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In this paper we consider a family of bounded dissipative asymptotically
compact semigroups depending on a parameter and study continuity properties
of the corresponding family of its global attractors. We exploit the idea of uni-
form exponential attraction property to provide the rate of convergence of the
approximating attractors to the limit attractor. Within this abstract frame-
work we then discuss the examples concerning finite and infinite dimensional
dynamical systems originating in applications, like a second order dissipative
ordinary differential equation, the viscous Cahn-Hilliard equation and a singu-
larly perturbed damped wave equation. In this latter case our results involve
nonlinearities with critical exponents, for which continuity of the family of
attractors has not been proved yet due to inapplicability of a technique based
on the continuity property of local unstable manifolds of equilibria, which for
such problem remains unknown. May, 2010 ICMC-USP
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In this paper we consider a family of semigroups {S,(t) : t > 0} depend-
ing on a parameter n € [0,1] =: I and study continuity properties of the
corresponding family of its global attractors {A,,,n € I}.

This consideration has been already carried out by other authors, see e.g.
[2, 14), 111, [16], who used different techniques to achieve this goal. In [I1]
the gradient semigroups have been considered and continuity properties
of the attractors as well as the rate of convergence to the limit attractor
have been obtained with the aid of continuity properties of local unstable
manifolds of hyperbolic equilibria. Also for gradient semigroups, with all
equilibria hyperbolic, another approach has been developed in [2] (see also
[14]), where the authors took advantage of the uniform (with respect to 7)
attracting properties of the attractors A, (called equi-attraction in [14]) to
obtain continuity of attractors.

In general the exponential attracting property of global attractors are
usually rather uneasy to achieve in problems originating in applications.
Even though, as one can see from [6], the dynamical systems that have these
kind of attractors are very abundant. Just to support this claim, note that
all gradient exponentially Lipschitz continuous semigroups which possess
a global attractor with finitely many equilibria, all of them hyperbolic are
in this class as well as all exponentially Lipschitz continuous gradient-like
semigroups with all equilibria being hyperbolic. In [6] there are also several
examples of systems which are not gradient-like, or for which hyperbolicity
of certain equilibria fails, or even a local bifurcation occurs, and there is
still a global attractor that attracts exponentially bounded sets of the phase
space.

In this paper we show that, with a similar technique as in [6], the ex-
ponential attracting properties of the attractors can be exhibited also for
systems that undergo perturbations with respect to the parameter n € I
and that these properties can be described uniformly for n — 0. While
this is known, then using some standard argument one obtains a strong
conclusion concerning continuity of attractors and can evaluate as well the
rate of convergence of ‘approximating’ attractors to the ‘limit’ one.

In what follows we will describe these ideas briefly considering a family
of semigroups {S,(t),t > 0},cr of nonlinear operators S(t) : X — X in a
Banach space X such that

Sy(0) =1, and S,(t)S,(r) = S,(t+7), for each t,7 > 0.

It becomes important to deal with some singular perturbation problems
which requires us sometimes not to assume the continuity of the semigroup
at the initial time. Instead we assume that the semigroup becomes contin-
uous (resp. convergent) after a certain time 7" > 0, which can be viewed
as a time in which the semigroup suitably regularizes.
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EQUI-ATTRACTION AND CONTINUITY OF ATTRACTORS 113

DEFINITION 1.1.  'We say that the family of semigroups {5, (¢),t > 0},er
is eventually continuous with respect to the ‘time’ variable if and only if
there exists T' > 0 such that for each n € [ and z € X

[T,00) 2t — S,(t)z € X is a continuous map. (1.1)

We say that a family of semigroups {S,(t) : t > 0},¢; in a Banach space
X is eventually convergent at n = 0 if and only if a certain T" > 0 exists
such that

if N — 0, Tp—x0 and T < s,, — sg, then Snn (Sn)xn — SO(SO)xo. (1.2)

If T'= 0 we say that {S,(t) : t > 0},¢s is convergent at n = 0.

We denote by dist(x, B) the distance of a point z € X to a set B C X

and by
distg (B, B2) = blsggl bzlg}f32 lbr — ba||

the Hausdorff semidistance between two sets By, Bo C X. We say that A
is invariant under {S, : t > 0} if S,,(t)A = A for all t > 0. We also say that
A attracts B under {S,(t) : t > 0} provided that distz (S,(¢t)B, A) — 0 as
t — oo. Following [10], the set A,, n € I, is then called a global attractor
for {S,(t) : t > 0} if and only if A, is a maximal compact invariant subset
of X which attracts bounded sets of X under {S,(t) : t > 0}.

Our main concern in this paper will be the situation when the family of
attractors is uniformly bounded and uniformly exponentially attracting.

DEFINITION 1.2.  We say that the family {A,},cr is uniformly bounded
in a neighborhood of n = 0 if and only if for a certain 7y € (0, 1] the union
Upe[0,n0)An is bounded in X.

DEFINITION 1.3. The family {A,},cr is eventually uniformly expo-
nentially attracting if and only if there are ny € (0,1], bounded set B
containing U, ¢ (0,n0] Ay, to = 0, ¢ > 0 and ¢ > 0 such that

thtO VWE[OWO] dlStH(Sn(t)B,An) é cefgt. (13)

It is known that for perturbed systems with a suitable modulus of conti-
nuity at = 0 the uniform attracting property translates into the continuity
property of the family of attractors (see e.g. [14] 1T, [16]).
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DEFINITION 1.4.  Let {S,(t) : t > 0},ecr be a family of semigroups in
a Banach space X and assume that, for each n € I, {S,(t) : t > 0} has
a global attractor A,. If x : [0,1] — [0,00) is a continuous function with
k(0) = 0, we say that the family of semigroups {S,(t) : ¢ > 0},>0 has a
k—modulus of continuity at n = 0 if and only if
there are certain ¢, L > 0, ng € (0, 1], tg > 0, for which

- (1.4)
V€U, e om0 An Vnelo.mo] Vezto 1Sy (t)u — So(t)ul| < ce™ k(n).

We say that the family of semigroups {S,(¢) : t > 0},,>0 has a degenerated
modulus of continuity at n = 0 if and only if

There exist constants ¢, L > 0 such that for each 6 > 0 and

for any 7 > 0 there is a certain 75, > 0 for which we have (1.5)
|Sy(t)x — So(t)z| < Seelt, ne [0,75+), t €[0,7], € UyerA,,.

We state the following result concerning continuity of attractors. It says
that, if the conditions in the above two definitions are satisfied, the continu-
ity of attractors hold. Additionally, when is satisfied, the continuity
and the rate of convergence to the limit attractor may be determined in
terms of ¢ and L only (see [I6] and references therein).

PROPOSITION 1.1. If the family {S,(t) : t > O}pcr has a degenerated
modulus of continuity and the family {A,}ner ts eventually uniformly ex-
ponentially attracting, then

disty (A, Ag) + dist (Ao, A,) — 0 as n— 0T, (1.6)

If the family {S,(t) : t > 0},er has k—modulus of continuity and the
family {A,}per is eventually uniformly exponentially attracting, then

o

distzr (A, Ag) + disty (Ao, A,) < ek (n), 1 € [0,70], (1.7)

_L_ _e_
where ¢ = 20((Q/L) H 4 (L/0)*"), constants ¢, L, 0,m0,to and function
K are the same as in conditions (1.3)-(1.4) and 7o € (0,no] is chosen such
that k(n) < (o/L)e~@tD)to for all n € [0, 7).

For convenience of the reader and completeness of the presentation, this
proposition will be proved at the end of Section

It is seen from and from Proposition [1.1] above that, for studying
continuity properties of the attractors at n = 0 and their rate of conver-
gence, it is suflicient to establish that the attractors A, actually attract
uniformly for 7 the set of the form U, ¢(g Ay with 7o € (0, 1] arbitrary.
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EQUI-ATTRACTION AND CONTINUITY OF ATTRACTORS 115

We observe that the equation @ = —u?(u — 1 — 1) defines a semigroup
{S,(t) : t > 0} in X = R that has a global attractor A, = [0,1+ n]. The
attractor A, attracts exponentially any set of the form [0, a], @ > 1, under
the action of {S,(t) : t > 0}, for any 1 € I. Nonetheless {S,(t) : t > 0}
does not attracts bounded subsets of R exponentially for any value of n € I.

It is thus reasonable to give some suitable assumptions on {S,(t) : t >
0}yer which imply validity of and which are simultaneously flexible
for many applications.

To achieve our goal we will need some more definitions concerning the
perturbed semigroups and their attractors.

DerFINITION 1.5. A family of semigroups {S,(t) : t > 0},er is collec-
tively asymptotically compact at n = 0 if and only if any sequence of the
form {S, (tn)z,}, where n, =3 0, t, "—3 oo and {z,} is bounded in X,
has a convergent subsequence.

DEerFINITION 1.6.  Let {S,(¢) : ¢ > 0},er be a family of semigroups
in a Banach space X and assume that, for each n € I, {S,(t) : t > 0}
has a global attractor A,. The family {S,(t) : t > 0},¢; is eventually
exponentially Lipschitz continuous relatively to { A, }, ¢y if and only if there
are constants ¢, L > 0 and 79 € (0, 1], 7 > 0 such that

1S, (t)z = Sy(t)yll < ce™l|lz — yl|, (1.8)

for all n € [0,70], 2,y € 7, (S (7) Upefo,no] Ay) and t >0

In what follows a ball centered at x € X of radius € > 0 is denoted by
Oc(z) and O,(B) = UpecpO,(b) is an e-neighborhood of a set B C X. Also
Y5 (B) = Ui>0S,(t)B is the positive orbit of B C X for {S,(t),t > 0}
and GS,, is the set of all global solutions for {5, (t),t > 0}, that is maps
¢n : R — V such that S, (t)¢n(s) = ¢n(t+s) forallt >0, s € R.

