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We consider attractors A,, n € [0, 1], corresponding to a singularly per-
turbed hyperbolic damped wave equation

utt + QUA%Ut + aut + Au = f(u)

in H} () x L?(Q), where € is a bounded smooth domain in R3. For dissipative
nonlinearity f € C?(R,R) satisfying |f(s)| < c¢(1 + |s|) with some ¢ > 0, we
prove that the family of attractors {A,,n > 0} is upper semicontinuous at n =
0in H1*$(Q)x H*(Q) for any s € (0,1). For dissipative f € C3(R,R) satisfying
£ (s)

hm‘ s\ — oo S
wave equation

= 0 we prove that the attractor Ao for the hyperbolic damped

utt + aut + Au = f(u)

(case 7 = 0) is bounded in H*(Q2) x H3(Q) and thus is compact in the Holder
spaces C2TH(Q) x CTTH(Q) for every p € (0, %) As a consequence of the
uniform bounds we obtain that the family of attractors {A,,n € [0,1]} is
upper and lower semicontinuous in C21T#(Q) x C11#(Q) for every u € (0, 5)-
May, 2007 ICMC-USP

1. INTRODUCTION

We study a singularly perturbed damped wave equation

Uy + 217A%ut +aus + Au= f(u), t >0, z €Q,
U(O,.T) = UO(I)v ut(oax) = UO(‘T)v YIS Qa (1)
u(t,z) =0, t >0, z € 09,
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2 A. N. CARVALHO AND J. W. CHOLEWA

where ) is a smooth bounded subdomain of R3, A denotes the negative Laplacian in L?(Q)
with the domain D(A4) = H2(Q) N H (), a is a fixed positive number, f : R — R satisfies
suitable regularity and growth conditions and n € [0,1] is a parameter.

It is known that for a dissipative f € C?(R,R) with lim sup|_ 0 |ch,,(|3‘ < oo there

exists a C semigroup {Ty(t)} associated to the problem (1) with = 0, which has a
global attractor Ag in Hg(Q) x L?(Q2) (see e.g. [2, 3, 5, 11] and references therein). It

is also known that for 7 > 0 problem (1) with dissipative limy_ o ‘1f ,I(j\)“l = 0 defines a
C° nonlinear semigroup {T7,(¢)} in H} () x L*(Q), which has a global attractor A, (see
[6, 7, 8]).

In [5] it has been shown that, if a dissipative f satisfies lim | _ o % =0 (N >3), and
if

0¢ o(—A+ f'(ug)) whenever ug € H}() and wuo = A~ f(up), (2)

(which is known to be a generic property, see [4]) then the family of attractors for the
semigroups {7, (t)} is continuous at n = 0; that is

inf — inf — 0 0t. (3
aflelgn oJnf llao an||H3(Q)><L2(Q)+aflelgoanlgAn lao—ay|lmi@)xr2@) — 0 as n— (3)

The growth of f was limited in [5] to the one needed to obtain existence of the global
attractor for the problem (1) with 17 = 0 and, simultaneously, to the one needed to ensure
compactness of the Nemytskii map f¢ : H3 (2) — L?(Q) associated with f, which condition
was essentially used in the proof of the lower semicontinuity property.

In the present work upper semicontinuity result of [5] is proved for critically growing
nonlinearities. This is based on the uniform bound on the approximating attractors in
H?%(Q) x H'(Q)-norm obtained with the aid of Alekseev’s nonlinear variation of constants
formula (see [2, 7]).

The continuity of the attractors {A,, n € [0,1]} in appropriate norms serves as an
important tool to transfer regularity properties from the problem (1) with n > 0 (which
has parabolic structure) to the problem (1) with n = 0 (which has hyperbolic structure).
In this procedure the study of (1) with n > 0 shows a resemblance to the Viscosity Method.
In particular, the family of problems (1) with n > 0, which is mostly of mathematical
interest, is considered as a useful tool allowing to achieve this goal.

Applying the above mentioned method we show in the present work that if f € C?(R,R)
is dissipative and lim,|_ o f;(zs) = 0 then Ag is compact in C1T(Q) x C*(Q), p € (0, 3),
since the approximating attractors A,, n € (0, 1], are proved to be uniformly bounded in
H3(Q) x H?(Q) and compact in the space of Hélder functions C1+#(Q) x C#(Q), p € (0, 3).
Additionally, if f € C3(R,R), then in a similar manner we show that the attractor Ag is
bounded in H*(Q) x H3(Q) and compact in C2+#(Q) x C'T#(Q), p € (0, 3).

In [12, Theorem 2.21] the Galerkin method was used to obtain sharp time and space
regularity properties of Ag. In particular it has been proved in [12] that, if f(2)*# satisfies
a suitable growth assumption, then Ag is bounded in H?(Q) x H2().
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DAMPED WAVE EQUATIONS 3

In the present paper we prove that

1
lim F1s) 0 and f € C'™(R,R) imply Ao C H*Y(Q) x H(Q), j=1,2.

|s]—o0 S

We remark that no Hoélder continuity is required for f” (or f’) to obtain within our
approach the above mentioned regularity of Ay.

