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In this paper we study the continuity of asymptotics of semilinear parabolic
problems of the form

ut — div(p(z)Vu) + Au = f(u)

in a bounded smooth domain Q C R™ and Dirichlet boundary conditions when
the diffusion coefficient p becomes large in a subregion €2¢ which is interior to
the physical domain 2. We prove, under suitable assumptions, that the family
of attractors behave upper and lower-semicontinuously as the diffusion blows
up in Q0.  May, 2006 ICMC-USP

1. INTRODUCTION

In this paper we consider semilinear parabolic problems of the form

uf — div(pe(z)Vus) + duf = f(u€), in
u® =0, in 092 (1)
ut(0) = ug,
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2 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

where  C R™ is a bounded smooth domain and € € (0, o] is a parameter. The parameter
€ represents the fact that, as e goes to zero, the diffusivity p. becomes very large in a
region 2y which is interior to €2. This situation can be seen in models for heat conduction
in composite materials where heat may diffuse much faster in one parte of the region than
in others.

Such problems have been studied previously in [10], where the author studies the linear
theory, and in [4], where the authors study the above semilinear problem and obtain the
upper semicontinuity of attractors. In [5], the authors prove the continuity of attractors for
n = 1 exploiting the fact that the linear operators involved have spectrum with large gaps
which allow them to study the continuity properties of the attractors from the continuity
properties of exponentially attracting invariant manifolds where the attractors lie. This
procedure cannot be applied for n > 1 for the spectrum of the linear operators no longer
present large gaps. Here we prove the lower-semicontinuity of attractors for the case n > 1.

In order to state the main results proved in this paper we introduce some terminology
and for that we follow closely [10].

Let o be a smooth sub-domain of Q such that Qo C Q. Let m € N be the number of

m — —
connected components of Qp = J Q; and assume that Qg ,; N Q; = 0 if ¢ # j. Denote
i=1

Ql = Q\Qo, I'= 8(2, FO,i = 89071', for i = 1, e, M, and FO = U FO,;‘-
i=1

i=

The diffusivity p. : 2 C R®™ — R is assumed to be a bounded smooth function in €2,
satisfying 0 < mg < pe(z) < M, for all x € Q and 0 < € < ¢. In addition, assume that
diffusion becomes large in )y as € — 0, more precisely

pl(z), uniformly on 2, (p € C* (@, (0, 00)));
0, uniformly on compact subsets of .

pe(z) — {

In what follows we derive heuristically the limiting problem to (1). So we will try to
present arguments based on intuition and rather than provide exact proofs. The proof
that it is in fact the limiting problem will be done throughout the paper. To simplify the
presentation let us assume for the moment that m = 1.

Since large diffusivity implies fast homogenization, we expect that, for small values of ¢,
the solutions of the problem (1) become approximately constant on §y. For this reason,
suppose that u¢ converges to u as € — 0, in some sense, and that u takes a time dependent
spatially constant on g, which we will denote by uq, (¢).

If we formally take the limit in problem (1), we expect that, inside €2y, the function u
satisfies

{ w — div (p(z)Vu) + du= f(u) in O
u=0 in I".

Note that since limit function u is in H'(Q), its constant value ug, in £y may not be
arbitrary. Integrating the equation in €y and using the inward normal in the integration
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PARABOLIC PROBLEMS WITH LOCALIZED LARGE DIFFUSION 3

by parts, it follows that

ou

/uj(:c,t)dx + /pe(x)a—ﬁedx + )\/ue(x,t)dx = Qointf(ue(x,t))dx.

Qo To Qo

Taking the limit as ¢ — 0 and dividing both sides by ||, we have the ordinary differential
equation

10y (1) + a7 [ (2) o+ N (1) = f (s (1)

UQO |Qo‘ p\r 8T_i X UQO = UQO 5

To

which is an equation relating the total heat flow from Q; to € through Iy with the total
heat input in Qq. It also relates the value of ug, with the values of w in €; through the
integral term along I'y.

Therefore, when m > 1, the limiting problem should be

up — div(p(z)Vu) + du = f(u) in Q,
u=0 in T
Uy, = U, inQoi=1---,m o
S Ou . 2
UQy ; + m /p(-’l?)% + Aqu,i = f(uQO,i) 1= 1, cee,m

Lo,
u(0) = up.

Now that we have established the limit problem we can study the local and global
well posedness of (1) and (2). To that end we introduce some more terminology to be
able to write (1) and (2) as abstract equations in Banach spaces. Let X = L?(Q) and
Ac: D(A.) C X — X be the operator defined by

D(Ae) = {u e H(Q) : —div(pe(z)Vu) € X, u=0in T},
Acu = —div(pe(x)Vu) + Au, u € D(A.).

In the same way, let Xo = L3 () := {u € X : uis constant in Qo}, H, (Q) = {u €
H}(Q) : Vu=0in Q} and Ag : D(Ag) C Xo — Xo be the operator defined by

D(Ap) = {u € Hy,, (Q) : —div(p(z)Vu) € L*(Q), u=0inT},

. G ou
AOu:(_dlv(pvu)+)‘u)Xﬂl+ Z|QO | /p% + )\uﬂo,i XQo,ir U € D(AO)v
i=11"""

To,i

where x g is the characteristic function of the set B.
It is easy to see that A. is a positive self-adjoint operator with compact resolvent, € €
(0, €0]. It is shown in [10] that Ay is a positive self-adjoint operator with compact resolvent.
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4 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

Hence, we can define the fractional power spaces X associated to the operators A., 0 <
1
e<e and 0 < a <1, X2 = H}(Q) with the inner product

@) = [ 290-Vox [ o0,

€

and XO% = H{, () with the inner product

(6.0) 3 = /Q pewww/gw.

0

Also, for the analytic semigroups generated by —A., 0 < € < 1, we have that
—A, -8,
le t||L(Xg,X§) <Ot P ()

with C independent of e. Now we give conditions under which the problems (1) and (2) are
locally well posed. To that end we must assume some growth condition on the nonlinearity
f. In fact we assume that, if N = 2, for every > 0 there is a ¢, > 0 such that

1f(w) — f(0)] < en(e + e — 0|, Vu,veR (4)
and if N > 3, there is a constant ¢ > 0 such that
(@) = F0)] < clu—v|(jul 7= + 0| 7= +1), Yu,veR. (5)

1
Under these assumptions the problems (1), € € (0, ¢y] and (2) are locally well posed in X2

1
and X, respectively.
We write (1) and (2) abstractly as

W+ Acut = f(uf)

1 (6)
u’(0) =u§ € X2, €€]0,e]
where f also denotes the Nemitiskii map associated to f. Following [3] we obtain the local
well posedness of (6).

