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ARTIGO NÚMERO SMA# 310

Horo-tight spheres in hyperbolic space

Marcelo Buosi
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We study horo-tight immersions of manifolds into hyperbolic spaces. The
main result gives several characterizations of horo-tightness of spheres, an-
swering a question proposed by T. Cecil and P. Ryan. For instance, we prove
that a sphere is horo-tight if and only if it is tight in the hyperbolic sense.
For codimension bigger than one, it follows that horo-tight spheres in hyper-
bolic space are metric spheres. We also prove that horo-tight hyperspheres
are characterized by the property that both of its total absolute horospherical
curvatures attend their minimum value. We also introduce the notion of weak
horo-tightness: an immersion is weak horo-tight if only one of its total absolute
curvature attends its minimum. We prove a characterization theorem for weak
horo-tight hyperspheres. May, 2009 ICMC-USP

1. INTRODUCTION

What are the horo-tight immersions of spheres? We address this paper to this question
proposed by Thomas E. Cecil and Patrick J. Ryan in ([9], pg 236). The notion of horo-
tightness was introduced in [8], whose main subjects are tight and taut immersions into
hyperbolic space. Properties of horo-tight immersions of manifolds were obtained by J.
Bolton in [3].
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On the other hand, in recent papers [4, 16, 17, 18, 19], we discovered a new geometry in
hyperbolic space which is called “Horospherical Geometry”. The curvature in this geometry
describes the contact of a submanifold with hyperhorospheres. It has nice properties,
for instance, the Gauss-Bonnet type theorem and the Chern-Lashof type theorem hold.
Therefore the horo-tightness of submanifolds in hyperbolic space is also a quite interesting
notion from this point of view.

The main results in this paper are Theorems 4.1, 4.2, 4.4 and 5.1 which give several
characterizations on horo-tight spheres in hyperbolic space. The results give a complete
answer to the question of Cecil and Ryan. In a previous paper [5], we have considered
the question of horo-tightness for circles in hyperbolic space. However, the method we
used in [5] is so elementary that it cannot work for the general dimensional case. In the
present paper, we complete the investigation by showing that an immersion of a sphere
into hyperbolic n-space is horo-tight if and only if it is hyperbolic tight. For immersions
in codimension higher than 1, it follows that a horo-tight sphere is a metric sphere. There
are several examples of horo-tight hyperspheres which are not metric hyperspheres even in
the case when n = 2 (i.e, horo-tight ellipses in the Poincaré disk). Therefore the situation
in the codimension one case is quite different from the other cases.

One of the characterizations of horo-tight hypersphere is that it attends the minimum
of the total absolute horospherical curvature. Differently from the Euclidean case, hy-
persurfaces in hyperbolic space always have two total absolute horospherical curvatures
depending on the direction of the normals. The result is that a hypersphere is horo-tight
if and only if both total absolute horospherical curvatures attend their minimum value.
Therefore, we have another question : What horosphere satisfies the condition that only
one of its total absolute curvature is minimal? As an answer to this question, we introduce
the notion of weak horoconvexity and weak horo-tightness. Another result is Theorem 6.1,
which gives the answer to the above new question.

After completing this work, the authors came across a preprint of E. Gallego, A. Reventós,
G. Solanes and E. Teufel [11] that contains similar results. Their definition of the support
map corresponds to the notion of the hyperbolic Gauss indicatrix introduced in [12]. How-
ever, they do not consider the horospherical Gauss maps L̃± nor the concept of horospher-
ical curvature.

2. LOCAL HOROSPHERICAL GEOMETRY OF SUBMANIFOLDS IN
HYPERBOLIC SPACE

We outline in this section the local differential geometry of submanifolds in the hy-
perbolic n-space developed in the previous papers [12, 15, 16]. We adopt, for this pur-
pose, the model of hyperbolic n-space in the Minkowski (n + 1)-space. Let Rn+1 =
{(x0, x1, . . . , xn) | xi ∈ R (i = 0, 1, . . . , n) } be an (n+1)-dimensional vector space. For any
x = (x0, x1, . . . , xn), y = (y0, y1, . . . , yn) ∈ Rn+1, the pseudo scalar product of x and y is
defined by 〈x,y〉 = −x0y0+

∑n
i=1 xiyi. We call (Rn+1, 〈, 〉) Minkowski (n+1)-space and de-

note it by Rn+1
1 . We say that a non-zero vector x ∈ Rn+1

1 is spacelike, lightlike or timelike if
〈x,x〉 > 0, 〈x,x〉 = 0 or 〈x,x〉 < 0 respectively. For a vector v ∈ Rn+1

1 and a real number
c, we define the hyperplane with pseudo normal v by HP (v, c) = {x ∈ Rn+1

1 | 〈x,v〉 = c }.
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HORO-TIGHT SPHERES IN HYPERBOLIC SPACE 115

We call HP (v, c) a spacelike hyperplane, a timelike hyperplane or a lightlike hyperplane if
v is timelike, spacelike or lightlike respectively.

We now define hyperbolic n-space by Hn
+(−1) = {x ∈ Rn+1

1 |〈x,x〉 = −1, x0 ≥ 1} and de
Sitter n-space by Sn

1 = {x ∈ Rn+1
1 |〈x,x〉 = 1 }. We have three kinds of totally umbilical

hypersurfaces in Hn
+(−1) which are given by the intersections of Hn

+(−1) with hyperplanes.
A hypersurface given by the intersection of Hn

+(−1) with a spacelike hyperplane, a timelike
hyperplane or a lightlike hyperplane is respectively called a hypersphere, an equidistant
hypersurface or a hyperhorosphere. Especially, a hyperhorosphere is an important subject
in this paper, so that we denote it by HS(v, c) = Hn

+(−1)∩HP (v, c), where v is a lightlike
vector. We also define a set LC∗

+ = {x = (x0, . . . xn) ∈ LC0 |x0 > 0 }, which is called the
future lightcone at the origin.

