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In this we study generalized viscous Cahn-Hilliard equations with critically
growing nonlinearities in W(} P(Q), & C R* for n > 3. We prove that the
problem with such critically growing nonlinearity is locally well posed and
obtain a bootstrapping procedure assuring that the solutions are classical.
For p = 2 and almost critical dissipative nonlinearities we obtain a global
well posedness result, existence of global attractors in H}(R?) and uniform
L°°(92) bounds for the attractors. Finally, we obtain a result on continuity
of exponential attractors which shows that, in dimensions n = 3 and n = 4,
the attractor of the original Cahn-Hilliard equation coincides (in a sense to be
specified) with the attractor for the corresponding semilinear heat equation.
October, 2007 ICMC-USP '

1. INTRODUCTION

Our aim is to study viscous Cahn-Hilliard equations of the form,

(1= v)ue = —A(Au + fu) - vug), 20, T€D,
(1.1) u(t,z) = Au(t,z) = 0 on 01,
u(0, z) = uo(x),

where v > 0, f € C%(R, R) with suitable dissipation properties (in particular; f (2) = z—2%)
and Q is a smooth bounded domain in R®,n > 3. This model equation was introduced by
A. Novick-Cohen in [18] to describe the dynamics of viscous first order phase transitions.
Equation (1.1) is interesting not only because of its physical background but also because
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348 A. N. CARVALHO AND TOMASZ DIOTKO

it contains important particular cases; when v = 0 the original Cahn-Hilliard equation and
when v = 1 the semilinear heat equation. The transition of the asymptotic behavior as
parameter v varies from 0 to 1 was studied in [16] where (1.1) is written in the form of a
system :

1-v)uu=Aw, z€Q, t >0,

(1.2) vug = Au+ f(u) +w,

with suitable initial-boundary conditions. Qur paper extends and improves the results of
[16] where asymptotic properties of (1.1) were first examined in details.

We are interested in studying the semigroup generated by ( 1.1) on the phase space H} ()
(and on W,'P(Q) in case of local solutions), with the equation satisfied in H~1(f) when
v >0 orin H73(Q) when v = 0. Assume that f € C!(R,R) is a real function satisfying
the following set of assumptions.

o For the local existence of solutions of (1.1), we assume there are constants C' > 0 and
1<g< Z—"_‘%, such that

(1.3) [f (I <CA+s"™), Vs eR,
e For the global solvability we need to add the dissipétiveness condition

(1.4) lim sup {5 <A

|Js|2o0 8

where —J; is the first eigenvalue of the Dirichlet Laplacian in 0.

* Studying existence of the global attractor for (1.1) we need to assume that the non-
linearity is almost critical, which can be obtained if f satisfies

O
(1.5) |al|1-£noo lslq—l =0
Clearly (1.5) implies (1.3) required for local existence of e-regular solutions to (1.1).

Remark 1. 1. If g>1and f € C'(R,R) fulfils (1.5) then for arbitrary n > 0 there is a
positive constant C), such that

(1.6) 1£(81) = f(s2)] < |s1 — 82| (Cy + mls1|7" +7]s2[27)
and
(L.7) 1£(s)] < Cy +ls|?.
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d In the present paper, under critical growth condition (1.3) on f, we show local well

posedness of the viscous Cahn-Hilliard equation in W(}“’ (). By local well posedness we
understand the existence, uniqueness and continuity wit respect to initial data of e-regular
solutions, as introduced in [1]. We prove that

THEOREM 1.1. Let f € CY(R,R) fulfils the condition (1.3). Then, to arbitrary uo €
Wol ?(Q) corresponds a unique e-regular solution u of (1.1). Moreover, if the condition
(1.5) is satisfied, given a bounded subset B of W, P(Q), there is a time T = 7(B) > 0 such
of that any solution starting at a point of B must exist in the interval [0,7] and the image
of B through the local semigroup generated by (1.1) in Wo1 P(Q) will be compact for all
) 0<t<r.

» &

en
1g When p = 2, assuming additionally the dissipativeness condition (1.4), local solutions
constructed in Theorem 1.1 are in fact global solutions. We have

d TuroreM 1.2. If (1.3) and (1.4) are satisfied, then the unique local e-regular solution
“to (1.1) in H}(Q) exists for allt > 0.

The same condition (1.4) together with the almost critical growth assumption (1.5) are
sufficient to assure existence of the global attractors A,,v € [0,1], for the semigroups
generated by (1.1) on H}(S2) (see Theorem 4.1 in the main body of the paper).

The main result of our paper states that the dynamics generated by (1.1) on the space
H}(Q) is the same (in a sense to be specified) for all values of v in [0, 1]. Thus, in particular,
the dynamics generated (under our assumptions) by the semilinear heat equation (corre-
sponding to v = 1) is the same as the dynamics generated by the original Cahn-Hilliard
equation (v = 0). This result, stated precisely in Theorem 1.3 below, is obtained through

n- the sequence of auxiliary theorems describing mostly spectral properties of the operators
B, := A((1 = v)I + vA)™! (see (2.3)) and 4, = (-A)B, (here A = (—A) with Dirichlet
boundary condition). We consider first convergence of linear semigroups corresponding
to various v € [0, 1], then convergence of nonlinear semigroups and finally, assuming that
all the equilibria of (1.1) are hyperbolic (the set of equilibria £ is independent of v) also
continuity of local unstable manifolds of the set of equilibria when v € [0,1]. Since each
attractor A, is characterized as unstable set of the set of equilibria,

. A, = WHE),
we have thus continuity of the family {A,},ef0,1] Of global attractors to (1.1). The main

result of the paper states that

THEOREM 1.3. Let {T,(t) : t > 0} be the gradient nonlinear semigroup associated to
(1.1), A, be its global attractor and V : H}(Q) — R is its Lyapunov function (independent
of v, see (3.2)). If {T1(t) : t > 0} has a finite number of hyperbolic equilibria u}, 1 <i<n,
then A, is given by

(18) A, = U W;l(u:)a

i=1
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350 A. N. CARVALHO AND TOMASZ DIOTKO

where W} (u}) denotes the unstable set of uf related to the semigroup {T,(t) : t > 0}.
Furthermore if we denote by {ny,--- ,n,} the set of all distinct values of V(uj), ordered
so that n; < nj, 1 < i <j<p<n, and define & = {uf € £ : V(u}) = ni}, then if
yu() : R = X is a global solution for {T,(t) : t > 0}, there are ky, ks with1 < ky < ky < p,
uj € &, and uj € E,, such that

t_l)n_noo Yu(t) = u} and t_1=+moo yu(t) = ul.