We next recall the notions of the unstable set and a local unstable set of
an invariant set.

DEFINITION 1.7. The unstable set of an invariant set Yn* for the
semigroup {S,(t) : t > 0} is defined by

WY, )={re X :3 y,(t) €GS,,y,(0) = v and . lim dist(y,(t),Y,) = 0}.
Given € > 0, the local unstable manifold Wyt (YY) of Y,* is defined as
Wieo(Y") ={z e W"(Y,)) N O(Y™) : 3 y,(t) € GS,, such that y(0) = z,

, lim_dist(y,(t),Y,) = 0 and y,(t) € Oc(Y;’) for all £ < 0}.
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116 A. N. CARVALHO, J. W. CHOLEWA AND T. DIOTKO

As for the family of the global attractors we say that

DEFINITION 1.8.  The family {A,},>0 of the global attractors is col-
lectively compact at = 0 if and only if each sequence of the form {a,,, },
where a,, € A, and 7, — 0T, has a convergent subsequence.

For n € I, by S, we denote a nonempty family of compact disjoint
invariant sets for the semigroup {S,(t) : ¢ > 0}. In the simplest case the
collection S, will consist of a finite number of one-point-set equilibria for
{S,(t) : t > 0}, although more involved situations are known to fall in this
approach (see [6]).

Below we introduce uniform for the parameter pointwise exponential
attracting property of local unstable sets of the elements of S,,.

DEFINITION 1.9. We say that a family {S,},cs, where S,, n € I,
consists of compact disjoint invariant sets for {5, (¢) : ¢ > 0}, has uniformly
pointwise exponentially attracting local unstable sets if and only if there are
positive constants ¢,y and € such that, for each n € I and every invariant
set Y,* € Sy, we have

dist (S, (t)uo, Wi (Y,))) < ce™ ", (1.9)

whenever ug € O(Y,") and t € R™ are such that {5, (s)(uo) : s € [0,t]} C
O(Y;)-

We will also need a point dissipativeness property that will be specified
here in term of the family Sy of compact disjoint invariant sets for a limit
semigroup {Sy(t) : t > 0}.

DEeFINITION 1.10.  We say that a family Sy of compact disjoint invariant
sets for the semigroup {Sy(t) : ¢ > 0} attracts points of X if and only if

Yo = Uyyes, Yy attracts each point of X, (1.10)

that is,
Veex dist(So(t)z, Vo) — 0 as t — +oo.

We will consider the semigroups that fall into some more general class of
semigroups than gradient semigroups. These will be semigroups for which
there is no e-homoclinic structure.

DEFINITION 1.11.  Let {S(¢) : t > 0} be a semigroup in a Banach space

X with a finite number of compact disjoint invariant sets {Y7*,---Y;*} =: S.
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EQUI-ATTRACTION AND CONTINUITY OF ATTRACTORS 117

We say that there is an e-homoclinic structure for {S(¢) : t > 0} relatively
to S if and only if for each € > 0 there exist m < k, aset {Y!,--- Y} } C S,
a set of global solutions {¢$ : R — X, 1 < i < m} and a time ¢ > 0 such
that, letting YZZH =Y, we have

{05(t) 1t < —t} C O(Y) and 5(t) =F Y7, foreach 1<i<m.

We remark that the semigroups without e-homoclinic structure are an
important class of semigroups, which includes both the gradient semigroups
(as e.g. in [2] or [I0]) and the gradient-like semigroups. The latter semi-
groups have been defined in [§] in the following way.

DEeFINITION 1.12. Let {S(t) : ¢ > 0} be an eventually continuous semi-
group and assume that it has a global attractor A and that its set of equi-
libria € is finite. We say that {S(t) : ¢ > 0} is a gradient-like semigroup if
and only if the following two conditions are satisfied:

(G1) Given a global solution ¢ : R — X in A, there are y*, z* € £ such
that

. lim [[¢(t) —y*[| = 0 and tlim [lo(t) — 2*|| = 0.

(G2) A does not contain any homoclinic structure.

In this context we simultaneously emphasize that we will not assume
nor use in the proofs backward in time convergence of global solutions to
a compact invariant set although it is actually the case in a number of
applications.

With the above set-up we can now state the main abstract result of the
paper which will be the eventual uniform exponential attracting property
of the family of attractors.

THEOREM 1.1.  Suppose that {S,(t) : t > O}per is a family of semi-
groups in a Banach space X which is eventually continuous with respect to
‘time” variable, collectively asymptotically compact at n = 0 and eventually
convergent at n = 0.

Suppose also that given n € I, there exists a global attractor A, for
{Sy(t) : t > 0}, that the corresponding family of attractors {Ay},er is
collectively compact at n = 0 and that {S,(t) : t > 0},er is eventually
exponentially Lipschitz continuous relatively to {A,}yer.

Assume next that there is a family {S,}yer, where Sy = {Y7;,..., Yk*n}
consists of the same number k € N of compact disjoint invariant sets Y},

Publicado pelo ICMC-USP
Sob a supervisio CPq/ICMC
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for {S,(t) : t > 0}, such that

nlir& glaﬁxk {diStH(YO?V Vi) + dista (Y5, YO*J)} =0.

Assume finally that the family {So} = {Y75, ..., Yo} of compact invari-
ant sets for {So(t) : t > 0} attracts points of X and that the family {Sy,}yer,
where S, = {Yl*n, e Yk*n} forn € I, has uniformly pointwise exponentially
attracting local unstable sets.

Under these assumptions, if the limit semigroup {So(t) : t > 0} does not
have an e-homoclinic structure relative to Sy, then the family of attractors
{A,}ner is eventually uniformly exponentially attracting.

The proof of Theorem [[.I] will be given in Section [2] It is based on
the asymptotic properties of orbits of points near a compact invariant set,
which idea originally comes back to [2] and has been recently exploited in
[6] in a more general context.

The main idea that drives the argument in the proof of Theorem [1.1] is
that, for each value of n > 0 which is sufficiently close to zero, one can
shadow the positive orbit of S, (t)v through a given point v with the aid
of a certain auxiliary map %, having values on the attractor A,. This can
be done in such a way that the corresponding distance between the point
on the orbit and 4, (t) will remain exponentially small when ¢ — oo and
the resulting exponential estimate will neither depend on the choice of a
parameter nor on the choice of v varying in a certain subset of X.

The results of the abstract consideration carried out in Section 2] are then
used in Section [3| where we give examples of finite and infinite dimensional
dynamical systems for which the uniform exponential attracting property
can be ensured via Theorem As this allows us to apply Propo-
sition [I.I} we will then obtain suitable results concerning continuity and
the rate of convergence of attractors. The mentioned applications include
a second order ordinary differential equation, the viscous Cahn-Hilliard
model and a singularly perturbed semilinear damped wave equation.

Concerning continuity of the family of attractors for a perturbed semilin-
ear damped wave equation the present consideration essentially improves
the results previously obtained in [3, [5] as we consider here a nonlinear-
ity with the critical exponent. This ‘critical’ case was out of scope of the
approach in [3] and, in [5], it was considered only from the point of view
of an upper semicontinuity property. The continuity enables us to transfer
regularity properties of the perturbed attractors to the limit attractor and
as a consequence of the results obtained here we prove that the attrac-
tor of a damped wave equation (see Section with a critical dissipative
nonlinearity is of class C*T(Q) x C*(Q), p < 3, when @ C R? is a
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EQUI-ATTRACTION AND CONTINUITY OF ATTRACTORS 119

bounded smooth domain and the nonlinearity is a C? map from R — R
and C2TH(Q) x CTTH(Q), p < 5, if fis C3.

In [I2] Theorem 2.21] the authors obtained sharp time and space reg-
ularity results concerning the limit attractor Ag using Galerkin method.
In particular they have proved that, if f € C?*# and satisfies a suitable
growth assumption, then Ag is bounded in H3(Q) x H?(2). In Corol-
lary of Section [3] this result is improved as we have shown that for the
3-dimensional problem with a general cubic nonlinearity we obtain that

feCI(R,R) imply Ag C H*™(Q) x H(Q), j=1,2,

for which we do not assume Holder continuity of f (resp. f).

Acknowledgements: This work was started while the first author vis-
ited the Institute of Mathematics, Silesian University in Katowice, Poland
and was completed while the second author visited Instituto de Ciéncias
Matematicas e de Computacao, Universidade de Sao Paulo in Sao Carlos,
Brazil. The authors would like to acknowledge the hospitality of the people
from these Institutes and thank for the support they have obtained from
FAPESP, Brazil, that enabled to carry out this work.

2. UNIFORM EXPONENTIAL ATTRACTING PROPERTY

This section is devoted to the proof of Theorem which will be given
in a number of lemmas. The first two contain merely certain observations
related to the assumptions of the theorem.

LEMMA 2.1. The collective compactness of the family of global attractors
{Ay}ner at n = 0 implies that the latter family is uniformly bounded in a
certain neighborhood of n = 0, that is, for a certain 1y € (0,1] the union
Une[o,n0)An @8 a bounded set.

LEMMA 2.2. The collective asymptotic compactness of the family of semi-
groups at m = 0 implies that, given a bounded set B, there are certain
1o € (0,1] and to > 0 such that the union Upeion,1 Yy (Sy(to)B) is bounded
in X.

In the next lemma we generalize previous consideration of [6, Lemma 2.2)
to semigroups depending on a parameter.