In the first place, we review the results on hypersurfaces in Hn
+(−1). Let X : U −→

Hn
+(−1) be an embedding, where U ⊂ Rn−1 is an open subset. We shall identify M = X(U)

and U through the embedding X. Since 〈X,X〉 ≡ −1, we have 〈Xui
(u),X(u)〉 ≡ 0 (i =

1, . . . , n − 1), for any u = (u1, . . . un−1) ∈ U. Therefore, we can define the spacelike unit
normal E(u) ∈ Sn

1 . It follows that X(u) ± E(u) ∈ LC∗
+ and hence we can define a map

L± : U −→ LC∗
+ by L±(u) = X(u)± E(u) which is called the hyperbolic Gauss indicatrix

(or the lightcone dual) of X. In order to define the hyperbolic Gauss-Kronecker curvature of
the hypersurface M = X(U), we have shown in [12] dL±(u0) is a linear transformation on
the tangent space TpM. We call the linear transformation S±p = −dL±(u0) : TpM −→ TpM
the hyperbolic shape operator of M = X(U) at p = X(u0). We denote the eigenvalues of S±p
by κ̄±p and the eigenvalues of Ap by κi(p) (i = 1, . . . n− 1) which are called the hyperbolic
principal curvatures. The hyperbolic Gauss-Kronecker curvature of M = X(U) at p =
X(u0) is defined to be K±

h (u0) = detS±p = κ1(p) · · ·κn−1(p). Since Xui (i = 1, . . . n − 1)
are spacelike vectors, we have the Riemannian metric given by ds2 =

∑n−1
i=1 gijduiduj

on M = X(U), where gij(u) = 〈Xui
(u),Xuj

(u)〉 and the hyperbolic second fundamental
invariant defined by h̄±ij(u) = 〈−L±

ui
(u),Xuj (u)〉 for any u ∈ U. In [12] the hyperbolic

version of the Weingarten formula was shown and the formula K±
h = det

(
h̄±ij
)
/det (gαβ)

was obtained.
In the previous paragraphs we reviewed the properties of hyperbolic Gauss indicatri-

ces and hyperbolic Gauss-Kronecker curvatures. The original definition of the hyper-
bolic Gauss map introduced by Bryant [2] and Epstein [10] is given in the Poincaré ball
model. Here, we introduce the corresponding definition in Minkowski model as follows: If
x = (x0, x1, . . . , xn) is a lightlike vector, then x0 6= 0. Therefore we have

x̃ =
(

1,
x1

x0
, . . . ,

xn

x0

)
∈ Sn−1

+ = {x = (x0, x1, . . . , xn) | 〈x,x〉 = 0, x0 = 1 }.

We call Sn−1
+ the lightcone (n− 1)-sphere. We define a map

L̃± : U −→ Sn−1
+

by L̃±(u) = L̃±(u) and call it the hyperbolic Gauss map of X. Let NpM be the pseudo-
normal space of TpM in TpRn+1

1 . We have the decomposition TpRn+1
1 = TpM ⊕ NpM,
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so that we also have the Whitney sum TRn+1 = TM ⊕ NM. Therefore we have the
canonical projection Π : TRn+1 −→ TM. It follows that we have a linear transformation
Πp ◦ dL̃±(u) : TpM −→ TpM for p = X(u) by the identification of U and X(U) = M via
X. In [16] the following formula was shown:

Proposition 2.1. Under the above notation we have the following horospherical Wein-
garten formula:

Πp ◦ L̃±
ui

= −
n−1∑
j=1

1
`±0 (u)

(
h̄±
)j
i
Xuj

,

where L±(u) = (`±0 (u), `±1 (u), . . . , `±n (u)).

We call the linear transformation S̃±p = −Πp ◦ dL̃± the horospherical shape operator of
M = X(U). The horospherical Gauss-Kronecker curvature of X(U) = M is defined to be
K̃±

h (u) = det S̃±p . It follows that we have the following relation between the horospherical
Gauss-Kronecker curvature and the hyperbolic Gauss-Kronecker curvature:

K̃±
h (u) =

(
1

`±0 (u)

)n−1

K±
h (u).

We remark that K̃±
h (u) is not invariant under hyperbolic motions but it is an SO(n)-

invariant. We also remark that the notion of horospherical curvatures is independent of
the choice of the model of hyperbolic space. For the purpose, we introduce a smooth
function on the unit tangent sphere bundle of hyperbolic space which plays the principal
role of the horospherical geometry. Let SO0(n, 1) be the identity component of the matrix
group

SO(n, 1) = {g ∈ GL(n + 1, R) | gIn,1
tg = In,1 },

where

In,1 =

(
−1 0
t0 In

)
∈ GL(n + 1, R).

It is well-known that SO0(n, 1) acts transitively on Hn
+(−1) and the isotropic group

at p = (1, 0, . . . , 0) is SO(n) which is naturally embedded in SO0(n, 1). Moreover the
action induces isometries on Hn

+(−1). On the other hand, we consider a submanifold
∆ = {(v,w) | 〈v,w〉 = 0 } of Hn

+(−1)×Sn
1 and the canonical projection π̄ : ∆ −→ Hn

+(−1).
Let π : S(THn

+(−1)) −→ Hn(−1) be the unit tangent sphere bundle over Hn
+(−1).

For any v ∈ Hn
+(−1), we have the coordinates (v1, . . . , vn) of Hn

+(−1) such that v =
(
√

v2
1 + · · ·+ v2

n + 1, v1, . . . , vn). We can canonically identify π : S(THn
+(−1)) −→ Hn

+(−1)
with π̄ : ∆ −→ Hn

+(−1). Moreover, the linear action of SO0(n, 1) on Rn+1
1 induces the

canonical action on ∆ (i.e., g(v,w) = (gv, gw) for any g ∈ SO0(n, 1)). For any (v,w) ∈ ∆,
the first component of v ±w is given by

v0 ± w0 =
√

v2
1 + · · ·+ v2

n + 1± 1√
v2
1 + · · ·+ v2

n + 1

n∑
i=1

viwi,
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HORO-TIGHT SPHERES IN HYPERBOLIC SPACE 117

so that it can be considered as a function on the unit tangent bundle S(THn
+(−1)).

We now define a function

Nh : ∆ −→ R ; Nh(v,w) =
1

v0 + w0
.

