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Inspired by the theory of semigroups of growth α, we construct an evolu-
tion process of growth α. The abstract theory is applied to study semilinear
singular non-autonomous parabolic problems. We prove that, under natural
assumptions, a reasonable concept of solution can be given to such semilin-
ear singularly non-autonomous problems. Applications are considered to non-
autonomous parabolic problems in space of Hölder continuous functions and
to a parabolic problem in a domain Ω ⊂ Rn with a one dimensional handle.
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1. INTRODUCTION

In this paper we consider the Cauchy problem for singularly non-autonomous evolution
equation of the form





du

dt
+ A(t)u = f(u),

u(τ) = u0 ∈ X,
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20 A. N. CARVALHO, T. DÃlOTKO AND M. J. D. NASCIMENTO

in a Banach space X. In the usual theory (see [16, 17]) each operator A(t) is sectorial and
the family {A(t) : t ∈ R} is Hölder continuous with respect to time t (which will be made
precise later). Our interest is to consider operators A(t) whose resolvent contains a sector,
but for which the resolvent operators do not satisfy the required estimate to be a sectorial
operator. Instead we assume that for each t the operator A(t) is almost sectorial.

To better explain the results we need to introduce some terminology. Recall first the
definition of an almost sectorial operator (see [3, 15]). A closed linear operator A(t) :
D(A(t)) ⊂ X → X is called almost sectorial if for some θ ∈ (0, π

2 ),

ρ(−A(t)) ⊃ Σθ := {λ ∈ C\{0} : | arg λ| ≤ π − θ} ∪ {0}

and, for some 0 < α < 1,

‖(λ + A(t))−1‖L(X) ≤
C

|λ|α , ∀λ ∈ Σθ\{0}. (1)

Consequently,

‖A(t)(λ + A(t))−1‖L(X) ≤ 1 + C|λ|1−α, ∀λ ∈ Σθ. (2)

It is impossible to conclude from the above estimates that A(t) generates a strongly contin-
uous semigroup. However we will show that A(t) generates a semigroup with a singularity
at t = 0 in a sense that will be specified later.

Semigroups of growth 1− α were investigated earlier by Da Prato [6] (see also [10]),
when 1− α is a non negative integer. In [12], the author extends the theory to the case
when 1− α is a positive real number (see [18]). Next we recall the definition of semigroup
of growth 1− α.

Definition 1.1. [[12]] Let 1− α > 0. A family of operators {T (t) : t ≥ 0} on X that
satisfies

(i) T (0) = I, (I is the identity operator on X),
(ii) T (t + s) = T (t)T (s) for every t, s > 0,
(iii) If T (t)u = 0 for all t > 0 then u = 0,
(iv) ‖t1−αT (t)‖ is bounded as t tends to zero,
(v) X0 =

⋃
t>0 T (t)[X] is dense in X,

is called the semigroup of growth 1− α.

Note, that the condition (ii) of the above definition need not be satisfied for t = 0 or
s = 0. Examples of semigroups of growth 1− α will be found in Krĕın [9]. Inspired by the
theory of semigroups of growth 1− α, we define an evolution process of growth 1− α in
the following manner.

Definition 1.2. Let 1− α > 0. A family {U(t, τ) : t > τ ∈ R} ⊂ L(X) that satisfies

(1) U(t, σ)U(σ, τ) = U(t, τ), for any t > σ > τ, τ ∈ R,
(2) ‖(t− τ)1−αU(t, τ)‖ ≤ M, ∀t > τ,
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EVOLUTION EQUATIONS WITH ALMOST SECTORIAL OPERATORS 21

(3) (t, τ) 7→ U(t, τ)v0 is continuous for t > τ, v0 ∈ X,

is called a linear evolution process of growth 1− α.

Let Γ be the boundary of the sector of Σθ oriented in such a way that the imaginary
part is increasing. If

TA(τ)(t) =
1

2πi

∫

Γ

eλt(λ + A(τ))−1dλ,

by (1) we have that {TA(τ)(t) : t > 0} ⊂ L(X). Then, from (1), we obtain that TA(τ)(t)
is a semigroup of growth order 1− α. Theory of linear evolution process of growth α is
presented in Section 2. The notion of linear evolution process of growth α, {U(t, τ) : t >
τ ∈ R}, is defined there allowing us to solve linear homogeneous problem





du

dt
+ A(t)u = 0,

u(0) = u0 ∈ X,
(3)

The main result of that section, Theorem 2.1, asserts local solvability of the integral equa-
tion

U(t, τ) = TA(τ)(t− τ) +
∫ t

τ

U(t, s)[A(τ)−A(s)]TA(τ)(s− τ)ds,

using Banach contraction principle (following the ideas in [4]) in the complete metric space

E = {U ∈ C([τ, t0), L(X)) : sup
t∈[τ, t0)

(t0 − t)1−α‖U(t)‖L(X) < ∞}.

The corresponding semilinear parabolic problem is studied in Section 3. Assuming that
the nonlinear term satisfies suitable growth restriction we prove there its local solvability
(see Theorem 3.1). Applications of the abstract theory to semilinear parabolic problems
in Hölder spaces Cµ

0 (Ω̄) and to parabolic problems in n dimensional domains with a one-
dimensional handle are described next in Section 4.

The notion of almost sectorial operators was studied by W. von Wahl in [20]. An
interesting investigation of functional calculus for such operators was presented recently in
[14, 15]. Our studies of the semigroups generated by almost sectorial operators have their
origin in the paper [3]. Here we extend the existence results known in case of semilinear
autonomous problems to singularly-time dependent (as time varies the changes in A(t) are
of the same order as A(t)) case obtaining the evolution processes of growth α.

2. ABSTRACT THEORY OF EVOLUTION PROCESSES OF GROWTH α

Let X be a Banach space and A(t) : D(A(t)) ⊂ X → X, t ∈ R, a family of closed
operators. In this section we study the problem (3) with the operators A(t) having some
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22 A. N. CARVALHO, T. DÃlOTKO AND M. J. D. NASCIMENTO

special features that we describe below. In particular, the operators A(t) need not generate
an analytic semigroup nor a C0−semigroup.

Remark 2. 1. Throughout this paper the name “analytic semigroup” is reserved for
C0 (strongly continuous) analytic semigroup (as in [13]). The semigroups consider here,
called “semigroups of growth α”, need not be strongly continuous at t = 0, but they are
analytic in an open sector of the complex plane C (compare the definition in [11], p. 34).

Assumption. Assume that there exists another Banach space Z which is continuously
embedded in X and such that

AZ(t) : D(AZ(t)) ⊂ Z → Z

with D(AZ(t)) = {v ∈ D(A(t))∩Z : A(t)v ∈ Z}, A(t)v = AZ(t)v for all v ∈ D(AZ(t)) and
AZ(t) satisfies

‖(λ + AZ(t))−1‖L(Z) ≤
C

|λ| , ∀λ ∈ Σθ\{0}.

Remark 2. 2. While at the first view this assumption looks strange, it is automatically
satisfied for the natural and important examples described at the end of the paper.

Observe that

1
2πi

∫

Γ

eλt(λ + A(τ))−1dλ,

converge in the uniform operator topology of L(X) for all t > 0 and using (1) we have that

∥∥∥ 1
2πi

∫

Γ

eλt(λ + A(τ))−1dλ
∥∥∥

L(X)
≤ 1

2π

∫

Γ

e− cos θ|λ|t‖(λ + A(τ))−1‖L(X)d|λ|

≤ 1
2π

∫

Γ

e− cos θ|λ|t C

|λ|α d|λ|

≤ tα−1

2π

∫

Γ

e− cos θ|µ| C

|µ|α d|µ|.

