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In this article we introduce the notion of modified C¢-triviality for families
of functions germs and maps germs of class C'. We study this kind of triviality
in the quasihomogeneous and Newton non-degenerate cases.  May, 2006 ICMC-USP

1. INTRODUCTION

The determinacy of families of map germs which are trivial with respect to some equiv-
alence relation is a fundamental subject in singularity theory. In special, the topological
triviality of analytic families with isolated singularity is being investigated by several au-
thors.

However, there are few works which investigate the C*-triviality for 0 < £ < co. Kuiper
in [10] showed the C'-equivalence of functions near isolated critical points. Bromberg
and Medrano gave in [2] estimates for the C* — R-triviality for families of germs of semi-
quasihomogeneous functions. For families of map germs, Ruas and Saia in [13] also consid-
ered the semi-quasihomogeneous case to show estimates for the C* — G-triviality, where G
is one of Mather’s groups R, C or K. More recently, the authors in [14] provided estimates
on the C*-G-triviality, for 0 < ¢ < oo, from the viewpoint of the Newton filtration, these
estimates are given for map germs which satisfy a Newton non-degeneracy condition.

Inspired by the Whitney’s example
W(z,y,t) =yly — z)(y — 2z)(y — tz), 2 <t < oo,
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62 M. J. SATA AND C. H. SOARES JUNIOR

Kuo in [11] introduces the notion of modified analytic trivialization of germs of real ana-
lytic functions. As this equivalence is weaker than analytic and stronger than topological
triviality, Kuo initiated a new route of research for analytic germs of functions and also
maps. Following Kuo’s ideas, Fukui [6], Paunescu [15] and Yoshinaga [17] investigated
problems of classification of germs of real analytic functions induced by the modified ana-
lytic triviality. From the viewpoint of the Newton polyhedron, Fukui and Yoshinaga in [7],
gave conditions for the modified analytic trivialization of families of germs of real analytic
functions which are Newton non-degenerate.

In this article we introduce the notion of modified C*-triviality for families of germs of
real functions and mappings of class C*. We remark that this concept lies between the
C* and the topological triviality. The ideas presented here are inspired in the work of
Kuo [11] and Buchner-Kucharz [1], where the topological triviality of families defined by
quasihomogeneous mappings of class C? is proved under certain conditions.

First we introduce the notion of modified C¢-triviality for families of map germs Fj :
(R™,0) — (RP, 0) locally parameterized by t = (¢1, ..., t4) in R?. Next we consider the case of
quasihomogeneous maps and functions, we prove that families of class C**! satisfying some
conditions, given in terms of the weights and degrees, have a modified C*-trivialization. In
the third section we investigate the modified C*-trivialization of function germs from the
viewpoint of the Newton polyhedron, we give a theorem of modified C*-trivialization for
families of functions of class C* which satisfy a Newton non-degeneracy condition.

2. MODIFIED C4TRIVIALIZATION

In this section we introduce the notion of modified C*¢-trivialization of maps, which is a
generalization of the definition of modified analytic triviality, given by Kuo in [11]. This
new definition also applies to maps of class C* while the definition given by Kuo is only
for analytic germs.

We consider a family of maps F; : R — RP parameterized by t = (t1,...,t4) € J with
F(0,t) =0 for all t € J, where J is a compact g-dimensional cube in RY.

DEFINITION 2.2.1. F admits an almost modified C’-trivialization at .J if there
exists a neighborhood U of the origin in R™, a proper analytic map ¢ : X — R™ defined in
a pure n-dimensional analytic variety X, and a C*-diffeomorphism

M:U xJ—=U;xJ

which preserves the level t, where Uy and Uy are neighborhoods of ¢=1(0) in =1 (U) such
that
Fo(pxIdy)oM

is constant at t, and Idy denotes the identity map of J.
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MODIFIED C¢-TRIVIALIZATION 63

DEFINITION 2.2.2. If M induces an homeomorphism m : o(Uy) X J — @(Uz) x J, which
preserves the level t, such that the diagram below commutes we say that the family admits
a modified C*-trivialization along .J

U1XJ % UQXJ

pxIdy] Lo xIdy

o(U) xJ I o) xJ —  Rr.

The mapping M is called the associate C*~-modification to the family F.

3. THE QUASTHOMOGENEOUS CASE

Buchner and Kucharz in [1] show the topological triviality of families of maps defined by
quasihomogeneous maps of class C? with isolated singularity at origin. The method used
there is the construction of a vector fields of Kuo type.

In this section we apply this method to show that, under some conditions, a deformation
of class C**1 of a quasihomogeneous function of class C**! with isolated singularity at the
origin admits a modified C*~trivialization. Next, we give a natural extension of this result
for maps.

