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1. INTRODUCTION

Let X be a Banach space and A(t), t € R, be a family of linear, closed and unbounded op-
erators defined on a fixed dense subspace D of X. We consider singularly non-autonomous
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74 A. N. CARVALHO AND M. J. D. NASCIMENTO

semilinear abstract parabolic problems of the form

C(% +Alt)x = f(t,z), t>0

z(r) =x0 € D,

(1)

when the nonlinearity f : R x D — X is critical (has the same order as A(t)). We prove,
under suitable assumptions on f, that (1) is locally well posed.

Remark 1. 1. Note that RxD > (t,z) — 2A(t)x € X is globally Lipschitz continuous on
the second variable, nonetheless (1) will not be locally well posed with f(t,2) = —2A(t)x.
The conditions on the map f will need to carry some intrinsic regularization to overcome
this difficulty.

DEeFINITION 1.1. A family {U(¢,7): t > 7 € R} C L(X) that it satisfies

HU(r,7)=1,
2)U(t,o)U(o,7) =U(t,7), for any ¢t > o >,
3) (t,7) — U(t,T)vg is continuous for t > 7, vy € X,

it is called a process or family of linear evolution operators.

To obtain solutions for (1) we will need to obtain good properties for the solution operator
associated to
dx
— +Alt)z=0,t>T1
o +A®
(1) =10 € X.

(2)

We will show that, under suitable assumptions on the operators A(t), t € R, that for
each 7 € R the problem (2) has a unique solution [r,00) 3 ¢t — x(t,7,20) € X defined in
[1,00). Denote by {U(t,7) € L(X) : t > 7 € R} the operator family defined by U(t, 7)z¢ =
x(t, T, x0). We will see that the family of operators {U(t,7) € L(X) : t > 7 € R} defines a
process with suitable properties.

With {U(¢t,7) € L(X) : t > 7 € R} as above, the solution of (1) will be given by

t

x(t) = U(t,7)xo —|—/ Ul(t,s)f(s,x(s))ds, x(T)= xo.

T

In the hyperbolic case, Kato [9] was the first to construct the family of evolution operators
of time inhomogeneous equations, the results were later revised by himself in [10]. For the
parabolic case, Sobolevskii [14] was the first to construct such family (see also[7, 13]). In
the next section, the construction of the family of evolution operators is explained following
some of the arguments given in [14]. We will use many of the ideas of Sobolevskii, therefore
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SINGULARLY NON-AUTONOMOUS SEMILINEAR PARABOLIC PROBLEMS 75

we will omit the proofs that can be found in [14]. Instead of a cumbersome approximation
argument we use a fixed point argument to show to construct the operator family U(¢, 7).

In [5], the authors show local well posedness for the problem (1) in the case where the
operator A(t) is time independent, that is, A(t) = A, A is a sectorial operator, and the
nonlinearity f is critically growing. In this paper, we extend the results of [5] to the case
when the problem is singularly non-autonomous; that is, the linear unbounded main part
of the equation is also non-autonomous and f is critically growing.

Next we introduce, following [5], the needed terminology that give meaning to the ex-
pression critical growth. Roughly saying f it presents critical growth when it is of same
order that A.

Denote by Ag the operator A(tg) for some ¢y € R fixed. If X, denotes the domain of
(Ap)™ with the graph norm, o > 0, X := X, denote by {X, : @ > 0} the fractional power
scale associated to Ag.

DEFINITION 1.2.  We say that = : [0,79] — X is an e—regular mild solution of (1) if
x € C([0,70], X1) N C((0,70], X14¢), and x(t) satisfies

z(t) = U(t,0)zg +/O Ult,s)f(s,z(s))ds.

DEeFINITION 1.3. For € > 0, we say that a map ¢ is an e—regular map relative to the
pair (X1, Xo) if there exist p > 1, y(e) with pe < v(¢) < 1, and a constant ¢, such that
) and

g: X1+e — Aqy(e

-1 —1
lg(z) —9Wllx, ., < clz—yllxi (215, + vk, +1) Vo€ Xt

We observe that it is possible that ¢ is defined in X; and takes values in X (it is of
same order as A) or even that g is not defined in X;. Because of this e-regularity is, at
times, called critical growth condition. Our main result reads

THEOREM 1.1. Assuming that A(t) is uniformly sectorial (see condition (a)) and uni-
formly Holder continuous (see condition (b)) and that f is e—regular relatively to the pair
(X1, Xo), then (1) is locally well posed.

The results presented here are a natural extension of the results that appear in the recent
literature of semilinear autonomous problems (A time independent) concerning local well
posedness with critically growing nonlinearities. We can say that the local well posedness
for autonomous semilinear parabolic problems with critical nonlinearities has been satisfac-
torily answered whereas the analogous question for singularly non-autonomous problems
(when the unbounded operator depend of the time) has not been considered yet. Our aim
is to provide results as complete as those available for the autonomous case.

This paper is organized as follows. In Section 2, we construct a family of evolution
operators, following the ideas contained in [14], in some cases presents new proofs and
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76 A. N. CARVALHO AND M. J. D. NASCIMENTO

slightly better results with a different approach. In Section 3, we show the local well
posedness of semilinear parabolic problems with critically growing nonlinearities and, in
Section 4, we apply the results of the Section 3.

2. SINGULARLY NON-AUTONOMOUS LINEAR PARABOLIC
EQUATIONS

Note that, for 7 € R fixed, the family {e_(t_T)A(T) : t > 7} is the solution operator
family associated to
dx
dt
Therefore, if {U(t,7) € L(X) : t > 7 € R} is the linear evolution process associated to
(2), the difference {U(t,7) — e~¢~7A() . ¢ > 7} is the family of the solution operators
associated to

+ A(m)x = 0. (3)

Z—f + A(t)r = —[A(t) — A(r)]e” =AM (4)

with trivial initial condition. Hence we should have

Ut,r) = e (-7AC) 4 / Ut )A(T) - Al)le A s, (%)

T

To obtain the evolution process {U(t,7) € L(X) : t > 7 € R} we will use (5); that is,
we show that, for each 7 € R, equation (5) has an unique continuous solution {U(¢,7) €
L(X):t>T1}

We assume that

(a) The operator A(t) : D C X — X is a closed densely defined operator (the domain
D is fixed) and there is a constant C' > 0 (independent of ¢ € R) such that

C
I[A®E) + M)l px) < DESS VA € C with Re\ > 0. (6)

To express this fact we will say that the family A(t) is uniformly sectorial.
(b) There are constants C' > 0 and € > 0 such that, for any ¢,7,s € R,

ITA®t) = AMIAT ()]l px) < Ct=7)% (e € (0,1]). (7)

To express this fact we will say that the function A(t) is uniformly Hélder continuous.