We call N±
h a horospherical normalization function on Hn

+(−1). Since v2 + · · ·+v2
n +1 and

n∑
i=1

viwi are SO(n)-invariant functions, Nh is an SO(n)-invariant function. Therefore, N±
h

can be considered as a function on the unit tangent sphere bundle over the hyperbolic space
SO0(n, 1)/SO(n) which is independent of the choice of the model space. For any embedding
X : U −→ Hn

+(−1) (U ⊂ Rn−1), we have the unit normal vector field E : U −→ Sn
1 , so

that (X(u), E(u)) ∈ ∆ for any u ∈ U. It follows that

K̃±
h (u) = Nh(X(u),±E(u))n−1K±

h (u).

The right hand side of the above equality is independent of the choice of the model space.

We now consider general submanifolds in Hn
+(−1) (cf., [15]). Let X : U → Hn

+(−1) be an
embedding of codimension (s+1), where U ⊂ Rr is an open subset (r+s+1 = n) . We also
write that M = X(U) and identify M and U through the embedding X. Let Np(M) be
the normal space of M at p = X(u) in Rn+1

1 and we define Nh
p (M) = Np(M)∩TpH

n
+(−1).

Since the normal bundle N(M) is trivial, we can arbitrarily choose a unit normal section
N(u) ∈ Ss(Nh

p (M)). We consider the orthogonal projections πT : TpM⊕Nh
p (M) −→ TpM

and πN : TpM ⊕Nh
p (M) −→ Nh

p (M). Let dNu : TuU −→ TpM ⊕Nh
p (M) be the derivative

of N . We define that dNT
u = πT ◦dNu and dNN

u = πN ◦dNu. Under the identification of
U and M, the derivative dXu can be identified with the identity mapping idTpM . We call
the linear transformation Sp0(N) = −(idTp0M + dNT

u0
) : Tp0M −→ Tp0M the hyperbolic

N -shape operator of M = X(U) at p0 = X(u0). The hyperbolic curvature with respect to
N at p0 = X(u0) is defined to be

Kh(N)(X(u0)) = Kh(N)p0 = detSp0(N).

We give the following generalized hyperbolic Weingarten formula. Since Xui
(i = 1, . . . r)

are spacelike vectors, we induce the Riemannian metric (the hyperbolic first fundamental
form) ds2 =

∑r
i=1 gijduiduj on M = X(U), where gij(u) = 〈Xui

(u),Xuj
(u)〉 for any

u ∈ U. We also define the hyperbolic second fundamental invariant with respect to the
unit normal vector field N by h̄ij(N)(u) = 〈−(X + N)ui(u),Xuj (u)〉 for any u ∈ U. If
we define the second fundamental invariant with respect to the normal vector field N by
hij(N)(u) = −〈Nui

(u),Xuj
(u)〉, then we have the following relation:

h̄ij(N)(u) = −gij(u) + hij(N)(u), (i, j = 1, . . . , r).
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118 M. BUOSI, S. IZUMIYA AND M. A. SOARES RUAS

Proposition 2.2. Under the above notations, we have the following horospherical (or,
hyperbolic) Weingarten formula with respect to N :

πT ◦ (X + N)ui
= −

r∑
j=1

h̄j
i (N)Xuj

,

where
(
h̄j

i (N)
)

=
(
h̄ik(N)

) (
gkj
)
and

(
gkj
)

= (gkj)
−1

. It follows that the hyperbolic curva-
ture with respect to N is given by

Kh(N)(X(u)) =
det
(
h̄ij(N)(u)

)
det (gαβ(u))

.

Since 〈−(X + N)(u),Xuj (u)〉 = 0, we have h̄ij(N)(u) = 〈X(u) + N(u),Xuiuj (u)〉.
Therefore the hyperbolic second fundamental invariant at a point p0 = X(u0) depends
only on X(u0) + N(u0) and Xuiuj

(u0). By the above corollary, the hyperbolic curvature
also depends only on X(u0)+N(u0) and Xuiuj

(u0). It is independent on the choice of the
normal vector field N . We write Kh(n)(X(u0)) as the hyperbolic curvature at p0 = X(u0)
with respect to n = N(u0) (i.e., Kh(n)(X(u0)) = Kh(N)(X(u0))).

3. TOTALLY ABSOLUTE HOROSPHERICAL CURVATURE

We now consider the global properties of curvatures. We first consider the hypersur-
face case. Let M be a closed orientable (n − 1)-dimensional manifold and f : M −→
Hn

+(−1) an embedding. We consider the canonical projection π : Rn+1
1 −→ Rn defined by

π(x0, x1, . . . , xn) = (0, x1, . . . , xn). Then we have orientation preserving diffeomorphisms
π|Hn

+(−1) : Hn
+(−1) −→ Rn and π|Sn−1

+ : Sn−1
+ −→ Sn−1. Consider the outward unit

normal E of f(M) in Hn
+(−1), then we define the hyperbolic Gauss indicatrix in the global

L± : M −→ LC∗
+

by

L±(p) = f(p)± E(p).

The global hyperbolic Gauss-Kronecker curvature function Kh : M −→ R is then defined
in the usual way in terms of the global hyperbolic Gauss indicatrix L. We also define the
hyperbolic Gauss map in the global

L̃± : M −→ Sn−1
+

by

L̃±(p) = L̃±(p).
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HORO-TIGHT SPHERES IN HYPERBOLIC SPACE 119

We now define a global horospherical Gauss-Kronecker curvature function K̃±
h : M −→ R

by

K̃±
h (p) = Nh(f(p),±E(p))n−1K±

h (p).

In [16] the following Gauss-Bonnet type theorem for the horospherical Gauss-Kronecker
curvature was shown.

Theorem 3.1. If M is a closed orientable even-dimensional hypersurface in hyperbolic
n-space, then ∫

M

K̃±
h dvM =

1
2
γn−1χ(M)

where χ(M) is the Euler characteristic of M, dvM is the volume form of M and the constant
γn−1 is the volume of the unit (n− 1)-sphere Sn−1.

In order to prove the above theorem, it has been shown that K̃±
h dvM = (L̃±)∗dvSn−1

+
,

where dvSn−1
+

is the canonical volume form of Sn−1
+ [16]. Let D ⊂ Sn−1

+ denote the set

of regular values of L̃±. Since M is compact, D is open and, by Sard’s theorem, the
complement of D in Sn−1

+ has null measure. We define the integer valued map η± : D → E
by setting

η±(v) = the number of elements of (L̃±)−1(v),

which turns out to be continuous. We have the following theorem.