DEFINITION 3.3.1.  We fix an n-tuple r = (r1,...,7r,) in Q" and say that a function
germ f(x1,...,2y) is quasithomogeneous of type (ri,...,rn;d) if for all A # 0,

SOy, N2y, N ) = A f (21,22, ., ).

The numbers r1,...,7T, are called weights and d is the weighted degree of f with respect
tor.

For any monomial 2™ = z{"' ...z, we denote by fil,.(z™) = mir1 + ... + mury
and for any germ g, fil,(9) = min,,{fil,x™} for all a,, # 0 in the Taylor series at 0 of
g=> apz™.

A mapping f : R" — RP is said quasihomogeneous of type (r1,r2,...,Tn;d1,...,dp) if
each coordinate f; of f is quasihomogeneous of type (r1,72,...,7r,;d;) forall j =1,...,p.

3.1. The case of quasihomogeneous functions

We fix an n-tuple » = (rq,...,r,) and consider F : U x R? — R a family of functions
defined in a neighborhood U of the origin in R”™.
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64 M. J. SATA AND C. H. SOARES JUNIOR

THEOREM 3.3.2. Suppose that we can write F' as F' = f 4+ g with f,g : U x R? - R
satisfying the following conditions:

0
(1) f and g are of class C**1; g and 8tg are of class C* on the variables v = (21, ..., ;)
i d) .,
of R™, where k > max r’”"r} +/4, and 1 < s<gq;
1 n

(2) for each t € RY, f, = f(.,t) is the restriction to U of a quasihomogeneous function
of type (r;d), with isolated singularity at origin;

(3) fil(5*~(g¢)) > d, Vt € RY, where j*(.) denotes the Taylor‘s polynomial of degree k
at origin.

Then F admits a modified C*-trivialization along J.

To prove this result we construct a Kuo’s type vector field which has an appropriate
class of differentiability.

First we consider the variety X = S"~! x (—¢,¢) and define the weighted homogenous
action ¢ : S x (—e¢,€) — R™ in terms of the of the weights rq,...,7,:

oz, ) = (Nxy, ., Ny

with € > 0 chosen such that ¢ has its values in U.
To compensate this action, we define the map
H:S" ' x(—¢,€) xR! = R,
in terms of the degree d:
H(z, A\ t) = A_dg(@(xa A)st)
for A # 0 and H(x,0,t) = 0.
We call m: 877! x (—¢,€) x R — S"~1 x RY the standard projection 7(x, \,t) = (z,1).

The next lemma is essential to prove that the vector field which we will construct has
the appropriate class of differentiability.

OH O0H
LEMMA 3.3.3. The conditions (1) and (3) above imply that H, 2 o e of class C*,

and are zero at X\ = 0.

Proof: First we remark that from the item 1., fil(j*(g¢)) > d, since for any iy +... 414, > k,
we have fil(x}' -+ xin) > d. Therefore,

k— g, o4 .
k—q B .
J <8l‘i1 ... axiq) o Oy, - - axiq 3" (gt)

fil <jkq (axila,q,g,taxiq >) > d— Zrij (1)

Jj=1
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MODIFIED C¢-TRIVIALIZATION 65

Applying the infinitesimal Taylor’s formula, we obtain

01
Bxil -0z

1q

04

1q

(90 0 pla, A) = 451 ( (90 0 (a, A))) T Ryl )

Ry (p(@)
with lim e =

= q
3mi1 <o axiq )\(d—jgl ri;

= 0. Hence,

forgq=0,1,...,¢0 + 1.
From the equation (0) we have

. 1 o dg,
lim ————— (k- 2 It _
)‘li% )\(djil rij) (J ((’91’11 o axiq ) (o(z, )‘))> 0,

J

_ A
then it is enough to show that lim w = 0. Since

A—0 A

Ri—g(p(@,2) _ Ri—g(o(@. V) [lp(z, A"~
A (e, A)[[F—a Al

_ A
the result follows from the equality }\ir% W =

0 and

LN 2 ., . k-
<||50($7)(\1)”k q) _ {)‘2 taf + ~-2-d+ Noreag 1t < \2(r'(k—q)—d)
A \e—a N

with ' = min{ry, ..., } and
d d ,
k—qZk—£—1>F—1:>k—q2F:r(k—q)—dzo.

The proof is complete. |

Proof of the Theorem 3.3.2: Without loss of generality, we may assume that J is the
cube [—L, L]?, for some positive real number L.

We consider the map F : §"~1 x (—¢, €) x RY — R™ defined as F(z,\,t) = fom(z, A\ t)+
H(xz, \1).

Since f; has isolated singularity at 0,
Vo F : 8" 1 x (—€,€) x R — R"
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66 M. J. SATA AND C. H. SOARES JUNIOR

is surjective, where € is chosen as small as needed and R? is replaced by (—L — ¢, L + §)9.

