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Inspired by the theory of semigroups of growth «, we construct an evolu-
tion process of growth «. The abstract theory is applied to study semilinear
singular non-autonomous parabolic problems. We prove that, under natural
assumptions, a reasonable concept of solution can be given to such semilin-
ear singularly non-autonomous problems. Applications are considered to non-
autonomous parabolic problems in space of Holder continuous functions and
to a parabolic problem in a domain 2 C R™ with a one dimensional handle.
May, 2008 ICMC-USP

1. INTRODUCTION

In this paper we consider the Cauchy problem for singularly non-autonomous evolution
equation of the form

du
4 At = f),
u(t) =uo € X,

* Research partially supported by CNPq grant 305447/2005-0 and by FAPESP grant 03/10042-0, Brazil.
T Research partially supported by FAPESP grant 07/51373-0, Brazil.
I Research partially supported by FAPESP grant 02/11855-2, Brazil.

19

Publicado pelo ICMC-USP
Sob a supervisdao CPq/ICMC



20 A. N. CARVALHO, T. DIOTKO AND M. J. D. NASCIMENTO

in a Banach space X. In the usual theory (see [16, 17]) each operator A(t) is sectorial and
the family {A(t) : t € R} is Holder continuous with respect to time ¢ (which will be made
precise later). Our interest is to consider operators A(¢) whose resolvent contains a sector,
but for which the resolvent operators do not satisfy the required estimate to be a sectorial
operator. Instead we assume that for each ¢t the operator A(t) is almost sectorial.

To better explain the results we need to introduce some terminology. Recall first the
definition of an almost sectorial operator (see [3, 15]). A closed linear operator A(t) :
D(A(t)) € X — X is called almost sectorial if for some 6 € (0, T),

p(=A(t)) O Xg := {A € C\{0} : [arg A < 7w — 0} U {0}

and, for some 0 < a < 1,

IO+ AD) Mo < [y YA€ Zo\(0) (1)

Consequently,
||A(t)()\+A(t))’1HL(X) <14 CA2, YA e D, (2)

It is impossible to conclude from the above estimates that A(t) generates a strongly contin-
uous semigroup. However we will show that A(t) generates a semigroup with a singularity
at t = 0 in a sense that will be specified later.

Semigroups of growth 1 — a were investigated earlier by Da Prato [6] (see also [10]),
when 1 — « is a non negative integer. In [12], the author extends the theory to the case
when 1 — « is a positive real number (see [18]). Next we recall the definition of semigroup
of growth 1 — a.

DerFmNITION 1.1, [[12]] Let 1 — o > 0. A family of operators {T'(¢) : ¢ > 0} on X that
satisfies

(i) T(0) = I, (I is the identity operator on X),
(13) T(t+s) =T(t)T(s) for every ¢,s > 0,

(240) If T(t)u =0 for all ¢ > 0 then u =0,

(iv) ||[t1=2T(t)|| is bounded as t tends to zero,
(v) Xo = U T(t)[X] is dense in X,

is called the semigroup of growth 1 — a.

Note, that the condition (i¢) of the above definition need not be satisfied for ¢ = 0 or
s = 0. Examples of semigroups of growth 1 — & will be found in Krein [9]. Inspired by the
theory of semigroups of growth 1 — «, we define an evolution process of growth 1 — « in
the following manner.

DEFINITION 1.2. Let 1 —a > 0. A family {U(¢,7) : ¢t > 7 € R} C L(X) that satisfies

(1) U(t,o)U(o,7) =U(t,71), for any t >0 > 1, T € R,
2) [t =)= U, 7| <M, Vt>r,
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EVOLUTION EQUATIONS WITH ALMOST SECTORIAL OPERATORS 21

(3) (t,7) — U(t, T)vo is continuous for t > 7, vy € X,
is called a linear evolution process of growth 1 — a.

Let I' be the boundary of the sector of 3y oriented in such a way that the imaginary
part is increasing. If

1
Tam(t) = Gy /F NN+ A7),

by (1) we have that {T4-y(t) : ¢ > 0} C L(X). Then, from (1), we obtain that T4((t)
is a semigroup of growth order 1 — . Theory of linear evolution process of growth « is
presented in Section 2. The notion of linear evolution process of growth o, {U(t,7) : t >
7 € R}, is defined there allowing us to solve linear homogeneous problem

du
E + A(t)u = O, (3)
u(0) =ug € X,

The main result of that section, Theorem 2.1, asserts local solvability of the integral equa-
tion
t

Ut,7) =Tay(t—7)+ / Ul(t,s)[A(T) — A(8)|Ta(r)(s — T)ds,

T

using Banach contraction principle (following the ideas in [4]) in the complete metric space

E={U € C([r.to), L(X)) : sup (to — )~ [U(®)]|ncx) < oo}

te(r, to)

The corresponding semilinear parabolic problem is studied in Section 3. Assuming that
the nonlinear term satisfies suitable growth restriction we prove there its local solvability
(see Theorem 3.1). Applications of the abstract theory to semilinear parabolic problems
in Holder spaces Cf(©) and to parabolic problems in n dimensional domains with a one-
dimensional handle are described next in Section 4.

The notion of almost sectorial operators was studied by W. von Wahl in [20]. An
interesting investigation of functional calculus for such operators was presented recently in
[14, 15]. Our studies of the semigroups generated by almost sectorial operators have their
origin in the paper [3]. Here we extend the existence results known in case of semilinear
autonomous problems to singularly-time dependent (as time varies the changes in A(t) are
of the same order as A(t)) case obtaining the evolution processes of growth a.