DEFINITION 1.1.  Let Z be a Banach space, we say that a family {T'(¢t) : Z — Z : t > 0}
is a continuous semigroup if T(t + s) = T(t)T(s) for all t,s > 0, T(0) = I and [0,00) X
Z 3 (t,z) — T(t)z € Z is continuous. We say that A attracts C under the semigroup

t—o0

{T(t) : t >0} if sup ir€1£||T(t)c —al|lz — 0. A set A C Z is said to be a global attractor
ceCa

for the semigroup {7T'(¢) : t > 0} if it is compact, invariant and attracts any bounded sets
of Z under the semigroup (see [8]).
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PARABOLIC PROBLEMS WITH LOCALIZED LARGE DIFFUSION )

To obtain the global existence and the existence of attractors we also assume that f
satisfies the dissipativeness assumption

f(w)

lim sup < 0, (7)

[u|—o0

and following [2] we obtain the local and global well posedness.
1
For any u§ € X2 and € € [0, o], the solution u(t,u§) of (6) starting at u§ exists for all
1

t > 0. Therefore, we can define in X2 the semigroup {T¢(t) : ¢t > 0} associated to (6) by
T.(t)u§ = uc(t,u§), t = 0. To simplify we will denote the solution u®(t,ud) by u(t, ug).

The existence of attractors and uniform bounds for the semigroups {T.(t) : t > 0}
associated to (6), € € [0, ¢g] are also established in [2]. In fact we have

THEOREM 1.1. The semigroup {T.(t) : t > 0} associated to (1), € € [0, ¢€g], has a global

1
attractor, A., in X if € € [0,€]. Furthermore

sup sup ||w] 1 < o0

1
e€[0, eg] wEA. xé

and

sup  sup [|w|| pe gy < 00
e€[0, 9] wEA.

Proof: The local existence follows from [3], the existence of global attractors as well as
the uniform L°°() bound follows from [2]. After this, we can assume without loss of
generality that f is globally Lipschitz and globally bounded. To obtain the remaining
uniform estimate we can proceed as usual employing the variation of constants formula
and (3). |

Hereafter we assume, without loss of generality, that f is bounded with bounded deriva-
tives up to second order.

1 1 1 ~
Of course X§ is a closed subspace of X& and if u € X, then |ul| ; =9 Jull 3. We
X! X¢
11 1 _
say that a sequence {u‘} with u® € X2, X2 —converges to v € X7 if |Ju® — u||X i |

1
2
€

1 1
and we say that {u®} weakly—XZ —converges to u € X7 if

/ pVu Vo + A\ [ uop — pVuVeo + )\/ up, Vo e Xeé.
Q Q Q

Q

1 1
We note that {u¢} X2-converges to u € X7 if, and only if,

/ p6|Vu€—Vu|2+)\/(uE—u)2 <%0 and / pe|Vue|? “~9%0.
Q1 Q Q
By upper and lower semicontinuity of a family of sets we understand the following:
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6 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

1 1 1
DEFINITION 1.2.  Denoting by d.(-,) : X& x X2 — R™ the metric in X2 induced by
the norm, we say that:

e—0

(a) the family {A. : € € (0, €]} is upper semicontinuous at € = 0 if sup de(u, Ag) — 0.
ucAc

(b) the family {A. : € € (0, €]} is lower semicontinuous at € = 0 if sup dc(u,.A.) %0.
u€Ag

In this paper we prove upper and lower semicontinuity of the attractors A, for the
semigroups {T(t) : t > 0} associated to (6), 0 < € < €g, when € — 0, from the continuity
properties of the linear operators involved.

This paper is organized as follows. In Section 2, we obtain the spectral convergence of
the linear operators. Next, just requiring the compact convergence of the linear operators,
we obtain the convergence of the resolvent operators and a type of Trotter-Kato Approx-
imation Theorem for linear semigroups. In Section 3 we prove, using the Variation of
Constants Formula and the results on the linear semigroups of Section 2, that the family of
nonlinear semigroups {7¢(t) : ¢t > 0} associated to (1) is continuous in € at € = 0 in compact
intervals of (0,00). From this we prove the upper semicontinuity of attractors and upper
semicontinuity of the set of equilibria. In Section 4 we prove the continuity of the set of
equilibria. Finally, in the Section 5, we show lower semicontinuity of attractors using the
continuity of linear semigroups associated to the linearization around equilibrium points
and the continuity of local unstable manifolds of the equilibrium points as € — 0.

2. LINEAR THEORY

In this section we introduce the notion of compact convergence and show that A1, € €
[0, €0, converges compactly as ¢ — 0. Then we apply these results to obtain continuity
of the spectrum and convergence of the linear semigroups generated by A.. For that we
follow [10] and [6].

We assume that X is a Banach space and that X is a closed subspace of X.

DerFNITION 2.1.  (Convergence). We say that a family of operators {S. € L(X) :
e € (0,e0]} converges to S € L(Xp) as e — 01if X 5 Sv° % Sv € X, whenever

e—0 e—0

X 5 v° — v € Xj, and we denote this convergence by S, — S.

Remark 2. 1. Note that the convergence above is not just strong convergence in X
since the limit vector is in a specified subspace Xy of X. Much more general situations
can be seen in [6].
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PARABOLIC PROBLEMS WITH LOCALIZED LARGE DIFFUSION 7

DEFINITION 2.2. (Compact Convergence). We will say that a family of compact oper-
ators

{S.e L(X):e€(0,e0]}

compactly converges to S € L(Xp) if S, % S and for any bounded family {v¢ € X : ¢ €

(0, €0]}, there is a sequence {e,}, ¢, "—> 0, such that {S., v., } converges to an element of
Xo.

LEMMA 2.1. Suppose that {S. € L(X) : € € (0,e0]} compactly converges to S € L(Xo)
as € — 0 and, furthermore, that N(I + S) = {0}. Then there are constants € and M > 0
such that

<M, foralle € (0,g. (1)

I+ 807 2x) <

Proof: Because S, is compact for every e € [0, €], the estimate (1) is equivalent to say
that

1
(I 4+ S)u|lx > i Ve € (0,¢] and Yu® € X with |[uf|| = 1.

Suppose that this is not true; that is, suppose that there is a sequence {u, }, with u,, € X,
lun|| = 1 and €, — 0 such that [|[(I + S, )un||x — 0. Since {Sc, u,} has a convergent
subsequence, which we again denote by {Se, un}, to u € Xo, |Ju|| = 1, then u, + S, un — 0
and u, — —u. This 1mphes that (I + .5 )u = 0 contradicting our hypothe51s |
We denote by X, H the dual space of X , 0 < € < €. Since Xo2 is a closed subspace of
1 1
Xf given f. € X, ? we have that f. is a bounded linear functional defined in X2 and its
1 1
restriction to X7 (which we again denote by f.) is an element of X, 2. Given a sequence
1
{€n} which converges to zero, a sequence {f., } with f. € Xén and fy € X we say that

fe, — foif |Ife, — f0||X,% "% 0 and f., (ue,) — fo(u) whenever u,, Xﬁn —converges to
0
u.
Our next result assures that the family of solutions of the elliptic problem associated to

(1) converges to a solution of the elliptic problem associated to (2) as € — 0.