From (a), —A(t) is the generator of an analytic semigroup {e~"4® € L(X):7 > 0}.
With this and of the fact that 0 € p(A(t)), follows that, for some § > 0

e A0 Lx) < Ce™, (8)
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SINGULARLY NON-AUTONOMOUS SEMILINEAR PARABOLIC PROBLEMS 7

HA(t)e_TA(t)HL(X) <Cr e (9)
From (b) it follows that

[ABDA™ ()L <C - (t,7) €R%

Under these assumptions we show that (5) has an unique solution U (¢, 7) that is contin-
uous for t > 7. Fix 7 < tp and denote for U(t) the operator U(to,t). Consider the complete
metric space

E={U € C([rt0), L(X)) : sup [U)]x) < oo}

te[r, to)

with the metric

Ul = sup : 0O Lx) -

telr, to

Let S be the map defined by

(SU)(t) = e~ (to=DAM®) 4 /to U()[A(t) — A(s)Je=(—DAW g,

t
If U € E, then the integral in the above inequality is convergent and

- / " U()A®) — A(s)]e— D40 g

is in C([r,t0), L(X)). To show that t + e~(to=D4®) it belongs C([r,t), L(X)) we will
need the following auxiliary results (see [7, 14] for a proof).

LEMMA 2.1. Fort,s, & € R, the following inequalities hold

e TA® — e_TA(s)HL(X) < Ce " (t —5), forT >0, (10)
|AE)[e™™ — e A x) < Ce™TrT Nt = 5)%, for T > 0. (11)
The proof follows using the identity
t—6
[~ (=AM _ (=(0-1)AM)] —Ail(T)/ €AW ge A2(7) e~ O-DAD) . (19)
0

LEMMA 2.2. The functions (0,00) x R 3 (1,5) — e 746) € L(X) and (0,00) x R xR >
(1,t,8) — A(t)e ™) € L(X) are continuous in the uniform operator topology of L(X).
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78 A. N. CARVALHO AND M. J. D. NASCIMENTO

COROLLARY 2.1. The functions
(t,7) s e~ EDAM (1 1) s e~ E=DAW®)

(t,7) — [A(T) — A(t)]e” AT and (t,7) — [A(T) — A(t)]e”t—A®)

are continuous from {(t,7) € R? : t > 7} in L(X) with the uniform operator topology.

Follows of the Corollary 2.1 that t — e~ (t*o—A®) i in F. In what follows, we prove that
S is a contraction from FE into itself and therefore has an only fixed point in E.
Recall that the beta function B(-,-) : (0,00) x (0,00) — (0,00) is defined by

1
B(a,b) = / (1—s)2 s tds.
0

Given U,V € E, it follows that

(SU)(t) — (SV)(t) = /t [U(s) - V(S)[A(E) — A(s)]e—DAW g,

Thus
1(SU)(E) = (SV)O)l 1 (x)

to

S/ 1T (s) = V() xy 1A(S) = AW | pxr xy le™ AP x1yds
t
to

<[ Cls—tyrcs-ntas sw {IUE) - V)l )
t t<s<tg
to
sa/“@—W*@wﬂﬂwEsa&ww%mw—vm.
t

Following with the iterations, we get that

15" U) () = (S"V) (Ol Lx)
<C(e)B(1+¢€,¢)B(1+2¢€)...B(1+(n—1)€€)(to—t)" U - V|-

Recalling that B(s,t) = FF((SSE(;;), where T is the gamma function, we have

I'(1+¢)(T(e))™

B(1+¢,6B(1+26¢)...B(1+ (n—1)ee) = (1 + ne)

That is,

n n Ce\'(1+6)[T(e)(tg =)™ ||U =V
[(S"D)E) — (S™V)(B) ) < SO ”é&ﬁmf]” e
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SINGULARLY NON-AUTONOMOUS SEMILINEAR PARABOLIC PROBLEMS 79

Consider the power series

I'(l+e) ,
I‘l—i—ne

If it has infinite radius of convergence, for each s € R there is a n € N such that

COT(A +e)[T(e)(to — )"
(1 + ne)

<1,

and then by the Banach contraction principle, S™ has an unique fixed point in F and,
consequently, S has an unique fixed point in F.

To verify that the radius of convergence is infinitive, we apply the ratio test. Dividing
the (n + 1)*™ coefficient by the n'* coefficient of the series we obtain

I'(e) 'B(e, 1 + ne).
Since
1
B(e, 1+ ne) = / sH1 — s)"“ds,
0

and for each 0 < s < 1 the integrand is bounded by s¢~! and pointwise converges to zero,
as n — o0, it follows of the Dominated convergence theorem that B(e, 1 + ne) "7 0. This
completes the proof that S has a unique fixed point in E.

As tg it is arbitrary in [0, T, (5) has an unique solution U (¢, 7) that is continuous in the
uniform topology of the operators for all ¢ > 7.

The strong continuity of the family of evolution operators {U(¢,7) : ¢t > 7} int =71
follows immediately from (5) and of the following results (see [7, 14]).

LEMMA 2.3. For T > 0 the function (t,s,T,€) — A(t)e” ™ A1 (¢) € L(X) is contin-
wous in the strong operator topology.

COROLLARY 2.2. Fort > T the functions
(t,7) — e (t=mA() (t,7) — e~ (t—T)A()
and
(t,7) = [A(T) = A(D)]e” AT A7 ()
are continuous in the strong operator topology.

With this, we have that the family {U(¢,7) : t > 7 € R} defined by (5) satisfies the
properties (1) and (3) in Definition 1.1. Clearly this is the process associated to (2).

DEFINITION 2.1.  We say that [r,00) 2 ¢ — U(¢,7)xo € X is a weak solution of (2).
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80 A. N. CARVALHO AND M. J. D. NASCIMENTO

In what it is follows we show that a weak solution for (2) is in fact a solution in the
classical sense.

2.1. Regularity of the family {U(¢t,7):t > 7 € R}.
In this section we show that x(¢t) := U(t, 7)xg, t > 7, is the solution of (2) in the sense

that z(t) is differentiable for ¢t > 7, z(t) € D(A(t)) for t > 7 and it verifies (2).
To this end we give alternative expressions for U(¢, 7).

2.1.1.  Alternative expressions for {U(t,7) :t > 7 € R}.

Let
pi(t,7) = [A(T) — A(t)]e” ~TAD), (13)
and assume that the integral equation

t

D(t, 1) = p1(t,7) +/ D(t, 8)p1(s, 7)ds (14)

T

has an unique solution ®(¢,7), t > 7. Making
t
U(t,7) = e~ =AM +/ e~ t=9A) P (s, 7)ds,

and noting that

t t t

/ U(t,s)p1(s,7)ds = / [e~(t==)A(s) +/ e~ =D D (9, 5)df)py (s, 7)ds
T . T St )
= / e~ t=94G) ) (5, 7)ds —l—/ e_(t_s)A(s)/ D(s,0)1(0,7)dbds

t
:/ ef(tfs)A(s)q)(s,T)ds,

we have that U(t,7) = U(t,7) for all ¢t > 7 and

t
Ut,7) = e~ t=7AM) +/ e~ =94 P (s, 7)ds. (15)
It remains to show that (14) has an unique solution to ensure that (15) holds. The
expression (15) will be used to obtain regularity properties of ¢ — U(t, T)xo.
Note that ¢1(s,7) = [A(T) — A(s)]e"*=74() is continuous in the uniform operator
topology in all variables for s > 7 (see Corollary 2.1). From (7) and (9) we have that

lor (s, T)llpex) < Cem®7 (s =) (16)
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SINGULARLY NON-AUTONOMOUS SEMILINEAR PARABOLIC PROBLEMS 81

With this in mind we show that (14) has an unique solution ®(¢,7) that is continuous in
the uniform operator topology for all (¢,7) with ¢ > 7 and which satisfies

1@t )lLx) < Clt—7) (17)

The procedure is analogous to that used to obtain U(¢, 7). Fix tg € R, with tg > 7 and
consider the complete metric space

Y ={® e C([r,t0), L(X)) : sup (to —t)' " @(t)|(x) < o0}

te[T, to)

with the metric

1@lly = sup (to =)'~ [1@(t)ll1(x, -
tE[T, t())

Define the map G by

(GP)(t) :<P1(t0,t)+/t0@(3)(,01(5,15)(15.