The article is organized in the following way. In Section 2 we establish a suitable func-
tional analytic framework to study nonlinear semigroups associated to (1) and properties of
their attractors. In Section 3 we show that in the case when f € C?(R, R) is dissipative and
[ (s)] < ec(1+]s]) for some ¢ > 0, the approximating attractors are uniformly bounded in
H?(Q) x H'(Q). For such f we conclude upper semicontinuity of {A,,n € [0,1]} at n = 0in
HT$(Q)x H*(Q), s € [0,1). Under the same assumptions as in Section 3, we obtain in Sec-
tion 4 a uniform H?3(Q) x H?(2)—bound for the approximating attractors and upper semi-
continuity of the family of attractors in H*t(Q) x HT$(Q), s € [0,1). If, in addition, we

assume that lims @ = 0 we obtain H3(Q)x H2(Q)NCIT#(Q) x C*(Q) —regularity of
Ay (p € (0,3)) and continuity (upper and lower semicontinuity) of the family of attractors
in H2+5(Q) x H*5(Q), s € [0,1). In Section 5, assuming additionally that f € C3(R,R),
we establish H*(Q) x H3(Q) N C?T#(Q) x C1T1(Q)—regularity of Ag (1 € (0, 1)) and con-
tinuity (upper and lower semicontinuity) of the family of attractors in H3¥%(Q) x H2+5(Q),
s €[0,1).

2. FUNCTIONAL ANALYTIC FRAMEWORK AND EXISTENCE OF
ATTRACTORS

In this section we establish the functional analytic framework to study (1) and indicate
how one can obtain the existence of attractors for the nonlinear semigroup associated to
(1).

Let X, = LP(Q), p € (1,00), and denote by {X7,a > 0} the fractional power scale
generated by (4, X,). Recall that, for suitably smooth €, A has bounded imaginary powers
(see [15]) and spaces X, o € (0,1), p > 1, coincide with [LP(Q),Hi,{I}(Q)]a = ;DEI}(Q)
(see [16]).

Consider damped wave operators

i 1 0 —I 1
Ay D(Ay) € X3 x Xo = X5 x Xa, A=, ] D(A) = X3x X5, 520,
and note that
A;l :Xz% X Xo — XZ% x Xa, A;l = [277A*%_JIraA‘1 Ao_l] for n > 0. (4)

Recall from [5] that there is a certain d > 0 such that
-1 [# ¢ ¢ ¢ 1 3
8]y p < (2] <l [2]0, pe me @) [2] e xdxxy
()

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



4 A. N. CARVALHO AND J. W. CHOLEWA

Let Y3 := Y, be the extrapolated space (see [1]); that is, the completion of the normed
space (X7 x Xy, [|A;1 || 1 ). For some d > 0 (independent of 1 € [0,1]), we have
2

X2 xX

4 2 o, < 0[] <dig? [¢] [§] e xs e
147 (8] g, S8 It < (2], ] € X x e @
Thus
1 1
th letions of (X x Xo, [l4," - d (X3 x X, - incid
e completions of (X5 x X, |l A; ||X§XX2)an (X3 x Xo, || ||X2XX;%)com(:1 e (7)

with equivalent norms independent of 1 € [0, 1], which proves that Y2 = X5 x X, H

The operator A, has the closed extension to Y3 with the domain Yyl and it generates
(both in Y5 and in Y3') a compact C%-semigroup of contractions {e~*»* : ¢ > 0} which is
uniformly exponentially decaying; that means, there are positive constants ¢ and w such
that

ety e 120, ne[0,1) ®)
L(X3$ xX5)

Furthermore, this semigroup is analytic for € (0,1] and the fractional power scale Y3*,
a > 0, generated by (A, Y2) with n > 0 is characterized as (see [6, 9, 10])
a a—1
Y =XZxX,? , a>0. 9)

Remark 2. 1. Since the portion of the above scale corresponding to « € [0, 4] will play an
important role in further consideration we remark that we have already proved in (5)-(7)
that

o _1 1 ) 1
Yy =Xox X5 %, Vi = X7 x Xo, V=X, xX3.
By definition of fractional power spaces (see [13, Definition 1.4.1]) we next have'
VP = A0 = A7) = {[ 8] e A, [4] ey
1 1
={[¢] ev? v exd, o+mA i +aa b e AN} = X5 x X
and, similarly,
Vi = AN(YD) = AL (VS = [ } ev?: A, M e Y9)
3 3
—{[0] evdivexs, o+matyraaty e AT XY} = X3 x XS
INote that A¢ + 277A2¢ +ayp € X2 = HO (2) is equivalent to A2¢+ 2mp + aA zp € X21 = H2(Q)N
H3 () and to b+ 2mA Y +aA "y € X2 = H3} A (€). Note also that ATy € X2 = HO(Q) if and only

if p € XJ = H?(Q) N H}(Q); in particular, ¢ € X3 = H2(Q) N H}(Q) implies that AZ14) has zero trace,

which distinguishes A%L/) from first order differential operators.
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DAMPED WAVE EQUATIONS )

As for the ‘intermediate spaces’, we merely remark that they are characterized with the

3
aid of complex interpolation (see [6, Theorem 2] for details). As for the spaces X3, X3
appearing above we obtain firstly with the aid of [13, Definition 1.4.1] that

Xj = AHXY) = ATNXG) = (€ X : Ap e X5} = {p€ X5 : Ag € X}}
and hence, via elliptic regularity theory,
X; = {p € HY(Q): Ap € HY(Q)} = H} 0, ().
In a similar manner we show that
X3 =AXY) =A7 (X)) ={seX): Ape X3} ={p € X3 : Ap € X3}
and consequently

X3 ={¢ € H*(Q) NHy(Q) : Ap € H*(Q) N Hy(Q)} = H{; 2().