Hence, if

TA(τ)(t) =
1

2πi

∫

Γ

eλt(λ + A(τ))−1dλ, (4)

{TA(τ)(t) : t > 0} ⊂ L(X) and there is a constant C > 0 such that

‖TA(τ)(t)‖L(X) ≤ Ct−1+α. (5)

Note that {TA(τ)(t) : t ≥ 0} decays exponentially.
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EVOLUTION EQUATIONS WITH ALMOST SECTORIAL OPERATORS 23

In the same way as when −A(τ) generates a usual analytic semigroup, one can show
that the semigroup property, TA(τ)(t + s) = TA(τ)(t)TA(τ)(s), t, s > 0, is satisfied. Also,
since the operator A(τ) is closed and since, from (2), the integral

1
2πi

∫

Γ

eλt(λ + A(τ))−1dλ,

is convergent, A(τ)TA(τ)(t) ∈ L(X) for all t > 0 and from (2) it follows that

‖A(τ)TA(τ)(t)‖L(X) ≤
∥∥∥ 1

2πi

∫

Γ

eλtA(τ)(λ + A(τ))−1dλ
∥∥∥

L(X)

≤ 1
2π

∫

Γ

e− cos θ|λ|t‖A(τ)(λ + A(τ))−1‖L(X)d|λ|

≤ 1
2π

∫

Γ

e− cos θ|λ|tC(1 + |λ|1−α)d|λ|

=
1
2π

∫

Γ

e− cos θ|µ|C(1 + tα−1|µ|1−α)t−1d|µ|

≤ max{t−1, t−2+α} 1
2π

∫

Γ

e− cos θ|µ|C(1 + |µ|1−α)d|µ|

≤ M max{t−1, t−2+α}.

(6)

Note that, for 0 < t < 1, we have

‖A(τ)TA(τ)(t)‖L(X) ≤ Mt−2+α. (7)

In particular, TA(τ)(t)u0 ∈ D(A) for all t > 0.
For 0 < ν < 1 we can define fractional powers AZ(t)−ν ∈ L(X) of AZ(t) as

AZ(t)−ν =
sin πν

π

∫ ∞

0

s−ν(s + AZ(t))−1ds,

and observe that, for ν > 1− α, the integral operator

A(t)−ν :=
sinπν

π

∫ ∞

0

s−ν(s + A(t))−1ds

defines an operator in L(X) that coincides with AZ(t)−ν on Z. We introduce A(t)ν as the
inverse of A(t)−ν and set Xν = D(A(t)ν) with the graph norm.
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24 A. N. CARVALHO, T. DÃlOTKO AND M. J. D. NASCIMENTO

Moreover, for 1 > α > ν > 1− α (consequently; α > 1
2 ),

∥∥A(t)−1+νu
∥∥

X

≤ sin πν

π

( ∫ τ

0

s−1+ν
∥∥(s + A(t))−1u

∥∥
X

ds +
∫ ∞

τ

s−1+ν
∥∥(s + A(t))−1u

∥∥
X

ds
)

≤ sin πν

π

( ∫ τ

0

s−1+ν
∥∥A(t)(s + A(t))−1A(t)−1u

∥∥
X

ds +
∫ ∞

τ

s−1+ν
∥∥(s + A(t))−1u

∥∥
X

ds
)

≤ sin πν

π

(
M1

∫ τ

0

s−1+νds
∥∥A(t)−1u

∥∥
X

+ M2

∫ ∞

τ

s−1−α+νds ‖u‖X

)

≤ sin πν

π

(M1

ν
τν

∥∥A(t)−1u
∥∥

X
+

M2

α− ν
τν−α ‖u‖X

)

≤ sin πν

π
M

1− ν
α

1 M
ν
α
2

(1
ν

+
1

α− ν

) ∥∥A(t)−1u
∥∥1− ν

α

X
‖u‖

ν
α

X ,

where, in the last inequality, we minimize the right hand side for τ ∈ (0,∞). Thus, for
u ∈ D(A(t)) we have

‖A(t)νu‖X ≤ sin πν

π
M

1− ν
α

1 M
ν
α
2

(1
ν

+
1

α− ν

)
‖u‖1−

ν
α

X ‖A(t)u‖
ν
α

X . (8)

Using the fact that π
sin πr = Γ(r)Γ(1− r) and the expression

(λ + A(t))−1 =
∫ ∞

0

e−λsTA(t)(s)ds, ∀λ > 0,

we have for ν > 1− α,

A(t)−ν =
1

Γ(ν)

∫ ∞

0

sν−1TA(t)(s)ds. (9)

Let Γ be the boundary of the sector of Σθ oriented in such a way that the imaginary
part is increasing.

It follows from (5), (7) and (8) that, for α > ν

∥∥AνTA(τ)(t)
∥∥

L(X)
≤ Ct−1+α− ν

α .

Note that, if 0 < 1− α < ν < α2 (consequently, 1 − ν > 1− α and 1 > α >
√

5−1
2 ), then

−1 < α− 1− ν
α .

The next lemma (for its proof see [3]) says that, in some sense, the semigroup {TA(τ)(t) :
t ≥ 0} defines the solution operator for linear homogeneous problem





du

dt
+ A(τ)u = 0,

u(0) = u0 ∈ X.
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Lemma 2.1. The semigroup TA(τ)(t) : (0,∞) → L(X) is differentiable and

d

dt
TA(τ)(t) =

1
2πi

∫ ∞

0

λeλt(λ + A(τ))−1dλ.

In addition, for each u0 ∈ X, we have that

d

dt
TA(τ)(t)u0 + A(τ)TA(τ)(t)u0 = 0, t > 0.

Consider the problem




du

dt
+ A(t)u = 0

u(τ) = I ∈ L(X), τ ∈ R.
(10)

in a Banach space L(X) and denote by {U(t, τ) : t > τ ∈ R} the solution operator family
associated to (10). Note that, for fixed τ ∈ R, the family {TA(τ)(t− τ) : t > τ} is the
solution operator family associated to





du

dt
= A(τ)u

u(τ) = I ∈ L(X), τ ∈ R.

Therefore, the difference {U(t, τ)− TA(τ)(t− τ) : t > τ} is the solution operator family
associated to 




du

dt
+ A(t)u = −[A(t)−A(τ)]TA(τ)(t− τ),

u(τ) = 0 ∈ L(X), τ ∈ R.

Hence we should have

U(t, τ) = TA(τ)(t− τ) +
∫ t

τ

U(t, s)[A(τ)−A(s)]TA(τ)(s− τ)ds. (11)

To obtain {U(t, τ) ∈ L(X) : t > τ ∈ R}, we will use (11); that is, we show that, for each
τ ∈ R, equation (11) has a unique continuous solution {U(t, τ) ∈ L(X) : t > τ}.

Assume that

(a) The operator A(t) : D ⊂ X → X is a closed linear operator (its domain D is
independent of t) and for some 0 < α < 1, it satisfies (1). To express this fact we will say
that the family A(t) is uniformly almost sectorial.

