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In this paper we consider a family of bounded dissipative asymptotically
compact semigroups depending on a parameter and study continuity properties
of the corresponding family of its global attractors. We exploit the idea of uni-
form exponential attraction property to provide the rate of convergence of the
approximating attractors to the limit attractor. Within this abstract frame-
work we then discuss the examples concerning finite and infinite dimensional
dynamical systems originating in applications, like a second order dissipative
ordinary differential equation, the viscous Cahn-Hilliard equation and a singu-
larly perturbed damped wave equation. In this latter case our results involve
nonlinearities with critical exponents, for which continuity of the family of
attractors has not been proved yet due to inapplicability of a technique based
on the continuity property of local unstable manifolds of equilibria, which for
such problem remains unknown. May, 2010 ICMC-USP
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In this paper we consider a family of semigroups {Sη(t) : t ≥ 0} depend-
ing on a parameter η ∈ [0, 1] =: I and study continuity properties of the
corresponding family of its global attractors {Aη, η ∈ I}.

This consideration has been already carried out by other authors, see e.g.
[2, 14, 11, 16], who used different techniques to achieve this goal. In [11]
the gradient semigroups have been considered and continuity properties
of the attractors as well as the rate of convergence to the limit attractor
have been obtained with the aid of continuity properties of local unstable
manifolds of hyperbolic equilibria. Also for gradient semigroups, with all
equilibria hyperbolic, another approach has been developed in [2] (see also
[14]), where the authors took advantage of the uniform (with respect to η)
attracting properties of the attractors Aη (called equi-attraction in [14]) to
obtain continuity of attractors.

In general the exponential attracting property of global attractors are
usually rather uneasy to achieve in problems originating in applications.
Even though, as one can see from [6], the dynamical systems that have these
kind of attractors are very abundant. Just to support this claim, note that
all gradient exponentially Lipschitz continuous semigroups which possess
a global attractor with finitely many equilibria, all of them hyperbolic are
in this class as well as all exponentially Lipschitz continuous gradient-like
semigroups with all equilibria being hyperbolic. In [6] there are also several
examples of systems which are not gradient-like, or for which hyperbolicity
of certain equilibria fails, or even a local bifurcation occurs, and there is
still a global attractor that attracts exponentially bounded sets of the phase
space.

In this paper we show that, with a similar technique as in [6], the ex-
ponential attracting properties of the attractors can be exhibited also for
systems that undergo perturbations with respect to the parameter η ∈ I
and that these properties can be described uniformly for η → 0. While
this is known, then using some standard argument one obtains a strong
conclusion concerning continuity of attractors and can evaluate as well the
rate of convergence of ‘approximating’ attractors to the ‘limit’ one.

In what follows we will describe these ideas briefly considering a family
of semigroups {Sη(t), t ≥ 0}η∈I of nonlinear operators S(t) : X → X in a
Banach space X such that

Sη(0) = I, and Sη(t)Sη(τ) = Sη(t+ τ), for each t, τ ≥ 0.

It becomes important to deal with some singular perturbation problems
which requires us sometimes not to assume the continuity of the semigroup
at the initial time. Instead we assume that the semigroup becomes contin-
uous (resp. convergent) after a certain time T ≥ 0, which can be viewed
as a time in which the semigroup suitably regularizes.
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EQUI-ATTRACTION AND CONTINUITY OF ATTRACTORS 113

Definition 1.1. We say that the family of semigroups {Sη(t), t ≥ 0}η∈I
is eventually continuous with respect to the ‘time’ variable if and only if
there exists T ≥ 0 such that for each η ∈ I and x ∈ X

[T,∞) 3 t→ Sη(t)x ∈ X is a continuous map. (1.1)

We say that a family of semigroups {Sη(t) : t ≥ 0}η∈I in a Banach space
X is eventually convergent at η = 0 if and only if a certain T ≥ 0 exists
such that

if ηn → 0, xn→x0 and T ≤ sn → s0, then Sηn(sn)xn → S0(s0)x0. (1.2)

If T = 0 we say that {Sη(t) : t ≥ 0}η∈I is convergent at η = 0.

We denote by dist(x,B) the distance of a point x ∈ X to a set B ⊂ X
and by

distH(B1, B2) = sup
b1∈B1

inf
b2∈B2

‖b1 − b2‖

the Hausdorff semidistance between two sets B1, B2 ⊂ X. We say that A
is invariant under {Sη : t ≥ 0} if Sη(t)A = A for all t ≥ 0. We also say that
A attracts B under {Sη(t) : t ≥ 0} provided that distH(Sη(t)B,A)→ 0 as
t→∞. Following [10], the set Aη, η ∈ I, is then called a global attractor
for {Sη(t) : t ≥ 0} if and only if Aη is a maximal compact invariant subset
of X which attracts bounded sets of X under {Sη(t) : t ≥ 0}.

Our main concern in this paper will be the situation when the family of
attractors is uniformly bounded and uniformly exponentially attracting.

Definition 1.2. We say that the family {Aη}η∈I is uniformly bounded
in a neighborhood of η = 0 if and only if for a certain η0 ∈ (0, 1] the union
∪η∈[0,η0]Aη is bounded in X.

