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We analyze the dynamics of a reaction-diffusion equation with homogeneous
Neumann boundary conditions in the dummbell domain. We provide an ap-
propriate functional setting to treat this problem and, as a first step, we show
in this paper the continuity of the set of equilibria and of its linear unstable
manifolds.  May, 2006 ICMC-USP

1. INTRODUCTION

This paper is the first one of a series of articles whose final objective is to address
the problem of the behavior of the asymptotic nonlinear dynamics of a reaction-diffusion
equation when the domain where the equation is posed undergoes a singular perturbation.

In particular, we consider the evolution equation of parabolic type of the form

ug— Autu=f(u), =€ t>0,

gu =0, €09,
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82 J. M. ARRIETA, A. N. CARVALHO AND G. LOZADA-CRUZ

where Q. C RY, N > 2, is a bounded smooth domain, € € (0, 1] is a parameter, 8% is the
outside normal derivative and f : R — R is a dissipative nonlinearity.

FIG. 1. Dumbbell domain

The domain €2, is a dumbbell type domain consisting of two disconnected domains, that
we will denote by €2, joined by a thin channel, R., which degenerates to a line segment as
the parameters ¢ approaches zero, see Figure 1.

f(s)

Under standard dissipative assumption on the nonlinearity f of the type, lim sup —= <1,
|s| =400 S
for fixed € € (0,1] equation (1.1) has an attractor A. C H'(Q.).
On the other hand, passing to the limit as € — 0, the limit “domain” will consist of the
domain 2y and a line in between, see Figure 2

FIG. 2. Limit “domain”
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And the limit equation is

wy—Aw+w= f(w), x€N, t>0
gw =0, x€dQ
vp—Lv+v=f(v), s€Ry

v(po) = w(po), v(p1) = w(p1)

(1.2)

where w is a function that lives in 2 and v lives in the line segment Ry. Moreover, L is a
differential operator which depends on the geometry of the channel R., more exactly, on
the way the channel R, collapses to the segment line Ry. For instance, in two dimensions,
if the channel R, = {(z,y) : 0 < 2 < 1,0 < y < eg(x)}, then Lv = é(ng)w' For other
channels, the operator L needs to be calculated explicitly. We also denote by py and p; the
points where the line segment touches the domain 2. Again, this system has an attractor
Ao in HY(Q) x H*(Ry).

We are interested in understanding the relation between the attractors A, € € (0, 1] and
Ap. With the results of this paper and with [7], we will show that this family of attractors
is upper semicontinuous at € = 0 in certain topology, and if all the equilibria in Ag are
hyperbolic, then the attractors are continuous, that is, upper and lower semicontinuous.

In appropriate functional spaces, we will see that problem (1.1) can be written as an
evolutionary equation of the type

us + Aeu = Fe(u), t>0 (1.3)
u(0) € X,

for certain family of spaces X.. Also, problem (1.2) can also be written as
ug + Agu = Fo(u), t>0

in a certain space Xg.

In this paper, we will work out an appropriate functional setting to treat a broad class
of perturbation problems which, in particular, will include the case of the singular pertur-
bation problem of the dumbbell domain, that is, problems (1.3) and (1.4). This functional
setting will make use of several concepts like the concept of convergence for a sequence
{te}eec(0,1] where u, belongs to different spaces X, for each € € (0,1], an appropriate con-
cept of compactness for families living in different spaces and the concept of “compact
convergence” as the key concept to treat the behavior of compact operators in different
spaces. This setting is developed mainly in sections 4 and 5.

The program that we will follow to prove the continuity of the attractors is divided in
two parts. The first one, which is addressed in this paper, consists in proving the continuity
of the equilibria and, in case the equilibrium is hyperbolic, obtaining the continuity of its
linear unstable manifolds. Hence:
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(1) We will first show the convergence of the resolvent operators, that is will show that
AZ1! converge in an appropriate way to Aal, see Proposition 2.1. This is a key point to all
the analysis.

(2) Writing the stationary problem as a fixed point problem, that is, u. is an equilibrium
solution of (1.3) (resp. wug is an equilibrium of (1.4)) if ue = AZ'F,.(uc) (resp. ug =
Ay Fy(ug)) and with the convergence of the linear resolvent operators, we will show the
convergence of the equilibria. Moreover, we will show that if an equilibrium of the limit
problem is hyperbolic, then it is isolated and there exists one and only one equilibrium of
the perturbed problem nearby, see Theorem 2.1.

(3) With the convergence of the resolvent operators and with the convergence of the
equilibria, we will also show the convergence of the resolvent operators of the linearizations
around the equilibria, that is the convergence of (A, — F!(uc)+A) "t to (Ag— F!(ug) + 1)1,
for some \ large enough. For the case where the equilibrium is hyperbolic, this will imply
the convergence of the linear unstable manifolds, see Theorem 2.2.

The second part, which is developed in [7] consists in proving the convergence of the
linear and nonlinear semigroups and the nonlinear unstable manifolds of the equilibria:

(4) With the convergence of the resolvent operators A7' to Ay' we will show, with a
Trotter-Kato type formula, the convergence of the linear semigroups e~4<* to e =40t

(5) With the variation of constants formula we will show the convergence of the nonlinear
semigroups. Once this is accomplished, the upper semicontinuity of attractors is easily
obtained.

(6) Assuming the equilibria are all hyperbolic, with the convergence of the linear un-
stable manifolds and with a similar argument as it is done in [6] we will be able to show
the convergence of the local nonlinear unstable manifolds. Using now that the system is
gradient we will easily show that the attractors are lower semicontinuous and therefore
continuous.

This agenda, or variants of it, has been proved to be successful when addressing the
behavior of the long time dynamics in different perturbation problems. It is based in a
careful study of the behavior of the linear parts under the perturbation considered and this
information is translated into the nonlinear dynamics through the variation of constants
formula. In [5] a general approach to obtain upper semicontinuity of attractors following
this approach is explained. Also, a similar technique to get the upper semicontinuity was
used in [38] for the case of thin domains with “holes”. In [6, 1] this same technique is used
to obtain the continuity (upper and lower semicontinuity) of the attractors of reaction
diffusion equations with Neumann boundary conditions when the domain is perturbed.
Actually, in this paper, the only condition imposed in the perturbed domains is the spectral
convergence of the linear operators. Inspired by the works [6, 1] a general scheme to treat
the continuity of the attractors of semilinear parabolic problems is developed in [9]. We
also refer to [15, 17] for general theorems guaranteeing the lower semicontinuity of the
attractors.

The “dumbbell domain” problem has been considered before by many authors. It appears

naturally as the counterpart of a convex domain in the following situation. It is well known
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that in a convex domain the stable stationary solutions to (1.1) are necessarily spatially
constant, see [10, 32]. This is due to the fact that gradients of temperature can be diffused
in the shortest path (the line segment between the two points with different temperatures).
One way to produce “patterns”, that is, stable stationary solutions which are not spatially
constant, is to consider domains which makes it difficult for the heat to flow from one
part of the domain to the other, making a constriction in the domain. It becomes natural
to consider dumbbell like domains as a prototype domain to produce this “patterns”.
With this purpose the so called dumbbell domains with a bistable nonlinearity of the type
f(u) = u — u® was considered in [35].

It seems clear that when passing from a convex domain to a non convex domain (like a
dumbbell domain) some kind of bifurcation of equilibria appears. This aspect was studied
in [19, 41].

In several works at the end of the 80’s ([22], [23], [24], [25], [26]) and beginning of the 90’s
([27], [28]) S. Jimbo made a detail analysis of the behavior of linear and semilinear elliptic
problems in dumbbell type domains with two important characteristics: (1) the dimension
is larger or equal to three and (2) the channel R, is a straight cylindrical channel. His
analysis is based in a very careful and detailed study of the L>° norm of the eigenfunctions
of the Laplace operator with Neumann boundary conditions in the junction of the channel
with the fixed part of the domain.

With regards to the spectral behavior of the Laplace operator in dumbbell domains we
refer to [25] for a straight cylindrical channel and to [2, 3, 4] for more general channels.
See also [16] for a survey on results on the behavior of eigenvalues under perturbations of
the domain and [21] for a general method to treat regular perturbations of the domain.
Recently there has been a study of the rates of the eigenvalues of the dumbbell domains in
dimension 3 with a cylindrical channel in [14]. Also, in [11] the authors analyze spectral
properties in a multidimensional structure with similar properties as our limitting domain
depicted in Figure 2.

In [31], S. Jimbo and Y. Morita made a detailed study of the first k eigenvalues of the
Laplace operator with Neumann boundary conditions in a domain €2 C R"™, which consists
of exactly k fixed subdomains joined by thin channels. This k eigenvalues approach zero and
the k + 1 eigenvalue is uniformly bounded away from zero. The thickness of each channel
is controlled by a small parameter ¢ > 0 and these channels approach a line segment
connecting two subdomains in a certain sense (some of these channels may be empty).
With the characterization of the firsts k£ eigenvalues and eigenfunctions for the operator
—A in this domain, in [30], the same authors apply the invariant manifold theory to show
that the dynamics of an associated reaction diffusion problem with a nonlinearity such that
its Lipschitz constant is small (compared in some concrete way to the k + 1 eigenvalue),
is equivalent to the dynamics of a system of coupled ordinary differential equation in
the invariant manifold. The fact that the Lipschitz constant of the nonlinearity is small
prevents in particular any contribution to the dynamics from the channel. We would also
like to mention the work [36], which extended somehow the results of [30] and of [18].

n [28], S. Jimbo states a result on the continuity in the norm of the supremum of
the attractors A, for semilinear parabolic problems in dumbbell type domains where the
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channel connecting the two disjoint domains is a straight cylindrical one. But no proofs
are given.

In [42] the author develops a functional framework to treat nonlinear elliptic problems
on sequences of domains {§2,}22 ;. The sequence of domains is assumed to be nested, all
of them contain the limit domain, €y, and the sequence converges in measure to the limit
domain. In this general context, the author obtains the upper semicontinuity of the set of
equilibria. Moreover, under certain spectral convergence condition and certain restrictions
on the Lipschitz constant of the nonlinearity, if the limit domain has a hyperbolic equilib-
rium, then for n large enough the equation has one and only one equilibrium nearby. The
restriction on the Lipschitz constant of the nonlinearity is related to the restriction already
mentioned in [31] and in particular it prevents from any contribution to the dynamics of
the set Q, \ Q. In particular, the results from this paper do not give information to
the case of a dumbbell domain where the limit equation (1.2) has an equilibrium solution
concentrated in the channel. This is the case for example if the channel is cylindrical and
straight so that the operator L(v) = v”, the nonlinearity is f(u) = k(u — u?®) and k — 1 is
larger than the first eigenvalue of the Laplace operator with Dirichlet boundary conditions
in the segment Ry.

For the formation of patterns in nonconvex domains for reaction-diffusion equations with
nonlinear boundary conditions, we refer to [12, 13].

To the best of our knowledge the complete dynamical problem of a reaction-diffusion
equation like (1.1) in a dumbbell domain in R with N > 2, with the following character-
istics:

(1) the channel is not necessarily cylindrical,
(2) there is no restriction in the Lipschitz constant of the nonlinearities, and

(3) the limit equation (1.2) may have some dynamics in Ry, the limit of the thin channel,

has not been completely solved.

It is the purpose of this paper and of its continuation [7], to address this problem in its
full generality.