With this set-up we consider problem (1) in the form
%[%}""“477[7;]:}7([%])7 t>0, [%]tzoz[zg]v (10)
where 1 € [0, 1] and

F(2]) = [ ;%] Fw)(@) = f(u(z)) forall ue XZ, ze€q.

Since we are working in space dimension N = 3, we assume that

fEC*RR), |f"(s)| <c(l+]s]), s€R, (11)
and
limsup@ < A, (12)
|s]—o0

where A; is the first positive eigenvalue of A.

If (11) is satisfied, then F : Y38 — Y3 is continuously differentiable and Lipschitz con-
tinuous in bounded subsets of Y. Hence, for each [%°] € Y3, there are constants r > 0
and 7 = Two] > 0 such that for any [0 ] in the ball B,.([%0]) C Y3 there is a unique mild

20
solution

L0 [w] = [21C (%], m) € C([0,7], Y2)
of (10) and the map

B([%]) 3 [%] = Ty() [W] € C([0,7],Y5)
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6 A. N. CARVALHO AND J. W. CHOLEWA

is continuously differentiable.

If, in addition to (11), the condition (12) is satisfied, the solutions of (10) are defined
for all ¢ > 0 and are bounded uniformly in bounded subsets of Y3, which is a consequence
of the properties of the functional £ : Y3 — R,

w1 1 1 wl w1
o) = ghoal® y + glhoalle, = [ [ pasan, et )

Namely, for some € > 0 and C. > 0, £ satisfies under the mentioned assumptions
LABD 2 ol ) + 5lwal, —Ce. (2] € ¥y (14)
wo = 2)\1 1 XQ% 2 211 X5 gy | wa 2

is decreasing along solutions [ | = [¥](¢,[%9],n) of (10) and

1o ] vy < ecv1+L([%]) (15)

with a constant ¢, independent of 1 € [0,1]. Consequently, all solutions of (10) are globally
defined and bounded uniformly for ¢ > 0 and [} ] in bounded subsets of Y3'.

Hence we have a nonlinear semigroup {77(t) : ¢ > 0} associated to (10) and next we
outline the proof that this semigroup has a global attractor. In fact, to obtain the existence
of attractor for {T,,(¢) : ¢ > 0}, we only need to prove that the set of equilibria for (10) is
bounded and that {T},(¢) : ¢ > 0} is asymptotically compact.

The set of equilibria & = {[30] € Yo' : ug = A7 f%(ug), vo = 0} is bounded in YZ.
Indeed, from (12) we have

|AZuglx, < ME, U] € & (16)

1
and, since (11) ensures that f¢ takes bounded subsets of X7 into bounded subsets of Xo,

[Auollx, = [/ (uo)[x, < o™ e 1£()llx, = M- (17)

g S

The asymptotic compactness property of {T,(¢) : t > 0} is proved in [2] for the case
n = 0 and is an easy consequence of compactness of the linear semigroup {e~“* : ¢ > 0}
in the case n > 0 (see [7, 8] for even faster growth).

Therefore, if n € [0,1] and (11), (12) hold, then there exists a C'-semigroup {T},(¢)} of
global solutions of (10) in Y3', which has a global attractor A,,.

3. UPPER SEMICONTINUITY RESULT FOR F(U) GROWING LIKE
u®

In this section we obtain uniform Y2—bound on the attractors when f satisfies (11)-(12)
and prove (under the same assumptions on f) upper semicontinuity of {A,, n > 0} at
n=0.

The proof of the Y3 —bound for Upe(o,1)An will be divided into several lemmas.
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DAMPED WAVE EQUATIONS 7

LEmMA 3.1. If (11) and (12) are satisfied, then

sup —sup - L([wgy]) < sup L([T)). (18)
n€f0,1] [’;gﬂeAn [‘©]ee

Consequently, | [0,1] A, is bounded in Y3 —norm.

ne

Proof: For n € [0,1] and [ 37 ] € A, there exists a precompact complete orbit through
[ %07 ]. Denoting it by v, = {T,,(t) [ver | , t € R} we observe that

[ggﬂ =T, (k)T (—k) [zgﬂ
for arbitrary k € N. The sequence {T;,(—k) [vor |} has a subsequence {T;,(—k;) [%o7 ]}
convergent strongly in Y3 to certain element of the a-limit set c, ([ wor |) of [4or ]. Since

oy, ([v0n]) C &, from (15) and (16) we have that

L([woy ) < L(Ty(=k1) [307]),

L([woy]) < Mim L(Ty(—k) [wo;]) < sup LF]).

e [19]ee
From this and (14) we obtain
sup sup || |1 | llyy <ee sup VIFL(G] =:¢ (19)
n€(0.1] [i:] €A, ['0]es
and the result is proved. |
From (12), there exists Ky > max{0, f’(0)} such that
s71(f(s) — f(0)) < K; for each 0 # s € R. (20)