Definition 1.3. The family {Aη}η∈I is eventually uniformly expo-
nentially attracting if and only if there are η0 ∈ (0, 1], bounded set B
containing ∪η∈(0,η0]Aη, t0 ≥ 0, c > 0 and % > 0 such that

∀t≥t0 ∀η∈[0,η0] distH(Sη(t)B,Aη) 6 ce−%t. (1.3)

It is known that for perturbed systems with a suitable modulus of conti-
nuity at η = 0 the uniform attracting property translates into the continuity
property of the family of attractors (see e.g. [14, 11, 16]).
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Definition 1.4. Let {Sη(t) : t ≥ 0}η∈I be a family of semigroups in
a Banach space X and assume that, for each η ∈ I, {Sη(t) : t ≥ 0} has
a global attractor Aη. If κ : [0, 1] → [0,∞) is a continuous function with
κ(0) = 0, we say that the family of semigroups {Sη(t) : t ≥ 0}η≥0 has a
κ−modulus of continuity at η = 0 if and only if

there are certain c, L > 0, η0 ∈ (0, 1], t0 ≥ 0, for which

∀u∈∪η∈[0,η0]Aη ∀η∈[0,η0] ∀t≥t0 ‖Sη(t)u− S0(t)u‖ 6 ceLtκ(η).
(1.4)

We say that the family of semigroups {Sη(t) : t ≥ 0}η≥0 has a degenerated
modulus of continuity at η = 0 if and only if

There exist constants c, L > 0 such that for each δ > 0 and
for any τ > 0 there is a certain ηδ,τ > 0 for which we have

‖Sη(t)x− S0(t)x‖ ≤ δceLt, η ∈ [0, ηδ,τ ], t ∈ [0, τ ], x ∈ ∪η∈IAη.

(1.5)

We state the following result concerning continuity of attractors. It says
that, if the conditions in the above two definitions are satisfied, the continu-
ity of attractors hold. Additionally, when (1.4) is satisfied, the continuity
and the rate of convergence to the limit attractor may be determined in
terms of % and L only (see [16] and references therein).

Proposition 1.1. If the family {Sη(t) : t ≥ 0}η∈I has a degenerated
modulus of continuity and the family {Aη}η∈I is eventually uniformly ex-
ponentially attracting, then

distH(Aη,A0) + distH(A0,Aη)→ 0 as η → 0+. (1.6)

If the family {Sη(t) : t ≥ 0}η∈I has κ−modulus of continuity and the
family {Aη}η∈I is eventually uniformly exponentially attracting, then

distH(Aη,A0) + distH(A0,Aη) 6 ĉκ
%

%+L (η), η ∈ [0, η̂0], (1.7)

where ĉ = 2c
(
(%/L)

L
%+L + (L/%)

%
%+L ), constants c, L, %, η0, t0 and function

κ are the same as in conditions (1.3)-(1.4) and η̂0 ∈ (0, η0] is chosen such
that κ(η) ≤ (%/L)e−(%+L)t0 for all η ∈ [0, η̂0].

For convenience of the reader and completeness of the presentation, this
proposition will be proved at the end of Section 2.

It is seen from (1.3) and from Proposition 1.1 above that, for studying
continuity properties of the attractors at η = 0 and their rate of conver-
gence, it is sufficient to establish that the attractors Aη actually attract
uniformly for η the set of the form ∪η∈[0,η0]Aη with η0 ∈ (0, 1] arbitrary.
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EQUI-ATTRACTION AND CONTINUITY OF ATTRACTORS 115

We observe that the equation u̇ = −u2(u − 1 − η) defines a semigroup
{Sη(t) : t ≥ 0} in X = R that has a global attractor Aη = [0, 1 + η]. The
attractor Aη attracts exponentially any set of the form [0, a], a > 1, under
the action of {Sη(t) : t ≥ 0}, for any η ∈ I. Nonetheless {Sη(t) : t ≥ 0}
does not attracts bounded subsets of R exponentially for any value of η ∈ I.

It is thus reasonable to give some suitable assumptions on {Sη(t) : t ≥
0}η∈I which imply validity of (1.3) and which are simultaneously flexible
for many applications.

To achieve our goal we will need some more definitions concerning the
perturbed semigroups and their attractors.

Definition 1.5. A family of semigroups {Sη(t) : t ≥ 0}η∈I is collec-
tively asymptotically compact at η = 0 if and only if any sequence of the
form {Sηn(tn)xn}, where ηn

n→∞−→ 0, tn
n→∞−→ ∞ and {xn} is bounded in X,

has a convergent subsequence.

Definition 1.6. Let {Sη(t) : t ≥ 0}η∈I be a family of semigroups
in a Banach space X and assume that, for each η ∈ I, {Sη(t) : t ≥ 0}
has a global attractor Aη. The family {Sη(t) : t ≥ 0}η∈I is eventually
exponentially Lipschitz continuous relatively to {Aη}η∈I if and only if there
are constants c, L > 0 and η0 ∈ (0, 1], τ ≥ 0 such that

‖Sη(t)x− Sη(t)y‖ ≤ ceLt‖x− y‖, (1.8)

for all η ∈ [0, η0], x, y ∈ γ+
η (Sη(τ) ∪η∈[0,η0] Aη) and t ≥ 0

In what follows a ball centered at x ∈ X of radius ε > 0 is denoted by
Oε(x) and Oε(B) = ∪b∈BOε(b) is an ε-neighborhood of a set B ⊂ X. Also
γ+
η (B) = ∪t≥0Sη(t)B is the positive orbit of B ⊂ X for {Sη(t), t ≥ 0}

and GSη is the set of all global solutions for {Sη(t), t ≥ 0}, that is maps
φη : R→ V such that Sη(t)φη(s) = φη(t+ s) for all t ≥ 0, s ∈ R.

We next recall the notions of the unstable set and a local unstable set of
an invariant set.

Definition 1.7. The unstable set of an invariant set Y ∗η for the
semigroup {Sη(t) : t ≥ 0} is defined by

Wu(Y ∗η )={x∈X :∃ yη(t)∈GSη, yη(0) = x and lim
t→−∞

dist(yη(t), Y ∗η ) = 0}.