Clearly G takes Y into C([7, o), L(X)). Next we prove that G takes Y into itself and that,
for some n € N, G" is a contraction. In fact,

(to — )" N(GB) D) ix) < € [1 + (to — )@y / (1— ) s ds

proves that G : Y — Y. Now, for &,V € Y,

(GO)(t) — (GY)(t) = /tto [@(s) — W(s)]pa(s, t)ds
and
(to =)' [ (GR) (1) = (G) ()| (x) < CB(e€)(to — £)° @ — Ty,
Using this and iterating we obtain that
1(G"®)(t) = (G"U)(B)]ly < C"B(e,€)B(2¢,€) ... B(ne, €)(to — )" [|® — V[ .

That is,
CL(eI'(e)(to — )" [|® — ¥y
I((n+1)e) '
From Banach contraction principle G has an unique fixed point in C([r, t9), L(X)). Con-
cluding the proof that (14) has a unique solution.

(G @) (1) = (G"O) (D)l () <
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To show that U(t,7)xo is a classical solution of (2), we use (14), (15) and a alternative
definition of ® given next. Define

t

U(t,7) = p1(t,7) +/ ©1(t, 8)P(s,7)ds,

T

and note that
t t t
/\I/(t,s)gol(s,T)dSZ/ [(pl(t,s)—i—/ ©1(t,0)®(0, s)db)p1 (s, T)ds

t t 0
- / o1 (£, 0)1 (60, 7)d0 + / ) / B(0, 8)p1 (5, 7)dsdo

T

= /t w1(t,0)® (6, 7)db,

then W(t,7) = ®(¢,7) and thus ® defined by (14) also it is given by
t
O(t,7) = 1(t, 1) —|—/ w1(t,s)®(s, 7)ds. (18)

T

In the next two lemmas we study some regularity properties of the function ®(¢,7).
These results can be found in [14] and its proofs are included here for completeness.

LEMMA 2.4. Foreach0<n<e17<0<t
le1(t, ) = @1(0, )llx) < C(E—=0) (0 —7)" 1. (19)

Proof: Note that

e1(t,7) — @1(0,7) = — [A(t) — A(9)]e~ 774

— (=7 T - —T T (20)
—[A(0) — A(7)][e (t=7)A(T) _ o= (0-T)A( )].
From this and (7), it follows immediately that
I[A®) = A@)]e™ A L) < CE = 0)(t —7)7" (21)
and that
1[A©0) = A(m)le =74 — = O=DAO| ) < OO - 7). (22)
From (12) it follows that
I[A@O)—A(7)][e” DA — emODAD Ly < O (= 0)(0 — 7). (23)
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Interpolating with exponents 1 — € and ¢, from (22) and (23), we have
I[A(8) = A()[e” AT — = ODADN |y < C (8- 0) (0 —7) 7" (24)
Hence, from (21) and (24) we have
lo1(t,7) —e1(0,7)|lLx) S C(t—0) (0 —7)""
Using this and (16) the result follows by interpolation with exponents < e 2. O
LEMMA 2.5. Foreach0<n<e 7<0<Ht,

1@, 7) = ®(0,7) | x) < C (¢ = 0) (0 — )" (25)

Proof: From (14), we have that

O(t,7) — PO, 7) = o1(t,7) — v1(0,7)

¢ 9
+/9 gpl(t,s)é(s,r)ds—k/q- [p1(t,s) — 1(0, )] P(s, T)ds.

From this and (19) and from the fact that ® € Y the result follows. O

2.1.2. Classical solutions

For each vg € X, we show (following [14]) that the function (r,00) > t — wv(t) =
U(t, m)vo € X is continuously differentiable, v(t) € D for all ¢ € (7,00) and satisfies (2).

Fixvo€ X andlet t — 7>~ >0, 0 < p <. Define v, : (t +,00) — X by

t—p
0, (t) = U, (t, T)vg = e~ =AMy, +/ e~ =A@ (s, T)vods.

T

To show that v(:) : (1,00) — X is continuously differentiable we will proceed in the
following manner. For each v > 0 and ¢ty > 7 + 7, we show that, for all 0 < p < 7, v,(-)
and $v,(-) converge v() and A(-)v(-) in C([T+7, to], X). In particular, this will show that
0(t) = A(t)v(t).

For fixed 7 € R, tp > 7, 0 < v < tg — 7, and arbitrary p € (0,7) note that

sup  [|U,(t, 7)vo — U(t, m)vol|x < CeM(t —7)° = (t — p— )T |lwollx =2 0.
te[T+,to]
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In addition, [7 4 7,t0] 2 t — U,(t,7)vg € X is continuously differentiable. Using (13),
(15) and (18) we have that

t—p
vo = —A(t)e” ATy, — A(t)/ e~ t=9)AG) P (s, TYvods

T

oU,(t,T)

ot
! (26)
4 / o1(t, 5)® (s, 7)vods + e~ PACP B(t — p, ) — Bt 7)]ug
t—p
+ [e7PAC=P) _ [)®(L, T)vo.

