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Let a > 0, Q C RY be a bounded smooth domain and —A denote the
Laplace operator with Dirichlet boundary conditions in L?(Q2). We study the
damped wave problem

utt + aug + Au = f(u), t >0,
u(0) = ug € HF(Q), ut(0) =wvo € L2(),

where f : R — R is a continuously differentiable function satisfying the growth
condition |f(s) — f(£)] < Cls —t|(1+[s|P~1 +[t[P~1), 1 < p < RE5, (N > 3),
and the dissipativeness condition lim SUP| 5| — o0 fgs) < A1 with A1 being the
first eigenvalue of A. We construct the global weak solutions of this problem

as the limits as 7 — 07 of the solutions of wave equations involving a strongly
damping term nA% u with n > 0. We define a subclass £S C C(]0, o), L%(2) x
H=1(2))NL>(]0,00), H} (2) x L2(2)) of the ‘limit’ solutions such that through
each initial condition from HJ(2) x L?(£2) passes at least one solution of the
class £S. We show that the class £S is bounded dissipative in H}(Q) x L2(€2)
and we construct a closed bounded invariant subset A of HZ(Q) x L2(Q),
which is compact in Hfl}(Q) x Hs~1(Q), s € [0,1), and attracts in any of
these spaces bounded subsets of H}(Q2) x L2(Q). For N = 3,4, 5 we also prove
a local uniqueness result for the case of smooth initial data. May, 2008 ICMC-USP
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2 A. N. CARVALHO, J. CHOLEWA AND T. DIOTKO

1. INTRODUCTION

In this paper we study damped wave equations of the form

upr + auy — Au = f(u), t >0, x € Q,
U(O,l’) = Uo($), ut(O,CC) = ’U()(ZC), HARS Qa (1>
u(t,z) =0, t >0, z € 99,

where a > 0, Q ¢ RY is a bounded smooth domain, N > 3, and f : R — R is a continuously
differentiable function satisfying for some 1 < p < % the growth condition
[f(s)] < C+[s|”H) (2)

and the dissipativeness condition

f(s)

lim sup - Tim < A1, (3)

|s]— o0

with A1 being the first eigenvalue of the negative Dirichlet Laplacian in €.
Assuming (3) and (2) with p € (1, ¥£2), we consider a parabolic type perturbations of

»N—2
the problem (1),

wy + 20(=A) 2wy + auy — Au = f(u), t >0, z € Q,
uw(0,2) = up(x), u(0,z) =vo(z), x € Q, (4)
u(t,z) =0, t >0, z € 99,

and we approximate solutions of (1) for initial data ug € H}(Q), vg € L?(Q) with the
solutions of (4) where n > 0. In particular we construct a bounded in H}(Q) x L*(Q)
uniformly absorbing set for the resulting solutions of (1) and show the existence of the
bi-space global attractor.

Damped wave equations with fast growing nonlinearities have been considered before by
many authors and much progress has been achieved; see [1, 2, 3, 6, 13, 15, 16, 17, 19, 20]
and references therein.

In [15] the author studied the damped wave problem in H'(Q)xL?(Q), when 2 was a
N-dimensional Riemannian compact manifold without boundary and f satisfied (2) with
p < %, N > 3.

In [16] the wave problems were locally well posed in the whole of RV, N > 3, for
up € H'(RY), vy € L*(RY) and f satisfying (2) with p < £42 and f(0) = 0. Note that
the solutions were unique thanks to the Strichartz inequality, being the main tool to obtain
suitable a priori estimates in the case of these special domains, and that to this date such
results have not been extended to bounded domains with Dirichlet or Neumann boundary
conditions.

In [20] the author studied asymptotic behavior of weak energy solutions to (1) in the
non-autonomous case. Some sort of the monotonicity assumption was considered for f but
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 3

no growth restriction was used to prove existence of the solutions of (1). The approach of
[20] comes back to the classical monograph [17], where the solutions were obtained for the
problem (1) with |f(s)| growing not faster than |8|% (N > 3).

We remark that when the nonlinear term f satisfies (3) and |f(s)] < ¢(1 + |s] %fﬁ) for
s € R, no further assumption is needed to construct a suitable notion of a global solution
of (1). This can be found for example in consideration of [4, Theorem 4.3], where the
approach of [17] was followed.

Some mild assumptions on the nonlinearity were considered in [19, Corollary] to construct
the finite-energy solution of (1) although simultaneously the initial data therein was taken
from HJ(2) N L>(Q) x L?(2) and not from HE(2) x L?(Q). On the other hand, in [19,
Theorem 2] strong dissipativeness condition was assumed, which in the non-conservative
case we deal with would lead to the asymptotic decaying of the solutions to zero steady
state.

In [4] previous results of [5] concerning generalized semiflows in metric spaces were used
to show the existence of an attractor for (1). In this consideration a hypothesis (see [4,
p. 46]) that “every weakly continuous solution satisfies the energy equation” was assumed.