Given ε > 0, the local unstable manifold Wu
loc(Y ∗η ) of Y ∗η is defined as

Wu
loc(Y ∗) ={x ∈Wu(Y ∗η ) ∩ Oε(Y ∗) : ∃ yη(t) ∈ GSη such that y(0) = x,

lim
t→−∞

dist(yη(t), Y ∗η ) = 0 and yη(t) ∈ Oε(Y ∗η ) for all t ≤ 0}.
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As for the family of the global attractors we say that

Definition 1.8. The family {Aη}η≥0 of the global attractors is col-
lectively compact at η = 0 if and only if each sequence of the form {aηn},
where aηn ∈ Aηn and ηn → 0+, has a convergent subsequence.

For η ∈ I, by Sη we denote a nonempty family of compact disjoint
invariant sets for the semigroup {Sη(t) : t ≥ 0}. In the simplest case the
collection Sη will consist of a finite number of one-point-set equilibria for
{Sη(t) : t ≥ 0}, although more involved situations are known to fall in this
approach (see [6]).

Below we introduce uniform for the parameter pointwise exponential
attracting property of local unstable sets of the elements of Sη.

Definition 1.9. We say that a family {Sη}η∈I , where Sη, η ∈ I,
consists of compact disjoint invariant sets for {Sη(t) : t ≥ 0}, has uniformly
pointwise exponentially attracting local unstable sets if and only if there are
positive constants c, γ and ε such that, for each η ∈ I and every invariant
set Y ∗η ∈ Sη, we have

dist(Sη(t)u0,W
u
loc(Y ∗η )) 6 ce−γt, (1.9)

whenever u0 ∈ Oε(Y ∗η ) and t ∈ R+ are such that {Sη(s)(u0) : s ∈ [0, t]} ⊂
Oε(Y ∗η ).

We will also need a point dissipativeness property that will be specified
here in term of the family S0 of compact disjoint invariant sets for a limit
semigroup {S0(t) : t ≥ 0}.

Definition 1.10. We say that a family S0 of compact disjoint invariant
sets for the semigroup {S0(t) : t ≥ 0} attracts points of X if and only if

Y0 := ∪Y ∗0 ∈S0Y
∗
0 attracts each point of X, (1.10)

that is,

∀x∈X dist(S0(t)x,Y0)→ 0 as t→ +∞.

We will consider the semigroups that fall into some more general class of
semigroups than gradient semigroups. These will be semigroups for which
there is no ε-homoclinic structure.

Definition 1.11. Let {S(t) : t ≥ 0} be a semigroup in a Banach space
X with a finite number of compact disjoint invariant sets {Y ∗1 , · · ·Y ∗k } =: S.
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EQUI-ATTRACTION AND CONTINUITY OF ATTRACTORS 117

We say that there is an ε-homoclinic structure for {S(t) : t ≥ 0} relatively
to S if and only if for each ε > 0 there existm ≤ k, a set {Y ∗`1 , · · · , Y

∗
`m
} ⊂ S,

a set of global solutions {φεi : R → X, 1 ≤ i ≤ m} and a time tε ≥ 0 such
that, letting Y ∗`k+1

:= Y ∗`1 , we have

{φεi(t) : t ≤ −tε} ⊂ Oε(Y ∗`i) and φεi(t)
t→∞−→ Y ∗`i+1

for each 1 ≤ i ≤ m.

We remark that the semigroups without ε-homoclinic structure are an
important class of semigroups, which includes both the gradient semigroups
(as e.g. in [2] or [10]) and the gradient-like semigroups. The latter semi-
groups have been defined in [8] in the following way.

Definition 1.12. Let {S(t) : t ≥ 0} be an eventually continuous semi-
group and assume that it has a global attractor A and that its set of equi-
libria E is finite. We say that {S(t) : t ≥ 0} is a gradient-like semigroup if
and only if the following two conditions are satisfied:

(G1) Given a global solution φ : R→ X in A, there are y∗, z∗ ∈ E such
that

lim
t→−∞

||φ(t)− y∗|| = 0 and lim
t→∞

||φ(t)− z∗|| = 0.

(G2) A does not contain any homoclinic structure.

In this context we simultaneously emphasize that we will not assume
nor use in the proofs backward in time convergence of global solutions to
a compact invariant set although it is actually the case in a number of
applications.

With the above set-up we can now state the main abstract result of the
paper which will be the eventual uniform exponential attracting property
of the family of attractors.

Theorem 1.1. Suppose that {Sη(t) : t ≥ 0}η∈I is a family of semi-
groups in a Banach space X which is eventually continuous with respect to
‘time’ variable, collectively asymptotically compact at η = 0 and eventually
convergent at η = 0.

Suppose also that given η ∈ I, there exists a global attractor Aη for
{Sη(t) : t ≥ 0}, that the corresponding family of attractors {Aη}η∈I is
collectively compact at η = 0 and that {Sη(t) : t ≥ 0}η∈I is eventually
exponentially Lipschitz continuous relatively to {Aη}η∈I .

Assume next that there is a family {Sη}η∈I , where Sη = {Y ∗1η, . . . , Y ∗kη}
consists of the same number k ∈ N of compact disjoint invariant sets Y ∗jη
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for {Sη(t) : t ≥ 0}, such that

lim
η→0+

max
1≤j≤k

{
distH(Y ∗0j , Y

∗
ηj) + distH(Y ∗ηj , Y

∗
0j)
}

= 0.

Assume finally that the family {S0} = {Y ∗10, . . . , Y
∗
k0} of compact invari-

ant sets for {S0(t) : t ≥ 0} attracts points of X and that the family {Sη}η∈I ,
where Sη = {Y ∗1η, . . . , Y ∗kη} for η ∈ I, has uniformly pointwise exponentially
attracting local unstable sets.

