact subset of Z and that eAjlrthz

converges to eAd £Qpz uniformly for ¢ in bounded intervals of (—oc, 0] and for z in a compact
subset of Z.

Let h : Z — Z be a continuously differentiable compact function which satisfies h(0) = 0
and h'(0) =0 € L(Z). If we consider the initial value problem (90) then, as a consequence
of Proposition 5.3, the following result holds

PROPOSITION 5.4. Assume that the above conditions are satisfied and that (77) holds.
Then, for each n > 0, there exist a neighborhood V' of z = 0 in Z (independent of n) and
a function X} : Z5 — Z,°, such that the local unstable manifold W' . := Wy(0) NV is
given by

m1oc(0) ={w €V :w = (Quu, L3 (Qyw))}
and for any ¢, € Z;, n =0,
55(Cy) = /_ A TG, (2 (), T (= (5))) ds.
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If in addition we suppose that pg > 0 is such that

pM pPMP(1+L) ] _1
w o w@w—pMA+L)| "2

for all p < po, then for any r > 0,

10.

11.

12.

13.

14.
15.

16.
17.
18.

19.

n—0

sup {124(2) = Qo ()l z + 1252 (2)) = X5(Qo(2))llz} —

REFERENCES

. J. M. Arrieta and A. N. Carvalho, Spectral convergence and nonlinear dynamics of reaction-diffusion
equations under perturbations of the domain, Journal of Differential Equations, 199(1), pp. 143-178,
(2004).

. J. M. Arietta, A. N. Carvalho, J. K. Hale, A damped hyperbolic equation with critical exponent, Comm.

Partial Differential Equations, 17, 5&6, 841-866 (1992).

A. V. Babin, M. I. Vishik, Attractors for Evolution Equtions, North Holland, Amsterdam, 1992.

. S. M. Bruschi, Discretizagdo de problemas semilineares dissipativos parabdlicos e hiperbdlicos em
dominios unidimensionais, Tese de Doutorado, USP-Sao Carlos, Julho 2000.

. A. N. Carvalho, J. W. Cholewa, Local well posedness for strongly damped wave equations with critical
nonlinearities, Bull. Austral. Math. Soc. 66, 443-463, (2002).

. A. N. Carvalho, J. W. Cholewa, Attractors for strongly damped wave equations with critical nonlin-
earities, Pacific J. Math. 207, 287-310 (2002).

. A. N. Carvalho, G. Hines, Lower semicontinuity of unstable manifolds for gradient systems, Dynam.
Systems Appl., 9, 33-50 (2000).

. A. N. Carvalho, S. Piskarev, A general approximation scheme for attractors of abstract parabolic
problems, Preprint.

. S. Chen, R. Triggiani, Proof of extension of two conjectures on structural damping for elastic systems,
Pacific J. Math. 136, 15-55 (1989).

J. W. Cholewa, Tomasz Dlotko, Global Attractors in Abstract Parabolic Problems, Cambridge Univer-
sity Press, Cambridge, 2000.

J. W. Cholewa, Tomasz Dlotko, Strongly damped wave equation in uniform spaces, Nonlinear Analysis,
article in press.

W.A. Coppel, Dichotomies in Stability Theory, Lecture Notes in Mathematics 629, Springer Verlag,
1978

K.-J. Engel, R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, Springer, New York,
2000.

J. K. Hale, Asymptotic Behavior of Dissipative Systems, AMS, Providence, R. I., 1988.

J. K. Hale, G. Raugel, Lower semicontinuity of attractors of gradient systems and applications, Ann.
Mat. Pura Appl. 154, 281-326 (1989).

D. Henry, Geometric Theory of Semilinear Parabolic Equations, Springer, Berlin, 1981.
T. Kato, Perturbation Theory for Linear Operators, Springer, Berlin, 1980.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer,
New York, 1983.

G. F. Webb, Existence and asymptotic behavior for a strongly damped nonlinear wave equation, Canad.
J. Math. 32, 631-643 (1980).

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