Decompose f as f(s) = f(s) + f(s) where

f(s) = f(s) = F(0) = Kys,  f(s) = f(0) + Kys, s€ER,

and

sf(s) <0 for s e R. (21)
Denote by T,,(t) [4] the solution of

#1+ A 18] = | ol | = PUED, £> 0, (B, = [%]. (22)
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8 A. N. CARVALHO AND J. W. CHOLEWA

With this decomposition we write Alekseev’s nonlinear variation of constants formula (see
[7, Lemma T7]; also [2]),

Tn(t)[ﬁé’]:Tn(t)[%SH/O (OT,)(t — 5, Ty () [S0 DE (T (s) [53])ds,  ¢>0, (23

where 9T, is partial derivative of the map (0,00) x Y3+ 3 (t,Vo) — T, (t)Vo € Yy with
respect to Vp and

F([wy]) = [wa10+f(0)] , lalevs.
We recall from [13, Theorem 3.4.4] that (9T,)(-, [40])E([40]) is a solution of

%W + AW = F'(T,(t)Vo)W, t >0, W(0) = F(Vp). (24)

In what follows we will derive suitable estimates for the solutions of (22) and (24).

LEMMA 3.2. If f is as before, then for each r > 0 there are positive constants ¢, and wy,
such that

sup —sup [[[F](E (5], )llvy S eremt, >0, (25)

U
€O 50 v <

where [2](t,[3],n) is the solution of (22).

Proof: As in [2, 7] we consider for § > 0 a suitable Lyapunov type functional
A w1 1 i 2 1 2 -
Ls ([we]) = sl AZwr %, + 5llwall%, — f(s)dsdx +6 | wiwadr,  (20)
2 2 aJo Q

[%i] € Y3'. The integral [, [;"* f(s)dsdz is nonpositive and from the Poincaré’s inequality
Aflwr %, < HA%’LUlH%(2 we have

1, — 1. s
T0ARw B, + wall,) < Zo((B1), 0<6 <60 := Smin{h, 1), [H]€d. (27)

Estimating in a standard way and using (21) we obtain, for a suitable choice of § € (0, dy),

O 4t .
< —5(I4zal, + [1ol%,),  me (0,1,

In particular, for § = 0 we get
1 A ofw w
[AZw %, + w2llk, <2L0([wi]), [wi] € Ys, (29)
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DAMPED WAVE EQUATIONS 9

and

Since |f(s)] < (¢ + Kj)|s|(1+ |s]|?), we have

7 / " f(s)dsda] < (e + Kp) ([l + lalk,).

Therefore, from (29), (30) and Sobolev embedding we infer that for some constant ¢y > 1

] " fsdsde] < eo (14 Lo(128D) 420l (31)

Following (26), (28), (31) we conclude that for each r > 0 there is a constant p, > 0 such
that

d ~ i A i u
—Ls(t, [75] (w0, v0,m) < —pr Ls (2, [I{f] (wo,v0,m), t=0, n€0,1], |[v] ||Y21 <

dt
With the estimate (27) condition (25) now follows easily. |
We next estimate solutions of (24) uniformly for n € (0,1] and Vo € U, ¢(9,1] An-

LEmMmA 3.3, If [iﬂ € Ay, n € (0,1 and W = [Y] is the solution of (24) with

W(0) = F( {jz;’ }) = [Kf%%rf(o)], then there are positive constants € and L. such that

I3y < Lee™, t>0. (32)

Proof: As a consequence of (19) we have

sup s E(| D Pl <€ (33)
7O 0]y
tn K

We also remark that the equation for w can be rewritten as
wir + 20 AR w, + aw, + Aw = (f (i) = f'(0))w + (f/(0) = Kp)w (34)
with
f(0) — Ky <0. (35)
For § > 0 and [y}] € Y3t we define

s e 1 1 1, 1
£ ([82]) = ghoal, + 5K = PO, + 5IA3ulk, + [ wiwade. G0
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10 A. N. CARVALHO AND J. W. CHOLEWA

Differentiating £ ([ ]) and using (34) we get

d , w A w
Lo ([X]) = —eLs ([X]) + Rspe, (37)
where
€ € €, .1
Rs.e = §||wt||§(2 + 5 (K - FO)[lwll, + §HAWH§(2 + ed/gwwtdx

4 [ (@) = £ Opwwds 45 [ (@) - £/0)utds
+ 5/9(]”'(0) — Kp)wide — 5||A§w\|§(2 — ant\|§(2 — a5/ﬂwwtdm

— 2| Atw,||%, —2517/th,4%wdx+5|\wtu§(2.

Applying (11) we obtain from (38)

€

€. 1 € €
5 (s — F O [lwll, + §||A2w||,2x2 + §||w\|.2x2 + 5\\%\\%@

€
Rse < Slhwilk, +

a & ~ ~
+ S, + oo llwle 1l (1 + llnllx)?