OF -
Therefore we can write — as a linear combination of the coordinate functions of V,F
q
whose coefficients are functions of class C* in S"~1 x (—e,¢€) x (=L — 4, L + §)?. Then we

obtain

gf; — (V. F.u) 2)

where u(z, A\, t) = (u1 (2, A\, t), ..., un(x, A\, 1)) is a map of class C* in S~ x (—¢,¢€) x (—L —
0,L +0)1.
Since V,F is of class C* , the implicit function theorem says that u is of class C*.

Multiplying the equation (2) by A% we obtain

oF

aitp(‘p(xv )‘)7 t) = <vup(z,)\)F(‘p<x’ )‘>7 t)’ w(xv A, t>> (3)

with (z,\,t) € S"1 x ((—¢,0) U (0,¢€)) x (=L — &, L + 6)? and
w(z, A\, t) = e(u(z, \ 1)) = N ug(x, N\ 1), oo, N up (2, A\ t))

is of class O in S~ ! x (—¢,¢) x (=L — 6, L + )?. Then we rewrite the equation (3) as

gf;@,t) = (V, F(y.t), 0l (). ) (4)

where y € p(S"71 x (—¢,€))\{0}.
Let W be the C*-vector field defined in {¢(S™"™! x (—¢,€))\{0}} x R? as:

W(y.t) = af ~w(p ), 1).

We remark that W is orthogonal to VF, since

W,VF) = (9, w(o™ @), 1)) = 0.

Oty  x—0 Oty

0 0
As lir% W(y,t) = =— — lim w(x, \,t) = ——, we conclude that W has a continuous exten-
y—)
sion to (0,t) with W (0,t) = aitq'

Now we consider the following initial problem value
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MODIFIED C¢-TRIVIALIZATION 67

(1) = W(r(y,t))
oty 5)

Tq(yvtlv "'7tqfla O) = (yvtlv °"7tqfl7 0)

Let us suppose that there exist €4,d, and 7¢ such that 0 < ¢; <€, 0 <y <9 and 79 is
a map from

{e(8"71 X (—€q, e))\{0}} X (=L = 8g, L +85)* — @(S" ™" x (—e,€)\{0}

satisfying (5).

Since W is constant along the parameter ¢, we obtain 79(y,t) = (79(y,t),t). As W is
orthogonal to VF', we have that

F(?q(y,t%t) = F(y,tl, ...,tqfl,O).

In fact

(,ftqu(y,tm — (VF(r(y,1)), §:<y,t>> — (VE.W) =0,

Therefore, applying the theorem of existence and uniqueness of ordinary differential
equations, it follows that there exists only one solution

T o(S"TH X (—€g,€0))\{0} — @(S"7F x (—¢,€))\{0}
of class C*.

In order to continue the construction of 74(y,t), we show that if we define 7{(0) = 0,
i.e., 71(0,t) = (0,t) then

T (8" x (—eg,€0)) — 9(S"T X (—€,€))

is an homeomorphism which is induced by a C*-diffeomorphism of S"~1 x (—¢,,€,) —
S x (=€, ¢).

Therefore, let us consider the lifting of w; o =1 to S"~1 x [(—¢,0) U (0,¢€)], or in other
words, the vector field

Vit S"71x [(=€,0) U (0, €)] — T(S"™ x [(—€,0) U (0,€)])

such that d, x)9.Vi = we(z, A).

LEMMA 3.3.4. V; has an extension of class C* to S"~! x (—e¢,€) which is tangent to
Sn=1 x {0} at all points of S"~* x {0}.
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68 M. J. SATA AND C. H. SOARES JUNIOR

Proof: Let us identify the tangent bundle of S™~! with a sub bundle of the trivial bundle
Sl x R™.

Let v(s) = (x(s),7(s)) with v/(0) = (2'(0),7'(0)) = v = (v1, ..., U, Upg1) and y(0) =
(z,\). Then

(o Mms = e (rl) 21(8), () (5D =

-1 -1
= (MaAN T 01 F AL e PRy N T 0 + AT ,) =

A0 .- 0 Tlml/\rl_l m
B 0 0 -+ A™ rpa,\Nn ! Vp,
1 Xo - Tp 0 U(n41)

Therefore the equation of V; is given as

A0 ... 0 ?"1%1)\”71 Vi )\”ul(x,)\,t)

Co : : » : _ : . (6)
0 0 .. A™ rpz,A™ Vit Ay, (2, A, 1)
Ty X2 ... Ty 0 Wn-{-l)t 0

Solving the equation (6) by the Crammer’s rule we obtain

A' . An 1
‘/it:KzaZ:]w“'anﬂ e‘/(n-‘rl)t:TJr'
. Cro-1 . (Crd)-1,
Hence A is the product of A 7 with a nonvanishing term and X\ 7 is a factor of

each A;, fori=1,...,n.