This paper is organized as follows. In Section 2 we give the rigorous definition of the
dumbbell domain, introduce some notation and state the main results of the paper, that
is, the continuity of the set of equilibria and of its linear unstable manifold, Theorem 2.1
and Theorem 2.2. In this section we also state the basic result on the convergence of the
resolvent of the linear operators, Proposition 2.1. In Section 3 we establish basic properties
of the linear operators A, and Agy. Section 4 is devoted to the abstract results using the
notion of compact convergence that in particular will lead to the continuity of eigenvalues
and eigenfunctions of the linear operators involved in the equations. The continuity of
equilibrium solutions in a general setting is addressed in Section 5. We have also included,
in Sections 4 and 5, several examples that show how we apply this general results to the
case of the dumbbell domain. We give a proof of Theorem 2.1 and Theorem 2.2 in Section
6. Finally, we have included Appendix A.l, which is devoted to the proof of compact
convergence of the resolvent in the case of dumbbell type domains, in particular, we show
Proposition 2.1.
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2. DEFINITION OF THE DOMAIN AND MAIN RESULTS

Before we can state in a precise way our main result, let us define the perturbation of
the domain we are considering.

The family of domains we are dealing with is the so called dumbbell domain which,
roughly speaking, consists of a pair of two fixed domains, €2, joined by a thin channel R,
which approaches a line segment as the parameter € approaches zero. In order to describe
such domains we need to introduce some terminology.

Let Q C RN, N > 2, be a fixed open bounded and smooth domain such that there is an
[ > 0 satisfying

Qn{(s,2) : s>+ 2> <1’} ={(s,2) : s> + |2]> < I?, s < 0},
Qn{(s,2): (s—=1)?+ 2> <®} ={(s,2) : (s — 1) + 2> < I?, s > 1},
Qn{(s,2"):0<s< 1,2 | <1} =0,

with {(0,2) : |2'| <1} U {(1,2) : |2'] <1} C 09. We are using the standard notation
RN 52 = (s,2'), with s € R, 2’ = (29,...,2y) € RN 7L

The channel that we consider will be defined as R = {(s,ex’) : (s,2’) € R1} and R; is
defined as

Ry ={(s,2"):0<s< 1,2 el'}}

and for all 0 < s < 1, I'] is diffeomorphic to the unit ball in RN-1. That is, we assume
that for each s € [0, 1], there exists a C'! dipheomorphism

L, :B(0,1) = T4 (2.1)
Moreover, if we define

L:(0,1) x B(0,1) — Ry (2.2)
(5,2) — (5, Ls(2)) '
then L is a C' dipheomorphism.

Denote by g(s) := Fﬂ the N —1-dimensional Lebesgue measure of the set I']. From
the smoothness of R;, we may assume that ¢ is a smooth function defined in [0,1]. In
particular, there exist dp,d; > 0 such that dy < g(s) < d; for all s € [0, 1]. Moreover, the
channel R, collapses to the line segment Ry = {(s,0): 0 < s < 1}

Remark 2. 1. A very important class of channels will be those whose transversal
sections I'j are disks centered at the origin of radius r(s), that is

Ry = {(s,2"), |2| <r(5),0 < s <1}

N=1 where wxn_1 is the Lebesgue measure of the unit

For this channel, g(s) = wn_17(s)
ball in RV—1.
Many of the results in the literature are obtained for this particular channel, even for

the completely straight channel given by r(s) = 1, see for instance [22, 23, 24, 25].
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The dumbbell domain will be the domain Q. = QU R, for € € (0,1]. Observe that we
did not specify any connectedness property for 2. Therefore we can have the situation
described in Figure 1 or as in Figure 3.

Q

|

FIG. 3. Dumbbell domain with a connected €2

Consider the nonlinear elliptic problem
—Au+u= f(u), =€ (2.3)
gu =0, x € 09 '

defined in the dumbbell domain €2, with f satisfying the following conditions:
(i) f : R — R is a C? function,
(1) [fw)] + |f (w)| + | f"(u)] < Cy for all u € R.

Remark 2. 2. The condition (i) on the nonlinearity does not represent any restriction.
Since the nonlinearity is assumed dissipative, we have L°° estimates of the attractors of
the system and these estimates are uniform in the parameter e. In particular, all solutions
of (2.3) are bounded with a bound independent of e. In case (i) is not satisfied we can cut
off the nonlinearity without modifying the solutions of the equation so that (:4) is satisfied.

We will denote by {€c}ec(o,1] the set of solutions of the problem (2.3). Under the above
assumptions on the nonlinearity f, & are bounded in L*°(2.) uniformly for € € (0,1] .

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



DYNAMICS IN DUMBBELL DOMAINS 89

The limit problem of (2.3) as € — 0 is the following

—Aw+w= f(w), €,

ov
—_ = Q
n 0, x¢€ 0

_é (gvs), +v = f(v), s€(0,1)

v(0) = w(0), wv(1)=w(1).

Observe that a solution of the limit equation has two components, (w,v). The first one
lives in  and the second one lives in (0,1) or equivalently in the segment Ry. Moreover,
the problem is not decoupled but it is interesting to note that it is coupled only in one
direction. By this we mean that the function w is independent of v but v depends on w.
Hence, to solve (2.4) we first find a solution w of the nonlinear problem in Q,

ow _ 0, x€d (25)

{Aw+wf(w), xz €0
on

Any solution of (2.5) is very smooth. In particular, it is in C°(Q) and it makes sense to
take the trace of w at pg and p;. Once this is obtained we solve the nonlinear problem in
(0,1) given by

fé (gus), +v=f(v), s€(0,1)
v(0) = w(0), (1) =w(1).

(2.6)

The aim of this paper is to compare the solutions of the perturbed problem (2.3) and
the solutions of the limit problem (2.4). Since the solutions live in different spaces we need
to devise a mechanism to compare functions defined in the limiting domain Q2 U Ry and
in Q.. First of all, we need an extension operator that maps functions (w,v) defined in
QU Ry into functions defined in €).. The natural way to define this operator is to extend
the functions defined in Ry (that depend only on the variable s) constantly in the other
N — 1 variables, that is:

Jw(x), xeQ
Ee(wvv)(x) - { ’U(S), T = (s,y) c Re ’

If we consider now X, 0 < € < 1, a family of functional spaces in €, (say for instance
X, =L%(Q),0<e<1and Xg = L?(Q) x L*(Ry)), we can give the following definition
of convergence: u. — ug if ||ue — Ecuplx. — 0. This notion of convergence will strongly
depend not only on the space X, but also, in a crucial way, on the metric chosen in X.. For
instance, if we choose X, = L?(f2.) with the usual metric HUCH%Z(QJ = er lue|?, we will
have that the family of functions u. = 1 will converge to any function ug € L?(2) x L2(Ry)
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such that ug = 1 in Q and it is arbitrary in Ry. In particular, with this choice of metric in
L2(€2,) the limit is not unique. On the other hand, if we define the metric in L?(€2,) by

1
A A s

we are magnifying the functions in the channel R, with a factor e~ (V=1 It is not difficult
to show that with this definition, we have that the limit is unique. In particular, the
functions u. = 1 converge to the function ug =1 in Q U Ry.

This considerations motivate the definition of the following spaces: for 1 < p < oo, the
space UP is the space LP(€).) with the norm

1N
- lzey +€ 7 |- llzrry

and denote by U§ = LP(2) © Lb(0,1) where Lb(0,1) is the space LP(0, 1) with the norm

|mugm>([f¢gu@yw9

As a matter of fact, with the norm defined in 2, we capture the behavior of the functions
in the channel R.. Note that a function u defined in €2, but independent of the y coordinate
in the channel R, will satisfy

1/p

[[ul

1 P
1-N
vr = il + €7 Nullocns = Nl + ([ a0y utsr as) "
0
Notice that the extension operator E. maps U} to UP. Moreover,

1Ee(w, v)|luz = [I(w, v)llug

We will also consider the spaces H! = H'(Q2) & H'(R,) with the norm

1-N
- Me: =1 e +e 2 |- ey
With all this notation in mind we can state one of the main result in this paper

THEOREM 2.1. Let p > N. If we denote by E. the set of solutions of problem (2.3) for
€ € (0,1] and by & the set of solutions of problem (2.4) then we have the following:
i) For any sequence u’ € & with € — 0, there exists a subsequence, that we also denote by
€, and a ugy € & such that

|lur — Ec(ug)|lyr — 0, ase—0 (2.7)

€
€

Juf = Ec(ug)lus —0, ase—0 (2.8)
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Moreover, there exists an o € (0,1) such that for any compact set K C Q\ {po,p1} we
have ||uf — ujllcr.exy — 0 as € — 0.
ii) For any hyperbolic equilibrium point uf € &y, there exists n > 0 and ey > 0 such that
there exists one and only one equilibrium u} of (2.3) such that
|luf — Ec(ug)|lyr <n for 0 < e < €. (2.9)

Moreover, (2.7) and (2.8) are satisfied.

In particular, if every equilibrium of the limit problem is hyperbolic, then we have only
a finite number of them, that is, & = {ud,...,ud*} and there exists an eg > 0 such that
Eo={ul,...,u™} and ut — uf in the sense of (2.7) and (2.8). Moreover, the number of
equilibria, m, is an odd number.

Remark 2. 3. An equilibrium point uf§ = (wo,vg) € & is hyperbolic if the linearization
of (2.4) does not have any eigenvalue in the imaginary axis. Observe that A is an eigenvalue
of the linearization if we have solutions (¢, ) not identically zero, such that

—Ap+ ¢ — fl(wo)p =Ap, z€Q,
% =0, z€dfN
(2.10)
75 (g0), +10— F'(00)d = Mp, s € (0,1)
$(0) = $(0),  $(1) = $(1).

From (2.10) it is easy to see that all eigenvalues are real (although the operator obtained
through linearization is not selfadjoint) and that A = 0 is not an eigenvalue of (2.10) if
A = 0 is not an eigenvalue of the operator —A¢+ ¢ — f/'(wp)d = A¢ in Q with homogeneous
Neumann boundary condition nor an eigenvalue of the operator —é(gz/Js)S +— f(vo) =
A in (0, 1) with homogeneous Dirichlet boundary conditions.

As a matter of fact we will be able to obtain more information on the relation between
the linearized operators around equilibria. We will show the following

THEOREM 2.2. In the conditions of Theorem 2.1 let u* be a sequence of equilibria of (2.3)
and ul = (wo,vo) an equilibrium of (2.4) satisfying (2.7) and (2.8). Denote by {A\}52,
the set of eigenvalues (ordered and counting multiplicity) of the linearization around u?,
that is, the eigenvalues of

_A¢e + (be - f/(u;k)(be = )\(bm HAS Qea

2.11
99 =0, x¢€ 09, ( )
on

and by {¢S5} a corresponding set of orthonormal eigenfunctions.
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Also, denote by {\2}°° | the set of eigenvalues of (2.10), ordered and counting its alge-
braic multiplicity, and denote by {#°}°° | a corresponding set of generalized eigenfunctions.

Then, we have

A ZEN0 foralln=1,2,...

Also if n is such that X, < %, | and we define

WP = span[¢), ..., 0], We = span[¢S, ..., ¢%]
then,
distyr (W5, EWO) 80, disty: (W, EWE) <20 (2.12)

In particular, if ufy is a hyperbolic equilibrium point of the limit equation and u’ is the
sequence of equilibrium points such that ||uf — Ecug||yr 90 given by Theorem 2.1, then
for € small enough, u? is also hyperbolic and its linearized unstable manifold converge, in
the sense of (2.12), to the linearized unstable manifold of ug. In particular, the dimension
of the unstable manifolds of u} and of ug coincide.

Remark 2. 4. 1) In relation to (2.12), the distance of two subspaces is the symmetric
Hausdorff distance of the unit balls of the two subspaces, that is if W7, W5 are subspace of
the Banach space U, then

disty (W1, Wa) = sup inf |z —yllu+ sup inf |z —y|v
xE€Bw, YyEBw, yE€Bw, z€Bw,

where By, and By, are the unit balls of Wy and Wy respectively.

ii) The convergence of the linearized unstable manifold is a first step needed to prove
the convergence of the attractors. As it is mentioned in the introduction, this result will
be accomplished in [7].