+ 02wl iy |6 (1 + [[dn | x,) + 6(F(0) — Kp)lwlk, — ol AZw]X,
A6

a’é on, 1
— allun B, + 22l + 5wl + 4nlunl, + TR0, + o,

From Lemma 3.1 and Lemma 3.2, there are thus positive constants r, ¢, and w, such that

€ € e & Oon 1
c (s_°€ g 2 _[(s_€_ €@ 0o om L2
Rie< = (5= 5) (= FOVulk, - (6- 5 - o0 - 5 - L) hatul, "
a € € da? 2 _ —wt 1 2
— <2 -3 —§— 2 "o —457)) |wel|%, + cre |A2w|%,, 0 € (0,1), e > 0.
From (35), (37), (39) one can choose € > 0, § > 0 to obtain with the aid of (25),
d 4 w A w = —wptp w
Lo (XD < —eLs (XD + e Ls (X)), 120, e (0,1]. (40)

Solving differential inequality (40) and using (33), (36) we get the result. |

1ta o
We will next strengthen (32) to X, 2 x X7 —estimate with @ € (0, §). First, let us show
that there is a constant d > 1 such that

N g <IAS Dy <dll- ] s

o, V1€ (0,1]. (41)
X, % xX; X, 2

X X5

Publicado pelo ICMC-USP
Sob a supervisao da CPq/ICMC



DAMPED WAVE EQUATIONS 11

For this we recall from [6, Proposition 1 (vi)] that
A ovyy < €2V teR, ne (0,1 (42)

As a consequence

D(A}) = [Yy, D(Ap)la, @€ (0,1), 7€ (0,1],

and

dM AT v < - g peagn. < dIAS -y, @ €(0,1), n € (0,1], (43)
where d is independent of € (0,1] (see [1, §1.2.9 (2.9.9)]). Since (5) ensures that ||.4, - [y,
and || - [lyz are equivalent norms uniformly for n € (0,1], we infer that | - [ly; pea,).
and |- ||jyz,vz). are also equivalent uniformly for n € (0,1]. Recalling that V3, Y3, =

1+a

X7 x X5 :=Y;% ae(0,1), (see [6, Proposition 3]), we get (41).

LEMMA 3.4. If [i:} €A, ne (0,1, a€(0,3) and W =[] is the solution of (24)

with W(0) = F( [ij’]), then there are positive constants d” and W'’ such that

ITET e g <d%e™"t, t30, (1)

Proof: For o € (0, 1) and the solution W = [Y] of (24) with W (0) = F( [in’ }) we obtain

t
oW - af n —Ay(t—s) o 0
An [X} =¢ Ant“AnF([iﬂ})—’—‘/Q N e )An [f/(ﬁn)w—wa:| ds, t =20
and from (8) we get

t
arw —w a i —w(t—s « 0
A5 (%] vy < ce wamﬁﬂmymée A5 | pragyrmrc] Ivads, >0,

(45)
As a consequence of (19) and (41), for each a € (0, ) there exists (, > 0 such that

sup s [ ATE( 37 Dllvy <Ko, + FO 5 < o

rOU 0], (46)
n

and

af 0 L < dIlAS (£ (@ _
MﬁﬂwwwAmng<%@m Kyw)x, o
= AT AR (f ) — K pw)x,.
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12 A. N. CARVALHO AND J. W. CHOLEWA

From [1, Theorem 1.3.8 and 1.4.12], we have

| A% A3 (i w — K gw) [, = |42 (f (@i )w = K gw)| s

2

1o . (48)
= (1A= (f"(an)w — wa)”( 1%‘) « < Ko A2 (f(an)w = Kyw)llx -
X, 5—2a
As a consequence of (47), (48) we thus get
a 0 % ~
A2 [f’(a,,)w—wa} vy < Kol V(f (tig)w — wa)||xﬁ (19)
< Ra”f//(ﬂn)vanw + f' (g Vo — Kfvw)||X5%2~
Since « € (0, %), from (11) we have
f (@) V=K Vwllx o < lle(l+ i) Vullx o +Kfl[Volx
< (et KIVulx_, -+l IVwlx_, (50)
1 1 1ta
<K' (143 wlx, + 43 %, 145 wlx, )
and
1 (@) Vigwlix g < lle(t =+ [yl xo Vgl x, lwllx o
5—2a 1-2a (51)
1 1 lta
<K (14 A%y |lx, ) 1143y x4 ™5 wllx,.
By (25), (32) and (49)-(51) there are positive numbers d’ and w’ such that
145 [ Iy < @ (1wl _sge ) 030 (52
2

Inserting (46), (52) into the right hand side of (45) and using (41) we then have

t
l < cd?e ¢y + Cdd'/ e w(t=s)gmw's <1 + X 1ge %) ds, t >0

(X g
X, 2 X, 2 xX,

2 ><X2% 0
and therefore (44) follows from Gronwall’s inequality. ||
As a consequence of Lemma 3.4 we obtain the following result

lta a
LEMMA 3.5. For every a € (0,3), Une(.1) An s a bounded subset of Xy > x X7

Proof: Following the proof of [5, Lemma 3.5] we have that any complete orbit v, ([ wor |),

[ifg;; ] € A,, is precompact in Y3. Hence, a subsequence {T;,(—k;) [2;‘3;3 ]} exists, convergent
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DAMPED WAVE EQUATIONS 13

in Y3 to an element of the a-limit set o, ([ g7 |) C €. Then, letting T, (t)T, (k) [ vor | =
[on] (¢, Ty (=ko) [w97 ] ,m), we have from (22)