2. ABSTRACT THEORY OF EVOLUTION PROCESSES OF GROWTH «

Let X be a Banach space and A(t) : D(A(t)) € X — X,t € R, a family of closed
operators. In this section we study the problem (3) with the operators A(t) having some
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22 A. N. CARVALHO, T. DIOTKO AND M. J. D. NASCIMENTO

special features that we describe below. In particular, the operators A(t) need not generate
an analytic semigroup nor a C°—semigroup.

Remark 2. 1. Throughout this paper the name “analytic semigroup” is reserved for
C° (strongly continuous) analytic semigroup (as in [13]). The semigroups consider here,
called “semigroups of growth a”, need not be strongly continuous at ¢ = 0, but they are
analytic in an open sector of the complex plane C (compare the definition in [11], p. 34).

Assumption. Assume that there exists another Banach space Z which is continuously
embedded in X and such that

Az(t) : D(Az(t)) CZ—7Z
with D(Az(t)) = {v e D(A@t))NZ : A(t)v € Z}, A(t)v = Az(t)v for all v € D(Az(t)) and
Az (t) satisfies
o
Al

Remark 2. 2. While at the first view this assumption looks strange, it is automatically
satisfied for the natural and important examples described at the end of the paper.

A+ Az(1) oz < YA € 2\ {0}.

Observe that
1 / MO+ A(r)) NN,
r

211

converge in the uniform operator topology of L(X) for all ¢ > 0 and using (1) we have that

1 - 1 — COS —
= /FW(“A(T)) A <o [ I A ad

Lx) 27 Jp

< 1 e—cos@l)\\t ¢ d‘)\|

2 Jr Al
a—1
< t /670059\M£dm|.
2r Jr ||
Hence, if
1 _
T () = 57 [ X0+ Alr)an ()

{Ta@y(t) : t >0} C L(X) and there is a constant C' > 0 such that
ITae ()l Lx) < Ot (5)
Note that {T4(r)(t) : t > 0} decays exponentially.
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EVOLUTION EQUATIONS WITH ALMOST SECTORIAL OPERATORS 23

In the same way as when —A(7) generates a usual analytic semigroup, one can show
that the semigroup property, Ta(r)(t 4 5) = Ta(r)(t)Ta(r)(s), t, s > 0, is satisfied. Also,
since the operator A(7) is closed and since, from (2), the integral

1 At —1
A
i A@ ()\ + (7)) d)\7

is convergent, A(7)Ta(;y(t) € L(X) for all £ > 0 and from (2) it follows that

[A(T) LA Dlx) < H%/FeMA(T)(A+A(T))*1d>\H
1

2r Jr

1
< efcose\)\|tc(1+|/\|17a)d|/\‘
2 T (6)
L[~ costlul —1p ey
— cos 1 ta (03 t d
3 [ O e

1 .
<max{e ety o [ te( s
27T T

L(X)

e AT (A + A) Ml A

< Mmax{t ', t72t*}.
Note that, for 0 < ¢ < 1, we have
||A(T)TA(T) (t)HL(X) < M2+, (7)

In particular, Ty(;)(t)up € D(A) for all £ > 0.
For 0 < v < 1 we can define fractional powers Az (t)™" € L(X) of Az(t) as

sin v

Az ()" = /OOO 57V (s + Az(t)) " 'ds,

™

and observe that, for v > 1 — «, the integral operator

sin Ty

Alt)~" = /OOO s~(s + A(t))~ds

™

defines an operator in L(X) that coincides with Az (¢)™" on Z. We introduce A(t)” as the
inverse of A(t)™" and set X” = D(A(t)") with the graph norm.
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24 A. N. CARVALHO, T. DIOTKO AND M. J. D. NASCIMENTO

Moreover, for 1 > a > v > 1 — a (consequently; o > %),

HA(t)_HV“HX

sin Ty R —lrv -

< I ([T i e A s [ o Al )
ssmw/ ST (| A(t)(s + A1) LAt U\\de+/oo8_1+"H(S+A<t))_1”de5)

(
51n7w< / s ds || A(t) M| + Mo /Oo sT1TtVds ||UHX)
— (5

M- M.
M (B Ayl + 2 )

sinTy . 1-v 1—x

< AL (L ) Al ® ul§

where, in the last inequality, we minimize the right hand side for 7 € (0,00). Thus, for
u € D(A(t)) we have

v sinmy 1z 1 1 1—x v
JA® ully < ZE=MTEME (4 —) [l ® @l - (8)

Using the fact that —%=— = T'(r)I'(1 — ) and the expression

sin 7Tr

A+ A) ! = / T (s)ds, YA > 0,
0

we have for v > 1 — a,

Al)Y = ﬁ /O " T (5)ds. )

Let T be the boundary of the sector of ¥y oriented in such a way that the imaginary
part is increasing.
It follows from (5), (7) and (8) that, for o > v

| AYTa (¢ <ctteTa,

M)

Note that, if 0 < 1 —a < v < o? (consequently, 1 —v > 1—«a and 1 > a > ‘/5271), then
“-l<a-1-2%.

The next lemma (for its proof see [3]) says that, in some sense, the semigroup {7'4(r)(t) :
t > 0} defines the solution operator for linear homogeneous problem

du

—+ A

My Amu=o,
u(0) = up € X.
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EVOLUTION EQUATIONS WITH ALMOST SECTORIAL OPERATORS 25

LemMA 2.1, The semigroup Ta-)(t) : (0,00) — L(X) is differentiable and

d

1 o0
— Ty () = — AeM(\ + A(T)) L.
G0 = 50 [ (0 4

In addition, for each uy € X, we have that

d
aTA(T)(t)UO + A(T)TA(T) (t)uo =0,1t>0.

Consider the problem

du
— 4+ A(t)u =
i BHu=0

u(r)=1¢€L(X), TeR.

in a Banach space L(X) and denote by {U(¢,7) : t > 7 € R} the solution operator family
associated to (10). Note that, for fixed 7 € R, the family {Ty;y(t —7) : t > 7} is the
solution operator family associated to

(10)

du
i A(T)u

u(r)=1¢€ L(X), TeR.

