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The aim of the article is to give a unified treatment in the Banach spaces to
several problems modeled by semilinear partial differential equations of second
order in time. Our results are applied to a number of examples appearing
in the literature, which can be regarded as strongly damped semilinear wave
equations. The present work greatly extends the known results on existence
and regularity of solutions of such problems. In many cases, these problems
have been considered previously only within the setting of Hilbert spaces with
the operators appearing in the main part being self-adjoint. Here we present a
more general setting involving sectorial operators and reflexive Banach spaces.
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1. INTRODUCTION

In this article we consider a class of mathematical models that can be regarded as strongly
damped semilinear wave problems. Our aim is to give a unified treatment to several different
special problems appearing in the literature and modeled by second order in time semilinear
partial differential equations with structural damping (expressed by the first order in time
term). Among the problems that can be included in this class we mention:

e The sine-Gordon equation

ug + Puy — Au — alAuy, = —sinu + g(x), a,F € (0, 00).
233
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234 A. CARVALHO, J. CHOLEWA AND T. DIOTKO

e The perturbed wave equation of quantum mechanics
ugy — Au — alAuy = —|ulu — Blug|Pur + g(x), « € (0, 00).
e The perturbed viscous Cahn-Hilliard equation
eurs + up + A%u — §Auy = A(h(u)), €,8 € (0,00).
e The wave equation with structural damping

Ut + 277(—A)%ut + Bur — Au = f(u), n € [0,00),5 € (0,00).

Under suitable boundary conditions these problems, and many others in the class con-
sidered here, have the property that the solution operator associated to the linear part is
an analytic semigroup. This fact gives a parabolic structure to these second order (wave
like) semilinear problems. Our aim here is to consider such class of problems from the
point of view of parabolic equations. With this in mind we give a general result on local
existence, regularity and bootstrapping. We first prove that the above problems are locally
well posed not only in the L? setting (context in which they have already been extensively
studied, see [4, 5, 6, 8, 9, 10, 22, 26, 28]), but also in the L? setting, context for which
the theory has not been fully developed (see, for example, [23]). To that end we prove
that the linear part of the equation generates analytic semigroup in this latter setting and
study its regularization properties. Next, we prove a local existence theorem and study
the regularity properties of solutions of the associated semilinear problem in the LP()
setting. We also obtain a bootstrapping argument that will lead to more regularity of
solutions which, in some cases, will be classical. Lastly, we apply these results to the above
mentioned examples comparing our results with the results in the literature.

To present the results proved in this paper we introduce some terminology.

DEFINITION 1.1. Let X be a reflexive Banach space, A : D(A) C X — X be a closed
densely defined operator, n > 0 and 6 € [%, 1]. The triple (n, 6, A) is said to be an admissible
triple if

M

1
1+ || e
for some M > 0 and for all X in the sector £, = {A € C : ¢ < Jarg|]A < 7 with
Y € (0,%)} U {0} and either

I+ )7 <

i) 0 € (3,1 or
ii) =1 and T > 2L +arg(n+/n? —1).

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



BOOTSTRAPPING FOR STRONGLY DAMPED WAVE EQUATIONS 235

Let (1,60, A) be an admissible triple and denote by X¢ the fractional power spaces (see
[1, 17]) associated to A. Consider the second order differential equation

{ uge + 20 A% + Au = f(u) + g(ue), @)

u(0) =up € X, u (0) = vp € X.

With this notation, all the above mentioned mathematical models are represented in the
form of equation (2). Also in all the examples cited previously the corresponding triple is
admissible.

Problems like (2) appear in the literature under the name of strongly damped wave equa-
tions and in most cases A must be self adjoint. Our approach allows a great generalization
including much more general strongly damped wave problems then those considered so far.
In particular, we allow the elliptic operators to be in non-divergence form. Besides this,
the local existence results are improved significantly with respect to the nonlinear part of
the equation, since other spaces can be used instead of Hilbert spaces.

Problem (2) can be written as a first order Cauchy problem in X 2 x X in the following
way

8]+ A [E]1 = FED, t>0, [10] =[], (3)
where

A [A2;i9} D(Awg) C X2 x X — X2 x X (4)
is defined by

-
Ao [m = [A"(AF%JFQW) (5)
for
(9] € D(A@p) ={[5] e X370 x X3; A%+ 2pp € X}

and

F(3D) = [fwtew] -

Remark 1. 1. Though the condition ii) in Definition 1.1 seems restrictive it can be
verified in all interesting applications for all  in (0,00). Unfortunately this condition
cannot be avoided. If n € (0,1), 6 = %, Ap is the Dirichlet Laplacian in a bounded smooth

domain Q, p # 2 and A = —e'G—28O=VP*~D)A | then (7, %,A) is not an admissible
triple and consequently A1 does not generate a CP-semigroup (see [18]) and (3) is an ill
posed problem.