Since the question whether weakly continuous solutions fulfil the energy equation has
not been answered yet we investigate the properties of the solutions of (1) based on the
regularity and dissipativeness properties of solutions of the perturbed (parabolic type)
problems replacing the Galerkin approximation technique by a variant of Viscosity Method,
which seems to lead to some interesting results.

In order to explain the procedure better we introduce some terminology.

Denote by —A : D(A) C L*(Q) — L?(Q) the Laplacian in L?(Q) with the domain
D(A) = H?(Q)NHL(Q); that is A is a positive self-adjoint operator with compact resolvent.
Consider the closed extension of A to (Hg(9))’ with the domain H}(Q) and still denote it
by A. Also, let A2 : HY(Q) € L2(Q) — L2(Q) be the half fractional power of A.

We consider the family of problems

Ut + ZUA%ut + auy + Au = f(u),
u(0) = up € H} (), u(0) = vy € L3(),

which we rewrite as a first order system
EBI+A B =F (8D, t>0, [l =[] € Hy(Q) x L*(), (6)
where 7 is a non-negative parameter, A, denotes the strongly damped wave operator;

0 —I
1
A 2nA2+4al

Ay = | |, pray) = #29) 0 HY(9) x H(9), (7)

and
F([e]) = [;00]s fu)(z) = f(u(z)) for u € Hy(Q), z € Q.

For f satisfying (2) with 1 < p < %, N > 3, it has been shown in [7] (exploiting the

fact that A, generates analytic semigroup) that (6) is locally well posed for any n > 0 and
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4 A. N. CARVALHO, J. CHOLEWA AND T. DIOTKO

that its solutions are regular. Also, it is shown in [10] that bootstrapping methods can be
used to obtain additional regularity properties of solutions of (6).

For > 0 and f satisfying (3) and (2) with 1 < p < % it has been shown in [8] that
(6) is globally well posed. In addition, it was shown in [8] that the nonlinear semigroup
of global solutions associated to (6) has a compact global attractor, which results were
extended in [9] to almost critical nonlinearities; that is maps f € C'(R, R) satisfying

+2

N
limsups "' f/(s) =0 with p = I

|s]—o00 -2

for N > 3. (8)

In this paper we show that the solutions of (6) with 7 > 0 and with dissipative nonlin-
earity f satisfying (2) with p € (1, %) converge along subsequences to a function which
is, in a sense that is to be explained below, a global weak solution of (6) with n = 0.

Here, if n > 0, we will say that

DEFINITION 1.1. A bounded function [“] (-, [40],7) : [0,00) — HE () x L%(Q) is a global
weak solution of (6) provided that the maps [0,00) 3 ¢ — [¥] (¢,[30],n) € L*(Q) x H~1(Q)
and [0,00) 3 t — F([¥](t,[30],n)) € L?(Q) x H~1(Q) are continuous and that for each
t € 0,00)

[3]@,[7)8],77)=€‘A”t[’$8]+/ e MU R[] (s, [00] ) )ds. 9)
0

To be more specific about our technique and results note first that for any [%0] €
HL(Q) x L?(Q) the mild solution of the problem (6) with 7 > 0 is globally defined and,
moreover, its HE(Q) x L?(Q)—norm is bounded uniformly for n > 0 and ¢ > 0 due to the
properties of the energy functional

coll1]) = glually + glualk = [ [ rs)asds, (3] € H3@) x L@, (10)

Hence with the same f and for the same initial conditions a global weak solution of (6)
exists with 7 = 0 and can be viewed as a limit of the solutions of (6) corresponding to
positive n’s. Furthermore, the existence of an absorbing set By for (6) follows, which set
is bounded in H{ () x L?(2) and possesses the entrance time independent of € (0, 1]
as well as of initial data in bounded subsets of H} () x L?(€2). This naturally leads to a
construction of the bi-space global attractor in the form of the limit set

. w—H Q)X L?(Q)
{[2]: 30 00 3puapyemy Fnano [B] (s [0 ]ima) 0 = (21},
enjoying suitably defined attracting, compactness and invariance properties.

To describe a large class of global weak solutions of (6) with 7 = 0 which are obtained

as limits of the solutions of (6) with n = n,, — 07 we will prove the following result.
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES )

. . N
THEOREM 1.1. Assume that f € C*(R,R) satisfies (3) and (2) with some p € (1, 312).