(2] .o (—h) [02] )

_ ei'A"tTn(fkl) [%82] + i e*An(t S)F([UU] (san(fkl) [L‘g;] ,U))dS,

and (since € is bounded in YZ; see (17)) choosing > 0 we find certain N,, € N such that
for all k; > N,,([ijgg])

1T (=ke) [von | llvz < MF + 1. (53)

Therefore, we get

A [ ] (6 Ty (=h) (52T )l < Dl v 4G Ty (—h) [ ] Ny
[ 1 1Ay (B2 ) (2] ) g s (4)
ot uf [t (B8] Tk 52 ) s

0
From (11), (5) and (25) we have, for n € (0,1],

12 ([52]) sz = 144 [ 7 | Dy < L 2m 4 S 1A3 (1 o) = £(O) = K,
<O (14 1) Vil + [Vigl2) < (€ -+ DIVl + CllinlVit .
<(C o+ Dece™ + Ol %, | Vil x, < (€ + Dece <t + Cllabay %, | Ay x,

< (C + 1)ece ! +dCc e 2t 4, { ] lly;-
(55)

Joining (54), (55), solving the resulting integral inequality and using (5) we conclude that
a positive constant ¢ exists such that

Vit ea, Yoy or]y |5 6 TR (5] vz <& 620, e 01). (56)

Von

We can now use (23) to conclude the proof. First note that, from Lemma 3.4, we have

sup  sup /n (OT))(t = 5, Ty(5) (S0 DE(T () 19D 150 g ds

ne(0 1] uO EA X, 2 xX2

< / swp sup @T) s [ DA DI e gds 67)

n€(0,1] [% } ca, xXx3
Yy
d"’ s d"
\w/’ (1_ ? >\w/” t=20.
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14 A. N. CARVALHO AND J. W. CHOLEWA

Connecting (57), (56) and (23) we get the result. |

Using Lemma 3.5 we derive the uniform bound on the attractors in Y —norm.

TueoreM 3.1. If (11) and (12) hold, then \J, ¢ 1) Ay is a bounded subset of Y$; that
18, there is a positive constant C such that

suop1 sup || [i:} lyz < C. (58)
n€(0,1] [i:}eAW

Proof: Since a complete orbit 7n([1;3;]), [ng,;} € A,, is precompact in Y, a subse-

quence {T;,(—k;) [ vor |} exists, convergent in Y3 to an element of the a-limit set a., (] vor |)
Un

C €. Recall that € is bounded in Y2, let T;,(t)T;,(—k;) [ wor | =: [ v | and write the integral
formula

t
(o] = e Ty (—ka) [ver ] +/O et (5 ])ds, t >0,
to obtain, with the aid of (8) and (53),
14, 527 vz < Dle™ ! L I AG Ty (=ke) (562 T liyy + 1 (2= €40 P81y

/ e iy 1A, (F([2]) = F(I3D) llyy ds

< cem (MY +1) + (1 +ce IIF(§])lly;

t
+ [ e, (P ]) = FRD) s
Then, for each n € (0,1], we have

My (£ ([57]) = F (D) vz = 14, [f(u,, Lio] vz
S OV (S (un) = F0))llx, + allf (un) = FO)llx, = CILf (un) Vg x, + allf(ug) = f(0)]x,

so that, using (11) and Lemma 3.5 with o € [3, 1), we get

My (F ([57]) = F (8D vy < CUA A+ luy[*) Vg llx, +1)
Cllfun*Vuyllx, +1) < CA‘(Iluangg IVunllx s +1) (50

<C'([lug)? 150 +1) < C.
X, 2

From (59), (60) and (5) we obtain (58). The proof is thus complete. |
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DAMPED WAVE EQUATIONS 15

THEOREM 3.2. Under the assumptions of Theorem 3.1 the family of attractors {A,, n €
(0,1]} is upper semicontinuous at n =0 in Y3 ; that is

su inf |lag —a —0 as n— 0.
anegn ap€Ao || 0 UHY; "

Proof. If n, — 0" and [ZS’ZZ] € A,,, then as a consequence of Theorem 3.1 and

uOka

Vo }} exists, convergent in

compactness of the embedding Y — Y3 a subsequence {{

Y3 to a certain [£°] € Y3'. Whenever [i:} — [i] in Y3, from [5, Lemma 3.1], for every

7 > 0 we have

sup, [T, () (o] =10@ [ 2] vy — 0 as my— 0"
te|0,7

Therefore, it is possible to construct a complete bounded orbit of the limit semigroup
{To(t)} through [:}Lg |. Since such orbit is contained in Ag, the proof is complete. |

As a consequence of the compact embedding Y3 < YQHO‘, a € [0,1), we have that

COROLLARY 3.1. The family of attractors {A,, n € (0,1]} is upper semicontinuous at

1o a
n=01inX,* x X7 foreach a €[0,1); that is, sup, c infooca,llao—ay| 140 o
nen X, 2 xX,?

—

0 as n— 0%, for each a €[0,1).

