CADERNOS DE MATEMATICA 11, 37-47 May (2010)
ARTIGO NUMERO SMA#324

A new continuous dependence result for impulsive retarded functional
differential equations

M. Federson™

Instituto de Ciéncias Matemdticas e de Computagao, Universidade de Sio Paulo - Campus de Sao
Carlos, Caiza Postal 668, 13560-970 Sao Carlos SP, Brazil
E-mail: federson@icmec.usp.br

J. B. Godoy'

Instituto de Ciéncias Matemdticas e de Computagao, Universidade de Sao Paulo - Campus de Sao
Carlos, Caiza Postal 668, 13560-970 Sao Carlos SP, Brazil
E-mail: jaquebg@icmc.usp.br

We consider a large class of impulsive retarded functional differential equa-
tions and we present a new continuous dependence result for this class of
equations.  May, 2010 ICMC-USP

Key Words: Retarded functional differential equations, impulses, existence and uniqueness, con-
tinuous dependence.

1. INTRODUCTION

We consider a class of impulsive retarded differential equations (we write impulsive
RFDE:s for short) with Lebesgue integrable righthand sides whose indefinite integrals satisfy
Carathéodory- and Lypschitz-type conditions. We also consider that the impulse operators
are Lypschitzian functions and that the initial conditions are regulated functions. Then
we prove an existence and uniqueness theorem for this class of equations as well as a new
continuous dependence type result.

In the above setting, the following continuous dependence result for impulsive RFDEs is
well-known (see [1], Theorem 4.1). Consider a sequence of impulsive retarded initial value
problems (we write IVPs for short) whose righthand sides converge to the righthand side
of an impulsive RFDE and whose initial data also converge. Let the sequence of impulse
operators be convergent as well. Suppose each element of the sequence of impulsive retarded
IVPs admits a unique solution and that the sequence of solutions is uniformly convergent.

* Supported by FAPESP grant 2008/02879-1 and by CNPq grant 304646/2008-3.
T Supported by FAPESP grant 2007,/02731-1.
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38 M. FEDERSON AND J. B. GODOY

Consider also the limiting IVP with limiting righthand side, limiting impulse operators and
limiting initial condition. Then the limit of the sequence of solutions is a solution of the
limiting IVP, provided certain conditions are fulfilled.

In the present paper, we state and prove a certain reciprocal of this result. Roughly
speaking, we consider a sequence of IVPs for impulsive RFDEs; in the above setting, with
convergent righthand sides, convergent impulse operators and uniformly convergent initial
data. We assume the limiting equation is an impulsive RFDE whose initial condition is
the uniform limit of the sequence of initial data and whose solution exists and is unique.
Then, under certain conditions, for sufficient large indexes, the elements of the sequence of
impulsive retarded IVPs admit a unique solution and such a sequence of solutions converges
to the solution of the limiting IVP.

2. THE SETTING OF IMPULSIVE RFDES
Let X be a Banach space. A function f : [a,b] — X is called regulated, if the following

limits exist
lim f(s)=f(t—)e X, te(a,b], and lirgr f(s)=f(t+) e X, tela,b).
In this case, we write f € G([a, ], X) and we endow G([a, b], X') with the usual supremum
norm || flleo = sup,<;<p [|f(t)||. Then (G([a,b], X),|| - |~) is a Banach space. Also, any

function in G([a, b], X) is the uniform limit of step functions (see [2]).
Define

G~ ([a,b], X) = {u € G(|a,b], X) : u is left continuous at every ¢t € (a, b]}.

In G~ ([a,b], X), we consider the norm induced by G([a, b], X).
Given a function y : [to — 7, to + 0] — R™, with » > 0 and o > 0, we consider y; :
[=7,0] — R™ given by

y () =y(t+06), 6ec[-r0], tEeltto+0o].

Then it is clear that for a function y € G~ ([to—7, to+0],R™), we have y, € G~ ([-r, 0], R")
for all ¢ € [to,to + 0.

