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Let a > 0, Ω ⊂ RN be a bounded smooth domain and −A denote the
Laplace operator with Dirichlet boundary conditions in L2(Ω). We study the
damped wave problem

{
utt + aut + Au = f(u), t > 0,

u(0) = u0 ∈ H1
0 (Ω), ut(0) = v0 ∈ L2(Ω),

where f : R→ R is a continuously differentiable function satisfying the growth
condition |f(s)− f(t)| ≤ C|s− t|(1 + |s|ρ−1 + |t|ρ−1), 1 < ρ < N+2

N−2
, (N ≥ 3),

and the dissipativeness condition lim sup|s|→∞
f(s)

s
< λ1 with λ1 being the

first eigenvalue of A. We construct the global weak solutions of this problem
as the limits as η → 0+ of the solutions of wave equations involving a strongly

damping term ηA
1
2 u with η > 0. We define a subclass LS ⊂ C([0,∞), L2(Ω)×

H−1(Ω))∩L∞([0,∞), H1
0 (Ω)×L2(Ω)) of the ‘limit’ solutions such that through

each initial condition from H1
0 (Ω)× L2(Ω) passes at least one solution of the

class LS. We show that the class LS is bounded dissipative in H1
0 (Ω)×L2(Ω)

and we construct a closed bounded invariant subset A of H1
0 (Ω) × L2(Ω),

which is compact in Hs
{I}(Ω) × Hs−1(Ω), s ∈ [0, 1), and attracts in any of

these spaces bounded subsets of H1
0 (Ω)×L2(Ω). For N = 3, 4, 5 we also prove

a local uniqueness result for the case of smooth initial data. May, 2008 ICMC-USP
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2 A. N. CARVALHO, J. CHOLEWA AND T. DÃlOTKO

1. INTRODUCTION

In this paper we study damped wave equations of the form




utt + aut −∆u = f(u), t > 0, x ∈ Ω,

u(0, x) = u0(x), ut(0, x) = v0(x), x ∈ Ω,

u(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

(1)

where a > 0, Ω ⊂ RN is a bounded smooth domain, N ≥ 3, and f : R→ R is a continuously
differentiable function satisfying for some 1 < ρ < N+2

N−2 the growth condition

|f ′(s)| ≤ C(1 + |s|ρ−1) (2)

and the dissipativeness condition

lim sup
|s|→∞

f(s)
s

=: µ1 < λ1, (3)

with λ1 being the first eigenvalue of the negative Dirichlet Laplacian in Ω.
Assuming (3) and (2) with ρ ∈ (1, N+2

N−2 ), we consider a parabolic type perturbations of
the problem (1),





utt + 2η(−∆)
1
2 ut + aut −∆u = f(u), t > 0, x ∈ Ω,

u(0, x) = u0(x), ut(0, x) = v0(x), x ∈ Ω,

u(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

(4)

and we approximate solutions of (1) for initial data u0 ∈ H1
0 (Ω), v0 ∈ L2(Ω) with the

solutions of (4) where η > 0. In particular we construct a bounded in H1
0 (Ω) × L2(Ω)

uniformly absorbing set for the resulting solutions of (1) and show the existence of the
bi-space global attractor.

Damped wave equations with fast growing nonlinearities have been considered before by
many authors and much progress has been achieved; see [1, 2, 3, 6, 13, 15, 16, 17, 19, 20]
and references therein.

In [15] the author studied the damped wave problem in H1(Ω)×L2(Ω), when Ω was a
N-dimensional Riemannian compact manifold without boundary and f satisfied (2) with
ρ < N+2

N−2 , N ≥ 3.
In [16] the wave problems were locally well posed in the whole of RN , N ≥ 3, for

u0 ∈ H1(RN ), v0 ∈ L2(RN ) and f satisfying (2) with ρ ≤ N+2
N−2 and f(0) = 0. Note that

the solutions were unique thanks to the Strichartz inequality, being the main tool to obtain
suitable a priori estimates in the case of these special domains, and that to this date such
results have not been extended to bounded domains with Dirichlet or Neumann boundary
conditions.

In [20] the author studied asymptotic behavior of weak energy solutions to (1) in the
non-autonomous case. Some sort of the monotonicity assumption was considered for f but
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 3

no growth restriction was used to prove existence of the solutions of (1). The approach of
[20] comes back to the classical monograph [17], where the solutions were obtained for the
problem (1) with |f(s)| growing not faster than |s| N

N−2 (N ≥ 3).
We remark that when the nonlinear term f satisfies (3) and |f(s)| ≤ c(1 + |s|N+2

N−2 ) for
s ∈ R, no further assumption is needed to construct a suitable notion of a global solution
of (1). This can be found for example in consideration of [4, Theorem 4.3], where the
approach of [17] was followed.

Some mild assumptions on the nonlinearity were considered in [19, Corollary] to construct
the finite-energy solution of (1) although simultaneously the initial data therein was taken
from H1

0 (Ω) ∩ L∞(Ω) × L2(Ω) and not from H1
0 (Ω) × L2(Ω). On the other hand, in [19,

Theorem 2] strong dissipativeness condition was assumed, which in the non-conservative
case we deal with would lead to the asymptotic decaying of the solutions to zero steady
state.

In [4] previous results of [5] concerning generalized semiflows in metric spaces were used
to show the existence of an attractor for (1). In this consideration a hypothesis (see [4,
p. 46]) that “every weakly continuous solution satisfies the energy equation” was assumed.

Since the question whether weakly continuous solutions fulfil the energy equation has
not been answered yet we investigate the properties of the solutions of (1) based on the
regularity and dissipativeness properties of solutions of the perturbed (parabolic type)
problems replacing the Galerkin approximation technique by a variant of Viscosity Method,
which seems to lead to some interesting results.

In order to explain the procedure better we introduce some terminology.
Denote by −A : D(A) ⊂ L2(Ω) → L2(Ω) the Laplacian in L2(Ω) with the domain

D(A) = H2(Ω)∩H1
0 (Ω); that is A is a positive self-adjoint operator with compact resolvent.

Consider the closed extension of A to (H1
0 (Ω))′ with the domain H1

0 (Ω) and still denote it
by A. Also, let A

1
2 : H1

0 (Ω) ⊂ L2(Ω) → L2(Ω) be the half fractional power of A.
We consider the family of problems

{
utt + 2ηA

1
2 ut + aut + Au = f(u),

u(0) = u0 ∈ H1
0 (Ω), ut(0) = v0 ∈ L2(Ω),

(5)

which we rewrite as a first order system

d
dt [ u

v ] +Aη [ u
v ] = F ([ u

v ]) , t > 0, [ u
v ]t=0 = [ u0

v0 ] ∈ H1
0 (Ω)× L2(Ω), (6)

where η is a non-negative parameter, Aη denotes the strongly damped wave operator;

Aη =
[

0 −I

A 2ηA
1
2 +aI

]
, D(Aη) = H2(Ω) ∩H1

0 (Ω)×H1
0 (Ω), (7)

and

F ([ u
v ]) =

[
0

f(u)

]
, f(u)(x) = f(u(x)) for u ∈ H1

0 (Ω), x ∈ Ω.