Therefore, the difference {U(t,7) — Ta(r)(t — 7) : t > 7} is the solution operator family

associated to
du
- TARu= —[A(t) = A(T)|Ta (t = 7),

u(t)=0€ L(X), T eR.

Hence we should have
Ut,7) =Taq)(t—7) + / Ul(t,s)[A(T) — A(s)|Ta(r)(s — 7)ds. (11)

To obtain {U(t,7) € L(X) : t > 7 € R}, we will use (11); that is, we show that, for each
T € R, equation (11) has a unique continuous solution {U(t,7) € L(X) : t > 7}.
Assume that

(a) The operator A(t) : D € X — X is a closed linear operator (its domain D is
independent of t) and for some 0 < a < 1, it satisfies (1). To express this fact we will say
that the family A(t) is uniformly almost sectorial.

(b) Moreover, there exists C' > 0 and € € (0, 1] such that

IA(t) = A(MIA™ (8) | nx) < C(t—7), Vi, 7,5 €R. (12)
To express this fact we will say that the function A(t) is uniformly Hélder continuous.
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26 A. N. CARVALHO, T. DIOTKO AND M. J. D. NASCIMENTO

Fix to > 7 and denote by U(t) the operator U (tg,t). For a+¢ > 1 consider the complete
metric space

E={U€Clnto) LX) sup (to = UD]cen < oo}

equipped with the metric

1Ulg = sup (to—8)'"*[UM)]Lx)-

te(r, to)

Let S be the map defined by

(ﬂﬂw=TmMm—ﬂ+[0W®M@—A@MMMw%M& (13)

If U € E, then the integral in the above equality is convergent and

t /t U (s)[A(t) — A($)]Tage(s — t)ds
is in C([r,to), L(X)).

We are now ready to state our main result in this section.

THEOREM 2.1. There exists a unique solution of the integral equation (13) in E.

The proof of this result will be given in a series of results which we present next.

LEMMA 2.2. Fort,s, £ € R, the following inequalities hold

| Ta)(T) = Tagsy(T) || nx) < er 22 (t —5)¢, forT >0, (14)

A [Taw) (1) = Tas) (M| ix) < er 372t — 5), for 7> 0. (15)
Proof: Note that
A+AD) ™ = A+ A(s) 7= (A + A1) HA(s) — ADIA+ As)
Thus, due to (4), we get

[Ta@)(7) = Tas) ()] = *% g AT+ A1) THA(®) — A(s)](A + A(s)) .
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EVOLUTION EQUATIONS WITH ALMOST SECTORIAL OPERATORS 27

To prove (14) note that, using (1), (2) and (12),

T4 (T) = Tags) (Tl
=|- L /F A+ A1) THA(E) — A(s)]A(s) T A(s) (A + A(s) A

211

1
< e*COSGI)\lTi|A|1*Qd|A| C(t . S)E

= 2m Jr A
< % / e~ cos@lu\T—l—&-Qa'ull—QaM (t _ S)e
2T r T

< %T—}ma / e~ cos@l'u\|u|1—20‘d\u| (t—s)< CT_2+2a(t —s)-.
™ r

This concludes the proof of (14). To prove (15) we observe that

AW |Ta (1)~ T (1] =~ | AWM+ AW) AW — A+ A(s)

Then, it follows from (2) and (12) that

A [Taw) (T) = Tas) (Mllzx)y < allA®) [Taw)(7) — Tacs) (7))l nx)

<al - %m /F ATAM) A+ A()THAR) — A()](A + As) A

< Ci efcose\)\|7|)\|272ad|)\| (tis)e
21 T
22«
C2 — cos 0|u| |u dlu|
S %/Fe CcOos u T272a T (t _ S)E
<er 3Tt — )",
This shows (15) and completes the proof. O

LemmMa 2.3, The functions (0,00) xR > (7, 8) = Ta(5)(7) € L(X) and (0,00) xRxR >
(1,t,8) = A(t)Ta(s)(T) € L(X) are continuous in the uniform operator topology of L(X).

COROLLARY 2.1. The functions
(t,7) = Tany(t—=7), (t,7) = Taw)(t —1),
(t,7) = [A(T) = A()|Ta(r)(t = 7) and (t,7) — [A(T) = A()|Ta) (t —7)

are continuous from {(t,7) € R? : t > 7} into L(X) in the uniform operator topology.
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28 A. N. CARVALHO, T. DIOTKO AND M. J. D. NASCIMENTO

From the Corollary 2.1, t + T)y(+)(to — t) is in E. In what follows, we prove that S is a
contraction from FE into itself and therefore has a unique fixed point in F.
Recall that the beta function B(-,-) : (0,00) x (0,00) — (0,00) is defined by

1
B(a,b) = / 5711 — s5)0 7 ds.

0
First, note that if U € E, then thanks to (5), (12) and (7),

(to =)' I(SV) D)l nx) < (to =)' Taw (to = H)llzcx)

T (ty— )i / U)o 1TA®) — A@)A™ (0 oo |G Tae (s — Dl ds

to
SCH(to—)" [ Mty —5)*"10(s — t)*M(s — t)"?T%ds
t

<CHO1B(a,a+e—1)(tg — t)>Te L,

Now, given U,V € FE, it follows that

(SU)(E) = (SV)(t) = /t U(s) — V(S)IA®) A(8)[Ta (s — t)ds,
and thus, from (7) and (12),

(to =)'~ I(ST)(®) = (SV) ()l 1,

to
< (to — t)lfa/ 1U(s) = V() L) 1A(8) = Al o xr x) 1Taqey (s = )l x,x1)ds
t

<t~ 1) [ Clto — )" s~ 1°C(s — 1) > s sup {[U(s) ~ V() )}

t t<s<to
< Cifto— )~ /to (to = )" H(s = )T s ||U ~ V|
<CiB(a,a+e —tl)(to =) U = V|-
Also, a similar application of (7) and (12) give us,
(to =)' "I(S*U) (1) = (S*V) ()| (x) = (to — ) [IS(STU) () =S(SV) (1)l (x)

t TI(SU)(S)*(SV)(S)IIMX)IIA(S)*A(t)||L<X1,x>HTAu)(S*f)HL(X,Xl)dS

to
< CiBlaya+e—1)(to - t)l_“/ (to — 5)2H2(s — )24 [T — V],
t
<OB(a,a+e—1)B2a+e—1,a+e—1)(ty —t)* DU - V| .