Theorem 3.2. Let f : Mn−1 → Hn
+(−1) be an immersion of the compact manifold

Mn−1. Then ∫
M

∣∣∣K̃±
h

∣∣∣ dvM =
∫

D

η±(v) dvSn−1
+

.

Proof. For any v = L̃ ± (p) ∈ D, there exist a neighbourhood V of p in M and a
neighbourhood U of v in D such that L̃±|V −→ U is a diffeomorphism. Since K̃±

h dvM =
(L̃±)∗dvSn−1

+
, we have

∫
V

K̃±
h dvM =

∫
U

dvSn−1
+

, if K̃±
h > 0 on V

and ∫
V

K̃±
h dvM = −

∫
U

dvSn−1
+

, if K̃±
h < 0 on V

on V. That is ∫
V

∣∣∣K̃±
h

∣∣∣ dvM =
∫

U

dvSn−1
+

.
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We observe that the restriction of the horospherical Gauss map to (L̃±)−1(D) is a smooth
(branched) covering map onto D with η±(v) sheets on v ∈ D. Therefore we have∫

M

∣∣∣K̃±
h

∣∣∣ dvM =
∫

D

η±(v) dvSn−1
+

.

The proof is complete.

For the surface M ⊂ H3
+(−1), we have shown the following theorem as an application

of Theorem 2.2 ([4]):

Theorem 3.3. Let M2 be an embedded closed surface in H3
+(−1), then∫

M

∣∣∣K̃±
h

∣∣∣ daM ≥ 2π(4− χ(M)).

We remark that the right hand side of the inequality will be much more complicated if
we consider a hypersurface M ⊂ Hn

+(−1). Actually we need some information on the Betti
numbers of M and the volume of the unit sphere Sn−1. However, we have the following
rough estimate:

Theorem 3.4. Let f : M −→ Hn
+(−1) be an embedding from a closed orientable mani-

fold with dimension n− 1. Then we have∫
M

∣∣∣K̃±
h

∣∣∣ dvM ≥ γn−1,

where γn−1 is the volume of the unit sphere Sn−1
+ . The equality holds if and only if L̃± is

bijective on the regular values.

Proof. It is enough to show that L̃± is surjective. In [16] it has been defined the horo-
spherical height function hh

v on M for any v ∈ Sn−1
+ (see also §4). It has also shown that

p ∈ M is a critical point of hh
v if and only if v = L̃+(p) or v = L̃−(p). For any v ∈ Sn−1

+ ,
there exists a maximum point p0 and a minimum point q0 of the horospherical height
function hh

v on the compact manifold M. These points are critical points of hh
v , so that

v = L̃+(p0) or v = L̃−(p0) (and v = L̃+(q0) or v = L̃−(q0).) It is enough to show that
L̃+(p0) 6= L̃+(q0). Suppose that L̃+(p0) = L̃+(q0). We define a function h̃v : Hn

+(−1) −→ R
by h̃v(x) = 〈x,v〉. It follows that h̃v ◦ f(p) = hh

v (p). We now distinguish two cases.
(i) If v = L̃+(p0), then we have v = L̃+(q0). We now consider the geodesic from f(q0)

directed by −E(q0), parametrized by

γq0
(t) = cosh tf(q0)− sinh tE(q0).
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HORO-TIGHT SPHERES IN HYPERBOLIC SPACE 121

Then we have

dh̃v ◦ γq0

dt
(t) = 〈

dγq0

dt
(t),v〉 = 〈

dγq0

dt
(t), L̃+(q0)〉

=
〈

sinh tf(q0)− cosh tE(q0),
1

`0(q0)
(f(q0) + E(q0))

〉
=

1
`0(q0)

(− sinh t− cosh t) =
1

`0(q0)
(sinh(−t)− cosh(−t)) < 0,

where f(p) + E(p) = L+(p) = (`0(p), `1(p), . . . , `n(p)) ∈ LC∗
+, so that h̃v ◦ γ(t) is strictly

decreasing. Since q0 is the minimum point of hh
v and f(q0) = γq0

(0), γq0
(t) 6∈ f(M) for

any t > 0. Since Hn
+(−1) is a complete Riemannian manifold, γq0

(t) can be expanded for
any large t > 0. It follows that there exists a positive real number τ that γq0

(τ) is in the
outside of f(M) (i.e, the unbounded component of Hn

+(−1) \ f(M)).
On the other hand, since E(q0) is the outward unit normal of f(M) at f(q0), −E(q0)

is the inward unit normal, so that there exists a sufficiently small ε > 0 such that γq0
(ε)

is in the inside of f(M). By the Jordan-Brouwer separation theorem, there exists a real
number t0 > 0 such that γq0

(t0) ∈ f(M). This is a contradiction.
(ii) If v = L̃−(p0), then we also consider the geodesic from f(p0) directed by −E(p0),

parametrized by

γp0
(t) = cosh tf(p0)− sinh tE(p0).

Then we have

dh̃v ◦ γp0

dt
(t) = 〈

dγp0

dt
(t),v〉 =

〈
sinh tf(p0)− cosh tE(p0),

1
`0(p0)

(f(p0)− E(p0))
〉

=
1

`0(p0)
(− sinh t + cosh t) > 0,

so that h̃v ◦ γ(t) is strictly increasing. Since p0 is the maximum point of hh
v and f(p0) =

γp0
(0), γp0

(t) 6∈ f(M) for any t > 0. By exactly the same reason as in the case (i), there
exists a real number t0 > 0 such that γq0

(t0) ∈ f(M). This is a contradiction.
Eventually, we have L̃+(p0) 6= L̃+(q0). This means that v = L̃+(p0) = L̃−(q0) or v =

L̃−(p0) = L̃+(q0). Therefore L̃+ and L̃− are both surjective, so that we have the required
inequality.

By Theorem 3.2, the equality holds if and only if η± ≡ 1. This condition is equivalent to
the condition that L̃± is bijective on the regular values.