Since each A; is a function which depends of ug, ..., u,, this proves that V; has an exten-
sion of class C*.

i
To finish, since A7 | is a factor of A,,41, this justifies the claim that the extension is
tangent to S"~! x {0}. |

We consider now the initial problem value

on?
SE@AD = V(e )
q

n(x, A t1, . tg-1,0) = (z, )
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MODIFIED C¢-TRIVIALIZATION 69

This problem has a unique solution of class C* in S"~! x (—¢€g,€4) X (=L — 0q, L + 84)7
where 0 < e, <eel0<d; <6.

n{ is an embedding of class C* of S"~1 x (—€,,€,) — S" ! x (—¢,€) such that
i (8" % {0}) = 8" x {0}, 7 (8" x (—€4,0)) € "7 x (—¢,0)

and

nt(S™ % (0,64)) € S™ x (0,

We define p} as pf = ponfop™in p(S"! x (0,¢,)). Hence p{ satisfies (5). Moreover

p? = (p},t) has a continuous extension to the ¢ axis, since ( )liH(I : pi = 0. A similar result
y,t)—=(0,t0

is also valid for p‘f1 and the theorem follows by induction on the number of parameters. |

Example 1: Let F = f + g where

.'1710 t5t9

17,,7
and g(z,y,t1,t2) = -

_ 6 _ 12 L7
f(.’II,y)—ZC y o+ t2+t4 x4+y8'

x4 + 8

Here f is quasihomogeneous of type (2, 1;20) and from the results of [13], we obtain that

f and g are of class C%, g and 99 are of class C'7 on the variables xz,y, for i =1,2.

ot;

Since fil(j*(g,,, ., (€, y))) = 0o and 17 > max{2, 12} +4, we apply the Theorem 3.3.2,
to obtain that

10 549 17,7
T tits 'y

Jr .
x4y 3+t a4 y8

F(z,y,t1,t2) = 2° — y'?

admits a modified C*-trivialization.

Example 2: Let f(z,y) = 2% — y® which is qua51h0mogeneous of type (5,2;10) and
Flz,y,t)=f+g=2>—y°+ ( sin(1))(y'7 sm( )) be a deformation of f.
(y'

Since g(z,y,t) = (t"sin(1))
of class C3.

(%)) is of class C? the deformation F(x,y,t) is also

Since fil(j8(g:)) = oo, g and % are of class C® in the variables (z,y) and also 8 >

10 10
max{ 55 } + 2, we can apply the Theorem 3.3.2, to obtain that F' admits a modified

C?-trivialization, hence the topological triviality of F.
We remark that the estimates shown in [2] also show the topological triviality for this

example, but does not guarantee the C'-triviality of F.
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70 M. J. SATA AND C. H. SOARES JUNIOR

Example 3: The C*-modification of the Briangon-Speder example
Let f: R?® — R defined as f(z,y, z) = 2*® + 2y” + 2° which quasihomogeneous of type
(1,2,3;15) and the family F : R? x R,0 — R,0 with F(x,y,2,t) = f(z,y, 2) + tz®y’2°.

Ruas and Saia in [13] showed that for small values of ¢, deformations of type fi(z,y,2) =
f(z,y,2) + tx®y®z¢ are topologically trivial if fil(z%y’2¢) = a + 2b + 3¢ > 15, and are
C*“R-trivial (¢ > 1) if fil(z%yb2¢) > 15 + 3L.

Applying the Theorem 3.3.2 we see that for 15 < fil(z%y’z¢) < 15 + 3¢, the family f; is
modified C'-trivial.

3.2. The case of quasihomogeneous maps

In this section we show that the Theorem (3.3.2) has a general setup and is also valid in
the case of families of quasihomogeneous maps.

We fix a set of weights » = (rq,...,7r,), degrees d = (d1,...,dp) and consider F :
U x R? — RP be a family of maps defined in a neighborhood U of 0 in R™.

THEOREM 3.3.5. Suppose that we can write F' in the form F = f+qg with f,g : UXRP —
R? satisfying the following conditions:
0
(1) f and g are of class C**! and g, % are of class C* in the variables x1,...,z, and
S
d, d .
k> max{ﬁ,...,i} +1, forall j=1,...p;
(2) for each t in R1, f, = f(.,t) is the restriction to U of a quasithomogeneous mapping
of type (r;d) with isolated singularity at 0;
(3) fil(5%~(gj)) > dj, Vt € R

Then F admits a modified C*-trivialization along J.