< (to—t)'"
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EVOLUTION EQUATIONS WITH ALMOST SECTORIAL OPERATORS 29

Then, we have

(to =)'~ [[(S*U)(1) = (S*V)(1) = (to =)'~ [|S(S*U)(1) — S(S*V)(1)

e )

t
< (to— t)l’“/t OII(SQU)(S) = (SPV)(8)|| oy 1AG) = A L x1 x0) 1Ty (5= D)l x2)yds
<CyB(a, a+te—1)B(2a+e—1,a+e—1)(to—1) Hé/ 5Pt g _pyeto2qy [TV,
<O1B(a,ate—1)B(2a+e—1,at+e—1)B(3a+2e—2,at+e—1)(tg — t)> TV U -~ V||,
Following with the iterations, we get

1(S™U)(#) = (S"V)()lx)
<CiB(a,a+e—-1)BR2a+e—1l,a+e—1)...Bna+(n—1)(e—1),a+e—1)
X (to = )"F I NU = V]| .

Recalling that B(s,t) = Fp(fzi(t?, where I is the Gamma function, we have

M) T(a+e—1)"

Bla,a+e—1)...B(na+(n—1)(e—1),a+e—1) = T(nt Datne=1))"

That gives,

CT(a)[[(a + e — 1)(tg — t)F<1]m
I'(n+1)a+n(e—1))

I(S™U)(E) = (S"V)O)llp(x) < U =Vllg-

Consider the power series

(o]
> ST e
— n—|—1a+n(e—1)) '
If the radius of convergence of this power series is infinite, there is n € N, such that

CF(O()[F(OZ +e€— 1)(t0 — T)a-‘re—l}n
T((n+1)a+n(e—1))

<1,

and then by the Banach contraction principle S™ has a unique fixed point in E and,
consequently, S has a unique fixed point in E. To verify that the radius of convergence is
infinite, we apply the ratio test. Dividing the (n + 1) coefficient of the series by its n*®
coefficient we obtain that

1 1 1
=B 1 -1 == | prDatn(e=1)~11_pjate=24g
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Now, for each 0 < 6 < 1, the integrand in the above expression is bounded by (1 —§)@+e~1
and converges pointwise to zero as n — oo. It follows from the Lebesgue Dominated

n—oo

Convergence Theorem that B((n+1)a+n(e—1), a+¢e—1) — 0. The proof of existence
of a unique fixed point of S in F is completed.

Since tg is arbitrarily chosen, (11) has a unique solution U (¢, 7) which is continuous in
the uniform operator topology for all £ > 7.

ProPOSITION 2.1. Let 0 < a <1 and 8 < «, then

JA®) Taw (Pl (x) < Cmax{r—1He—a p-lte=fy
Proof: It follows from (5), (6) and (8), that

IA®) Tag (1) < Cla, B)I|Tage (7 )lll_gIIz‘l(t)TA(w(T)IIg

C(a, B) ( H‘“) (max{T_l,T_Ho‘})

< O(a, f) max{r 1T~ a *Ho‘*ﬁ}.

B8
o

, T

The theorem is proved. t
The proof of the two next results is due to Sobolevskii [16], we only point out the needed
adjustments.

PROPOSITION 2.2. Let0<a <1

1a7

=8

JA®E) Tag(t — 7)A(T) P|lnix) < Clt—7) oS (16)

Proof: Note that
A) Tay (t = 7)A(T) P = AP ()T (t — 7) + At) Tae (t — T)[A(T) ™" — A(t) 7).

The norm of the first term does not exceed

B

OBt = 7)o"

For the second term, it follows from (9) that

A(r) P = A@)F = ﬁ/o [Tairy (s) — Taey (s)]s?~Lds. (17)

Now, for any n € [0, 1], using (14) and (15) in (8) we have that for n < «

IA®)"[Tar) (5) = Tagy ()] < Cs™2F207a (t - 7)°. (18)
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EVOLUTION EQUATIONS WITH ALMOST SECTORIAL OPERATORS 31

Let 0 < # < 1. From (17), (18) and closedness of the operators it follows that for any #,
with 2+ 5 > 24 2,

IA@IA@) 7~ A() P < s [ ce et s
< (;(ﬂ)T) / eT0ns T g (19)

C(Oé,ﬁ, U)(t - T)e'
If 2 > 8 > 1, then (19) holds for n = 1. In fact,
AWDAB) ™ = A() 7 = [A(r) = AW]ATH (D) A D(7) + [A7FD (1) — A= D (7)),

and the result follows by (12) and from the bound already obtained for the case 5 < 1.
Using (19), we have

A Ty (E=m)AM) = AB Il < AT Tt = ) A®[AD 7 = A7) )|
< Ofa)e 070t = 1) MO, )t - 7)°
Clan pL)e ™7 (¢ — ) o

where g —e< 1 < -2+ 2a+ 3 and, consequently 3 < —2a + %% This completes the
proof. O

PROPOSITION 2.3. Let 0 <a <1, a+§>max{l,1} v—3<aand B < 20+ %%,
then
y=8

AU, M) A(T) P |lpx) < Ot 7)o (20)