4. (H® x H?)N (C'*t* x C*)—~REGULARITY OF A, WITH p € (0, 1)

In this section uniform H?3(2) x H?(Q)—bound for the attractors is established. We
also obtain H3(Q) x H%(Q) N C'#(Q) x C*(Q)—regularity of the limit attractor Ag with
1€ (0,3)

Consider

HEIH A=), 050, [l =24,V oy
and the solution [15,",] (t,[wo]) of
w0+ A 0] = lanl t>0, [0, =[] €3, (62)
Define
[83] (buy) =[] — et [mma 0] - [a7g0)] (05)
Then [ 2] (¢, u,) solves
& lu]+ Ay (] = [rwnro], £> 0, [83]ico = [§], (64)
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16 A. N. CARVALHO AND J. W. CHOLEWA

and fulfils the integral equation

t
(3] (tug) = /0 e~ [y (- sy ] ds, 20, (65)
From (8) we also have for all [10] € Y3
et [10=A O flyy < cemt [roA O Iy, £2 0, e (0,1 (66)
It is easy to see that there is a constant d; > 0, independent of n € (0, 1], such that
a9 vy < 12 (2] vy <l [2] g [ 0] €73 (67)

LEMMA 4.1, If (11) and (12) hold, then A := [‘Afgf(o)} + Une(0.1] An s a bounded
subset of Y3 and the union of attractors Une,1) An is bounded in H3(Q) x H?(2)—norm.

Proof: If [iﬂ € A,;, we infer from Theorem 3.1 that f(¢,)—f(0) € X3 = H*(Q)x H}(Q).
Following the characterization of fractional power spaces in Remark 2.1 we then conclude
that [f(%)o,f(o)] € Y3, Next, recalling (67) we have

145> [0 -r@ ] llvg < dall [r0)= 0] Ivg = dill [son-r ] 3 .,
= di[|A(f(¢n) = FO))lxo = dill f"(60)IV b |* + [/ ($0) Ay x
and hence (via (58))
sup  sup |4 [ o0 r)] llvy < C. (68)

776(071] ¢n :|
(] ca,

If [57] is a solution of (62) with [19] = m” € A, then for [4!] (¢, u,) in (65) we have?

sup  sup []A7 (03] (B uy) vy

0 [0,
t
_ _ C ~ _
< sp s [ e A i A2 (o Dlpds < S8 - e, £z 0
n€(0,1] [¢"}6A 0 w
y K
This, together with (67), implies
cdy =
sup sup  sup || [ ] (¢, uy)llyy < —C. (69)
>0 n€(0,1] [(bn } ca, w
¥n

Un

2We remark that [u”} (¢, [iz ]) € Ay, forallt>0,ne(0,1].
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DAMPED WAVE EQUATIONS 17

Fix 7 € (0, 1], [jj;; ] € A, and let v, = {T,(t) [ZZZ ] .t € R} be the double-sided orbit
through { ;H Tf ki, — 00 and %77 ] = T, (—ky) { ;H then (63) reads

(2] =Tt 2] = [15] )
=lw ](kmun) + e~ Ankn [UOnn*A’lf(O)} + |:A’10f(0)} _neN,

Vo

Vonn Vonn

from (19) and (66), taking the limit in Y3 we obtain

where ["] is a solution of (62) with [40] = [40]. Since [ ] = Ty(—kn) [ﬂ A,
n

[32} o [Ailof(o)} = lim [ ] (kn, up). (70)

k,—o00

With the aid of (69) we infer that [iﬂ - {Ailof (0)} is simultaneously a limit of a sequence

convergent weakly in Y3}, which translates into the bound

d
sup sup | [0 ] = [47O ] Iy < HE (1)
ne(o,l][zzun] w
wn

This in the light of (9) and the elliptic regularity theory completes the proof.® |

COROLLARY 4.1. Under the assumptions of Lemma 4.1 the union Une(O,l] A, of attrac-
tors is precompact in C*T#(Q2) x C*(Q) for each pu € (0,3).

Below we address the regularity properties of the limit attractor Ag.

THEOREM 4.1.  Suppose that (2), (11), (12) hold and that lim|,|_ f/s(;) = 0. Then the
attractor Ao for the semigroup {To(t)} associated to (10) with n =0 in Hg(Q) x L*(Q) is
bounded in H3(Q) x H2(Q) and compact in C1HH(Q) x C*(Q), p € (0, 3).

Proof: As shown in [5], the family of attractors A, is lower semicontinuous at 7 = 0
with respect to the Hausdorff semidistance in Y5'. Therefore, if [ig] € Ay then [f;‘;] is a
limit in Y3 of a sequence {[d)”" }} as n, — 01, where [i’j" ] € A,, . As a consequence of
Lemma 4.1 the sequence {[ij}" }} is bounded in H?3(Q2) x H?(Q2)—norm by certain positive
constant D > 0 uniformly with respect to n € N. The latter ensures that [3‘;} is a weak
limit of a subsequence bounded in H3(2) x H2(£))—norm and thus is bounded by the same

3The idea of decomposing the solution as in this proof comes back to [14, Theorem 2.4].
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18 A. N. CARVALHO AND J. W. CHOLEWA
constant D. As a consequence, we get

sup || {iﬂ} | 23 () x H2() < 00,
[jzo]EAo

0

which completes the proof. |
COROLLARY 4.2.  Under the assumptions of Theorem 4.1, the family {A,, n € (0,1]}
of attractors is upper and lower semicontinuous at n = 0 in C1T#(Q) x C*(Q) for each

1€ (0,3); that is

. _ _ . _ _ +
sup inf [lag—ayllcrru@xen@t+ sup  inf [lag—ayllcire@)xen@ — 0 as n— 07,
an€Ay a0€Ao ag€A, 4n€A;,

for each pu € (0, 1).