Hence, if n, — 0%, [40] belongs to HE () x L*(9), |:u§:|} . is a sequence in H}(Q) x

Vo —
L2(Q), convergent weakly in H}(Q) x L?(Q) to [3°], and if for n € N the function

[¥] (~7 zgl] ,nn) is a mild solution of (6) with n = n,, then there is a subsequence

{[¥] (-7 {uﬂ:} ,nnk)} and a bounded function [ﬂ :0,00) — HY(Q) x L?(Q), being a global
Yo

weak solution of (6) with n = 0, to which this subsequence converges in L*(Q) x H~1(£2)

uniformly on compact subsets of [0,00); that is

116 1] o) - [2) 0

If the initial data in (6) are smooth our result is as follows.

sup
te[0,7]

L) XA () —0 for each T > 0. (11)
S H-

THEOREM 1.2.  Suppose that N = 3,4,5, f € C%*(R,R) satisfies with a certain p €

{2, %) the condition

()] < e(1+1s]772), (12)

and 0] € X! x X32. Then there exists T > 0 such that, for each 1 € [0,1], the problem
(6) has a unique solution [%](-,[“],n) € C([0,7], X' x Xz). Furthermore,

u . uoQ 1
7721[101,)1] ”[”](’[”0]’77)”0([0,7],X1><X%) <00 (13)
and
LT L) = T L 10 oy oy = 0 @8 m— 0% (1)

Concerning the asymptotic properties of the global weak solutions of (6) with n =0 we
will show that

THEOREM 1.3. Under the assumptions of Theorem 1.1 there is a subclass LS of the set
of global weak solutions of (6) with n =0 possessing the following properties:

(i) (emistence) for each [32] € H(Q) x L*(Q) at least one {ﬂ € LS exists with

P
(2] @ =11,
(ii) (bounded dissipativeness) there is a bounded subset By of HE(Q) x L?(Q2) such that
or any ounded in X , eac rom the class wit € B enters
f B bounded in HL(Q) x L2(Q h | § | from the class £S with | § | (0) € B

By in a certain time g > 0 and stays in By for allt > 75,
(iii) (attractor) there is a bounded closed subset A of H}(Q) x L*(Q) such that

(a) (compactness) A is compact in Hip, (Q) x H*=1(Q) for any s € [0,1),
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6 A. N. CARVALHO, J. CHOLEWA AND T. DIOTKO

(b) (invariance) {{i] (t) : Lﬂ € LS,t >0} C A and for each [Y] € A and anyt > 0
there is a certain [jﬂ € LS with L‘ﬂ (0) € A such that L‘Z] ) =[Y],

(¢) (attracting property)

: u _Jw t—o0
[u]ecslfg]m)eg [ugr}léAll[v](t) S, @xme-1 @) — 0 (15)
v Lo Z

for any set B bounded in Hg(2) x L?(Q) and each s € [0,1).

Note that the unified semigroup approach involving parabolic approximation procedure
essentially influences the resulting properties of the solutions, which in particular are shown
to satisfy the variation of constants formula (9). We remark that, although it is true from [3]
that a suitable notion of weak solution satisfies variation of constants formula, this usually
requires some additional attention. For example, it remains unknown if the finite-energy
solution constructed in [19] possesses such property.

On the other hand any global weak solution [} ] resulting from Theorem 1.1 with the aid

of approximating sequence of the form [y | = [%](-,[%3],7,) has finite energy property

n

as it satisfies the energy inequality. Namely, we have for each ¢ > 0

Lol 1) = = [ o (6) s =2, [ o, () ds + £a([35)

and hence {Lo([v" ])} is a sequence of decreasing functions bounded for every ¢ > 0.
uﬂnk

Vi ]) 1s convergent pointwise

Consequently, there is a subsequence {nj} such that /Jo([
and by weak convergence property we have

Lo((2]) < tim £o([urt ) < Lo[5)).

Mny, —0

In fact, we can choose a subsequence uy, —convergent to u in L#(2) for any s > 1 less but

arbitrarily close to ﬁ—lf and with the growth as in Theorem 1.1 we infer that

2
/Q/Ou f(s)dsdx%/ﬂ/ouf(s)dsdx.

This leads to the conclusion that there exists a ‘limit norm’

|: uTlnk

11130 [ Vi, } ||H01(Q)><L2(Q)

Mg,

of the approximating solutions; nonetheless, we can merely ensure that the above limit is
bigger than the HE(Q) x L?(£2)—norm of the corresponding limit solution.
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 7

Let us emphasize that we consider a nonconservative case a > 0 as we are interested in
the stability properties of (1) in the large; the properties being described in Theorem 1.3
with the aid of the bi-space global attractor. As for the existential part of the consideration
it just brings the construction of a suitable notion of solution and it can be applied as well
in the conservative case a = 0.

The paper is organized as follows. In Section 2 we are establishing global well posedness
of (6)y>0. We show boundedness of the solutions of (6),¢ uniform for € (0, 1] and prove
Theorem 1.1. We are also briefly discussing local well posedness of (6) with n = 0 for
[20] € H?(Q) N H(Q) x HE () and complete the proof of Theorem 1.2. In Section 3 we
are constructing a bounded absorbing set for (6),-¢ with the entrance time independent
of n € (0,1] and of [4¢] in bounded subsets of H}(Q) x L?(£2) and we complete the proof
of Theorem 1.3. In the closing Section 4 we are viewing some additional properties of the
solutions resulting from Theorem 1.1, that come back to consideration of [4, 3, 17, 20].