When X is a Hilbert space and A is a positive self adjoint operator, it has been proved
in [8, 9] that A is a sectorial operator and therefore it generates an analytic semigroup.
Under the same conditions, in [10], the authors gave a characterization of the fractional
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236 A. CARVALHO, J. CHOLEWA AND T. DIOTKO

power spaces associated to A, 0 € [%7 1]. In these works, the fact that X is a Hilbert
space and that A is a positive self adjoint is used in an essential way. We extend the
results of [8, 9, 10] to the case when the operator A is not self adjoint and more generally
we consider the case when the space is a general reflexive Banach space.

The local existence for (2) in the critical exponent case have been considered in [4, 5]
when A is a positive self adjoint operator and X is a Hilbert space. In [7] the case when
A is the Dirichlet Laplacian in a bounded smooth domain € and 6 = % is considered in
WyP(€) x LP(Q) for subcritical nonlinearities. We extent the results in [4, 5, 6, 7] to

general 2m-th order strongly elliptic operator, 6 € [, 1] and critical nonlinearities.
Recently, in [13], the following general second order partial differential equation is studied
in the Hilbert setting

{ Mugy(t) + Au(t) + k- D(us(t)) = F(u(t), ue(t)), ©)

u(0) = up € D(AY2),u(0) = w € V = D(M2),

where A is a positive self-adjoint operator, k is a positive parameter, and operators D and
F satisfy suitable hypotheses. Of course, (6) covers many examples that do not fall into the
class of problems considered here. Also, in [13] the authors consider not only local existence
but also global existence and existence of global attractors. Nonetheless, if M = I and
D =A% (¢ [%, 1]), that is in the case of the strongly damped wave equation considered
here, the space V in [13] coincides with the base Hilbert space H in which A is self-adjoint.
In this situation our assumptions may lead to a more general class of nonlinearities. For
example, if Ap denotes the Dirichlet Laplacian in a bounded smooth domain Q C R3,
f=1land D=A=-Ap, M =1, H=1L?*), f:R— R and F(u,u;)(x) = f(u(x)), the
growth that we obtain for f is 5, whereas in [13] it is 3. We remark that in the present
work we consider also operators A which are not necessarily self-adjoint as well as settings
which are not restricted to Hilbert spaces. Also, we never assume that the nonlinear terms
in the equation are monotone or quasi-monotone.

Let © be a bounded smooth domain in RY, L be 2m-th order operator in Q given by

L= Y as(z)D" (7)

lo|<2m

and {B;,j =0,...,m — 1} be boundary operators such that the triple (L, {B,}, ) forms
a reqular elliptic boundary value problem (see [15]). For p € [2,00) define
Ap: D(AL) C LP(Q) — LP(Q), D(AL) = Hp'tp (9),

(®)
Apu = Lu for ue D(AyL).

Then Ay is a sectorial operator in X = LP(Q) and X2 = Hp' 5.1 () (see [27] for the

definition of the H;){Bj}(Q) spaces). Assume throughout the paper that (n,0, Ar) is an
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BOOTSTRAPPING FOR STRONGLY DAMPED WAVE EQUATIONS 237

admissible triple and consider the problem

wpe + 20 A% uy + Apu = f(u) + glug), t >0, z € Q,
u(0) = up € X3, u(0) = v € X.
As a particular consequence of the results of this paper we obtain:

THEOREM 1.1. Suppose that f,g are C' functions such that

i) 1f/(s)] < c(1+1s]P7Y), s €R, where 1 < p < %fzg =:pifmp <N, orpe(l,00) if
mp = N,
i) |g'(s)] < c(1+]s]*71), s € R, where 1 <v < %’”pe =:D.

Then, the initial boundary value problem (9) has a unique local solution through each point
[v] € I’)”{Bj}(Q) x LP(Q). This solution depends continuously upon the initial condition

and, for 0 < %, s a classical solution.

In fact, we may consider nonlinearities depending on spatial derivatives of u. In par-
ticular, for the perturbed viscous Cahn-Hilliard equation in dimension three, the con-
clusion of the above theorem holds for any C?® function h and any initial data from
H2(Q)NHE(2)x L2(2) (no growth condition is required and h need not to be a polynomial).

This paper is organized as follows. In Section 2 we show that the operator A gener-
ates analytic semigroup, characterize its fractional power spaces (including extrapolation
spaces) and obtain an abstract local existence result. In Section 3 we consider the case
when A is a 2m-th order elliptic operator in LP(2), specialize the characterization of frac-
tional power spaces given in Section 2 to prove embedding of such spaces in suitable known
spaces, obtain a general bootstrapping result and consider some particular nonlinearities
that appear in the applications. Finally, in Section 4 we apply our results to some known
problems including the ones mentioned in the beginning of the paper.

Acknowledgement: This work has been carried out while the first author visited the
Institute of Mathematics of the University of Silesia in Katowice, Poland. The authors
wish to thank the Institute of Mathematics for supporting this cooperation. Also, the first
author wishes to thank the people at the Institute for the great hospitality.

2. ABSTRACT SETTING OF THE PROBLEM

In this section we study the abstract properties of the operator Ay defined by (5). We
also establish local well posedness of (3) with nonlinearities f, g defined in appropriate
subspaces of X. Throughout the section we assume that (7,6, A) is an admissible triple.