For f satisfying (2) with 1 < ρ ≤ N+2
N−2 , N ≥ 3, it has been shown in [7] (exploiting the

fact that Aη generates analytic semigroup) that (6) is locally well posed for any η > 0 and
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4 A. N. CARVALHO, J. CHOLEWA AND T. DÃlOTKO

that its solutions are regular. Also, it is shown in [10] that bootstrapping methods can be
used to obtain additional regularity properties of solutions of (6).

For η > 0 and f satisfying (3) and (2) with 1 < ρ < N+2
N−2 it has been shown in [8] that

(6) is globally well posed. In addition, it was shown in [8] that the nonlinear semigroup
of global solutions associated to (6) has a compact global attractor, which results were
extended in [9] to almost critical nonlinearities; that is maps f ∈ C1(R,R) satisfying

lim sup
|s|→∞

s−ρ+1f ′(s) = 0 with ρ =
N + 2
N − 2

for N ≥ 3. (8)

In this paper we show that the solutions of (6) with η > 0 and with dissipative nonlin-
earity f satisfying (2) with ρ ∈ (1, N+2

N−2 ) converge along subsequences to a function which
is, in a sense that is to be explained below, a global weak solution of (6) with η = 0.

Here, if η ≥ 0, we will say that

Definition 1.1. A bounded function [ u
v ] (·, [ u0

v0 ] , η) : [0,∞) → H1
0 (Ω)×L2(Ω) is a global

weak solution of (6) provided that the maps [0,∞) 3 t 7→ [ u
v ] (t, [ u0

v0 ] , η) ∈ L2(Ω)×H−1(Ω)
and [0,∞) 3 t 7→ F ([ u

v ] (t, [ u0
v0 ] , η)) ∈ L2(Ω) × H−1(Ω) are continuous and that for each

t ∈ [0,∞)

[ u
v ] (t, [ u0

v0 ] , η) = e−Aηt [ u0
v0 ] +

∫ t

0

e−Aη(t−s)F ([ u
v ] (s, [ u0

v0 ] , η))ds. (9)

To be more specific about our technique and results note first that for any [ u0
v0 ] ∈

H1
0 (Ω) × L2(Ω) the mild solution of the problem (6) with η > 0 is globally defined and,

moreover, its H1
0 (Ω)× L2(Ω)−norm is bounded uniformly for η > 0 and t ≥ 0 due to the

properties of the energy functional

L0([ w1
w2 ]) :=

1
2
‖w1‖2

X
1
2

+
1
2
‖w2‖2X −

∫

Ω

∫ w1

0

f(s)dsdx, [ w1
w2 ] ∈ H1

0 (Ω)× L2(Ω). (10)

Hence with the same f and for the same initial conditions a global weak solution of (6)
exists with η = 0 and can be viewed as a limit of the solutions of (6) corresponding to
positive η’s. Furthermore, the existence of an absorbing set B0 for (6) follows, which set
is bounded in H1

0 (Ω) × L2(Ω) and possesses the entrance time independent of η ∈ (0, 1]
as well as of initial data in bounded subsets of H1

0 (Ω) × L2(Ω). This naturally leads to a
construction of the bi-space global attractor in the form of the limit set

{[ w
z ] : ∃tn↗∞ ∃{[un

vn
]}⊂B0

∃ηn↘0 [ u
v ] (tn, [ un

vn ] , ηn)
w−H1

0 (Ω)×L2(Ω)
⇀ [ w

z ]},

enjoying suitably defined attracting, compactness and invariance properties.
To describe a large class of global weak solutions of (6) with η = 0 which are obtained

as limits of the solutions of (6) with η = ηn → 0+ we will prove the following result.
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 5

Theorem 1.1. Assume that f ∈ C1(R,R) satisfies (3) and (2) with some ρ ∈ (1, N+2
N−2 ).

Hence, if ηn → 0+, [ u0
v0 ] belongs to H1

0 (Ω)× L2(Ω),
{[

un
0

vn
0

]}∞
n=1

is a sequence in H1
0 (Ω)×

L2(Ω), convergent weakly in H1
0 (Ω) × L2(Ω) to [ u0

v0 ], and if for n ∈ N the function
[ u

v ]
(
·,

[
un

0
vn
0

]
, ηn

)
is a mild solution of (6) with η = ηn, then there is a subsequence

{[ u
v ]

(
·,

[
u

nk
0

v
nk
0

]
, ηnk

)
} and a bounded function

[
φ
ψ

]
: [0,∞) → H1

0 (Ω)×L2(Ω), being a global

weak solution of (6) with η = 0, to which this subsequence converges in L2(Ω) ×H−1(Ω)
uniformly on compact subsets of [0,∞); that is

sup
t∈[0,τ ]

∥∥∥[ u
v ]

(
t,

[
u

nk
0

v
nk
0

]
, ηnk

)
−

[
φ
ψ

]
(t)

∥∥∥
L2(Ω)×H−1(Ω)

−→0 for each τ > 0. (11)

If the initial data in (6) are smooth our result is as follows.

Theorem 1.2. Suppose that N = 3, 4, 5, f ∈ C2(R,R) satisfies with a certain ρ ∈[
2, N+2

N−2

)
the condition

|f ′′(s)| ≤ c(1 + |s|ρ−2), (12)

and [ u0
v0 ] ∈ X1 ×X

1
2 . Then there exists τ > 0 such that, for each η ∈ [0, 1], the problem

(6) has a unique solution [ u
v ] (·, [ u0

v0 ] , η) ∈ C([0, τ ], X1 ×X
1
2 ). Furthermore,

sup
η∈[0,1]

‖ [ u
v ] (·, [ u0

v0 ] , η) ‖
C([0,τ ],X1×X

1
2 )

< ∞ (13)

and

‖ [ u
v ] (·, [ u0

v0 ] , η)− [ u
v ] (·, [ u0

v0 ] , 0) ‖
C([0,τ ],X1×X

1
2 )
→ 0 as η → 0+. (14)

Concerning the asymptotic properties of the global weak solutions of (6) with η = 0 we
will show that