The results of the above theorems will be obtained after a careful analysis on the behavior
of the resolvent of the linear operators is performed. Actually, we will prove the following
basic and important result:

PROPOSITION 2.1. For f. € UP, € € (0,1] let u, be the solution of

(2.13)

due — () g € 9N..

{ —Aue +ue = fe, €,
on
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and for (f,h) € UL let (w,v) be the solution of

- Aw+4w=f =z,

ov
— = Q
o 0, €0

(2.14)
1
— g (gvs)+v=nh, se€(0,1)

v(0) = w(0), wv(1)=w(1).

Then, we have that
1.With p > N/2, there exists a constant C' > 0, independent of € and of f. , such that

[well L 20y < Ol fel

vé

2.With p > N, if || fellur <1, € € (0,1], there is a subsequence, denoted by € again and
(f,h) € U, such that if (w,v) are given by (2.14) then the following holds

i) e = Ec(w,0)]lms =0,
i1)  |ue — Ee(w,v)|ya %0, foralll <q<oo
iii)  |ue —wllcrex) =9 0, for all compact K C Q\ po,p1

3.With p > N, if we have || fe — Ec(f,h)|u» 90 then we have i), ii) and iii) for the
whole sequence

The proof of this Proposition is written in Appendix A.1.

3. THE PROBLEMS (2.3) AND (2.4)

We will write both problems, (2.3) and (2.4) as abstract problems in the Banach spaces
U? and U)) respectively.

Since for fixed ¢, the space UP is equivalent to LP(€2.), the problem (2.3) can be written
as an abstract equation of semilinear type of the form

Acu = Fe(u), (3.1
where A, : D(A.) C UP — UP, 1 < p < o0, is the linear operator defined by

D(Ac) ={u e W>P(Q.) : Au€ UP, u/On =0 in 09, }

3.2
Acu=—Au+u, ue D(A) (3:2)

and the nonlinearity F. : U? — U? is the Nemitskii operator generated by f, that is
Fe(ue)(x) = f(ue(x)).
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The operator A, is sectorial and the following estimate holds

_ C
(A + M) le(ze@n) < Bk for A€ Xy, (3.3)

where ¥y = {A € C: |arg(A—1)| <0}, 0 > 7 and C is a constant that does not depend on
€. This follows form the fact that the localization of the numerical range in the complex
plane can be done independently of e, see [37], page 215.

Define the limit linear operator, Ag : D(Ag) C U§ — U} which is defined by

Ap(w,v) = ( — Aw + w, —é (gvs), + v), (w,v) € D(Ap) (3.4)

with domain

D(Ap) = {(w,v) cUY :weDAY), (gua)s € L5(0,1),
(3.5)
v(0) = w(0), v(1) = w(1)}

where A% is the Laplace operator with homogeneous Neumann boundary conditions in
LP(Q).

We have the following

PROPOSITION 3.1. The operator Ay defined by (3.4) has the following properties

(i) D(Ap) is dense in U},

(ii) If p > N/2 then Aq is a closed operator,

(iii) Ag has compact resolvent.

Proof: (i) Let (w,v) € LP(Q)DLE(0,1). Let (wn,v,) € C5°(Q)DCE(0, 1) with (wp, v,) —
(w,v) in LP(Q) @ LF(0,1), then (wn,v,) € D(Ap) and the result is proved.

(13) Let (wp,v,) € D(Ag) be such that (wp,v,) — (w,v) and Ag(wp,v,) — (é,4) in
LP(Q) & LP(0,1). Since w, € D(AF) and AY is a closed operator in LP(£2), see [20], we
have that w € D(AY) and w, — w in W*?(Q). In particular, —Aw, — —Aw and since
p > N/2 we have W2P(Q) — C°(Q), which implies that w,,(0) — w(0) and w,, (1) — w(1).

1
On the other hand v,, — v and ,, = 5 (gv)) +v, — ¢ in L5(0,1). Now

_ $<gv;)’+vn = n, s€(0,1)
vp(0) = w,(0), v,(1) = wn(1).

Making the change of variables z, = v, — §,, where &, is the solution of the following
problem

1 N
- logr=o scom (3.6)
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we have

It is easy to see that

n 1) — n ° 1
£0(5) = wn(0) + & (1) wn(0) / do (3.7)
1 o 9(6)
—df
o 9(6)
and, since w, (0) — w(0), w,(1) — w(1), it follows that &, — &, where £ is the solution of
the following problem

—§<ge'>’=o, s€(0,1)
£(0) = w(0), £(1) = w(1).

Moreover, since the operator L(v) = fé(gv’ )" with homogeneous Dirichlet boundary
conditions at s = 0 and s = 1 is closed in LF(0, 1), we have that z, — z in L5(0,1) where
z satisfies

(3.8)

- ﬁwiyzw*% se(0.1)
z(0) = z(1) = 0.

From which it follows that v, = z, + &, — 2z + £ = v, and v satisfies

() +o=v. s€)
v(0) = w(0), v(1) = w(1).

(3.9)

(#11) Since D(Ag) C W2P(Q) & W}P(0,1) — LP(Q) @ LF(0,1) and since the embedding
W2P(Q) @ W,P(0,1) — LP(Q) @ LF(0,1) is compact, it follows that Ay has compact
resolvent. [

Remark 3. 1. FEven though Proposition 3.1 states several important properties of the

operator Ag, we would like to mention that Ay is not a sectorial operator. Its spectrum is
all real and, therefore, it is contained in a sector but the required resolvent estimate

C
A+ al

(Ao + )\1)71||L(U5’) <

is not satisfied. To see this, we refer to [7].
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4. ABSTRACT COMPACT CONVERGENCE RESULTS

In this section we develop the basic abstract tool that we are going to use to compare
two linear problems defined in different spaces. This theory will be applied to compare the
linear problem defined in the dumbbell domain €. with the linear problem defined in the
limit domain QU Ry. This will be illustrated throughout several examples included in the
section.

Hence, let U, be a family of Banach spaces for € € [0, 1] and assume there is a family of
linear operators F, : Uy — U, with the property that

e—0

|Ecu|ly. — ||ullu,, for all u € Uy. (4.1)

ExAMPLE 4.1. Let Q. = QU R, be the dumbbell domain defined in Section 2 and
let U? and U{ be the spaces defined also in Section 2. Consider the extension operators
E.:U} — U? as

w(x), © €
E = ’ .
oo =S e
It is very easy to verify that ||Ee(w,v)|lpz = [[(u,v)[|lve-
DEFINITION 4.1. We say that a sequence {uc}eco,1] E—converges to u if [luc —

0 : : B
E.ully, == 0. We write this as u, — u.

With this notion of convergence we introduce the notion of compactness
DEFINITION 4.2. A sequence {u, }nen, With u,, € U, and €, — 0, is said pre-compact
if for each subsequence {u,} there is another subsequence {u,~} and an element u € Uy

such that u. ,, £, w. The family {ue}ee(o,1] is said pre-compact if for each sequence {u., },
with €, — 0, is pre-compact.

DEFINITION 4.3.  We say that a family of operators {B. € L(U,) : € € (0,1]} converges
to By € L(Up), as € — 0, if B.u, £, Bou whenever u, Eoue Uy. We write B, EE, By.

DEFINITION 4.4. We say that a family of compact operators {B. € L(U) : € € (0,1]
converges compactly to a compact operator By € L(Uyp) if for any family {u.} with ||ue|ly. =

1, € € (0, 1], the family { Beu,} is relatively compact and, moreover, B, LEE By. We denote
. cc
this as B — Byp.
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ExampLE 4.2. Let Q, Qo, UP,U{ be the domains and the spaces of the dumbbell
domain of Example 4.1, let A., Ag the operators defined in Section 3 and consider the
operators B, € L(UP) defined by B. = A1, that is, B, f. = u. where u, is the solution of

(4.2)

{—Aue—i-uezfe, x € Q.

ou
€ = Q..
n 0, x € 09

and By € L(UE) be the operator defined by By = Ay, that is Bo(f, h) = (u,v) were (u,v)
is the solution of

—Aw+w=f z€0

ow
%—0, xG@Q

(s(() v'(s))' +v(s) = h(s), s€(0,1)
v(0) = w(0), v(1) = w(1).

We will prove in Appendix A.1 that if p > N, then A7! cq Agl. This is the fundamental
result that will give us the key to all the results of the paper. Also, notice that this is
exactly what Proposition 2.1 states.

The following lemma is a key result.

LEMMA 4.1, Assume that {B. € L(Uc)}ee(o,1] converges compactly to By as ¢ — 0.
Then,
i) [|Bel zu.y < C for some constant C, independent of e.
ii) Assume that N(I + By) = {0} then, there exists an eg > 0 and M > 0 such that

[(I+ Be) rw.) <M, Veel0,e). (4.4)

Proof: i) If the norms are not bounded, then we can choose a sequence of €, — 0 and
e, € Ue, with |lue, ||y, = 1 such that ||Bc, ue, || — +oco. But this is in contradiction with

the compact convergence of B, given in Definition 4.4.
ii) Because B, is compact for every € € [0, 1], the estimate (4.4) is equivalent to say that

1
(I 4+ Be)uel|ly. = U’ Ve € [0, €] and Vu, € U, with |lu| = 1.

Suppose that this is not true; that is, suppose that there is a sequence {u,, }, with u,, € U,

|lun|l = 1 and €, — 0 such that ||(I + Be, )un| — 0. Since {B, u,} has a convergent
subsequence, which we again denote by {B., un}, to u, ||u|| = 1, then u,, + B, u, — 0 and
U, — —u. This implies that (I + B)u = 0 contradicting our hypothesis. H
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In general, we will have that the operators B, are inverses of certain differential operators
A.. Hence, assume we have operators A, : D(A.) : U. — U, for € € [0, 1] and assume that
we have the following hypotheses:

A, is closed, has compact resolvent, 0 € p(A.), € € [0,1] and A7! cq, Agl. (4.5)

LEMMA 4.2. Let A, be such that (4.5) hold. Then, for any X € p(Ao), there is an ey >0
such that X € p(A¢) for all € € [0,€x] and there is a constant My > 0 such that

(A=A < My, Vee0,en]. (4.6)

Furthermore, (A — Ac)~! converges compactly to (A — Ag) ™! as e — 0.

Proof: From (4.5) and since A € p(Ap) it is easy to see that

(A= Ag) =AM T - 2AgH

Since A1 << Ay, applying Lemma 4.1 i) and ii), we get that the operator —A- (I —
AAZ1)~1 is well defined and bounded. Easy computations show that actually —A-!(I —
M7= (A — A.)7L. Hence \ € p(A,) and we obtain (4.6).

In order to show the compact convergence of (A — A.)~! to (A — Ag)~! we proceed as
follows. Since A7! converges compactly to Ay ' and since {(I — A7) : 0 < e < ey} is
bounded we conclude that

o If ||uclly. = 1 then (A — AJ)"tu, = —A-tw, with w, = (I — MAZY) "y, which is
uniformly bounded in €. Hence (A — A.) ~!u, has an E-convergent subsequence.

o If u, - u then A, N Ag'u. Now, for any subsequence of {(\ — A.)~'u.} there
is a subsequence (which we again denote by {(A — Ac)~!u.}) and a y such that,

A—=A) tue = —(I = XATH A, = 2 L.
Therefore,
Ag'tu £ AT ue = —(I = MNA7Y) 2, £, —(I = Mgty

This implies that y = (A — Ag) !u. In particular, y is independent of the subsequence
chosen. This implies that the whole sequence (A — A.)~!u, converges to y = (A — Ag) ~tu.