Proof: The proof of this result is already equal to the proof of the Theorem 3.3.2.
Let ¢ : S"7! x (—¢,€) — R™ the mapping defined as (2, \) = (A" @1, ..., \""xy,).

A),t
We define H; : S"7! x (—¢,e) x RY — R as Hj(z,\,t) = %» and H : S™~1 x
(—€,6) xRT - RP by H = (Hy, ..., Hp).
OH,; OH,;
—2 and L are of class C*, for all j = 1,...,p and are
ox; ot

K3 S
zero if A = 0, as a consequence of the Lemma 3.3.3.

First we remark here that Hj,

Let F = fom+ H, since each f; has isolated singularity at 0 the matrix

afr 0Hy .. 9h oH,

8:E1 om + 8%1 6:L‘n om + amn
d.F = .

Ofp oH, Ofp o0H,

871107T+8I1 3znoﬂ+8xn
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MODIFIED C*-TRIVIALIZATION 71

has rank p for all t € J. Hence we can write gTF as a linear combination of the columns of
q

dmﬁ with coefficient functions of class C*.
Therefore,

OF ~

where u(z, A\, t) = (ui(z, A\, ), ..., un(x, A, 1)) is a mapping of class C* in S"~1 x (—¢,€) x
(=L —46,L+9)1.

Now we compare the equation (8) with the equation (2) in the proof of the Theorem
3.3.2, to obtain the proof in an analogous way to the proof of the Theorem 3.3.2. |

4. THE NEWTON NON-DEGENERATE CASE

Fukui and Yoshinaga showed in [7] that families of Newton non-degenerate functions with
constant Newton polyhedron for any parameter, admit an analytic modified trivialization
at the parameter space.

In this section we show, in an analog way, that this result also is valid in the category
of families of class C?, or in other words, under the same hypothesis these families admit
a modified C*-trivialization.

4.1. Newton non-degeneracy

We recover here the concepts of Newton polyhedron and Newton non-degeneracy of
analytic functions in order to give such definitions for functions of class C*.
For an analytic germ g(x) = Y apx”, let us define the support of g by supp g = {k €

Z" : ay #0}.

DEFINITION 4.4.1. The Newton polyhedron of an analytic germ g, denoted by 'y (g), is
the convex hull in R of the set

U{k—i—v .k € supp g, veRﬁ}.

T'(g) denotes the union of all compact faces of T'(g).

DEFINITION 4.4.2. The principal part of a germ g is defined as the polynomial inf(x) =

> apzh.

keT(g)

If v is a compact face of T1(g) and g =3, arz®, we set g, = 3 apa®.
key
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72 M. J. SATA AND C. H. SOARES JUNIOR

DEFINITION 4.4.3.  We say that g is Newton non-degenerate if for any compact face
v €T(g)

dg dg
coe Rn 7’7 = e = 7’}/ =
{(@1,.;2p) €R™ | T Tn G 0} C S,

where S = {(z1,...,xn) ER™ | x1--- 2z, = 0}.

The analogous definitions for functions of class C¢, are done in terms of the /-jet of the
function.

DEFINITION 4.4.4. Let f : R* — R be a function of class C*. We define the Newton
polyhedron of f, denoted by T'(f), as the Newton polyhedron of its £-jet Ty (5°(f)). We
denote T'(f) the union of the compact faces of T (f).

DEFINITION 4.4.5. A function f : R® — R of class C* is Newton non-degenerate if its
(-jet 5(f) is Newton non-degenerate.

4.2. The toroidal embedding

The main results of this section, Theorems 4.4.12 and 4.4.13, are done in terms of the
toric variety X and of the toroidal embedding 7 associate to I'y. = 'y (f;), concepts that
we recover here.

The procedure of constructing the toroidal embedding associated to a given Newton
polyhedron, due to Varchenko [16, 183-184], is a local modification of Khovanskii’s method
of assigning a compact complex nonsingular toroidal manifold to an integer-valued compact
convex polyhedron in R".

We summarize here the construction of the toroidal embedding.

Let us fix a Newton polyhedron 'y (g), and (aq,...,a,) a system of coordinates in the
dual space R™*.

DEFINITION 4.4.6. For each a = (a1, ...,a,) € RY* call:
(1) ¢(a) = min{{a, k) : k €Ty(9)}, where (a, k) =37, aiki;

(2) Alw) = (k€T (D) 5 (a.k) = fa)};
(3) Two vectors a,a’ € R are equivalent if A(a) = A(a’).

A vector a is called a primitive integer vector if a is the vector with minimum length in
C(a) N (2% — {0}), where C(a) is the half ray emanating from 0 passing through a.
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MODIFIED C¢-TRIVIALIZATION 73

From the equivalence defined in the item (3) of this definition, we see that any equivalence
class is naturally identified with a convex cone with its vertex at zero, that is specified by
finitely many linear equations and strictly linear inequalities with rational coefficients.