Theorem 1.3. Under the assumptions of Theorem 1.1 there is a subclass LS of the set
of global weak solutions of (6) with η = 0 possessing the following properties:

(i) (existence) for each [ u0
v0 ] ∈ H1

0 (Ω) × L2(Ω) at least one
[

φ
ψ

]
∈ LS exists with[

φ
ψ

]
(0) = [ u0

v0 ],

(ii) (bounded dissipativeness) there is a bounded subset B0 of H1
0 (Ω)× L2(Ω) such that

for any B bounded in H1
0 (Ω)×L2(Ω), each

[
φ
ψ

]
from the class LS with

[
φ
ψ

]
(0) ∈ B enters

B0 in a certain time τB ≥ 0 and stays in B0 for all t ≥ τB,
(iii) (attractor) there is a bounded closed subset A of H1

0 (Ω)× L2(Ω) such that

(a) (compactness) A is compact in Hs
{I}(Ω)×Hs−1(Ω) for any s ∈ [0, 1),
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6 A. N. CARVALHO, J. CHOLEWA AND T. DÃlOTKO

(b) (invariance) {
[

φ
ψ

]
(t) :

[
φ
ψ

]
∈ LS, t ≥ 0} ⊂ A and for each [ w

z ] ∈ A and any t ≥ 0

there is a certain
[

φ̃

ψ̃

]
∈ LS with

[
φ̃

ψ̃

]
(0) ∈ A such that

[
φ̃

ψ̃

]
(t) = [ w

z ],

(c) (attracting property)

sup
[u
v ]∈LS,[u

v ](0)∈B

inf
[w

z ]∈A
‖ [ u

v ] (t)− [ w
z ] ‖Hs

{I}(Ω)×Hs−1(Ω)
t→∞→ 0 (15)

for any set B bounded in H1
0 (Ω)× L2(Ω) and each s ∈ [0, 1).

Note that the unified semigroup approach involving parabolic approximation procedure
essentially influences the resulting properties of the solutions, which in particular are shown
to satisfy the variation of constants formula (9). We remark that, although it is true from [3]
that a suitable notion of weak solution satisfies variation of constants formula, this usually
requires some additional attention. For example, it remains unknown if the finite-energy
solution constructed in [19] possesses such property.

On the other hand any global weak solution [ u
v ] resulting from Theorem 1.1 with the aid

of approximating sequence of the form
[ uηn

vηn

]
= [ u

v ] (·, [ u0
v0 ] , ηn) has finite energy property

as it satisfies the energy inequality. Namely, we have for each t ≥ 0

L0(
[ uηn

vηn

]
) = −a

∫ t

0

‖vηn(s)‖2Xds− 2ηn

∫ t

0

‖vηn(s)‖2
X

1
4
ds + L0([ u0

v0 ])

and hence {L0(
[ uηn

vηn

]
)} is a sequence of decreasing functions bounded for every t ≥ 0.

Consequently, there is a subsequence {nk} such that L0(
[

uηnk
vηnk

]
) is convergent pointwise

and by weak convergence property we have

L0([ u
v ]) ≤ lim

ηnk
→0
L0(

[
uηnk
vηnk

]
) ≤ L0([ u0

v0 ]).

In fact, we can choose a subsequence uηnk
convergent to u in Ls(Ω) for any s > 1 less but

arbitrarily close to 2N
N−2 and with the growth as in Theorem 1.1 we infer that

∫

Ω

∫ uηnk

0

f(s)dsdx →
∫

Ω

∫ u

0

f(s)dsdx.

This leads to the conclusion that there exists a ‘limit norm’

lim
ηnk

→0
‖

[
uηnk
vηnk

]
‖H1

0 (Ω)×L2(Ω)

of the approximating solutions; nonetheless, we can merely ensure that the above limit is
bigger than the H1

0 (Ω)× L2(Ω)−norm of the corresponding limit solution.
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 7

Let us emphasize that we consider a nonconservative case a > 0 as we are interested in
the stability properties of (1) in the large; the properties being described in Theorem 1.3
with the aid of the bi-space global attractor. As for the existential part of the consideration
it just brings the construction of a suitable notion of solution and it can be applied as well
in the conservative case a = 0.

The paper is organized as follows. In Section 2 we are establishing global well posedness
of (6)η>0. We show boundedness of the solutions of (6)η>0 uniform for η ∈ (0, 1] and prove
Theorem 1.1. We are also briefly discussing local well posedness of (6) with η = 0 for
[ u0

v0 ] ∈ H2(Ω) ∩H1
0 (Ω) ×H1

0 (Ω) and complete the proof of Theorem 1.2. In Section 3 we
are constructing a bounded absorbing set for (6)η>0 with the entrance time independent
of η ∈ (0, 1] and of [ u0

v0 ] in bounded subsets of H1
0 (Ω)× L2(Ω) and we complete the proof

of Theorem 1.3. In the closing Section 4 we are viewing some additional properties of the
solutions resulting from Theorem 1.1, that come back to consideration of [4, 3, 17, 20].

Acknowledgement: This work has been carried out while the first author visited the
Institute of Mathematics of the Silesian University in Katowice, Poland. The authors wish
to thank the Institute for supporting this cooperation. Also, the first author wishes to
thank the people at the Institute for their hospitality.

2. EXISTENCE RESULTS

Let Xα, α ∈ R, denote the fractional power spaces associated to A. Then,

Xα = [H2(Ω) ∩H1
0 (Ω), L2(Ω)]α =: H2α

{I}(Ω) and X−α = (H2α
{I}(Ω))′ for α ∈ [0, 1],

where [·, ·]α denotes the complex interpolation functor (see [18]). In particular X := X0 =
L2(Ω), X

1
2 = H1

0 (Ω), X− 1
2 = (H1

0 (Ω))′ and X1 = H2(Ω) ∩H1
0 (Ω).

Let a > 0 and Y 1 = X
1
2 × X with the norm ‖

[
φ
ψ

]
‖Y 1 = ‖φ‖

X
1
2

+ ‖ψ‖
X

. Let also

Y 2 = X1 ×X
1
2 . For η ≥ 0 consider a family of the damped wave operators (7)

Aη : D(Aη) ⊂ Y 1 → Y 1

and note that

A−1
η : Y 1 → Y 1, A−1

η =
[

2ηA−
1
2 +aA−1 A−1

−I 0

]
for η ≥ 0. (16)

The completion of the normed space (Y 1, ‖A−1
η · ‖

X
1
2×X

) is Y 0 := Y = X ×X− 1
2 . Indeed,

since there is a constant d > 0 (independent of η ∈ [0, 1]) such that

d−1‖A−1
η

[
φ
ψ

∥∥∥
X

1
2×X

≤ ‖
[

φ
ψ

]
‖

X×X− 1
2
≤ d‖A−1

η

[
φ
ψ

]
‖

X
1
2×X

,
[

φ
ψ

]
∈ X

1
2 ×X, (17)

the completions of (X
1
2 × X, ‖A−1

η · ‖
X

1
2×X

) and (X
1
2 × X, ‖ · ‖

X×X− 1
2
) coincide with

equivalent norms (independent of η ∈ [0, 1]).
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In what follows we are still denoting by Aη the closed extension to Y of the operator[
0 −I

A 2ηA
1
2 +aI

]
with the domain Y 1.