(b) Moreover, there exists C > 0 and ε ∈ (0, 1] such that

‖[A(t)−A(τ)]A−1(s)‖L(X) ≤ C(t− τ)ε, ∀ t, τ, s ∈ R. (12)

To express this fact we will say that the function A(t) is uniformly Hölder continuous.
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Fix t0 > τ and denote by U(t) the operator U(t0, t). For α+ ε > 1 consider the complete
metric space

E = {U ∈ C([τ, t0), L(X)) : sup
t∈[τ, t0)

(t0 − t)1−α‖U(t)‖L(X) < ∞}

equipped with the metric

‖U‖E = sup
t∈[τ, t0)

(t0 − t)1−α‖U(t)‖L(X).

Let S be the map defined by

(SU)(t) = TA(t)(t0 − t) +
∫ t0

t

U(s)[A(t)−A(s)]TA(t)(s− t)ds. (13)

If U ∈ E, then the integral in the above equality is convergent and

t 7→
∫ t0

t

U(s)[A(t)−A(s)]TA(t)(s− t)ds

is in C([τ, t0), L(X)).

We are now ready to state our main result in this section.

Theorem 2.1. There exists a unique solution of the integral equation (13) in E.

The proof of this result will be given in a series of results which we present next.

Lemma 2.2. For t, s, ξ ∈ R, the following inequalities hold

‖TA(t)(τ)− TA(s)(τ)‖L(X) ≤ cτ−2+2α(t− s)ε, for τ > 0, (14)

‖A(ξ)[TA(t)(τ)− TA(s)(τ)]‖L(X) ≤ cτ−3+2α(t− s)ε, for τ > 0. (15)

Proof: Note that

(λ + A(t))−1 − (λ + A(s))−1 = (λ + A(t))−1[A(s)−A(t)](λ + A(s))−1.

Thus, due to (4), we get

[TA(t)(τ)− TA(s)(τ)] = − 1
2πi

∫

Γ

eλτ (λ + A(t))−1[A(t)−A(s)](λ + A(s))−1dλ.

Publicado pelo ICMC-USP
Sob a supervisão da CPq/ICMC



EVOLUTION EQUATIONS WITH ALMOST SECTORIAL OPERATORS 27

To prove (14) note that, using (1), (2) and (12),

‖TA(t)(τ)− TA(s)(τ)‖
= ‖ − 1

2πi

∫

Γ

eλτ (λ + A(t))−1[A(t)−A(s)]A(s)−1A(s)(λ + A(s))−1dλ‖

≤ 1
2π

∫

Γ

e− cos θ|λ|τ c1

|λ|α |λ|
1−αd|λ| C(t− s)ε

≤ Cc1

2π

∫

Γ

e− cos θ|u|τ−1+2α|u|1−2α d|u|
τ

(t− s)ε

≤ Cc1

2π
τ−2+2α

∫

Γ

e− cos θ|u||u|1−2αd|u| (t− s)ε ≤ cτ−2+2α(t− s)ε.

This concludes the proof of (14). To prove (15) we observe that

A(t)
[
TA(t)(τ)− TA(s)(τ)

]
= − 1

2πi

∫

Γ

eλτA(t)(λ + A(t))−1[A(t)−A(s)](λ + A(s))−1dλ.

Then, it follows from (2) and (12) that

‖A(ξ)[TA(t)(τ)− TA(s)(τ)]‖L(X) ≤ c1‖A(t)[TA(t)(τ)− TA(s)(τ)]‖L(X)

≤ c1‖ − 1
2πi

∫

Γ

eλτA(t)(λ + A(t))−1[A(t)−A(s)](λ + A(s))−1dλ‖

≤ c2

2π

∫

Γ

e− cos θ|λ|τ |λ|2−2αd|λ| (t− s)ε

≤ c2

2π

∫

Γ

e− cos θ|u| |u|2−2α

τ2−2α

d|u|
τ

(t− s)ε

≤ cτ−3+2α(t− s)ε.

This shows (15) and completes the proof. ¤

Lemma 2.3. The functions (0,∞)×R 3 (τ, s) 7→ TA(s)(τ) ∈ L(X) and (0,∞)×R×R 3
(τ, t, s) 7→ A(t)TA(s)(τ) ∈ L(X) are continuous in the uniform operator topology of L(X).

Corollary 2.1. The functions

(t, τ) 7→ TA(τ)(t− τ), (t, τ) 7→ TA(t)(t− τ),

(t, τ) 7→ [A(τ)−A(t)]TA(τ)(t− τ) and (t, τ) 7→ [A(τ)−A(t)]TA(t)(t− τ)

are continuous from {(t, τ) ∈ R2 : t > τ} into L(X) in the uniform operator topology.
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From the Corollary 2.1, t 7→ TA(t)(t0 − t) is in E. In what follows, we prove that S is a
contraction from E into itself and therefore has a unique fixed point in E.

Recall that the beta function B(·, ·) : (0,∞)× (0,∞) −→ (0,∞) is defined by

B(a, b) =
∫ 1

0

sa−1(1− s)b−1ds.

First, note that if U ∈ E, then thanks to (5), (12) and (7),

(t0 − t)1−α‖(SU)(t)‖L(X) ≤ (t0 − t)1−α‖TA(t)(t0 − t)‖L(X)

+ (t0 − t)1−α

∫ t0

t

‖U(s)‖L(X)‖[A(t)−A(s)]A−1(t)‖L(X)‖A(t)TA(t)(s− t)‖L(X)ds

≤ C + (t0 − t)1−α

∫ t0

t

M(t0 − s)α−1C(s− t)εM(s− t)−2+αds

≤ C + C1B(α, α + ε− 1)(t0 − t)α+ε−1.

Now, given U, V ∈ E, it follows that

(SU)(t)− (SV )(t) =
∫ t0

t

[U(s)− V (s)][A(t)−A(s)]TA(t)(s− t)ds,

and thus, from (7) and (12),

(t0 − t)1−α ‖(SU)(t)− (SV )(t)‖L(X)

≤ (t0 − t)1−α

∫ t0

t

‖U(s)− V (s)‖L(X) ‖A(s)−A(t)‖L(X1,X) ‖TA(t)(s− t)‖L(X,X1)ds

≤ (t0 − t)1−α

∫ t0

t

C(t0 − s)α−1(s− t)εC(s− t)−2+αds sup
t≤s≤t0

{
‖U(s)− V (s)‖L(X)

}

≤ C1(t0 − t)1−α

∫ t0

t

(t0 − s)α−1(s− t)ε+α−2ds ‖U − V ‖E

≤ C1B(α, α + ε− 1)(t0 − t)α+ε−1 ‖U − V ‖E .

Also, a similar application of (7) and (12) give us,

(t0 − t)1−α‖(S2U)(t)− (S2V )(t)‖L(X) = (t0 − t)1−α‖S(SU)(t)−S(SV )(t)‖L(X)

≤ (t0−t)1−α

∫ t0

t

‖(SU)(s)−(SV )(s)‖L(X)‖A(s)−A(t)‖L(X1,X)‖TA(t)(s−t)‖L(X,X1)ds

≤ C1B(α, α + ε− 1)(t0 − t)1−α

∫ t0

t

(t0 − s)2α+ε−2(s− t)ε+α−2ds ‖U − V ‖E

≤ C1B(α, α + ε− 1)B(2α + ε− 1, α + ε− 1)(t0 − t)2(α+ε−1) ‖U − V ‖E .
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Then, we have

(t0 − t)1−α
∥∥(S3U)(t)− (S3V )(t)

∥∥
L(X)

= (t0 − t)1−α
∥∥S(S2U)(t)− S(S2V )(t)

∥∥
L(X)

≤ (t0 − t)1−α

∫ t0

t

∥∥(S2U)(s)− (S2V )(s)
∥∥

L(X)
‖A(s)−A(t)‖L(X1,X) ‖TA(t)(s−t)‖L(X,X1)ds

≤C1B(α, α+ε−1)B(2α+ε−1, α+ε−1)(t0−t)1−α

∫ t0

t

(t0−s)3α+2ε−3(s−t)ε+α−2ds ‖U−V ‖E

≤C1B(α, α+ε−1)B(2α+ε−1, α+ε−1)B(3α+2ε−2, α+ε−1)(t0 − t)3(α+ε−1) ‖U − V ‖E .