Thus, (A — At 25 (A — 49)~L.
From this we have the compact convergence of (A — A,)~* <, (A —Ap)~! and the result

is proved. [ |

LEMMA 4.3. If X and 6 are chosen such that Ss := {u € C : |p — A\ = §} satisfies
a(Ag) N Ss = 0 then, there exists €g; > 0 such that o(A) NS5 =0 for all € < eg;.
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Proof: Suppose not. Then, there are sequences €, — 0, A, € S5 (which we may assume
convergent to \) and u., € U, ||ue, || = 1 such that u., —(A., )"\ u., = 0 or equivalently

A (Ae,) tue, = ue,. It follows from compact convergence that u., has a convergent
subsequence to u € Uy, |lu||y, = 1 and that Agu = Au which contradicts our assumption.lll

For an isolated point A € o(Ay) we associate its generalized eigenspace W (A, Ag) =
Q(\, Ag)Uy where

1
QO A) = o [ e o)
2m1 Jig—xj=5
and 0 is chosen so small that there is no other point of o(A4y) in the disc {{ € C : [€—\| < 6}.
It follows from the previous Lemma that there is eg, such that p(A.) D Ss for all € < eg;.
We denote by W(A, A.) = Q(\, Ao)U, where

QAL = - / (1 — A)de.
[E=X]|=6

T 2mi

Our next result says that the spectrum of A., for e small, approaches the spectrum of
Apy. We already know that the spectrum of A. or Ay consists of isolated eigenvalues only.

THEOREM 4.1. Let A, Ag be such that (4.5) is satisfied. Then the following statements
hold.

(I)If Mo € o(Ap), there exists a sequence €, — 0 and A\, € o(A, ), n € N, such that
An — Ap as n — oo.

(i)If for some sequences €, — 0, A\, € 0(A,), n € N, one has A\, — Ao as n — o0,
then \g € o(Ayp).

(iii) There exists €9 > 0 such that dimW (X, A¢) = dimW (Ag, Ag) for all 0 < € < €.

(w)If uw € W (Ao, Ao), there exists a sequence {uc}, ue € W(Ag, Ae), such that u, .

(V)If €, — 0, and u, € W(A, Ac,), satisfies ||un||v,, =1 then, the sequence {u,} has an
E— convergent subsequence and any limit point of this sequence belongs to W (g, Ao).

Proof. (i) Let us take some \g € o(Ap) and consider O(Ng,d) = {A € C: |A—Xo| <} such
that O(A\g, ) No(Ag) = {Ao}. To show that there is ¢ > 0 such that [|[(A — A.) 71| = O(1)
for € € [0,¢0] and A € dO(\g, d) it is enough to prove that

(I =XA-H 7Y = 0(1), e €]0,€], A € 00(Xg, ).

If that is not the case there will be a sequence A, € dO()g,d) (which we may assume
convergent to some A € 90 (A, 9)), a sequence uy,, € U, , ||u,|| = 1, and a sequence €, — 0
such that

”(I - )‘n(AEn)_l)un” =0.
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Since A € p(Ayp), that is in contradiction with Lemma 4.1.
Assume now that O(X\g, ) C p(A.). The function (A— A.)~! is holomorphic. From what
we have just proved and from the Maximum Modulus Theorem one can see that

(I = XA ™M < max (I -AAZY) 7 = ¢ < 0.
I\=Agl=6
e€[0,e0]

Hence if €,, — 0 and u,, — u, it follows from Lemma 4.1 that

I(h0Ag" = Dully, = lim [|(AAZ" = Dunlly, > ellulv,,

for some ¢ > 0 and Ay € p(Ap). So any O(\g, d) contains some point of o(A,), for suitably
small e.

(74) Assume now that €, — 0, {\,}, A, € 0(4.,), is such that A, — X and ||({ —
M (Ae,) Duy| =0, ||up|| = 1. Then

(I — )‘(Aen)_l)un| U, = (1 — An(Aen)_l)un - (A= )‘n)(Aen)_lun|

v., —0

as n — o0o. Once |lu,|| = 1 we have, taking subsequences if necessary, (4.,) 'u, — y and
U, — u, ||u|| = 1. Therefore u — AAg u = 0, u # 0, which means \ € o(4y).

(iii) Since (A — A¢)71 =9 (A — Ag)~?! for any A such that |A — \g| = & and since

{IAV =407 :0<e<eo}
is bounded, it follows from Dominated Convergence Theorem that Q.(Ao) =9 Q(Xo).
If v, -+ ,vg is a basis for W(\g, Ag) = Qo(Ao)Up, it is easy to see that, for suitably
small e,

{QE(AO)EG,IJl? T 7Q6()‘0)Eevk}
is a linearly independent set in Q.(A\g)U.. Hence rank(Qc(Ao)) = rank(Q(Ao)).

We prove the converse inequality assuming that Q.(\g) — Q(A\g) compactly. If for some
sequence €, — 0, rank(Q., (Ag)) > rank(Q(Ao)), it follows from Lemma IV.2.3 in Kato that,
for each n € IN there is a u, € W( Ao, Ae, ), ||un| = 1, such that dist(u,, W (Ao, Ap)) = 1.
From the compact convergence we can assume that Q. (Ao)un, = un — Qo(Ao)ug = uo,
hence

1 < flun — Qo(Ro)unll = [|Qec, (Ao)un — Qo(Ao)unll — 0
So we need to prove just compact convergence Q.(Ao) — Q(Xo) and that follows from

the compact convergence of A-! — Aj*', from the uniform boundedness of ||(CA; ' — 1)~
(I = o] = ¢ and € € [0, €]), given by Lemma 4.1, and from the formula

1 _ 4 1 _ _
Q) = o Cr-aytac=aitos [ eat-nta
T J1¢=nol=5 L J1¢=2ol=6
(iv) This follows taking u. = Q.(Ao)Fecu.
(v) Follows from the compact convergence of Q. to @ proved in (i4i). [ |
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PROPOSITION 4.1. Let A, Ag be such that condition (4.5) is satisfied. Let K be a com-
pact subset of p(Ao). Then, there is a constant ex > 0 such that K C p(Ac) for all
€€ [0,ex] and

sup  [|(A — A)7Y| < oo. (4.7)
AEK
e€[0,ex]
Furthermore, for any u € Uy
sup |(A = A) " Eau— E.(A — Ag) " 'ullu. =2 0. (4.8)

AEK

Proof: Let us first prove that there is a ¢ > 0 such that K C p(A.) for all € € [0, ex].

Suppose that this is not the case then, there are sequences €, — 0, {\,} € K such that A,

is an eigenvalue of A, . Since K is compact we may assume that there is a \ € K such that

A — A. It follows form Theorem 4.1, part (ii), that A € o(Ap) which is a contradiction.
To prove (4.7), it is enough to prove that

sup ||( — )\Azl)flﬂ < 0.
AEK
e€[0,ex]

we assume that this is not the case; that is, assume that there are sequences €, — 0,
An € K (which we may assume convergent to A € K) such that

I(T = A AZH ™ — 0.

Since )\nA;Ll converges compactly to AAy ! this is in contradiction with Lemma 4.1.
It remains to prove (4.8). Once again, we prove it by contradiction. Assume that there
are sequences €, — 0, K 5 A\, = A € K and 1 > 0 such that

|(An = Ac) " Ee,u — B, (An — Ag) Ll

Ue,, 2 n. (49)
Using the resolvent identity we have
(A= Ae) B u— (A= Ae) B u= (A=) (M — A, )T = A ) THE

It follows from the (4.7) that

1 = Ae,) " Be,u— (A = Ae, ) Eeul

v., — 0asn— oo. (4.10)
Since, from Lemma 4.2,
[(A=Ac) "Eo,u— Ee, (A= Ao) |y, — 0asn— oo (4.11)
and, from the continuity properties of the resolvent operators,
(A — Ao) " tu — (X — Ag) " tul|p, — 0 as n — oo. (4.12)
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Now, (4.10), (4.11) and (4.12) are in contradiction with (4.9) and the result is proved. Wl

4.1. Linearization

In many instances we will be interested in analyzing the behavior, in terms of compact
convergence, spectrum, etc., of operators that come from the linearization around certain
stationary solutions of nonlinear problems. This amounts to study the behavior of operators
of the form A, +V, where V; : U, — U, is a bounded operator (typically a multiplication by
a potential). We will see that under fairly general hypotheses, once compact convergence
of A7! to AO_1 is obtained, we can analyze the operators of the form A, + V..

Consider the following hypothesis

(4.5) holds and V. € L(U,,U,), € € [0,1] such that A=1V, <5 A5V, (4.13)

ExAMPLE 4.3. Assume we are in the setting of Examples 4.1 and 4.2 and let V. €
L>(Q.) and Vp € L*>®(Q) & L>(0,1) be potentials satisfying that V £ . Then, we
have

A7V, EG A

Note that A7V, (u.) = AZ1(Veu,). To prove this, notice that by the boundedness of the
potentials V, it is easy to see that if u. is a bounded sequence in U?, then Veu, is also a
bounded sequence in UP. By the compact convergence of A-! we get that A7!(Veu,) is
precompact.

. E . E _ E ,_
Moreover if uc — ug in UP, then Viu, — Voug. And therefore A1V u, — Ag Wouo

. _1 EE ,—
since A7! =5 Agt.

We assume the following condition

| 0¢ (Ao +Vh) .| (4.14)

It is clear that Ay + Vj has compact resolvent. Let A, = A, + V., 0 < e < 1. We can
show the following result,

PROPOSITION 4.2. Assume that conditions (4.13) and (4.14) are satisfied. Then, there
is an eg > 0 such that 0 & o(Ac + Vo), [(Ac + Vo) lzw.) < M independent of € for
0 < e <¢. Moreover

(Ac+ V)™t cc (Ag+ Vo)™t

In particular, the operators A, = A, + V., 0 < e < 1, satisfy condition (4.5).

Proof: To prove the result note that
(Ae+ Vo) =T +ATV)~I AT
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Since — A1V, converges compactly to —Aglvo and —A_! converges compactly to (—Ag) 1,
the uniform boundedness follows from Lemma 4.1.

To prove that (Ac+ V)~ ! cq, (Ao + Vo)t we note that, for each sequence u, € U, with
luel|lr. <1 we have

ve = (Ac + Vo) tue = (I + A;l‘/e)*l/l;lu6
is a bounded sequence and that
Ve = —A;lvgv6 + A;lue.

Taking subsequences we may assume that {A-1V.v.} and {A-'u.} are convergent and it
follows that {v.} has a convergent subsequence. In addition, if {u.} is convergent to u we
have that from the above that {v.} converges along subsequences to v which must satisfy

v=—A"Vov+ Ay tu.

and v = (Ap + Vo) 1u. From the fact that the limit is independent of the subsequence we
have convergence. |

Observing that, from Lemma 4.2, AZ! converges compactly to Ay ! and proceeding
exactly as in Lemma 4.1 we obtain the following result

COROLLARY 4.1.  Under the conditions of Propostion 4.2, all the results of Theorem 4.1
and Proposition 4.1, apply to the family of operators Ac = Ac + V., 0 <e < 1.