Acknowledgement: This work has been carried out while the first author visited the
Institute of Mathematics of the Silesian University in Katowice, Poland. The authors wish
to thank the Institute for supporting this cooperation. Also, the first author wishes to
thank the people at the Institute for their hospitality.

2. EXISTENCE RESULTS

Let X% «a € R, denote the fractional power spaces associated to A. Then,
X =[H*(Q) N Hy(Q), L*(Q)]a = H{$y(Q) and X~ = (H{}(Q))" for a €[0,1],

where [+, ], denotes the complex interpolation functor (see [18]). In particular X := X° =
L2(Q), X2 = H}(Q), X2 = (H}(Q)) and X' = H2(Q) N HL(Q).
Let @ > 0 and Y' = X2 x X with the norm | Lﬂ yr = lloll 3 + llvll, - Let also

Y2 =X!x X2. For > 0 consider a family of the damped wave operators (7)
A,:D(4,) cY' - Y!
and note that

ALY v At = [ AT or >0, (16)

The completion of the normed space (Y, [|A;* - /[ ><X) isY?:=Y = X x X~ 2. Indeed,

since there is a constant d > 0 (independent of ) € [0, 1]) such that

A 2 g S s <A [2] s [0 e X2 am)

1
X2zxX

and (X2 x X,| - | 1) coincide with

the completions of (X2 x X, Al oyt

X2 ><X)
equivalent norms (independent of 7 € [0, 1]).
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8 A. N. CARVALHO, J. CHOLEWA AND T. DIOTKO

In what follows we are still denoting by A, the closed extension to Y of the operator

o I : 1
4 277A%+a1} with the domain Y.

Forn >0, A, : Y! C Y — Y is a maximal accretive operator (see [7] and references
therein). Therefore it possesses bounded imaginary powers, generates a semigroup of con-
At

tractions {e~ :t > 0} and its fractional power spaces are given by Y =
a>0. If n > 0, then A, is a sectorial operator.

With this set-up we will consider problem (5) in the form (6).

Let F: Y! — Y% «a > 0, be a locally Lipschitz continuous map. Recall that a mild
solution of (6) on [0,7] is a function [¥](-,[%2],n) € C([0,7],Y!) which satisfies (9) for
t € [0,7]. We say that (6) is locally well posed in Y if for any [+2] € Y'! there is a unique
mild solution ¢ — [ 4] (¢, [50],n) of (6) defined on a maximal interval of existence [0, Ty, v, )
and depending continuously on the initial data [%9].

The following two propositions can be found in [7]-[9]. Their proofs are included here
for completeness.

PROPOSITION 2.1.  The problem (6) with n > 0 is locally well posed in Y whenever f
satisfies (2) for some 1 < p < X2

Proof: F is Lipschitz continuous on bounded sets from Y! i i
whenever 0 < 0 < 5 and & = min{1, § + 1 — p(§ —1)}. Indeed, if B is a bounded subset

of Y1 and { } [iﬂ € B, we have

12 ([5]) = F([2]) Ive <l s = 5@l =g < eallf60) = 162, s
< esllor = ball g (L 1011 S 025 ) <eall [ 8] =[5 ] I
() (Q)

The proof now follows from Theorem 3.3.3 in [14]. |
PROPOSITION 2.2. Under the assumptions of Proposition 2.1 and (3)

(i) the problem (6) is globally well posed in Y'*,
(ii) positive orbits of bounded subsets of Y* are bounded in Y' uniformly for n € (0,1].

Proof: The functional Ly : Y1 — R defined in (10) satisfies for u € (u1, A1) the relation

AL —
2M1

1
||w1||i(% + §||w2||§( — Cus

Lo([wh]) >

where (3) and the Poincaré inequality A1 |jw1||% < [Jw: Hi; were used to obtain that
2

w1
/ f(s)dsdz < Xl | +c
aJo 2
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 9

Ifp>0and [¥] =[%](¢[%],n) is a local solution of (6) through [¢9] € Y'!, then

d

" ~ aljol, (18)

Lo((4]) = vl

that is Lo decreases along [+] (¢,[50],n). Hence we have the estimate

1@ (8] m) vy < ecov/ 1+ L([3)), (19)

where ¢z, does not depend on n > 0. The proof now follows easily. |

The existence of mild solutions of (6) with n = 0 when F : Y1 — Y1 is locally Lipschitz
continuous is well known. However, in order for F' to take Y'! into itself, f should satisfy
(2) with1 < p < % Next we are proving the existence of the global weak solutions of

(6) with n = 0 when (2) holds with 1 < p < % The following lemmas will be useful in
this proof.