Following with the iterations, we get

‖(SnU)(t)− (SnV )(t)‖L(X)

≤ C1B(α, α + ε− 1)B(2α + ε− 1, α + ε− 1) . . .B(nα + (n− 1)(ε− 1), α + ε− 1)

× (t0 − t)n(α+ε−1) ‖U − V ‖E .

Recalling that B(s, t) = Γ(s)Γ(t)
Γ(s+t) , where Γ is the Gamma function, we have

B(α, α + ε− 1) . . .B(nα + (n− 1)(ε− 1), α + ε− 1) =
Γ(α)[Γ(α + ε− 1)]n

Γ((n + 1)α + n(ε− 1))
.

That gives,

‖(SnU)(t)− (SnV )(t)‖L(X) ≤
CΓ(α)[Γ(α + ε− 1)(t0 − t)α+ε−1]n

Γ((n + 1)α + n(ε− 1))
‖U − V ‖E .

Consider the power series

∞∑
n=1

CΓ(α)
Γ((n + 1)α + n(ε− 1))

sn.

If the radius of convergence of this power series is infinite, there is n ∈ N, such that

CΓ(α)[Γ(α + ε− 1)(t0 − τ)α+ε−1]n

Γ((n + 1)α + n(ε− 1))
< 1,

and then by the Banach contraction principle Sn has a unique fixed point in E and,
consequently, S has a unique fixed point in E. To verify that the radius of convergence is
infinite, we apply the ratio test. Dividing the (n + 1)th coefficient of the series by its nth

coefficient we obtain that

1
Γ(α+ε−1)

B((n+1)α+n(ε−1), α+ε−1)=
1

Γ(α+ε−1)

∫ 1

0

θ(n+1)α+n(ε−1)−1(1−θ)α+ε−2dθ.
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Now, for each 0 < θ ≤ 1, the integrand in the above expression is bounded by (1− θ)α+ε−1

and converges pointwise to zero as n → ∞. It follows from the Lebesgue Dominated
Convergence Theorem that B((n+1)α+n(ε−1), α+ ε−1) n→∞−→ 0. The proof of existence
of a unique fixed point of S in E is completed.

Since t0 is arbitrarily chosen, (11) has a unique solution U(t, τ) which is continuous in
the uniform operator topology for all t > τ .

Proposition 2.1. Let 0 < α < 1 and β < α, then

‖A(t)βTA(t)(τ)‖L(X) ≤ C max{τ−1+α− β
α , τ−1+α−β}.

Proof: It follows from (5), (6) and (8), that

‖A(t)βTA(t)(τ)‖ ≤ C(α, β)‖TA(t)(τ)‖1− β
α ‖A(t)TA(t)(τ)‖ β

α

≤ C(α, β)
(
τ−1+α

)1− β
α
(

max{τ−1, τ−2+α}
) β

α

≤ C(α, β)max{τ−1+α− β
α , τ−1+α−β}.

The theorem is proved. ¤
The proof of the two next results is due to Sobolevskĭı [16], we only point out the needed

adjustments.

Proposition 2.2. Let 0 < α < 1, γ − β < α, and β < −2α + εα
1−α , then

‖A(t)γTA(t)(t− τ)A(τ)−β‖L(X) ≤ C(t− τ)−1+α− γ−β
α . (16)

Proof: Note that

A(t)γTA(t)(t− τ)A(τ)−β = Aγ−β(t)TA(t)(t− τ) + A(t)γTA(t)(t− τ)[A(τ)−β −A(t)−β ].

The norm of the first term does not exceed

C(γ, β)(t− τ)−1+α− γ−β
α .

For the second term, it follows from (9) that

A(τ)−β −A(t)−β =
1

Γ(β)

∫ ∞

0

[TA(τ)(s)− TA(t)(s)]sβ−1ds. (17)

Now, for any η ∈ [0, 1], using (14) and (15) in (8) we have that for η < α

‖A(t)η[TA(τ)(s)− TA(t)(s)]‖ ≤ Cs−2+2α− η
α (t− τ)ε. (18)
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Let 0 < β < 1. From (17), (18) and closedness of the operators it follows that for any η,
with 2α + β > 2 + η

α ,

‖A(t)η[A(t)−β −A(τ)−β ]‖ ≤ 1
Γ(β)

∫ ∞

0

Ce−δss−2+2α− η
α (t− τ)εsβ−1ds

≤ C(t− τ)ε

Γ(β)

∫ ∞

0

e−δss−2+2α− η
α sβ−1ds

≤ C(α, β, η)(t− τ)ε.

(19)

If 2 > β ≥ 1, then (19) holds for η = 1. In fact,

A(t)[A(t)−β −A(τ)−β ] = [A(τ)−A(t)]A−1(τ)A−(β−1)(τ) + [A−(β−1)(t)−A−(β−1)(τ)],

and the result follows by (12) and from the bound already obtained for the case β < 1.
Using (19), we have

‖A(t)γTA(t)(t−τ)[A(τ)−β−A(t)−β ]‖ ≤ ‖Aγ−η(t)TA(t)(t− τ)‖ ‖A(t)η[A(t)−β −A(τ)−β ]‖
≤ C(α, γ)e−δ(t−τ)(t− τ)−1+α− γ−η

α C(γ, β)(t− τ)ε

≤ C(α, β, γ)e−δ(t−τ)(t− τ)−1+α− γ−η
α +ε,

where β
α − ε < η

α < −2 + 2α + β and, consequently β < −2α + εα
1−α . This completes the

proof. ¤

Proposition 2.3. Let 0 < α < 1, α + ε
2 > max{1, γ

α}, γ − β < α and β < −2α + εα
1−α ,

then

‖A(t)γU(t, τ)A(τ)−β‖L(X) ≤ C(t− τ)−1+α− γ−β
α . (20)

Proof: For any u ∈ D(A1−β(τ)) (0 ≤ β ≤ 1), it follows as in [16, page 20], we know
that

U(t, τ)A(τ)−βu = TA(t)(t− τ)A(τ)−βu

+
∫ t

τ

TA(t)(t− s)[A(s)−A(t)]U(s, τ)A(τ)−βuds.

Using (16) with γ = 1 for 1− β < α, we have

‖A(t)U(t, τ)A−β(τ)u‖ ≤ ‖A(t)TA(t)(t− τ)A(τ)−βu‖

+
∫ t

τ

‖A(t)TA(t)(t− s)‖ ‖[A(s)−A(t)]A−1(s)‖ ‖A(s)U(s, τ)A(τ)−βu‖ds

≤ C(1, β) (t− τ)−1+α− β−1
α ‖u‖

+ C2

∫ t

τ

(t− s)−2+α+ε‖A(s)U(s, τ)A(τ)−βu‖ds.
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From this and the Generalized Gronwall Lemma ([8], Exercise 4, p. 190) it follows that

‖A(t)U(t, τ)A−β(τ)u‖ ≤ C1(1, β)(t− τ)−1+α− 1−β
α ‖u‖.