We now define the total absolute horospherical curvature for an embedding f : M −→
Hn

+(−1) from a closed orientable manifold with dimension n− 1 by

τ±h (f ;M) =
1

γn−1

∫
M

∣∣∣K̃±
h

∣∣∣ dvM .
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On the other hand, we consider general submanifolds in Hn
+(−1). Let M be a compact r-

dimensional manifold and f : Mr → Hn
+(−1) denotes an immersion of codimension (s+1).

Let ν1(M) denote the unitary normal bundle of the immersion f , i.e.:

ν1(M) = {(p, ξ); ξ ∈ Nh
p (M) and 〈ξ, ξ〉 = 1}.

The horospherical Gauss map L̃ : ν1(M) → Sn−1
+ of the immersion f : Ms → Hn

+(−1) is
defined by the following commutative diagram

ν1(M) L //

L̃ ##GG
GG

GG
GG

G
LC∗

+

Π

��
Sn−1

+

where L : ν1(M) → LC∗
+; L(p, ξ) = f(p) + ξ is called the hyperbolic Gauss indicatrix of

the immersion f and Π(v) = ṽ. The horospherical Gauss map lead us to a curvature
in the framework of horospherical geometry. Let T(x,n)ν

1(M) be the tangent space of
ν1(M) at (x,n). We have the canonical identification T(x,n)ν

1(M) = TxM ⊕ TnSs ⊂
TxM ⊕NxM = TxRn+1

1 , where NxM is the normal vector space of M at x in Rn+1
1 . Let

P : L̃∗TRn+1
1 = Tν1(M) ⊕ R2 → Tν1(M) be the canonical projection. It follows that we

have a linear transformation

PL̃(x,n) ◦ dL̃ : T(x,n)ν
1(M) → T(x,n)ν

1(M).

The horospherical curvature with respect to n at x is defined to be

K̃h(x,n) = det
(
PL̃(x,n) ◦ (−dL̃)

)
.

In [4] we have shown that

K̃h(x,n)(p) = Nn−1
h (x,n)Kh(n)(f(p)).

and

(L̃∗dvSn−1
+

)(x,n) = |K̃h(x,n)| dvν1(M).

The total absolute horospherical curvature of the immersion f is defined by

τh(f ;M) =
1

γn−1

∫
ν1(M)

L̃∗σ.

It follows from the above formula that we have

τh(f ;M) =
1

γn−1

∫
ν1(M)

|K̃h(x,n)| dvν1(M),

In [4] we have shown the following Chern-Lashof type theorem.
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Theorem 3.5. Let f : Mr → Hn
+(−1) be an immersion of the compact manifold M .

Then

1. τh(f ;M) > γ(M) > 2;
2. if τh(f ;M) < 3 then M is homeomorphic to the sphere Sr.

It has been posed the following question in [4]:

Question 3.1. How is the geometry of f(M) ⊂ Hn
+(−1) if τh(f ;M) = 2?

In this paper we also give an answer to this question.

Remark 3.1. If r = n − 1, then ν1(M) is a double covering over M , so that
L̃(p,±E(p)) = f(p) ± E(p) = L̃±(p) (i.e., L(p,±E(p)) = L±(p)). Therefore, we have
the following weaker inequality as a corollary of Theorem 3.5:

τ+
h (f ;M) + τ−h (f ;M) =

1
γn−1

(∫
M

∣∣∣K̃+
h

∣∣∣ dvM +
∫

M

∣∣∣K̃−
h

∣∣∣ dvM

)
= τh(f ;M) ≥ 2.

In §6 we give one of the examples of curves in H2
+(−1) such that∫

M

∣∣∣K̃+
h

∣∣∣ dvM 6=
∫

M

∣∣∣K̃−
h

∣∣∣ dvM .

4. HORO-TIGHT IMMERSIONS OF SPHERES WITH HIGHER
CODIMENSION

We first define two families of functions

Hh : M × Sn−1
+ −→ R

by Hh(p, v) = 〈f(p),v〉 and

Hd : M × Sn
1 −→ R

by Hd(p, v) = 〈f(p),v〉. We call Hh a horospherical height functions family and Hd a de
Sitter height functions family on f : M −→ Hn

+(−1). Each hh
v0

(p) = Hh(p, v0) for fixed
v0 ∈ Sn−1

+ (respectively, hd
v0

(p) = Hd(p, v0) for fixed v0 ∈ Sn
1 ) is called a horospherical

height function (respectively, de Sitter height function). We denote the Hessian matrix of
the horospherical height function hh

v0
at p0 ∈ M by Hess(hh

v0
)(p0). We say that the critical

point p ∈ M of hh
v0

is non-degenerate if detHess(hh
v0

)(u0) 6= 0. We say that a function
f : M −→ R is non-degenerate if f has only non-degenerate critical points. An immersion
f : M −→ Hn

+(−1) is said to be hyperbolic tight (H-tight for short) if every non-degenerate
de Sitter height function hd

v has the minimum number of critical points required by the
Morse inequalities. We also say that f : M −→ Hn

+(−1) is horospherical tight (horo-tight for
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short) if every non-degenerate horospherical height function hh
v has the minimum number

of critical points required by the Morse inequalities.

Remark 4.1. In [7] a function Lh : Hn
+(−1) −→ R has been defined to be Lh(p) =

ln(−hh
v (p)) which is called the distance function from p to the hyperhorosphere HS(v,−1)

for v ∈ Sn−1. Therefore the minimum of Lh corresponds to the maximum of hh
v (i.e., the

minimum of −hh
v ). We do not use this fact in this section, but it will be needed in §6.

A set X ⊂ Hn
+(−1) is convex if for any pair of points in X the geodesic segment joining

them is contained in X. Every hyperhorosphere H in Hn
+(−1) is the boundary of a closed

convex region of Hn
+(−1). These convex subsets are called h-convex. We say that a sub-

manifold (or, an immersion) f : M → Hn
+(−1) is horospherical convex ( horo-convex for

short) if for any p ∈ M , one of the h-convex sets determined by its tangent hyperhorosphere
at f(p) contains f(M) entirely. One of the interesting properties of Euclidean tightness is
the two piece property with respect to hyperplanes [1]. There is an analogous notion in
hyperbolic space. We say that f : M −→ Hn

+(−1) has the two-piece property with respect
to hyperhorospheres if both of f−1(h) and f−1(Hn

+(−1) \ h) are connected for every closed
h-convex set h in Hn

+(−1), where X denotes the closure of X in Hn
+(−1). By definition, we

have the following simple proposition.