Let us show that the last three terms in the above expression converges to zero as p — 0,
uniformly in [7 + v, ¢p] and that the first two converge uniformly in [ + v, ¢] to A(-)v(+).
From (16) and from the fact that ® € Y we have that

t
-1 € e—1 p—0
sup || [ @r(t,9)@(s, T)ds| px) < Cep(y = p) T ES 0. (27)
te[t+vy,to] Jt—p

Note that the functions [T+, tg] 3 t +— ®(t,7)vy € X is continuous and that [e=PA¢=r) —
I] — 0 as p — 0 in the strong topology of operators uniformly for t € [T 47, to]. It follows
from the compactness of {®(¢,7)vg : t € [T + 7,%0]} C X that

sup [ PAEP) — [)®(t, 7)vg 2200.
te[T+7,t0]

It follows from (25) that, for any 7 € (0, ¢€),

sup (e A @(t — p.7) — B(t, ol < CpT My = o) ool x T2 0.
te[T+7,to]
It remains to prove that A(t) f:ip e~ (=94 (s, T)vgds converges, uniformly in [1 +
7, to), to A(t) f: e~ (=9)A) B (s, T)vgds. Note that

t—p P
A(t)/ e~ =94 P (5, TYvods = A(t)/ e~ =4S [D(s,7) — B(t, 7)]vods

T

t—p
—|—A(t)/ e~ =4 G (¢, T)vods.
From (25), for 0 < p2 < p1 <y and 0 < 7 < ¢, we have that

< 0(7 - pl)nil [

Lx) €=n

sup py =1 "]

te[T+7,to]

o /t T A6 (s 1) — Bt )]s

—P1
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Showing that
t—p

A) [ e (s ) - bt lds,

converges, as p — 0, in C([7 + 7, to], L(X)), to
t
A(t) / e~ =AW D5 1) — DL, 7)]ds.
To prove the convergence of
t—p
A(t)/ e~ =9 AP (¢, T)vods,

we note that ®(t,7)vg is continuous in ¢ for ¢ € [7 + ~,to] and hence, {®(t,7)vg : t €
[T + 7, to]} is compact. So, it is enough to show that

t—p
A(t)/ e (t=9)AG) g,

defines an operator in L(X) which is bounded uniformly for ¢t € [7 4 7, to] and to use that

t—

t P
A(t)/ e_(t_S)A(S)wds—A(t)/ e~ (=) A0G) s

p—0

290 (28)
X

sup
te[T+7,to)

for all w € D, ||w||x <1 (which clearly holds).
t

The operator F(t,7) = A(t)/ e~ (=9)406) g is clearly defined in D. Observe that

t t t
F(t, 7w = A(t)/6_(t_S)A(t)wds—|—A(t)/ [/ e—(t—&)A(t)[A(t) _ A(s)]e‘(f—S)A(S)wdf} ds,
where we have used that
[e7TA® _ T AG))y = / e =AM [A(s) — A(t)]e A wde. (29)
0

Changing the order or integration, it follows that
t
F(t,T)w = [[ — e~ (t=7)AW)] [I —/ 1(t, s)ds] w

t t €
+A(t)/ e~ (t=0A®) /(pl(t,s)ds—i—/ [p1(t,s) —@1(&, 8)]ds| dE w  (30)

3 T

A / (=94 [A(1) — A(E)J A (E)F (€, rywit.
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From (30), using (7), (8), (9), (16) and (19) we obtain, for 0 < n < ¢, that
¢
1E(t Twllx < Cllwlx + C/ [t = €l THIF(E, Twl|xdE.
It follows from the Generalized Gronwall Lemma (see [8]) that

I1EEmw|x < Cllwllx.

This shows that F'(¢,7) extends to a bounded linear operator in X (which we again denote
by F(t,7)) which is bounded uniformly for ¢ € [T+, t9]. The characterization of F(¢,T)w
for w € X is obtained in the following way: If D 5 w,, —> w, then

t— t
znz/ pe_(t_s)A(s)wnds nﬂoz:/ e~ (=) A s

and since F(¢,7) is a bounded linear operator

From the fact that A(t) is closed, we have that F(¢,7)w = A(t)z; that is,

t
F(t,m)w = A(t)/ e =9 wds, Vw € X. (31)
Consequently
t
sup A(t)/ e~ (=) A0 g <C. (32)
telT+,t0] T LX)
Hence,

d —0
sup  {||Up(t, T)vo — U(t, T)vol| x + ||£Up(t, T)vg — AU (¢, )vo||x } =20
te[T+,to]

and v(t) = U(t, T)vg satisfies (2).
COROLLARY 2.3. Forallt>T€R

HA(t)U(t,T)A(T)71||L(X) <C (33)
Also,
JAOU (7)) < O = 1) (34)
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Proof: This result follows from (9), (17), from [14, (1.37),(1.42)] and of the identity

ARU(t, 1) = A(t)e" 1AM L A1) / t e~ =)AG[D(s, 7) — D(t, 7)]ds

T

t
+ A(t) / e~ t=9)AG) P (¢, 7)ds.

O
The estimate (33) it will be improved in the next section, however it plays a fundamental
role in this process. The estimate (34) is already in its best form.

COROLLARY 2.4. For s <71 <t, we have

Ul(t,s) =U(t,7)U(r,s). (35)

Proof: Given wy € X and vy = U(T, s)wy, the functions U(t, s)wy and U(t, 7)U(T, s)wo
are both solutions of (2) which are continuous for ¢ > 7, continuously differentiable for
t > 7. In view of the uniqueness they must coincide. Since wy is arbitrary, (35) follows. O

2.2. Fractional powers

In this section, we study the relationship between the fractional powers associated to
the operator A(t) and the family of evolution operators {U(¢,7) : ¢ > 7 € R}. Many of the
results presented here can be found in [14] and therefore many of the proofs are omitted
or presented in a abridged version.

The conditions imposed on the operators A(t) allow us to define the fractional power
operators A(t)%, « € R in the following manner

—a _ 1 > —TA(t) ~a—1
A(t)™ = F(a)/o e T T

if @ >0 and A(t)® = (A(t)"*)~!if @ > 0. An exhaustive treatment of fractional powers
of operators of the positive type can be found in [2].

In the results that follow, we seek for relationships between the powers of A(t) and the
family of evolution operators {U(t,7) : t > 7 € R} that are independent of ¢. Because of
this, some classical proofs are repeated.

The next lemma is fundamental to obtain estimates for U(¢,7) in L(X, X®).

LEMMA 2.6. Assume that {A(t) : t € R} satisfy (a). For a < 8 < v, there exist C > 0,
independent of t, such that

JA®) z]x < CIA® 23" [A®°2lZ",  (xe DA ). (36)

12
)
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There are constants C' > 0 and § > 0, independent of B and t, such that

JA) e ™AW || xy) < Ce™ ™72, for >0 (37)

I[e=™® —1A®Wt) P nx) < CT%, for0< B <1, (38)

With this, we can prove the following Corollary.

COROLLARY 2.5. Forany t,r,t,E € R, t<r,7>0and 0< a <1 we have
A€ e — emTAW|| L (x) < O (r = 1), (39)

and

A [Ar)e™0) — A®)eA0] |y < T (r - 07,
Proof: Following of the (10), (11) and (36) that

”A(E)a[e—-rA(r) _ e—-rA(t)]HL(X) < HA(f [e—-rA(r) _ e—-rA(t)]Ha”[e—'rA(r) _ e—TA(t)]”l—a
<O (r —t)".