For all v, € [0,1],

(1.9 dimg(A,) = j_nl)axnrank(Qj,,,) = j_rglaxnrank(Qj,o) =dimpg(A4),

(1.10) distsr (A, A,) =30

where dimp denotes the Hausdorff dimension, disty is the symmetric Hausdorff distance
and Q;,, = Q. (0% (u}) is the projection in L(Hg(Q)) defined by the part of the spectrum of
the operator L, = (vI+(1-v)(=A)"1)"1(=A = f'(u*)) to the right of the imaginary azis.
In addition, there exists v > 0 (independent of v) such that, for all B C H} () bounded

(1.11) dist(7T}, (t)uo, Ay) < c(B)e™™, for all up € B.

Certain problems related to (1.1) were recently considered in literature. In [13] the two
parameter hyperbolic extension of (1.1):

) Wug =+ U — A(—Au + f(u) + 6’(&{;) = 0,

introduced earlier in [21] in one dimensional case (n = 1), was studied. The presentation
includes regularity, existence of global attractors and their upper semicontinuity as (w, §) —
(0,0) (w,é € [0,1],6 > pw for some p € (0,1]). The function f(s) growth like |s|* in
dimension 3 and the phase space considered in [13] is [H2(Q) N H} (Q)] x L?(R) when w > 0
and H%(Q) N H}(Q) when w = 0.

The problem

(1.12) ug = A (a(uy — Au+v® —u)) =0,

where a : D(a) C R — R is a strictly increasing differentiable function, was considered
~in [19] (see also references there). Using J.M. Ball’s recent approach (see [5]), she studies
weak solvability and existence of the global attractor for (1.12) on large phase space (like
LY(Q)).

This paper is organized as follows. In Section 2 we obtain the local well posedness for
the problem (1.1) in W,*?(R2) and prove a bootstrapping result ensuring that the solutions
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are classical. In Section 3 we prove global well posedness, In section 4 we obtain the ex-
istence of global attractors for (1.1). In Section 5 we study the continuity of the family
of semigroups generated by —AB,. In Section 6 we use the results of Section 5 and the
variation of constants formula to obtain the convergence of nonlinear semigroups. In Sec-
tion 7 we study the linear semigroups associated to the linearizations around a hyperbolic
equilibrium. Using the continuity of the linear unstable manifolds obtained in Section 7 we
prove in Section 8 that the local unstable manifolds of hyperbolic equilibrium points behave
continuously for all values of the parameter and in particular we obtain that the Hausdorff
dimension of the attractors A, is independent of the parameter v. Finally, in Section 9,
we use the results of the previous sections to obtain upper and lower semicontinuity of
attractors.

2. SETTING OF THE PROBLEM, LOCAL SOLVABILITY OF (1.1) AND
BOOTSTRAPPING

We first rewrite (1.1) in a more suitable form to our purposes. If A denotes the Dirichlet
Laplacian, inverting the operator ((1 —v)I — vA) we have that (1.1) can be rewritten as

up = ((1 = v)I = vAY 1 (—A%u — Af(u))

(2.1) = — A2((1 = )] — vA) " Lu — A((1 = »)] = vA) T (f(w)).

Therefore (1.1) will be written abstractly as:
(2.2) up = —AX((1 = ) +vA) tu+ A1 - ) +vA) " (f(w),

where —A denotes the realization in W~1P(Q) of the Laplace operator with Dirichlet
boundary condition with domain D(A) = WP ().
To simplify further notation let us introduce an auxiliary operator

(2.3) B, = (-A){((1 =) —vA) ™ = A(A- )T +vA)™"

The operator B, has several nice properties; first B, : X* — X*®,5 € R (X® denotes here
the domain of the fractional power A%), is bounded and invertible, it is also self-adjoint
and positive. With the use of this operator equation (2.2) will be written as:

(24) U = —-AB,u + Bv(f(u))v
or, inverting, as

(2.5) B luy = —Au + f(u).

Remark 2. 1. The formula (2.4) express important property that the viscous Cahn-
Hilliard equation (v > 0) behaves as a parabolic equation with second order elliptic main
part. Thus important properties of its solutions will be similar as for solutions of such
parabolic problems. In order, the limiting original Cahn-Hilliard equation (v = 0) is again
a parabolic equation, but with forth order elliptic operator in the main part.
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Remark 2. 2. In a number of references (e.g. [20]) the authors consider the“bi-
Neumann” boundary value problem for the original Cahn-Hilliard equation, that is the
case of boundary conditions:

Ou OAu :
'a—n' = -'a'—n'- = 0 on 0.
That could be considered here as well with few changes.

When the nonlinear term is subcritical in WyP(Q) (which means that g< ;’—i‘ﬁ), then
the problem (2.2)

up = —A*((1 - v)I + vA)u + A((L-)I+vA) ' f(u) = ~AB,u + B, (f(u)),

will be studied using the standard approach (see [15]) since A%((1~v)I +vA) is a sectorial
operator in W~17(Q).

In this paper, for critically growing nonlinearities, we need to consider the concept of
e-regular solutions for (1.1). The notion was introduced in [1] and studied further, in
particular, in [8]. For completeness of the presentation we will recall now basic definitions
and properties of e-regular solutions referring to the above mentioned works for more
complete information. We start with an abstract formulation of the problem.

In Banach space X consider sectorial operator A : D(A) € X - X having the additional
property that Reo(A) > 0 (“positive operator”). Denoting by X* := D(A%),a > 0,
fractional power spaces connected with A we consider semilinear differential equation

us + Au+ F(u), t >0,

(2.6) u(0) = up € X1,

where F': D(F) C X' — X with certain a > 0. With that notation we recall ([1)):
DEFINITION 2.1. The map F is called a critical e-regular map relative to the pair

(X', X), if there are positive constants ¢,1,Cyy ¢ > 1 and € € (0, %) such that for each
v,w € X1te

o 1FO =Pl o= uilrie (G + ol +nulfad.)