Under these assumptions, if the limit semigroup {S0(t) : t ≥ 0} does not
have an ε-homoclinic structure relative to S0, then the family of attractors
{Aη}η∈I is eventually uniformly exponentially attracting.

The proof of Theorem 1.1 will be given in Section 2. It is based on
the asymptotic properties of orbits of points near a compact invariant set,
which idea originally comes back to [2] and has been recently exploited in
[6] in a more general context.

The main idea that drives the argument in the proof of Theorem 1.1 is
that, for each value of η > 0 which is sufficiently close to zero, one can
shadow the positive orbit of Sη(t)v through a given point v with the aid
of a certain auxiliary map ũη having values on the attractor Aη. This can
be done in such a way that the corresponding distance between the point
on the orbit and ũη(t) will remain exponentially small when t → ∞ and
the resulting exponential estimate will neither depend on the choice of a
parameter nor on the choice of v varying in a certain subset of X.

The results of the abstract consideration carried out in Section 2 are then
used in Section 3 where we give examples of finite and infinite dimensional
dynamical systems for which the uniform exponential attracting property
(1.3) can be ensured via Theorem 1.1. As this allows us to apply Propo-
sition 1.1, we will then obtain suitable results concerning continuity and
the rate of convergence of attractors. The mentioned applications include
a second order ordinary differential equation, the viscous Cahn-Hilliard
model and a singularly perturbed semilinear damped wave equation.

Concerning continuity of the family of attractors for a perturbed semilin-
ear damped wave equation the present consideration essentially improves
the results previously obtained in [3, 5] as we consider here a nonlinear-
ity with the critical exponent. This ‘critical’ case was out of scope of the
approach in [3] and, in [5], it was considered only from the point of view
of an upper semicontinuity property. The continuity enables us to transfer
regularity properties of the perturbed attractors to the limit attractor and
as a consequence of the results obtained here we prove that the attrac-
tor of a damped wave equation (see Section 3.2) with a critical dissipative
nonlinearity is of class C1+µ(Ω) × Cµ(Ω), µ < 1

2 , when Ω ⊂ R3 is a
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EQUI-ATTRACTION AND CONTINUITY OF ATTRACTORS 119

bounded smooth domain and the nonlinearity is a C2 map from R → R
and C2+µ(Ω)× C1+µ(Ω), µ < 1

2 , if f is C3.
In [12, Theorem 2.21] the authors obtained sharp time and space reg-

ularity results concerning the limit attractor A0 using Galerkin method.
In particular they have proved that, if f ∈ C2+µ and satisfies a suitable
growth assumption, then A0 is bounded in H3(Ω) × H2(Ω). In Corol-
lary 3.2 of Section 3 this result is improved as we have shown that for the
3-dimensional problem with a general cubic nonlinearity we obtain that

f ∈ C1+j(R,R) imply A0 ⊂ H2+j(Ω)×H1+j(Ω), j = 1, 2,

for which we do not assume Hölder continuity of f ′′ (resp. f ′′′).

Acknowledgements: This work was started while the first author vis-
ited the Institute of Mathematics, Silesian University in Katowice, Poland
and was completed while the second author visited Instituto de Ciências
Matemáticas e de Computação, Universidade de São Paulo in São Carlos,
Brazil. The authors would like to acknowledge the hospitality of the people
from these Institutes and thank for the support they have obtained from
FAPESP, Brazil, that enabled to carry out this work.

2. UNIFORM EXPONENTIAL ATTRACTING PROPERTY

This section is devoted to the proof of Theorem 1.1, which will be given
in a number of lemmas. The first two contain merely certain observations
related to the assumptions of the theorem.

Lemma 2.1. The collective compactness of the family of global attractors
{Aη}η∈I at η = 0 implies that the latter family is uniformly bounded in a
certain neighborhood of η = 0, that is, for a certain η0 ∈ (0, 1] the union
∪η∈[0,η0]Aη is a bounded set.

Lemma 2.2. The collective asymptotic compactness of the family of semi-
groups at η = 0 implies that, given a bounded set B, there are certain
η0 ∈ (0, 1] and t0 ≥ 0 such that the union ∪η∈[0,η0]γ

+
η (Sη(t0)B) is bounded

in X.

In the next lemma we generalize previous consideration of [6, Lemma 2.2]
to semigroups depending on a parameter.

Lemma 2.3. Suppose that {Sη(t) : t ≥ 0}η∈I is a family of semigroups
in a Banach space X collectively asymptotically compact at η = 0, and
eventually convergent at η = 0. Assume that, for each η ∈ I there is a
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global attractor Aη for {Sη(t) : t ≥ 0} and the corresponding family of
attractors {Aη}η∈I is collectively compact at η = 0. Suppose finally that
there exists a certain family {Sη}η∈I , such that all Sη = {Y ∗1η, . . . , Y ∗kη}
consist of the same number k ∈ N of compact disjoint invariant sets Y ∗jη
for {Sη(t) : t ≥ 0}, satisfying

lim
η→0+

max
1≤j≤k

distH(Y ∗0j , Y
∗
ηj) = 0,

and, in addition, S0 = {Y ∗01, . . . , Y
∗
0k} attracts points of X under {S0(t) :

t ≥ 0}.
Then, given any number δ > 0, there exist T0 > 0 and η0 ∈ (0, 1] such

that for every η ∈ [0, η0] and x ∈ γ+
η (Sη(T ) ∪η∈[0,η0] Aη) =: B(η, η0) we

have

{Sη(t)x : t ∈ [0, T0]} ∩ Oδ(Yη) 6= ∅,

where Yη := ∪kj=1Y
∗
kη and T is as in the Definition 1.1.