2.1. Properties of the operator A g)
Here we discuss the properties of A, 0 € [%,1], necessary to consider (3) as an

abstract parabolic problem on the extrapolation space Y(4)_, of YO (the completion of
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238 A. CARVALHO, J. CHOLEWA AND T. DIOTKO

(YO, HA(}%()H)) To that end we first prove that Ay : D(Ag)) C Y? — Y is a sectorial
operator and characterize its fractional power spaces.

In the case when X is a Hilbert space and A is a positive self-adjoint operator these
properties have been established in a sequence of papers [8, 9, 10]. If —A is the Dirichlet
Laplacian in a bounded smooth domain 2 and X = LP(Q2), the proof that A 1) generates
analytic semigroup and an approximate characterization of its fractional power spaces is
given in [7].

Remark 2. 1. Note that

A(g) |:7i:| = [AQO +21/7}7A0¢:| for |:i:| c X! x Xé’7 (10)

and that X' x X? is a dense subset of D(A(g)). However the operator € : D(€) C X2xX —
X2 x X defined by D(€) = X! x X? and

o e S ) —1
P A 2mA% |y Ap +2nA%yY
is not a closed operator unless # = 3. Note also that D(A(%)) = X! x X2 and that, for
all § € (3,1], D(A(g)) is not a cross product of spaces.

As shown in [2, 4], the knowledge of the scale of fractional power spaces and its embedding
into known spaces are the main tool to obtain local well posedness of a semilinear sectorial
problem (even in the critical growth case). In this sense, we obtain here the main working
tools for obtaining a general local well posedness result for (3).

PROPOSITION 2.1. IfY? = X3 x X and Awp) : D(Ag) C YO — YO is defined by (5),
the following holds:

1) Ag) is closed,
2) 0 € p(Ag), and
3) If A has compact resolvent, then Ay has compact resolvent for 6 € [%, 1).

Proof: 1) To prove that A is closed we take a sequence ([i”] , Aoy Lﬁ"}) in the

graph of A(g) which converges in (X2 x X]x[X2 x X] to ([;ﬂ , [ﬂ ) . From this we easily
conclude that £ = ¢ and

b 25 o= A0, X A0,
b = 1h
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BOOTSTRAPPING FOR STRONGLY DAMPED WAVE EQUATIONS 239

and hence A'~%¢,, + 1, — A'7%¢p +1). On the other hand
AV (A + i) >
From the closedness of A% we have that A'=%¢ + ¢ € D(A%) and that

AP (A% ) =

14

Hence [qﬂ € D(A(g)) and Ay [z} = F}
2) Follows immediately from the fact that

-1 _ 2’[’]140_1 A_l
A(@)—[ I 0|

3) Follows immediately from 2). |

As mentioned before, the proof of analyticity for A( 1 and approximate characterization
of the fractional power spaces D(AE"; )), a € [0, 1] are given in [7] for general Banach spaces
2

X2 x X. Unfortunately the proofs of [7] cannot be extended to the case 6 € (1,1] nor

give an exact characterization of the fractional power spaces for § = % Next we prove the

analyticity and give an exact characterization of the domains of fractional powers D(A))
for 6 € [%, 1] in general Banach spaces Xz x X.

We prove that A, 0 € [%, 1], is sectorial. To that end we will follow the ideas of some
unpublished notes by A. Rodriguez-Bernal [24] and Lemma 5.1 of [3].

For 6 € (1,1], let By : D(A(g)) C Y° — YO be the operator defined by
0 0
D(Bg) = D(A(g)) and By := .A(g) + 0 Lal-0)-
2n

If

I 0 . I 0 L=

Py = _ Pt = _ Dy = | 20
0 (2177A1 0 I>7 /] (_217]A1 4 I>7 6 < 0 277149 P
then Py : D(Agg) — X379 x X? = D(Dy), PsBy = DyPy and
Pp:X?xX > XixX
are isomorphisms. The operator
0 2nA?

1 1-6
~ LA
D9:=<2’7 0 ):Xg_axX‘chéxXaXéxX
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240 A. CARVALHO, J. CHOLEWA AND T. DIOTKO

is sectorial. Since
(Do~ Do) By : XE x X - X x X
is a bounded linear operator for 1 > v > 2—19, it follows from [15] page 177 that

Do X2 x X Cc X2 xX —X2xX

is sectorial and its fractional power spaces coincide with the fractional power spaces for the
operator Dy with equivalent norms and therefore are given by

D(Dg) = Xz+(1=0)a  x0o,

For§=1%,7n>0, an:n—l-\/n?—landdn:n—\/UQ—lwedeﬁneD%:D(D
X2xX2CXxX—>XxXby

Nl=

1
D, — a,Az _O .
2 0 anAz
If
_ 1 1 1
Plz[a”Af I}V Pl _ 1 [A% —,4} 5}7
2 anAz 1 3 Qp — Gy | —0y ay

then Py A1) =DiP; and Py : X2 x X — X x X is an isomorphism.
It follows from (1) and from the results of [19] that A2 is a sectorial operator which
satisfies
M
L+ Al

I+ AZ) 7| < (11)

for any A € Yy = {ANe C: % < largh| < m with ¢ € (0,%)}. If § > %—i—amga?7

then ay,A% is a sectorial operator and the fractional power spaces associated to it coincide

with the fractional power spaces associated to Az with equivalent norms. In particular
DD$)=X% x X*.
2

Remark 2. 2. When n > 1 both a, and a, these numbers are positive. Consequently,
arga, = 0 and the condition 7 > % + arg a,, is automatically satisfied.