5. H4(Q) x H3() N C**1 () x C**#()~REGULARITY OF A, WITH
pe (0,31

In this section uniform H*(€2) x H?(Q)—bound for approximating attractors is derived
and H4(Q) x H3(Q)NC?T1(Q) x CTHH(Q)—regularity of the limit attractor Ag is concluded
with z € (0, 3).

LEMMA 5.1. Suppose that the assumptions of Lemma 4.1 hold and, in addition, f €
C3(R,R). Then, the union of attractors Une(,1) Ay is bounded in H(Q) x H3(Q).

Proof: We differentiate (64) and substitute w3 = Lws to get

FL1+ A L) = [y, |5 >0 [8)imo = ol ro)] - (72)

‘We then have

t
w — - —s 0
[02] () = € [ oy s(0)] +/0 e [.f/(un<s)>vn<s>} ds, t20, (73)
and from (8) (whenever an appropriate smoothness can be provided)

IAD [53] (tun)llvg < ce™ AT [ puo) sy ) lIvz

t
—w(t—s 2 0
+/0 ce~(=)||A7 [f’(un<s>>vn<s)] ly;ds, ¢ 2 0.
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DAMPED WAVE EQUATIONS 19

For [Zﬂ € A, condition (71) ensures that v, € X3 and

cdy ~
sup  sup  [[yllx; < —C, (75)
n€(0,1] [¢”]6A w
Py K

whereas Lemma 4.1 implies that ¢, € X{ N C1H#(Q) for p € (0,3) and

1
sup sup ||¢n||X61r101+u((z) < oo, p€ (0, 5)- (76)
ne(0,1] V”]EA
Wy K
Since norms ||A2 - ly; and |- 3 L Are equivalent uniformly for n € (0, 1] (see (67)) and
X

2 2

Hf/(ébn)d’nnxg = ||A(f/(¢n)¢n)”X2 = ||f///(¢n)|v¢n|2¢n + f//(‘bn)Aand’n
+ (f"(@n) + [ (Dn))V Oy Vb + f'(dn) Ayl x, for [Z” €Ay,

then (75)-(76) lead to the estimate

swp s 176,y < G ()
O 0],

If [37] is a solution of (62) through [0] m:} € A, then (68), (74) imply

w - c
A2 [02] (8 un)llyy < cC+ LS A2 [f’(u,,(g))v,,(s)} lyp, >0,
which via (67), (9) and (77) leads to

-~ d
sup sup  sup | [wi] (tug)ll 3 <eds (C + 1G> =:D. (78)
>0 ne(0,1] m”]GAn X2 %X} w
n

For any fixed t > 0, n € (0,1]), function z := w1 (¢, u,) can be viewed as the solution of
Az = —ws(t, uy) — aws(t, uy) — A%’LUQ(t7’LL77) + (f (up) = £(0)) = H(Z, uy). (79)
As a consequence of (76), (78),

sup sup  sup [|H(t,u,)]xy < oc.
t20 n€(0,1] [¢"]€A
thy K
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20 A. N. CARVALHO AND J. W. CHOLEWA

Hence
sup sup  sup [lwi(t up)|xz < D,

t20 ne(0,1] [ ¢
{wZ]EAn

which together with (78) proves that

sup sup  sup || [3] (f,uy) [y < D. (80)
£20 ne(0,1] [‘ﬂeA
y "

As in the proof of Lemma 4.1 for € (0, 1] and [ii} € Ay let v, = {T,(t) [ ] t e R}

be the orbit through [iﬂ If ky — oo and [wor? | = Tpy(—kn) [wZ], then (63) leads to

(70) with the limit taken in Y, (for details see the proof of Lemma 4.1). Thanks to (80)
and weak convergence property we then obtain

s sup [|[0] = [477 O] Iy <D, (1)
n€(0,1] [iz]eA

which completes the proof. |

THEOREM 5.1. If the assumptions of Theorem 4.1 hold and, in addition, f € C3(R,R),
then Ag is bounded in H*(Q)) x H*(Q) and compact in 02“‘( ) x C’1+”( ) for each

pe(0,3).
Proof: The result follows from property (3), Lemma 5.1 and Sobolev type embedding. |

COROLLARY 5.1.  Under the assumptions of Theorem 5.1, the family {A,, n € (0,1]}
of attmctors is upper and lower semicontinuous at n =0 in C2+“( ) x CYH(Q) for each
€ (0,3); that is

sup inf [lao—ayllc2+u(@)xcrin(@)t sup inf ||a0 anlle2tm@)xcrin@ — 0 asn— 07,
a,,EA,,aOe ag€EA@N €

for each pu € (0, 1).
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