”F(‘U)”qu S c (017 + "7“'”“3{1-4-;) for v E X1+E.

In addition, if for each > 0 there is Cy > 0 such that (2.7) holds with ¢,q and e
independent of 7, then F is called an almost critical e-regular map relative to the pair
(X1, X).

We have also a variant of Theorem 2.1 in 8]:
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PROPOSITION 2.1. Let F be a critical e-regular map. Fizingvo € X! then, thereisT >0
and 1o > 0 such that for each ug € Bx1(vo,r) there ezists a unigque e-reqular solution u of
(2.6), defined in [0, 70). In addition,

(3) t€[|u(t,uo)l|x1+e —20ast— 0%, 0<E<qge

(1) t€)lu(t,u1) — u(t, u2)llx1+e < C'llur — uallx2 fort € [0,70), 0 < € < & < g, ur,u2 €
Bx: (‘Uo,T), .

(i1i) u(t, uo) € C((0,70], X F9)NC((0, 70}, X+€) for 0 < € < ge; in particular the solution
u(t,uo) satisfies (2.6) for each t € (0,7o}.

If F is an almost critical e—regular map, then all the above holds for arbitrarily large
r > 0. In addition, if the solution u(t,uo) is bounded in X' in its mazimal interval of
ezistence, then it must exist for allt > 0.

Now we apply these abstract results to obtain local well posedness of (1.1) in WP ().
First we check that the condition (2.7) of Definition 2.1 is satisfied.

LEMMA 2.1. Letn >3, p<mn,q ::%ﬁ and f : R = R satisfying (1.5). When v >0,

n
then for each € € [0, 2%1) there is a constant ¢ > 0 and, for each 11 > 0, a constant Cy>0
such that

1f(w1) = f(wa)llxee < cllf(wr) — fwa)llw-1420e(0)

A -1 -1
< cflwy - w2“w‘}+2‘-*’(n) (Cn +llwa |1} 14200 () + 77”“’2”34,0”2(,;:(9)) )

for wy,ws € Wat2P(Q) = X1*¢. Also the second estimate of (2.7) is satisfied between
the same spaces.

If instead of (1.5) we assume that (1.3) is satisfied, then the above estimate is satisfied
with certain positive constants n and Cy- '

Proof: It follows from Sobolev imbedding theorem that for r := r—i{ﬁ;,
(2.8) WoT2eP(Q) C L7(), L+(Q) c WHHer(q).

Next, from (1.6) and from Hélder inequality,
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(2.9)
1fw) = Fwn)llxer < ellf(wn) - flwa)l 5,

N qn—zsﬂl-f-l)
n np
<c [ /Q [l — w2l (Cy + g7 + plug]t-1)] ¥ ~=5thers ]

n-ﬂ?(-’-l!
np

n-zs2¢+1!
n np
<e [/ |wy ~ wp) "-'Pd‘*”]
Q

[t ntunte=r + nhunlt 1) e

< ellws = wallz-(ay (Co + mlwrlIf=fo, + nllwalitriny)

-<- C”wl - w2”Wol+2"”(Q) (éﬂ + 7’”w1“€‘-/;11+2¢m(n) + 17”“)2”:‘;114-2:.?(9)) ,

The proof of the second estimate in (2.7) is similar, but simpler. The lemma is thus proved.

The case of parameter v = 0 in (1.1) requires separate treatment. In that case we will use
for the scale {X*} notation with subscript 0 to point out the difference with the previous
case; X§ = WyP(9), X§ = W—3+426p(Q)). We have:

LEMMA 2.2. Letn 23, p<n, q:= :—fﬁ and f : R — R satisfying (1.5). Whenv = 0,

then for each € € [0, 31;;) and 7 > 0 there are ¢ > 0 and Cy > 0 such that

IA(f (w1)) — A(f(w2))lixse < cll f(wr) - f(ws)llw-1+44ep(q)

~ q-1 -1
< cfjwy ~ w2“woi+“"(n) (Cn + ’7”"”1”W;+«.pm) + nljwe| :V‘;+4¢.v(n)) ’
for wy,wy € WytieP() = xl+e,
Under weaker assumption (1.3) the conclusion is as in the previous lemma.

The proof is precisely as in Lemma 2.1.

Remark 2. 8. The above Lemmas allow us to conclude that if f € C*(R,R) fulfils
conditions (1.3), then the corresponding to it Nemitskil operator F is a critical e-regular
map relative to the pair (W, ?(Q2), W—1» (€2)). As a consequence of Proposition 2.1 we thus
conclude existence of the unique local e-regular solution to (1.1) in Wy'P(2). I in addition
condition (1.5) is satisfied, then the corresponding to f Nemitskif operator F will be an
almost critical e-regular map relative to the pair (WoP(Q), W=12()) and the results of
Proposition 2.1 will hold with arbitrary positive r.

The last remark concludes the proof of Theorem 1.1.

2.1. Bootstrapping property
It is known (see [1], [9]) that the local solution obtained above regularizes in time. We
will give now a slightly more complete description of this property. Let us focus on the
case v > 0 in (1.1). From Theorem 1.1, to any ug € Wy(R) corresponds a unique local
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e-regular solution to (1.1),

(2.10) u(t) € C((0, 70}, X1+7) N C*((0, 70], X**°).

It was assumed in Lemma 2.1 that 2qe < 1, hence in case v > 0 the solution
u(t) € W? ?(Q) for small t > 0,

and for such ¢ will vary continuously in W2 ?(Q) (by "r~” we denote an arbitrary number

smaller than r).
Similarly, for v = 0, the local e-regular solution described in Lemma 2.2 starting from

up € Wy 'P() will enter and for small ¢ > 0 vary continuously in the space w3 P(Q).
Fixing now small ¢o > 0 and using the Sobolev inclusions

np
n—p-’
np
n—2p~

W27 P(Q) N Wy P (Q) C WoP (), pr <
(2.11)

b

W3 R(Q) N WEP(Q) C WP (Q), B <

we will consider local e-regular solutions u(t) in W, P (Q) or W(} P (@) forv >0orv =0,
respectively, existing locally for ¢ < to as shown in Theorem 1.1. This procedure can be
iterated. Our task is to show that after a few iterations the iterated exponent p will exceed
n. An induction argument will be used to prove the claimed. We have:

LEMMA 2.3. Consider a sequence {pn} of real numbers given by the recurrent formula:

n

Pm+1 = Pm =, po:=p<n, meN.
n-— pm

As long as its elements are less than n, this sequence is strictly increasing and there is a

minimal index m = mg such that pp, > n.