THEOREM 2.1. Let {e,} be a sequence in (0, €] which converges to zero, {fc, } with
fe, € X% such that er"”)f% < 1 for all n and {u.,} such that Ac ue, = fe,. Then,

€n
€n

1
there is a subsequence of {ue,, }, which we again denote by {uc,}, and u € XO such that
{uen} converges to u X"‘ weakly and strongly in X . Furthermore if {fe,} C Xe z converges
X;f—weakly to f € X, 2, then {u,} converges tou X2 —weakly and strongly in X, where
u 18 the solution of

Aou = f
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8 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

Proof: First note that if || f.,

_1 < 1 there is a constant M such that || fe, || _1
X2 X, 2

Hence, there is a fy € Xo_% such that f., (¢o) "= fo(po) for all ¢y € Xd%. It is easy to

1

see that f. (¢c,) — fo(do) whenever {¢., } X2 —converges to ¢y.
Note that

< M.

2 2 2
= \Y d A dr <
ey = [ pea @V, Pl A P <y g

and therefore ||uc, || < 1.

€

Since 0 < mg < p€(£), for all z € Q and for all 0 < € < €g, we have that

<1

2
€n

mo |Vu£n |2 dr 4+ \ |uen |2 dx < ||u€n ||2
Q Q

that is, {||u€n ||H1(Q)} is bounded. Hence, there are a subsequence {uenk } and u € H'(Q)

k—oo

such that u, — u weakly in H'(Q) and strongly in L*(Q). It is easy to see that u,, —

2dx <

u weakly in H'(K) for any open set K with K CC 2. Then, it follows that /|Vu€n
K

lim iélf/|VuEn |? dz. On the other hand, for some M > 0,
K

inf (., ()} [IVu,Pdo< [po,@)IVa, Pde <01
K K

and, since p., — oo uniformly on compact subsets of €2, we have that hn’(l) / [Vue, |2 dx = 0.
e—
K
So, / |Vu|? = 0, for all K CC Q. Consequently, u is constant in K for all K CC Q.
K

o} 1
From this and from the fact that Qg = |J K, , we obtain that v € X§.
i=1
K;CCQ
1 1 1
Assume that X7, 3 ¢, X7, -converges to ¢o € X . It follows that ¢, converges to ¢g

n—oo

in X and since u., — u in X, it follows that [ uc, ¢, dv — [ ugdz (in particular if

Q Q
be,, = ¢ for all n € N). Hence,
/ Pe, (#)Vue, Ve, du + / Nie, b, dz == | p(x)VuVeo dx + / Augo dz.
(o o o, o
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PARABOLIC PROBLEMS WITH LOCALIZED LARGE DIFFUSION 9

1
In this manner, if ¢ € X,

/pen (2)Vu,, Vo dr + / A, pdr = / Pe, ()Vu,, Vo dr + / Aue, ¢ dx
Q Q Q

Q1

— p(m)VuVanx—k/Auqu:v,
of) Q

and, from A u., = f., and from the convergence (f. ,¢) — (f,¢), it follows that
(Aou, @) = (f, ¢), for every ¢ € X7, that is,

(Aou, @) :/ p(m)VuVédx—i—/)\uqbdx = (f, 9).
Q Q
For f € Xy we have that
0 :/ p(x)VuVeo + [ dugdx —/ f¢+/ )\uqﬁ—/ fo, Voe XO%. (2)
Q Q1 (951 Qo Qo
And if ¢ € CH() C XO%, then pu,, € H'(Q1), 1 <j < N, and
0=/ p(x)VquH—/ Aug dx — fo
Q4 Q1 231

:_/ div(pvu)¢dx+/ Aug — [ fo.
o Q4 Qq

This implies that
—div(pVu) + Au = f almost everywhere in ;. (3)

Using (3) and integrating by parts in (2) we have that

ou ou
= — Augp — = — + Q0| — |9
0 mod)o% +/QO up o, fo = oaq, </890 o + Q0] Mug, — | o|fszo>
and
1 ou
— — 4+ A = .
Q0] Jag, On o = fa
The proof is complete. |

From compact convergence of resolvents we can obtain spectral convergence and the
convergence of the projections associated to determined part of the spectrum, which allows
us to show that unstable manifolds have the same dimension.

THEOREM 2.2. The family {Ae_1 X = X,0<e< 60} compactly converges to Aal :
XO — Xo.
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10 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

-

1 _1
Proof: Let {h}CXsuchthath —>h€X0 in X. Then X¢ > 3 he — h € X, ? and
{||he || _1 } is bounded. Since A, X2 — Xe % isan isomorphism, we have AZ1h, := u¢ €

Xe

1 1
X2 . Furthermore, from Theorem 2.1, there exists u € X7 such that {u‘} converges to u

Xé -weakly and strongly in X where Agu = h. Therefore,
A7 he =% A5 hin X,

and we obtain the convergence A, ~' =% AZ 1.
Next we show that the family {A X5 X 0<e< 60} is collectively compact. For

_1 1
each 0 < € < ¢ fixed, the operator A.7" : X — X is compact, since AE_1 X 2 — X2

is an isomorphism and X¢ ] — X compactly. Let {g.} be a bounded sequence in X. It
follows that {||ge||X,%} is bounded and, if v¢ is such that A.v° = g, we have

/Q pe(@)| Vo[ di + /Q Ao de = (geo®) < llal 3 1y

and ||v6||X%} is bounded and {v¢} has a convergent subsequence in X to u € XO,

concluding the proof. |

2.1. Spectral convergence

The spectral behavior of the linear operators plays a fundamental role in the study of the
nonlinear dynamics of semilinear parabolic problems. Next we prove compact convergence
of resolvents and as a consequence we prove that eigenvalues and eigenfunctions of A,
converge as € — 0 to the eigenvalues and eigenfunctions of the linear operators Ay. This
is proved in [10] but here is a direct consequence of the compact convergence.

LEMMA 2.2, For any p € p(—Ao), there exists €, such that p € p(—Ac), for all € €
(0,€,], and
sup |[(p+ A7t < 0.
S| lzcx)
Furthermore, (u+ A)~1 compactly converges to (u+ Ao)~! as e — 0. From this we obtain
that sup¢ (g, [|[Ae(p + A) Ml zx) < 00 and consequently

A~ 4. < oo
(0 ot 297z <0

Proof: Let y € p(—Ap). Then the equality (u + Ag) = Ao(I + pAg™") implies the
existence of (I+ Ay~ ")~!. From Lemma 2.1, there is €, € (0, ¢9] such that (I+pA.~')~?
is well-defined, for all € € (0,¢,], and it is uniformly bounded. Thus, (u + A.)~! =
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PARABOLIC PROBLEMS WITH LOCALIZED LARGE DIFFUSION 11

(I+pA )" A~ exists. Since AZ! compactly converges to Ay ' as € — 0, we have that
{IIAZ*|| : € € (0,€,]} is bounded. Hence, the limitation of {(I+pA;')™':0<e<e,}
allows us to conclude that (u+ A.)~! compactly converges to (1 + Ag)~! as e — 0. |

COROLLARY 2.1. Given a compact subset K of p(Ap), there exists ex such that K C
p(Ae) for 0 < e < ek and

sup sup sup ||(u+A€)*1H£(X,Xg) < 00. (4)
a€l0,1] e€(0,ex ] pEK

Furthermore, if J is a compact subset of Xy, we have

sup [[ (5 + A) 71 = (u+ Ao) ]|y =2o. (5)
he's

Proof: We first prove that

sup sup ||(px+ Ae)_lﬂﬁ(x) < 0.
e€(0,ex| HEK

Suppose that there are sequences €, — 0 and u, € K such that N(u, + A, ) # {0}. We
may assume, taking subsequences if necessary, that u, — u € K. Since unA;ll converges
compactly to pAy ! we have a contradiction with Lemma 2.1. Thus, there is ex > 0 such
that K C p(A.) for all 0 < € < ex. To prove the uniform bound we proceed in a similar
manner taking sequences €, — 0 and u, € K with pu, — p € K such that

| (ke + Aen)_lH — 0.