Proof: For any u € D(A'™#(7)) (0 < 8 < 1), it follows as in [16, page 20], we know
that

U(t, 7)A(T)Pu = Tag)(t — TA(T)Pu
+ / Tt = 9)A(S) — ADIU (5, m) A(r) s,
Using (16) with v = 1 for 1 — 3 < a, we have
| AMU(E7)A™ ()ull < At T (t — 1) A(T)
+ / LA Tage(t = 5)]| I[A(s) — A@BJA )] [A(5)U (s, 7)A(r)ul|ds
< C(,B) (t—7)7 5 ful

+ 02/ (t— 5)72+0‘+6||A(5)U(3,T)A(T)fﬁuﬂds.
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From this and the Generalized Gronwall Lemma ([8], Exercise 4, p. 190) it follows that

IA@U (t, 1) AP (r)ul| < C1(1,B)(t — )75 [l

Since D(A'=A(7)) is dense in X, the inequality (20) holds for 1 — 8 < a? and v = 1.
For v <, and 8 < —2a+ g co , it follows from (12) and (16) that

JA@) U (1) A(T) " Pul| < AW Tagy (t — 7)A(T)ul
+ / IA(E) Ty (¢ — 5) [A(s) — A@D]AT ()] | A(s)U (s, 7)A(7) Pl ds
< Ot — 7)o fu| + € / (t— )" T T ¥ (s — 1) T s

for u € D(A'=P(7)). This shows (20). O

Let
p1(t,7) = [A(T) — A(D)]Ta)(t = 7),

and assume that the integral equation

D(t,7) = 1(t,T) +/ D(t,s)p1(s,7)ds (21)

has a unique solution ®(¢,7), t > 7. Setting
~ t
O(t7) = Tagn 6 =)+ [ Tagot = 5)8(s, 1),

and noting that

t

t
U t,s)p1(s, 7)ds —/ [Tacs)(t —s) +/ Tacg)(t — 0)2(0, s)db]1(s,T)ds

t s
/ Tas)(t —s)pi(s, T ds—|—/ Tags)(t — 3/ D(s,0)p1(0,7)d0ds
o
= / TA(S)(t — 8)@(877')(18,

we have that U(t,7) = U(t,7) for all t > 7, and

U(t,7) =Tyt —7)+ / Ta(s)(t — 5)®(s,7)ds. (22)

It remains to show that (21) has a unique solution. The expression (22) will be used to
study regularity properties of ¢t — U(t, 7)ug.
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Note that ¢i(s,7) = [A(T) — A(s)]Ta(r)(s — 7) is continuous in the uniform operator
topology in all variables for s > 7 (see Corollary 2.1). From (12) and (7) we have that

ler(s, llzcx) < Cls —7)F 2,

With this in mind we show that (21) has a unique solution ®(t,7) which is continuous in
the uniform operator topology for all (¢,7) with ¢ > 7 and which satisfies

(¢, 7)||n(x) < Ot — 1)+ 2

The procedure is analogous to that used to obtain U(t,7). For a4+ € > 1 and fixed
to € R, with ¢ty > 7 consider the complete metric space

Y ={® e C([r,t), L(X)) : sup (to —t)* 7 [|@(t) |, (x) < 00},

telr, to)

with the metric [|[ly = sup,e(,. 40)(to — )7 [®(t)[[,(x) - Define the map G by the
formula

(GO)(1) = g1 (to, ) + / " ()1 (5, £)ds.

Clearly G takes Y into C([7,%o), L(X)). Next, we prove that G takes Y into itself and
that, for some n € N, G" is a contraction. Indeed,

1
(to = t)* " NGR)B)lL(x) < C {1 + (to — t)a+6*1|\¢>||y/ (1= s)ote2gate2gg
0

which proves that G : Y — Y. Now, for &,V € Y,

(GO)(t) — (GU)(t) = /tto [(s) — W(s)]er(s, t)ds
and
(to—t)* (G () = (GU) ()| L(x) < CBa+e—La+e—1)(tg—t)* 1 [|® - T, .
Using this estimate and iterating we obtain

(to — &) T N(G ) (1) — (G ) (1) ly
<C"B(a+e—1,a+e—1)B2(a+e—1),a+e—1)---B(n(a+e—1),a+e—-1) |2 - T, ,

which means

C'T(a+e—1)(a+e—1)(ty — )" |® — T,

G ®)(t) = (G V) ()]l (x) < T((n+1)(a+e—1))
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From Banach contraction principle G has a unique fixed point in C([r, o), L(X)), which
concludes the proof that (21) has a unique solution. Also the proof of Theorem 2.1 is thus
finished.

3. LOCAL SOLVABILITY OF SEMILINEAR PARABOLIC PROBLEMS

Forvy—p3 < 1and a— % > 1—a, we consider an abstract semilinear parabolic problem
of the form
du
5 TAOu=f(u), t>,
u(r) = ug € X7,

(23)

where {A(t) : t € R} is a family of linear operators satisfying conditions (a) and (b) of
Section 2. Assume that f : X7 — X? and that there are constants ¢ > 0 and ¢ > 1 such
that

1) = F)llxs < ello—wlixs (14 I+ el vowe X7 (24)
with
a— 1=8

We will show that for each 7 € R and arbitrary ug € X7 the problem (23) has a unique
local mild solution defined on certain interval (7,7 + 79) with 79 dependent on wy.

DEFINITION 3.1. A function w : (7,7 + 79) — X7 is said to be local mild solution to
(23),if (1, 7+70) Dt — w(t) :=u(t)—U(t, T)ug € X7 is continuous, lim, .+ ||w(t)||x+ =0
and

¢

w(t) = Ut 7)o + / Ut 5) f(u(s))ds,

holds for all t € (7,7 + 79), where {U(t,7) : t > 7 € R} is the process of growth «
corresponding to the linear part of (23).