LEMMA 2.3. Suppose that {S,(t) : t > O}yer is a family of semigroups
in a Banach space X collectively asymptotically compact at n = 0, and
eventually convergent at n = 0. Assume that, for each n € I there is a

Publicado pelo ICMC-USP
Sob a supervisio CPq/ICMC
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global attractor A, for {S,(t) : t > 0} and the corresponding family of
attractors {Ay}ner is collectively compact at n = 0. Suppose finally that
there exists a certain family {Sy}ner, such that all S, = {Y7;,..., Y}
consist of the same number k € N of compact disjoint invariant sets Y},
for {S,(t) : t > 0}, satisfying

nlg(r)l+ 1255k distr (Yo, Yy;) =0,
and, in addition, So = {Y,..., Yy} attracts points of X under {So(t) :
t > 0}.
Then, given any number § > 0, there exist Ty > 0 and ng € (0,1] such
that for every n € [0,1n9] and z € v,T(Sn(T) Unelo,n] An) =: B(n,m0) we
have

{Sy()a = t € [0, To]} N Os(Vy) # 0,
where YV, 1= Ué?:lYk*77 and T is as in the Definition .

Proof: This lemma is proved by contradiction. Assume that there exist
n—oo

0 > 0 and sequences n, — 0, t, — 00, T, € B(Np, %), such that
{8, Oz st €[0,t,]} N Os(Vy,) = 0.

Since, by assumption, for almost all n € N we have O%(:))O) C Os(V..)
then, for almost all n € N,

{Sy, (t)zn 1t € 10,21} NO5 (W) = 0.

Furthermore, there are also sequences {y,} C U, (o 1]Ay, 1k, — 0 and
{mn} C [0,00) such that =, = S, (T + 7,)yn and hence, for almost all
n €N,

{Sﬂn (t)Snn (T + Tn)yn 1t e [0, tn]} N Og (yo) = @ (21)

By assumption we infer that there is a subsequence of {5, (T + 7,)yn}
(which we denote the same) and a certain z € X such that

Sﬂn(T+Tn)yn - Z. (22)

Indeed, if {7,} is bounded, we use that the family of attractors is collec-
tively compact at 7 = 0 to ensure that {y,} has a subsequence (denoted
the same) convergent to a certain zgp € X and hence we have with
z = So(T+10)z0. If {7, } is unbounded, is an immediate consequence
of the collective asymptotic compactness assumption at n = 0.
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EQUI-ATTRACTION AND CONTINUITY OF ATTRACTORS 121

Thus implies next that {So(t)z : t € [T, 00)} N O5 (o) = (), which
is in contradiction with the assumption that {Sy} attracts points. |

The lemma below exhibits the importance of the property that the limit
semigroup does not possess an e-homoclinic structure.

LEMMA 2.4. Suppose that all the assumptions of Lemma[2.3 hold. As-
sume additionally that the family of semigroups {S,(t) : t > 0},er is also
eventually continuous with respect to ‘time’ variable and that

lim max disty (Y], Yy;) = 0. (2.3)

n—0+ 1<j<k i’

Assume finally that there is no e-homoclinic structure for {So(t) : t > 0}
relative to So and let T > 0 be as in the Definition|1.1]

Under these assumptions given € > 0 there are § € (0,¢€) and ng € (0, 1]
such that the property (p;) is satisfied for every j =1,... k:

(p)if n € [0,m0], = € Os(Y},) Nt (S5 (2T) Upejo,ne) Ay) and if for some
t1 >0, Sy(t1)x & O(Y},), then Sy(t)x & Os(Y}y) for allt > ty.

Proof: Suppose that the result fails Then, there is a certain € > 0 and
there are sequences 6, — 0, 1, € [0, ], v,, € O, ( Y )t (S, 2T)Upeo, 11
n)s {tn} C (0,00), {m} C (0, oo) satisfying 7, < ¢, and also j €

{1,...,k} such that for every n € N

dist s (Sy, (Tn){vn}, Oc(Yjy, ) = € and Sy, (tn)vn € O5,(Yj,,)-

Note that, by assumption, not loosing generality we can have that
v =y €Y, Sy, (tn)vn — 2" €Yjy and O (Yj) C O(Y]), ).

Define next a sequence of ‘times’ {s, }, for which

{Sy, (v, 1t €[0,8,)} C O<(Yjy) and disty (S, (sn){vn}, o) = 2
Note that for a certain subsequence (which we denote the same) we have
sp — 00. Otherwise, choosing a subsequence which we denote the same,
we would have that

Sy ($n)vn — So(so)y™ € Yo, (2.4)

which is absurd.
We remark that the condition (2.4)) is proved as follows. There exist
sequences {T,} C [0,00), m, < , and yr, € A, = such that v, =

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



122 A. N. CARVALHO, J. W. CHOLEWA AND T. DIOTKO

Sy (1)Sy,, (T + T0)y, . Without loss of generality we may assume that
there is a T' € [0, 00] such that T, — T'. Using that the family {A, :n € I}
is collectively compact at 7 = 0 and that {S,(¢) : ¢ > 0} is either col-
lectively asymptotically compact (case T = 0o) or eventually convergent
at 7 = 0 (case T < o0), taking subsequence if necessary, we have that

Sy (T + Ty,)yr, — w. Consequently,
y* = vn =8y, (T)Sy, (T + Tn)yk, — So(T)w.
From this we conclude that

S (8n)vn = Sy, (T + 30) S0, (T + Th)yk,, — So(T + so)w = So(s0)y™.

Below we will prove that there is an e-homoclinic structure for the semi-
group {Sp(t) : t > 0} related to Sp.

Let ¢y, @ [—sn,00) — X be defined by ¢, (t) = S, (t + sn)vn, t > —sp
and s, > T. Note that ¢,(t) = S, (t +T)Sy, (sn — T)v, and that, by
assumption, S, (s, — T)v, is then precompact. Taking subsequences if
necessary we can define ¢(t) := lim, o ¢n(t) for 0 <t < 0.

To extend ¢ onto larger interval and define ¢ : [—1,00) — X let us take a
subsequence {¢n, .} of {¢,} such that s, , >1+T and S,

1-— T)vnk (1, 1s convergent. Then the sequence of maps

n(1) (Snk(l) o

¢nk(1) (t) = S”"k(l) (t +1+ T)Snnk(l) (T)Snnk(l) (snk(l) -1- T)'Unk(l)

is a subsequence of {¢,(t)} and is convergent for all —1 < ¢ < co and the
limit agrees with ¢ on [0, 00), which allows us to define ¢(t) for t € [—1, 00)
as the limit of ¢, ,, (t).

It is now evident that continuing this process we obtain a global solution
¢ : R — X as a limit of the diagonal type subsequence of {¢,, ., (t)} and
that ¢ has the property that disty (é(t),Y};) < € for all ¢t <0.

We remark that, by construction, ¢(t) is continuous with respect to ¢ € R.

By assumption, there exists Y;j C Sy such that ¢(t) — Yj as t — oc.
Hence, if | = j, the proof is complete.

If | # j, we continue our construction. Then there is a neighborhood
O (Y}5) C Oc(Y}5) so small that ¢(t) does not enter it for ¢ > 0. This can
be justified using that ¢(t) converges forward to Yj, that Y}, is a compact
invariant set and that ¢(¢) is a global solution which is continuous for each
teR.

By assumption we also have ¢(t,,,) — Y} and, recalling the construction
of ¢, we know that for each m > mg the point ¢(¢,,) can be approximated
by an appropriately chosen subsequence {S,, , (t4sp/ ) vy } of {Sy,, (t+5n)vn }
at ‘time’ t,,, where n,,, — 0. Therefore, there is a sequence of points of the
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form z,, =5y, (tm + sn)vns, € % (Snn;n (T) Unelo,n] An) convergent
to Y5 and such that 7,, — 0. Also, hgving fixed m € N and taking then
a look at the set Gy, = {Sy,, (t 4+ sp)vnr, 1t € [0,1,]} we observe that
Gm N Oy (Y;5) = 0. This is because Sy (t + sn/)vn approximates the
global solution ¢(t) in the interval ¢ € [0,%,,] and ¢(t) is separated from
@) 9 (Y;p) for all t > 0. Consequently the sequence of points {z,, } has an
additional property that the orbits S, , (f)z,, actually need to visit the
‘starting’ neighborhood OE(YJ»’B) for a ce?tain tn: > tm, which means that
all S, , (t)zn: actually need to leave O (Y}() in ‘times’, respectively, bigger
than t;:.

What was said above also indicates that the procedure described earlier
to define the global solution ¢(t) going from Oc(Y}) to Oc(Y;;) can be
repeated again so that we will construct a continuous global solution v (¢)
going now from O.(Y}) to O.(Y;) for a certain ¢ € {1,..., k}.

Proceeding like this, after no more that k-steps, we will ‘close the loop’.
However the latter means that there is an e-homoclinic structure for {Sy(¢) :
t > 0}, which completes the proof. |

In the final lemma, for each value of n > 0 which is sufficiently close
to zero, we will shadow the positive orbit of a corresponding semigroup
{S,(t) : t > 0} through a given initial data v with the aid of a certain
auxiliary map @, with values on the attractor A,,.

LEMMA 2.5. Under the assumptions of Theorem there exist o €
(0,1] and 79 > 0 such that for each (n,v) € [0,10] X Sy(70) (Upejo,no]Ay) @
certain map U, can be constructed,

Uy : [0,00) — Ay,
such that
dist 7 (S, (1) {v}, Ay) < [|Sy(H)v — @y ()| < ée™ 7 for each t > 0. (2.5)

Here 19 = 2T + to + 7, where to is as in Lemma [2.4, T is as in the
Definition[1.1] and 7 is as in Definition[I.6. Constant 5 depends only on v
and L whereas constant ¢ depends only on ¢,v, L, To, T, to and Uy c(o,n,) Ay,

where ¢,7y, L are as in (1.8)-(1.9) and Ty is as in Lemma[2.5
Also, 5 and ¢ are independent of (n,v) € [0,10] X Sy(70) (Uneo,ne)An)-

Proof: Choose € > 0 and 7. > 0 so small that, given n € [0,7],
all k& neighborhoods O(Y};) are disjoint and that Lemma applies; i.e.
Unefo,no) Ay is @ bounded set. Choose also 6 > 0 and 19 € (0,7 to the
above € according to Lemma so that the properties (p;), 7 =1,...,k
of this latter lemma are satisfied.
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Due to Lemma there is ty > 0 such that, making 7y smaller if
necessary, the union U, e(0,,017" (Sn(t0) Upeio,no] An) is bounded.