Again we obtain a contradiction from the compact convergence of unA;Ll to pAyt. To
conclude the proof of (4) we note that

A(p+A) =T —plp+A)~" (6)

and apply the Momentum Inequality. The proof of (5) is obtained in the following manner.
Let u¢ = (u+ A) 71 f and u = (u+ Ag)~1f, then

/peIVuEIQ (/\+u/ /fu
/911)6Vu Vu+()\+u)/uu—/fu
/lewuz (Aw/ /fu
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12 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

Hence

[ =) :/Qpe|vw|2—/le|w2+<x+u>/gu€2—<A+u>/<u>2

Q

=/p€|w—Vu|2+<A+m/<uf—u>2—/ (pe — p)|Vu?

Q Q Q1

+2/ pGVuE-Vu—i—Q()\—&—/A)/ueu—Z/ p|Vu|2—2()\+u)/(u)2
Q1 Q Q1 Q

- / pelVu — Vul® + (A + ) / (u — u)? / (pe — PVl
Q Q 4

Now the result follows from the fact that sup|u® — ul|x — 0, p. — p uniformly in Q; and
feJ

sup | |Vu|? < . i
resJa,

1 1
LEMMA 2.3. Assume that {u$} XZ—converges tou, € X¢ and that 0 ¢ o(Ao— f'(us)).
Then, for any 0 < 0 < 1, there is € € (0,€q] such that

{(A)7(Ac = F/(ue) ™' 0< e < o)

is collectively compact, uniformly bounded and (Ac)?(Ae — f'(us))™! =9 (A0)?(Ag —
fu)) ™

Proof: Note that A (A —f"(u$))™" = (I—f"(uS)A7")~" and that N(I—f'(u.) Ay ") = {0}.

€

If there is a sequence 2¢ with [|2¢||x = 1 such that (I — f'(u$)A;1)2¢ = 0, then from

1 1 -
Corollary (2.1) there is w € XZ such that {A712} X2 —converges to w. Consequently
fr(u)A- 2 — f(ux)w in X and 2¢ — 2z = f/(u,)w. This implies that f/(u$)A-1z¢ —
f'(us) Atz in X, ||2]|x = 1 and

(- f'(u)Ay")z =0,

contradicting the assumption N(I— f’(u.) Ay ") = {0}. Hence (I— f'(u$)A; ") has bounded
inverse for suitably small €. To prove that (I — f'(u$)A-1)~! is bounded uniformly we
proceed in a similar manner assuming that there is a sequence z¢ with ||2¢]|x = 1 and
such that (I — f/'(u$)A-1)2¢ — 0. Using compact convergence and proceeding as above we
obtain a contradiction with N(I — f'(u.)Ay") = {0}.

It is easy to see that (A, — f'(uS))™t = AZY(I — f'(u$)A-1)~! is bounded uniformly in
€ and the proof of the lemma follows from Moment’s inequality. |

With this, given a closed, simple and rectifiable curve v in p(Ag) around pg € o(Ap),
oriented counterclockwise we have that there is €, > 0 such that v isin p(A.) for 0 < € < e,.
Define

Qo) = % /(A + A)7tdA
Y
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PARABOLIC PROBLEMS WITH LOCALIZED LARGE DIFFUSION 13

and W(p, —Ae) = Qc(10)X, 0 < € <e,.
THEOREM 2.3. The following statements hold:

(i)For any po € o(—Ao), there are sequences €, — 0 and {pn}, pn € 0(—Ac,),n € N,
such that p, — po as n — oo.

(i)If for some sequence €, — 0, onde has p, — po as n — oo, with w, € oc(—A
N, then pg € o(—Ao).

(#ii) There is €g > 0 such that dim W (u, —A.) = dim W (p, —Ap), for all 0 < € < €.

(iv)For any u € W(uo, —Ao), there is a sequence {u¢}, u® € Wug,—A.), such that

e €0
u —> Uu.

), €

€n

(v)For any sequence €, — 0, the sequence {un},un, € Wy, —A., ), n € N, with ||u, ||y =
1, has a convergent subsequence and any limit point of this sequence belongs to W (g, —Ao).

Proof: (i) Let uo € o(—Ap) and consider U = U(po,6) = {pr € C: |u — po| < 6}, where
0 is chosen such that U No(—Ap) = {uo} . Our aim is to show that there exists € € (0, €]
such that U No(—A.) # @, for all € € (0, €.

is bounded for eu € U, since contradiction, that there are

Suppose that U C p(—A.),e € (0,€. The function y — (I + pA-*)~! is holomorphic,
for all p € OU. So, it follows from Maximum Modulus Theorem that

(1 +poA7H) 7Y < max ||(I+pAZD) 7Y < sup ||(T+pA7Y) 7 =C < o,

|[p—pol=4 l—pg =6
e€(0,e0]

for some constant C' > 0. Therefore, for u € X and ¢, — 0, we obtain

lull = [[(7 + poAZH) ™I + moAZ Nul| < C[[(1+ poAZ |,

€n

1
and then H(I—i—qual)uH > ol llul| and o € p(—Ap), a contradiction. Hence, U(po,0)

contains some point of o(—A,), for € appropriately small.
(ii) Consider the sequences €, — 0 and {p,},un € o(—A.,), such that u, — po as
n — oo. Let {u,} C X, with [Ju,| =1 and (I + p, AZ")uy = 0. Then

I + o AZ un| < [|(1 = i) AT e[| = 0

as n — oo. Since {A_! : n € N} is collectively compact and [|u,|| = 1, taking subsequences
if necessary, we obtain that pg(A., ) *u, — v and u,, — —v, ||v|| = 1. Therefore, (I +
oAy v =0, ||lv]| =1, that is, u € o(—Ap).

(iii) Let us see that there is € such that rank (Q.(uo)) > rank (Qo(u0)), € € (0,€. Let
{v1,-+-, v} be a basis for W (g, —Ag) = Qo(ro)X; then it is easy to see that, for suitably
small €,

{Qec(po)v1, - -+ Qe(po)vr}
is a linearly dependent set in W (o, Ae) = Qc(110)X.
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14 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

Now we assume that for some sequence €, — 0 we have rank (Q., (10)) > rank (Qo(10))-
Then, for each n € N, there is u, € W (o, —Ae, ), ||un| = 1, such that dist (u,, W (po, 4o))
= |lun|| = 1. From compact convergence, we can assume that Q, (uo)un = u, —
Qo(po)u = u, and then,

1< flun — Qolpo)unll = [|Qc, (o) un — Qo(po)un| — 0,

a contradiction.