For η ≥ 0, Aη : Y 1 ⊂ Y → Y is a maximal accretive operator (see [7] and references
therein). Therefore it possesses bounded imaginary powers, generates a semigroup of con-
tractions {e−Aηt : t ≥ 0} and its fractional power spaces are given by Y α = X

α
2 ×X

α−1
2 ,

α ≥ 0. If η > 0, then Aη is a sectorial operator.
With this set-up we will consider problem (5) in the form (6).
Let F : Y 1 → Y α, α ≥ 0, be a locally Lipschitz continuous map. Recall that a mild

solution of (6) on [0, τ ] is a function [ u
v ] (·, [ u0

v0 ] , η) ∈ C([0, τ ], Y 1) which satisfies (9) for
t ∈ [0, τ ]. We say that (6) is locally well posed in Y 1 if for any [ u0

v0 ] ∈ Y 1 there is a unique
mild solution t 7→ [ u

v ] (t, [ u0
v0 ] , η) of (6) defined on a maximal interval of existence [0, τu0,v0)

and depending continuously on the initial data [ u0
v0 ].

The following two propositions can be found in [7]-[9]. Their proofs are included here
for completeness.

Proposition 2.1. The problem (6) with η > 0 is locally well posed in Y 1 whenever f
satisfies (2) for some 1 < ρ < N+2

N−2 .

Proof: F is Lipschitz continuous on bounded sets from Y 1 into X
σ
2 × X

σ−1
2 = Y σ

whenever 0 < σ ≤ σ̃ and σ̃ = min{1, N
2 + 1− ρ(N

2 − 1)}. Indeed, if B is a bounded subset

of Y 1 and
[

φ1
ψ1

]
,
[

φ2
ψ2

]
∈ B, we have

‖F
([

φ1
ψ1

])
− F

([
φ2
ψ2

])
‖Y σ ≤ c1‖f(φ1)− f(φ2)‖

X
σ−1

2
≤ c2‖f(φ1)− f(φ2)‖

L
2N

N+(1−σ)2 (Ω)

≤ c3‖φ1 − φ2‖
X

1
2

(
1 + ‖φ1‖ρ−1

L
N(ρ−1)

2−σ (Ω)

+ ‖φ2‖ρ−1

L
N(ρ−1)

2−σ (Ω)

) ≤ c4‖
[

φ1
ψ1

]
−

[
φ2
ψ2

]
‖Y 1 .

The proof now follows from Theorem 3.3.3 in [14].

Proposition 2.2. Under the assumptions of Proposition 2.1 and (3)

(i) the problem (6) is globally well posed in Y 1,
(ii) positive orbits of bounded subsets of Y 1 are bounded in Y 1 uniformly for η ∈ (0, 1].

Proof: The functional L0 : Y 1 → R defined in (10) satisfies for µ ∈ (µ1, λ1) the relation

L0([ w1
w2 ]) ≥ λ1 − µ

2λ1
‖w1‖2

X
1
2

+
1
2
‖w2‖2X − cµ,

where (3) and the Poincaré inequality λ1‖w1‖2X ≤ ‖w1‖2
X

1
2

were used to obtain that

∫

Ω

∫ w1

0

f(s)ds dx ≤ µ

2
‖w1‖2X + cµ.
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 9

If η > 0 and [ u
v ] = [ u

v ] (t, [ u0
v0 ] , η) is a local solution of (6) through [ u0

v0 ] ∈ Y 1, then

d

dt
L0([ u

v ]) = −η‖v‖2
X

1
4
− a‖v‖2X , (18)

that is L0 decreases along [ u
v ] (t, [ u0

v0 ] , η). Hence we have the estimate

‖ [ u
v ] (t, [ u0

v0 ] , η) ‖Y 1 6 cL0

√
1 + L([ u0

v0 ]), (19)

where cL0 does not depend on η > 0. The proof now follows easily.
The existence of mild solutions of (6) with η = 0 when F : Y 1 → Y 1 is locally Lipschitz

continuous is well known. However, in order for F to take Y 1 into itself, f should satisfy
(2) with 1 ≤ ρ ≤ N

N−2 . Next we are proving the existence of the global weak solutions of
(6) with η = 0 when (2) holds with 1 < ρ < N+2

N−2 . The following lemmas will be useful in
this proof.

Lemma 2.1. ([6, Lemma 2.4]) If Reλ > 0 then λ is in the resolvent set of Aη for each
η ≥ 0. There is also a constant cλ, independent of η ∈ [0, 1] and of m = 0, 1, 2, such that

‖(λ +A0)−1 − (λ +Aη)−1‖L(Y m) 6 ηcλ d for η ∈ (0, 1], m = 0, 1, 2, (20)

where d is given in (17). Furthermore, if J is a compact subset of Y m, then

sup[
φ
ψ

]
∈J

supt∈[0,τ ]‖e−Aηt
[

φ
ψ

]
− e−A0t

[
φ
ψ

]
‖Y m → 0 as η → 0+. (21)

Proof: If Rη =
[

0 0

0 ηA
1
2

]
, then ‖Rη‖L(Y m+1,Y m) 6 η, η ∈ [0, 1]. Consequently, we

have

λI +Aη = (λI +A0)(I + (λI +A0)−1Rη) (22)

for each λ ∈ C with Reλ > 0 and

‖(λI +A0)−1 − (λI +Aη)−1‖L(Y m) = ‖(λI +A0)−1Rη(λI +Aη)−1‖L(Y m)

≤ ‖(λI +A0)−1‖L(Y m)‖Rη‖L(Y m+1,Y m)‖(λI +Aη)−1‖L(Y m,Y m+1).

From (17),

‖(λI +Aη)−1‖L(Y m,Y m+1) ≤ d‖Aη(λI +Aη)−1‖L(Y m) = d‖I − λ(λI +Aη)−1‖L(Y m).