LEMMA 2.1. (/6, Lemma 2.4]) If ReA > 0 then X is in the resolvent set of A, for each
1 > 0. There is also a constant cy, independent of ) € [0,1] and of m =0, 1,2, such that

A+ Ag)~t = (A +A»,7)71||L(ym) <nead for ne (0,1, m=0,1,2, (20)

where d is given in (17). Furthermore, if J is a compact subset of Y™, then

gl [8] - [ b 0 0 0t o

Proof: If R, = {% ni‘%}, then R, |Lym+1,ym) < 1, n € [0,1]. Consequently, we
have

M+ Ay = (M + Ao)(I + (M + Aog) " 'Ry) (22)

for each A € C with ReX > 0 and

I+ Ao)™h = (AL + Ay) " Hlzymy = AL+ Ao) T Ry (AL + Ay) ™l zyrm)
<N+ Ao) Mz IRy lLyrmer ym) AL + Ay) "l iy m ymeny.

From (17),
[T+ Ag) vy < Ay + Ay) vy = dllT = AT + Ay) " v
This proves (20), where

cy = sup H(AI—}-AO)_lHL(ym)
n€l0,1]

I — )\()\I + A’f])_1||L(Y"”)'
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10 A. N. CARVALHO, J. CHOLEWA AND T. DIOTKO

To prove (21) fix § > 0, 7 > 0. Choose ¢ = g, n € N and {z}, 1 < i < n, such

that J C U™ B¢, where B! is the ball of radius € centered in [i], 1 <i<mn. From
Trotter-Kato theorem, there exists s = n(d) > 0 such that

| . 5
Je=Ant [;ﬂ Aot [m lym <5 forall te(0,7) neOm) i=1....n. (23)

i

If [;ﬂ € J and i is such that [i] € B!, we conclude that

sup [|e”Ant Lﬂ — e Aot [f)] lym < sup ||e*“4vt([ﬂ _ |:jz:|)||ym,
te[0,7] tel0,7]

_ — i - i 6
4 osup ||(e=Ant — e~Aot) [iz} ly= + sup |e A‘Jt([i;] - [ﬂ)”ym <2+ 3 = 0.
te(0,7] tel0,7]

The proof is complete. |

LEMMA 2.2. Suppose that f : R — R satisfies (2) with some p € (1, %) and ¢ > 0.

Then for 8 = W, certain ¢ > 0 and all uy,uq € X3 we have

_ 1-6 0 -1 -1
1) = F)ll -y < ellun ol flur = wal%y (14 a3+ ol ) (24)
Proof: Using Sobolev embedding and Hélder inequality we obtain

2N

1FCur) = Fluz)ll -y < 1FCua) = Flua)ll | 22 o)

—1 —1
2N+ (p—1) + Hu?Hp 2N/ (p—1) )
TN () LN (@)

~ p
<l — el s (1 +lha)?

~ -1 -1
< el —uallys (1l + luall” )

where r = W, %—i— % =land s= W. Since the moment inequality

implies that

. s41 1-s
lus —uall s < eljur —uall 2y llus —uafl 7,

the result now follows easily. |

LEMMA 2.3. Suppose F is a Banach space and £ is a compact metric space. A necessary
and sufficient condition for H C C(E,F) to be relatively compact in C(E,F) is that H is
equicontinuous and, for every e € £, {h(e),h € H} is relatively compact in F.
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 11

Proof: See [11, §7.5] (also [12]). 1

Proof of Theorem 1.1. Let B be a bounded subset of Y'. Then, due to Proposition
2.2, for [,0] € B, n € (0,1] and ¢t > 0 there is a constant C'g > 0 such that

151 [ T mllyr < Cp. (25)
From this and from (5), there is C'; > 0 such that, for ¢ > 0, n € (0,1] and [,5] € B
I 1[5 mlly < Cp. (26)

It follows from the Arzela-Ascoli theorem (see Lemma 2.3) that for each sequence {n, }°,

n %)
convergent to 0 and { {Z% ] } C B convergent in Y to [0 ], there is a subsequence (which
0 n=1

we denote the same) and a function {i] € C(]0,00),Y) such that (11) holds. Furthermore,
as a consequence of (25) and weak convergence

e [[2] )

t€[0,00)

- <Cs. (27)
It remains to prove that [ﬂ satisfies (9) with » = 0. Since

(21 2] o) = et 1]+ A () o [ ] s, (28)

0

then using Lemma 2.1 it is enough to prove that

t t
—.A,m(t—s)F n ( ug d Y / —.Ao(t—s)F P(s) )d
e w1 | on | smm))ds — [ e o Dds
/0 ([¥] [ i ] ) o ([w )}

uniformly for ¢ € [0, 7]. For such convergence, using again Lemma 2.1, it is sufficient that
u o Y
PG [ ] ) S RS
uniformly for s € [0, 7]. This is obtained in the following manner. If » > 0 is such that

s [ ]|, [ ), <

then with the aid of Lemma 2.2 for § = W we get

sup sup max{

)
neN s€[0,7] Yt

N

1P s [ ] ) = PSS, = Ircas, [ ] ) = £l -
1-6 o 1(14'““(5’[25}77")