It is evident from the definition that pmy1 > pm (if p;, is taken sufficiently close to
pm < n). Therefore the sequence is strictly increasing. Consider next the quotient:

Pmil _ Pm M= Ppa

Pm Pm-1 N —Dm

m—1

Since the sequence {pn} is strictly increasing, the factor ";fp_ will be chosen greater
than 1. Therefore, as long as p,, < n, we have the chain of inequalities:

(2.12) Pmi1 o Pm o SPlsg,
Pm Pm-1 p

showing there must be an element pp, > n. The proof is completed.
We are thus able to formulate:
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LEMMA 2.4. Let ug € Wo1 ?(Q) and p < n. Then the corresponding to it e-regular

solution w enters for t > 0 the space W2 Pmo(Q) and, consequently, also C'4(Q) with
certain p > 0.

Similar result is avaliable for the case ¥ = 0 when the smoothing action of the equation
is even stronger. Further increase of the regularity can be obtained through considerations
in Holder spaces C"(Q2).

Remark 2. 4. The result of the above lemma allows us to strengthen slightly the
compactness property of solutions reported in Theorem 1.1. Namely, if f is as in Theorem
1.1 and generates an almost critical e-regular map and B is any bounded subset of whr(q),
then the local semigroup {S(t)} generated by (1.1) in WyP(Q)

S:[0,7] x B — WyP(Q),

satisfies the condition IS(@)Bllgr+nqy < 00, t > 0, that means images of bounded subsets
of X1 = W, P(Q) are compact.

3. GLOBAL SOLVABILITY OF (1.1)

We will limit our studies on global solvability of (1.1) and its global attractor to the case
of Hilbert space H}(§2). Of course all what was said previously about the local solvability
in ng "7(Q) applies to the present case p = 2. In order to conclude global in time solvability
in Hg () of the problem (1.1), according to Proposition 2.1, we need to justify global in
time H{} () boundedness of the e-regular solution in its maximal interval of existence. To
justify this Lyapunov type functional will be used which is common for (1.1) with all values
of v € [0,1). We will use an equivalent form (2.5) of (1.1) to construct such functional.
Multiplying equation (2.5) by u; and integrating,

/ B luy updz = —/ Au udz +/ f(u) wdz.
0 Q Q

Now, thanks to the self-adjointness of B;'! and integration by parts in the first right hand
side component we get:

(31) 0< % (~31vulie) + [ Faaz),

where F(s) := fos f(2)dz is a primitive of f. We will thus introduce the Lyapunov function
for (1.1) through the formula

(5.2) £6) = 31Vl - [ Fo)aa
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Remark 9. 1. It is interesting to note that the same Lyapunov function £ works for the
semilinear heat equation, for the original Cahn-Hilliard equation and for the whole range
of problems (parameter v € (0,1)) contained in (1.1). This observation suggests that the
sets of equilibria and the asymptotic behavior of solutions to all this class of problems will
be the same. The last remark will be extended in section discussing continuity of global
attractors.

To conclude following from Proposition 2.1 global solvability of (1.1) in H}(R), we need
to have a global in time a priori estimate of the local solution in Hj () norm. The last
is a consequence of the form of the Lyapunov function (3.2) and our assumptions. Let us
analyze briefly properties of £(u(t,)). Note first that with our growth restriction (1.3) the
primitive F(@) is well defined when ¢ € Hg(€). Indeed,

[ 1F @ < ci01+ CloIE

which is controlled by the H2(€) norm of ¢. It follows next from assumption (1.4) that,
for some € > 0, F(s) satisfies
>\1 - 682 A

(3.3) F(s) < =55 +d,

for some d > 0. Since the Lyapunov function decreases along solutions; L(u(t,)) < L{ug),
we are able to estimate the H}(§2) norm of the solution using the Poincaré inequality:

LIVutt, Moy < Lluo) + [ Plutt2))ds

1

(3.4) ) .
< £+ (3 - ) IV ey + i

2

As a consequence of Proposition 2.1 and of the above considerations we have completed
the proof of Theorem 1.2.

4. EXISTENCE OF THE GLOBAL ATTRACTOR FOR (r.1)

Proving existence of the global attractor we will strengthen the assumption concerning
nonlinear term to condition (1.5). Since the problem (1.1) has a very good structure,
existence of its global attractor will be shown using the classical and nice result in that
direction, stating that: a gradient, compact nonlinear semigroup with bounded set of equi-
libria possess a global attractor coinciding with the unstable manifold of the set of equilibria
(see [14]).

Observe first that the problem (1.1) equipped with the Lyapunov function £ generates
in the space H}(Q) a gradient system in the sense of [14]. Boundedness in Hg(Q2) of the
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set of equilibria satisfying

Av+ f(v) =0 in Q,

(4.1) v =0 on 89,

follows through the standard multiplication by v with the use of the assumption (1.4) and
Poincaré inequality;

Al —€
19010y < [ fhods < 2519010, + dl)

Finally, compactness of that semigroup for ¢ > 0, which is a consequence of the smoothing
property of e-regular solutions stated in condition (ii) of Proposition 2.1, was mentioned
in Theorem 1.1. We have thus all the ingredients required to formulate:

THEOREM 4.1. Let the conditions (1.4) and (1.5) be satisfied. Then, for arbitrary v €

[0, 1] there ezists a global attractor A, for the semigroup of global e-regular solutions of (1.1)
in H}(Q).

4.1. Additional properties of the global attractors

In further studies we need uniform with respect to v € [0,1] estimate of the global
attractors in L*®°((2).

* We need, inside this subsection, to strengthen assumption (1.5) to the form

- n+2
(42) Va>03c,0ser 1f"(s)] S lsl?™ + C, g = ——.