We extend the definition of By to the case 6 = % setting B% = A(%).
The following result is strongly based on [3, Lemma 5.1].
LEMMA 2.1. If By, Py and Dy are as above then,
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BOOTSTRAPPING FOR STRONGLY DAMPED WAVE EQUATIONS 241

1) By and Dy have the same spectrum,

2) By is sectorial,

3) Pge Bot — ¢=Pot Py for all t > 0,

4) Py : D(By) — D(Dg) is an isomorphism, and
5) For each o € [0, 1] we have that

D(BY) = {H ¢ e X000 gpg A0 4 ony € X‘)"} (12)

In particular, for a € [0, %],

D(Bg) = X3H(=0a  x0a (13)

Proof: 1) Follows from the equality (A — By)~! = Pe_l()\ —Dy) "L Py.
2) Let ¢ € (0,%) and By = {\ € C: ¢ < |arg(\ + a)| < 7} such that

K
A+ Dy) ! < .
IA+Po)™ 3 x) S il

The result now follows from

I3+ Bo) ™| x|+ Do)

—1
L(X % xX) =177 L(X%XX)”P"”L(X%xX)

M
A +al

><

<

3) Follows from the fact that Pp(A + By) ™! = (A + Dy) 1Py and from the formulas
e Bot — / M\ + By)td), e~ Dot — / M (N +Dy) " LdN.
r r

4) It follows from the formulas

1 o0 1 0
Broe — toe—l —Betdt D — / ta—l —Dgtdt
* " T(a) / c T T ‘

and from 3. that PyB, " = D, “Py. Since D(By) = R(B,“), D(Dg) = R(D, ") and

Py(Xz x X) = X2 x X, we conclude that Py(D (By)) = D(Dg). Finally, to prove that
Py : D(By) — D(Dy) is bounded with bounded inverse we note that

s 2L = Lol = 2

) .
XZxX ‘ D(Dg)
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242 A. CARVALHO, J. CHOLEWA AND T. DIOTKO

Using the fact that Py : X2 xX — X% xXisan isomorphism we obtain the result.
5) To characterize the fractional power spaces associated to By simply noting that

Py(D(B3)) = D(D§) = D(Dg) = X510 5 x0,

Hence, for § € (3,1], {ﬂ € D(BY) if and only if there exists [i] c X3+(1=0)a o xoa

such that
-1 || _ ® _ ¢
o R PR ]

which is equivalent to say that & € X2+~ anq 2—177A1_9§+V € X% . Thus we have (12)
and it is easy to see that the spaces given by (12) coincide with the spaces given by (13)
1
for a € [0, 5].
For 0 = % and § > % + arga,, it is easy to see that By is sectorial and that
2

D(Bfy)) =X % x X% forall ac0,1]. (14)

The proof is complete. |

Next we prove that A is a sectorial operator and characterize the fractional power
spaces associated to it.

THEOREM 2.1. For each 0 € [%, 1], the operator Ao is sectorial in Xz x X and con-

sequently {e‘A<9>t, t > 0} is analytic semigroup. The fractional power spaces associated
to Agy coincide with the fractional power spaces associated to By with equivalent norms.
Furthermore, if A has compact resolvent and 0 € [%7 1), then Aoy has compact resolvent.

Proof: Note that, for 6 € (1, 1],

0 1 B . 0
16 ) )], = gt evie < crabui- i
- 0 2(1-0) v 20—1
<¢|s _
a H @ [1/)} XTxX H L/f] x¥ux

From [15] page 177 we notify that

0 0 s
(0 2177141—9) By

is bounded in Xz x X for any! 1> > 2(1 —0).

IThe restriction 1 > B8 > 2(1 — 6) excludes the case 6 = % and the sectoriality of A() as well as the
characterization of its fractional powers spaces, considered above, are only valid for 6 € (%, 1]. Fortunately
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BOOTSTRAPPING FOR STRONGLY DAMPED WAVE EQUATIONS 243

Thus, for 6 € (1,1], A is sectorial (see [17, Corollary 1.4.5]) and the fractional power
spaces associated to it are given by (12) with equivalent norms (see [17, Theorem 1.4.8]).
The case 0 = % is proved in Lemma 2.1. |

Let YO = X2 x X and recall (see [1]) that the extrapolation space Y(p)_, of Y generated
by A(g) is the completion of the normed space (Y?, ||.A(_9§ “|lyo). Since A is a sectorial

operator in Y°, then its closed extension to Yi)_, (denoted by the same symbol) is a
sectorial operator in Y(p)_, with D(Agg)_,) = Y(19)71 =Y".