From the identities

A(,r>e—7'A(7") _ A(t)e—TA(t) — A(,r.)[e—TA(T') _ e—TA(t)] + [A(T) o A(t)]A(t)_1A<t)€_TA(t)7

A0 A0 = A(€) Ar) Al 40 - A AW A T40)
and using (7), (9) and (11), it follows from (36) that

JA©) A0 — AR)e A, ) < OT=1(r — )07,

O
The next Lemma was taken from [14] (see also [7]).
LEMMA 2.7. For0< B <a and f<1+e,
1A e AW AT L x) < Clan, B)(t —7)P %2077, (40)

With this we have the following result.
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COROLLARY 2.6. For any a € [0,1], 8 € [0,00), 0 < 5 <6 and &, 7,7 € R there exist a
constant C' such that

JAE)*A(r)?e AN A1) P ||y x) < Cs™* 70 Vs > 0. (41)

Proof: From (36) and (40) immediately follows that

IA(€)*A(r)?e™*AM A(r) 0|
< JAQAE) A e A A7) 2| A(r) e A A(r) | 1
< Qg 0+8,

This completes the proof. O

LEmMA 2.8. Foranyt>T1€R

t
Ut,)A(T) ™t = e -1 A A(r) 1 - / e~ =AW A(s) — A()|U (s, 7)A(T)  ds.
Proof: The operator p(s) = —e~ =904 (s, 7)A(7)"! (1 < s < t) is differentiable
with respect to s and
¢ (s) = e IAWA(s) — AU (s, m) A(T) "
Integrating with respect to s from 7 to t the result follows. O

The next result is of fundamental importance. In it, the fact that we can consider a > 0,
is what allow us to treat the problem 1 in the case of critical nonlinearities.

LEMMA 2.9. For0< g8 <a<1+¢€, we have

IA@® U, ) A(T) Pllex) < Ola, B)(E = 7). (42)

See [7, 14] for a proof.
As a simple consequence of Lemma 2.9 we have that.

COROLLARY 2.7. If0<a<e 0< 3 <1, then

1A AU (¢, ) A(T) P |lrix) < Cla, B)(t — 1)L, (43)

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



90 A. N. CARVALHO AND M. J. D. NASCIMENTO

LEMMA 2.10. Iff>a and 0 < 8 —a <1, then

IA@®)* U

Proof: Observe that

t
Ut,7)— I =e ¢DAD _ 14 / e~ =AW A(s) — A(1)]U (s, 7)ds.

(t,7) = IJA(7)~

Allnx) < Cla, B)(t — 7).

From (7), (40), (42) and Corollary 2.6 it follows that

AU, 7) = TJA(T)”

t—7

« d —S8 -
°ll < I AT g AW A(T) P as|

/ [A()* e =4O [[A(s) — A@B)]A(s) | | A(s)U (s, 7) A(T) | ds
< O(a, B)(t — 7).

LEMMA 2.11. For any a, 8 € [0,1],

1A U, 7)

— e—(t—r)A(t)]A(T)—B”L(X) < Clo, B)(t — 7.)[3—0&+6.

LEMMA 2.12. If0<(8<1e0<a<e¢, we have

AT AD[U (¢, ) —

Note that, for 8 > 0,

Now, for v € [0, 1], using (10) and (1

IA(#) e

1

—sA(t) _ efsA('r

e TDADIA() P x) < Ola, B)(t — 7)1,

/Oo[e—sA(T) _ 6_3A(t)]55_1d8.
0

1), we obtain from (36) that

N < Ce™®s™(t—7)".

From (47) and (48), for 0 < 8 < 1 and v < 3,

At
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LEMMA 2.13. For0<a<1,0<0<v<l+¢0<v—a<l,and7 <t<r, wehave

[A©)*[U(r,m) = Ut AT Pllux) < Cle, B,7)(r =)~ —7)""". (50)

Proof: From the identity
AU, 1) = Ut ) A(r) 7

= {A(f)a[U(T, t) — e_(T—t)A(T)]A( ) u+eA / A 1 Ve—sA(r) gg
0
+ A(§)" /0’— A(r) e A0 A(r )V [A(r) Y ds}A YA(T)~P,

applying (49), (41), (42) and (45) fora <y <v<vy+4eanda<l(ora=y=1<v <
1+ ¢€) we get the result. O

COROLLARY 2.8. Forany0< fg<v<l+4+e€andv > 1, we have

ITA@)U (r,7) = AR)U (8, TAT) Py < Clr =) e — 7). (51)

Proof: Since v € (1,2) we have that

(
AU (r,7) = AU, )A) 2| < JAW)[U (r,7) = U8, 7)]A(T) 7|
+[A(r) = A@IA@®) ARG~V A@® U T AT) 7
SCr =0 M (t=1)""+Clr =)t —7)"" < Cr =)t = 1),

and (51) is proved. O
COROLLARY 2.9. For all 0 < 0 < ¢, (1,00) >t — AE)?A)U(t,7)A(T)™P € L(X) is

Hélder continuous with exponent n < (1 —2).

Proof: From (36), (43) and (51) with 1+ € > v =14« > 1, it follows that, for 6 € [0, o],
|A%(©)[AWU (r,7) = ABU (¢, )IA() || < Clan B,7)(E—7)° = (r = )*)' %), (52)

Which completes the proof. O

2.3. Nonhomogeneous Linear equations

For A(t) satisfying the conditions of de Section 2, f : R — X continuous, 7 € Re vy € X,
we considerer the problem

dv
a+A() =f(t), t>1 (53)
v(T) = vo. (54)
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For t > 7, define

t

o) = Ut v + / Ut 5)f(s)ds. (55)

T

Is clear that v(-) satisfies (54). Assume that there are constants positive C, p such that
1f(t) = f(s)l| < C(t=s)", ViseR (56)
In this case, we will show that v(t) defined by (55) is continuously differentiable for ¢ > 7

and satisfies the equation (53).
The differentiability of U(t, 7)vy has been studied in Section 2.1. To see that

A(t) = / Ut 5) f(s)ds (57)

is continuously differentiable with derivative

w(t) = A() [ Ut9)f(s)ds + £00),

first we will show that z(t) is right differentiable and that

dt+

Ez(t) =w(t), t>T. (58)

After that we will show that w(¢) is continuous for ¢ > 7 to conclude the result.

PROPOSITION 2.1. The function z(t) defined for (57) is right differentiable and satisfies
(58) for allt > 7.

Proof: Let ¢t < r, using (35), (43) and (46), we obtain

| [ /TTU(T,S)f(S) ds — / Ut 9)1(s) ds}

r—t -

_ 1 /t’“U(r,s)f(s)ds+1[U(r,t)—1]/ U(t,s)f(s)ds

r—t r—t
1 T
/t (r,s)f(s)ds +

r—t

(1)~ AW {7 - D40 (1)

+A(t) / (Ut s) = =940 as £(2) + A(t) / U(t,s)[f(s) — S(t)]ds |
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We will show that

dt [t

& [ v s = 10 - A0 [ sl - re)as

. (59)
A1) / [U(t,5) — e =4O ds. f(1) — [T — e~ C-DAO] £(¢),

and that the right hand side of the above expression is continuous for all ¢ > 7. For this,
we will need some auxiliary lemmas.

LEMMA 2.14. For 0 < a < min{e, p}, the functions

i £ A AW [ UG G) - F(Dlds,
i) L A A(L) / Ut s) — e~ =9401ds £(2),
i) t— [ — e_(t—T)A(t)}f(t),

are continuous in t for t > T and
iv) A(g) e mmAM £(¢),
is continuous fort > T.