(iv) Let u € W(po, —A4p) and u = Q(uo)u. Since Q.(po)u — Qo(po)u and u =
Qo(uo)u, we have u¢ — wu.

(v) Suppose that ¢, — 0 and consider {u,} C X, up, € W(uo, —A, ), n € N, [Ju,| = 1.
Since Q(po) compactly converges to Qo(g) as € — 0, u, = Qe, (o)u, has a convergent
subsequence {uy, }. Let us say that u,, — u, then

U — Un, = Qe,, (o) un, — Qo(uo)u
and u € W(ug, —Ap). |

2.2. Convergence of Linear Semigroups

The properties of the operators A, e € [0, €], imply the existence of a constant M,,,
independent of €, such that

for all t > 0 and for all € € [0, €]. We use these estimates to show that linear semigroups
associated to these operators behave continuously at € — 0.

tze At < Mye @t (7)

1 X
L(X,X2)

1
THEOREM 2.4. Let K be a compact subset in Xy and 0 < 0 < 7 Then there is a

function v : (0, €] — RT, v(e) =20, such that

sup ||e*A5tu - e*AOtuH < v(e) e 073 for allt > 0. (8)

1
ueK X2

1
Proof: Let 0 < 0 < 3 be fixed and ¢ € (0,1). We deal with the cases 0 < t < § and

t > § separately.
Thus, since u lies in a compact subset of Xy and 0 < ¢t < §, we have that

He_A‘tu — e_AotuHX% < 2M,, t=0-3mwtgo,

Recall that

et = L / e (u+ A)du, €€ [0, eol,

Y
r
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where T is the boundary of ¥_,, 4 = {p € C : |arg(pu+w)|

< ¢} with T > ¢ >  is oriented
in such a way that the imaginary part of u increases as p runs in I' and w < A. In this
case, we obtain

1
AT = o /(“+w)t(u+w+A —w) dpu, €€ 0,e).
)
N

Changing variables y + w — p and denoting B, := A, —

wl, e € [0, €], we can write

o [+ B € el
Lo

—B.t

where I'g is the boundary of 3¢ 4. Our aim is to estimate, to ¢

> 0, the difference

2mt? [|ePelu —emPolul| 4 = / 2 [+ B)"hu— (u+ Bo) Muldpl| . (9)
To Xz

Let us see that the integral on the right hand in (9) is convergent

previously obtained the sectorial estimative H uw+ B

For p € Ty, we
Hence,

M
1
) Hg(X) X m,for all € € [0, eg].

1Beia+ B ul| . < Il + il [+ Bl ¢ < My full
From Moment’s Inequality, we obtain

Mo
||(,u + BE)_luHX <

1S 71 )
3 < el
and then
+ B u— (u+ B 1 10
[ )" tu — (e + Bo) | 3 1+| |1 l[ull - (10)
Therefore, we have
[terles B ook Bo) M| <t / | 1||uHXdM My lull
To X2

For t >

0, we proceed as follows: since the integral on the right hand side of (9) is
uniformly convergent in €, given n > 0, we can write I'o = I'Y UT5, with T'7 bounded and
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16 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

' satisfying

sup sup t%/e“t [(,u +B) tu—(u+ By) u} du <7
e€(0,e0] UEK 2
T 1
2 X2
For T'] we note that, from Corollary 2.1,
sp(€) := sup sup H(u—l—Be)_lu— (,u—s—Bo)_lu‘ L =%
pelry veK xZ

It follows from the fact that ¢t > ¢ that there is € > 0 such that, for € € (0, €]

t9+%/e“t [(quBE)*l”u —(u+ By) ™" u] du < sy (e) t9+%/eRe“td|m <7

rf

\}

x2 T

From this we have that, for € < €,

sup He‘Bet

ueK

u— e_BOtuH 3 < it_a_%, fort > 4.
Xé

2w
Therefore, there is a function v : (0, €] — R, with v(e) =9 0, satisfying

sup |‘6_A€tu - e_AOtuH 1 < V(e)e_“’tt_%_e, for all t > 0.
ucK Xe

The proof is complete. |

3. UPPER SEMICONTINUITY OF ATTRACTORS

In this section we obtain the continuity of nonlinear semigroups by using the continuity
of linear semigroups and Variation of Constants Formula. We also prove that the attractors
are upper semicontinuous at € — 0.

THEOREM 3.1. Let u € Xy, {u‘} a sequence in X with u® — w in X and 7 > 0. Then
there is a function v : (0, €9] — RT, with v(e) <% satisfying

1

ITe(t)u — To(t)uHX < (et ze ™t te(0,7).

1
2
€

Proof: Nonlinear semigroups T, (t)uc are given by Variation of Constants Formula,
t
T.(t)uf = e~ Aetus + / e A=) (T (s)u) ds, €€ [0, e].
0
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Then,

ITetyut = To(tpull g < fle™ us — ety

€

ds.

[ e o) - i)

1
X2
From (8) we have that

||e*‘45tu6 — e*AOtuH 1 < ||e*‘45tu6 - e*AEtuH 1+ ||e*AEtu - e*A"tuH 1
X2 X2 X2

< My e 173 [u —ul|y + v(e) e,

Furthermore,

ds <

/ e 00 ey 200 gy sy

0

1
X2

) /Ot He—AE(t_S)f(Te(S)uE) 3 e—Aﬁ(t—s)f(To(s)u)‘

[ sz

1
X2

Since {f(To(s)u) € Xo : s € [0,t]} is a compact subset in X, we have that

[ im0 - =gy

t
ds < / v(e) (t— s)_%_ge_‘”(t_s)ds
0

< V(e)wefé r <; — 0) .

1
X2

Moreover,

/ et 21T ) — o)

0

ds

X

N

t

< | M, (t—s) 2e U L||IT.(s)u — To(s)u)| 4 ds.
0 5
Then,

e Tet)us = To(t)ull 3 < Mt ™73 [l —ullc +v(e) e™t7073

€

t
FML [ (0= Ee T st = To(s)ul]y d,
0

1
2
€

Note that, in the right hand side of the last inequality, the first two terms are bounded by
Mﬂ(e)t*(’*%, M = M(r),as t € (0,7) and 7(e) <%o. 1 o(t) = e?t || T.(t)us — To(t)u||X

1
3 7
€
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18 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

we have

N|=

o(t) < J\Zfﬁ(e) =03 ¢ MWL/O (t—s5)"2 p(s)ds em (0,7), T < o0.

From Gronwall’s Inequality it follows that
plt) < CM(e)t™72,

with C' = C(M,,, L, T) constant.

Therefore, there is a function v : (0, €] — R, with 7(e) 90 satisfying

ITe(t)us = To(yull s <o(et™*"2e™", 1€ (0,7).

1
62
This concludes the proof. |

THEOREM 3.2. The family of attractors {Ac: e € (0,€]} is upper semicontinuous at
e=0.