—1
X2

n

us, | 58 ] ma) = 6(5)

<¢

uls, | 1 ] ma) —0(s) X}

p—1
p—1
o)

06, [ ] o) = [69] ] @ (12,
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12 A. N. CARVALHO, J. CHOLEWA AND T. DIOTKO

Note that ¢ € (0,1) if and only if p € (1, ££2). In the light of (11), the result is proved. |

Proof of Theorem 1.2. Using Sobolev embedding and Hélder inequality we obtain
1f(u1) = flu2)ll 3 < 10 (ua) = f/(u2)) Vur ll x + 1 (u2) V(ua = ua)| x
< () = f(u)llov @ Vel g, @t 1 2)llLr @IV (= w2l 2, @

< @lur —unllx (14 JJua 5 + Nzl 5™l xn + éllur — sl (14 Juzl5a).

Consequently, for some & > 0 and all u1,u; € X' we have
_ -1 -1
17 () = Fu)l g < ellur = uall o (14 Juallf® + sl (29)

which ensures that F : Y2 — Y2 is Lipschitz continuous in bounded subsets of Y?2.

Note that the mild solutions of (6) are fixed points of a map constructed in accordance
to (9). Since the Lipschitz constant of F is independent of 7 > 0 and |[e™47*||,y2) < 1 for
all n > 0, the time of existence of these solutions can be estimated independently of 7. In
particular (13) is proved.

It can be seen from Lemma 2.1 that e~n* converges to e~°* in the strong topology of
L(Y?) uniformly in bounded time intervals and on compact subsets of Y2. Therefore, to
conclude the proof, we need to ensure that the set K = {F ([4] (¢,[%2],0)): t €[0,7]} is
compact in Y2, which comes from continuity of the map [0,7] >t — F ([¥] (¢,[32],0)) €
Y2,

The proof of (14) now follows from Gronwall’s Inequality. |

Remark 2. 1. If [}¢] € Y and p < &5 the weak solutions of (6) with n = 0 belong
to C([0,7],Y!), for with this growth F' : Y1 — Y is Lipschitz continuous in bounded
sets. If, in addition to the assumptions of Theorem 1.2, n > 0 and f satisfies (3), then
(following [8]) the solutions [%] (-, [42],n), [42] € Y2, n > 0, obtained in Theorem 1.2 are
globally defined. However, one can hardly assure that they are bounded in Y2 uniformly
for n € (0,1] so that the global weak solutions of (6) with n = 0 starting in [$¢] € Y? may
have values in Y2 only for ¢ € [0, 7] with a certain 7 > 0. Note that, although the problem
(6) with n = 0 is locally well posed in Y2, its global well posedness in Y2 is unknown.

3. UNIFORMLY ABSORBING SET AND THE PROOF OF THEOREM 1.3

In this section, following the procedure adapted from [8], we prove the existence of a
bounded absorbing set for (6) with the entrance time independent of n € (0, 1] and initial
data in bounded subsets of Y'*. We then complete the proof of Theorem 1.3.

We define the functional L5 : Y — R;

Ls([wi]) == Eo([&])Jr(S/ wiwadr for [wi] € Yl §>0, (30)
Q
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 13

where Lo : Y1 — R was given in (10). For u € (i1, A1), choosing § < min{ /\12_“, 1}, we
have

AL — 1
L1 = 2wl + sl - e [B] €Y (31)
Writing f(s) = fo(s) + f(0) (see [2, 1, 8]) with

[fo(s)] < e(ls” +s]); s €R,

for some ¢ > 0 we can find a constant ¢ > 1 such that

w1
N <a 2 p—1
L[ foloydsda < el (5 )
and
— w1
“d [ [ ps)dsds <l (32)
aJo X2

for Hw1HX1 <randd= 3 (thus d < 1).

1
3 c(1+rr=T)
These properties of L5 and f lead to the following result.