For the problem (1.1), due to its symmetry, estimates of better norms of the solution will
be obtained multiplying the equation by A™u,m € N:

(4.3) /((1 =)+ vA)A  uy A™udz = —-/ Au A™udz +/ f(u) A™udz.
Q Q Q

For m = 2 this leads to the equation:

(4.4) /((1 -V +vAu Audr = —/(A%u)zdx-f-/ A%f(u) Audz.
Q Q Q

Now, with the use of assumption (1.5), the last component above will be estimated as
follows:

(45) 1A f@)llzx@) < ellf @)l (@I Vellz2@) < C(')”U”;ﬁg) + Co)lIVull2 ).
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Further, using Agmon’s and interpolation inequalities, we will estimate the L>®(Q) norm
of u:

1
ullf oy < el g el < €l oy ey for m =3

1 (4.6) llull2 o0 (@) < ellull e (@ llullas) for n =4,

4 2 2
“u“;fo(g) < C““”;{z(g)““”;{sm) for n = 5.
In all the cases n = 3,4, 5, this leads to an estimate:
1d ((1 -v) / (A%u)zdm + u/ (Au)zdm) dz
: (47 2t a o -
< —[|A}u|Zaq) + ¢ (nllullfssa) + const(M (uo))-
Denoting £1(¢) := (1-v) fQ(A%(ﬁ)deH-V Jo(Ad)?dz, for sufficiently small > 0 the above

estimate together with our earlier v-independent a priori estimate (3.4) will be extended
to

S E1Y

(48) 22y (ut, ) < —eLault, )+ const (M (wo))

) with const' (M (uo)) independent on v.
We proceed with the estimates of better norms of solutions to (1.1) letting m = 3 in

(4.3);
(4.9 /Q((l — )1 + vA)u, A’udzs =~ /Q(A2u)2dx + /QAf(u) Aludz.

The nonlinear term will be now estimated with the use of assumption (4.2):

(4.10)
NASf(W)llz2@) = If (w)Au + £ ()| Vul?l| L2
< | @)l eyl Aulizz) + I @)l Lo @ NIVl L2

] 8—n
= ) ulley +¢ (=r 03) IVl
The interpolation inequalities give us

2 1

lAull L2y < ellull 3 )1l @)

(4.11) e

s IVullZaq) < ellullgfqlullfa )
and consequently, for n = 3,4, 5, we obtain

A W)l < Clllullay) (llullas@) + 1).
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This leads to

(4.12) ;jt(I—V)/(Au)zdx+V/(Agu)2dz)
< -l A%ullf2qydz + ¢ (n“unm(g) + const(M(uo))) ,

and with a sufficiently small n > 0, for £2(¢) := (1-v) [,,(A¢)%dz+v [, (A} ¢)2dz, extends
to the estimate

(4.13) %cz (u(t, ) < —cLa(ut, ) + const” (M (uo)),

with const(M(up)) independent on v. Note that for n = 3 equation (4.13) provides
in particular uniform with respect to v € [0,1] estimate of the global attractors A, in
L>®(Q) C H?(N). :

Assuming existence of the third derivative of f and an appropriate almost critical growth
restriction (similar to (4.2)) we will proceed obtaining a priori estimates. In particular,
analyzing formula (4.3) with m = 4, an a priori estimate for

Lo(ut, ) := (1 - v) /Q (Abu(t, ) dz + v /9 (A2u(t, ))2dz

is available. This estimate will imply uniform with respect to v € [0, 1] estimate in L>°(12)
of the global attractors A, in dimensions n = 4, 5.

5. CONVERGENCE OF LINEAR SEMIGROUPS

Let A = —A with Dirichlet boundary condition with domain D(A4) = Hj () = X! and
taking values in X = H~1(Q) = (H}(Q))' = D(A™Y).

Define A, = A%((1 — v)I + vA)~! and let B, = A((1 — v)I + vA)~!. Clearly, for all
v € [0,1)], the operators A, are self-adjoint and positive operators defined in D(A) with
values in D(A™1) for v € (0, 1] and with values in D(A;!) if v = 0. Similarly, the operator
B, is a bounded positive and self-adjoint if v € (0,1) and By = A: D(4A) C X = X.

LEMMA 5.1. If X € p(—A,) N p(—A,) then, the following identity holds

(5.) A+A) - +4,)71
' =A, A+ A,) A - AT AL+ A)7

In addition

(5.2) N+ A4)™ =+ A7 < Cll4T - ALY

and for any a € [0,1], v € [0,1], i = 0,1,

(5.3) AL e~ At — Apemdet|| < Mt AT — AZY|®
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Proof: To prove (5.1) we simply add and subtract =AM+ A)7H A+ Au)7 T to the left
hand side of it and note that —A(A+A4,) ' +I=A4,(A+A,)"and =AM+ 4,) 1+ =
A, (A + Ay)~1; that is,

A+4,)" 1= +4,)"!
=A+A)THEAAFA)TTHD) - (FAA+A)TT DA+ AT
=+ A)TIA A+ AT AN+ A)TT A+ AT
= A0+ A) A - AZNHAM+ AL

It follows from (5.1), (5.2) that
(5.4) e~ Avt — e~ Aut = L / MM+ A) -+ Au)~MdA
2w Jp
and therefore
(5.5) lle=At — e~ At < METHIAT - AL
Now since

1 |
Avem Mt — Aot = — /r AM[(A+ A)7H = (A + A,) 7 dA,

we have that
(5.6) lAve=4t — Aye™ || < M2 AT — A7,

Also, from the fact that A, and A, are positive and self-adjoint, note that

(5.7) lle=At — e~ At < M
and
(5.8) |A e~ 4t — A e~ 4| < Mt™L

Combining (5.7) with (5.5) and (5.8) with (5.6) we have that, for any a € [0,1] the
estimate (5.3) holds.

LEMMA 5.2. There is a constant M > 0 such that
|41 — A7 < My,

and

A = AL < My — p.
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Proof: In fact, since A, = A%((1 — v)I + vA)~!, we have that
AT = A7 = (1= )] +vA) A~ — A2 = J[A1(T - 47Y)]

and the first estimate follows. For the second estimate we proceed in a similar manner;
that is,

A7V = A7 = (L= )T+ vA) = (L- )] + pA)A™2 = [ - p[A1(I - A7)

LEMMA 5.3. There is a constant M > 0, independent of v, such that

(5.9) 1B, A7 < M.
Consequently

(5.10) |B,e~ 4t — Ae=4%t)| < Mt~}
and

(5.11) | |Be~ At — B‘,e—Aﬁu <Mt t,

Proof: First note that

BAY =wI+@-va gt prea - VAT)EAY = (1 - )T +v4)~}

and that
(1 =) +vA]u,u) > (1 - v) + vAy)|full®.
Consequently
| (1 = )] + vAlu, [(1 = 0)] + vATRu) > (1 - ) + vA)|[ul]
and

1 1
T S 1
(L=2) +2A)% 7 min{1,A7}
proving the first estimate. The estimates (5.10) and (5.11) follow from (5.9).