The closures of equivalence classes specify a partition Xy of the positive cone IR* into

closed convex cones that have the properties:
1. If o1 is a face of a cone o € X, then oy € 3.
2. For any cones o1 and o9 in Xg, 01 N oy is a face of both o1 and o5.

Following the algorithm described in the proof of Theorem 11 of [9, p.32], we construct
on the basis of Yo, a partition ¥ of the cone R}* into finitely many closed convex with
their vertices at zero such that:

1. Any cone belonging to ¥ lies in one of the cones in Y and is specified by finitely
many linear equalities and linear inequalities with rational coefficients.

2. If o1 is a face of a cone ¢ in X, then o1 € X.
3. For any cones o1 and o9 in 3, 01 N o3 is a face of both o7 and os.
4. Any cone o in 3 is simplicial and unimodular, i.e., if the dimension of o is ¢, there exist

a set of primitive integer vectors a'(c), ..., a?(o) which are linearly independent over R and
n — ¢ primitive integer vectors a?*1(o),...,a" (o) such that Za'(c) © ... ® Za"(0) = Z".
Let o be an n-dimensional cone in ¥ and a'(0),a?(0),...,a" (o) the corresponding set of

primitive integer vectors of o that has been ordered once and for all. We associate to each
such o a copy of R"™ denoted by R"(c). Let us denote by 7, : R"(¢) — R" the mapping
given by the formulae

(o)

1 n
a; al’ (o)
Ti =Yy

oo Yn'
where x1,23,...,2, are coordinates in R", y1,¥2,...,y, are coordinates in R"(c) and
aj(o),...,al (o) denote the coordinates of the vector a?(o).

We shall glue any two copies R"(0) and R™(7) via the following equivalence relation.
Let y» € R™(0) and y, € R™(7), then y, ~ y, if and only if 7, (ys) = 7+ (y7).

We denote this set by X = X(I'y(9)) = JR"(0)/ ~, where | JR™(0) denotes the disjoint
union of R" (o).

It follows from the properties 1-4 of the partition ¥ and Theorems 6,7 and 8 of [9], pp.24—
26 that X is a nonsingular n-dimensional algebraic variety and that 7: X — R”™ defined
by 7(y) = 7+ (y,) is a proper analytic mapping onto R™ (y, denotes a representative in
R"(c) of the equivalence class y in X).

DEFINITION 4.4.7. We call a non compact face v a coordinate face if vy contains a non
empty open subset of some coordinate space.
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For a fixed n-dimensional cone ¢ in ¥ with respective primitive integers a',a?,...,a"

and for any subset J of (1,...,n), let:

E,;={yo €R"(0) : Yy, =0, if j € J}, and

E;,J = {ya €E, Yo,j #0,ifj & J}
PRrROPOSITION 4.4.8 (Kaneko, [8]). 7, (Es 1) = {0} if, and only if, v = () v(a*(0)) is
el
a compact face of T (f).

PROPOSITION 4.4.9 (Fukui, [6]). Ify = () v(a’(0)) is a coordinate face, then the map
icl
To|g= , U5 injective.

PROPOSITION 4.4.10 (Varchenko, [16]).  Let f(z1,...,xy) be a real analytic function.
Let 0 € X, dimo =n. Then

a'(o a" (o
foma(ye) =yt 7 yla" @D g(y,)

where Yo = (Yo,1,--sYon) are the coordinates of R™ (o) and ¢(0, ...,0) # 0.
Let f: R™,0 — R be an analytic function. We define g¢;(y,) by

8f (at (o a™ (o
(xia )oﬂ-(r(yo) :yosl ( ))yﬁ(,n ( ))gi(ya>'
T

PropPOSITION 4.4.11 (Fukui e Yoshinaga, [7]).  Let us suppose that f is Newton non

degenerate, then > gi(y,)? > 0 for all y, € 7;1(0).
i=1

4.3. Main results

Now we show the main results of this section, they are analogous to the Theorems A
and B of [7], but are done for families of functions of class C*.

THEOREM 4.4.12. Let F : R™ x I — R be a family of Newton non-degenerate functions
fi(z) = F(z,t) of class C*, where I C RY is the compact cube I = [, [a;,b;]. Suppose

that the Newton polyhedra T'y(f;) are constant for all t and ¢ > max {M}, for all

a;i (o)

o € X. Then the family F(z,t) admits an almost modified C*~'-trivialization along I.
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THEOREM 4.4.13. Let F(z,t) be a family satisfying the conditions of the Theorem 4.4.12.
Suppose that, for each compact face vy of T (fi), fiy(2) is constant in the t-variables. Then
the family F(z,t) admits a modified C*~-trivialization along I.