Proof: Let us consider a sequence {u,}, u, € A.,, n € N, and ¢, — 0. Since

sup{HuEHX% cuf € A, € €1[0,e0]} < 00,

€

[U ]Ae is relatively compact in X, there is u € X such that u,, — wu strongly in X.
e€[0,e0

Furthermore, we have

/ pe, (x)|VuZ|dx < M, for some constant M > 0.
Q

1

Thus, it follows that v € XJ. It remains to show that u € Ay. For this, it is enough

to prove that there is a bounded complete orbit through u. For each n € N, we have a
1

bounded complete orbit @, (-, u,) : R — XZ through u,. For ¢t > 0, it follows from the

continuity of nonlinear semigroups that

on(t,un) =T, (t,un) — To(t,u).

For t < 0, we set up the orbit through u in the following way: for t € (—k, —k+1], k € Z*,

we consider the sequence {p,(—k,un)} in (U ].Ae. Following the argument used
€€ (0,e0

previously for the sequence {u, }, we obtain that ¢, (—k, u,) — wo(—k, u). Hence,

neN

gpn(t, Up ) =pn(t+Fk, ¢n<_ka un)) =T, (t+k’ n(—k,un)) — To(t+k, po(—F, u)) ::92’0(75’ “)
Finally, defining

[ To(t,u), fort > 0;
oty u) = { Po(t,u), fort <0,
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PARABOLIC PROBLEMS WITH LOCALIZED LARGE DIFFUSION 19

it follows that ¢o(¢,u) is a bounded complete orbit through u. Therefore, u € Aj. |

4. CONTINUITY OF THE SET OF EQUILIBRIA

In order to obtain the lower semicontinuity of attractors we will need to obtain the
continuity of the set of equilibria and then study the continuity of the linearization around
each equilibrium. In this section we prove that the family {&. : € € [0, €]} is continuous at
e = 0. We start with the proof of upper semicontinuity.

DEFINITION 4.1. The equilibrium solutions of (6), € € [0,¢€g], are those which are
independent of time; that is, the solutions of the elliptic problems

Acu— f(u) =0. (1)

We denote by &, the set of solutions to (1), € € [0, €o].

The upper semicontinuity of the family {&, : € € [0, €]} is an easy consequence of the
compact convergence. In fact

PROPOSITION 4.1.  The family {&. : € € [0, €0]} is upper semicontinuous at € = 0.
Proof: Note that & C A. and therefore sup{HuEHX% cuf €&, € €[0,e]} < oo and
s E
that f : X2 — X is bounded. If u¢ € &, we have that u¢ = A f(u) and the result
follows from compact convergence of A7 to Ay L |
The proof of lower semicontinuity requires additional assumptions. We need to assume

that the equilibrium points of (2) are stable under perturbation. This stability under
perturbation will be given by the hyperbolicity.

DEFINITION 4.2.  We say that an equilibrium w, of (2) is hyperbolic if the spectrum
o(Ag — f'(us)) of Ag — f/(us) is disjoint from the imaginary axis.

PROPOSITION 4.2. If all equilibrium points of (2) are isolated then, there is only a finite
number of them. Any hyperbolic equilibrium point u, of (2) is isolated.

Proof: Since & is compact we only need to prove that hyperbolic equilibria are isolated.
We note that u € & is a solution of (1) with € = 0 if and only if u is a fixed point of

®(u) = —(Ao — f'(w) ™ (f(u) = f'(us)u).
It’s not 1difﬁcult to see that there is § > 0 such that ® is a contraction map from Bs(u.) =
{ue X§:|u- u*||XO% < 0} into itself. Thus we obtain that u, is the only element in &
in Bj(uy). |
PROPOSITION 4.3. Suppose that u, is an equilibrium solution for (2) and that 0 ¢ o(Ag—

f'(uy)). Then there are € > 0 and § > 0 such that the problem (1) has exactly one
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20 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

1
equilibrium solution, uS, in {w® € XZ : ||lw® — u*||X < 0}, for € € (0,€]. Furthermore,

1
2
€

[|lug —u*||X€% — 0 ase— 0.

Proof: First of all, we note that from Lemma 2.3, from the hyperbolicity of u, and
from Corollary 2.1 it follows that o(A. — f'(uy)) is disjoint from imaginary axis. From

1
Lemma 2.3 with 6 = 2 we obtain a constant M > 0 such that

[[(Ac = £/ (w)™!| < M, foree (0,e).

L(X,Xeé)
Now we note that if u¢ is a solution of (1), then
0= (A = f(ua))[u + (A = f () 7 (F (w)us = f(u))]-

Since (Ac — f'(ux)) is invertible, to show that u® is a solution of (1) we may equivalently
to show that u° is a fixed point of the application

Pe(u) = —(Ae = f(w) 7 (f (w)u® = f(u)).
Observe that
Be(us) = (A — /()" (Ao — F(w)) s = . (2)
Next we prove that t}iere are § > 0 and € € (0,¢p] such that ®, is a contraction map
from B§(u,) = {u¢ € X& : |Ju¢ — u*HX% < d} into itself, uniformly in (0,€]. First, let us

see that @, is a contraction. To do it, let u¢, v € BS(u.) and note that

[@e(u) = () 3 <M [f(su+ (1= 5)v°) = f(w)](u = vl -

1
X2

Note that [[f(2) = '(u.)llx < Cllz = u.llx and [|f'(z) = £'(w)l] gy < C» for some
constant C. Hence, we can choose § > 0 such that

1

Msup )~ )y < 5
z€ B§(ux)
and
) = @l g < 5l = vl g g < =y
To show that ®.(B§(u.)) C BS(u.), observe that if u¢ € BS(u.) then
@)~y < 3l = wall_y o+ [@ce)
e\ U*X§\2U u*Xeé e Ux U*X€%.
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<

NN IS

From (2) it follows that there is € such that ||®¢(u.) — u*HX
B§(uy), we have ||®,(u®) — u*||X% < 4.

1 , and, for any u‘ €
2
E

Thus, @, : B§(u.) — Bj(u.) is a contraction, for all e € (0, € and then there is only one
fixed point of ®, in B§(u.), that we will call us.

1
Finally, let us see that u§ — u, in X2 as € — 0. Indeed,

o =l = 19wl = ]y < 1) = ey + @) = ] g

VA
DO | =

s = usll g+ l1®Peltn) —uell g

1
2
€

and then ||ui—u*|\X <2 H@e(u*)—u*ﬂx —0ase—0. |

1 1
2 2
€ €

5. LOWER SEMICONTINUITY OF ATTRACTORS

Next we show that the local unstable manifolds of uy, for k = 1,...,m fixed, are conti-

1

nuous in X¢Z as € — 0. This fact and the continuity of the set of equilibria enable us to prove
the lower semicontinuity of the attractors at e = 0. For this we will use the convergence
results of the previous sections and the convergence of the linearized semigroups proved
next.