The following result (adapted from [7]) provides a characterization of the extrapolation
spaces Y(‘g)i1 for o € [0, %] in terms of the fractional power spaces X¢ associated to A.

LEMMA 2.2. The following holds

1

Y, > X4-0-01-0)  x-h+e0-0 4o, ])

—1

(15)

Proof: Note that if ag € p(—A(g)), then ||A(79§()Hy and [|(A(g) +aol) "' ()||y give equiva-
lent norms in Y. Without loss of generality we may assume that Reo(A(g)) > 0. Otherwise,
as in [17, p. 29], we replace A by Ay + aol with ag sufficiently large and the proof can
be carried out in the same manner.

Proceeding as in [4] we have that

isometric

()™ Y, ) L —1< 820, (16)
In particular,
Yv(e) (1—a) }/((g) 1’0§0&<1

(see [1, p. 267, Corollary 1.3.9]). From (16) and [1, p. 266, Theorem 1.3.8] we then obtain

¥ ¥ —(1-a) | ¥ a A-1|¥ —1|¥
1] s =0 [ oy =81 [ ] o =y ] o =1 ]
Using characterization of spaces Y3, given in (13),

Y'((;) _ X%-ﬁ-a(l—@) % X@a’

1

results for the case 6 = 3

variables.

can be obtained without using a perturbation argument with a simple change of
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we next have

' 1| —(1-6) 1
| LA ||Y(‘;)_1 = H-A((% [1/1] HX%Jra(l—e)Xxea = [nA ,£+A v ||X%+a<1—9>xxea

1 — —(1— —
= || A2+ (A= Dp + A7) x0 + A% xo

1 1
] €Y’ ac [0, 5] 0 €[5, 1]

= lpAz == A=0), L g=3+a(=0y) o 1 || A% xo, { 2

P
(G
Consequently, since 3 — (1 — a)(1 —0) > fa for a € [0,3], 6 € [3,1], we obtain that

5] s, < e 23 (=000 4 4400 )

= max{c-i-?%l}” [z:| ||X%7(17a)(179)XX7%+Q<179)7 |:ZZ] € Yo, = [0, %}, = [%, 1].

Since Y is dense in X2~ (1=)1=0)  x—35+a(1=0) the proof is complete. |

2.2. Abstract local existence result

In this subsection we establish local well posedness for the Cauchy problem (3). We
would like to study this problem in the phase space X 3 x X. To pose the problem in the
mentioned space we will need to consider the nonlinear term F' as a map with values in
the extrapolated space Y(4)_, associated to A in Y?. Whenever F maps Y into Y(%‘L1
for certain o € (0,1), then local well posedness result is known (see [17]). If F' does not
possess this property we will use the concept of e-regular maps and e-regular solutions to
(3) (see [2]).

DEFINITION 2.1. F is an e-regular map relative to the pair (Y°, Y(y_,) with constants
C>0,p>1¢e€(0,5),and 1 >~ > pe if and only if

e - R iy

(@)1
¢ ¢ ¢ p—1 ¢ p—1 ¢ ¢ 1+e
<an[s] =[], (tenfa] it wnfalis ) [a] 8] e v
(1)

If the above relation holds with ¢ = 0 and v € (0,1) then we say that F' is subcritical
relative to (YO,Y((;)_l).

DEFINITION 2.2.  Let ¢ >0, 7> 0, [4] € Y? and HE” :[0,7] — Y9 We say that

“}8} is an e-regular solution to (3) on [0, 7] if and only if
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BOOTSTRAPPING FOR STRONGLY DAMPED WAVE EQUATIONS 245

)] e ey, ) neo ),

¢ } _ oAt o] +/t6A<t—s>F([gEj§Dds, telo,7]. (18)
0

PROPOSITION 2.2. ([4, Proposition 6]) If F is an e-regular map relative to (Y, Yoy_,)
then for each [$2] € YO there exists a unique e-regular solution to (3) on certain interval
[0,7]. When F =" | F; and F; are g;-reqular maps with constants p;,7;,C; and

min{vy;(g;); 1 <i<n}=9>¢:=max{e;; 1 <i<n}, (19)
then there exists a unique &-reqular solution to (3). In addition, we have?

(29 € cwo A YT n et o, A, ).

3. THE CASE WHEN A IS A 2M-TH ORDER ELLIPTIC OPERATOR IN
L”(Q)

Let Q be a bounded smooth domain in RY, L be 2m-th order operator in Q given by
(7). Then, A given in (8) is sectorial in X = LP(Q), p € (1,00) (see [15]). Assume that
Reo(Ar) > 0 and that Ay, has bounded imaginary powers.

Remark 3. 1. Note that, if A, is a maximal accretive operator in a Hilbert space, then
it has bounded imaginary powers (see [20]). For conditions on (L, {B;},2) ensuring that
Ar has this property in the LP-setting we refer to [14].

Throughout this section we assume that (1,60, Ar) is an admissible triple and denote
by X, a € R, the fractional power spaces associated to Ar. From the results in [27]
we have that X = H;’f{‘gj}(QL o € [0,1]; in particular, Xz = H;?{Bj}(Q). We denote
Y = H;)T,L{Bj}(g) x LP(Q).