Since D(A1−β(τ)) is dense in X, the inequality (20) holds for 1− β < α2 and γ = 1.
For γ < α, and β < −2α + εα

1−α , it follows from (12) and (16) that

‖A(t)γU(t, τ)A(τ)−βu‖ ≤ ‖A(t)γTA(t)(t− τ)A(τ)−βu‖

+
∫ t

τ

‖A(t)γTA(t)(t− s)‖ ‖[A(s)−A(t)]A−1(s)‖ ‖A(s)U(s, τ)A(τ)−βu‖ds

≤ C(t− τ)−1+α− γ−β
α ‖u‖+ C

∫ t

τ

(t− s)−1+α− γ
α +ε(s− τ)α− 1−β

α −1ds‖u‖

for u ∈ D(A1−β(τ)). This shows (20). ¤

Let

ϕ1(t, τ) = [A(τ)−A(t)]TA(τ)(t− τ),

and assume that the integral equation

Φ(t, τ) = ϕ1(t, τ) +
∫ t

τ

Φ(t, s)ϕ1(s, τ)ds (21)

has a unique solution Φ(t, τ), t > τ . Setting

Ū(t, τ) = TA(τ)(t− τ) +
∫ t

τ

TA(s)(t− s)Φ(s, τ)ds,

and noting that

∫ t

τ

Ū(t, s)ϕ1(s, τ)ds =
∫ t

τ

[TA(s)(t− s) +
∫ t

s

TA(θ)(t− θ)Φ(θ, s)dθ]ϕ1(s, τ)ds

=
∫ t

τ

TA(s)(t− s)ϕ1(s, τ)ds +
∫ t

τ

TA(s)(t− s)
∫ s

τ

Φ(s, θ)ϕ1(θ, τ)dθds

=
∫ t

τ

TA(s)(t− s)Φ(s, τ)ds,

we have that Ū(t, τ) = U(t, τ) for all t ≥ τ , and

U(t, τ) = TA(τ)(t− τ) +
∫ t

τ

TA(s)(t− s)Φ(s, τ)ds. (22)

It remains to show that (21) has a unique solution. The expression (22) will be used to
study regularity properties of t 7→ U(t, τ)u0.
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Note that ϕ1(s, τ) = [A(τ) − A(s)]TA(τ)(s − τ) is continuous in the uniform operator
topology in all variables for s > τ (see Corollary 2.1). From (12) and (7) we have that

‖ϕ1(s, τ)‖L(X) ≤ C(s− τ)α+ε−2.

With this in mind we show that (21) has a unique solution Φ(t, τ) which is continuous in
the uniform operator topology for all (t, τ) with t > τ and which satisfies

‖Φ(t, τ)‖L(X) ≤ C(t− τ)α+ε−2.

The procedure is analogous to that used to obtain U(t, τ). For α + ε > 1 and fixed
t0 ∈ R, with t0 > τ consider the complete metric space

Y = {Φ ∈ C([τ, t0), L(X)) : sup
t∈[τ, t0)

(t0 − t)2−α−ε ‖Φ(t)‖L(X) < ∞},

with the metric ‖Φ‖Y = supt∈[τ, t0)(t0 − t)2−α−ε ‖Φ(t)‖L(X) . Define the map G by the
formula

(GΦ)(t) = ϕ1(t0, t) +
∫ t0

t

Φ(s)ϕ1(s, t)ds.

Clearly G takes Y into C([τ, t0), L(X)). Next, we prove that G takes Y into itself and
that, for some n ∈ N, Gn is a contraction. Indeed,

(t0 − t)2−α−ε‖(GΦ)(t)‖L(X) ≤ C

[
1 + (t0 − t)α+ε−1‖Φ‖Y

∫ 1

0

(1− s)α+ε−2sα+ε−2ds

]

which proves that G : Y −→ Y . Now, for Φ, Ψ ∈ Y ,

(GΦ)(t)− (GΨ)(t) =
∫ t0

t

[Φ(s)−Ψ(s)]ϕ1(s, t)ds

and

(t0−t)2−α−ε‖(GΦ)(t)−(GΨ)(t)‖L(X) ≤ CB(α + ε− 1, α + ε− 1)(t0 − t)α+ε−1 ‖Φ−Ψ‖Y .

Using this estimate and iterating we obtain

(t0 − t)−n(α+ε−1) ‖(GnΦ)(t)−(GnΨ)(t)‖Y

≤CnB(α+ε−1, α+ε−1)B(2(α+ε−1), α+ε−1) · · ·B(n(α+ε−1), α+ε−1) ‖Φ−Ψ‖Y ,

which means

‖(GnΦ)(t)− (GnΨ)(t)‖L(X) ≤
CnΓ(α + ε− 1)[Γ(α + ε− 1)(t0 − t)α+ε−1]n ‖Φ−Ψ‖Y

Γ((n + 1)(α + ε− 1))
.
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From Banach contraction principle G has a unique fixed point in C([τ, t0), L(X)), which
concludes the proof that (21) has a unique solution. Also the proof of Theorem 2.1 is thus
finished.

3. LOCAL SOLVABILITY OF SEMILINEAR PARABOLIC PROBLEMS

For γ−β < 1 and α− γ−β
α > 1−α, we consider an abstract semilinear parabolic problem

of the form

du

dt
+ A(t)u = f(u), t > τ,

u(τ) = u0 ∈ Xγ ,
(23)

where {A(t) : t ∈ R} is a family of linear operators satisfying conditions (a) and (b) of
Section 2. Assume that f : Xγ → Xβ and that there are constants c > 0 and q > 1 such
that

‖f(v)− f(w)‖Xβ ≤ c‖v − w‖Xγ

(
1 + ‖v‖q−1

Xγ + ‖w‖q−1
Xγ

)
, ∀ v, w ∈ Xγ (24)

with

q <
α− γ−β

α

1− α
. (25)

We will show that for each τ ∈ R and arbitrary u0 ∈ Xγ the problem (23) has a unique
local mild solution defined on certain interval (τ, τ + τ0) with τ0 dependent on u0.

Definition 3.1. A function u : (τ, τ + τ0) → Xγ is said to be local mild solution to
(23), if (τ, τ +τ0) 3 t 7→ w(t) := u(t)−U(t, τ)u0 ∈ Xγ is continuous, limt→τ+ ‖w(t)‖Xγ = 0
and

u(t) = U(t, τ)u0 +
∫ t

τ

U(t, s)f(u(s))ds,

holds for all t ∈ (τ, τ + τ0), where {U(t, τ) : t > τ ∈ R} is the process of growth α
corresponding to the linear part of (23).

According to the above definition, since the process {U(t, τ) : t > τ ∈ R} is singular at
t = τ , solutions to (23) are assumed to have the same kind of singularity at t = τ as the
process U .

For τ, u0 as in (23), µ > 0 (to be chosen later) introduce the metric space

K(τ0, u0) := {v ∈ C((τ, τ + τ0), Xγ) : sup
t∈(τ,τ+τ0)

‖v(t)− U(t, τ)u0‖Xγ ≤ µ},

with metric in K(τ0, u0) given by

‖φ− ψ‖K(τ0,u0) = sup
t∈(τ,τ+τ0)

‖φ(t)− ψ(t)‖Xγ , φ, ψ ∈ K(τ0, u0).