Proof: This lemma is proved by contradiction. Assume that there exist
δ > 0 and sequences ηn → 0, tn

n→∞−→ ∞, xn ∈ B(ηn, 1
n ), such that

{Sηn(t)xn : t ∈ [0, tn]} ∩ Oδ(Yηn) = ∅.

Since, by assumption, for almost all n ∈ N we have O δ
2
(Y0) ⊂ Oδ(Yηn)

then, for almost all n ∈ N,

{Sηn(t)xn : t ∈ [0, tn]} ∩ O δ
2
(Y0) = ∅.

Furthermore, there are also sequences {yn} ⊂ ∪η∈[0, 1
n ]Aη, ηkn → 0 and

{τn} ⊂ [0,∞) such that xn = Sηn(T + τn)yn and hence, for almost all
n ∈ N,

{Sηn(t)Sηn(T + τn)yn : t ∈ [0, tn]} ∩ O δ
2
(Y0) = ∅. (2.1)

By assumption we infer that there is a subsequence of {Sηn(T + τn)yn}
(which we denote the same) and a certain z ∈ X such that

Sηn(T + τn)yn → z. (2.2)

Indeed, if {τn} is bounded, we use that the family of attractors is collec-
tively compact at η = 0 to ensure that {yn} has a subsequence (denoted
the same) convergent to a certain z0 ∈ X and hence we have (2.2) with
z = S0(T + τ0)z0. If {τn} is unbounded, (2.2) is an immediate consequence
of the collective asymptotic compactness assumption at η = 0.
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EQUI-ATTRACTION AND CONTINUITY OF ATTRACTORS 121

Thus (2.1) implies next that {S0(t)z : t ∈ [T,∞)} ∩ O δ
2
(Y0) = ∅, which

is in contradiction with the assumption that {S0} attracts points.
The lemma below exhibits the importance of the property that the limit

semigroup does not possess an ε-homoclinic structure.

Lemma 2.4. Suppose that all the assumptions of Lemma 2.3 hold. As-
sume additionally that the family of semigroups {Sη(t) : t ≥ 0}η∈I is also
eventually continuous with respect to ‘time’ variable and that

lim
η→0+

max
1≤j≤k

distH(Y ∗ηj , Y
∗
0j) = 0. (2.3)

Assume finally that there is no ε-homoclinic structure for {S0(t) : t ≥ 0}
relative to S0 and let T ≥ 0 be as in the Definition 1.1.

Under these assumptions given ε > 0 there are δ ∈ (0, ε) and η0 ∈ (0, 1]
such that the property (pj) is satisfied for every j = 1, . . . , k:

(pj)if η ∈ [0, η0], x ∈ Oδ(Y ∗jη) ∩ γ+
η (Sη(2T ) ∪η∈[0,η0] Aη) and if for some

t1 > 0, Sη(t1)x /∈ Oε(Y ∗jη), then Sη(t)x /∈ Oδ(Y ∗jη) for all t ≥ t1.

Proof: Suppose that the result fails. Then, there is a certain ε > 0 and
there are sequences δn → 0, ηn ∈ [0, 1

n ], vn ∈ Oδn(Y ∗jηn)∩γ+
ηn(Sηn(2T )∪η∈[0, 1

n ]

Aη), {tn} ⊂ (0,∞), {τn} ⊂ (0,∞) satisfying τn < tn and also j ∈
{1, . . . , k} such that for every n ∈ N

distH(Sηn(τn){vn},Oε(Y ∗jηn)) ≥ ε and Sηn(tn)vn ∈ Oδn(Y ∗jηn).

Note that, by assumption, not loosing generality we can have that

vn → y∗ ∈ Y ∗j0, Sηn(tn)vn → z∗ ∈ Y ∗j0 and O ε
2
(Y ∗j0) ⊂ Oε(Y ∗jηn).

Define next a sequence of ‘times’ {sn}, for which

{Sηn(t)vn : t ∈ [0, sn)} ⊂ O ε
2
(Y ∗j0) and distH(Sηn(sn){vn}, Y ∗j0) =

ε

2
.

Note that for a certain subsequence (which we denote the same) we have
sn → ∞. Otherwise, choosing a subsequence which we denote the same,
we would have that

Sηn(sn)vn → S0(s0)y∗ ∈ Y ∗j0, (2.4)

which is absurd.
We remark that the condition (2.4) is proved as follows. There exist

sequences {Tn} ⊂ [0,∞), ηkn < 1
n and ykn ∈ Aηkn

such that vn =
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Sηn(T )Sηn(T + Tn)ykn . Without loss of generality we may assume that
there is a T̄ ∈ [0,∞] such that Tn → T̄ . Using that the family {Aη : η ∈ I}
is collectively compact at η = 0 and that {Sη(t) : t ≥ 0} is either col-
lectively asymptotically compact (case T̄ = ∞) or eventually convergent
at η = 0 (case T̄ < ∞), taking subsequence if necessary, we have that
Sηn(T + Tn)ykn → w. Consequently,

y∗ ← vn = Sηn(T )Sηn(T + Tn)ykn → S0(T )w.

From this we conclude that

Sηn(sn)vn = Sηn(T + sn)Sηn(T + Tn)ykn → S0(T + s0)w = S0(s0)y∗.

Below we will prove that there is an ε-homoclinic structure for the semi-
group {S0(t) : t ≥ 0} related to S0.

Let φn : [−sn,∞) → X be defined by φn(t) = Sηn(t + sn)vn, t ≥ −sn
and sn ≥ T . Note that φn(t) = Sηn(t + T )Sηn(sn − T )vn and that, by
assumption, Sηn(sn − T )vn is then precompact. Taking subsequences if
necessary we can define φ(t) := limn→∞ φn(t) for 0 ≤ t <∞.