We consider the following initial value problem for a retarded functional differential
equation (RFDE) with impulses

y(t) = f(yst), t #tx

Ay (tr) = Ir (y (t)) , k= 0,1,...,m, 1)
Yty = ¢7
where t, £k = 0,1,....m, with ) < t; < ... <t < ... <ty < top+ 0, 0 > 0, are
pre-assigned moments of impulse, for k =0,1,...,m, y — I (y) maps R™ into itself and

Ay (tg) =y (te+) —y (=) = y (tx+) —y (&),
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CONTINUOUS DEPENDENCE FOR IMPULSIVE RFDES 39

that is, y is left continuous at t = t;, and the lateral limit y(¢x+) exists, for k = 0,1,2,...,m.
We also consider ¢ € G~ ([—r, 0], R™).
It is known that the impulsive system (1) is equivalent to the integral equation

mw:ww+lﬂ%@w+ S Lyt

to<tp<t (2)
yto = ¢5

whenever the integral exists in some sense. We will consider Lebesgue integration in (2).
Let PCy € G~ ([to — r,to + o],R™) be an open set (in the topology of locally uniform
convergence in G~ ([tg — 7, top + o], R™) with the following property: if y is an element of
PC; and t € [tg — r,to + o], then § given by
—r<t<
mw={““”°r—t—“ ®)
y(t), t<t<oo,

is also an element of PC;. In particular, any open ball in G~ ([t — r,to + o], R™) has this
property.

We assume that f : (¢,t) € G~ ([-r,0],R™) X [to,to + 0] — R"™ and that the mapping
t— f(y,t) is Lebesgue integrable. We also assume the following conditions:

(A) There is a Lebesgue integrable function M : [tg, to+0] — R such that for all z € PCy
and all uy,us € [to,to + O'],

Lwﬂ%@@

(B) There is a Lebesgue integrable function L : [tg,to + 0] — R such that for all z,y €
PCy and all uy, ug € [to, to + o],

uz
S/ M (s) ds;
uy

|0~ F s ds

1

U2
< [ L) ulds

1

For the impulse operators I : R™ — R™ k = 1,2,..., we assume the following condi-
tions:

(A’) there is a constant K7 > 0 such that for all k =0,1,2,..., and all z € R™,
[k ()] < K
(B’) there is a constant Ko > 0 such that for all k =0,1,2,..., and all 2,y € R™,
(i (x) — Le(y)| < Kalz —yl.
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40 M. FEDERSON AND J. B. GODOY

Note that the Carathéodory- and Lipschitz-type conditions (A) and (B) are required
for the indefinite integral of f only and not for the function f itself. Thus the standard
requirement that f(v,t) is continuous in ¢ does not need to be fulfilled. Also, the mapping
t — f (yt,t) does not need to be piecewise continuous.

Let us recall the concept of a solution of problem (1).

DEFINITION 2.1. A function y € PC; for which (y;,t) € G~ ([-r,0],R™) X [to, o + 0]
for tg <t < tg + o and the conditions

(i) 9 (t) = f (ys,t), almost everywhere (in Lebesgue’s sense), whenever t # ty.

(i) y (te+) =y (&) + L (y (tr)), k= 0,1,2,...,m.

(iii) o = ¢
are satisfied is called a solution of (1) in [to,to + o] (or sometimes also in [tg — r,tg + o))
with initial condition (¢, to).

In [1], it was proved that under the conditions (A), (B), (A”) and (B’), system (1) can be
identified in a one-to-one correspondence with a system of generalized ordinary differential
equations taking values in a Banach space. Local existence and uniqueness of solutions are
guaranteed by Theorems 2.15, 3.4 and 3.5 from [1].

In what follows, we give a direct proof of an existence and uniqueness theorem for the
impulsive RFDE (1) without employing the theory of generalized ODEs. Nevertheless, our
proof is inspired in the proof of [1], Theorem 2.15.

THEOREM 2.1. Consider problem (1) and suppose conditions (A), (B), (A’) and (B’)
are fulfilled. Then there is a A > 0 such that on the interval [to,to + A] there exists a
unique solution y : [to — 1, to + A] — R™ of problem (1) for which yi, = ¢.

Proof. For t € [tg,to + o], define
ha () = / (M(s) + L(s))ds  and  ha(t) = max(Ky, K2) S Hyy (9),

to k=0

where H;, denotes the left continuous Heaviside function concentrated at t, that is,

Hy, (1) = 0, for t <t
BTN for by >t

Let h = hy+ho. Then h is nondecreasing and left continuous. Besides, for s € [tg, to+0],
we have

Sf(yt,t)dtJr > Liy(ty)| = Sf(ytvt)dt+le(y(tj))Htj(S) <
to to<t;<s to =0
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CONTINUOUS DEPENDENCE FOR IMPULSIVE RFDES 41

< [ M@ K Y 1 (9 < 1) - ),
to =0

by conditions (A) and (A").