Proposition 4.1. If an immersion f : M −→ Hn
+(−1) is horo-tight, then it has the

two-piece property with respect to hyperhorospheres.

The main results in this section are the following.

Theorem 4.1. Let f : Sr → Hn
+(−1) be an immersion. Then f is horo-tight if and only

if f is H-tight.

We remark that the above theorem gives an answer to the question of Cecil and Ryan.
For n > r + 1 this theorem is a corollary of the following characterization of horo-tight
embeddings of spheres in higher codimension.

Theorem 4.2. Let f : Sr → Hr+k
+ (−1), k > 1 be an immersion. Then f is horo-tight

if and only if f embeds Sr as an r-dimensional metric sphere.

The following properties of horo-tight immersions of manifolds into hyperbolic space can
be found in [3].

Theorem 4.3. [Bolton, Theorem 1] Let f : M → Hn
+(−1) be an immersion of a compact

manifold into the hyperbolic space. The following conditions are equivalent:

(i) M is homeomorphic to a sphere and f(M) is horo-tight.

(ii) f(M) lies in only one side of any tangent hyperhorosphere.

(iii) The horospherical Gauss map L̃ : ν1(M) −→ Sn−1
+ takes every regular value exactly

twice.
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We can give an answer to Question 3.1 as follows.

Theorem 4.4. Let f : M → Hn
+(−1) be an immersion of a compact manifold into the

hyperbolic space. Then M is homeomorphic to a sphere and f(M) is horo-tight if and only
if

τh(f ;M) = 2.

Proof. In order to prove Theorem 3.5, we have introduced the following function in [4]:
Let D ⊂ Sn−1

+ denote the set of regular values of L̃. Since M is compact, D is open and,
by Sard’s theorem, the complement of D in Sn−1

+ has null measure. We define the integer
valued map κ : D → N by setting

κ(v) = number of elements of L̃−1(v),

which turns out to be continuous. Moreover, we have shown that

τh(f ;M) =
1

γn−1

∫
D

κ(v) dvSn−1
+

.

It follows that τh(f ;M) = 2 if and only if κ(v) = 2. This condition is equivalent to the con-
dition (iii) in Theorem 4.3.

We now restrict the arguments to the case of immersions in codimension bigger than 1.

Proposition 4.2. Let f : Mr → Hn
+(−1), n > r + 1 be an immersion of a compact

manifold into the hyperbolic space. If one of the above conditions (i) to (iii) (and hence all
of them) in Theorem 4.3 holds, then f(M) lies in one hyperhorosphere.

Proof. Suppose that M is homeomorphic to a sphere and f is horo-tight. Then there
exists a point p ∈ Sr such that −hh

v+ has the maximum at p where v+ = L̃(p, ξ). In
this case, f(Sr) lies in the convex side of one of the tangent hyperhorosphere at f(p)
whose normal is ξ. This means that f(Sr) lies in the concave side of another tangent
hyperhorosphere at f(p) whose normal is −ξ (i.e., determined by v− = L̃(p,−ξ)). On
the unit normal space ν1(Sr)p at p, there exists a path γ : I −→ ν1(Sr)p such that
γ(0) = ξ and γ(1) = −ξ. We can consider the Gauss image vγ(t) = L̃(p, γ(t)). Since
n > r + 1, there exists a one-parameter family of tangent hyperhorospheres of f(Sr) at
p such that f(Sr) lies in the convex side of the tangent hyperhorosphere determined by
vγ(0) = v+ and lies in the concave side of the tangent hyperhorosphere determined by
vγ(1) = v−. Therefore, there exists a point t0 ∈ I such that f(Sr) lies on the tangent
hyperhorosphere determined by vγ(t0). Otherwise it contradicts the above proposition.

We are now prepared to prove Theorem 4.2.
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Proof. If f(Sr) lies on a hyperhorosphere and f is horo-tight, then f(Sr) is taut in a hy-
perhorosphere (in the Euclidean sense). In fact, we remark that the intersection of two hy-
perhorospheres is a n−2-dimensional metric sphere in both hyperhorospheres. On the other
hand, any n−2-dimensional metric sphere in a hyperhorosphere is given by the intersection
of the hyperhorosphere and another hyperhorosphere. Therefore, the horo-spherical two
piece property implies the spherical two piece property on a hyperhorosphere. Therefore,
the horo-tight sphere in a hyperhorosphere is a taut sphere in a hyperhorosphere in the Eu-
clidean sense (or the spherical sense). It follows from a result of Cecil [6] that a taut sphere
in Euclidean space is a metric sphere, hence f(Sr) is a metric sphere. This completes the
proof of the theorem.

From the above result and Theorem 4.2 in [8], it follows that an immersion f : Sr →
Hn

+(−1), n > r +1 is horo-tight if and only if it is H-tight. We postpone the proof of case
n = r + 1 in Theorem 4.1 for the next section.

5. HORO-TIGHTNESS AND HOROCONVEXITY OF HYPERSPHERES

In this section we consider the characterization of spheres in hyperbolic space which
attend the minimum of the total absolute horospherical curvature. We first consider the
case of hypersurfaces in hyperbolic space. Let f : M −→ Hn

+(−1) be an embedding from
an (n − 1)-dimensional manifold. In the first place, we recall that the minimum for the
total absolute curvature of a hypersphere in Euclidean space Rn is 1 and this minimum is
attained precisely when the image is the convex hypersphere. Moreover, for codimension
one embeddings of spheres in Euclidean spaces, the property of attending the minimum
of the total absolute curvature is equivalent to the notion of tightness. We would like to
obtain a similar result for the image of hyperspheres in hyperbolic space.

The main theorem in this section is the following.

Theorem 5.1.

For an immersion f : Sn−1 −→ Hn
+(−1), the following conditions are equivalent

(1) f is horo-convex.
(2) τ+

h (f ;Sn−1) = τ−h (f ;Sn−1) = 1.