To extend φ onto larger interval and define φ : [−1,∞)→ X let us take a
subsequence {φn

k(1)} of {φn} such that sn
k(1) ≥ 1 + T and Sηn

k(1)
(sn

k(1) −
1− T )vn

k(1) is convergent. Then the sequence of maps

φn
k(1) (t) = Sηn

k(1)
(t+ 1 + T )Sηn

k(1)
(T )Sηn

k(1)
(sn

k(1) − 1− T )vn
k(1)

is a subsequence of {φn(t)} and is convergent for all −1 ≤ t < ∞ and the
limit agrees with φ on [0,∞), which allows us to define φ(t) for t ∈ [−1,∞)
as the limit of φn

k(1) (t).
It is now evident that continuing this process we obtain a global solution

φ : R → X as a limit of the diagonal type subsequence of {φn
k(n) (t)} and

that φ has the property that distH(φ(t), Y ∗j0) ≤ ε for all t ≤ 0.
We remark that, by construction, φ(t) is continuous with respect to t ∈ R.
By assumption, there exists Y ∗l0 ⊂ S0 such that φ(t) → Y ∗l0 as t → ∞.

Hence, if l = j, the proof is complete.
If l 6= j, we continue our construction. Then there is a neighborhood

Oθ(Y ∗j0) ⊂ Oε(Y ∗j0) so small that φ(t) does not enter it for t ≥ 0. This can
be justified using that φ(t) converges forward to Y ∗l0, that Y ∗j0 is a compact
invariant set and that φ(t) is a global solution which is continuous for each
t ∈ R.

By assumption we also have φ(tm)→ Y ∗l0 and, recalling the construction
of φ, we know that for each m ≥ m0 the point φ(tm) can be approximated
by an appropriately chosen subsequence {Sηn′ (t+sn′)vn′} of {Sηn(t+sn)vn}
at ‘time’ tm where ηn′ → 0. Therefore, there is a sequence of points of the
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form zn′m := Sηn′m
(tm + sn′)vn′m ∈ γ

+
ηn′m

(Sηn′m (T ) ∪η∈[0,η0] Aη) convergent
to Y ∗l0 and such that ηn′m → 0. Also, having fixed m ∈ N and taking then
a look at the set Gm = {Sηn′m (t + sn′)vn′m : t ∈ [0, tm]} we observe that
Gm ∩ O θ

2
(Y ∗j0) = ∅. This is because Sηn′m (t + sn′)vn′m approximates the

global solution φ(t) in the interval t ∈ [0, tm] and φ(t) is separated from
O θ

2
(Y ∗j0) for all t ≥ 0. Consequently the sequence of points {zn′m} has an

additional property that the orbits Sηn′m (t)zn′m actually need to visit the
‘starting’ neighborhood Oε(Y ∗j0) for a certain tn′m ≥ tm, which means that
all Sηn′m (t)zn′m actually need to leave Oε(Y ∗l0) in ‘times’, respectively, bigger
than tm.

What was said above also indicates that the procedure described earlier
to define the global solution φ(t) going from Oε(Y ∗j0) to Oε(Y ∗l0) can be
repeated again so that we will construct a continuous global solution ψ(t)
going now from Oε(Y ∗l0) to Oε(Y ∗i0) for a certain i ∈ {1, . . . , k}.

Proceeding like this, after no more that k-steps, we will ‘close the loop’.
However the latter means that there is an ε-homoclinic structure for {S0(t) :
t ≥ 0}, which completes the proof.

In the final lemma, for each value of η > 0 which is sufficiently close
to zero, we will shadow the positive orbit of a corresponding semigroup
{Sη(t) : t ≥ 0} through a given initial data v with the aid of a certain
auxiliary map ũη with values on the attractor Aη.

Lemma 2.5. Under the assumptions of Theorem 1.1 there exist η0 ∈
(0, 1] and τ0 ≥ 0 such that for each (η, v) ∈ [0, η0]× Sη(τ0)

(
∪η∈[0,η0]Aη

)
a

certain map ũη can be constructed,

ũη : [0,∞)→ Aη,

such that

distH(Sη(t){v},Aη) ≤ ‖Sη(t)v − ũη(t)‖ ≤ c̃e−γ̃t for each t ≥ 0. (2.5)

Here τ0 = 2T + t0 + τ , where t0 is as in Lemma 2.2, T is as in the
Definition 1.1 and τ is as in Definition 1.6. Constant γ̃ depends only on γ
and L whereas constant c̃ depends only on c, γ, L, T0, T, t0 and ∪η∈[0,η0]Aη,
where c, γ, L are as in (1.8)-(1.9) and T0 is as in Lemma 2.3.

Also, γ̃ and c̃ are independent of (η, v) ∈ [0, η0]× Sη(τ0)
(
∪η∈[0,η0]Aη

)
.

Proof: Choose ε > 0 and ηε > 0 so small that, given η ∈ [0, ηε],
all k neighborhoods Oε(Y ∗jη) are disjoint and that Lemma 2.1 applies; i.e.
∪η∈[0,η0]Aη is a bounded set. Choose also δ > 0 and η0 ∈ (0, ηε] to the
above ε according to Lemma 2.4 so that the properties (pj), j = 1, . . . , k
of this latter lemma are satisfied.

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



124 A. N. CARVALHO, J. W. CHOLEWA AND T. D lOTKO

Due to Lemma 2.2, there is t0 ≥ 0 such that, making η0 smaller if
necessary, the union ∪η∈[0,η0]γ

+(Sη(t0) ∪η∈[0,η0] Aη) is bounded.
According to the Lipschitz property (1.8) there is a suitable η0 ∈ (0, 1],

which not loosing generality we denote the same, and there are constants
τ, c, L > 0 such that for each η ∈ [0, η0] and every (x, y) ∈ γ+

η (Sη(τ)∪η∈[0,η0]

Aη)×Aη we have

‖Sη(t)x− Sη(t)y‖ ≤ ceLt‖x− y‖, t ≥ 0.