Proof: To prove i) note that, for r > ¢,

Aw) [ U156 - 10lds = A0 [ U1 - f0lds
— A(r) / U, )[f(s) — F()ds + / AU (r,5) — ABUE $)][F(s) — F()ds
+A(r) / Ur,s)[f(t) — £(r))ds.

From (52) with 1 < v <1+ p — « and from (43), it follows that

@) [ vnso) - foas - a@a) [ vielss) - s
<Cr—t)f 4+ Clr—t) t—r) VTP L Clr—t)(r—7)"* = (r—t)~°].

Showing that the function defined by (1) is continuous.
To prove i) observe that (46) implies

HA(g)“A(t) /t tp[U(t, 5) — e_(t_s)A(t)]dsHL(X) < Opee. (60)
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After that note that, for 0 < 2p <t —7

t—p

A(r) / U ) — e D05 fr) - A) / U(t,s) — =405 f(t)

= A(r) /trp[U(r, s) — e_(T_S)A(T)]ds flr) +/ 7P[A(7“)U(7“, s)— A U(t, s)]ds f(r)

—p T

-/ e IO A -9 (r)

+aw [ Ut ) —e A [F(r)— £ (1)

From (45) we have that

a0 [ o - et < - e e - e,
and that
a0 [t - e Lals) - 50| <l - e - el -

For v > 0 we have from (37), (38), (10) and (11) that

t—p

() A(r)e™ I A(t)e (=4 0]as|

T

t—p
< ‘ / A(g)OéA(T)l-‘r’ye—(t—s)A(r) [e—(r—t)A(r)_I]A(r)_,YdS

t—p

()% [A(r)e™940) — A(r)e (-A0)ds

i

T

SC(T _ t)min{'y, e(l—a)}[(t _ T)—(x—’y + (t _ T)_a].
After that, if @ < 0 < ¢, it follows from (52) that

t—p

A AW r,5) — AU (1 8)lds|| < 50 =00 D[ =) = )

T

Showing that

t—p

trs A A(t) / U (t,5) — e~ =4O]ds f(1) (61)

-
is continuous in compact time intervals of (7,00), for any suitably small p > 0. From
(60) we obtain that the function above converges, uniformly on compact time intervals, to
function in i) as p — 0. Hence, the function in #4) is continuous for ¢ > 7.
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t—T)

To prove the continuity of the iii) we only need to prove that t — e~ (=74 is continuous

for ¢ > 7. This follows from
e~ AW f () — = EDAWD (1) = [~ (=AW _ o= (E=1)AW®)] £ (1)

+[emUTDAW — e mUmDADNf (1) 4 e CTDAD[f(r) — £(1)], (62)

(10), (56) and from the continuity of r s e~ ("=7)A®),
The proof of iv) follows immediately from (39). This concludes the proof of Lemma. O

The proof of the following lemma can be found in [7].

LEMMA 2.15. Foranyzxz € X, t€R, andr >t

t[U(r, t) - IJA(t) 'z — —z, quando r —tT.
r—

As the expression of the right hand side of (59) is continuous for ¢ > 7, it follows

¢
t— / U(t, s) f(s)ds is continuously differentiable for ¢ > 7 and from Lemma 2.1, we have

% j U(t,s)f(s)ds = f(t) — A(t)/T Ul(t,s)f(s)ds.

Consequently, if v(t) is defined by (55), then v(t) is differentiable for ¢t > 7 and satisfies
(53),(54). Furthermore, it is the unique solution of (53),(54). This concludes the proof of
Proposition 2.1. O

3. SEMILINEAR PARABOLIC PROBLEMS

In this section we aim to show a result on existence, uniqueness and continuity with
respect to initial data for (1) when f has critical growth. We borrow the notations of [5].

3.1. Local existence of solutions

Throughout this section we assume that {A(¢) : t € R} satisfies (6), (7). In this section
we prove that if f is an e—regular map (see Definition 1.3) the problem (1) is locally well
posed.

For €, p,v(€) and ¢ positive, 0 < e < 1,p > 1, pe < v(e) < 1, and v(t) with 0 < v(t) <4,
lim;_,g+ v(t) = 0, define F := F(¢, p,v(€), ¢, v(+)) as the family of functions f such that, for
t > 71, f(t,-) is an e—regular map relative to the pair (X, Xp), that is, f(¢,-) : X14e —
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X,Y(e) and

1 (t.0) = ftw)x,, < ello—wlx . (ol + lwllk,y, e 9r),  (63)

1 (t0)llx, 0 < elllvlik, ,, +r(E7), (64)

for all v,w € X1 4..

Without loss of generality we can assume that the function v(-) is non-decreasing. In
most cases in the argument below we will fix the parameters e, p,v(e) and ¢, and we will
denote the class F defined above by F(v(-)).

If (6) and (7) they are satisfied, we saw in Section 2, that for each t, A(t) is the infinites-
imal generator of an analytic semigroup in Xo, that we will denote for {e=74®) : 7 > 0}
and there exist a family of evolution operators {U(t,7) : t > 7 € R} associate the A(t) .
Let M a positive real constant, such that

U el xn < Mt =77 le]lx,,  0<f<1+a<2, (65)

(see Lemma 2.9).
For each 7 € [0, 7], the map

[1,T] €t — U(t, T)up € Xat1

is continuous, for all ug € Xz and ¢t > 7, with 7 fixed. In fact, fix to, with t; > to > 7.
Given uy € Xg, for any v > «, v — a < 1, follows from (44) that

I[U(t1,7) = Ulta, 7)ol xoys < [U(t1,t2) = IJU (2, T)uol|
<|U1:t2) = I n(x 40, X0 ) U (B2, T)uol x4

t1—ta

< C(a,7)(tr = t2) "~ (ts — )77 Jug||x, "= 0.
We can now state the main result of this section.

THEOREM 3.1. Let f € F(e,p,v(€),c,v()), 0 < € < po. If wg € X1, there exist v > 0
and 79 > 0, with the property that for any vy € Bx, (wo,r) there exists a continuous
function v(-,vg) : [0, 0] — X1, with v(0) = vy, which is the unique e—regular mild solution
starting at vg of the problem

dv
= TA®G=ftv), t>0, (66)
v(0) = vg.

This solution satisfies

v € C((0,70], X1+4e)s
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0 t—07t
vt vo)llx,.s — 0, 0< 0 < y(e).
Moreover, if vy, zo € Bx, (wo,T), then
t|o(t, v0) — v(t, 20)llx146 < Cllvo = 20llx,, V¢ € [0,70],0 <6 < b < y(e).
The constants above depend on the following: 79 = 1o(wo, A(+),v(+), €, p,y(€), ¢, M),
r = r(wo, €, p,y(€),c, M) and C = C(by,€,v(e), M).

Before we prove above theorem we need some lemmas.