(3) τh(f ;Sn−1) = 2.

(4) Both mappings L̃+ and L̃− are bijective on the regular values.
(5) f is horo-tight.
(6) f is H-tight.

In order to prove the above theorem, we need some preparations. Let v be an arbitrary
point in Hn

+(−1). Then HP (v, 0) is a spacelike hyperplane on which 〈, 〉 restricts to an
Euclidean metric. Let Dn

v be the unit disc centered at the origin in HP (v, 0). Then the
stereographic projection with pole −v is the diffeomorphism

Pv : Hn
+(−1) −→ Dn

v
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given by

Pv(x) = −v +
x + v

1− 〈x,v〉
.

If we choose v = (1, 0, . . . , 0), we denote Dn
v = Dn and Pv = P. We can induce the metric

gv on Dn
v through Pv from Hn

+(−1), so that (Dn
v , gv) gives a model of hyperbolic space.

We call it the Poincaré ball model of hyperbolic space. We observe that Pv is conformal
into Euclidean space HP (v, 0), so that a submanifold of Hn

+(−1) is umbilical if and only
if its image under Pv is umbilical in HP (v, 0) in the Euclidean sense. For an immersion
f : M −→ Hn

+(−1), we say that Pv ◦f is E-convex (respectively, E-tight) if Pv ◦f is convex
(tight) in HP (v, 0) in the Euclidean sense.

Before we give a proof of Theorem 5.1, we remark that a horo-tight immersion of a
sphere is an embedding.

Proposition 5.1. Let f : Sn−1 −→ Hn
+(−1) be a horo-tight immersion. Then

(1) For any v ∈ Sn−1
+ , the horospherical height function hh

v has exactly two critical
values.

(2) f is an embedding.

Proof. (1) We define a subset W ⊂ Sn−1
+ by

W = {v ∈ Sn−1
+ |hh

v has a critical point other than
the global maximum and the global minimum}.

By continuity, W is an open subset of Sn−1
+ . By Sard’s theorem, the set of regular values

of the hyperbolic Gauss map L̃± is dense, so that the horospherical height function hh
v

is non-degenerate for almost all v ∈ Sn−1. By definition such a function has exactly two
critical points. It follows that W must be empty.
(2) It is enough to show that f is injective. Let us assume that there exists p 6= q ∈ Sn−1

such that f(p) = f(q). Let v ∈ Sn−1
+ such that p is a critical point of hh

v . By (1), p is the
maximum point or the minimum point of hh

v . It follows that q is also a critical point of hh
v .

This contradicts the assumption that hh
v has only one maximum and one minimum points.

Proof of Theorem 5.1. Suppose that the condition (2) holds. Then we have

τh(f ;Sn−1) = τ+
h (f ;Sn−1) + τh(f ;Sn−1) = 2.

This means that (2) implies (3). It follows from Theorem 4.4 that f is horo-tight, so
that (3) implies (5). By Theorem 3.4 and Proposition 5.1, we may assume that f is an
embedding and (5) implies (2). We have shown that the conditions (2), (3) and (5) are
equivalent.
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Since ν1(Sn−1) is a double covering on Sn−1 and L̃(p,±ξ) = L̃±(p), the condition (4)
is equivalent to the condition (iii) in Theorem 4.3. Moreover, suppose that f is not horo-
convex. Then there exists a point p ∈ Sn−1 and a lightlike vector v ∈ Sn−1

+ such that one
of the tangent hyperhorosphere of f(M) at p determined by v ∈ Sn−1

+ separates f(Sn−1)
into at least two parts. By the assertion (ii) in Theorem 4.3, this means that f is not horo-
tight. It is trivial that the condition (ii) in Theorem 4.3 implies that f is horo-convex. It
follows that the equivalences (1) ⇔ (4) ⇔ (5) follows from Theorem 4.3.

The implication (6) ⇒ (5) is a particular case of Theorem 5.1 of [8]. In order to prove
that (5) implies (6), we remark that f is H-tight if and only if Φ ◦P ◦ f is E-tight for every
isometry Φ of the Poincaré ball model (Dn, g) (cf. [8], Corollary 4.2). Let us assume that
Φ ◦ P ◦ f is not E-tight for some isometry Φ of Dn. It follows that α = Φ ◦ P ◦ f is a non-
convex hypersphere. Hence there exists a tangent hyperplane HP (f(p), c) at some point
p such that none of its closed half-hyperplanes contains Φ ◦ P ◦ f(Sn−1) entirely. Now let
HS(f(p)) be a tangent hyperhorosphere of Φ◦P ◦ f at p which passes through the interior
of Φ ◦P ◦ f(Sn−1). See Figure 1 in the case when n = 2, where the two tangent horocycles
of Φ ◦P ◦ f at p are drawn. Actually we can show the existence of such a hyperhorosphere

PSfrag replacements
p

α(S1)

r

h

h′

FIG. 1. Horo-tightness implies convexity.

as follows: At the point f(p), there exist exactly two tangent hyperhorospheres. If both of
them do not pass through the interior of Φ ◦ P ◦ f(Sn−1), then p is the minimum point of
both of −hh

v± , where v± = L̃±(p). This means that both of v± are the outward lightlike
normal of Φ ◦P ◦ f(Sn−1) at p. It follows that Φ ◦P ◦ f(Sn−1) is not normally orientable.
This is a contradiction. Therefore we have the tangent hyperhorosphere of Φ ◦ P ◦ f at p
which passes trough the interior of Φ ◦ P ◦ f(Sn−1).
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Let v ∈ Sn−1
+ be the center of this tangent hyperhorosphere (i.e., HS(f(p)) = Hn

+(−1)∩
H(v, c)). In this case v = L̃+(p) or v = L̃−(p). Without loss of generality, we assume
that v = L̃+(p). It follows that p is a critical point of hh

v which is neither the maximum
point nor the minimum point. This is a contradiction with Proposition 5.1. Therefore (5)
implies (6). This completes the proof of Theorem 5.1. 2

6. WEAK HOROCONVEXITY AND WEAK HORO-TIGHTNESS FOR
HYPERSPHERES

We now exhibit a non-horoconvex closed curve γ with the property that only one of its
total absolute curvature attends the minimum 1. In order to proceed the calculation, we
consider a unit speed hyperbolic plane curve γ : S1 → H2

+(−1). In [13] it has been shown
the Frenet-Serret type formula: γ′(s) = t(s)

t′(s) = γ(s) + κg(s)e(s)
e′(s) = −κg(s)t(s),

were t is the unit tangent vector, e is the normal vector defined in the same way as in the
general case and κg(s) is the geodesic curvature of γ in H2

+(−1) which is given by

κg(s) = det(γ(s), t(s), t′(s)).