We will consider two cases: when ¢ is a point of continuity of h : [tg, o + o] — R™ and
otherwise.

At first, let to be a point of continuity of h. Assume that A > 0 is such that [to, to+A] C
[to,to + o) and h(to + A) — h(to) < 3.

Let @ be the set of functions z : [tg,to + A] — R™ such that z € BV ([to,to + A],R™)
and |z(t) — y(to)| < h(t) — h(to) for t € [to,to + A]. It is easy to show that the set
Q C BV ([to,to + A],R™) is closed.

For s € [tg,to + A] and z € @, define

Tz(s) = y(to)+/tsf(zt,t)dt+ Z I;(2(t5)).

to<t;<s

Then,

T2 (s) — y(to)| = tsf(zt,t)dt—i— 3 L((t)| < h(s) — h(to), s € [toto + Al.

to<t;<s

Also, the fact that Tz belongs to BV ([to,to + A],R™) is not difficult to prove. Thus, it
follows that T" maps @ into itself.

Take tg < 81 < 89 < tg+ A and 21, 22 € Q. Using conditions (B) and (B’), we obtain

|T2’2(82) — TZ1 (82) — [TZQ(Sl) — T21(81)]| =

- /52[f<zQ,t>—f<zl,t>1dt+ S (eat) - L)

51 s1<t;<s2

< / C L) ea(t) — Ol + K S Jea(ty) — 21(t5)] [Hyy (52) — Hy (1)

Jj=0

m

< sup  |za(s) — z1(s)| /82 L(t)dt + K» Z [Hy,(s2) — Hy, (s1)]

s€[to,to+A] s1 =0

< |lz2 — 21l BV (jto to+a] [R(s2) — h(s1)].

Recall that || z|| gy (jto,t0+A]) = ||z(t0)||+var,fg+A(z) defines a norm in BV ([to, to+A], R™),

where var§g+A(z) denotes the variation of z on the interval [tg,to + A]. Therefore

|T2z2 — T21||Bv(to,t0+a)) < 1122 = 21| BV ((t0,t0+ a7 [A(to + A) — h(to)]

1
< §||22 = 21l BV ((to,to+A))
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42 M. FEDERSON AND J. B. GODOY

and hence T is a contraction. Then, by the Banach fixed-point theorem, the result follows.
Now, we consider the case where t( is not a point of continuity of h (or of hy). Define

— [ halt), t=t
ha(t) = { hz(t) ~ hg(t(;)—&—) + ha(to) = ha(t) — ha(tot), to <t <to+o,

and h = hq + ho. Then h is continuous at t = to, left continuous and nondecreasing.
Define an impulse operator I from R™ to R™ such that, for y € G~ ([to, to + o], R™),

L), =t
Io(y(t) = { Io(y(t)) — Io(y(to+)) + Io(y(to)), to<t<tog+o

and consider the impulsive RFDE

where

Then, for s € [tg,to + o], we have

[ et Toe) + Y 1:(0)] <Ts) ~ i)

to<t;<s

As in the previous case, let A > 0 be such that [tg,to + A] C [to,to + o) and h(tg +

A) — h(tg) < 1. Then, define Q as the set of functions z : [to,to + A] — R" such that

z € BV ([to, to + A],R™) and |z(t) — y(to+)| < h(t) — h(to) for t € [to,to + A] and consider
the operator T defined on () and given by

Ta(s) = yltot) + [ flt)dt +Tolx(t) + S I
to

t0<t] <s

Following the procedure of the previous case, it can be shown that equation (4) admits a
unique solution on [tg, to+A]. Then, defining y;, = ¢ and y(t) = z(t), for t > tg, we obtain a

unique solution of (1), for which y;, = ¢ in [tg, to + A]. |
For the next theorem, we consider the following sequence of initial value problems:
Y(t) = fp(ye, 1), t # ti
Ay(tk):‘[}:(y(tk))vkzoalaama (5)
yto = (bp?
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CONTINUOUS DEPENDENCE FOR IMPULSIVE RFDES 43

where tg <t <... <ty <...<ty <to+o,andforeachp=1,2,..., z — I} (x) maps
R™ into itself and Ay (tx) ==y (tx+) —y (tx—) =y (ts+) —y (tr), £ =0,1,2,...,m. We will
show that, under conditions (A), (B), (A’) and (B’) for f, and I}, k = 0,1,2,...,m, the
sequence {y,}p>1 of solutions of (5) is equibounded and of uniformly bounded variation
on some closed subinterval of [tg, g + o].