According to the Lipschitz property there is a suitable ng € (0, 1],
which not loosing generality we denote the same, and there are constants
7,¢, L > 0 such that for each ) € [0,70] and every (x,y) € 7,5 (S (7)Upeo,n0]
A,) x A, we have

1Sy () = Sy(E)yll < ce™ ||z —yl|, ¢ > 0.

Recall now that, by Lemma there exist Ty > 0 and 79 > 0 (we
again denote here 7 the same as above) such that, for each n € [0, 7] and
w E ’yJ(Sn(T) Unefo,no] Ay) we have

Sy(tw € Os5(Yy) = U?:loﬁ(Y;j) for some ¢ < T,

where T is as in the Definition [l

Thus, given any (n,v) € [0,10] X S, (2T +to + 7)(Upe[o,n] Ay ), there are
sequences {t;(j)};":o, {tj(j) Lo and {Y,; )} such that i(j) € {1,...,k},
1< <m<k,

t;(l) < T07 0< t;(j) - t;j—l) < T07 1 Sj <m, t% = +00,

where ;) is the time Sy(t)v enters Os(Y,: ) and t;{j) is (for j < m)
the time .S, (¢)v leaves O (Y*

ni(j
Os (Y;i(j)); in particular,

)) crossing its boundary never to return to

Sy(t)v € Oc(Yy;)) forall telt;  t},) and j=1,....m.

For simplicity we will next assume that i(j) = j; that is, we enumerate
the compact disjoint invariant sets whose neighborhoods are visited by the
considered orbit as Y, ..., Y, where m < k is a number of those elements
of the family S, = {Y7;,... Y}, } whose neighborhoods are actually visited
(see above).

It is true that this enumeration, the number m and the ‘entrance/exit
times’ ¢ actually depend on v and 7; however, for simplicity of the nota-
tion we will not exhibit this dependence explicitly.

We now consider (n,v) € [0,70] X Sy (2T +to +7)(Upe[o,n) Ay) and fix an
arbitrary point y,1 € A,. With the aid of [6l Lemma 2.1] we then select a
map

¢n,1,t;,t+ : [tf,tf] - clI/Vl‘éc(Yl*n) CA,

1

so that
1560 =, e ()] = dist(S, (B0, Wik (V7))
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and define

- (t) ) Yn1, te [O,tf),
Ut = U, (t), tE [t t]]
n, 1.t IRES R

By assumption we have
1S, ()v—a(t)|| < ceTodist (A, {v})e e 7"

< cetTo sup sup dist (A, {v})erToet
n€[0,m0] vESH (2T +to+T)Upe(0,n9] An

=:¢e " te0,t)),

1S, () — a(t)|| < ce™ 70D < eeToe™ = et € [ty t],
and we next denote
c1 =max{é, ¢}, t§ =0, t5:=t, v:=1. (2.6)

Having this done, we define step by step

2
Vi1 o_ . JL+2yia o |
= ti=minq ———t. .t +, j=2,...,m. 2.7
P)/j L+2'Yj_1 J {L 'Yj 1 ] _7 J ( )

and we extend @, onto the whole half line [0, 00) letting

S (t—t* Dy (t+ ) teltf  t;),
Ty (t) = < Syt —t;)S(t; 1) U(tj71)7 telty 1],
Ui <> <t9,tj]

where applying again [0, Lemma 2.1] we have selected a map

w'r],j,tl 7t1 [t]_’ t] ] - ClVVloc( ) C A’r]

satisfying
150 ()0 = by ;o= o (D] = dist(Sy (t)v, Wig(Yy,))-

As in [0, Lemma 2.1] we now show that, for each j = 2,...,m, the
following implication holds:

if (i) 1S, (t)v — Gy (t)]| < cjore 71, t e [t;r z,tj 1] with some ¢;_1 > 0,
then (ii) ||S,(t)v — @, (t)|| < cje !, t e [t;|r 1,t'5'] with some ¢; > 0,
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where for j = m we actually set [t} | t}] :== [t} | 00). Although it is
true that this part of the proof is analogous to the consideration in [6]
Lemma 2.2] we include it below for completeness of the presentation.
Using (i) we first note that, for ¢ € [tj_l,t;],
~ L(t—tt ~
15080 — i (B)]| < ce™ S, (o — g (8

L(t_t;rfl)_’h‘*lt;rf1 .

(2.8)
<ccj_1e

Secondly, due to the above construction, if t? is considered for a while

as 511 variable element of the interval (¢, t;“] then by assumption and (2.8))
we have

1Sy (t)v — iy (£)]] < ce™ 1D (Sy(t7 v = St — iy )ity (t]_,)|

Yy tT
LelTo L=t =1ty < cej_

(2.9)

< CcCj— 16(L+’Y)T06L(t—t;)—’)’j—1t;

forall ¢ € [t} 9] and

Vie ) 150000 = 5= (O] < ™07 < o510 (2.10)

Evidently, whenever the ‘time’ ¢} lies inside the interval (¢;, tj), it is such

that the exponents on the right hand sides of (2.9) and (2.10) become equal;
namely

[L(t =) = Y1t} Njemeo = [=75-1(8 = ] )] ji=so-

From what was said above one can infer that

L(t—t;) —vj1t; < —vyt, tet; ). (2.11)

-t —t7) < =ty te (t),t]], (2.12)
to get from (2.9) and (2.11)

Vit 0y 1Sy (0)0 — i ()] < ey yeEDTemt,

and from ([2.10) and (2.12)
vte(to. tF] 1S5 (v — g () ]| < ce” 117D < et
3777

Since ([2.8]) extends to the estimate

Viert am) 19000 — i (1)]] < ;e 0T =00
=17

(2.13)

< ccj_le(L+'v)Toe—'mt7
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condition (ii) thus holds with
¢; = max{e, ccj_1e LMo} (2.14)

From what was said above, for each (n,v) € [0,m0] x S,(2T + to +
7)(Une[o,n0] An), We infer that

distsr (S ({0}, Ay) < 1S5 ()0 = (1) < eome™ ™, £ 0,

with ¢, depending merely on ¢,v, L, Ty, T, to and Uy, c(o,5,]Ay- The proof
is thus complete. |
Theorem [[.] follows easily from the above lemma. Below, we include the
proof of Proposition
Proof of Proposition The proof of the second part follows the
proof of a similar result in [2] and is included here for completeness. For
€ (0,ce™2], By, = UpejoneAy and te = 21n € we have t > tg so that

for every n € [0, 9] conditions (1.3) and (1.4)) imply
dist g (S, (te) By, Ay) < (2.15)
and

dist g (Sy (te) By, So(te)Bp,) < sup |[Sy(te)r — So(te)z| < ck(n) et<l
z€By,

distrr (So(te) Bno, Sy(te) Byo) < sup ||Solte)a — Sy(te)zll < criln) ",

z€By,

(2.16)

Since A, = S, (tc)Ay, C Sy(te)By, and Ag = So(tc)Ao C So(te)By,, we
then get

dist (1&777 Ao) dlStH (A 577 (t )Bﬂo ) + dist g (SU (tE)Bno ,So (tE)Bno )
(

+
%
4
T
&
= 3
D:J
3
[>
N

and similarly

diStH(Ao,An) < diStH(AOa SO(ts)Bno) + diStH(SO( )BUO’S ( ) 770)
+ diStH(
g dlStH(SO(te Bnov n(tE)Bno) te
<

st
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Consequently, for any € € (0, ce™¢%] we have

L L
o

distzr (A, Ag) + distyr (Ag, A,) < 2(c"Tee 2 r(n) +¢) (2.17)
and minimizing the right hand side of with respect to € € (0, ce™¢%)
we obtain , which completes the proof of the second part of the propo-
sition.

The first part of the proposition is proved as follows. Fix ¢ > 0 and
choose 19 > 0, t. > ty according to so that for every n € [0,79] and

for By, = Uyc[o,5,]An We have

dist 77 (S, (t.)Bo, A,) < (2.18)

1 o

Next, for 7 := t. and ¢ := §c‘1e_L°tf choose 75(¢),7(¢) € (0,70] according
to (1.5)) to get with the aid of this condition that

. €
dist (S (te) By, So(te) Bny) < sup |[|Sy(te)z — So(te)z| < ]
TE B,
. (219
dist g (So(te)Bny, Sy(te)Bn,) < sup |[[So(te)x — Sy(te)z| < 3
z€ By,
for all n € [0,75(),7(¢)]- Hence we then obtain
diStH(An, Ao) + diStH(Ao, AU) <€ MneE [0, 775(5),7.(6)]7 (220)

which completes the proof of the first part of the proposition. |

3. EXAMPLES

In this section we give applications of the abstract scheme developed in
the previous sections to certain evolutionary problems including a second
order ordinary differential equation, a singularly perturbed damped wave
equation and the viscous Cahn-Hilliard model.

We emphasize that in the case of the singularly perturbed damped wave
equation our consideration gives rise to new results concerning continuity
of attractors and the regularity property of the global attractor for the
‘limit’” hyperbolic damped wave equation. Here we consider nonlinearities
involving critical exponents which was out of the scope of techniques used
in the previous references.