LEMMA 4.4.14. Let f :R™ — R be a Newton non-degenerate function of class C*, with

L> sup{%}, Vo € ¥. Then

where hi(y,) is defined as

(1‘1%) 0 7 (Yo )
hi(ya: Zalol L(am (o))"
y( ( )).,_ya(m (o))

o,1

Proof: The following is a consequence of the theorem of Taylor with infinitesimal remain-
der and from the uniqueness of the Taylor series.

We write
of o1 ( Of . . Ry q(v)
= R,_ th lim ————= = 0.
om0 \aw; ) T W I e
Then
af 0 . of 0 .
—_ = Riy1=o—=u iRo 1.
a.’IJi axz (] (f)) + l—1 T axi T 63}'1‘ (] (f)) + Tilvg—1
We remark that lin%J %*”Q(v) = lin%) ﬂfu %ﬂ =0, since H:))il\ is limited in a neighbor-
hood of the origin.
Now we can write
of
(mzﬁ) o o (Yo) e (2iRo1) 0 7o (yo)
L(al (o an (o))  Ji\Jo L(al(o L(am (o))’
U(,l())"'yagn()) ygfl())"'ya(,n())

where

(e G“() 0 7 (00)

gi(ya) = (a'(o Lan(o
yg(1 ( ))._.yo(,n (o))

)

Then we obtain

(xiRp—1) oo (Ys)
Lat(a)) yg(;ll"(U)) B

o,1

0.

lim
Yo—75 1 (0) y
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Since
(@iRe1) omo(yo) _ (xiRe1) 070 (yo) 170 (yo) I
BB E R ] YT )
and
¢ 2a1(0)  2a7(0) \ F

Il T 2O\
Lat(o))  La(o)) 20(al(0)) 26(a™ (o)) -
a, yo',n ya_,l £ e yo_’n

2a} (0)—2¢(al(0)) 207 (0)£—2£(a" (o))

= Zyﬂ,l £ “Yoom £

2a] (0)¢—26(a” (o))
- =20

and from the hypothesis, it follows that

Therefore for all y, € 7, 1(0) we have h;(ys) = ¢i(y,), and the result follows applying
the Proposition 4.4.11. |
LEMMA 4.4.15. Let S = {(z1,...,2n) € R™ / 21+ 2, = 0} and f be as in the Lema
(4.4.14), then
of of

as a germ of set in the origin.

Proof: For each o, 1, : R" — 7 1(S) — R — S is an analytic isomorphism, see [16] Lemma
2.13, then, this Lemma is a direct consequence of the Lemma 4.4.14. |

4.4. The Kuo type vector field

Next we shall construct the Kuo type vector field using a convenient Riemmanian singular
metric in R”. We denote I'; (f;) =T for all t € I.

We shall construct a vector field V of class C*~! defined in 71 (U) x I, where U is a
neighborhood of the origin in R", satisfying the following:

(V1) V(p) is tangent to the level set of F o (7 X id) at any regular point p of any level
set of Fo(m xidy) in m=1(U) x I, where U is a sufficiently small neighborhood of the origin
in R™;

9
ot

The first step is to introduce a singular Riemmanian metric in R™, which is in fact a metric
on R" — §S.

DEFINITION 4.4.16. Consider the Riemmanian metric defined by

L 2
i
PRV
a’lﬁi7 a$j ' *J T

(V%) the ¢t component of V' is equal to
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where §;; =1 if i = j and d;; = 0 if i # j.

From this definition we have the following equalities:

n
Z Ti 611 Bml

n 2
Z  OF
IV, FI? = % ()

[T 3
k=1
where V, F' denotes the gradient vector of fi(x) = F'(z,t) with respect to the metric defined
above, see [7] for more details.
We define now the Kuo type vector field
DEFINITION 4.4.17. (cf. [11]) Let W (z,t) the vector field defined by

_OF )

t +F
W(z,t) = A F||2V +8

This vector field W (x, t) is tangent at all regular points of each level set of F'(z,t). From
the formulae obtained above, it follows that:

_OF N OF &
ot = 1 9x; Ox; 8
W(l‘,t) = n = 2 + 55
S (2 25 ot
=1 kaxk

which is well defined in U — S, by the Lemma (4.4.15), where U is a neighborhood of the
origin in R".

Our next step is the construction of modification, which is done in terms of the toroidal
variety.