THEOREM 2.2. Assume that for p = 0,1,..., ¢, € G~ ([-r,0],R™) and moreover f, :
G~ ([-r,0],R™) x [to, to + 0] — R™ and I} : R™ — R" satisfy conditions (A), (B), (A") and
(B’) for the same functions M, L and the same constants K1, Ko. Then there is a A > 0
such that y, : [to—r,to+A] — R™ is a solution of (5), for each p, and the sequence {yp}p>1
is equibounded and of uniformly bounded variation on [to,to + A].

Proof. ;From the proof of Theorem 2.1, it is clear that a unique A > 0 can be obtained
such that a solution y, : [to —r,to + A] — R™ of (5) exists and is unique, independently of
p. Thus, for p=0,1,..., we have

Yp(s) = yp(to) +/ Fol(p) At + > IP(yy(ty)), s € [to,to + A
to to<t;<s
Consider a partition tg = sg < s1 < ... < 8, =to + A of [tg,to + A]. Then
wls) = wls) = [ Fledts > L), i=12..n
Si—1 si71<tj§ S;

Therefore, conditions (A4) and (A’) imply

S (o) = (i) < 3 Y Inm()

to<t;<to+A

[ bt o

to+A
< / M(s)ds + Kiql,

to

where [ is the number of impulse moments in the interval [tg, to + A]. Then

to+A
varf8+A(yp) < / M(s)ds + Kil, forall peN. (6)

to

where var€g+A(yp) denotes the variation of y, € [to,to + A], and hence {y,}p>1 is of

uniformly bounded variation on [tg,tg + Al.
Now, we are going to show that {y,},>1 is equibounded. Again, since

o () = wp(to) + / H)es)ds+ S L)
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for each t € [tg,to + A] and each p = 1,2,3, ..., we have

DD L)

to< th to+A

()] < lup(to)] + / Fo(p) e 8)ds

t
< |yp(t0)| + M(S)d8+K1l

to

to+o
<lgalto)l + [ M(s)ds+ Kl

to

Therefore {y,}p>1 is equibounded on [to, to + A] and the result follows. ||

3. CONTINUOUS DEPENDENCE FOR IMPULSIVE RFDES

In general, one cannot expect that an impulsive RFDE depends on the initial data. We
mention [3] for an elucidative discussion on the continuous dependence of solutions of an
impulsive RFDE whose impulse operators also involve delays.

The next theorem is a continuous dependence result which, together with Theorem 2.2,
are important to prove the theorem following it. A proof of it can be found in [1], Theorem
4.1.

THEOREM 3.1. Assume that for p = 0,1,..., ¢, € G~ ([-r,0],R™) and moreover f, :
G~ ([=r,0,R™) x [to,to + o] — R™ and I} : R™ — R™, k = 0,1,2,..., satisfy conditions
(A), (B), (A") and (B’) for the same functions M, L and the same constants K;, K. Let
the relations

9
tim sup |1y (s) o (s s)ds| =0 (7)
P 9eto,tot+a] |Jto
for every y € PCy and
lim 17 (2) = I{(x) 8)
p—00

for every x € R™, k = 0,1,...,m be satisfied. Assume that y, : [to — 7,9 + 0] — R",
p=1,2,..., is a solution on [ty — r,to + o] of the problem

y(t) :fp(ytat)a t#tk

Ay (te) =1y (y (te), k=1,....m (9)
yto = ¢p7
such that
lim y,(s) =y(s) uniformly on [tg — r,to + o). (10)

p—o0
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Then y : [to — r,to + o] — R™ is a solution on [ty — r,tg + o] of the problem

g () = folyet), t # tx
Ay (tr) =T (y(tr), k=1,...,m (11)
Yto = Po-

The assumptions (7) and (8) in Theorem 2.2 ensure that if the sequence {y,}p>1, ¥p :
[to — rto+ A] — R™, p=1,2,..., of solutions of (5) converges uniformly to a function
y: [to — r,to + A] — R™, then this limit is a solution of (11).