According to the above definition, since the process {U(t,7) : t > 7 € R} is singular at
t = 7, solutions to (23) are assumed to have the same kind of singularity at ¢ = 7 as the
process U.

For 7,ug as in (23), u > 0 (to be chosen later) introduce the metric space

K(10,u0) :== {v € C((7,7 + 70), X7) : Sup )Ilv(t) —U(t, T)uollx+ < pf,
te(r,7+70

with metric in K (79, ug) given by

16 = Yllkrome) = sup [¢(t) = @) x>, ¢ € K(70,u0).

te(r,7+70)

The following result holds
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THEOREM 3.1. Under the condition (24) with parameters satisfying (25) and for suitably
small 79 > 0, there exists a unique local mild solution to (23) in K (7o, uop).

The Banach Fixed Point Theorem in K (7, ug) is used to prove the theorem. Consider
the operator T': K (19, up) — C((r,7 + 70), X7) defined by

To(t) :=U(t,T)ug + / U(t,s)f(v(s))ds.

We show that, for all suitably small 7,

(i) T is well defined and takes K (79, uq) into itself,
(ii) T is a contraction in K (79, up).

To prove the first assertion let v € K (9, up). Note that

(t= 1) " o@®llxr < (t=7)' " [w(t) = U, 7)uollx~ + (¢ = ) = [U(t, 7)uoll x~
(t=7)"" "+ clluollx--

IN

Hence, if B is a bounded subset of X7 and

k= Tolfau + ¢ sup ||uol|x~s
up€EB

it follows from (20) and (24) that

[Tw(t) = U(#, 7)uol| x~ S/ [U(t,5)f(v(s))]|x~ds

t
<e / 10t ) e | (0(5)) s

C

—
a— 135

1=8

t
se¢ / (t— )" (14 Jlu(s) | %) ds < t— )T

=8

b [ 9T (s )05 ) s

t
< -y ck"/ (t — 5) " T (s — 7)1 ags
o — — T
< R ekt — T)Q*%*(lfa)qB(lf(l—a)q, o— ﬂ)
—_ @
c Ot*’y;ﬁ af%ﬁf(lfa) 775
< _77%[37'0 +qu7'0 qB(lf(lia)(La* a )
<
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for all suitably small 7y and for all ug € B. Note that condition o — % —(1—a)g>0is
equivalent to assumption (25).
In particular, for each v € K (79, 1) we have that

|Tv(t) — U(t, T)uol|x+ — 0, ast— 0.

Hence, with this choice of 7y, we have that T : K(79,ug) — K(70,up). Note that this
procedure can be carried out uniformly for ug in bounded subsets of X7.
The proof of the second assertion is similar. Using (20) and (24), we have that

[Tv(t) = Tw(t)| x~ é/ [U(t,8)(f(v(s) = f(w(s)))]x~ds

< [ 100 ol 0(5) = Fluls)xods

8

<c / (t— )75 ols) — (@)l (1+ NI+ wls) 15 ds

for all v,w € K(79,up). From this we obtain that

t
14a-—2=8
ITv - Twlx- < ¢ / (t = )12 1o — ] gy e 5

t
+2ck? ! / (t— s)_1+°‘_% v = wl| K (70 ,u0) (5 — T)_(l_a)(q_l)ds

oa—

T 1 a—2=B_(1-a)(q-1 -0
< el =Wl | g 2R T TOB(1-(1a) (g1, a7 ) |

=8
@

Note that the expression within parenthesis tends to zero as 7y tends to zero provided that
o — % — (1 =a)(¢g—1) > 0, or equivalently that

1_2=8

Clearly, if the exponent g in (24) satisfies (25) then it also satisfies (26). Hence, we obtain
that, for all suitably small 7o, T' is a contraction in K (79, uo) and this concludes the proof
of Theorem 3.1.

4. APPLICATIONS

In this section we apply the abstract theory developed in the previous sections to two
examples. One for parabolic equations in spaces of Hoélder continuous functions and another
for parabolic equations in n dimensional domains with a one-dimensional handle.
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4.1. Semilinear parabolic problems in Holder spaces

Recall that (see e.g. [7, Chapter 3]) the Holder space C*(€),u € (0,1), is a Banach
space of uniformly continuous functions v : 2 — R, equipped with the norm

[v]lp = sup [v(z)| + sup [o(2) —o(y)|

=t [v|leq) + H" (v).
2€Q eyef0<|o—y|<1 1T —Y[H )

Examples of almost sectorial operators which are not sectorial were first introduced
by W. von Wahl in [20] (see also [15], and [11, Example 3.1.33]). We recall it here for
completeness of the presentation.

EXAMPLE 4.1. Let Q C R™ be a bounded domain with C*™ regular boundary. In

the space C*(§2) of Holder continuous functions (1 € (0,1)) consider elliptic differential
operator of order 2m

Av(z) = Z as(x)D%v(x),

6] <2m

with the domain D(A) = {v € C?*™™#(Q) : D%u = 0 on 9, |6| < m — 1}, where D° =
H?:l(—ia%j)‘sf, 0 is a multi-index. The coefficients as : 2 — C are assumed to satisfy the
following conditions

(i) as € C*(Q) for |§] < 2m,
(ii) as(z) € R for x € Q and |§] = 2m,
(#ii) There exists M> 0 such that M ~Y¢*™ < Z as(2)€°< M|E|P™ VEER™, Yo eQ.

[6|=2m

(27)

For certain v > 0 the operator A 4 v will be almost sectorial with parameter a =1 — 5.
Note that in particular —A satisfies the above conditions. Also time dependent families of
almost sectorial operators were studied in [20].