Recall now that, by Lemma 2.3, there exist T0 > 0 and η0 > 0 (we
again denote here η0 the same as above) such that, for each η ∈ [0, η0] and
w ∈ γ+

η (Sη(T ) ∪η∈[0,η0] Aη) we have

Sη(t)w ∈ Oδ(Yη) = ∪kj=1Oδ(Y ∗ηj) for some t 6 T0,

where T is as in the Definition 1.1.
Thus, given any (η, v) ∈ [0, η0]× Sη(2T + t0 + τ)(∪η∈[0,η0]Aη), there are

sequences {t−i(j)}
m
j=0, {t+i(j)}

m
j=0 and {Y ∗ηi(j)}

m
j=0 such that i(j) ∈ {1, . . . , k},

1 ≤ j ≤ m 6 k,

t−i(1) 6 T0, 0 < t−i(j) − t
+
i(j−1) 6 T0, 1 6 j 6 m, t+i(m) = +∞,

where t−i(j) is the time Sη(t)v enters Oδ(Y ∗ηi(j)) and t+i(j) is (for j < m)
the time Sη(t)v leaves Oε(Y ∗ηi(j)) crossing its boundary never to return to
Oδ(Y ∗ηi(j)); in particular,

Sη(t)v ∈ Oε(Y ∗ηi(j)) for all t ∈ [t−i(j), t
+
i(j)) and j = 1, . . . ,m.

For simplicity we will next assume that i(j) = j; that is, we enumerate
the compact disjoint invariant sets whose neighborhoods are visited by the
considered orbit as Y ∗1 , . . . , Y

∗
m, where m ≤ k is a number of those elements

of the family Sη = {Y ∗1η, . . . Y ∗kη} whose neighborhoods are actually visited
(see above).

It is true that this enumeration, the number m and the ‘entrance/exit
times’ t∓l actually depend on v and η; however, for simplicity of the nota-
tion we will not exhibit this dependence explicitly.

We now consider (η, v) ∈ [0, η0]×Sη(2T + t0 +τ)(∪η∈[0,η0]Aη) and fix an
arbitrary point yη1 ∈ Aη. With the aid of [6, Lemma 2.1] we then select a
map

ψη,1,t−1 ,t
+
1

: [t−1 , t
+
1 ]→ clWu

loc(Y
∗
1η) ⊂ Aη

so that

‖Sη(t)v − ψη,1,t−1 ,t+1 (t)‖ = dist(Sη(t)v,Wu
loc(Y

∗
1η))
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and define

ũη(t) =

{
yη1, t ∈ [0, t−1 ),
ψη,1,t−1 ,t

+
1

(t), t ∈ [t−1 , t
+
1 ].

By assumption we have

‖Sη(t)v−ũ(t)‖ ≤ ceLT0distH(Aη, {v})eγT0e−γt

≤ ceLT0 sup
η∈[0,η0]

sup
v∈Sη(2T+t0+τ)∪η∈[0,η0]Aη

distH(Aη, {v})eγT0e−γt

=: c̃1e−γt, t ∈ [0, t−1 ),

‖Sη(t)v − ũ(t)‖ ≤ ce−γ(t−t−1 ) ≤ ceγT0e−γt =: ĉ1e−γt, t ∈ [t−1 , t
+
1 ],

and we next denote

c1 = max{c̃1, ĉ1}, t+0 := 0, t10 := t+1 , γ1 := γ. (2.6)

Having this done, we define step by step

γj =
γ2
j−1

L+ 2γj−1
, t0j = min

{
L+ 2γj−1

L+ γj−1
t−j , t

+
j

}
, j = 2, . . . ,m. (2.7)

and we extend ũη onto the whole half line [0,∞) letting

ũη(t) =


Sη(t− t+j−1)ũη(t+j−1), t ∈ [t+j−1, t

−
j ),

Sη(t− t−j )S(t−j − t
+
j−1)ũη(t+j−1), t ∈ [t−j , t

0
j ],

ψη,j,t−j ,t
+
j

(t), t ∈ (t0j , t
+
j ],

where applying again [6, Lemma 2.1] we have selected a map

ψη,j,t−1 ,t
+
1

: [t−j , t
+
j ]→ clWu

loc(Y
∗
jη) ⊂ Aη

satisfying

‖Sη(t)v − ψη,j,t−1 ,t+1 (t)‖ = dist(Sη(t)v,Wu
loc(Y

∗
jη)).

As in [6, Lemma 2.1] we now show that, for each j = 2, . . . ,m, the
following implication holds:

if (i) ‖Sη(t)v − ũη(t)‖ ≤ cj−1e
−γj−1t, t ∈ [t+j−2, t

+
j−1] with some cj−1 > 0,

then (ii) ‖Sη(t)v − ũη(t)‖ ≤ cje−γjt, t ∈ [t+j−1, t
+
j ] with some cj > 0,
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where for j = m we actually set [t+m−1, t
+
m] := [t+m−1,∞). Although it is

true that this part of the proof is analogous to the consideration in [6,
Lemma 2.2] we include it below for completeness of the presentation.

Using (i) we first note that, for t ∈ [t+j−1, t
−
j ],

‖Sη(t)v − ũη(t)‖ ≤ ceL(t−t+j−1)‖Sη(t+j−1)v − ũη(t+j−1)‖

≤ ccj−1e
L(t−t+j−1)−γj−1t

+
j−1 .