Proof: Just observe that from Proposition 4.2 the operators A, satisfy condition (4.5). Il

5. CONTINUITY OF THE SET OF EQUILIBRIA

Let us consider in the family of Banach spaces U, the following family of nonlinear
problems
Acue + fe(ue) = 0. (5.1)

where f. : U. — U. is a bounded and differentiable map for ¢ € [0,1]. Let & = {u} :
Acul + fe(ulf) =0}, e € [0,1].
We assume that

A, satisfies (4.5) and AZLf(-) <5 AT (5.2)

ExXAMPLE 5.1. Let Q. be the dumbbell domain defined in Section 2 and consider the
setting from Example 4.1 and Example 4.2. Let f : R — R be a bounded function with
bounded derivatives up to second order. Let us show that if we denote by f. : U? — U?,
p > N, the Nemitskii map of f in UP, then (5.2) is satisfied.
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Suppose that UP > u, Loue U¥. Then,

e—0

vr < Ll|ue — Ecul|yr — 0. (5.3)

17 (ue) — Eefg (u)

vr = £ (ue) — fE(Eeu)|

The condition (5.2) now follows from the compact convergence A! < Agt, from the
fact that f¢ is bounded uniformly for € € [0, 1] and from (5.3).

Consider the following definition of the index. We refer to [33] and [40] for details.

DEFINITION 5.1.  Let U be a real Banach space, O C U and denote by K(2) the set of
compact maps from O into U. We say that a triple (I — F, O, u) is admissible if O C U is
open and bounded, F € K(O) and u ¢ (I — F)(00). A function v which assigns an integer
number y(I — F, O, u) to each admissible triple (I — F, O, u) with the properties

1. v(I,0,u) =1 for u € O;

2. y(I = F,0,u) = v(I — F,01,u) + v(I — F,Oz,u) whenever Oy and Oy are disjoint
open subsets of O such that u ¢ (I — F)(O\(O1 U Os));

3. y(I — H(t,-),0,u(t) is independent of t € [0,1] whenever H : [0,1] x O — U is
compact, u(-) : [0,1] — U is continuous and u(t) ¢ (I — H(t,-))(0O) on [0,1];
is called a Leray-Schauder Degree.

Let FF € K(O), u € O and ¢ > 0. If, for all € € (0, €], (I — F, Be(u), u) is an admissible

triple and v(I — F, B¢(u),u) is independent of € € (0, o], we say that this common value
is the index of u relatively to the map I — F and denote it by ind(u, I — F).

Now we can show,

THEOREM 5.1. If uf is an equilibrium point of (5.1) with € = 0 which satisfies 0 ¢
o (Ao + fi(u)) then, uj is an isolated equilibrium point with |ind(ug, I + Ayt f5(us))| = 1.

Proof: Note that uf is a solution of (5.1) with e = 0 if and only if it is a fixed point of
the compact operator —Ag ' fo(+) : Up — Up. Also, 0 ¢ (Ao + fi(ug)) if and only if 1 ¢
o(=Agt f5(ug)). Tt follows that there is a constant 7 > 0 such that ||v 4+ Ay ' £ (ud)v||v, =
2n|v]|v, - If we define wo(uf, v) = Ag ' fo(ul +v) — Ayt fo(uh) — Ayt £5(ug)v, then, by the
differentiability of fy we have that,

lwo(us, v)llvy v—0
v/l

In particular, there is a 7 > 0 such that ||wo(u§, v)||v, < n||v|lv, for ||v||u, < 7. Then, for
llug — ul|lu, < r we have

[+ A5 fo(w)llo, = llu—uf — (Ag " folu) — A fo(ug) o, >
llu =y + Ag ™ fo(ug) (w — ui) vy — llwo(ug, u —ui)llu, = nllu — ugl|.
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Thus v is an isolated equilibrium. The proof that |ind(ug, I + Ay* f5(uf))| = 1 follows as
a direct consequence of Theorem 21.6 in [33].

COROLLARY 5.1. Ifug is a hyperbolic solution of (5.1) with e = 0 then, ug is an isolated
equilibrium and |ind(ug, T + Ayt f(ug))] = 1.

ProPosITION 5.1.  If all points in & are isolated then, there is only a finite number of
them. If 0 ¢ o(Ao + fo(uy)) for each u§ € & then, & is a finite set with an odd number
of elements.

Proof. First we observe that all solutions of (5.1) with € = 0 satisfies
u+ Ayt fo(u) = 0. (5.4)

If we consider the ball of radius larger than ||Ag || K, with K = sup{||fo(u)||v, : v € Up},
then the operator —Ay ! f(-) maps the ball B(0, ||Ay'||K) C Uy into itself. By Schauder
fixed point Theorem (Theorem 21.6 in [33]) v(I + Ay*f(-),0B(0, A |K)) = 1 (v is
the Degree of Leray-Schauder) and there is at least one fixed point u for —A5 ' f(-) in
B(0, | 43| K); that is,

up + Ay Fu) = 0 with u € B(0,]| Ay [[K).

Since the operator —Aalfo(-) : Up — Up is compact we have that the set & = {u :
Aou + fo(u) = 0} is compact in Uy. Moreover, by Theorem 5.1 any fixed point uf is
isolated. If the number of the fixed points is infinite, i.e. we have a sequence {u]}$2,, then
the sequence —Ay ! f(u}) = uf — uZ, converges on some subsequence i € IN' C IN, which
is a contradiction with the fact that each fixed point v} is isolated. So the number of the
equilibrium points is finite. Now by Theorem 20.6 in [33]

L=+ 45" £(:),0B(0, |45 | K)) = Y _ind(uf, T + Ag" £())
i=1
and therefore the number d = 2k + 1 for some integer k > 0. H

PROPOSITION 5.2. Assume that condition (5.2) is satisfied and that the problems (5.1)
have solutions {u}}, € € [0,1]. Then, taking subsequences if necessary, there is a solution
uy of (5.1) with e =0 such that ||uf — Euf|ly. — 0 as e — 0.

Proof. If u} is a solution of (5.1) we have that u* = —AZ!f.(u?). From the fact that
A7 f(-) 1 U. — U, is bounded uniformly for € € [0,1] it follows that {u’} is bounded.
From (5.2), we have that there is a subsequence, which we again denote by u*, such that

ur £, ug. Again from (5.2) we have that
ug + A f* (ug) =0,
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which is equivalent to say that ug is a solution of (5.1 with € = 0). |

PROPOSITION 5.3.  Assume that (5.2) holds and that uf is hyperbolic solution of (5.1)
with e = 0. Then there are ey and & > 0 such that for 0 < € < €y the equations (5.1) have
at least one solution u} in {we : ||we — Eeug|lu. < 0}. Furthermore, |[uX — Ecud|lu. — 0 as
e — 0.

Proof: Asin Corollary 5.1 there is a ball B(ug,d) such that there are no other fixed points
in it except ug and we get |ind(us, I + Ay' fo(-))| = 1. It is easy to see that the hypotheses
of Theorem 3 in [40] are satisfied and therefore there is at least one fixed point v} in any
ball B(E.u,0), € < €9, for some ¢y > 0. This sequence {u’} is E-convergent to ug. |

The last two results, Proposition 5.2 and Proposition 5.3 show the continuity of the set
of equilibria in the following sense: if u* is a sequence of equilibria of (5.1) then we can

get a subsequence such that u} £, ugy, which is an equilibrium of the limit equations and
viceversa, if uf is an equilibrium solution of the limit equation which is hyperbolic, then

there exists a sequence of solutions u} for all € > 0 small enough such that u} =, ug-

We want to impose conditions now on the nonlinearities f. that guarantee that for a
fixed hyperbolic equilibrium solution wuf of the limit equation we have one and only one
solution u} of the perturbed equation nearby. In order to accomplish this, we will need
some kind of uniform differentiability property of the nonlinearities f.. For this, define first

we(uf,v) = A7 fe(ul +v) — A7 fe(ul) — A7 fL(ul)v

Consider the following hypothesis

Hypothesis (5.2) holds, and if u} are equilibrium solutions
with u? =5 ug then , A= f/(u?) €5 AF 1 (uf) and

[[we (ug, v)||v

V]

(5.5)
= o(1) as ||v||y. — 0, uniformly in €

Ue

[[we(ug, v)llu.
vl
there exists a § > 0 such that ||we(u,v)||v. < pljv||v. for all v € U, with |jv]

We can show now the following

Observe that saying that = 0(1) uniformly in € means that for each p > 0,

u. < 0.

THEOREM 5.2. Assume (5.5) holds and let uf be a solution of (5.1) with € = 0 which
satisfies 0 ¢ (Ao + fi(ul)). Then, there is a & > 0 such that (5.1) has a unique solution
uf such that ||u¥ — Ecudllu, < 4.

If, for all solutions uf of (5.1) withe =0, 0 ¢ o(Ag+ f}(uy)) then, from Proposition 5.1,

(5.1) with € = 0 has a finite number ng of solutions u3,--- ,uy, . In this case, there is an
€o such that (5.1) has exactly ng solutions, uy 1,--- ,uZ, , for all € < e and u? =, uy,
1 § ) S no
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If, moreover, uf, is a hyperbolic equilibrium point then u} is also hyperbolic and we can
apply Corollary 4.1. In particular, the linear unstable manifold of u} E-converges to the
linear unstable manifold of ug.

Proof: Note that u} is a solution of (5.1) if and only if it is a fixed point of the compact
operator —A-1f.(-) : U. — U.. Also, from Lemma 4.1, there is an ¢ > 0 and n > 0
(independent of € € [0,€p]) such that, for any € < ey, 0 ¢ o(Ac + fL(uf)) and ||(I +
AT () vellu. = 2nl|vel|v. . If we write

Azlf(u: +ve) — AZlf(U:) - AZlf’(U:)Ue = ws(u:,ve), v |

r—aq
< Clloelly?

Ue

with C' independent of e. Hence, there is a § > 0 (independent of €) such that ||Jw.(u¥, ve)|
< nfjve|ly. for ||vellu, < 2d. Then, for ||uX — u||y. < 26

Ue

lue+ A felue) o, = llue—ug + AT f2(ug) (uf —uc)|

v, = lwe(ug, ue —ug)l|o. = nllue —uell.

Thus u} is the only solution of (5.1) in Bas(u}). This together with the fact that u, £, uy
implies the result. |
EXAMPLE 5.2. Assume we are exactly in the same conditions of Example 5.1. Let

us show that hypotheses 5.5 also holds. Notice that if u* N ug, and if we define V, =
f'(ul), Vo = f'(up), we have that since f’ is a bounded function that V. € L*(£.),

Vo € L>(Q)@ L*>(0,1). Moreover, V, £ v, Applying the results in Example 4.3, we get

ATV (ur) CS AG ()

€

Let us prove now that, for each € € [0, 1], we get

[we(ue, v)lvz = AT (fE (e +v) = fE(ue) = (%) (ue)v)llvr < CHvllggu vel? (56)

for any N < ¢ < p, where C is a constant independent of e. To prove (5.6) we note first
that, as it will be proved in Section A.1, Lemma A.9, we have that for each N < ¢ there
exists a constant C, independent of ¢, such that

1A ce,ze(0.) < C (5.7)

By interpolation, it is not difficult to see that if N < ¢ < p we also have ||A"| ;e yry < C
Hence, if N < ¢ < p, we have

JAZH(fE (ue + 0) = £E(ue) = () (ue)v)lur < ClIf (ue +v) = feue) = ' (ue)vvs

< OIS (ue(@) + O(x)o(x)) = f'(ue(@))]v(@) ] ve (5.8)
< Cf (ue(@) + 0(2)v(x)) = f'(ue(@)) oy [lv(@)]

ue ue-
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where % + = = %. Note that

1
p

1f (ue(2) + 0(z)v(2)) = f'(ue(@) Lo @) < C
1f (ue(@) + O(2)v(2)) = f'(ue(@)) oz < Clv]

ve

and by interpolation

1/ (ue(a) + 0(@)o(@)) — f (u@)loy < Cllollfy < Cllvlls

which implies (5.6).

6. PROOF OF THE MAIN RESULTS: THEOREM 2.1 AND THEOREM 2.2

In this section we will assume that Proposition 2.1 is proved and will provide a demostra-
tion of Theorem 2.1 and Theorem 2.2. The proof of Proposition 2.1 will be obtained in
Appendix A.