3.1. Second order dissipative ode
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Consider the Cauchy problem for the following second order ordinary
differential equation

€ + & = —pz + f(z), x € RY

3.1

z(0) = zg € R", 2,(0) = vo € RV, 31)
assume that e € I, u > 1, f : RY — RV is a C' function which is globally
Lipschitz, globally bounded and with symmetric Jacobian matrix at every
point. If we rewrite the above equation in the form of a system with
variables z and v = ez we have that

i[w] _ {O I/e
dt ' |—u —I/e
[ﬂ(o):[evo}eRNXRN

:|[g1§]+[f(0m)}7 [ﬁ}GRNXRN (32)

Clearly, the solutions for are globally defined and the solution op-
erator family {S.(t) : t > 0} defines a semigroup in Z = RY x RY. Fur-
thermore, {S¢(¢) : t > 0} has a global attractor A.. The above system can
be rewritten as

G Lo o) 5= =100 | o] ) e
[51(0) = [&] € RY x RY.

As the parameter ¢ tends to zero, one would expect that the dynamical
properties of (3.2)) are given by

j{é é][ I=-bl+ [I I} [f(ox)] [§]€ RY xR (3.4)
[

1(0) =[§] e RY x RY,

SRS

which corresponds to v = 0 and

%x——uﬂ:—l—f( ), x0€RV. (3.5)

Note that the solutions for (3.5)) are globally defined and the solution op-
erator family {Ro(t) : t > 0} defines a semigroup in RY. To compare the

dynamics of these two problems we should find a way to see the dynamics
of (3.5) in Z. That is done simply defining

So(t) [wg] = [Fe@™], >0, So(0) =
and noting that
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1) So(t 4 7.) [558] _ [Ro(t—gT)xo] — [Ro(t)}go('r)wo] —_ So(t) [Ro(g)xo] _
So(t)So(r) for all t,7 > 0;
2) (0,00) x Z 3 (t,[20]) — So(t) [50] € Z is continuous.

Consequently, {Sy(t) : t > 0} is a semigroup (singular at zero) having a
global attractor Ay.
The linear semigroup associated to

%[5] - [_Z[ _Ij/je] (2], [2]eRN xRY

[51(0) =[] € RY x RY

(3.6)

is given by
Aper2tagettt A1t _grat
_ )\17)\2 6(/\17/\2)
Te(t) = [6A1A2(6A216k1t) At a,er2t |0
)\1—)\2 >\1_>\2

where \; = —1Fy1-den W and \p = —i=y1-den W, e(A1 —A2) = /1 — 4ep. Note

that A1 =5 —p1, Aa 9 —00, e\ 20, ey 9 —1.

Define the linear semigroup (singular at zero) {To(¢) : t > 0} by Tp(0) = I
and

—put —put
To(t) = {60 60 } t> 0.

THEOREM 3.1. Let Z := RN x RY with the norm H[ﬁ]”zz = |Jv]|3~ +
pllullix. There exists a constant M > 1, independent of ¢ > 0 and of
w =1, such that

)\1627‘7?26*17‘ e?;‘—e)fq; e—Ht o—ut L1

1— A2 € 1— A2 _ —_ Es

6)\1)\2(e>\2t—e>\1t) )\16>\1t—)\26>\2t 0 0 < Mt K€, (37)
A1—A2 A1—Az2 L(2)

for allt > 0.

Proof: Let us estimate each element of the matrix separately. First note
that

4 v1—4
pA M = e M= = -

(1+ /1 —4ep)?’ €
Now, if 1 < |e(A1 — A2)| we have that

)\lt e(/\Z_Al)t _ 1

At et et — 1
! 6(/\1 — /\Q)t

- <ctle
()\1 — A2)t € C €

‘< )\1t€
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On the other hand, if [/T — dep| < 3, then
‘ et Tt PeMt < et e

Also, if Re(u + A1) < 0, then

et

Mt —pt < |t(\ “w < 2t —ut < t71
e e e — | < C e K C

and, if Re(p + A1) > 0, then

|e)‘1t O |e)‘1t| 1—e(m-mt| < 2¢™ 2 < cet .

With this, the upper left corner of the matrix being estimated as follows
e()\g—/\l)t _ 1
(A1 — o)t

_ e Ht

’ Alekzt _ )\26)\1t

A\ tett
M — A e

’ + Mt —emHt L cet™ !

For the upper right corner, note that

)\1t _ )\zt ()\2—)\1)t _ 1
e e e
L I T e e 3 VY -1 e —
6()\1 — )\2) ()\1 — )\Q)t
(Az—)\l)t _ 1
< >\1t _ —Mt 2 )\ t )\1te )\Qt
<|eMt—e M 42| Arte NI W + [e*]
< cet™L.
For the lower left corner, note that
A1t Aot Aot At
2 (et —e™) e~ —c -1
EMA———F | =€u | ——| < cuet™ .
6()\1 — )\2) 5()\1 - )\2) b
Finally, for the lower right corner, note that
it Aot Art Aot
Aue™ — Age = e - ) + et L eet ™l
A1 — A2 A1 — A2
This completes the proof. |
THEOREM 3.2. Consider Z := RN x RN with the norm H[‘U‘]HQZ =

[v|2x +pllullix . There exists a constant M > 1, independent of € € I and
of w =1, such that

1+

IT.(t) = To(t)|lnz) < ep' T et 5 e 55, a € (0,1), t>0. (3.8)
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Proof: Note that T.(¢) [0] = [ & ], where [4] is the solution of the initial
value problem (3.1)). Denote by

[V]=1T(t) = To()] [%]

Now consider the function L(u,v) = §|v[Zx + §{u, v)ry + &lullZn.
Clearly, foree I, p > 1

AL(u,v) > ellvllgn + pllulzn > £ L(u,v)

[SUNIN

Using (3.1) we have that

1
L(U, ut) < —g[;(u, ut)'

Consequently,
ellV llan +42 Uy < €[V llms 0 [Ullrs < 665 (e [Vollew+% [ Uolly)
and from we have that (39
eV limy + p2|[Ullps < e et (el|Vollzn + p2 [ Uolzn) (3.10)
<cp2et™ (ex||Vollen + p® | Uollen), '

for all e € I and p > 1. Interpolating the expressions in (3.9) and (3.10)
we obtain that

1
0% + pn2||U
Vil + 10 o)

Now, interpolating (3.10]) and (3.11]) we obtain that, for any « € [0, 1]

lte _

L L lda l-a 1
ellViley +p2 |Ullpy < ép™ et 2 e 5 (e Vollry + n2[|Us|lew).
(3.12)
This translates into estimate (3.8 and completes the proof. |

Now define S, (1) [%2] = E;Eg H] by

Se(t) [wo ] = Te(t) [ ewo ] +/0 Te(t —s) [f(s;(f)[ﬁg})] ds,

So(t) [ﬁg] = TO(t) [%0] +/0 To(t - S) [f(Ro((JS)J?O)] ds.
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It follows from this and from singular Gronwall’s lemma (see Lemma
7.1.2 in [13]) that, for any 0 < o < 1, bounded subset B of Z and T' > 1
we have that

e sup {[|Sc(t) [33] = So () [32]l 5 : £ € [1,T], [E3] € B} =2 0.
In particular {S.(t) : ¢ > 0}.cs is eventually convergent at € = 0.
Denote by £ the set of solutions of the stationary problem
0=—px+ f(z). (3.13)

Let uf € € and assume that o(ul — f/(ug)) is disjoint from the imaginary
axis. Let {r;}X, be the eigenvalues of A = ul — f'(ug), {¢:i}, be a
corresponding sequence of orthonormal eigenfunctions and let 0 < k < N
be such that v; <0 for 0 <i< kandv; >0for k<i<N.

Let N = —Livl-ders V21€_46”" and \j = —i=v1-den V21€_46’”, 1 < i < N be the eigenvalues
of

A, = [Q _E:I} .
A e I

Denote by {T.(t) : t > 0} the semigroup generated by —A.

Consider the orthogonal decomposition Z = Z; @& Z5 obtained in the
following way.

Z2 = Span{éla e 7qgk} X Span{éla o aék}

and let P be the orthogonal projection defined in Z associated to this
decomposition with R(P) = Z5. Then, there exists w > 0 such that

1T = P)llgz) < Me™™!

Now let us consider the restriction of T,(t) to the range of P. If [}0] €
R(P), then

i=1
and
k
T [w] =Y T [LoiF]
=1
where
ej\ies‘gf—ef\ges‘?t e’{itie:ét,
- (=X, EEEY:
Tz(t) - eQXiS\E(;;étz—)eilt) ei?e;(itl—eng)exgt
e(A1—A%) e(A{—X%)
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Consider now the projection orthogonal to I — P with Q¢ : R(P) — R(P)
given by Q° = diag{Q5, -+ ,Q%}, where QS : Z§ — Zi Zi = span{z;} x
span{Z;} and

Ay 1
Qe A=A e(A\[—Ah)
% EATAS Ay ’

St o
i €. AL-2% e(A\{—X%)
Te (t)PQz - _ e;\é*geﬂit X;zef\it 3
N —XG X=X
X‘iexét _ eXat
. Ni—\E E(_i_x'i)
T'OP(I —QF) = | 172 T2
e() ( Ql) E)‘i ;ekét )\;‘eAZLt
N —X% X —Xp

It is easy to see that
HTC(t)(I - Q€)||L(Z) < M67Wt7 t > Oa

and that
ITe(0)Q L(z) = Me**, t<0,

for some M and w independent of €. In addition to that,
1QNLz)y < C

with C independent of e. Also note that, if F([%]) = [f(ou)}’ then F' is

5

differentiable from Z into itself. It follows that Uy = [“00} is a hyperbolic

equilibrium point for {Sc(¢) : ¢ > 0} and that there is a neighborhood O
of Uy, p > 0, independent of ¢, and a function 3. : R(Q.) — Ker(Q.) such
that

Wige (Ug) = {(QeU, X(Q:U)) - U € O}

loc

and, for each Uy € V and 7 > 0 such that {S.(t)Up:0<t <7} CO
dist(S(t) Uy, W™(UF)) < Ce ', 0 <t < 7.