LeEMMA 3.1. For a € [0, 3] and 0 € [3,1] we have

N
for g > P
N 4+ mp(1 —2a(1 - 0))

, N>mp, p>2,
(20)

Y§, , D X2=(1=(=0) o ra(Q)

2Throughout the paper s~ denotes any number smaller than s € R.
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and
14a _ yva _ prm+2ma(1-0) 2mab
Y((;)r,1 =Y = Hp,{Bj} (@) x Hp7{Bj}(Q)~ (21)

Proof: Denote by p’ the conjugate of p € (1,00). Note from [1] that

(x3e00) " = (et = g2 (e 0) < 17 ()

Np
N(p—1) —mp(l —2a(1 - 0))

for 1 <r< , which completes the proof. |

3.1. Bootstrapping

In the particular situation of this section we employ a bootstrapping argument, similar
to that used for parabolic equations, to obtain additional regularity of the solutions of (3).

THEOREM 3.1. If F' an e,.-reqular map with respect to the pair of spaces (Y,.O,Y(g)_l)
for every r > p with y(e,) = %, then e,.-reqular solution to (3) on [0, 7] satisfies for each
r € [p,0) the condition

u(- m+m(1—0))~ mo)~
(1] e e, B (@) < HUE (@), (22)

Consequently, we have

[10] € M (0,7, clmm =007 @) x ¢ (@),

If 0 < 2 and F takes C(mtmU=0)7(() x Cm+m1=0)"(Q) into X x CY(Q) for some
~v > 0, then the solution to (9) is in fact classical, that is

u-) _ _ _

|:L9ut(~):| € C((0, Tuy 1o), C*™(Q) x C(Q) x C(Q)). (23)
uet(+)

Furthermore, if 5 > pe,, then for B C'Y,) bounded the local solutions [%] (t,[%9]) to (3)

with given 0 € (1,1), [1] € B eist until certain 7 = 7(B,0) > 0 and {[%] (¢,[33]); [w0] €

B}, {[%], (t [50]) 5 [v9] € B} are bounded subsets of the product space gmtm=0)" (Q) x

Tv{Bj}
Hﬁ?gi}(ﬁ) for each t € (0,7), 6 € [3,1) and r € [p,00).
Proof: First let us consider regularizing properties of the solutions uniform with respect
to the initial condition varying in bounded sets. Then condition (22) follows.
It is known (see [2, 17] and [7, Theorem 5]) that there is 79 = 79(B, ) > 0 such that the

sets
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are bounded in H(nng"}L(l M7 (Q) x H;)nggj_} (Q) for each ¢ € (0,79). We next have that:

i) if N > mp(l — 0), then by the embedding properties these sets are also bounded in
1_7{13/}(9) x L1 (Q) with ¢ = #‘1‘(’19) and qo := p. In addition, we have that Z—; =

m 2 > 1 and following the regularization argument with YO = H;’: (B, }(Q) X

L9 (Q) we get boundedness of the sets B¢, B¢ in H(m?g(}l - (Q) x H(ETG{)B_}(Q).
) 1° J
If N > mgqi(1 —0), we return to the beginning of i) and the procedure can be repeated.

Also, £ will remain bounded from below by ji.

What was said above proves the existence of a finite number k, such that after &k rep-
etitions we reach certain g, > 2, for which N < mgi(1 — 6) and the sets B¢, B are
bounded in H (m?g(}l m” Q) xH (m?B }( ). Since finally obtained space is embedded in

dy ko
H:”{Bj}(Q) x L"(Q) for every r € [p, 00), the proof is complete.

For 6 < 2 we have 2mf < m~+m(1—6). Rewriting (9) in the form Apu = f(u)+ g(u¢) —

ugt — A uy and using Schauder type estimate for elliptic equations, (23) follows. |
3.2. Local existence for particular nonlinearities

The following local existence results follows from Proposition 2.2 and Lemma 3.1.

COROLLARY 3.1. For p > 2 assume that
i) f: R —= R is a locally Lipschitz continuous function if mp > N,
1) f satisfies the condition

|F(s1) = f(s2)| < clsy— s2l(L+ |s1]” 7" + [s2|71), 51,82 € RY, (24)

with certain 1 < p < %%;"IZ =:pandc>0ifmp<N,
i1i) condition (24) holds with arbitrarily large but fized p € (1,00) if mp = N.

Then, the map F ([}]) = [fe((il)l):l takes Y, into Y( o), and is Lipschitz continuous
on bounded subsets of YO where oy, = % in the case i) or m) or when 6 =1, and oy, =
min{%, %ﬂmm}, p < p, in the case ii).

Furthermore, there exists a unique mild solution {28] € C([0, Tug,vy), YY) to (3) through

[v] € Ypo and for oy, as above we have that
m+2mag (1-0) 2man6
| € Cl0, ), By 700 < B (),

u(-)
v(-)
(m+2mag(1-0))~ (2mag0)”
[49] € CHO, un ) H iy (@) x H, (55" ().