I~ )T + A4 <

THEOREM 5.1. Forany0<e<1 andv € [0,1],

[|A'¢B, e~ 4| < Mt~ 1t%,
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Proof: Note that
|AB,e~*t|| < Mt~}

and that

1Bue=t < 1By Ay E Al et < METH.
Consequently
A1 B,e~ A < MI|AB e 41| Bre™ |« < METHE,
and the result is proved.

THEOREM 5.2. Given 0 < € < 1 then for a < 5=y we have B=1+a(l —€)—5<1,
and .

|A1<B e~ At — A4t < MEP|ATH — 47|20
and also
JAL< B, et — A<Be~ At < MEA|ATH — A0
for all p,v € [0,1].
Proof: The result follows from (5.3), (5.10) and from the moment inequality

A z|| < MI|Az]|'~<(lz|l‘, for all z € D(4).
6. CONVERGENCE OF NONLINEAR SEMIGROUPS
In this section we consider the nonlinear semigroups>
¢
T, (£)uo = e~ *'uo + / e~ Au(=9 B, (T, (s)uo)ds
0

and

t
To(t)uo = e ~7tuo + / o~A(t=5) A £(To (s)uo)ds.
0
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We will assume that f : X! — X¢ is globally Lipschitz continuous with Lipschitz constant
L and globally bounded by N. Then ‘

1T2 (t)uo — To(t)uol|xr < |le=A+t — 3“A2t||L(X1)”Uo”x1
+ /ot lle™#«t=*)B, £(T, (s)uo) — =4~ A f(Ty(s)uo)|lx:ds
< fle~Avt - ‘5_'42t|ll,(xl)”Tm”xl
+ /0 t |Bue= A=) [£(T, (s)uo) ~ f(To(s)uo)]l|x:ds
* /ot I[Bue™42=9) — A=At~ £(Ty (s)uo) | x1ds.
Hence
IT.(8)uo — To(t)uollxs < lle™+* = e~ 4|y Juol x»

+ / 141=<B, e~ A= [£(T, (s)uo) — f(To(s)uo)]l|x-ds

t
* / |41 =B, e~ An(t=9) _ g2=ce=A(t=5)|||l £(Ty (s)uo)|| x<ds
0 .
2 .
<|le At — g4 N lluollx:

t
+ ML/ (t —8)"5||T,(s)uo — To(s)uol|x1ds
0
t
+ MN||A' - A-Y|je / (t — 5)~Bds.
0

It follows from the Singular Gronwall’s Lemma ([15]), that

sup sup ”Tl/(t)uo - To(t)‘uOllxx S C(r, T)”A;l — A—l”cr.
te[0,T] [luoll x1 <rk

7. LINEARIZATION AROUND A HYPERBOLIC EQUILIBRIUM
Note first that the set of equilibria for (1.1) given by
&= {u" € H* Q) NH}) : Au* + f(u*) = 0}.
is independent of v € [0, 1]. Clearly, £ is a bounded subset of c(Q).
Before we proceed, let us study the hyperbolicity of the equilibria for (1.1). The linearized
equation around u* € £ is given by

vy = —Lyv,
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where L, : X! ¢ X — X fulfils
L= (T +(1-n)(~B8)) 7 (A = fu)u, ue X"

It is interesting to note that L, is not necessarily self-adjoint but it is the composition
of two self-adjoint operators.

A

Choose 8 > 0 such that L, = L, + 6 and o(L,) > 0 for all v € [0,1]. Then
L, - A, =B, f'(u"),

and

LEMMA 7.1. There is a constant M independent of v € [0,1] such that

145 (L, - Al < MIIF @)

Proof: Since for each z € D(4),
145 % (L - A)all = 14 ¥ B, ' (w*)zll < MILF () ll=l,

the result follows.

LEMMA 7.2. For each 8 € [0,1] there is a constant Mg > 0, independent of v, such that

L2 ALNl < M.

Proof: First note that [[AS(A + 4,) 72| < CIAP, LB\ + L,)~1|| < CIAP~! and that

O+ A) T = +L) = A+ A) T -+ Lo+ 4 - Ly + L)

(7.1) = (A + A,,)_l(i:y —_ Ay)()\ + va)—l'

Consequently
A0+ A = [T+ O+ 4) A ATHE, - AN+ L)AL
and there is a constant C such that
| 10+ B 420 < O,
Now, since

AP _PF= %sin B / ABO A+ A) N (Ey — A+ L) M,
: 0
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then we have
o0
PPaB=1- %sinwﬂ/ AP+ A) AF A (L, - A) (A + 1) 4B,
0

Hence there is a constant C, independent of v € [0, 1], such that the integrand is bounded
by CA~%, and the result is proved.

It is easy to see that the hyperbolicity of an equilibrium is independent of the parameter
v. That is, the following result holds

ProPOSITION 7.1. For all v € [0,1], L, is sectorial and has compact resolvent. All
eigenvalues of L, are real and, if A = 0 is not an eigenvalue of Ly, then it is not an
eigenvalue of L, for any v € (0,1].

Proof: If we change the inner product of the space to (B,-,-), the operator L, becomes
self-adjoint and therefore all its eigenvalues are real and L, is bounded below. Clearly L,
" has compact resolvent. To prove the remaining statement, simply note that the injectivity
of Lo implies the injectivity of L, = LoB, for all v € (0, 1].

In similarity with A,, the operator L, behaves like a second order elliptic operator (as
far as regularization goes) for v € (0,1] and as a fourth order operator for v = 0. Also, for
all v € [0,1],

L7 - L7t = (v — w)(A + f'w) [ = (-A)71),
showing that the resolvent of L, is a Lipschitz continuous function of v. Note also that L,

is a self-adjoint operator for each v and since u* is a hyperbolic equilibrium point for (1.1)
we can define

B = min{) € o(L,) N {\: Rex > 0}
and ~
B, =max{X € o(L,) N {\: Re) < 0}.