From this we have that

PROPOSITION 3.1. {S.(t) : t > 0} is a gradient semigroup with a global
attractor A, the union UccrA. is bounded, {S(t) : t > 0} is collectively
asymptotically compact at € = 0, and if all equilibria for are hyper-
bolic, then the set of equilibria for {Sc(t) : t > 0} is finite, independent of
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€, attracts points under the action of {S¢(t) : t > 0} and the local unstable
sets are uniformly exponentially attracting.

Assume that {So(t) : t > 0} is a gradient-like semigroup and that all its
equilibria are hyperbolic. It follows that {Sc(t) : ¢ > 0} is a gradient-like
semigroup for suitably small € (see [8]). In addition, there are constants
€o > 0, p > 0 and for each bounded subset B of Z, t; > 0, a constant
C(B,tp) > 0 independent of € such that, via Theorem [1.1}

dist(Sc(t)B, A.) < O(B,tg)e™ %, t > to.
Since for any « < 1 and for all € € [0, €],

I1Se() [%5] = So(t) [% 111z < ce™ (Il [T9] = [%] 1|z +€%),
I1Sc(t) [58] = Se(®) [B) 2 < ce™ (1 [20] — [%] 12,
for all [30],[%] € B and t > 1. the assumptions of Proposition are

satisfied and we have that there is a constant ¢ > 0 such that for all
sufficiently small € > 0

(3.14)

ag

diStH(Ae, Ao) + diStH(Ao,AE) < Ceetl,

3.2. Damped Wave Equations

For n > 0, in a bounded smooth domain €2 C RY consider a family of
damped wave equations

Uy +7]A%ut +auy + Au= f(u), t >0, x € Q,
U(O,l‘) = UO(x)a ut(07$) = UO(x)v T e Q7 (315)
u(t,z) =0, t >0, z € 99,

where n € I, a > 0, f : R — R, and A : D(A) C L*(Q)) — L?(Q2) denotes
the negative Laplacian in L?(Q) with homogeneous Dirichlet boundary con-
dition and the domain D(A) = H?(Q) N H ().

With this set-up we rewrite in the form

# ol A B =F(3]), t>0, [Jlio=I[w]€eY, (3.16)
where Y := H}(Q) x L*(Q), n € I,

A, :D(A) CY —Y,

0 —I
1
A 2nA2+4al ]’

A, = D(A,) = H*(Q) N Hy(Q) x Hy(Q) =Y,
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and
F([s]) = [fe?u)] , fe(uw)(z) = f(u(z)) forall ue H&(Q), x € Q.

Assume that N = 3,

feC*R,R), |f"(s)] <c(l+]s]), s €R, (3.17)
and
lim sup /() < A, (3.18)
ls|]—oo S

where A is the first positive eigenvalue of A.
If (3.17) is satisfied, then F' : Y — Y is a C! map and F is Lipschitz
continuous in bounded subsets of Y. Hence, for each [%0] € Y, there are
uo

constants r > 0 and 7 = Two) > 0 such that for any [3J] in the ball

20
B,.([%]) C Y there is a unique mild solution

T,() (oo ] = [2] ¢ [ ],m) € C([0,7].Y)
of and the map
Be([%]) 2 [w] = Ty() [w] € C([0,7],Y)

is continuously differentiable.
Note that the problem (3.16]) can also be viewed as

d —1ru u -1 0
A = A (s t>0, (3.19)
[z]tzoz[%g}’
where
—1 7% aA™?! -1
A :[nA Haat A } n=>0. (3.20)

As shown in [3] Lemma 2.4], for any compact set K C p(—Ayp), there exists
7> 0 and Ck > 0 such that

K Cp(=4y), ne(0,7) (3.21)

and
A+ Ao) ™' = A+ Ay) ey <nCk, 1€ (0,7). (3:22)
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Consequently, for n suitably small, we expect that the dynamical properties

of (3.16]) are given by

d —1lru ul — -1 0
@Ao 1+ 151 =Ag" [swm], t>0, (3.23)

(see [3l Lemma 3.1.(iii)]) which is the counterpart of the initial boundary
value problem

ug + aug + Au = f(u), t >0, x € Q,
U(O,LL‘) = UO(‘T)7 ut(oax) = UO(‘I)7 VS Qv (324)
u(t,z) =0, t >0, z € 0.

PROPOSITION 3.2. Under the assumptions (3.17)-(3.18|) the solutions of

(13.16) exist globally in time. For every n € I, a nonlinear gradient semi-

group {T,,(t) : t > 0} is associated to (3.16]), where
[0,00) XY > (t,ug) — T5,(t)uo € Y is a continuous map, (3.25)

the Lyapunov functional associated to it is given by

w1 1 1 “ w1
o) = ghoal? y + glheali, = [ [ seasar, 21y, 320

and for any B bounded in Y there is a constant Cg > 0 such that

the union Uyer Up>o Ty (t) B is bounded in Y whenever B is bounded in Y.

(3.27)
Furthermore, the set of equilibria € = {[0] €Y : ug = A7 f¢(ug), vo =
0} is independent of n € I and bounded in H*().

We remark that the asymptotic compactness property of {T,,(¢)} has
already been proved in [I] for the case n = 0 and follows from compactness
of the resolvent of —A, in the case 0 < n € I (see []). Therefore,

PROPOSITION 3.3. Ifne€l and (3.17), (3.18) hold, then the C*-semigroup
{T,(t)} of global solutions of (3.16)) in Y possesses a global attractor A.,.

In what follows our first concern will be to extend to nonlinearities sat-

isfying (3.17)-(3.18]) continuity properties of the family of global attractors
in Hoélder norms and regularity results of the limit attractor established in
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[5] under the additional assumption that limjs @ = 0. This will be
done by proving that the family of the global attractors is continuous at
n = 0, in which proof we will use the uniform estimates on the approxi-
mating attractors established in [5]. After this is done we will be ready to
estimate the actual rate of convergence of the approximating attractors to
Ao, as we will have enough regularity for the union of attractors U,crA,,

to verify that (1.4) is satisfied.

LEMMA 3.1. Suppose that and hold.

Then,

i) for every n € I and each bounded set B C Y the semigroup {T,(t) :
t > 0} satisfies the exponential Lipschitz condition of the form

1T () [50] = To(®) [Go ] I < epe™ I 1501 = [0 ] Il t >0, [%].[50] € B,

it) for each 6 > 0, 7 > 0 and any precompact subset B of Y there is
15,78 > 0 such that

T (8) o] = To(6) [vg ] lly < 8(1+ Lgt)eter,
forn € [0,ns5-8], t € [0,7] and [23] € B, where Ly > 0 is a Lipschitz
constant for F' in a bounded set Upcr U0 T,(t)B,
iii) the family of semigroups {T,(t) : t > O},er is convergent at n = 0;
namely,
ifmn — 0, Y 3 [50n ] =[] and t, — to, then Ty, (tn) [ ] — To(to) [v ],
W) Upe(o1] Ay s a bounded subset of H*(2) N Hy(Q) x Hg (),

v) property ii) is satisfied in particular for the precompact set B =
UnerAy,.

Proof: Part i) is a consequence of the variation of constants formula
¢
T 1) = (514 | IR s 120, (629
0

(13-27), and Gronwall’s inequality.
Proving part ii) we first use (3.28) to get

1T () [5]) = To () [5e Dlly < ll(e " —e ) [ ] lly

+ [ et = e A P (gDl as (3.29)
+ [ et P ) = PO D vds = i+ o+
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Precompactness of B in Y now leads via Trotter-Kato theorem (see [3]
Lemma 3.1]) to the relations

J1 <8, ne0,ms.,8), t€0,7], 2] € B,

[(e™ — e F(To(t) [5 Dlly <6, m € [0,m,8], t€[0,7], [35] € B,
so that
J2 S 5t7 n S [07776,7'73]; te [O7T]7 [111;8] € B.

Using (3.27), Lipschitz continuity of F' : ¥ — Y on bounded sets and
contracting property of the linear semigroups we also obtain

Js < Lo / 1T (s) [50] = Tos) [22] [y ds.

Connecting the above estimates and using Gronwall’s inequality we get the
result.
Part iii) is a consequence of i)-ii) and (3.25).
For the proof of part iv) we refer the reader to [5, Theorem 3.1].
Finally, part v) follows from ii) and iv). |

Remark 3. 1. Note that part (ii) of Lemma does not imply (1.4]).
We will be able to prove that latter condition only in Lemma [3.5] after we
obtain some stronger information about the perturbed problem (3.15)).

LEMMA 3.2.  Under the assumptions (3.17) and (3.18) the family of
semigroups of global solutions of (3.15)) is collectively asymptotically com-
pact at n = 0.