Let X the toroidal variety and 7 the toroidal embedding associate to I'y = I'; (f;). To
construct the modification we consider the mapping ¢ := (7 X ids|(x—r-1(s))x1)”

From the definition of 7, we see that z; = ya (), S yg n(a), and the matrix of the

differential of 7, is given as dm,(ys) = (A;;), where

. 1 a? 1 al 1 J+1 n L.
Agj = al (@)™ ey 7 T Ty T i g =1,
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Therefore,
0 - j 0
e (ya’j 8ya,j> N ; K (U)Ii(?imi
for all 1 < j < n, hence

n

de < axz) Z yajayo

for 1 <i < n where the matrix (b’(0)) is the inverse of (af (0)).

As a consequence we have

D IDY b (0)G:G sz,JayiJ

n i=1j=1 0
dp(W)|R"(0) = - o + o 9)
> G}
k=1
where
aF)
(.1318 Oﬂg(ya) %I;ofjro(yg)
Cilve) = “sarton oy © Gle) = iy o
yml Yo,n yml Yo,n

In the next Lemma we show that the vector field V' = dp(W) is well defined in a
neighborhood of 771(0) x I

LEMMA 4.4.18. The vector field V = dp(W) has an extension of class C*~1 to a neigh-
borhood of m=1(0) x I in X x I and satisfies the properties (V1) and (Va).

Proof: We know that the vector field W is of class C*~! in (R — S) x I. Hence V is of
class C*~1in (X —7~1(9)) x I. Moreover by the Lemma (4.4.14) and applying the formula
(9), V has an extension of class C*~! to a neighborhood of 771(0) x I em X x I.

By construction we see that the vector field V' satisfies the properties (V1) and (Va). |

4.5. Proof of the Theorem 4.4.12

By the Lemma (4.4.18) we see that there exist vector fields of class C*~1, V4,...,V, in
7Y (U) x I, where U is a neighborhood of the origin in R", satisfying the conditions (V;)
and (V32).

We denote by 7;(t;,y,c) the integral curves of V; with 7;(0,y,¢) = (0, c) and consider
M(y,t) ==7,(tqy — ag, 7g—1 (..., 1 (t1 — a1,y,a1)...))
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where t = (t1,...,t,) € I. Therefore M is a diffeomorphism of class C*~! between two
neighborhoods of 771(0) x I and F o (7 x Id;) o M does not depend of the parameter ¢
and this proves that Theorem 4.4.12. |

4.6. Proof of the Theorem 4.4.13

To prove the Theorem 4.4.13 it is enough to show that the C*~!-diffeomorphism M
induces an homeomorphism between two neighborhoods of {0} x I. The next two Lemmas
will be used to show this.

LEMMA 4.4.19. Let 7;1(0) = | E, s, then each vector field Vign (o), 1 < k < q is
JEN

tangent to each E, j x I for any subset J of {1,...,n}.

Proof: Since the coefficient of 9/0y, ; in the formula 9 is zero for each j € J, the vector
field Vi |gn (o) is tangent to B,y x . |

Now, for each p € R™ we denote

Es(p) :==m,"(p) N EqJ,

5 (p) =7 ()N Eg .
Let N(p) the set formed by the minimal elements, in the inclusion sense, of

{7 c{1,2,...,n} / E; ;(p) # 0}.
Therefore we have
') = U B
JEN(p)

Now we suppose that p € S — {0}, if 7, (p) is not empty and is not a unitary set, then
7,1 (p) has not discrete points and E, ;(p) is an algebraic set of R" (o).

We remark that each component of 7, (y,) is a monomial in the variables Y51, ..., Yo,n-

LEMMA 4.4.20. Suppose that w1 (p) is not empty and is not a unitary set, then if the
hypothesis of the Theorem 4.4.13 hold, each vector field Vi gn(s), 1 < k < gq, is tangent to
each B j(p) x I. Moreover Vi gn () = 0/0ty in each point of Eq j(p) x I.

Proof: First we remark that the set EJ ;(p) is not empty and not unitary, then by the
Propositions 4.4.8 and 4.4.9, v =, y(a’ () is not a compact face for p # 0 and is not
a coordinate face.

From the hypothesis of the Theorem 4.4.13, each F, (z,t) is independent of the parameter

OF.
t. Hence 7 =0 and Gy, (y,) = 0 for all y, € E, ;. Then the equation (9) implies that

ot;

Vi (Yo) for all y» € Eo y. |

:aitk
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Now, from the Lemmas 4.4.19 and 4.4.20 we see that M induces an homeomorphism
between two neighborhoods of {0} x I and this completes the proof of the Theorem 4.4.13. |

Example 4: Let f(x,y) = y? + 222y + g(z,y) with g(x,y) = Y capr?y’ and a + 2b > 4.
5.5
We consider here Fy(z,y) = f(z,y) + t% which is of class C?. Doing the following
T Y
exchange of coordinates X = z, Y = y + 22, the family F(X,Y,t) satisfies the conditions
of Theorem 4.4.13. Therefore we obtain that F; admits a modified C'-trivialization.
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