Proof of Theorem 2.1: Under the conditions of the nonlinearity from Section 2 and
with the aid of the maximum principle, we easily get that the set of equilibrium points &,
is bounded in L*°().) with a bound independent of e. Similarly, the set of equilibria of
the limit problem is also uniformly bounded.

Notice that, if p > N, with the definitions of UP and U} from Section 2 and Example
4.1, we have from Proposition 2.1 the compact convergence of AZ! to Ay ! In particular,
(4.5) holds true. Moreover, as it is shown in Example 5.1, condition (5.2) is also satisfied.
Applying now Proposition 5.2, we show (2.7).

If we denote now by f* = f(uf) € UP and f§ = f(uy) € UJ, by (2.7) and by the
continuity of the nonlinearity f, we have that [|f* — E.f5|ly» — 0 as ¢ — 0. Applying
Proposition 2.1, point (3) i), ii) and iii) and taking into account that u* = AZ!f*,
Ayt f&, we prove i) of Theorem 2.1.

To show ii), observe that by Example 5.2, we have that hypothesis (5.5) holds true. In
particular, we can apply Theorem 5.2, which proves ii). This concludes the proof of the
theorem. H

*
Uof

Proof of Theorem 2.2: If we are in the conditions of Theorem 2.1 and we have a sequence
of equilibria u¥ which E-converges to uf = (wp,vo) satisfying (2.7) and (2.8), we have that
if we define V; = f'(u¥) + M and Vp = f'(ul) + M, for some positive M large enough so
that f'(ug) + M > 0, then, as it is shown in Example 4.3, (4.13) holds. Moreover, since
f'(uf) + M > 0, we have that (4.14) also holds.

Hence, we can apply Proposition 4.2 which in particular implies that the spectral con-
vergence result given by Theorem 4.1 hold true for the operators A, + f'(u}) + M and
Ao + f'(uf) + M. Since the effect of the constant M in the operators above is just a
shift in the spectrum, we show that the results of Theorem 4.1 hold true for the operators
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Ac+ f(u¥) and Ao + f'(uy). In particular, we obtain the convergence of the eigenvalues
and the convergence of the spectral projections in UP. To show the convergence in the H}

norm we proceed similarly as in Theorem 2.1. H

APPENDIX

A.1. RESOLVENT CONVERGENCE

In this Appendix we will show Proposition 2.1, which is the main result on the conver-
gence of the resolvent operators.

Before we start comparing the resolvent operators of A, and Ay, we present some pre-
liminary results, including some extension and projection operators, that will be needed to
prove the result.

A.1.1. The Projection

In this subsection we present the basic projection operator that we will use.
Let ¢, € UP where UP = LP().) with the norm

1-N
Ue = 1@ellzr) + € 7 | PellLr(r.)s

[[pc]

for e > 0 and Uj = LP(Q) @ L#(0,1) with the norm
||(w>v)||Ug = [|wllze) + ||UHL§;(0,1)-

1
where [lwl|zpo.1) = (fy [w(s)[Pg(s)ds)'/7.
To compare functions from UP and from U}, we define the following projection operator

M.: U? — U}

Yo — (M) = {W”’ v -

T, s€(0,1),

where
1
To0a) = [ vty o)
r: = {y:(s,y) € R}.

The following result holds

LemMMA A.1.  The projection Me is a bounded operator with norm ||Me||pw, vry = 1.
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Proof: If ¢. € U, then, if + = (s,y) with s € R and y € RV 1,

- !
T p p
1Ml ( e dm) +( [ st ds)
1 1 p %
> 1
= e(x)|Pd — e(s,y)dy| d
([ 16arra) +</ o(6) gy L, (590 )
; : AN
_ ( / |¢e<x>|pdm) R ( [ o] [ oy ds)
Q 0 rs
, 1 .
< < / |¢e<x>|pdx> R ( [ atsrrinp |¢E<s,y>deds>
Q 0 rs
1 . 1 »
- ( / |¢e<w>|pdx) + e ( / |¢e<s,y>|pdyds> = llello.-
Q 0o Jrs
The equality holds if ¢ is independent of y in R.. [ |

A.1.2. The Extension
Let ¢ € U, to consider 1 as a function in UP, we define the following extension operator

E.: Ug — U.

b — (Bab)() = {W)’ . (A-3)

¥(s), (s,y) € Re.

Of course E. can be considered in larger spaces with the same definition. It is easy to
see that E. has the following property

LEMMA A.2. E.:U} — UP is a bounded linear operator and

[ Ee(w, v)|

vr = [[(w,v)l[vg,

for all (w,v) € U}.

LEMMA A.3. There is a positive constant C such that, for 1. € H*().) we have that

||¢6||2L2(R6) = Hwe - E€M€¢€||%2(R€) + ||EEM€¢€H%2(RE) (A4)

e
|EMcpe = Yell72(r,) < C€2\|Ty||i2(Re)~ (A.5)
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Proof: Note that
[l = [ loPdo= [ (@~ B + EMb o
R Re
= / W}e - EeMeq/)eF +2 / (ws - EeMe'L/)e) EeMed)e + / |E6Mewe‘2'
R. R. Re
On the other hand

1
/ (we - ECME¢6) EeMeQZ}e = / / (ql)e - EEME’L/JE) E€M6¢€d8dy
R. 0 JIg
1
- [ M) { [ ule) ~ Bt (@) dy } ds = 0.
0 rs
And the identity (A.4) follows. Observe that
1
_ 2 — _ 2 _ - 2
IEMese — bl = [ 1B Mot =) (@) ds I 1B ) @) dsdy

(Mctpe — ) (2)]? dy. In fact, from the variational characteri-
zation of eigenvalues for the Neumann Laplacian in I'Y, we have that

Vo[’
%1¢6H1(F§)7¢#0,/F ¢=0}- (A.6)
rs B

Hence, let us estimate [,

A2(T'Y) = min {

Taking ¢ = MY, — 1, we have

2

e
dy

1
Me’l/)e - 1/15 2 g / A7
r: | | A2(L8) Jrs (A7)

From (A.6), it follows that

Vel
rs ¢

1 . fr;'

= — min

eI, 540, [ 600 = Zn(rD). (A8)

s
1

~12
v¢>]

feq o]

where Ao(T'§) is the second eigenvalue of the Neumann Laplacian in I'{. Using (A.8) and
(A.7), we have that
Ce? /
r:

2 2

e , (A.9)

dy

e
oy

62
Mpe —te|* < ~—c /
Is | | )‘Q(Fl) rs
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where we used the fact that the map [0,1] 3 s — X2(I'}) € (0,00) is continuous and
therefore attains its minimum at a positive value; that is,

m:= Orgnsig1 A (%) = A (TF) >0, z€]0,1],
1y 1
m ~ Aa(T§)
(A5). |

from which we have C := . Now, integrating from 0 to 1 we have the inequality

A.1.3. Continuous Extension

Observe that the operator F. does not takes continuous functions into continuous func-
tions. When such property is required we consider the following extension operator. If
C ={(w,v) € C(Q) & C(0,1) with w(0) = v(0) and w(l) = v(1)} then

ES: C  — C(Q)

L Befwow) — W z €N (A.10)
(w,v) EC( ’ ) _{f), :L’GRE,
where

() = v(s) + he(s) (w(0,y) —v(0)) + he(l —s) (w(l,y) —v(l)), = € R, (A.11)

hs(s) = h(3), h: RT — [0,1] is C* function such that

h(s) = 1, forse0,1/4],
0, fors>3/4

and |h/(s)| < C.
We can easily estimate the difference of these operators in the following way.

LEMMA A.4. Let E. and E§ be the extension operators defined above. If (w,v) € C with
(w,v) € CH(Q) & C*([0,1]) we have that

N+42

I(B. - E&)(w,v)|z2a,) < O lwllor (A.12)
I(Be - E&)(w, o)l o () < O [wlleray (A.13)

< CN M lwlen gy llvll oo,y (A.14)

1B (w0, )3 r,) = |1 Ee(w,v)l[3a s,

IV B, 0)[32(n,) — IVEe(w, ) |2(n,)

< CVlwllergyllvllcro).  (A15)

Proof: Let C > (w,v) € C*(Q) @ C(0,1) then, since ||(E, — Eé)(“’a”)”%zme) = (B —
B8, 0) By + (B — E5)(w,0) agry = I(Ex — E8)(w, )2y, we only need to
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estimate ||(E. — EE)(WU)H%%RE)'

[(Ee — E¢)(w, U)”LZ(R)_/ / |he () (w(0, ) — v(0))|? dyds
[ w0~ o) P avas
1—e b
= [ [ e ho(0.9)  w(0,0) dyds (A.16)
o Jrs
1
+/ [he(1 = ) [w(1,y) — w(1,0)” dyds
1—e¢ FS
< Cl/ / \y| sup )dyds—l—C’l/ / |y\2(sup %‘)2dyds
s yers 81/ s yer: | Oy
1
< 20 (/0 Ll dyd8+/1 . IyIQdyd8> [wlgn g < Ce" 2 lwllZ, g

where we have used the fact that v(0) = w(0,0) and v(1) = w(1,0) and that |T¢| < CeV L.
This shows (A.12).

To show (A.13), it is enough to estimate ||V(E. — E¢)(w,v)|/2(r.). Since hl(s) =
€ h/(s/€) and with a similar argument we have

IV (B — ES)(w, 0)]2n,) / P [ [w(0,y) - v(0)? dyds

FS‘
+ / Ihe(s) 2 / IV, w(0, )| dyds
0 I‘g

1
+ / W1 =) [ w(ly) - o(1) dyds
1—e FS

1
+/ |h(1—s|/\Vw1y)| dyds

<ot [ / ol dyds [0l + Co [ [ duds ol

1
+Cye /1_6 . ly|? dyds [wl|2.s g, + C1 /1_/ dyds |w|[2, g,

2G4 ENHw”QCl(ﬁ) +20C, ENHwHQCq(ﬁ) < CEN”w”él(ﬁ)?

where we have also used that [; [i.. dsdy = O(eV).
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The proof of the last two inequalities follows from the previous in the following way
1BE (w, )22y = 1B (w,0) = Ee(w,v) + Ec(w,0)|[72(g,)
= [|EE(w,v) = Ee(w,v)|Z2(r,) (A.17)
+ [[Ee(w,v)||72(r,) + 2(EE(w,v) — B(w,v), Be(w,v)) 12(r,)
and
IVEE(w, )12,y = IVE:(w,v) = VE(w,0)|[12(g,) + [[VE(w,v)[[72(p
+ 2(VEG(w,v) — VE (w,v), VE(w,v))2(R,) (A.18)

But, taking into account that ES(w,v) = E.(w,v) apart from the set R, = {(s,y) € R, :
0<s<e¢1l—e<s< 1} which has measure of the order of €V, then

|(Ee(w,v) = Ee(w,v), Ee(w,v))r2(r,)| < | Ee(w,v) = Ee(w,v) [ 22(r0) | Ee(w, V)| 125,

<O |[wl|en 9)62 Ivllc) < CEVFHwlloreyllvlico,

and with a similar argument

¢ LG (w,v)  OE ( v) ( v)
[(VEE(w,v) = VEe(w,v), VE(w,v))12(r,)| < | C@s H || |
< CeVlwller@yllvllero,1)s
which proves the lemma. [ |

A.1.4. Some Auxiliary Lemmas

Denote by po = (0,0), p1 = (1,0), 0 € RN~! and p a generic point in RN. B(p, p) is the
ball of radius p around p. C0n51der the following;:

Bﬁ)(p) = B(p,1))\ B(p,p), for p<I,
DL = B(pg, p) NN, for 0 < p <1,
Dﬁ—B(pl,p)ﬁQ for 0 < p <1,
SL =QNB,(po), Sy=9QNB,p1),
QL =Q\ B(po,1), QR Q\ B(p1,1),
00 ={(s,9): s+ [y> = p, s < 0},
F1 ={(s;y): [s =12+ |y =p, s > 1}
((b ¢ L2(Q) fQ¢ 7% ((b ¢ L2?2(R.) sz R. )¢ w

For a function . defined in €., we write

—~ 1 ~ 1
T%e:A—/ Ye, leezA—/ .
g ITo] Jro g |Th| /T2

With this we have the following result.