Proof. In the proof we will apply the nonlinear variation of constant

formula (see [I1 [{]).
Following [5] we decompose f as f(s) = f(s) + f(s) where

f(s)=f(s) = f(0) = Kys, f(s)=f(0)+ Kys, s€R,
and

sf(s) <0for s €R. (3.30)
We then denote by T, (t) [4] the solution of

£+ 4[5 = [ ;0 | = FUED. t> 0, [l =[0]. (33D
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to write a nonlinear variation of constants formula (see [4, Lemma 7]; also

[,
Ty(t) (5] = Ty (0[5 ] + /0(5Tn)(t—8,Tn(8)[’58])F(Tn(5)[38])d& (3.32)

where 97T, is partial derivative of the map (0, 00) xY 3 (¢, Vo) — T),(t ( Wo €
Vo)

Y wrt. W, ([w2]): [wa1+f 0)] for[wz]EYand (8T77)( ( )IS
a solution of

EVV+A W = F/(T,t)Vo)W, t >0, W(0) = F(Vp). (3.33)
As shown in [5], for each r > 0, there are positive constants ¢, and w,
such that

sup sup ||Tn(t) [vo]]ly < ece”rt, t>0. (3.34)
€11 1[0 ]y <

It also follows from the consideration of [5, Lemma 3.4] that, for each

€ (0,1}, a € (0,3) and for any B bounded in Y, if [d)”} € B and

W =[] is the solution of - with W(0) = ([i"}), then there are

positive constants d” and w” such that

w 1" o—w''t
1 gy 4% 20 (3.35
Thanks to (3.34)-(3.35)) and to the decomposition of the semigroups {T;,(t)}
as in (3.32), any sequence of the form {7, (tx)([vF])} with {n} C I,
ti /" oo and with {[%r ]} being bounded in Y has a subsequence convergent
inY. |

LEMMA 3.3. In addition to the assumptions (3.17)) and (3.18]) suppose
that all the equilibria solutions of (3.15)) are hyperbolic; namely,

0¢ o(—A+f'(ug)) whenever ug € HY(Q) and ug = A~ f(ug). (3.36)

Then,
i) the set € of all equilibria is finite and does not depend on n; i.e.

5,,28::{[‘%"], i=1,...,k}, nel,
it) for each n € I the family S, consisting of all one-point-set equilibria

{[%ﬁ]}, i = 1,...,k, attracts points of Y and has uniformly pointwise
exponentially attracting local unstable sets,
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iii) there is no e-homoclinic structure related to Sy.

Proof: Needless to say that the equilibria does not depend on a value
of the parameter and that £ attracts points. Condition implies next
that they are isolated (see e.g. [3} Proposition 4.2]). Since they are all in
the attractor, there are finitely many of them.

The remaining part of the proof builds upon the results obtained in [3].
We recall from [3, Appendix] that under our assumptions the local unstable
set, of each equilibrium solution can be viewed locally, and for any n € I, as a
graph of a Lipschitz continuous function X : Qn(Y) — P,(Y), where Q,, is
defined in [3, (4.14)] and P, = Id — Q,,. We also recall from [3| (A.8)] that
T,(t) %], which can be viewed in the form (Q,T;(t)[v], PyTy(t) [v3]),
satisfies the estimate:

12Ty (@) [58] = [ ]) = ZyQu(Ty(@®) [50] = [§ DIy < Me™™*

for 0 < t, [49] € Os,([%]) with certain constants M > 1, v > 0 and as
long as T, (t) [+ ] remains in a certain ball Os, (| ‘%" |) forany i € {1,... k}.

We now emphasize that the constants M and v are chosen independently
of n € I based on the uniform exponential dichotomy property reported in
[3, Theorem 2.14] and that is thus a counterpart of .

The remaining part of the proof follows easily as there is a Lyapunov
functional for . |

What was said above ensures that Theorem [I.1]applies; namely, we have
the following result.

COROLLARY 3.1. Suppose that the assumptions of Lemma[3.3 hold. Then
the family of attractors is eventually uniformly exponentially attracting.

The theorem below is now a consequence of Corollary [3.1} Proposition[T-]]
and part (ii) of Lemma

THEOREM 3.3. Suppose that (3.17), (3.18) and (3.36]) hold. Then the

family of attractors {A,,n € I} is continuous at nn = 0 with respect to the
Hausdorff distance disty; in Y = H3(Q) x L*(Q), that is

dist}; (A, Ag) + dist}; (Ao, A,)) — 0 as 1 — 0T,

Remark 3. 2. Theorem [3.3| generalizes results of [3] concerning conti-
nuity of the attractors for 3-D singularly perturbed damped wave equation
as in the present paper we consider a nonlinearity with a critical
exponent.
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From Theorem [3.3|and from [5] we next obtain the following conclusions.

COROLLARY 3.2. Suppose that the assumptions of Lemmal[3.3 hold. Then
Ay is bounded in H?(Q) x H?(Q)
and, for each p € (0, %),

su inf |lag —a A 5+ su inf |lag —a 5 5
anegn ap€Ap || 0 77||Cl+”(Q)><C”L(Q) aoego aneAﬂH 0 anl+"L(Q)XC“(Q)

tends to zero as n — 0.
If, in addition, f € C3(R,R), then

Ay is also bounded in H*(Q) x H?(Q)
and, for each p € (0, %),

sup inf |ao—ay|c2ru@yxorn@t sup  inf [lao—ayllo2e@)xcrtu(@)
an€A, ag€Ao ag€EAgp an€A;,

tends to zero as n — 0.

In Lemma [3.1] we have proved that the approximating semigroups con-
verge in Y uniformly on compact sets to the limit semigroup as n — 07.
Below we will show that, for the initial data from the set U,cA,, the rate
of convergence of T),(t) to the limit semigroup can be ‘measured’ by 7.

We will first show that the linear semigroups converge with the rate n in
a suitable norm.

LEMMA 3.4. There is a constant ¢ > 0 such that, for everyn € I and
eacht >0,

[[(e=An" — e_AOt)AfHL(Y) <on.

Proof. For [,0] € Y and ¢ > 0 we have that

(™At —e= A1) A2 | Loy < [le™ MM (AT — AgH A Ly

HI(AG" = Ay De M A ey + 4G (e — e M)A ey
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For [‘ﬂ €Y and n > 0 we also have
¢
P

_1 _ _
1A (8] lly = [ [rA B oran tocato ]y
< nlldllrz) + all A7 E ) 20y + AT L2 (0) + 18]l 20
_1 _1 _ 1
<A (e P+ 1+ "7)||A%¢||L2(Q) + A1 2] 22 (o)

_1 _1 &
= A +an ) 9] s
which implies that

_1 _1
A Loy < AL 21414 aX] ?). (3.37)

Since all the semigroups operators are the contractions it follows from

a that

lle= Aot (AT — Ag A vy < Con, t>0, neT

I(Agt = A e A" A [ Liyy < Con, >0, nel

We also recall from [3, Corollary 2.19] that, for a certain w > 0 and ¢ > 1
we have

le™ | Leyy < ce™t, t > 0. (3.38)
From [15], Section 3.4, Lemma 4.1], (3.22)) and (3.38)) we finally have

A (et — em AN A | Lyy < Conte™* < Con, t2>0, nel,

which completes the proof. |
With the aid of Lemma [3.4] we will next prove that, for the initial data
from Uyer A, nonlinear semigroups also converge with the rate 7.

LEMMA 3.5. Suppose that the assumptions of Lemma [3.3 hold and let
By :=UyecrA,. Then,

i) [‘Afolf(o)} + By is a bounded subset of Y? = H?LA}(Q) x (H*(Q) N
H}(R)), where Hf’ld’A}(Q) = {¢ € HYQ) : Ap € HF(Q)} and, conse-
quently, By is bounded in H>(Q)) x H?(Q))—norm,

it) there is a constant D > 0 such that, for each t > 0, n € I and every
[%g] € Bo,

IT5,(8) [%5] ly+ < De*,

ii1) there is a constant D >0 such that, for each t > 0, n € I and every
[v] € Bo,

IT,(6) (1] — To(0) [ 28] e < nDe™.
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Proof. Boundedness of [_Afolf(o)] + Une(o,l] A, in Y2 has been obtained
in [5l Lemma 4.1]. The latter property and Theorem imply now bound-
edness of [*A}; f (O)] + Ap in Y2. Consequently i) holds and there is a
positive constant C such that

sup (5] + | 45O ys <. (3.39)
[ZS]EBO

Proving ii) consider next, for [0 ] € By and n € I, the solution of
1214 4,13]=[0. t>0. [l =[w4v0], (@40
and the solution T;,(t) [40] = [ 4y ] of

,U'U

&[]+ A [ =F(w ), (D) =[s6m], t>0,

Define
[ ] (6 Ty () [59]) o= [ ] — e ["o*%lf@} - [A*Of(m] . (3.42)
Then [t] (¢,n) solves

& [wn ]+ Ap [s ] = F(Ty () [56]) = F(I8D, t >0, [whl—p = [8], (343)

so that we have
t
[ws ] (8, u™) = / eI (F(T (1) [09]) = F([§])ds, £ 20. (3.44)
0
From the properties of the linear operators A, we infer that

a2 <1y [] Iy <l [$] v mer [g] et 3a5)

a9 e <142 [ 8] Iy <@l [ ]lvey [0] €vs (346)
where d, d; are positive constants independent of n € I (see [5]).
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What was said above leads to the following estimate

1Ty [52]
—[[e—Ant [uo—Av—lf(o)} 4 [A f(o)] (93] (&, Ty (£) [“2]) ||y
SdHG_A"tAn |:u0 ATTF(O } ly + |l [A f(O)} Iy (3.47)

t
+d/0 le™ 4= [y | Ay (B (T (s) [51) = F (1§]) v ds,
where, for each n € I, we have

1A (F ([ ]) = F @8y < dll [y ] I
< d||f (") V|l 2 ) < dll(1+ [w"?)[ Va2 @) (3.48)
< 91T (8) [og LIV )NTo (8) [55 1llvr
with a certain continuous nondecreasing function g : R — R.