The following result holds
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Theorem 3.1. Under the condition (24) with parameters satisfying (25) and for suitably
small τ0 > 0, there exists a unique local mild solution to (23) in K(τ0, u0).

The Banach Fixed Point Theorem in K(τ0, u0) is used to prove the theorem. Consider
the operator T : K(τ0, u0) → C((τ, τ + τ0), Xγ) defined by

Tv(t) := U(t, τ)u0 +
∫ t

τ

U(t, s)f(v(s))ds.

We show that, for all suitably small τ0,

(i) T is well defined and takes K(τ0, u0) into itself,
(ii) T is a contraction in K(τ0, u0).

To prove the first assertion let v ∈ K(τ0, u0). Note that

(t− τ)1−α‖v(t)‖Xγ ≤ (t− τ)1−α‖v(t)− U(t, τ)u0‖Xγ + (t− τ)1−α‖U(t, τ)u0‖Xγ

≤ (t− τ)1−αµ + c‖u0‖Xγ .

Hence, if B is a bounded subset of Xγ and

k = τ1−α
0 µ + c sup

u0∈B
‖u0‖Xγ ,

it follows from (20) and (24) that

‖Tv(t)− U(t, τ)u0‖Xγ ≤
∫ t

τ

‖U(t, s)f(v(s))‖Xγ ds

≤ c

∫ t

τ

‖U(t, s)‖L(Xβ ,Xγ)‖f(v(s))‖Xβds

≤ c

∫ t

τ

(t− s)−1+α− γ−β
α (1 + ‖v(s)‖q

Xγ ) ds ≤ c

α− γ−β
α

(t− τ)α− γ−β
α

+ c

∫ t

τ

(t− s)−1+α− γ−β
α (s− τ)−(1−α)q((s− τ)(1−α)q‖v(s)‖Xγ )qds

≤ c

α− γ−β
α

(t− τ)α− γ−β
α + c kq

∫ t

τ

(t− s)−1+α− γ−β
α (s− τ)−(1−α)qds

≤ c

α− γ−β
α

(t− τ)α− γ−β
α + c kq(t− τ)α− γ−β

α −(1−α)qB
(
1−(1−α)q, α− γ − β

α

)

≤ c

α− γ−β
α

τ
α− γ−β

α
0 + c kqτ

α− γ−β
α −(1−α)q

0 B
(
1−(1−α)q, α− γ − β

α

)

≤ µ,
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for all suitably small τ0 and for all u0 ∈ B. Note that condition α− γ−β
α − (1− α)q > 0 is

equivalent to assumption (25).
In particular, for each v ∈ K(τ0, u0) we have that

‖Tv(t)− U(t, τ)u0‖Xγ → 0, as t → 0.

Hence, with this choice of τ0, we have that T : K(τ0, u0) → K(τ0, u0). Note that this
procedure can be carried out uniformly for u0 in bounded subsets of Xγ .

The proof of the second assertion is similar. Using (20) and (24), we have that

‖Tv(t)− Tw(t)‖Xγ ≤
∫ t

τ

‖U(t, s)(f(v(s)− f(w(s)))‖Xγ ds

≤ c

∫ t

τ

‖U(t, s)‖L(Xβ ,Xγ)‖f(v(s))− f(w(s))‖Xβ ds

≤ c

∫ t

τ

(t− s)−1+α− γ−β
α ‖v(s)− w(s)‖Xγ

(
1 + ‖v(s)‖q−1

Xγ + ‖w(s)‖q−1
Xγ

)
ds,

for all v, w ∈ K(τ0, u0). From this we obtain that

‖Tv − Tw‖Xγ ≤ c

∫ t

τ

(t− s)−1+α− γ−β
α ‖v − w‖K(τ0,u0)ds

+ 2c kq−1

∫ t

τ

(t− s)−1+α− γ−β
α ‖v − w‖K(τ0,u0)(s− τ)−(1−α)(q−1)ds

≤ c‖v − w‖K(τ0,u0)

[τ
α− γ−β

α
0

α− γ−β
α

+2kq−1τ
α− γ−β

α −(1−α)(q−1)
0 B

(
1−(1−α)(q−1), α− γ−β

α

)]
.

Note that the expression within parenthesis tends to zero as τ0 tends to zero provided that
α− γ−β

α − (1− α)(q − 1) > 0, or equivalently that

q <
1− γ−β

α

1− α
. (26)

Clearly, if the exponent q in (24) satisfies (25) then it also satisfies (26). Hence, we obtain
that, for all suitably small τ0, T is a contraction in K(τ0, u0) and this concludes the proof
of Theorem 3.1.

4. APPLICATIONS

In this section we apply the abstract theory developed in the previous sections to two
examples. One for parabolic equations in spaces of Hölder continuous functions and another
for parabolic equations in n dimensional domains with a one-dimensional handle.
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4.1. Semilinear parabolic problems in Hölder spaces
Recall that (see e.g. [7, Chapter 3]) the Hölder space Cµ(Ω̄), µ ∈ (0, 1), is a Banach

space of uniformly continuous functions v : Ω̄ → R, equipped with the norm

‖v‖µ = sup
x∈Ω̄

|v(x)|+ sup
x,y∈Ω̄,0<|x−y|≤1

|v(x)− v(y)|
|x− y|µ =: ‖v‖C(Ω̄) + Hµ(v).

Examples of almost sectorial operators which are not sectorial were first introduced
by W. von Wahl in [20] (see also [15], and [11, Example 3.1.33]). We recall it here for
completeness of the presentation.

Example 4.1. Let Ω ⊂ Rn be a bounded domain with C4m regular boundary. In
the space Cµ(Ω̄) of Hölder continuous functions (µ ∈ (0, 1)) consider elliptic differential
operator of order 2m

Av(x) =
∑

|δ|≤2m

aδ(x)Dδv(x),

with the domain D(A) = {v ∈ C2m+µ(Ω̄) : Dδu = 0 on ∂Ω, |δ| ≤ m − 1}, where Dδ =∏n
j=1(−i ∂

∂xj
)δj , δ is a multi-index. The coefficients aδ : Ω̄ → C are assumed to satisfy the

following conditions

(i) aδ ∈ Cµ(Ω̄) for |δ| ≤ 2m,

(ii) aδ(x) ∈ R for x ∈ Ω̄ and |δ| = 2m,

(iii) There exists M> 0 such that M−1|ξ|2m≤
∑

|δ|=2m

aδ(x)ξδ≤ M |ξ|2m, ∀ξ∈Rn, ∀x∈ Ω̄.

(27)

For certain ν > 0 the operator A + ν will be almost sectorial with parameter α = 1− µ
2m .

Note that in particular −∆ satisfies the above conditions. Also time dependent families of
almost sectorial operators were studied in [20].