(A.19)
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LEMMA A.5. Letr > 1, T°, T} as in (1.2), ior, T as above and ¢, € H'(Q). Then,
there is a constant C = C(N) such that

< C(N)e=NT2|9y |

Te(),we - TEOMPE DE

(A.20)

Thpe — Thape| < C(N)eENTD2|| V|| pr

Proof: We only prove the inequality for |70v), -T EOTL/JEL The other is similar. Observe that
eDE = DL e ') =T9. 1f ¢ € HY(Q), we define ¢ (x,y) = ©(ex, ey) para (z,y) € DE

1 1
and also a. = WIDELT e = 1pr] fDrL .. Thus,

1
E_TO el = To7
|CL e¢| |1—xg|

(ae - '(/)5(07 y))dy

/ (ae - we(oa y))dy
ro

o[
‘F1| ro

1 _ _
< |F|/ lac = Bl < Cllae = B0, ey
< Cllac =¥ llgipry = Cllac = ¥ llp2pry + ClIVY L2 (pr).-

Now, the Poincaré inequality ||a. —ESHLz(D%) < C’HV@EHB(DTL), implies that |a. — T | <
ClIVEllL2(pry- Since [V (172 pry = € V2 Vebe|| 72 (pr ) we conclude that [ac — TPve| <
6(_N+2)/2||V'(/)6||L2(D£,,)-

Following the same reasoning as above we obtain |a, — 7%9.| < 6(_N+2)/2||Vw€HL2(DEL7.)
and therefore

Teoqpe_f‘eo'@[]e ae_feodje-

< ’T£¢e—ae’+

Ae — feowe
of the lemma. [ |

Hence, using |T€0 Pe — a6| and in the previous inequality, we conclude the proof

LEMMA A.6. There is a constant C = C(N) such that, if 1. € H'(Q) then,

~0 . \? ~1 . \2 C(2) | Ine||[thel for N =2
0,, _ 70 1, A1 < Q)
(00700 "+ (o= T) < L G BN nss G2

Proof: We prove the lemma for N > 2. For the case N = 2, we refer to [4]. For

1 = 0,1, consider the operators fpi@bg as above, 0 < p < 7.
We have that,

IVeelle > Ve, + IVl = IVeel?, + Ve, + Ve, +IVely . -

" r
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But,

Vo2,

WV

min {[Vxl?, + TPxe = T Thxe = T}

~ ~ 2 ~ ~
(T90e = T0:) min {| V%2, : T0% =0, % =1}
~ ~ 2
= (T00e = Tl%.) C(N) ¥ 2(1 + o(1))
where we have used that the minimum is attained when x. is the solution of

—Axe =0, SELT‘
T'IE))ZE = 07 T\EOT)Z = 17
N-—-2

N-2"

and min{||Vx||§% : TO0x =0, T;,)X = 1} = C(N)1 i .

From Lemma A.5, we have that
2 N-2 0 70 2
IVl > CONEN2 (100~ Thue) .
Therefore
2 2 70 70 2 70 0 2l N-2
V62, + 90l > €0 (20~ T00) + (T~ T00.) | 21+ 1)

> S OB~ T0) 21+ (1))

N =

With a similar reasoning we obtain an estimate for ||Vt |3 + || Vte||3,x . This concludes
the proof. [ |

LEMMA A.7. There is a constant C = C(N) such that, if 1. € H'(Q) then,

0(2) |1n6|1/2|\¢e||H1(Q), for N =2

Ce MRy, for N > 2. (4.22)

I T2%c| + [Tl | < {

Proof: The proof of this lemma follows from the previous and from the fact that
Tﬁ)we + Trlwe <C||1/)e||H1(Q)~ |

A.1.5. Proof of Proposition 2.1

In this Section we will provide a proof of Proposition 2.1.

We need to prove first some preliminary results.

Let f. € UP and define the functions u. € H' (), w. € H'(Q2) and v € H'(0,1) as the
solutions of the following linear elliptic problems:

{—Aue—l—uE = fe, in Q. (A.23)

Ou. _ :
on = 0, m aQe
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—Awe+we =fe, inQ

ow, . (A.24)
o 0, in 09
1 .
_g(g(vg)s)s +ve =M.fe, in(0,1) (A.25)
ve(0) =we(0), ve(l) =we(1).

We have the following fundamental result

PROPOSITION A.1. Letp > N. There exists a constant C > 0 such that for any f. € UP
with || fellgr < 1, we have

Cé?|lne|, for N =2
2 2
ue = wellg1 () + lue = Vel m,y < (A.26)
CeN, for N > 2

Proof: Notice first that since ||fc||[y» < 1, we have that || fc||z»(o) < 1, which implies
that, since p > N, we € W?P(Q) — C'(Q) and [Jwc||c1qy < C with some constant
C independent of e. With a similar regularity argument, we can easily show that v. €
C1([0,1]) and lvellc1(jo,1) < C, with C independent of e.

The solutions of the three problems (A.23), (A.24),(A.25) can be obtained by a mini-
mization procedure. That is, if we define

B . 1 2, 2y
s = min {5 [ (ver+ o= [ i

B . 1 2 2y
pe = i {5 [ (v oy [ foa

1 1 1
re=min {5 [oloP 90 ~ [[g0+0 € H10.1). 60) = wloo). 6(1) =il |
0 0

then A, u. and 7 are attained in u., we, ve respectively, and only there.

Let us first find a relationship among the three values A, p. and 7.

If we take the function ¢¢(z) = E§(we, ve), and denote by ¥, the component of ¢ in R,
we obtain that

1
Ae < f/ (|V<p€|2+q5f) dx—/ fepedx
2 Ja, a.
1 1
= f/ (IVwe]* + w?) dm—/fewedx—i—f/ (|V1~)5\2+1~152)dx—/ fetedz
2 Ja Q 2 /g, R.
1
= u5+—/ (V> + 2) dx—/ febedz.
2 JR, R,
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It follows from Lemma A.4 (A.14) and (A.15)

1 ~ N 1
5/R (|Vv6|2+vz) dr < §/R (|Vv€|2+v62) dx—|—CeN||w5||C1(Q)||v6|\01(9)

1
< eNﬁli/ (g(s)[vl* + g(s)v?) ds + eV
0

where we have used that [|w.||c1(q) and [|vel|¢1(o,1) are uniformly bounded. Moreover,

/Re foveds = /R Mﬁ(fe)vedx+/R€ ML(f) (5o — v0)de

= EN_I/ g(s)Me(fe)vedS—’_[ Me(ff)(aé_ve)dx7
0 Re

But,
~ - N+2
|/fz Mc(fe) (Ve = ve)da| < [|Mcfell 2y 10e = vell 2y < Cllfell2py€  llweller
and by Holder,
~ 11 _N-1 N-1 1_1 N_1
||f6||L2 R < ”fEHLp R. R|2™» <e 7 ||fe||Lp RHE * (EN)Q P < Cep
(Re) (Re) (Re)
This implies
|/~ M (f0)(Be = ve)da] < CeNTI7o
R.
In particular, we obtain the following upper bounds for A,
Ae < pre + N+ OV, (A.27)

To obtain the lower bounds, we proceed as follows. From the definition of A, we have

1
)\6:—/ (\Vu5|2—|—uf) dm—/ feuedx
2 Ja. Q.

1

1
= 7/ (|Vu6‘2 n uf) dr — | feuedz + f/ (|Vu€|2 + uf) dr — / feuedz.
2 Ja Q 2 R.

€
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But

1 1
7/ (|Vu€|2 + u? dx — / feuedr = —/ (|VuE — Vwe + Vwe* + (ue — we + w6)2) dx
2 Jo Q 2 Jo

/fe Ue — We + we)dx
2/(|Vw6|2—|—w dx—/fewedx—i— /(\VuE Vw6|2+(u€—w€)2)dx

—i—/Q(’U,e—U}e)w5+/9(vue_vwe)vwe_/s;ff(ue_wf)
1

1
= 7/(|Vw6|2 —l—wf) da:—/fewedx—k 7/ (\Vu6 — Vwe|* 4 (ue —we)z) dz
2 Jo Q 2 Jo

where in the last equality we have used the integration by parts of fQ (Vue — Vw,) Vw,
and the fact that w, is the solution of the elliptic problem (A.24) in 2, that is

/Q (Vue — Vw,) Vw, = /89 (ue — we) 85:; — /Q (te — we) Aw,

_ /Qwe—wa(fe—wa-

Also we have

1 1
2/ (|Vu€|2+u dx—/ feuedr = 2/ (|Vu6 VU6+VUE|2+(US—U€+U€)2) dz
R.

/ fevedx_/ fe Ue —V 6

1
/ (|Vu€—Vv€\2+(u6—ve)2)+§/ (IVedl? +22)
R€ RE

+/ (Vue — Vo) Vo +/ (Ue — Ve)Ve
R, R,

—/Re févedx—/Rs fe(ue — ve).

N =

But
oue  Ove, Ov,
-/RE(VUE—Vve)Vvé —/RE( 95 O3 ) s
ou. OM.u,. Ov, OMcu,  Ove, Ove
_/(85_ s )88 /R( 0s _85)85_11—1_]2'
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First we analyze I;. Observe first that with the change of variables y = eL;(2), (see
(2.1) and (2.2) for the definition of L, and L), we get

1

1
L (s, )y = / s (5, La(2)) s T (2)d2
ITs[ Jrs B(0,1)

T
This implies that

dM_u. d Jr,(2) / ou.
s) = — ue(s,eLs(z ——dz =
ds (=) ds B(0,1) ( =) |F1‘ B(0,1) 0s

(s,eLs(2))

) Ti.(2)
+ Vyue(s,eLg —(Ls = d
Ly Totels ea(e e g (o)

0
(s L) 5 (U (2)/T iz
B(0,1) S
= Kl + K2 + K3

Undoing the change of variables in K7, we get

1 du,
Ki=—— —-— d
1 ngl rs ds (S,y) Y
Moreover, using that ‘% < C and undoing the change of variables, we have

Kol < Ce [ 9yl LD (s < Oy [ 19l
) el JIrz

B(0,1
Now,
= ue (s z w z)dz
R A
< [ (lsene - () () T2/ D (g
B(0,1) 0s
e /I3 o
L) [ S G
But,
O /I3 1 gy
/13(0,1) 0Os ( )d ds(|I“{| B(0,1) JLS( )d ) 0

because [p ) Jr.(2)dz = [T]].

0,1)

Jrs (2)/117)

Similarly undoing the change of variables and using that ‘a( 3s < C we have

1

|K3] < C—=
T2l Jrs

|u€(87 y) - M5u5(8)|dy
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Putting all the estimates together, we get

dM_.u,

| Ou, 1
ds

(s) — M(Ze) < 0 ( |w@@—M&@me/\w%mwm>
s Iz rs rs

Now,

L] < Cellvlll 2 (mo) | Vytell L2 (re) + Cllvllzaro lue — Meue| 22(x.)

But by Poincare inequality,
l|lue — MEUEHB(RE) < CaHVquHp(RE)

which implies that
1| < Cellvlllnz(ra) I Vyuellrz(r.)