THEOREM 3.1. Suppose that [ satisfies (2) with some p € (1, Y£2) and (3) holds. Then

there is a bounded set By C Y with the property that for any B bounded in Y there is a
time T > 0 such that

(L1t [%0].m) € Bo forall t>tp, [v)] € B, ne(0,1].
Proof: Let [] (¢, [»2],n) ([¥] for short) be the solution of (6) with n > 0. Then
d
—/ wvdr = ||Jv]|% —a/ uvdx—n/ Azuvdr — |ul? . +/ u f(u)dz.  (33)
dt Jo Q ) X2 Jo
Fix p € (p1,A1). Using Young’s inequality, for any € > 0, we have
d a i 9 €
2 de<(1+ 241 -kt a9
dt/qu v g ol == =50 =3
where we have used the dissipativeness condition (3) to get
[ s tde < pluli +,

and the Poincaré inequality \;|jul|% < ||u|\i(l From (18) and (34) we obtain
2

d da  on 9
il Ul < (g — § — — — 1 _
SLa(18]) < ~(a =6 - 50 = Tl - &

AL — ae ne 9 _
N oy E)HUHX% + dcu

35
N — (35)
2\

a _ _
< —5lllx -9 ull 3 + 08, < —wll [F] 151 + dc,
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14 A. N. CARVALHO, J. CHOLEWA AND T. DIOTKO

where w = %min{a,é’\t\:”}, € was chosen so that )‘21/\_1“ > 5 + % and then ¢ such that

2>54 %4 ‘;—Z. Hence, for || [50] |lyr < r, using (19), (32) and (35), we have

SLs([E) < - 22L 05D + (36)

From (31) and (36) the result follows easily. |

Proof of Theorem 1.3. Let By be a uniformly absorbing set from Theorem 3.1. We
define the set A consisting of the (weak in H} () x L?(2)) limit points of the solutions of
(6) with n \, 0

Unp, w—Hg (KL)X L*(Q)

A= {[2]: 3000 31 s, I [ (s [82]070) v e

We also define a following subclass LS of the set of global weak solutions of (6) with n = 0.
DEFINITION 3.1. Lﬂ € LS if and only if one of the following conditions holds

. H’)] (0) € A and [zﬂ is a global weak solution of (6) with 7 = 0 being (uniform for

t in compact subsets of [0,00)) limit in ¥ of a sequence of solutions of (6) of the form
(5] 0] (s [on ] m0), ), where t, /7 00, m, \, 0 and {[37 ]} C Bo,

o {;ﬂ (0) € (HZ(2) x L*(Q)) \ A and {ﬂ is a global weak solution of (6) with n =0

being (uniform for ¢ in compact subsets of [0,00)) limit in Y of a sequence of solutions of
(6) of the form [ 4] (~, H’)] (0),77n>, where 7, \ 0.

The following lemma is a consequence of Theorems 1.1 and 3.1.

LEMMA 3.1.  For each [30] € HL(Q) x L*(Q2) there is (at least one) L‘ﬂ € LS with

{;ﬂ (0) = [40]. Furthermore, for any B bounded in Y, each weak solution [fﬂ of (6)

with n = 0 from the class LS with Lﬂ (0) € B enters By in a certain time Tg > 0 and
stays in By for allt > 7g.

If {[%"]} C A, then there exist sequences t, — oo, {[v"]} C Bo, 7, \, 0 such that
I 1%] (s (60 ] 3 m0) — [97 ] ly — 0. Since, by Theorem 3.1, almost all elements of the se-
quence {[“] (tn,[%"],mn)} are in By and Y is compactly embedded in Y, there exist sub-
sequences {[ 4] (tn,, [1;::] 2 Mny ) and {[u;:: |} both convergent in Y to a certain [Y] € Y.
Since By is weakly sequentially pre-compact in Y, a subsequence of {[ %] (tn,, [Z:: ] Mg )
converges to [%] weakly in Y!; ie. [%] € A. This proves that A is compact in Y and
consequently in Y* for any s € [0, 1), since A is bounded in Y'!. Closedness of A in Y! is

straightforward.
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 15

Suppose now that (15) fails and choose ¢, /" o0, {[i:}} C LS with {[Z’):] (0)} c B
such that, for some s € [0, 1),

8] ) =1 > (3%)

where B is a certain bounded subset of Y'! and e is some positive number. By Definition 3.1
there are sequences {[4”]} bounded in Y'! and 7, \, 0 such that

sup || [ 2] ()~ 181 [z Lm)ly < - for ne N, (39)

From Theorem 3.1 we know that, for some tgup, > 0, [¥] (¢, [%"],nn) € By for t > tpug,-
Therefore, we can choose a subsequence {[% | (tn,, [u"’“ |, 7n,)} convergent weakly in Y! to

Vny,
D Ung,

a certain (2] € Y. Since [§] (tu,, [vnt |2 0n) = (8] (tnn =t (5] (85, [ork | 00i) 100 )
we have [?] € A, whereas from Lemma 3.1 we infer that {m”k} (tn,)} C Bp. There-
’Vlk

fore, via (39), after choosing subsequences [7](t,,, {un’”} ;7ny,,) convergent in Y and

Ung,
Pn . . n S . .
wnzl (tn,,) convergent in Y*, we obtain that [%:’} (tng,) LN [?], which contradicts
l 1
(38).