In case of time dependent processes consider the second order parabolic problem

{
ut = L(t, x)u + g(u), t > 0, x ∈ Ω,

u(0, x) = u0(x) in Ω, u = 0 on ∂Ω,
(28)

where

L(t, x)u :=
n∑

i,j=1

aij(t, x)
∂2u

∂xi∂xj
.
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Assume that there is a constant L > 0 such that the coefficients aij : R × Ω̄ → R are
uniformly continuous together with its derivatives and satisfy the conditions:

(i) aij(t, ·) are uniformly continuous in Ω̄ and equicontinuous in t,

(ii) sup
x∈Ω

|aij(t, x)− aij(s, x)| ≤ L|t− τ |, for all t, τ ∈ R, |t− τ | < 1,

(iii) sup
1≤k≤n

sup
x∈Ω

|∂aij

∂xk
(t, x)− ∂aij

∂xk
(s, x)|≤L|t− τ | ∀ t, τ ∈ R, |t− τ | < 1,

(29)

and, uniformly with respect to t, ellipticity condition (27) (iii).
We need to check that assumptions (a) and (b) of Section 2 are satisfied for this example.

Let A(t) : D(A(t)) ⊂ Cµ
0 (Ω̄) → Cµ

0 (Ω̄) (subscript 0 means the subspace consisting of all
functions vanishing at ∂Ω) be an abstract operator defined by L(t, x)

A(t)v = L(t, ·)v, v ∈ D(A(t)).

First we will show that condition (a) is satisfied, which means that there are α ∈ (0, 1) and
M > 0 such that

‖(λ + A(t))−1‖L(Cµ
0 (Ω)) ≤

M

|λ|α , for all λ ∈ Σθ\{0} and ∀ t ∈ R. (30)

For clarity of further calculations we will discuss now the connections between various
constants appearing in the considerations below. Fix p > n, µ ∈ (0, 1) and choose s such
that

s ∈ (µ +
n

p
, 1 +

n

p
). (31)

Next, let ε, ε′ ∈ (0, 1) be such that

0 < s− 2ε < s− 2ε′ < µ. (32)

Note that the last condition together with (31) require that

n

2p
≤ ε′ < ε <

µ

2
+

n

2p
. (33)

The notation of the function spaces borrowed from the monograph [19] will be used
below for the reader’s convenience. In the proof of (30) we will use known properties of
the operators A(t) in the scale X̃r := H2r+s

p,{Bj}(Ω) of Bessel potentials spaces (see [19, p.
321]), that is Calderon-Zygmund type estimate

‖(λ + A(t))−1‖L(X̃0,X̃1) ≤ c1, (34)
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and sectoriality condition for these operators

‖(λ + A(t))−1‖L(X̃0) ≤
c2

|λ| . (35)

Thanks to the Sobolev type embedding (see [19, p. 328]) Hs
p,{Bj}(Ω) ⊂ Cµ

0 (Ω̄), valid for
µ, s satisfying (31), we have

‖(λ+A(t))−1φ‖Cµ
0 (Ω̄) ≤ c‖(λ + A(t))−1φ‖X̃0

≤ ‖(λ + A(t))−1‖L(Hs−2ε
p,{Bj}

(Ω),Hs
p,{Bj}

(Ω))‖φ‖Hs−2ε
p,{Bj}

(Ω) ≤
c

|λ|1−ε
‖φ‖Hs−2ε

p,{Bj}
(Ω),

(36)

where we have used that

‖(λ + A(t))−1‖L(X̃−ε,X̃0) ≤
c

|λ|1−ε
,

which follows from (34), (35) and the moment inequality.

Remark 4. 1. To assure that the operators A(t) in our example satisfy (1) with C, α
independent of t (are ’uniformly almost sectorial’) we need to check that the constants
c1, c2 in (34), (35) are independent of t. As well known ([7, Theorem 18.2]), these constants
depend only on p, n, Ω, uniform ellipticity constant M and modulus of continuity of the
coefficients aij . Thanks to our assumption (29)(i) they will be thus chosen independent of
t.

We will extend next (36) using the following result:

Lemma 4.1. Assuming (31), (32), the following chain of continuous embedding hold

Cµ
0 (Ω̄) ⊂ Bs−2ε′

p,p,{Bj}(Ω) ⊂ Hs−2ε
p,{Bj}(Ω).

Proof: Recall that for Hs−2ε
p,{Bj}(Ω) and Bs−2ε

p,p,{Bj}(Ω) defined in [19, §4.3.3] we have

Bs−2ε
p,p,{Bj}(Ω) = (Lp(Ω), H2m

p,{Bj}(Ω)) s−2ε
2m ,p

and

Hs−2ε
p,{Bj}(Ω) = [Lp(Ω),H2m

p,{Bj}(Ω)] s−2ε
2m ,p.

Consider next any auxiliary operator Ã letting e.g. Ã be the m-th power of the negative
Laplacian in Lp(Ω) with the domain H2m

p,{Bj}(Ω) ({Bj} being the homogeneous Dirichlet

boundary conditions). Then Ã is a positive sectorial operator with bounded (purely)
imaginary powers and we have

[Lp(Ω),H2m
p,{Bj}(Ω)] s−2ε

2m ,p = D(Ã
s−2ε
2m ).
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The main idea that supports the argument is that we can now suitably change the
interpolation functors. Namely, from the above and [19, §1.15.2 (3)], we get

Bs−2ε
p,1,{Bj}(Ω) = (Lp(Ω), D(Ã)) s−2ε

2m ,1 ⊂ D(Ã
s−2ε
2m ) = Hs−2ε

p,{Bj}(Ω),

whereas from [19, §1.15.2 Step 7] (or [2, I.2.5])

(Lp(Ω),H2m
p,{Bj}(Ω)) s−2ε′

2m ,∞ ⊂ (Lp(Ω),H2m
p,{Bj}(Ω)) s−2ε

2m ,1.

Since evidently (see [19, §1.15.2 (3)])

(Lp(Ω),H2m
p,{Bj}(Ω)) s−2ε′

2m ,p
⊂ (Lp(Ω),H2m

p,{Bj}(Ω)) s−2ε′
2m ,∞,

we conclude that

Bs−2ε′

p,p,{Bj}(Ω) ⊂ Hs−2ε
p,{Bj}(Ω).

Coming back to the definition of Bs−2ε′

p,p,{Bj}(Ω) in [19, §4.3.3] we interpret it as follows; for
the prescribed parameters and p being large enough

Bs−2ε′

p,p,{Bj}(Ω) = {φ ∈ Bs−2ε′
p,p (Ω) : φ|∂Ω = 0}.

It is well known (see [19, 4.4.1(8)], [1, p. 208]), that for non-integer r an equivalent norm
of the space Br

p,p(Ω) = W r
p (Ω), called intrinsic norm, is given by the integral expression

‖φ‖W r
p (Ω) =


‖φ‖p

W m
p (Ω) +

∑

|δ|=m

∫

Ω

∫

Ω

|Dδφ(x)−Dδφ(y)|p
|x− y|n+σp

dxdy




1
p

,

where r = m + σ, with σ ∈ (0, 1),m ∈ N.
Analyzing the above norm with r = s− 2ε′, m = 0 and p so large that µ > s− 2ε′ + n

p

(compare (32)), we observe that

‖φ‖
Bs−2ε′

p,p (Ω)
≤ c‖φ‖µ, φ ∈ Cµ(Ω̄).

Therefore, for the space of Hölder functions equal zero at the boundary of Ω we have

Cµ
0 (Ω̄) ⊂ {φ ∈ Bs−2ε′

p,p (Ω) : φ|∂Ω = 0} = Bs−2ε′

p,p,{Bj}(Ω),

which completes the proof. ¤

Extending (36) with the use of the above Lemma we obtain an estimate

‖(λ + A(t))−1φ‖Cµ
0 (Ω̄) ≤

c

|λ|1−ε
‖φ‖Cµ

0 (Ω̄), Reλ > 0,
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verifying condition (30) with α = 1 − ε (the value of ε was evaluated in (33)). Note that
for large p we agree with von Wahl’s estimate

α = 1− ε > 1− µ

2
.