But we obviously have uniform estimates of |[vc|[f1(0,1). Hence, we have that
Nt1 1
1] < Ce™> |[Vyuel| < Ce™ + 2IVyuel|Zan,)
and observe that Hvy“6||2L2(RE) < || Vue — VUEH%Q(RE), which implies
Il < CeN+1 1 2
|| < Ce + Z”vus - VUEHL2(R5)'

On the other hand, observe that

_ N1 ' ) —v)g(s)v
I = A(wf> Dgls).
=1 [ (ot + [ ) oo
1
—eVt /0 (Meue —vo)[g(s)ve — g(s)Mcfe] + €V (Meue — ve) (g(s)v))]g

= — Ue — Ve )V Ue — U, Ue — U Nt Ue — U, s)v)L.
— [ EM+A<E€m+Lym€ OF + (Mo, - v (gls)))lh

€ €

From which we obtain

/(|Vu€|2+uf)dx—/ fsuedx:/ (|V1}€|2—|—v€2)dx—/fsvsdx
R, R. R. Q
4 [ (Ve = Vo + (e = 0)2)da + n(e) + 1(0) +
R

€
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where k(€) = [ (Mcue—ue) fe and n(e) = eNTH(Moue—ve)(g(s)vh)]h. From (A.5) (Lemma
A.3), we obtain that

[K(e)] < < llue = Meue|| L2 (roy | fell 2 (R0

/ (= Mo .

No1 1N
<Ce 7 |lue — Meuel|p2(r,) (6 > ||fe||L2(R€))

N+1

1
< Ce 7 ||Vyul2(r,) < CVH+ ZHVZ/UH%Q(RE)

1
< CeN+1 4 1||Vu - Vﬂe‘ﬁ?(RE)

where we have used that G%H'feHLZ(RE) < Ce%”fe”LP(Re) < C.
We estimate now 7(e). For this, note first that v.(0) = w.(0,0) and v.(1) = wc(1,0). In
particular,

1 c
|T€0(w5*7)e)| = W' Ao(we(o,y)*we(0,0))dy| < W /Fo|y|dy ||w6||c1((20) < CE”’IUE”Cq(QO)

and similarly, we obtain
|Tel(we —ve) < CenweHCl(Qo)

Hence,

n(e)] < CeNH|TH (ue) — ve(D)] + T2 (ue) — ve(0))[[vell e jo,17)
< CNTH(|THue — we)| + | TH(we) — ve(V)| + | T2 (ue — we)
+HIT2(we) — ve(0))||velle (o,1))
< CNTH(ITHue — we)| + T2 (ue — we))[[vell e go,17) + CeN [[vell e o1y 1well e (g

But using the fact that [|vellc1(jo,1)), [wellcr(q,) < C and applying Lemma A.7 with
PYe = Ue — We, WE get

n(e)] < V)N IT (ue — ve)| + [T (ue — ve)] + Ce¥
< C(ON ()2 [lue — wel (@) + Ce¥

where
€| lne|, for N =2

On(e) =
eV, for N > 2.
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and therefore

1
()] < CON(e) + Lllue = wellF o
where we have used that Oy (e) > €.
Putting together all the estimates, we obtain

/ (|Vu6\2+uf)dx—/ feuéd;U}/
R, R. R

1 1
= Slhue = velidna, = 5lue = wel3n ) — CN) Ox (o).

(|Vve|2 —&—vf)dm— / fevedz
Q

€

Thus,
N—-1 1 2 1 2
)\e = He +e€ Te + 5”“6 — w€||H1(Q) + §||U€ — ’UEHHl(RE) - C@N(E)
Since we have obtained that A\ < pe + eVl + CeV, and €V < On(e), then
l[ue — wen%{l(ﬂ) + fJue — UEH%H(RG) < COn(e).

This completes the proof of the proposition. [ |

LEMMA A.8. Let {fc} be a sequence such that fo € UP and ||fc||y» < 1. Then, there are
functions f € LP(Q) and h € L5(0,1) such that

fewedr — | fwdzx
Q Q

and

1 1
ﬁ/ fevedz — / g(s)h(s)v(s)ds
€ R. 0
=N e—0
whenever |lwe — wl Ly o) +€ 7 ve = vl| 1o 5,y = 0.

Proof: Note that ||fc|lv. <1 means

Py 4+ VP
/Q(fs(a:)) do + /Ré(fe( ))Pdz < 1.

It follows that, there exists f € LP(Q2) such that f. — f weakly in L?(Q). Hence

/Q fowede — /Q fuwdz
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whenever [|we — w| ey — 0.
Also note that, writing z = (s, y) with s € R, y € RV~! and €j = y, we have that
1 z - -
N1 /R (fe(z))Pdx < /R1 (fe(s,9))Pdsdy < 1

where f(s, ) = fe(s,€7). So, there exists h e LP(R)) such that fe — h weakly in LP(Ry).
Let us show that h is independent of y. Note that, if ¢ € C§°(R;) then,

€

s 00, ¢ =0
Fuls, ) s, sl = i [ ol o sdy 0

R1

If follows that, for all ¢ € C§°(R;)

- 9o
h—dx = 0.
/R,1 0y;

Hence, h(s,y) = g(s)h(s) for some h € L?(0,1). Furthermore, if e%ﬂve —v||zp(r,) = 0
then,

eNll/Re fe(@)ve(z)da —)/o g(s)h(s)v(s)ds.
H

Now we show the following result,

PROPOSITION A.2. Let p > N and consider a sequence fo € UP with || fe|lyr < 1. Let
(f,h) € LP(Q) x LE(0,1) such that f. — (f,h) weakly in the sense of Lemma A.8. Then

1
ue — wll (o) + mllue —vllgir,) — 0 (A.28)

where ue, w and v are the solutions of the following problems,

—Auc+u. =f, inQ. “Aw+w =f, inQ
A.29
Oue o inoq,, o o inon (4.29)
on on

(A.30)

Proof: If w, and v, are given by (A.24) and (A.25) respectively, and taking into account
that p > N and f. — f weakly in LP(Q2) we easily obtain that ||we —w| o1 q) — 0, which
also implies that [|we — wl| g1 () — 0. From Lemma A.1 we get that

HUE — wHHl(Q) — O
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Moreover, since w, — w in C°(Q) and M, f. — h weakly in LE(0,1) it is very simple to
see that we have
lve = v|lg10,1) — 0
which implies that

1

61\;7_1”% - v||%11(R5) —0

Hence, with this last statement and using Lemma A.1 we get

1 1
6(]\,_71)/2”’% —v[lmi(r,) < m(”“f — Ve|lm1(r,) + [[ve = vllH1(R,)) — 0

which proves the result. [ |
We obtain now a result on uniform L°°(€) bounds for the family of solutions {u}cco,1
of the problem (A.23). This result will show part ¢) of Proposition 2.1.

LeEMMA A.9. There exists a constant C' independent of € such that for all f. € UP with
p > N/2 and || fe|yr <1 if uc is the solution of (A.23) then

tuellLoe ) < C (A.31)

Proof: Let us define the functions u! and u? as the solutions of the following problems

—Aui+ui:f6’R7 in €.
1 ‘ A32
e o in o0, (4.32)
on

and

—AuZ+u? = fc|, inQ
2 A.33
e o o, (4.33)
on

We proceed in several steps.

Step 1. Let us show that for each compact set K C Q\{0,1} there is a constant C
independent of € such that

el oo 2y < NJulll oo () + I1uZ]| L () < C.
This follows easily with a cutoff function and an elementary bootstrap argument.
Step 2. Let us see now that there is a constant C independent of € such that
lutllzeqry < CEF I fllirmny < I flluz-
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To prove this result first note that, from Step 1, for any compact subset of Q\{0,1} we
have that u! is uniform bounded in L>°(K). Hence, if for a small fixed § > 0, we define
R. = ([=6,0] x T?) UR. U ([1,1+ 0] x '), then, there exists a k > 0 such that |ul| < k in
F( 5,146) ({ 5} X FO) ({1 + (5} X Fi)

Hence, if we define ¢ = (ul — k)" in Q., after multiplying the equation by ¢. and
integrating by parts we have that

/R‘ |V¢el2+¢§</ﬂg |V¢el2+¢§:/ (fe — k). / | el (A.34)

€

Writing = = (s,y) with s € R, y € RN~! and changing the variables (s,y) to (s, %) where
to € = y we obtain from (A.34) that

/ Vo + o> < | foe. (A.35)
Ry R

Where ¢.(s,7) = ¢c(s,€g) and fe(s,§) = fe(s,ef). Proceeding exactly as in Lemma B.1
iii) of [8] we obtain that

. - 141
16ell3s iy < NFellzora I9ell Lo ) < IFellzn(ri 1 0cl g 3 (ryy A1 ZINTE O (A36)
where Ay, = {(z,7) € Ry : u? > k}. From this we have
- 141
19ell ey < N Felliocrn | Al T 2. (A.37)

From (A.36) and (A.37) we have that

N+2

N+2
(Rl)lAk| N < C|de| () [ Akl N

N

1
7/

16ell sy < N9ell | g, < Cllfello (ol Arl?

Since, for p > & we have that i + % > 1, it follows from Lemma 5.1 in [34] that

10l ey = 18l o i) < ClFllEory = CE 7 I fellnogasy

with C' = C(Ry, N, p).

Step 3. We show that [|uZ||f(q) < C.
After multiplying the equation (A.33) by v = (u?—k)T, k > 0, and integrating by parts
we have that

[vel vl < [ 9ol ol = [ Go-bw< [ o (A.38)
Q Q. Q. Q
Proceeding exactly as in Lemma B.1 iii) of [8] we obtain that
1411
el ) < Ifellr@ el Lo ) < fellzo@ el N o148l N (A.39)
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where Ay = {(z,7) € Q: u? > k}. From this we have

1

1,1 1
el ) < Il fell oy | Ai|? TV 2. (A.40)

From (A.39) and (A.40) we have that

1
LQ N+2 f/+

< ClYellmv ol Ael 2 < O fellpr @)l Axl?

2Jw

N
[ellzriey < el g, o 140l

LN-2

N 1 2
Since, for p > - We have that — + N > 1, it follows from Lemma 5.1 in [34] that
p

2| o) = el L9y < Cllfllr) = Cllfell o

with C' = C(Q, N, p).

Step 4. We show that [[ull <@ < C and [[u?|| =g,y < C. Observe that by the
maximum principle [|[ug||g<(q) < [[ug|| L= (riorey and [[uZ|| L= (k) < [|[uZ]|zoriure), Which
both are bounded uniformly in € by the previous steps.

We are in a position now to provide a complete proof of Proposition 2.1:

Proof of Proposition 2.1: Observe that (1) follows directly from Lemma A.9.

If || fellpr < 1, then by Lemma A.8 we can get a subsequence, that we denote by € again,
and (f,h) € U, such that if u. and (w,v) are given by (2.13) and (2.14), then (A.28)
holds. In particular, this shows ¢). Moreover, from (A.28) we have

Hue — UHL2(RE) — 0

1
lue = wllz2) + “m=n7

Holder’s inequality implies
1
||'U,E — UJ”LI(Q) + m”ue — ’UHLI(RE) — 0 (A41)

Since by Lemma A.9 we have [[u. — w||pe ) + [|[uc — v|z=) < C, interpolating this
estimate with (A.41), we obtain,

1
[lue — wHLq(Q) + mnue - U”L‘I(RE) —0, I<g<oo.

This shows 4i). Finally, ii4) is proved with ¢) and i4) and using a standard cutoff and
bootstrap procedure.

The last part of the proposition, statement (3), follows using (2), Lemma A.8 and a
standard argument by contradiction. [ |
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