5.1. Continuity of the linearized semigroups

If A, = Ac— f'(uf), 0 < € < €, it follows from Lemma 2.3 that AZ! converges compactly
to Ay ! Hence it follows that Theorem 2.3 holds with A, replaced by A.. Again, if Qr is
the projection determined by the part of the spectrum of A, to the right of the imaginary
axis and A, is the restriction of A, to the kernel of Q7 then, from the compact convergence
of resolvents we obtain a result analogous to Theorem 2.4 for e<t.

Hereafter we assume that all equilibrium points of (6) with e = 0 are hyperbolic.

PropPOSITION 5.1.  Let {u : € € (0,€]} be a sequence of solutions of (1) such that

{us} Xé—converges to u.. If Ac = Ac — f'(uS), then there exists € > 0 such that o(—A,)
doesn’t intercept the imaginary axis, for 0 < € < & and ||(Aec — f'(u$)) 7| < C, with
C independent of €. Moreover, if QF denotes the projection defined by spectral set o =
{pea(—Ac): Rep > 0}, then QF converges compactly to Qf as € — 0 and the family of
sets o is upper and lower semicontinuous at ¢ = 0. Furthermore, there are 3 > 0 and
M > 1 such that, for € € [0, o], we have

<MePt, <0

ez
L£(X)

—Actir N+ -1 —pt
He (I Qe)HL(nyé)th be Bt 1> 0. (1)
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5.2. Continuity of local unstable manifolds

In this section we consider the continuity of local unstable manifolds. Assume that
{ug}eeo,e0] 1s a sequence of solutions of (1) with [jug — u*||X% — 0 as e — 0. It follows

from the Proposition 5.1 that o(—A,) behave continuously as € — 0.
To deal in a neighborhood of the equilibrium point u¢, we rewrite the problem (1) as

W+ Acw = flw +uf) = ful) — f(uf)ws, (2)

where w¢ = u¢ — u¢ and A, = A, — f'(uf).

*

To obtain the projections QF we proceed on the following way: we denote by {uj}fil
the eigenvalues of A, e € [0,€o] (ordered and counting multiplicity), and by {¢¢};2; a
corresponding orthonormal system of eigenfunctions. We order the eigenvalues such that
PE = ooz > w > 0> —w >y > s, > ..., €€ 0,6, for some 5> 0 and € €

(0,¢0]. We consider W, = [¢5,...,6%] and Wt = {y € XC% : / Yo =0, for all ¢ € W.}.
Q

1 1
Let QF : X2 — X2 be the orthogonal projections on W, € € [0, €],

I - ) g
Qew—;(/gw@)m

If € W, then ¢ = ) (/ WE) ¢S and
i=1 \/§2

9l s = (iu s () ¢¢;)2>é.

i=1

Since the eigenvalues pé — p? as € — 0 for 1 < i < oo, we have that W, is isomorphic
to W, for € € (0, €]. Moreover, W, € € [0, €, is isomorphic to R" through the isomorphism

1. given by
Wea ¢ — (/Szz/}qsi,...,/gzwqbi) eR".

Note that I, is a bounded operator with bounded inverse I ! and that the norms of I,

and I7! are uniformly bounded, for € € [0, €]
1 1
This fact allows us to decompose X¢& in two spaces, R” and (I — QF)XZ2. This space
decomposition induces a decomposition of the solution w® to (2), in the following way:
T
w® = v + 2¢, with v¢ = Y 008, v; = / we$ and z¢ = (I — QT )we.
i= Q

=1
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Hence, since v¢ = QFwe, z¢ = (I — QF)we and QF, (I — QF) commute with A., we have
that

O + piv; = /Q[(f(ve + 25 ul) = fug) = £ (ud) (0" + 29)]e5

and

5 A = (L= QP)(F(" + 2+ ul) — f(uS) — f/(uS)(o" + 29))
— Flwf ) — F(uS) — £ (ul) (w) (3)

-2 ([t ) = ) - o) o
We denote v = (v1,...,v.)" and He(v, z) = (Hi(v,2),..., H.(v,2))!, where

?;

H2) = | [f (vaﬁ + 2 +ui> ~ Fu) = () (Zw: +ze>

i=1
and also
Ge(v,2) = (I = Q)(F(v° + 2 +uf) = flus) — f(uS) (v +29),

it results that H.(0,0) = 0 = G(0,0). Furthermore, H. and G, are continuously diffe-

rentiable and satisfy 3 °(0,0) =0 = 3 °(0,0). Since the projections Q7 , € € (0, €], are
V€ Ve

uniformly bounded in 2 and the function f not depends of € it follows that, given p > 0,
there are € > 0 and § > 0 such that if ||v||g. + ||z||X% < 6 and € < €, we have

[He (v, 2)[|gr < p,
1Ge(v, 2)l[x < Py

IFl0.2) = H(0 Dl <o (0= lar + 12 =203 ). @)

w2l ).

The fact that we can choose p and ¢ uniformly for € € (0, €| satisfying the inequalities
above is the key point to obtain that the local unstable manifolds are defined in a small

neighborhood of the equilibrium point «$, uniformly for € < €.
We can extend H. and G, outside Bs(u€) in such a way that the bounds in (4) hold for

any v € W and z¢ € W2,

1Gelv,2) — G, )l < p (nv 4
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24 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

Denote by AF := diag(us,...,ps) and A7 = A .- Then we can rewrite the
u-ehxZ
equation (2) as
0+ At = H (ve, %)
2+ AD 2° = G (vS, 29), (5)

1
where H, and G, satisfy (4), for any v € R" and 2¢ € (I — QF)X2.
Moreover, for some positive M, (3, independent of €, ¢ < €, we have

HefA:tz L SM ]y t20,
_A— _1 _

Jemete]| 4 < dtre izl e >0,

Heﬂijtv ‘RT < M |vlg., t<O.

Next we show that for a suitable small p > 0 the an unstable manifold for u$ is given by
W ={(v,2): 2=8(v), veR"},

1
where §F : R" — (I — QF)X¢Z is bounded and Lipschitz continuous. Furthermore, for any
R >0,

* * e—0
sup |85 (v) = Sg(0)| 3 — 0.
vEBgr (0,R) X¢

PROPOSITION 5.2. Let u, be a hyperbolic equilibrium of (2). Then by proposition 4.3,
(1) has only one equilibrium solution, uS, near u.. For D >0, A >0, 0 < ¥ < 1 given,
let po > 0 be such that, for all 0 < p < po,

1
pMB™2T (2> <D

2 2
§<2,67pM(1+A)<26
(6)
_1 1 pM(1+ A)
i (5) [ 2t ) <0<

e |:pM+p2M2(1+A)(1+M)] 0

28— pM(1+ A)
pMpB 2T (;) + [p2M2ﬁ—1(1 +A)(28-pM(1+A)" 2T (1” < %
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PARABOLIC PROBLEMS WITH LOCALIZED LARGE DIFFUSION 25

For the above choice of p, assume that He and G, satisfy (4) for all (v,z) € R" x (I —
1 1
QF)X2. Then, there exists S*: W — (I — QF)XE such that

<D

1
2

IS0 = sup |SZ(v)]
vER™ X

18¢(v) =Sc@) 3 < Ao -2

x2 e

and
We ={(v,2):2=8(v), veR"}.