We have L± = γ ± e. If we fix the following parametrization of the lightlike circle:

S1
+ = {(1, cos θ, sin θ) | 0 6 θ 6 2π},

then the horospherical curvatures are

κ̃±h (s) = Nh(γ(s),±e(s))(±κg(s)− 1).

Therefore we have

τ±h (γ, S1) =
1
2π

∫
S1
|Nh(γ(s),±e(s))(±κg(s)− 1)|ds ≥ 1.

We consider the following example.

Example 6.1. For simplicity we shall give its parametrization in the Poincaré disk.
For the embedded circle in D2, we choose the orientation of the circle that the bounded
region is always located in the left hand side of the curve. In this case we can easily show
that −E corresponds to the outward unit normal of the embedded circle. We consider an
(Euclidean) ellipse in the Poincaré disk given by

γ : S1 → D2; γ(t) = (0.4 cos t, 0.1 sin t)

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



130 M. BUOSI, S. IZUMIYA AND M. A. SOARES RUAS

We remark that L̃− is bijective on the regular values if
∥∥∥ d

dt L̃
−(t)

∥∥∥ 6= 0 for any t ∈ S1,
and this is the case for the curve γ, as we can see from Figure 2. Therefore, we have
τ−h (γ;S1) = 1. From Figure 3, we see that γ is cut into two pieces by one of its tangent
horocycles and thus it is non-horoconvex. This means that τ+

h (γ;S1) > 1 by Theorem 3.5.

FIG. 2. Graphic of
∥∥∥ d

dt
L̃−(t)

∥∥∥ FIG. 3. Separating horocycle

The above example suggests the following new question: What are the hyperspheres in
hyperbolic space satisfying the condition that only one of their total absolute curvatures
attends the minimum value 1?

For an embedding f : Sn−1 −→ Hn
+(−1), we choose an orientation such that dP ◦ E

is an inward unit normal of P ◦ f(Sn−1). Here P : Hn
+(−1) −→ Dn is the stereographic

projection onto the Poincaré ball Dn. We remark that −dP ◦ E is the outward unit nor-
mal along P ◦ f(Sn−1). In this case we have the tangent hyperhorosphere defined by
HS(v, c) = Hn

+(−1) ∩HP (v, c), where v = L̃−(p) and c = 〈v, f(p)〉 at any p ∈ Sn−1. We
denote the tangent hyperhorosphere by HS−(f(Sn−1), p) and call it the outward tangent
hyperhorosphere at p ∈ Sn−1. We say that f is weak horoconvex if f(Sn−1) completely
belongs to the complement of the interior of the h-convex set determined by the outward
tangent hyperhorosphere at any point p ∈ Sn−1.
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Let p ∈ Sn−1 be a critical point of hh
v . Then we have exactly two tangent hyperhoro-

spheres at f(p) such that v ∈ Sn−1
+ is the lightlike normal vector. A critical point p ∈ Sn−1

of hh
v is said to be outward if v is an outward lightlike normal vector (i.e., v = L̃−(p)).

We say that f : Sn−1 −→ Hn
+(−1) is weak horo-tight if every non-degenerate horospherical

height function hh
v has only one minimum of −hh

v as the outward critical point.

Theorem 6.1. For an embedding f : Sn−1 −→ Hn
+(−1), we choose an orientation such

that E is the unit inward normal vector field along f , then the following conditions are
equivalent:

(1) f is weak horoconvex.
(2) τ−h (f ;Sn−1) = 1.

(3) L̃− is bijective on the regular values.
(4) f is weak horo-tight.

If we choose the opposite orientation, the above conditions are changed into those for
τ+
h (f ;Sn−1) and L̃+.

Proof. The arguments for the proof are the almost parallel to those of the proofs of
Theorem 4.3 and Theorem 5.1. By the same arguments as in these theorems, (2),(3) and
(4) are equivalent.

We now prove that (1) implies (4). Suppose that f is not weak horo-tight. Then there
exists a non-degenerate horospherical height function hh

v which has at least two outward
critical points. If necessary, under a small perturbation of v ∈ Sn−1

+ , all critical values of
hh

v are different. It follows that one of them is not the minimum of −hh
v . This means that

the tangent outward hyperhorosphere of f(Sn−1) at p determined by the outward lightlike
vector v ∈ Sn−1

+ locally separates f(Sn−1) into at least two parts. Therefore f is not weak
horoconvex.

We also give the proof of the converse assertion. Under the assumption that f is weak
horo-tight, suppose that f is not weak horoconvex. Then there exists a point p ∈ Sn−1 and
an outward lightlike vector v ∈ Sn−1

+ of f(Sn−1) such that the tangent outward hyperhoro-
sphere of f(Sn−1) at p determined by v ∈ Sn−1

+ locally separates f(Sn−1) into at least two
parts. This means that p is an outward critical point of hh

v which is not the minimum point
of −hh

v . If p is non-degenerated critical point, it contradicts the assumption that f is weak
horo-tight. If p is degenerate critical point, under a small perturbation of v ∈ Sn−1

+ , we have
a non-degenerate outward critical point p′ which is not the minimum point of −hh

v . This
contradicts the assumption that f is horo-tight. This completes the proof of Theorem
6.2.

Remark 6.1. We can consider the notion of Euclidean convexity in the Poincaré ball
model. Of course this notion is not a hyperbolic invariant, but it is an SO(n)-invariant.
By definition, if f is horo-convex then P ◦ f is E-convex. Moreover, if P ◦ f is E-convex,
then it is weak horoconvex. However the example shows that the weak horoconvexity does
not imply the convexity in the Euclidean sense (see Figure 1).
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