The next result says that adding an uniqueness condition to the “limiting” equation,
then for sufficient large p € N, y,, : [to — 7,0 + A] — R is a solution of (5), provided the
sequence of initial data {¢,},>1 converges uniformly on [—r,0].

THEOREM 3.2. Assume that fp(¢,t) : G~ ([—r,0],R™) x [to,to+0] = R", p=10,1,2,...,
satisfies conditions (A) and (B) for the same functions M and L. Let I’ : R™ — R"
k=1,2,..,p=0,1,2,..., be impulse operators which satisfy conditions (A’) and (B') for
the same constants K1 and Ko. Assume that

t
lim [fp(ys,s) — fo(ys,s)lds =0, te [ty,to+ 0] (12)

p—00 to

for every y € PCY, and
lim I7(x) = I}(z) (13)

p—0o0

for every x € R™ and k=1,...,m. Let y: [tog — r,to + o] — R™ be a solution of

y(t) = fo (ytvt)at#tk
Ay(ty) =R (y(tr), k=1,...,m (14)

Ytg = ¢07

on [to —r,to+0]. Assume that if there exists p > 0 such that supge|_,. o) [u(f) — ¢o(0)] < p,
then w € G~ ([—r,0],R™). Assume further that ¢, — ¢o uniformly on [—r,0] as p — .
Then, for sufficiently large p € N, there exists a solution y, of

Y () =fp(y,t), t # ty

yto = ¢p7
on [tg —r,to+ o] and
plirgo yp(s) = y(s), S € [tg—r,to+ 0] (16)
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Proof. The present proof is inspired in the proof of [4], Theorem 8.6, for generalized
ODEs. We strongly use the fact that the functions f,, p =0,1,2,..., take values in a finite
dimensional space so that we can apply Helly’s choice principle.

Because ¢, — ¢ uniformly on [—r,0] as p — oo, there exists p > 0 and k € N such that

, s[up ] |pp(0) — Po(0)| < p, for p>k. (17)
el—r,0

Thus, by the assumption, ¢, € G~ ([-r,0],R"), for p > k. Then this implies by the
existence theorem (Theorem 2.1) that for p > k, there exists a A > 0 such that y, is a
solution of (15) on [t — 7, to + A].

We assert that

plin;o yp(s) =y(s), forse [to—rto+ 0ol (18)

By Theorem 3.1, if the sequence {y,},>1 admits a convergent subsequence, then since
¢p — o, it will follow by the uniqueness of solutions that there is a A > 0 such that
limy, 00 yp(8) = y(s), for s € [to — 7, to + Al, where y;, = do.

We will use Helly’s choice principle to prove that in fact {y,},>1 admits a convergent
subsequence.

By Theorem 2.2 the sequence {y,}, p > k, of functions on [ty, %y + A] is equibounded
and of uniformly bounded variation. Thus, by the Helly’s choice principle, the sequence
{yp}, p > k, contains a pointwise convergent subsequence and hence y(t) is the only
accumulation point of the sequence yy(t) for every t € [to, to + A]. Therefore the theorem
holds on [tg, o + A], A > 0. It also holds on [ty — 7, %], since ¢, — ¢o.

Now, let us assume that the convergence result does not hold on the whole interval
[to—7,to+0]. Thus there exist a A’, 0 < A’ < o, such that for every A < A’ and for p > k,
there is a solution y, of (15) on [tg — 7t + A}, with (yp)¢, = ¢0, and limp_,o yp(t) = y(t)
for ¢t € [to — 7, to + A], but this does not hold on [ty — r,tp + A], whenever A > A/,

By the proof of Theorem 2.1, |yx(s2) — yr(s1)| < |h(s2) — h(s1)| for every sa,s1 €
[to — ryto + A’) and every p > k. Hence the limits

Yp((to + A")—) = h%{ Yp(to + A" +¢), p>k,

exist and y,((to + A")—) = y(to + A’), for p > k, since y is left continuous.

Defining y, (to + A") = yp((to + A’)—), for p > k, then lim,_,o yp(to + A") = y(to + A').
Therefore the theorem holds on [tg —r,tg + A’] as well. Then, using to + A’ < ¢+ o as the
starting point, it can be proved analogously that the theorem holds on the interval [ty +
A’ tg+A"+n], for some n > 0, and this contradicts our assumption. Thus the theorem holds

on the whole interval [tg — 7, to + o]. |
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