(25)
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If ii) holds with p = p, then

1P (5 = F () e < Ol ur) = £*(ua)]

Np
LN+mp(I=27()(1-9)) ()

< C||'LL1 - u2||H’"+2’"59(Q) (1 + Hu1‘|Hm{+2m}se( + u2||Hm+2mse(Q)) (26)
=l - [T hgge, (1 NE I + 0TS ).

33l () = pe and [3], 1] € HYER(Q) x ) ().

Therefore, for each e € (0, 2%], the nonlinear map F ([}]) := | 4 (u)] is e-regular relative

where € € [0

to (Y, Y(p)_,) with constant y(e) and there exists a unique e-regular solution, to (3) through
[59] € Y satisfying both relations in (25) with oy = () € (0, 3].

Proof: The result follows from Lemma 3.1, Sobolev embedding properties of spaces
H;(©) into Lebesgue spaces, Hélder inequality and Proposition 2.2. |
In a similar manner as in the case of Corollary 3.1 we obtain

COROLLARY 3.2. For p > 2 assume that

l9(s1) = g(s2)| < cls1 = s2|(L+[s1]" 7 + [s2]"71), 51,52 €R, (27)
where
N + 2mpb _
1 < — = 28
<v< N ( )
Define €, = max{0, W;ﬂ}ﬁ} take y(e,) = 3 and denote by g° the Nemytskii operator

associated with g : R — R. Then, we have

1 (ot ) = F ez Dy < Cllg* (1) = g* (w2)ll

= [lg°(v1) = g (va)

Np
LN+mp(1-27(e)(1-0)) (Q)
Np
LN+mpo (Q)
< cflur — U2||H2WV"(Q) <1 + ol HZ”LEV 1) + [lv2ll72 H“{”" (Q)>

=l [ e, (1 DT, + 1T )

where [o1],[v2] € H"?g?s" (Q) x HQTE;”}(Q). Therefore the nonlinear map F ([¥]) =
[ge(zv)] is e, -reqular relative to (Y, Y(p)_,) with v(e,) = 1.
Furthermore, there exists a unique e,-regular solution [ } € C([0,Tugvy), Yy)) to (3)

through [29] € Y0 and (25) holds for oy = .
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COROLLARY 3.3. Suppose that the assumptions of Corollaries 3.1, 3.2 hold and let
F([8) = P (5D + F ([4]) where Fy ([5]) = [pelwy ], F2 ([§]) == [4<()]- Then Propo-
sition 2.2 applies with ¥ = % and certain € = max{z%, é} Thus, there exists a unique

ey -reqular solution [58} € C([0, Tug,v0), YY) to (3) through [20] € Y,) and (25) holds for
* 1

apzi‘

The approach developed above works as well for nonlinearities depending on the space
derivatives of u. The corollary below gives a sample result of that kind.

COROLLARY 3.4. For 2p > N assume that h € C?TLpschitz=(R R). For 2p < N assume
that
| (s1) — B (s9)| < cls1 — s2|(1+ |s1|P73 + [s2]P73), 51,80 € RY, (29)
with
i) pe(l,00) if N =2p, or
ii) p € (1, N%Qp] if 3p > N > 2p, or

iii) p € (1, NiVZp] if N > 2p and h is a polynomial.

Then F([%]) = |:h//€ (u)|Vu|g+h'e (U)Au} is ﬁ-regular with respect to the pair of spaces

(YPO,Y(%)A) with v = % Therefore, there exists a unique 2—1p—regular solution {28] €

C([0, Tug,0), YY) to (3) through [33] € Y,) and (25) holds for oy = 5, m =2, 0 = 3.

Proof: In the cases ii) and iii), using Hélder inequality and Sobolev type embedding,
we have that

[(h" (ur) =R (u2))[Vur ||| Lagey < Cllur — UQHHg(Q)(l—'_”ul”I])—IE;ZQ) + ||u2||i[:§%§2))”u1”%{1§(ﬂ)7
18" (u2) (IVur|* = [Vuz|?) || Laga) < Cllur — ua gy (1 + ||U2||Z§Q))||U1 + uzllmz (),

(A" (u1) = B (u2)) AurllLago) < Cllur — uzlms (o) (1 + ||U1||Z_Isjg) + ||u2||ngQ))||u1||Hg(Q)7
17 (u2) Aur = )| ooy < Cllus = w2z @) (1 + lluzllfry ),

where s = 2 + %, q= NN—fp is given by (20) with § = o = % and m = 2. Hence

IE (o D-F ([ D,

u u u p—1 u p—1
) gCH[vH_[v;]”Y ) 1"‘H[UHHY 1+2}7+H[v§]||y 1+

} 1
-1 (204 3 _, $_,

Consequently the assumptions of Proposition 2.2 are satisfied withn =1, v = % and € = =

2
and the result follows easily. | g
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4. EXAMPLES

In the following examples we illustrate the applicability of our results showing that they
considerably generalize the results about local well posedness appearing in the literature.