Further, for u € [0,1] fixed, if A € o(L,) is isolated its generalized eigenspace equals
WA, L) =Q(\ L,) X", where

1
QL) = — ¢I — L,)~1de,
ML)=go [ -1
and § is so that o(L,) N {{ € C: € — A| < 6} = {A}. From Lemma 4.9 in [4], there is €g,
such that p(L,) D S5 = {6 : |£ - Al = 6}’ Vll/ - ul < es;- Let W(A, L) = Q(A: Lu)Xl
where

1
QO L) = 5= (éI - L,,)_ld{.
21 Jyg-xj=s
The next result says that the spectrum of L,, for € small, approaches the spectrum of
Ly (see [4]). We already know that o(L,), v € [0,1], consists of isolated eigenvalues only

and 0 ¢ o(L,).
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THEOREM 7.1. Let Ly, L, be as above. Then the following conditions hold.

() If Ay € a(Ly), there exists a sequence Vn = [ and \,, € 0(Ly,), n € N, such that
Ay, = Ay @S T —> 0.

(43) If for some sequences vn = L, A, € 0(Ly,), n €N, one has Ay, = Ay asn = 0,
then A, € o(Ly,). :

(iii) There ezists €, > 0 such that dimW (), L) = dimW (A, L) for all v — pl < €.

() Ifu € W(Au, L), there exists a sequence {u,}, uy € W(Au, L), such thatu, — u.

) If vy = p, and up € WX Ly,), satisfies ||un|| = 1 then, {un} has a convergent
subsequence and any limit point of this sequence is in W(Au, Ly).

In particular, 8§ and B, are continuous functions of v € [0,1]. Since for each v €
[0,1] we have that BF > 0 and B, < 0, it follows that min,epo,1) B = BT > 0 and

max,ep,1] By =B~ <0
Denote by 0% (u*) = {A € o(L,) : ReA > 0} and let T be a contour, independent of v,

entirely contained in C* = {A € C:ReA > 0}, enclosing 0% (u*) and set
. 1 -
(72) Q{4 ) = o [ (6T = L)
™ Jr

It is clear that R(Q, (0% (u*))) is independent of v.

Consider the following decomposition of X'; let X 1 = Y, ®Z, where Z, = Q, (0% (u*))X 1
and Y, = (I — Q,(c%(u*)))X'. We note that 9, ((o% (u*))) is a compact operator and
therefore Z, is finite dimensional. Also, since Q,((c% (u*))) varies continuously with the
parameter v in the uniform operator topology, the dimension of Z, is independent of

vel0,1].
We have shown that there are constants M > 1 and B > 0 such that, for all v € (0, 1)

and a € [0,1],

el tz||x: < MeP|lzlix1, t <0,

7.3
*9 llebtyllxr < Mt*~ e P ylix=, £ > 0.

Proceeding exactly as in Lemma 5.1 we have the following result

LEMMA 7.3. If X € p(—=L,) N p(—L,), then the following identity holds

O+ L) - (AL

(74) =LV(A + LV)—I(L;I _ L;l)L“()\ + LH)_l'

In addition

- (7.9) I+ L) = A+ L) M < OIS = L
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and for any a € [0,1], v € [0,1], i = 0,1,
(7.6) IL3e™ " — Lie= || < Mt=i—2||L; - LY~

Also, proceeding exactly as in Lemma 5.2 we obtain the following result

LEMMA 7.4. There is a constant M > 0 such that
L7 = L5l < My,

and
L7 = LY < My — p.

LEMMA 7.5. There is a constant M > 0, independent of v, such that

(7.7) lle~2tB, — e~Lot 4| < prs4,
and
(78) lle~+tB, — e~LutB,|| < Mt-3.

Proof: Note that L, %B,, =L, %Aé A, %B,,. From Lemma 5.3 and Lemma 7.2 we have
that (7.7) and (7.8) hold.

Before we proceed we need to introduce the adjoint of L,; that is, L% = L, B, and note
that, L} — A, = f'(u*)B,. Consequently,

THEOREM 7.2. For any0<e<1andv€|[0,1],
ILi=¢eEtB, || < Me1+4,
Furthermore, for any o € [0,1), v € [0,1],

(1.9) - |re~2B, — Lie~LutB,) < Mt=1=e| L5t - L1,

Proof: Note that

LB, = 2—716 / eMLy(A + L,)™' B,dA

(7.10) . r

= -2—71.2/6A1L1Bu(/\ + Lle)_ldA — L:e—L:t - (LVC—L"t)*.
r
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Consequently, there is a constant M, independent of v, such that |Lie~E*By|| < M t~1

and
(Ei=ce= 1B, || < M||Lie= 2B, |1~ lle” ™ Byl < Mt™',

and hence the first estimate is proved. Furthermore, from Lemma 7.3, for any a € [0,1],
v el0,1],

Ilile—Lvth - ﬁle_L“tBu“ = “ive_L"t - Eue_L”t“ < Mt_l—a“L;l - L;-Il”a,

which concludes the proof.

THEOREM 7.3. Given 0 <e< 1, fora< =g we have f=1+a(l —¢)—§ <1and
|Ei-ce~L-tB, — Li~te~lotal < M P|ILGY - L5070
and also
|Ei-te LB, — Limte IntB,|| < Mt Pyt — ATHP00

for all p,v €[0,1].

Proof: The result follows from (7.8), (7.9) and from the moment inequality
|Li=z|| < M||Lyz|*¢||z||, forallz e D(Ly).
THEOREM 7.4. If @, := Q. (0% (u*), there is a constant M, independent of € € [0,1],
such that
1Q,e~ B9 B, — Qoe~"=9) 4]} < Mt™3¢5, £ <0,
L1 Qye~ b9 B, — Ly Qoe™2o("9 Al| < Mt L - L, £ L0,

and
(I = Q,)e~ BB, — (I - Qo)e~ 2l 4] < Mt~3e7F7t, £ >0,
LI = Q,)e B t=9B, — Li(I - Qo)e~ Lot A|| < Mt~te P TH|L; — LM%, £ 2 0.