In case of time dependent processes consider the second order parabolic problem

ug = L(t,x)u+g(u), t>0, z €,
u(0,2) = up(z) in Q, v =10 on 09,

where

- 0*u
L(t,.’L’)U = Z alj(t,x)w
? J

1,j=1

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



38 A. N. CARVALHO, T. DIOTKO AND M. J. D. NASCIMENTO

Assume that there is a constant L > 0 such that the coefficients a;; : R x QO — R are
uniformly continuous together with its derivatives and satisfy the conditions:

(1) a;;(t,-) are uniformly continuous in £ and equicontinuous in ¢,

(43) sup |a;j(t,x) —aij(s,x)| < Lt — 7|, forallt,7eR, [t—7| <1, (29)
z€EQ
da;j Oa;j
(#it) sup sup|ﬂ(t,w)— aJ(s,x)|§L|t—T\ Vt,TeR, |t—71| <1,

al‘k

1<k<nazcQ OTk

and, uniformly with respect to ¢, ellipticity condition (27) ().

We need to check that assumptions (a) and (b) of Section 2 are satisfied for this example.
Let A(t) : D(A(t)) C CH(Q) — CK(Q) (subscript 0 means the subspace consisting of all
functions vanishing at 9€2) be an abstract operator defined by L(t, )

A(t)v = L(t,-)v, v e D(A(%)).

First we will show that condition (a) is satisfied, which means that there are @ € (0,1) and
M > 0 such that

M
IO+ A®) s @) < T for all A € ¥\ {0} and V¢ € R. (30)

For clarity of further calculations we will discuss now the connections between various
constants appearing in the considerations below. Fix p > n, p € (0,1) and choose s such
that

n n
se(p+—,14+-). (31)
p p
Next, let €,€¢’ € (0,1) be such that
0<s—2<s—2€ <p. (32)
Note that the last condition together with (31) require that

n Loon
—<é<e< T+ —. 33
p = ST 9Ty, (33)

The notation of the function spaces borrowed from the monograph [19] will be used
below for the reader’s convenience. In the proof of (30) we will use known properties of
the operators A(t) in the scale X" := H;T{ES,}(Q) of Bessel potentials spaces (see [19, p.
321]), that is Calderon-Zygmund type estimate

I+ A®) g0z < 1 (34)
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and sectoriality condition for these operators

C2

IO+ AE) 2 (x0) < bR (35)

Thanks to the Sobolev type embedding (see [19, p. 328]) Hp 54(8) C Ch(Q), valid for
i, s satisfying (31), we have '

JOAD) bl < ell 3+ A®) "l 50
< (36)

1 C
(A + A1) ||£(H;22;;j}(Q),H;{Bj}(g))||¢\|sz{2£j}(g) < ‘)\'T”ébHH;TEJ_}(Q),

where we have used that

_ C
I+ A®) (e 50y < e

which follows from (34), (35) and the moment inequality.

Remark 4. 1. To assure that the operators A(t) in our example satisfy (1) with C, «
independent of ¢ (are 'uniformly almost sectorial’) we need to check that the constants
1,2 in (34), (35) are independent of ¢. As well known ([7, Theorem 18.2]), these constants
depend only on p,n, (2, uniform ellipticity constant M and modulus of continuity of the
coefficients a;;. Thanks to our assumption (29)(i) they will be thus chosen independent of
t.

We will extend next (36) using the following result:
LEMMA 4.1. Assuming (31), (32), the following chain of continuous embedding hold

CH) c B-2 (Q) C H°%,(Q).

p,p,{B;} p,{B;}

Proof: Recall that for H;E?;j}(ﬂ) and B;;?{EBj}(Q) defined in [19, §4.3.3] we have

By 50 (Q) = (LP(Q), Hyip y () ez,

and
Hy 53 (Q) = [LP(Q), Hy gy ()] aze -

Consider next any auxiliary operator A letting e.g. A be the m-th power of the negative

Laplacian in LP(Q2) with the domain H ETB.j}(Q) ({B;} being the homogeneous Dirichlet

boundary conditions). Then Ais a positive sectorial operator with bounded (purely)
imaginary powers and we have

[LP(Q), H2p 4 ()] ccae |, = D(A'5),

2m P
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The main idea that supports the argument is that we can now suitably change the
interpolation functors. Namely, from the above and [19, §1.15.2 (3)], we get

B3, () = (LP(), D(A)) soze , € D(AT) = HS 35 (),

whereas from [19, §1.15.2 Step 7] (or [2, 1.2.5])

(LP(Q), H2 1 () oo C (LP(Q), H2T 1 ()

s—2e 1
Zm 1

2m

Since evidently (see [19, §1.15.2 (3)])

(LP(Q), H)'} (8,1 (2)) a2 C (LP(), HJ'P (8,3 (€0) so2er

p; STl D, S ,007
we conclude that
s—2¢’ s—2e
By i, () C Hy (5, (Q).
Coming back to the definition of B®7 2¢! (Q) in [19, §4.3.3] we interpret it as follows; for

p.p.{B;}
the prescribed parameters and p being large enough

By %5, () = {0 € B; > (Q) : dloa = 0}

It is well known (see [19, 4.4.1(8)], [1, p. 208]), that for non-integer  an equivalent norm
of the space By, ,(Q2) = W, (), called intrinsic norm, is given by the integral expression

DP¢(x) — DO(y)|P
ol = | Wl + 3 [ [ A=l iy |

|5]=m

where r = m + o, with o € (0,1),m € N.
Analyzing the above norm with r = s — 2¢/, m = 0 and p so large that pu > s — 2¢/ + %
(compare (32)), we observe that

1]

B;;}QE/(Q) S CH¢”M3 ¢ € CM(Q)
Therefore, for the space of Holder functions equal zero at the boundary of Q2 we have
CH() € {0 € By, (@) : $lon = 0} = B} % (),
which completes the proof. O
Extending (36) with the use of the above Lemma we obtain an estimate

A+ A®) llep@ < [¢llcr (@), ReA >0,

‘)\|1 €
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verifying condition (30) with oo = 1 — € (the value of € was evaluated in (33)). Note that
for large p we agree with von Wahl’s estimate

"
=1l—e>1——.
e € 5

Next, we need to check condition (12); that is, there exists e € (0, 1) such that
ITA®#) — ADIAT ()¢l < et = T)llllus VTR, [t —7] < 1.