This proves (20), where

cλ = sup
η∈[0,1]

‖(λI +A0)−1‖L(Y m)‖I − λ(λI +Aη)−1‖L(Y m).
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10 A. N. CARVALHO, J. CHOLEWA AND T. DÃlOTKO

To prove (21) fix δ > 0, τ > 0. Choose ε = δ
4 , n ∈ N and

[
φi

ψi

]
, 1 ≤ i ≤ n, such

that J ⊂ ∪n
i=1Bi

ε, where Bi
ε is the ball of radius ε centered in

[
φi

ψi

]
, 1 ≤ i ≤ n . From

Trotter-Kato theorem, there exists ηδ = η(δ) > 0 such that

‖e−Aηt
[

φi

ψi

]
− e−A0t

[
φi

ψi

]
‖Y m <

δ

2
for all t ∈ [0, τ ], η ∈ (0, ηδ), i = 1, . . . , n. (23)

If
[

φ
ψ

]
∈ J and i is such that

[
φ
ψ

]
∈ Bi

ε, we conclude that

sup
t∈[0,τ ]

‖e−Aηt
[

φ
ψ

]
− e−A0t

[
φ
ψ

]
‖Y m 6 sup

t∈[0,τ ]

‖e−Aηt(
[

φ
ψ

]
−

[
φi

ψi

]
)‖Y m

+ sup
t∈[0,τ ]

‖(e−Aηt − e−A0t)
[

φi

ψi

]
‖Y m + sup

t∈[0,τ ]

‖e−A0t(
[

φi

ψi

]
−

[
φ
ψ

]
)‖Y m < 2ε +

δ

2
= δ.

The proof is complete.

Lemma 2.2. Suppose that f : R → R satisfies (2) with some ρ ∈ (1, N+2
N−2 ) and c > 0.

Then for θ = (ρ−1)(N−2)
4 , certain c̄ > 0 and all u1, u1 ∈ X

1
2 we have

‖f(u1)− f(u2)‖
X− 1

2
≤ c̄ ‖u1 − u2‖1−θ

X− 1
2
‖u1 − u2‖θ

X
1
2

(
1 + ‖u1‖ρ−1

X
1
2

+ ‖u2‖ρ−1

X
1
2

)
. (24)

Proof: Using Sobolev embedding and Hölder inequality we obtain

‖f(u1)− f(u2)‖
X− 1

2
≤ ‖f(u1)− f(u2)‖

L
2N

N+2 (Ω)

≤ c̃ ‖u1 − u2‖
L

2Nr
N+2 (Ω)

(
1 + ‖u1‖ρ−1

L
2Nr′(ρ−1)

N+2 (Ω)

+ ‖u2‖ρ−1

L
2Nr′(ρ−1)

N+2 (Ω)

)

≤ c̃ ‖u1 − u2‖X
s
2

(
1 + ‖u1‖ρ−1

X
1
2

+ ‖u2‖ρ−1

X
1
2

)
,

where r = N+2
N+2−(ρ−1)(N−2) ,

1
r + 1

r′ = 1 and s = (ρ−1)(N−2)−2
2 . Since the moment inequality

implies that

‖u1 − u2‖X
s
2
≤ ĉ‖u1 − u2‖

s+1
2

X
1
2
‖u1 − u2‖

1−s
2

X− 1
2
,

the result now follows easily.

Lemma 2.3. Suppose F is a Banach space and E is a compact metric space. A necessary
and sufficient condition for H ⊂ C(E ,F) to be relatively compact in C(E ,F) is that H is
equicontinuous and, for every e ∈ E, {h(e), h ∈ H} is relatively compact in F .
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 11

Proof: See [11, §7.5] (also [12]).

Proof of Theorem 1.1. Let B be a bounded subset of Y 1. Then, due to Proposition
2.2, for [ u0

v0 ] ∈ B, η ∈ (0, 1] and t ≥ 0 there is a constant CB > 0 such that

‖[ u
v ] (t, [ u0

v0 ] , η)‖Y 1 ≤ CB . (25)

From this and from (5), there is C ′B > 0 such that, for t ≥ 0, η ∈ (0, 1] and [ u0
v0 ] ∈ B

‖[ ut
vt

] (t, [ u0
v0 ] , η)‖Y ≤ C ′B . (26)

It follows from the Arzela-Ascoli theorem (see Lemma 2.3) that for each sequence {ηn}∞n=1

convergent to 0 and
{[

un
0

vn
0

]}∞
n=1

⊂ B convergent in Y to [ u0
v0 ], there is a subsequence (which

we denote the same) and a function
[

φ
ψ

]
∈ C([0,∞), Y ) such that (11) holds. Furthermore,

as a consequence of (25) and weak convergence

sup
t∈[0,∞)

∥∥∥
[

φ
ψ

]
(t)

∥∥∥
Y 1
≤ CB . (27)

It remains to prove that
[

φ
ψ

]
satisfies (9) with η = 0. Since

[ u
v ] (t,

[
un

0
vn
0

]
, ηn) = e−Aηn t

[
un

0
vn
0

]
+

∫ t

0

e−Aηn (t−s)F ([ u
v ] (s,

[
un

0
vn
0

]
, ηn))ds, (28)

then using Lemma 2.1 it is enough to prove that
∫ t

0

e−Aηn (t−s)F ([ u
v ] (s,

[
un

0
vn
0

]
, ηn))ds

Y→
∫ t

0

e−A0(t−s)F (
[

φ(s)
ψ(s)

]
)ds

uniformly for t ∈ [0, τ ]. For such convergence, using again Lemma 2.1, it is sufficient that

F ([ u
v ] (s,

[
un

0
vn
0

]
, ηn)) Y→ F (

[
φ(s)
ψ(s)

]
)

uniformly for s ∈ [0, τ ]. This is obtained in the following manner. If r > 0 is such that

sup
n∈N

sup
s∈[0,τ ]

max
{∥∥∥[ u

v ] (s,
[

un
0

vn
0

]
, ηn)

∥∥∥
Y 1

,
∥∥∥
[

φ(s)
ψ(s)

]∥∥∥
Y 1

}
≤ r,

then with the aid of Lemma 2.2 for θ = (ρ−1)(N−2)
4 we get

∥∥∥F ([ u
v ] (s,

[
un

0
vn
0

]
, ηn))− F (

[
φ(s)
ψ(s)

]
)
∥∥∥

Y
= ‖f(u(s,

[
un

0
vn
0

]
, ηn)− f(φ(s))‖

X− 1
2

≤c̄
∥∥∥u(s,

[
un

0
vn
0

]
, ηn)−φ(s)

∥∥∥
1−θ

X− 1
2

∥∥∥u(s,
[

un
0

vn
0

]
, ηn)−φ(s)

∥∥∥
θ

X
1
2

(
1+

∥∥∥u(s,
[

un
0

vn
0

]
, ηn)

∥∥∥
ρ−1

X
1
2

+‖φ(s)‖ρ−1

X
1
2

)

≤ c̄
∥∥∥[ u

v ] (s,
[

un
0

vn
0

]
, ηn)−

[
φ(s)
ψ(s)

]∥∥∥
1−θ

Y
(2r)θ

(
1 + 2rρ−1

)
.
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12 A. N. CARVALHO, J. CHOLEWA AND T. DÃlOTKO

Note that θ ∈ (0, 1) if and only if ρ ∈ (1, N+2
N−2 ). In the light of (11), the result is proved.