LEMMA 3.1. The operators (t — 7)*U(t,7) : X1 — Xi4a, t > 7, are bounded linear
operators, satisfying

[t —7)*U®, ) Lix,,x100) < M,  with M independent of t and 7, t > 7.
Moreover, given a compact subset J of X1, we have

lim sup|[(t —7)*U(t, 7)z| x,,., = 0.
t—Tt xeJ

Proof: The first part follow of (65) with § = 1.
The operators (t — 7)*U(t,7) : X1 — X;1, are bounded, uniformly in ¢ > 7. Taking

. d . X
x € J, since X1, — X, there exist x,, € X1, such that x,, = z. Thus

It =TT, < =TTl xs + Ml — alx,

Thus
0 < liminf U4, 7)ollx,,., < Timsup | (6= 7)ol < Mo, —alx, "= 0.
Given € > 0, for each x € J there exist o, > 7, such that
|t =7)UE, )z x,00 <€/2, tE€I[T,04]
For y € Bx, (z, 537), we obtain
|(t = 7)Ut, Tyl x1s0 <€ tE[T,04]
Since J is compact in X, there exist x1,--- ,x, such that J C Ui, Bx, (%, 557). Choose

oy = mini=1“,n{0m}a then

sup [[(t — 1)U (t, 7)z|| x,,. <€ tE[T,00].
zeJ
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and

lim sup|/(t —7)*U(t, 7)z| x,,, = 0.

t—=1t peg

Define, for 0 < 0 < v(e),

BY = max [B(y(e) ~ &1~ () BO(e) ~ &1 - pe)).

Next the two Lemmas are similar Lemmas 2 and 3 of [5], the proofs are exactly the same
and will be omitted.

LEMMA 3.2. Let f € F(e, p,y(€),c,v(+)). If v € C((0,70], X14¢), then, for all 0 < 6 <
v(e),

o /t U(t,)f (s, 0(s))ds]|x, 0 < eMBE(v(t) + 7O ND)]), 0<t <,
0

where A(t) := supe o g {sllv(s)]x... }-

LEMMA 3.3. Let f € F(e p,y(e),c,v(-). If v,w € C((0,70], X14¢) satisfy t||v(t)] x, .
< poand tl|w(t)|| x,,. < p, for some >0 then, for all 0 < 6 < y(€), we have

1ﬁell/ U(t,s)[f(s,v(s)) — f(s,w(s))]ds|x,,, < To(t) sup {sv(s) —w(s)|x,,.},
0 s€[0,70]
where

Dy(t) = eMBO[u(t) + 7)o,

From (7) and (11), it follows easily that
1A [e™ ™4 — e ™A A) Ml (xy) < Ce™T[t — 5] (67)

From this, we can show the following lemma.

LeMMmA 3.4. Ifvy € X1, we have that

ot
U (t,0)v0 — vollx, = 0.

Proof: In fact, follows of (67) and of (45) with & = 8 =1 that

1U (£, 0)v0 = vollx, < U(£0) = e~ A Lix, xp)llvollx,

+ ||[e—tA(t) _ e—tA(O)] tA(0)

lzcxy,x o llvollx, + [le™ P vg — wo x,
_ ot
< Ot[lvo|x, + [le”A@vg — vg|lx, = 0. O
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Proof of Theorem 3.1. Let p, r and § be the positive numbers defined by

8cMB ™t =1,

¢ k1
MBS = L
¢ e =min{g, -}

Also, for fixed wg € X7, choose 75 € (0,1] such that

V(t)<§n OStSToand
||t€lj(t7O>’LUO||X14rE S %7 0 S t S T0-

Notice that these choices imply that T (t) < % for t € [0, 7o].
We search for solutions in

K(r0) = {v € C((0,70], X14c) : sap ]{teHv(t)IIXHe} < p}
te (0,710

Consider in K(7p) the metric

A (ro) (V1,v2) = sup {t[|vr(t) — v2(t) [ x1s. }
te(0,70]

99

(71)

The space K (19) with the metric d K(r) it is a complete metric space. Assume that vy € X3

with |lvg — wollx, < r and on K(79) define the map

(Tv)(t) =U(t,0)vg —|—/0 Ul(t,s)f(s,v(s))ds.

(72)

Let us first prove that, for any vg € Bx, (wo,r), Tv € K(19); that is, T takes K (7p) into

itself. After that we will show that T': K (79) — K (7p) is a strict contraction.

To see that T defines a map from K(7p) into itself, we will begin showing that

ifv e K(r), then Tv € C((0, 7], X1+c)-

(73)
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100 A. N. CARVALHO AND M. J. D. NASCIMENTO

Fix to € (0,70] and let 79 > t1 > t3, we have
[(Tv)(t1) — (Tw) ()l x11. < [[[U(t1,0) = Ultz, 0)]vol|x, .

+||/01U(t175)f(8,v(8))ds_/02U(tz,s)f(s,v(s))ds||Xl+5

< IU (1, t2) — NU(t2, 0)vollx, o + [I[U (1, 2) *I]/O 2 Ulta, ) f (s, v(s))ds| x, .

t1
+ [ Uty ) f(s,0(5)ds]|x, .
to
(74)
First note that, for n > € and 0 < — e <1, Lemma 2.10 implies that
U (t1,t2) = Tl L(X sy X00e) < C(my€) (81 — 12)77,
that is,
tlat;
U1 t2) = Illoxypy Xipe) —
Now, from (42), we have
U (t2, 0)voll x4, < Clm)ty " [[vollx,
Also, if n > €, 0 <n—e <1, from of (42), (44) and (64) it follows that
to ta
I U)ol < [ I 9w, i 106D
12
< / Mtz — )" O (o(s)|I%,,. +v(s)s™7O)ds
0
tQ t2
< Mﬂp/ (to — s)—1+7(e)—n8—pedS+M5/ (ts _S)—1+7(e)—n8—v(s)d8
0 0

< MvPB(y(e) =, 1 = pe)t3' """ + MoB(y(e) = n, 1 = ()t ).

Hence, the two first terms on the right hand side of (74) tends to zero as t; — t3 .
Finally, for the third term of the (74), observe that
t1 ty
1| Ut 8)f(s,0(s)dslxy. SeM [ (tr =) 77O (w(s)s 77 4 [o(s) 1%, )ds
to ta

t1 ty
< eMs / (b1 — 8) 1O~ dg 4 oM / (b1 — 8) O 5P (57| (5) 1 x,,. )P ds
t t
’ 1 ’ 1
< CMétfe/ (1— ) 1 H7O=cg=CVgg 4 cpMpre] e / (1 — )"t —egmregs,
tz/tl tZ/tl
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which goes to zero as t; — t; . The case t; < tg is similar.
Let us now show that, if v € K(79), then t||(Tv)(t)||x,,. < p, for all t € (0, 79]. In fact,
from (64), (68), (69), (70) and (71) we have

t
t(Tv) )| x1,. < [[EUE, 0)vol|x, , 4 M /0 (t—5)" O (Jo(s) |k, , A+ v(s)s ™) ds
t
< VOl + Mt [ (=) <50
0

t
+thf/ (t — )" O7e s[5 ju(s) | x, . ] ds
0

< U 0)[vo — wolllxy o + U 0)wollx, ., + eMOBE + M uPBg
< Mr+ |[tU(t, 0)wo| x,,. +cMOBg + cMp’Bg < pu.