Furthermore, for any R > 0,

sup |57 (v) = Sg (v

1
vEBgr (0,R) xe

Proof: For the proof of existence and exponentially attracting unstable manifold we
follow closely the proofs of existence of exponentially attracting invariant manifolds in [9],
Chapter 6. For the continuity of unstable manifolds we follow [1]. Let v¢(t) = (¢, 7,71, Se)
be the solution of

ve + Atv¢ = H (v°, S (v)), for t <7, v°(T) = 7. (7)
Consider

X = {88 (1= Q)X AISIS D, [8.00) = S0}y < Allo = il |-

€

It is easy to see that (X, ||||) is a complete metric space.
Let S € & and define @ : X — X by

(Se)(n) = /_ e A TG (v (5), Se(v(s)))ds. (8)
It is not difficult to see that
I#(s)0),y < pprsir (5) <D 0

and that, whenever 1,7 € R", S.,S. € X

| < pMBIT (1) [1 L _PMA+A) } IS, — &

@S ~ @S|

o 2 23— pM (1L + A)
,% 1
sorea+a) (5) 70 (5) -l
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26 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA
From our hypothesis on p, we have that

|esom - eS| 3 < Aln—lle +9 5.~ Sl (10)

1
X2

From inequalities (9) and (10) it follows that ® is a contraction map from X into itself.
Hence, there is only one fixed point S = ®(S¥) in X.

It remains to show that W* = {(v,8*(v)) : v € R"} is an invariant manifold for (5). Let
(0§, 25) € WY, z§ = SX(v§). Denote by v(t) the solution of the initial value problem

This defines a curve (v!(t),S¥(vi(t))) € W
equation

Therefore, (v} (t),Sk(vi(t))) is a solution of (5) through (v§, 2§), and it proves the in-
variance.

In addition, if (v¢(t), 2°(t)) € W for all t € R, then

b SMe T (to) = SE(w (o)) 4

125(8) = S (@)l

, to <t (11)

Consequently, making tg — —oo, 2¢(t) = SF(ve(t)) for all ¢ € R. This shows that W» =
{(v,8*(v)) :v e R"}.

Next we show that the fixed points S} depend continuously upon € at € = 0, that is, if
0 < e < € is such that the unstable manifold os given by the graph of S, 0 < e < €, we
want to show that

lls: =Sl == sup  |[[S2(n) = Sg()Il 3
n€Bgr (0,R) Xe

First note that R"™ > v9 — Go(v°,8;(v°)) € X takes bounded subsets of R” into
relatively compact subsets of X since it is a continuous map.
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PARABOLIC PROBLEMS WITH LOCALIZED LARGE DIFFUSION 27

Therefore,
I8 = Sil g < [ [t G w0 8 0) - e A G (10, 556y ds
X2 oo xZ
< / 67’&‘_(778)615(1)6,8:(06)) _ eiA:(Tis)Ge('UO,Sg(’UO)) 3 ds
+/ He_A;(T_S)Ge(UO,SS(UO)) _ e_A;(T_S)GO('UO,Sg(’UO)) o ds
+/_ He—AZ(T—s)GO(UO’SS(UO)) _ G_AS(T_S)GO(UO,SS(’UO)) 3 ds.
Denoting the last three integrals by I, Is and I3, respectively, we have:
B [ M = s A ) o O + 1S - Sl s
< pMpB=:T ( ) IS = Ssll +pM(1+A)/ = (7 = 5) 72 [0 (5) =0 (5) | . ds.

Since QF © 9 Q& uniformly on compact sets, we have that G, =9 Gy uniformly for n in
bounded subsets of R" and Iy goes to 0 as ¢ — 0 uniformly for n in bounded subsets of
R". Moreover, it follows from Theorem 2.4 that I3 is also o(1) as e — 0 uniformly for 7 in
bounded subsets of R". Therefore,

15000 = S50y < o1 + ppr5~4r (3 ) st - S5

X
+pM(1+A)/ _B(T s)(T—S HU _UO(S)’RT dS
s, it s enough o estimate ||vf(t) — " t)H]Rr‘ Since rr < R, working as above we
obtain
va(t) - 'Uo(t)| - < He*Aj(t—q—)n _ B,A;r(ti,r)n‘ N

T

+ / e AT (0,87 (1)) — A7) H, 85500) | ds
t T

+ / e*Aj(tfs)HE(v()?Sg(vO))—eiAj(tfs)Ho(vo,Sg(vo))‘ ds
t R™

+/ e AL Hy (00, S5 (v ))fe*Ag(t*S)Ho(vo,Sg(vo))‘R’ ds
t .

o(1) + pM / 5= ds|| ST — S5l
t

o0+ [ o = P
t
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28 V. L. CARBONE, A. N. CARVALHO AND K. SCHIABEL-SILVA

ve(t) — v°(t)]

Let ¢(t) = e#(7=1 | zr- Then

o(t) < o(1) + pM/ STV ds||ST - Syl + pM (1 + A)/ ¢(s)ds,
t t

and we obtain

[0 (8) = () || < [0(1) + pMBTH |IST = S5] elPM O+ =0,

R X

Therefore

* * -1 1 * *
1:0) = S5l g < o)+ pM6~3T (5 ) S = Sl

+pM(1+A) / elm28+pMA+AN(T=9) (1 _ §)=3 s

— 00

x [o(1) + pMBIS: — S5 l]

<o)+ pM5~T (3 ) 1S: - Sl
o 2y @5 - par+ 2y Ee () parst 0s: - i
Then it follows that
12 8l < o)
{onrin (3) + s a)eo-pvra+an e (5)| s - il

and [|S7 — &g — 0 as e — 0. .

COROLLARY 5.1. There is a § > 0 such that

1 <6}

1
froe = {(v,2) ER" X (I = Q)X : (v,2) € W, [ollgr + 121l

e,loc
s given by

Uoe = {(0,87(®)) 10 € R} N {(v,2) € BT x (I = QF)XE : [[o]z, + =1l 3 <4}

e,loc %

€

5.3. Lower semicontinuity of attractors

As in [4] we see that {Ty(¢) : t > 0} is a gradient semigroup and since all of its equilibrium
points are hyperbolic there are only a finite number of them and the attractor Ag is the
union of its unstable manifolds.
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THEOREM 5.1.  The family of attractors {A. : € € (0,€]} is lower semicontinuous at
e=0.

Proof: Let u € Ay. As Ty(t) is a gradient system, we have 4g = |J W*(w,), and

wx € &
then v € W¥(u,), for some u, € &. Let 7 € R and v € W} _(u,) such that Tp(7)v = w.
Let u$ such that u$ — wu,. jFrom convergence of unstable manifolds there is a sequence
{v}, v© € W} _(u) such that v — v as € — 0. Finally, from continuity of nonlinear
semigroups, we obtain T, (7)v¢ — To(7)v = u. To conclude, we observe that if u¢ = T (7)v°,

then u € A, since v € |J W¥(ug) = A. and A, is invariant. |
us € &

COROLLARY 5.2.  The family of attractors {A.: € € [0, €]} is continuous at € = 0.
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