Proof of Theorem 1.2. Using Sobolev embedding and Hölder inequality we obtain

‖f(u1)− f(u2)‖
X

1
2
≤ ‖(f ′(u1)− f ′(u2))∇u1‖X + ‖f ′(u2)∇(u1 − u2)‖X

≤ ‖f ′(u1)− f ′(u2)‖LN (Ω)‖∇u1‖
L

2N
N−2 (Ω)

+ ‖f ′(u2)‖LN (Ω)‖∇(u1 − u2)‖
L

2N
N−2 (Ω)

≤ ĉ‖u1 − u2‖X1(1 + ‖u1‖ρ−2
X1 + ‖u2‖ρ−2

X1 )‖u1‖X1 + ĉ‖u1 − u2‖X1(1 + ‖u2‖ρ−1
X1 ).

Consequently, for some c̄ > 0 and all u1, u1 ∈ X1 we have

‖f(u1)− f(u2)‖
X

1
2
≤ c̄ ‖u1 − u2‖X1

(
1 + ‖u1‖ρ−1

X1 + ‖u2‖ρ−1
X1

)
, (29)

which ensures that F : Y 2 → Y 2 is Lipschitz continuous in bounded subsets of Y 2.
Note that the mild solutions of (6) are fixed points of a map constructed in accordance

to (9). Since the Lipschitz constant of F is independent of η ≥ 0 and ‖e−Aηt‖L(Y 2) ≤ 1 for
all η ≥ 0, the time of existence of these solutions can be estimated independently of η. In
particular (13) is proved.

It can be seen from Lemma 2.1 that e−Aηt converges to e−A0t in the strong topology of
L(Y 2) uniformly in bounded time intervals and on compact subsets of Y 2. Therefore, to
conclude the proof, we need to ensure that the set K = {F ([ u

v ] (t, [ u0
v0 ] , 0)) : t ∈ [0, τ ]} is

compact in Y 2, which comes from continuity of the map [0, τ ] 3 t 7→ F ([ u
v ] (t, [ u0

v0 ] , 0)) ∈
Y 2.

The proof of (14) now follows from Gronwall’s Inequality.

Remark 2. 1. If [ u0
v0 ] ∈ Y 1 and ρ ≤ N

N−2 the weak solutions of (6) with η = 0 belong
to C([0, τ ], Y 1), for with this growth F : Y 1 → Y 1 is Lipschitz continuous in bounded
sets. If, in addition to the assumptions of Theorem 1.2, η > 0 and f satisfies (3), then
(following [8]) the solutions [ u

v ] (·, [ u0
v0 ] , η), [ u0

v0 ] ∈ Y 2, η > 0, obtained in Theorem 1.2 are
globally defined. However, one can hardly assure that they are bounded in Y 2 uniformly
for η ∈ (0, 1] so that the global weak solutions of (6) with η = 0 starting in [ u0

v0 ] ∈ Y 2 may
have values in Y 2 only for t ∈ [0, τ ] with a certain τ > 0. Note that, although the problem
(6) with η = 0 is locally well posed in Y 2, its global well posedness in Y 2 is unknown.

3. UNIFORMLY ABSORBING SET AND THE PROOF OF THEOREM 1.3

In this section, following the procedure adapted from [8], we prove the existence of a
bounded absorbing set for (6) with the entrance time independent of η ∈ (0, 1] and initial
data in bounded subsets of Y 1. We then complete the proof of Theorem 1.3.

We define the functional Lδ : Y 1 → R;

Lδ([ w1
w2 ]) := L0([ w1

w2 ]) + δ

∫

Ω

w1w2dx for [ w1
w2 ] ∈ Y 1, δ ≥ 0, (30)
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 13

where L0 : Y 1 → R was given in (10). For µ ∈ (µ1, λ1), choosing δ ≤ min{λ1−µ
2 , 1

2}, we
have

Lδ([ w1
w2 ]) ≥ λ1 − µ

4λ1
‖w1‖2

X
1
2

+
1
4
‖w2‖2X − cµ, [ w1

w2 ] ∈ Y 1. (31)

Writing f(s) = f0(s) + f(0) (see [2, 1, 8]) with

|f0(s)| ≤ c(|s|ρ + |s|), s ∈ R,

for some c > 0 we can find a constant c̄ > 1 such that

−
∫

Ω

∫ w1

0

f0(s)ds dx ≤ c̄‖w1‖2
X

1
2
(1 + ‖w1‖ρ−1

X
1
2
)

and

−d̄

∫

Ω

∫ w1

0

f0(s)ds dx ≤ ‖w1‖2
X

1
2

(32)

for ‖w1‖
X

1
2
≤ r and d̄ = 1

c̄(1+rρ−1) (thus d̄ < 1).
These properties of Lδ and f lead to the following result.

Theorem 3.1. Suppose that f satisfies (2) with some ρ ∈ (1, N+2
N−2 ) and (3) holds. Then

there is a bounded set B0 ⊂ Y 1 with the property that for any B bounded in Y 1 there is a
time τB > 0 such that

[ u
v ] (t, [ u0

v0 ] , η) ∈ B0 for all t ≥ tB , [ u0
v0 ] ∈ B, η ∈ (0, 1].