For the proof of the invariance property choose [%] € A and [;ﬂ € LS with w’] (0) =

[¥]. From Definition 3.1 we infer that

there is a sequence of the solutions of (6)

of the form [3] (£, [3] (tn, [v; ] 7)), Where

tn /00, Ny \ 0 and {[%"]} C By, such that (40)
N Uy LQ(Q)XHil(Q)

[t (2] m) TP 2] )

uniformly for ¢ in compact subsets of [0, 00).

Note that for each fixed ¢ > 0 almost all elements of {[%] (¢t + ¢, [»"],7n)} are in By,

so that for each fixed ¢ > 0 the element {{ﬂ (t) can be viewed as a weak limit in Y?

Un

of a certain subsequence of {[¥] (¢t + tn,[v"],nn)}. Recalling (37) we thus conclude that

{jﬂ (t) € A.

As for the negative invariance of A we remark (coming back to (40)) that, whenever
s > 0 is fixed, a suitable subsequence {ny} can be chosen for which

(%] (ts [on ] s 00my) — [;ﬂ (0) strongly in Y and weakly in Y,

(41)
(%] (tng — s, [or% ], 7ny) — [ 2] strongly in Y and weakly in Y.

v Uny,
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16 A. N. CARVALHO, J. CHOLEWA AND T. DIOTKO

Recalling (37) we have [?] € A. We also infer from Theorem 1.1 and Definition 3.1 that
there is a certain [g] € LS with Lﬂ (0) = [?] and a suitable subsequence {ny, } for which

Un

) (608 (b, = Lot ] )i ) = [ 2] (1) for each ¢ > 0, (42)

u

. n Un, Y 5
Evidently [4] (s, 18] (s, = 5, [nt? | i) ) = 18] (b [ontt | o) == [ 2] () and

hence we obtain from (41) that [g] (s) = [3}] (0). Theorem 1.3 is thus proved. |

4. OTHER PROPERTIES OF WEAK SOLUTIONS

In this section we view the global weak solutions of (6) with n = 0 from another per-
spective.

Recall that A (resp. AZ) is an isomorphism from X2 onto X~ (resp. from X onto
X *%) and denote by (-,-)m the scalar product in a Hilbert space H. Suppose that the

assumptions of Theorem 1.1 are satisfied and let [ %, | = [¥] (-, {ug} ,nn) be the solution

v Vg
of (6) with 1, € (0,1], {Z;’} € B; B being a bounded subset of Y'!. By (25)-(26), we have
that

{u™} is bounded in L>((0,00), X ?), (13)
{u"} is bounded in L>((0,00), X°), {u’} is bounded in L*((0,cc), X_%).

Fix arbitrary 7 > 0. If n, — 07 and [32"] % [o], then there is a subsequence, which
we denote the same, and elements u, v, w of an appropriate Banach spaces (as below) such
that for p € (1,00) and suitably small € > 0 (see [17, Chapter 1, Theorem 5.1})

LP((0,7),X27°) e LP((0,7),X7°)
u Uu. —

N
(s — ) + v.

Also, by the property of weak convergence,

WL (0)X0) woLA(O)XE) g, WL (00X 2)

N
, Uy w.

n
Uy u'™

We remark that there exist X ~Z-valued distribution derivatives U = v, Uy = w and
we C([0,7),X77) N B((0,7), X ?), )
Uup € C([OaT]iné) N B((O,T),XO), Uty € B((O’T)aXié)a

where B((0,7), Z) denotes a space of bounded functions from (0,7) into Z. These proper-
ties and properties of A and f allow us to show that for each t > 0, ¢ € X

(A7E[f(u™) — f(w)],¢)x — 0, (A7 2[n,AZul"], 6)x = na(uf™, $)x — 0,

Publicado pelo ICMC-USP
Sob a supervisao da CPq/ICMC



DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 17

<A7% [autn - aut]a ¢>X - 07 <A7% [Au"ln - AU], ¢>X - Oa <A7% [u?tn - utt]7 ¢>X - 07
as 1, — 07. We can thus pass to the limit in the equation
(A7 [ufy +maABuf" + auf” + Au™] ) x = (A73[f(™)].d)x, € X,
and obtain

(A7 % [uy + au, + Aul,§)x = (A% f(u),¢)x, ¢€X.

In particular, u fulfils

(ure + aug + Au, )y = (f(u), ) 3 for every ¢y € X2,

|-

or equivalently, u fulfils us + aus + Au = f(u) in X~2 fora. e t>0,or

1
(ug + auy +Au,x)X_% b= (f(u),x)X_% 1 foreach y € Xz,

s )

With our growth we have justified that u; € X and uy + Au — f(u) = —auy in X3 for
all ¢ > 0. Therefore we conclude that

uge + Au — f(u) = —auy  in X, t >0,

and thus

(up + Au— f(u),w)x = —allu|%, t > 0.

Nevertheless, it remains unknown whether the energy equation (as in [4, (E)])

EN&MMAHMﬂ&“z%WmLtZQ

holds for the global weak solutions discussed above.
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