Since the linear semigroups are contractions, from (3.27]), (3.39)), (3.47),
(13.48]) we conclude, via Gronwall’s inequality, that

[uﬁ‘]lp 1T, @) [52][lys < DeP', ¢ >0, (3.49)
vo ]€Bo

where ¢ is independent of n € I. Part ii) is thus proved.

Now we return to (3.42) and with the aid of (3.46]), for n € I and
[%6] € Bo, we get

7,00 1= To(0) 5]y < Ne 4t —e A0 A2 v [ 04,70 [y
[ A Ao AT 6) ) ~ FUS D) s
[ e [P 6) 351 - FT(0) [ Dllvds, £ 0.
Recalling that N = 3 and H?(2) € W14(Q) N L>°(£), we have

2 [ 0] HY < il [1) 5] v
<l [1)2r0)] ||H?I,A}<mx(H2<Q)nH3<n>>
di | A(f(8) = F(0))]l2(e)

di || 1" (@)|V* + f($)Adl| 2 ()

cdy (1 + 6DV + (1 + [6) | Adll 2y
< D(L+ | A6}a@) <D+ [F] 130, [4] ev™.
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From the above inequality, Lemrna and (3.49) we now obtain

/0 (e A=) — A0 AL 2| o) | AG (F (T (5) [ ] = E([§]) v ds

t
SnD/ (14 e*P%)ds, t >0,
0

whereas, from Lemma [3.4] and (3.39), we infer
H@*Aﬂ——e*A“»A;ﬂuondﬂiPM*é;”“D}Hy2Sccuﬂ%t;zo.(35@

Since F' : Y — Y is Lipschitz continuous on bounded sets, with the aid of

(3.27) and part (iv) of Lemma [3.1| we also get
' A
/O le™ 4L | E(Ty(s) [5]) — F(To(s) [0 ])llvds
¢
< [0 [3] = To(e) [19] v,

t > 0, with a certain constant L > 0.
Connecting the above estimates, for t > 0 and 1 € I we have

175 () [o0] = To(t) [we ] Iy < cCdin+ nf)/ (1+ €*D%)ds
(3.51)

0
+LAnn@nm]—n@anw@

and part iii) now follows easily with the aid of Gronwall’s inequality. |
Part iii) of Lemma ensures that the family of semigroups correspond-
ing to has a kK-modulus of continuity at n = 0 with « being the iden-
tity function on a unit time interval. Since the family of global attractors
{A},cr is eventually uniformly exponentially attracting (see Corollary
above) Theorem can be now strengthened to the following result.

THEOREM 3.4. Suppose that the assumptions (3.17), (3.18) and (3.36)

hold. Then there are constants ¢, D, p > 0 such that
dist} (A, Ag) + dist}; (Ag, A,) < € 7eiB,

for all sufficiently small n > 0.
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3.3. Viscous Cahn-Hilliard equation

In this subsection we discuss briefly the viscous Cahn-Hilliard model (see
7, 1)

(1 =v)ur = =A(Au+ f(u) — vuy), in Q,
u(t,z) = Au(t,z) = 0 in 09, (3.52)

u(0, ) = uo(x),

where v € I, f € C1(R,R) satisfies suitable growth and dissipation condi-
tions and © is a bounded smooth domain in RN, N > 3.
In compare with previous references some development here lies in a
possibility of evaluation of the convergence rate of the attractors.
Following [7] we consider on the phase space H} () and denote by
A = —A the negative Dirichlet Laplacian with the domain D(A) = H} ().
As in [7] we also define A, = A%((1 —v)I +vA)~! and B, = A((1 —
)T +vA)~t to view in an abstract form

uy = —Ayu+ B, f(u), (3.53)

or, since A;1B, = A7!, as
% (A u) = —u+ A7 f(uw). (3.54)

This gives rise to some intuition about the ‘limiting behavior’ of the system.
Namely, since

A;l =((1 71/)]+;/A)A*2 —A' as v— 1,

At - A2 as v— 0T

the limit problem 1,21 will be the semilinear heat equation, while
,,:0 will be the Cahn-Hilliard equation. Below we will concentrate on
this latter case.

Throughout the rest of this subsection we assume the condition;

H) N =3, f € CLR,R), f(0) = 0, limsup,_.. £ < Ay, where
s|—00 s
A1 > 0 is the first eigenvalue of A and for some €,¢ > 0

/7(8)] < e(1+[s]79). (3.55)

From [7] we then have the following result.

PROPOSITION 3.4. Under the hypothesis (H) there is a family of gradient
semigroups {T,,(t) : t > 0},er associated to (3.52) in HZ(SY), such that for
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each v el
[0,00) x H}(Q) 3 (t,v) — T, (t)v € HE(Q) is a continuous map,

and there exists a global attractor A, for {T,(t): ¢t > 0}.

Furthermore, the union U, ey, (UyerA,) is bounded in H?(Q)) and thus
also in L*>°(Q). In particular, the family of attractors {A,},er is collec-
tively asymptotically compact at v = 0.

Remark 3. 3. Indeed, in [7] the authors consider the almost critical case

lim oo If/;# = 0 and prove that the attractors are uniformly bounded
in L*°(Q). Since the criticality is out of our interests in this example we
chose to work with the subcritical case € > 0.

The steady states of are independent of the parameter and attract
points. Thus note that in this example all the collections of compact dis-
joint invariant sets S, can be chosen the same for all v € I and will consist
of one-point-set equilibria for . Referring then to [7] we obtain below
the results concerning the existence and suitable attracting properties of
local unstable manifolds of equilibria.

PROPOSITION 3.5. Assume (H) and that all equilibria of are hy-
perbolic. Then, the set € of equilibria of is finite and for each v € 1
there is a family S,, consisting of all one-point-sets equilibria of ,
such that {S,}ver has uniformly pointwise exponentially attracting local
unstable sets.

We now devote more attention to the convergence of the family {T,(¢) :
v € I},er at v = 0 as a singularity appears there at the initial time. We
remark that a singularity also occurs when one tries to derive a k-modulus
of continuity in this example. This proves that the approach of our paper
is indeed flexible as both Theorem [I.1] and Proposition [I.I] do allow the
system to possess singularities before a certain 7" > 0.

We need the following three lemmas, for which we refer the reader to [7].

LEMMA 3.6. The following estimates hold with a constant M > 0 inde-
pendent of v € I.

JA; = A72) < My, A7 =AY < Mly—p|, |[BoAy 2| < M (3.56)
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and, fort >0,

|ByeAvi—Ae=**H| < Mt™3, |Bye M —B,e 4| < Mt™3. (3.57)

LEMMA 3.7. Forany0<e<1landvel,

AT =€ B e~ 4| < Mt1F5.

Lemma 3.8. If 0 < e <1 then for a < 55=5 we have =1+ a(l —
€)— 5 <1and

|‘A17€BV67A”t —A27€€7A2t|| < MtfﬁHAljl _A72Ha(175).
Also,

AT B e M =AY B e~ At < MtP|| A - ATt > 0, pv e T

Consider next v € I, t > 0 and the semigroups operators

t
Tu(t)uo = eiAUtUO + / eiAV(tis)Buf(Tu(s)UO)d&
0 (3.58)

t
To(t)up = e Aty +/ e_Az(t_s)Af(To(s)uo)ds.
0

Note that f : H}(Q) — H~'T9(Q), for suitably chosen § = §(¢) > 0
(¢ as in (3.55)), is Lipschitz continuous in bounded sets and that orbits of
bounded subsets of H{ () are bounded in H}(2). We also remark that,
since A,, v € (0,1], and Ay = A? are self-adjoint and positive elliptic
operators, the linear semigroups we deal with are the semigroups of con-
tractions.

Next, using the variation of constants formula and Gronwall’s type lemma,
we prove that the family {7, (¢) : ¢ > 0} is exponentially Lipschitz contin-
uous. In fact, for fixed € € (0, %] a simple application of Gronwall’s type
lemma (see [13], p. 188) to the estimate:

1T, ®)u =T (vl g ) < clu—vlmye)

¢ (3.59)
T / AV B, e A9 || F(T, (8)s) — £(T(5)0) | -12e ey s,
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implies that, given a bounded subset B of Hg () there is a positive number
L = L(B) and a constant ¢ > 0 such that

MLF(;))%

2
170 (0w = T ()0l g ) < ellu = vl 1y ) = L (3.60)

forallt > 0, v € I, and u,v € B. As for the eventual convergence, from

7,
p. 718] for a < we have that (here e € (0,8],8=1+a(l—¢€) —§),

2(16—6)

1T, (v = To(t)vll ()

t
< M||ASY — A72|e(1-9) (t_a(l_e) V|| g1 +c/ t—s _gds)
< M|AT - 472 lelgon e [ (€= 1s) 560
t
+ML/ (t = 5)" ST (5)0 — To(s)0 ] s ey s,
0

forall ¢>0,v €1, and u,v € B. Using Lemma [3.6] we obtain that for
allve B

I (8)o = To(t)vll g o) < Clollpy )™= (=017 4 mo(m9+5)

t
+ ML/ (t —s) 15T, (s)v — To(s)vll g (o) ds.
0

Applying Gronwall’s type lemma (see [I3], p. 188), for 6 = (MLF(%))%,
we have that

1T, (t)v = To(t)v]l 3 (e

e 2 3.62
< Olllolmg o))"= {(ta“f’ +700m0t) 4 9} oo (362
€

Using (3.60) and (3.62), for t > 1, v € I and u,v € B we finally obtain

E (0% —€
I8 = To@elliye) < 2 (Ilu = vllmye) + CCe lollmy o))

In conclusion: both Theorem[I.I]and Proposition[T.I]apply to the viscous
Cahn-Hilliard model (3.52)) and the attractors converge as v — 0 with a
rate given by a power of v.
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