Proof: Let [ u
v ] (t, [ u0

v0 ] , η) ([ u
v ] for short) be the solution of (6) with η > 0. Then

d

dt

∫

Ω

u vdx = ‖v‖2X − a

∫

Ω

u vdx− η

∫

Ω

A
1
2 u vdx− ‖u‖2

X
1
2

+
∫

Ω

u f(u)dx. (33)

Fix µ ∈ (µ1, λ1). Using Young’s inequality, for any ε > 0, we have

d

dt

∫

Ω

u vdx ≤ (1 +
a

2ε
+

η

2ε
)‖v‖2X − (1− µ

λ1
− εa

2λ1
− εη

2
)‖u‖2

X
1
2

+ c̄µ, (34)

where we have used the dissipativeness condition (3) to get
∫

Ω

u f(u)dx ≤ µ‖u‖2X + c̄µ

and the Poincaré inequality λ1‖u‖2X ≤ ‖u‖2
X

1
2
. From (18) and (34) we obtain

d

dt
Lδ([ u

v ]) ≤ −(a− δ − δa

2ε
− δη

2ε
)‖v‖2X − δ(

λ1 − µ

λ1
− aε

2λ1
− ηε

2
)‖u‖2

X
1
2

+ δc̄µ

≤ −a

2
‖v‖2X − δ

λ1 − µ

2λ1
‖u‖2

X
1
2

+ δc̄µ ≤ −ω‖ [ u
v ] ‖2Y 1 + δc̄µ,

(35)
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14 A. N. CARVALHO, J. CHOLEWA AND T. DÃlOTKO

where ω = 1
2 min{a, δ λ1−µ

λ1
}, ε was chosen so that λ1−µ

2λ1
≥ aε

2λ1
+ ηε

2 and then δ such that
a
2 ≥ δ + δa

2ε + δη
2ε . Hence, for ‖ [ u0

v0 ] ‖Y 1 ≤ r, using (19), (32) and (35), we have

d

dt
Lδ([ u

v ]) ≤ − d̄ω

4
Lδ([ u

v ]) + C̄µ. (36)

From (31) and (36) the result follows easily.

Proof of Theorem 1.3. Let B0 be a uniformly absorbing set from Theorem 3.1. We
define the set A consisting of the (weak in H1

0 (Ω)×L2(Ω)) limit points of the solutions of
(6) with η ↘ 0

A := {[ w
z ] : ∃tn↗∞ ∃{[un

vn
]}⊂B0

∃ηn↘0 [ u
v ] (tn, [ un

vn
] , ηn)

w−H1
0 (Ω)×L2(Ω)

⇀ [ w
z ]}. (37)

We also define a following subclass LS of the set of global weak solutions of (6) with η = 0.

Definition 3.1.
[

φ
ψ

]
∈ LS if and only if one of the following conditions holds

•
[

φ
ψ

]
(0) ∈ A and

[
φ
ψ

]
is a global weak solution of (6) with η = 0 being (uniform for

t in compact subsets of [0,∞)) limit in Y of a sequence of solutions of (6) of the form
[ u

v ] (t, [ u
v ] (tn, [ un

vn
] , ηn), ηn), where tn ↗∞, ηn ↘ 0 and {[ un

vn
]} ⊂ B0,

•
[

φ
ψ

]
(0) ∈ (H1

0 (Ω) × L2(Ω)) \A and
[

φ
ψ

]
is a global weak solution of (6) with η = 0

being (uniform for t in compact subsets of [0,∞)) limit in Y of a sequence of solutions of
(6) of the form [ u

v ]
(
·,

[
φ
ψ

]
(0), ηn

)
, where ηn ↘ 0.

The following lemma is a consequence of Theorems 1.1 and 3.1.

Lemma 3.1. For each [ u0
v0 ] ∈ H1

0 (Ω) × L2(Ω) there is (at least one)
[

φ
ψ

]
∈ LS with[

φ
ψ

]
(0) = [ u0

v0 ]. Furthermore, for any B bounded in Y 1, each weak solution
[

φ
ψ

]
of (6)

with η = 0 from the class LS with
[

φ
ψ

]
(0) ∈ B enters B0 in a certain time τB ≥ 0 and

stays in B0 for all t ≥ τB.

If {[ wn
zn ]} ⊂ A, then there exist sequences tn → ∞, {[ un

vn ]} ⊂ B0, ηn ↘ 0 such that
‖ [ u

v ] (tn, [ un
vn ] , ηn) − [ wn

zn ] ‖Y → 0. Since, by Theorem 3.1, almost all elements of the se-
quence {[ u

v ] (tn, [ un
vn

] , ηn)} are in B0 and Y 1 is compactly embedded in Y , there exist sub-
sequences {[ u

v ] (tnk
,
[ unk

vnk

]
, ηnk

)} and {[ wnk
znk

]} both convergent in Y to a certain [ w
z ] ∈ Y .

Since B0 is weakly sequentially pre-compact in Y 1, a subsequence of {[ u
v ] (tnk

,
[ unk

vnk

]
, ηnk

)}
converges to [ w

z ] weakly in Y 1; i.e. [ w
z ] ∈ A. This proves that A is compact in Y and

consequently in Y s for any s ∈ [0, 1), since A is bounded in Y 1. Closedness of A in Y 1 is
straightforward.
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Suppose now that (15) fails and choose tn ↗ ∞, {
[

φn

ψn

]
} ⊂ LS with {

[
φn

ψn

]
(0)} ⊂ B

such that, for some s ∈ [0, 1),

inf
[w

z ]∈A
‖

[
φn

ψn

]
(tn)− [ w

z ] ‖Y s > ε, (38)

where B is a certain bounded subset of Y 1 and ε is some positive number. By Definition 3.1
there are sequences {[ un

vn
]} bounded in Y 1 and ηn ↘ 0 such that

sup
t∈[0,tn]

‖
[

φn

ψn

]
(t)− [ u

v ] (t, [ un
vn

] , ηn)‖Y ≤ 1
n

for n ∈ N. (39)

From Theorem 3.1 we know that, for some tB∪B0 > 0, [ u
v ] (t, [ un

vn
] , ηn) ∈ B0 for t ≥ tB∪B0 .

Therefore, we can choose a subsequence {[ u
v ] (tnk

,
[ unk

vnk

]
, ηnk

)} convergent weakly in Y 1 to
a certain [ w̃

z̃ ] ∈ Y 1. Since [ u
v ] (tnk

,
[ unk

vnk

]
, ηnk

) = [ u
v ]

(
tnk

− tB , [ u
v ] (tB ,

[ unk
vnk

]
, ηnk

), ηnk

)
)

we have [ w̃
z̃ ] ∈ A, whereas from Lemma 3.1 we infer that {

[
φnk

ψnk

]
(tnk

)} ⊂ B0. There-

fore, via (39), after choosing subsequences [ u
v ] (tnkl

,
[ unkl

vnkl

]
, ηnkl

) convergent in Y and[
φnkl

ψnkl

]
(tnkl

) convergent in Y s, we obtain that
[

φnkl

ψnkl

]
(tnkl

) Y s

→ [ w̃
z̃ ], which contradicts

(38).
For the proof of the invariance property choose [ w

z ] ∈ A and
[

φ
ψ

]
∈ LS with

[
φ
ψ

]
(0) =

[ w
z ]. From Definition 3.1 we infer that





there is a sequence of the solutions of (6)
of the form [ u

v ] (t, [ u
v ] (tn, [ un

vn ] , ηn), ηn), where
tn ↗∞, ηn ↘ 0 and {[ un

vn
]} ⊂ B0, such that

[ u
v ] (t + tn, [ un

vn ] , ηn)
L2(Ω)×H−1(Ω)−→

[
φ
ψ

]
(t)

uniformly for t in compact subsets of [0,∞).