Since the operator A~1(s) is bounded linear from C}'(Q2) into D(A(t)), it suffices to show
that for ¢ := A71(s)9,

A = Al < et =)0l T<tER,

which, in an explicit form, means the estimate

>l (t) —atr g | < elt = 7)ol
ij=1 ¢

m

It follows from our assumption (29) on the coefficients that
laij(t;-) = aij () |lu < ellaij(t, ) = aij (7, )o@y < LIt = 7] < Lit =7

for [t — 7| < 1,e € (0,1), which justifies condition (12) since C*(Q) is a Banach algebra
and

< |-
m

0%
8l‘i8£j

To apply the results of Section 3, we fix X7 = C§(Q) and impose conditions on the
nonlinear term g in (28) to ensure that (24) holds and, consequently, the problem is locally
solvable. Since in our example, for 1 > put > u, for 2 > pu* — p and p > n, LP2(Q) C

ut . n .
H;EBJ}(Q) C X77% with pp = 755 and X7 C L*(Q), then it suffices to assume that

g : R — R is alocally Lipschitz continuous function. Indeed, when B C Cff (Q) is bounded
and v,w € B, we have

lg() =gl < ellg(®) = g(w)llzro) < cLpllv = wllzro (o) < cLplv - wllx~,

where Lp is the Lipschitz constant for g in a large interval containing the image of every
function in B. This proves the required condition and concludes the example.

4.2. Domains with a handle
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Let Q C R™ be a bounded smooth domain. Consider the problem

ug = a(t,x)Au—u+ f(u), =€, t>0,
u(t,z) =0, x€dQ, t>0,
(0,2) =up(z), =€
This problem can be written abstractly as
du
dt
where X = LP(), A(t) : D(A(t)) C X — X, D(A(t)) = H*?(2) N Hé’p(Q), and

+ A(t)u = f(u), u(0) = up,

A(t)u = —a(t,x)Au + u.

Assume that a(t, x) is continuously differentiable in  and that there are positive constants
¢o and ¢; such that 0 < ¢p < a(t,z) < 4.

Assume further that b(t,x) := Vya(t,x) € L>®(Q") for all t € R and that ¢t — a(t,-) €
L>(Q), t — b(t,-) € L>®(Q™) are Holder continuous functions with exponent ¢ > 0 and
constant C.

As for the nonlinearities f, we assume that f € C'(R,R) and satisfies the growth con-
dition

[f'(w)] < c.

Operator —A(t) is the infinitesimal generator of an analytic semigroup which satisfies

M
[(A®E) + M) 7 Hlpx) < Bk for t e R and A € {A € C: ReA > 0},

and
I[A®t) — A(T)]A™'(8)||(x) < C(t — 7)¢, for some € € (0,1] and for all ¢,7,s € R.
LEMMA 4.2 ([5]). The operator A(t) : D(A(t)) C X — X is the infinitesimal generator

of an analytic semigroup and satisfies conditions (1) (with a = 1) and (12).

Inspired by [3] we consider the following example. For g € C*([0,1],(0,00)), let UP =
LP(Q) @ LB(0,1), where LF(0, 1) is the space LP(0,1) with the norm

1610 = ( / 1 g<s>|<zs<s)|pds)le |

For Py, P1 € 022 and p > n/2 let A(t) : D(A(t)) C UP — U?P be the operator defined by
D(A(t))={(w,v) €UP:we D(AR), (gvs), € LP(0,1), v(0) =w(Py), v(1)=w(Py)}

At)(w,v) = ( —a(t,x)Aw + w, —; (gvz), + v), (w,v) € D(A(t)), (37)
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where A% is the Laplacian with homogeneous Neumann boundary conditions in LP(€2) and
the domain D(A) = {u € H>P(Q) : Z* = 0 in 9Q}.

For p > n/2 we have that D(A$) is continuously embedded in C(£2). This tells us that
the functions in D(A%) have trace at Py and P;.

ProOPOSITION 4.1 ([3]).  For each t € R, the operator A(t) defined by (37) has the
following properties

(i) D(A(t)) is dense in UP,

(i) A(t) is a closed operator,

(ii3) A(t) has compact resolvent, and

(i) p(A(t)) D Eg and the estimates hold

_ C
ICA®) + N lpwr) < e A€ Xp\{0}

LA@® (A®) + 2 Hlzwey < CAL+AT), A€ Dy,
for some 0 < a<1— % < 1 and there are constants C > 0 and € € (0,1] such that

I[A®) — A(T)AT ()L < C(t— 1), Vt, 7,5 €R.

If f : R — Ris globally Lipschitz continuous, it defines a Nemitskii operator from U? into
itself by f“(u,v) = (fa(u), f1(v)), with fo(u)(z) = f(u(z)), z € Q, and fi(v)(s) = f(v(s)),
s€(0,1).

Consider the semilinear evolution equation

du .
= Altyu+ fe(w), )
U(O) =ug € UP,

where u vary in the Banach space UP and A(t) : D(A(t)) C U? — U? is the linear operator
defined by (37) and where f¢: UP — U? is such that

17 (u) = f)llor < cllu—vljus.

It follows from the result in Section 3 with v = 8 = 0 that (38) has a unique solution
for each ug € UP.
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