Next, we need to check condition (12); that is, there exists ε ∈ (0, 1) such that

‖[A(t)−A(τ)]A−1(s)]φ‖µ ≤ c(t− τ)ε‖φ‖µ, ∀ t, τ ∈ R, |t− τ | < 1.

Since the operator A−1(s) is bounded linear from Cµ
0 (Ω̄) into D(A(t)), it suffices to show

that for ψ := A−1(s)φ,

‖[A(t)−A(τ)]ψ‖µ ≤ c(t− τ)ε‖φ‖µ, τ ≤ t ∈ R,

which, in an explicit form, means the estimate

∥∥∥∥∥∥

n∑

i,j=1

[aij(t, ·)− aij(τ, ·)] ∂2ψ

∂xi∂xj

∥∥∥∥∥∥
µ

≤ c(t− τ)ε‖φ‖µ.

It follows from our assumption (29) on the coefficients that

‖aij(t, ·)− aij(τ, ·)‖µ ≤ c‖aij(t, ·)− aij(τ, ·)‖C1(Ω) ≤ L|t− τ | ≤ L|t− τ |ε,

for |t − τ | < 1, ε ∈ (0, 1), which justifies condition (12) since Cµ(Ω̄) is a Banach algebra
and

∥∥∥∥
∂2ψ

∂xi∂xj

∥∥∥∥
µ

≤ c‖φ‖µ.

To apply the results of Section 3, we fix Xγ = Cµ
0 (Ω̄) and impose conditions on the

nonlinear term g in (28) to ensure that (24) holds and, consequently, the problem is locally
solvable. Since in our example, for 1 > µ+ > µ, for z > µ+ − µ and p > n, Lp0(Ω) ⊂
H−z

p,{Bj}(Ω) ⊂ Xγ−µ+

2 with p0 ≥ np
n+zp and Xγ ⊂ L∞(Ω), then it suffices to assume that

g : R→ R is a locally Lipschitz continuous function. Indeed, when B ⊂ Cµ
0 (Ω̄) is bounded

and v, w ∈ B, we have

‖g(v)− g(w)‖
Xγ−µ+

2
≤ c‖g(v)− g(w)‖Lp0 (Ω) ≤ cLB‖v − w‖Lp0 (Ω) ≤ cLB‖v − w‖Xγ ,

where LB is the Lipschitz constant for g in a large interval containing the image of every
function in B. This proves the required condition and concludes the example.

4.2. Domains with a handle
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Let Ω ⊂ Rn be a bounded smooth domain. Consider the problem




ut = a(t, x)∆u− u + f(u), x ∈ Ω, t > 0,

u(t, x) = 0, x ∈ ∂Ω, t ≥ 0,

u(0, x) = u0(x), x ∈ Ω.

This problem can be written abstractly as

du

dt
+ A(t)u = f(u), u(0) = u0,

where X = Lp(Ω), A(t) : D(A(t)) ⊂ X → X, D(A(t)) = H2,p(Ω) ∩H1,p
0 (Ω), and

A(t)u = −a(t, x)∆u + u.

Assume that a(t, x) is continuously differentiable in x and that there are positive constants
c0 and c1 such that 0 < c0 ≤ a(t, x) ≤ c1.

Assume further that b(t, x) := ∇xa(t, x) ∈ L∞(Ωn) for all t ∈ R and that t 7→ a(t, ·) ∈
L∞(Ω), t 7→ b(t, ·) ∈ L∞(Ωn) are Hölder continuous functions with exponent ε > 0 and
constant C.

As for the nonlinearities f , we assume that f ∈ C1(R,R) and satisfies the growth con-
dition

|f ′(u)| ≤ c.

Operator −A(t) is the infinitesimal generator of an analytic semigroup which satisfies

‖(A(t) + λI)−1‖L(X) ≤
M

|λ| , for t ∈ R and λ ∈ {λ ∈ C : Reλ > 0},

and

‖[A(t)−A(τ)]A−1(s)‖L(X) ≤ C(t− τ)ε, for some ε ∈ (0, 1] and for all t, τ, s ∈ R.

Lemma 4.2 ([5]). The operator A(t) : D(A(t)) ⊂ X → X is the infinitesimal generator
of an analytic semigroup and satisfies conditions (1) (with α = 1) and (12).

Inspired by [3] we consider the following example. For g ∈ C1([0, 1], (0,∞)), let Up =
Lp(Ω)⊕ Lp

g(0, 1), where Lp
g(0, 1) is the space Lp(0, 1) with the norm

‖φ‖Lp
g(0,1) =

(∫ 1

0

g(s)|φ(s)|pds

) 1
p

.

For P0, P1 ∈ ∂Ω and p > n/2 let A(t) : D(A(t)) ⊂ Up → Up be the operator defined by

D(A(t))=
{
(w, v)∈Up :w∈D(∆Ω

N ), (gvx)x∈Lp(0, 1), v(0)=w(P0), v(1)=w(P1)
}

A(t)(w, v) =
(
− a(t, x)∆w + w,−1

g
(gvx)x + v

)
, (w, v) ∈ D(A(t)),

(37)
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where ∆Ω
N is the Laplacian with homogeneous Neumann boundary conditions in Lp(Ω) and

the domain D(∆Ω
N ) = {u ∈ H2,p(Ω) : ∂u

∂n = 0 in ∂Ω}.
For p > n/2 we have that D(∆Ω

N ) is continuously embedded in C(Ω̄). This tells us that
the functions in D(∆Ω

N ) have trace at P0 and P1.

Proposition 4.1 ([3]). For each t ∈ R, the operator A(t) defined by (37) has the
following properties

(i) D(A(t)) is dense in Up,
(ii) A(t) is a closed operator,
(iii) A(t) has compact resolvent, and
(iv) ρ(A(t)) ⊃ Σθ and the estimates hold

‖(A(t) + λ)−1‖L(Up) 6 C

|λ|α , λ ∈ Σθ\{0}

‖A(t)(A(t) + λ)−1‖L(Up) 6 C(1 + |λ|1−α), λ ∈ Σθ,

for some 0 < α < 1− n
2p < 1 and there are constants C > 0 and ε ∈ (0, 1] such that

‖[A(t)−A(τ)]A−1(s)‖L(Up) ≤ C(t− τ)ε, ∀t, τ, s ∈ R.

If f : R→ R is globally Lipschitz continuous, it defines a Nemitskĭı operator from Up into
itself by fe(u, v) = (fΩ(u), fI(v)), with fΩ(u)(x) = f(u(x)), x ∈ Ω, and fI(v)(s) = f(v(s)),
s ∈ (0, 1).

Consider the semilinear evolution equation




du

dt
= A(t)u + fe(u),

u(0) = u0 ∈ Up,
(38)

where u vary in the Banach space Up and A(t) : D(A(t)) ⊂ Up → Up is the linear operator
defined by (37) and where fe : Up → Up is such that

‖fe(u)− fe(v)‖Up ≤ c‖u− v‖Up .

It follows from the result in Section 3 with γ = β = 0 that (38) has a unique solution
for each u0 ∈ Up.
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