EXAMPLE 4.1. (Generalized wave equation of quantum mechanics) The Dirichlet prob-
lem for equation

uie = 2nAuy — Au = f(u) + g(ur) (30)

in bounded domain Q@ C RY, N > 3, has been studied in [16] within the Hilbert setting
with the growth restrictions

N+2
u@ngm+pm\Mhp<N+ for N >3,
N (31)
o N +4
lg(s)] <e(1+]s”) with v <
In [4, 5] also the critical growth p = % was allowed. In the present paper we extend

these studies to the Banach spaces and operators in non-divergence form. We thus consider
the problem

ug + 2nLug + Lu = f(u) + g(ue), t >0, z € Q,
Bou=...=B,,_1u=0, t >0, z €099, (32)
u(0,z) = uo(z), v(0,z) = vo(x), x € Q.
where L is as in (7). If Ay, is the operator given by (8) the above problem can be written
in the form (9). We note that (1,1, Ar) is an admissible triple for each n > 0.
Based on Corollary 3.3 we allow that the nonlinearities f and g satisfy the following
growth restrictions

Nt+mp .

)] < el +|s]?) with p< N > mp, p€[2,00),

N+ m @)
l9(s) < e(1+s) with v < ——=F,

which in the Hilbert setting coincide with (31) in the subcritical case and with [4, 5] in the
critical case. From Corollary 3.3 we infer that the solution of (32) satisfies the condition

u(-) - -

It is clear that the sine-Gordon equation and the perturbed wave equation of quantum
mechanics can be considered as particular cases of (32).

EXAMPLE 4.2. Here we consider a particular equation of the form (9)
u + (—=Ap)up + (—Ap)tu = f(u) + g(u), t >0, z €Q, (35)
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where Ap is Laplacian with zero Dirichlet boundary condition in LP(£2). We refer to [11]
for the proof that L = A* with Dirichlet boundary conditions defines a uniformly strongly
elliptic operator. For the proof that [(—Ap)4)3 = (—Ap)?3 see [21]. If A is the operator
given by (8), the above problem can be written in the form (9). We note that (n, 2, Ay ) is
an admissible triple for each n > 0.

The local well posedness of (35) follows from Corollary 3.3 if f and g satisfy the following
growth conditions

N +4p
N —4p
N + 6p
N

[f()] < (1 +s]7) with p < for N >dp, p € [2,00),

lg(s)| < ¢(1+|s]”) with v <

Furthermore, as a consequence of Theorem 3.1, we have

-

u(-) 5 5— 3
[;u(('.))} € C((OvTUQ,’UU)vHTZ’{Bj}(Q) X Hf’{Bj}(Q) X Hf;{Bj}(Q)), r > p. (37)

ExAMPLE 4.3. In a bounded domain Q C R with C**#° boundary consider a perturb
viscous Cahn-Hilliard equation:

Ut + U + Azu — 6A’U,t = A(h(u)), x € Q, t> O,
u=Au=0, x €99, t >0, (38)
u(0,z) = up(z), u(0,2) =vo(x), x€Q,

(see [28] with € = 1) where § > 0 is a constant and h € C3(R,R). With A = A% in LP(Q),
p > 2, considered on the domain D(A%) = {¢ € HX(Q) : ¢ = Ap = 0o0n 90}, n = 3
and 6 = 3 this problem falls into the abstract formulation (9) with f(u) = A" (u)|Vul? +
W (uw)Au and g(u;) = —ug. Since A2 = —Ap we can choose the angle 1 for the sector E%

[

in (11) as small as needed (see [25]) and (1, 1, A) is an admissible triple for any 7 > 0.

There is an extensive literature devoted to the classical parabolic Cahn-Hilliard equation
(see [12, 22, 26] and references therein). Recently, problem (38) has been studied in [28].
In what follows we describe the local well posedness for (38) in the LP-setting. We show
that at most some (rather general) growth conditions are needed for local existence; in
particular for dimension N = 3 and for p = 2 we require that the nonlinearity is C* with
no additional restrictions.

If the conditions of Corollary 3.4 hold, then Theorem 3.1 applies and the resulting 2—1;)—

regular solution [,.] € C([O,Tuo,vo),Hi{B]‘}(Q) x LP(£2)) of the abstract counterpart of
(38) satisfies

u(-) _ _
[ “t(('v))} € C((0, Tug,u0)s H7 15,y () ¥ HY (51 (Q) x Hy 154(Q)), 7> p. (39)
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Therefore, we have that [58} € CY((0,7],C%**(Q) x C*(Q)), u € (0,1). Using Schauder

type estimate it is not difficult to see that [38} € C((0,7],C**H(Q) x C?*T+(Q)), p €

(0, o). This proves that [58} is a classical solution.
The cases i) and ii) are of much simpler nature and checking that Proposition 2.2,
Theorem 3.1 and Corollary 3.4 apply is omitted.

Remark 4. 1. If one wishes to consider the classical parabolic Cahn-Hilliard problem
the restrictions on the nonlinear term will be exactly the same as the ones obtained in
Corollary 3.4 for (38). That is a direct consequence of the results in [2].
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