This shows that T takes K(7p) into itself. The next step is to prove that the map T is a
contraction from K(7p) into itself. From (72), we see that

EN(Tv) () = (To2) (B)llx, . < teH/O U(t, s)[f(s,v1(s)) = f(s,v2(s))]ds| x,..-

Taking ¢ = € in the Lemma 3.3 and remembering that I'c(t) < 1 for t € [0, 7], it follows
that 7" is a strict contraction in K (7p) and

1
1T (v1) = T(w2)ll (o) < 51101 = 2l i (ro)-

By the Banach contraction principle we have that T has an unique fixed point in K (79).
We will denote this fixed point by X (¢,v0), for each ||uvg — wo|lx, <7, 0 <t < 79. Note
that, from (73), X (-,v0) € C((0,70], X1+¢)-

Following [5] we can prove that t?|| X (t,v0) x,,, — 0 ast — 0 for all 0 < 6 < y(e).

Let us prove now that

lim [ X(t,v0) — voLx, = 0.

In fact, from Lemmas 3.2 and 3.4 we have

t
[ X(t,v0) = vollx, < |U(20)vo = vollx, +/0 1U(t, 5)f (s, v(s))l|x, ds

t—07T

< ||JU(¢,0)vo — vol|x, + cMBe[u(t) + ¢~ sup {511 X (s, v0) l14¢}]°] — 0.
0<s<t

From all this we see that X (¢,v9) is an e—regular solution starting at vy and it is the unique
e—regular solution starting at vg in the set K(79). We will hereafter call it the K-solution
starting at vg.
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The proofs of uniqueness of e—regular solutions and the continuity with respect to initial
data follows exactly as in Theorem 1 of [5] and therefore we omit it. This concludes the
proof of Theorem 3.1.

4. APPLICATIONS
Consider the problem

uy = af(t, x)Au—i—f( ), xz€Q t>0
u(t,r) =0, z€dQ, t>0 (75)
uw(0,z) = up(z), x €.

By a solution of this problem we mean a solution wu(t) of the Cauchy problem for the
ordinary differential equation of the first order

du

—r FABu=f(w), u(0) =, (76)

in the Banach space L2(f2), where the operator
A(t)u = a(t, x)Au,

with domain of definition D = H?(Q2) N H}(Q). Here Q is a bounded domain of RY, with
regular boundary and N > 3 and we assume that a(¢, ) be continuously differentiable in
x and that there are positive constants ¢g and ¢; such that 0 < ¢g < a(t, z) < ¢;.

Also, suppose that the functions a(t,z) and b(t,z) := V,a(t, ) it belongs L>(2) and
L>(QN) respectively, for any t. Furthermore, assume that t +— a(t,-) € L>®(Q), t
b(t,-) € L (V) are Holder continuous functions with exponent e > 0 and constant C.

As for the nonlinearities f, we assume that f € C*(R,R) and satisfies de growth condition

) < e+, p=rtes1 (77)
N -2

LEMMA 4.1. The operator A(t) is the infinitesimal generator of the analytic semigroup

of contractions in L%(£2).

Proof: See [12, Theorem 3.6, p. 215]. O
The scale of fractional powers spaces {Ef }oecr associated to A(t) satisfy

oY 2c
Ey — H*(Q), a>0
E;*=(E3), a>0,
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where H'(§2) are the potential Bessel spaces (see [3, 6]). We will denote E§ simply for E,,.
From the Sobolev Embedding Theorem, we obtain
E,— L"(Q) forr < NQf]\ia,Oga< %
Fo = 12(9) (78)

Eq — L*(Q) fors> -, - <a <0,

with continuous embeddings. Moreover, we have E_; /5 = (HA(Q)) =1 H (). Notice

that the realization A, (t) of A(t) in E, is a isometry from E,4; into E, and A,(t) :

D(A,(t)) C Eqy1 — E, is a sectorial operator. Furthermore, D(A,(t)”) = E, 5.
Denote Xo := E, 1, a = —1 and A(t) : X; C Xo — Xo the X_

-realization of A(t).
The fractional powers spaces associated to A(t) satisfy

1
2

Xo — L7(Q) for r < 2N _ l§a<%+%

Nt2—da’ 2
X1 = L3(Q) (79)
X, <« L5(Q) forsZ#l\im,%—%<a§%.

LEMMA 4.2.  With the notation above, the operator A(t) : X1 C Xo — Xo is the

infinitesimal generator of the an analytic semigroup in Xy and satisfies the conditions (6)
and (7).

Proof: For u € H2(Q) N H(Q) and ¢ € H}(Q), using the divergence theorem, we have

/[a(t,m) —a(s,z)]Au(x)p(x)dr = / [a(t,x) — a(s, x)]p(z)Au(x)dx
Q

Q
=— /Q Vi(la(t,z) — a(s, z)]p(z)) Vu(z)d.

From this, we obtain

/Q[a(t,x) —a(s, z)|Au(x)p(z)dz
— ‘(t _ S)e/ﬂ vz([a(tax) :Z(f,x)]@(x))vu(l’)dib

)
<(e- oy [ TED D v
Q
o [ R v Tty
< ol 1T ) |Vl
+ 1t sl DN G2y Dl e

< CJt = sllNell g o lull g @)
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Now, taking the supremum for ¢ € H}(Q), with ol 1) < 1, we get
ILA®) — A@s)ull -1y < Clt = sl llullme),  Yu € H*(Q) N Hy(Q).

It follows from the definition of A(t) and from the fact that H2(Q) N H(€2) is dense in
H} () that

IA(t) = A(s)l|L(x1,x0) < Clt — 5]

O

LeEMMA 4.3. Let p > 1, f € CH(R,R) satisfying the condition (77). Then
[f(uw) = f0)] < clu—o|(1+ |ulP ! + o] ™), (80)
F()] < (1 + [ul?). (51)

Proof: The proof of (80) follows from Mean Value Theorem and (81) follows from (80),
with v = 0 and from triangular inequality. O

For ¢ € (0, 5,), it follows from (79) and (81) that

Xipe & L7005 (Q) L [Fa280an (Q) = LV (Q) < X,

From (79), (80) and Holder’s inequality with exponents r = N+2EJX(1+5)7 r = 474%5)\'71)6,

1F () = FOlx, < el f @) = OO e o

< ealleh = vl(1+ o) ol o

[ o Ul [P VA
LT=4(p=D¢ (Q)

< caplju — v 2N
LNF2-4(1F6) ()

< - 1 p=1 p-1 )
< ool =0l a2 ( ey o) ¥ ””'Lﬁzgz:ize(m)

To conclude, note that p — 1 = ﬁ and T i(p—De = NT2-1(159)"

This proves that f is an e—regular map relative to the pair (Xo, X1).

Follows of the Theorem 3.1 that the problem (75) has an unique e—regular solution v
starting vo € H}(Q).

2N (p—1) 2N
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