Proof: Note that
L,Qe 2B, = L} Qe "

and consequently, for all t <0,

jQue2=B, — Qo 4| <2 sup {1z} Que B =LA B} < ME~Ee™,
velo,1
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NL1Que™ =B, — L, Qoe P09 4| = || L3 Qs E0t — L3Qpe~ Lt
= 1Ly Que™" ~ LoQoe™ || < Mt~1e P ||t — 1o

The other inequality is proved in a similar way.

8. CONTINUITY OF LOCAL UNSTABLE MANIFOLDS
Let u* € £ be a hyperbolic equilibrium point. Rewrite (2.4) as

(8.1) wy = —L,w + B, h(w)

where w = u — u*, L, = B,(A + f'(u*)I) and h(w) = f(u* +w) — f(u*) - f'(u*)w. We
decompose this equation using the projection given in (7.2); that is, if Q, := Q, (a4 (u*),
z(t) = Quw(t) and y(t) = (I — Q,)w(t) we have

z(t) = e*l“'(t_r)z('r) + /t Q,,e‘L”(t_s)B,,h(z(s) +y(s))ds,
(8.2) T

y(t) = e y(r) + /t(I = Q)e =B, h(z(s) + y(s))ds.

First we modify the nonlinearity A in such a way that, it remains the same inside the
ball |lw]|x: < 4, and

IA(w)llx< < p

(8.3) Ih(w) — h(@)][x« < pllw — ]| x1.

We obtain that the unstable manifold of u* is given as a graph near u* and that this graph
varies continuously with respect to .

Remark 8. 1. Observe that we are looking for a function X,* such that, if 7 € R and
(¢, Z,*({)) € Z, then the solution of (8.2) starting at z(1) = ¢, y(r) = Z,*(¢) stays in the
graph of X,* for all positive and all negative time. This means that y(t) = Z,*(2(t)) for
all t and thus (8.2) becomes

z(t) = 6_L”(t_T)Z(T) + /t Q,,e‘L"(t_s)B,,h(z(s) + 2, *(2(s)))ds,
(8.4) T

y(t) = e Le=mly(r) 4 / t(z — Q)e =) B, h(2(s) + Z,*(2(s)))ds.

Also, the solution (z(t),y(t)) should tend to zero as ¢ = —oo (in particular, it should stay
bounded as ¢ — —00). Letting ¢ty — —o0o we have

y() = 2.7 (2(t)) = /_ (I = Q)e 8 =9B, h(a(s) + £,*(2(s)))ds
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and, in particular,
r

IO =2 (2(n) = y(n) = / (I - Q)e ™ "=)B, h(2(s) + £," (2(s)))ds.

-0

The unstable manifold W"(u*) of an equilibrium u* is defined as follows:

WY(u*) = {z € Z : there is a global solution y(t) for {T(¢) : ¢ > 0}
satisfying y(7) = z and such that t_l)irn lly(t) = u*||z = 0}.
-0

PROPOSITION 8.1. For suitably small § and for all v € [0,1] there ezists a function
% : Z, - Y,, such that the unstable manifold W}'(u*) of the equilibrium solution u* to
(8.2) is given by

Weu*) = {u* + (Quw, T (Quw)) :w € Z, 8Y, };

also, for any (, € Z, and v € [0,1],
26 = / A T=9G, (2 (5), 3z (5)))ds.

For anyr >0 and pu € [0,1],

sup  {[1Qu(2) ~ Qul@lxr +1Z5(2(2)) - Z5(Qu(2)llx1 } 3 0,

z€X
”z”xl <r
and there exists v > 0 such that, for any uo € V and as long as T,(t)up €V,

(I = Q)T (o) = Z4(Qu (T (Huo))llxr < Me™™.

The proof of this result follows using the procedure as in (7] from the results obtained in
Section 5 and Section 7. Crucial is the uniformity with respect to v € [0, 1] of the estimates
obtained in Sections 5 and 7. We remark that this procedure is standard but the estimates
in the above sections must be obtained and cannot be claimed just from the continuity of
the resolvent operators or eigenvalues.

9. CONTINUITY OF ATTRACTORS AND THEIR DIMENSION

In this section we study continuity with respect to the parameter v € [0,1] of the
attractors A, of (1.1). As seen in [16] the attractors behave continuously with respect to
the parameter v (under some more restrictive conditions on the nonlinearity). Besides that
we also show that the dimension of the attractor is the same for all values of v € [0,1].
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The attractor for (1.1) in X! = H}() is given by
A, = WEE),
where W}'(£), the unstable set of the set of equilibria £, is defined as

W3(E) = {v € Hy(R) : there is a backward solution u, (t,v) of
(1.1), uy(0,v) = v, such that u,(t,v) = € as t & —o0}.

We stress the dependence of W*(£) on the parameter v. Even though the set £ is
independent of v, the flow defined by (1.1) may be completely different for different values
of v. Our aim is to show that in the attractor the flow behaves the same for all values of
a € [0,1].

Before we proceed let us recall the definition of the gradient semigroup.

DEFINITION 9.1. We say that a nonlinear semigroup {T,(t) : ¢ > 0} is gradient if
{T.(t)u : t > 0} is relatively compact for each u € X! and there exists a continuous
function £ : X! = R such that

e t > L(T,(t)u) : [0,00) = X! is non-increasing for each u € X1.

o If u € X' is such that there is a global solution ¢(-) : R = X! through £(0) = u and
there exists a t* € R such that £(£(¢)) = L(u) for all t > ¢* or for all t < t*, then u is a
solution for {T),(¢) : t > 0} (and so in fact £(£(t)) = L(u) for all ¢ € R).

The function £ : X* — R is called a Lyapunov function for {Z,(t) : ¢ > 0}.

We note that the function £ defined in (3.2) is independent of v and is a Liapunov
function for {T,(¢) : t > 0},v € [0, 1].

Theorem 1.3 formulated in the introduction is a consequence of the results in the previous
sections and of the results in Section 3.8 of [14].

Proof of Theorem 1.3. From the results in [12] we have the first equality in (1.9).
For the remaining equalities in (1.9) we only have to mention that the projections vary
continuously and therefore must have constant rank. The continuity of attractors follow
from the continuity of unstable manifolds (Proposition 8.1) (see [2]) and the exponential
decay towards the attractors is proved in [6).
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