(40)

Note that for each fixed t ≥ 0 almost all elements of {[ u
v ] (t + tn, [ un

vn ] , ηn)} are in B0,
so that for each fixed t ≥ 0 the element

[
φ
ψ

]
(t) can be viewed as a weak limit in Y 1

of a certain subsequence of {[ u
v ] (t + tn, [ un

vn
] , ηn)}. Recalling (37) we thus conclude that[

φ
ψ

]
(t) ∈ A.

As for the negative invariance of A we remark (coming back to (40)) that, whenever
s > 0 is fixed, a suitable subsequence {nk} can be chosen for which

[ u
v ]

(
tnk

,
[ unk

vnk

]
, ηnk

) −→
[

φ
ψ

]
(0) strongly in Y and weakly in Y 1,

[ u
v ]

(
tnk

− s,
[ unk

vnk

]
, ηnk

) −→ [ w̃
z̃ ] strongly in Y and weakly in Y 1.

(41)
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Recalling (37) we have [ w̃
z̃ ] ∈ A. We also infer from Theorem 1.1 and Definition 3.1 that

there is a certain
[

φ̃

ψ̃

]
∈ LS with

[
φ̃

ψ̃

]
(0) = [ w̃

z̃ ] and a suitable subsequence {nkl
} for which

[ u
v ]

(
t, [ u

v ] (tnkl
− s,

[ unkl
vnkl

]
, ηnl

), ηnk

)
Y−→

[
φ̃

ψ̃

]
(t) for each t ≥ 0. (42)

Evidently [ u
v ]

(
s, [ u

v ] (tnkl
− s,

[ unkl
vnkl

]
, ηnl

), ηnk

)
= [ u

v ]
(
tnkl

,
[ unkl

vnkl

]
, ηnl

)
Y−→

[
φ̃

ψ̃

]
(s) and

hence we obtain from (41) that
[

φ̃

ψ̃

]
(s) =

[
φ
ψ

]
(0). Theorem 1.3 is thus proved.

4. OTHER PROPERTIES OF WEAK SOLUTIONS

In this section we view the global weak solutions of (6) with η = 0 from another per-
spective.

Recall that A (resp. A
1
2 ) is an isomorphism from X

1
2 onto X− 1

2 (resp. from X onto
X− 1

2 ) and denote by 〈·, ·〉H the scalar product in a Hilbert space H. Suppose that the
assumptions of Theorem 1.1 are satisfied and let

[
uηn

vηn

]
= [ u

v ]
(
·,

[
un

0
vn
0

]
, ηn

)
be the solution

of (6) with ηn ∈ (0, 1],
[

un
0

vn
0

]
∈ B; B being a bounded subset of Y 1. By (25)-(26), we have

that

{uηn} is bounded in L∞((0,∞), X
1
2 ),

{uηn

t } is bounded in L∞((0,∞), X0), {uηn

tt } is bounded in L∞((0,∞), X− 1
2 ).

(43)

Fix arbitrary τ > 0. If ηn → 0+ and [ u0n
v0n

] Y→ [ u0
v0 ], then there is a subsequence, which

we denote the same, and elements u, v, w of an appropriate Banach spaces (as below) such
that for p ∈ (1,∞) and suitably small ε > 0 (see [17, Chapter 1, Theorem 5.1])

uηn
Lp((0,τ),X

1
2−ε)−→ u, uηn

t

Lp((0,τ),X−ε)−→ v.

Also, by the property of weak convergence,

uηn

t

w−L2((0,τ),X0)
⇀ v, uηn

w−L2((0,τ),X
1
2 )

⇀ u, uηn

tt

w−L2((0,τ),X− 1
2 )

⇀ w.

We remark that there exist X− 1
2 -valued distribution derivatives ut = v, utt = w and

u ∈ C([0, τ ], X
1
2−ε) ∩B((0, τ), X

1
2 ),

ut ∈ C([0, τ ], X− 1
2 ) ∩B((0, τ), X0), utt ∈ B((0, τ), X− 1

2 ),
(44)

where B((0, τ), Z) denotes a space of bounded functions from (0, τ) into Z. These proper-
ties and properties of A and f allow us to show that for each t > 0, φ ∈ X

〈A− 1
2 [f(uηn)− f(u)], φ〉X → 0, 〈A− 1

2 [ηnA
1
2 uηn

t ], φ〉X = ηn〈uηn

t , φ〉X → 0,
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DISSIPATIVE WAVE PROBLEMS WITH FAST GROWING NONLINEARITIES 17

〈A− 1
2 [auηn

t − aut], φ〉X → 0, 〈A− 1
2 [Auηn −Au], φ〉X → 0, 〈A− 1

2 [uηn

tt − utt], φ〉X → 0,

as ηn → 0+. We can thus pass to the limit in the equation

〈A− 1
2 [uηn

tt + ηnA
1
2 uηn

t + auηn

t + Auηn ], φ〉X = 〈A− 1
2 [f(uηn)], φ〉X , φ ∈ X,

and obtain

〈A− 1
2 [utt + aut + Au], φ〉X = 〈A− 1

2 f(u), φ〉X , φ ∈ X.

In particular, u fulfils

〈utt + aut + Au,ψ〉
X− 1

2
= 〈f(u), ψ〉

X− 1
2

for every ψ ∈ X− 1
2 ,

or equivalently, u fulfils utt + aut + Au = f(u) in X− 1
2 for a. e. t > 0, or

〈utt + aut + Au, χ〉
X− 1

2 ,X
1
2

= 〈f(u), χ〉
X− 1

2 ,X
1
2

for each χ ∈ X
1
2 .

With our growth we have justified that ut ∈ X and utt + Au− f(u) = −aut in X− 1
2 for

all t > 0. Therefore we conclude that

utt + Au− f(u) = −aut in X, t > 0,

and thus

〈utt + Au− f(u), ut〉X = −a‖ut‖2X , t > 0.

Nevertheless, it remains unknown whether the energy equation (as in [4, (E)])

L0([ u
ut

]) + a

∫ t

0

‖ut(s)‖2Xds = L0([ u0
v0 ]), t ≥ 0,

holds for the global weak solutions discussed above.
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17. J.-L. Lions, Quelques Méthodes de Résolution des Problemes aux Limites non Linéaires, Dunod,
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