(2.8)

Secondly, due to the above construction, if t0j is considered for a while
as a variable element of the interval (t−j , t

+
j ] then by assumption and (2.8)

we have

‖(Sη(t)v − ũη(t)‖ ≤ ceL(t−t−j )‖(Sη(t−j )v − S(t−j − t
+
j−1)ũη(t+j−1)‖

≤ ccj−1e
LT0eL(t−t−j )−γj−1t

+
j−1 ≤ ccj−1e

(L+γ)T0eL(t−t−j )−γj−1t
−
j

(2.9)

forall t ∈ [t−j , t
0
j ] and

∀t∈[t−j ,t
+
j ] ‖Sη(t)v − ψη,j,t−j ,t+j (t)‖ ≤ ce−γ(t−t−j ) ≤ ce−γj−1(t−t−j ). (2.10)

Evidently, whenever the ‘time’ t0j lies inside the interval (t−j , t
+
j ), it is such

that the exponents on the right hand sides of (2.9) and (2.10) become equal;
namely

[L(t− t−j )− γj−1t
−
j ]|t=t0j = [−γj−1(t− t−j )]|t=t0j .

From what was said above one can infer that

L(t− t−j )− γj−1t
−
j ≤ −γjt, t ∈ [t−j , t

0
j ]. (2.11)

− γj−1(t− t−j ) ≤ −γjt, t ∈ (t0j , t
+
j ], (2.12)

to get from (2.9) and (2.11)

∀t∈[t−j ,t
0
j ]
‖Sη(t)v − ũη(t))‖ ≤ ccj−1e

(L+γ)T0e−γjt,

and from (2.10) and (2.12)

∀t∈(t0j ,t
+
j ] ‖Sη(t)v − ũη(t)‖ ≤ ce−γj−1(t−t−j ) ≤ ce−γjt.

Since (2.8) extends to the estimate

∀t∈[t+j−1,t
−
j ] ‖Sη(t)v − ũη(t)‖ ≤ ccj−1e

L(t−t+j−1)−γj−1(t+j−1−t+t)

≤ ccj−1e
(L+γ)T0e−γjt,

(2.13)
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condition (ii) thus holds with

cj = max{c, ccj−1e
(L+γ)T0}. (2.14)

From what was said above, for each (η, v) ∈ [0, η0] × Sη(2T + t0 +
τ)(∪η∈[0,η0]Aη), we infer that

distH(Sη(t){v},Aη) ≤ ‖(Sη(t)v − ũη(t)‖ ≤ cme−γmt, t ≥ 0.

with cm depending merely on c, γ, L, T0, T, t0 and ∪η∈[0,η0]Aη. The proof
is thus complete.

Theorem 1.1 follows easily from the above lemma. Below, we include the
proof of Proposition 1.1.
Proof of Proposition 1.1. The proof of the second part follows the
proof of a similar result in [2] and is included here for completeness. For
ε ∈ (0, ce−%t0 ], Bη0 = ∪η∈[0,η0]Aη and tε = 1

% ln c
ε we have tε ≥ t0 so that

for every η ∈ [0, η0] conditions (1.3) and (1.4) imply

distH(Sη(tε)Bη0 ,Aη) < ε, (2.15)

and

distH(Sη(tε)Bη0 , S0(tε)Bη0) 6 sup
x∈Bη0

‖Sη(tε)x− S0(tε)x‖ 6 c κ(η) etεL

distH(S0(tε)Bη0 , Sη(tε)Bη0) 6 sup
x∈Bη0

‖S0(tε)x− Sη(tε)x‖ 6 c κ(η) etεL.

(2.16)

Since Aη = Sη(tε)Aη ⊂ Sη(tε)Bη0 and A0 = S0(tε)A0 ⊂ S0(tε)Bη0 , we
then get

distH(Aη,A0) 6 distH(Aη, Sη(tε)Bη0) + distH(Sη(tε)Bη0 , S0(tε)Bη0)
+ distH(S0(tε)Bη0 ,A0)

6 distH(Sη(tε)Bη0 , S0(tε)Bη0) + ε 6 cκ(η)etεL + ε

6 c1+L
% ε−

L
% κ(η) + ε

and similarly

distH(A0,Aη) 6 distH(A0, S0(tε)Bη0) + distH(S0(tε)Bη0 , Sη(tε)Bη0)
+ distH(Sη(tε)Bη0 ,Aη)
6 distH(S0(tε)Bη0 , Sη(tε)Bη0) + ε

6 cκ(η)etεL + ε 6 c1+L
% ε−

L
% κ(η) + ε.
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Consequently, for any ε ∈ (0, ce−%t0 ] we have

distH(Aη,A0) + distH(A0,Aη) 6 2(c1+L
% ε−

L
% κ(η) + ε) (2.17)

and minimizing the right hand side of (2.17) with respect to ε ∈ (0, ce−%t0 ]
we obtain (1.7), which completes the proof of the second part of the propo-
sition.

The first part of the proposition is proved as follows. Fix ε > 0 and
choose η0 > 0, tε ≥ t0 according to (1.3) so that for every η ∈ [0, η0] and
for Bη0 = ∪η∈[0,η0]Aη we have

distH(Sη(tε)B0,Aη) <
ε

4
. (2.18)

Next, for τ := tε and δ := ε
8c
−1e−L0tε choose ηδ(ε),τ(ε) ∈ (0, η0] according

to (1.5) to get with the aid of this condition that

distH(Sη(tε)Bη0 , S0(tε)Bη0) 6 sup
x∈Bη0

‖Sη(tε)x− S0(tε)x‖ 6
ε

8
, ,

distH(S0(tε)Bη0 , Sη(tε)Bη0) 6 sup
x∈Bη0

‖S0(tε)x− Sη(tε)x‖ 6
ε

8
,

(2.19)

for all η ∈ [0, ηδ(ε),τ(ε)]. Hence we then obtain

distH(Aη,A0) + distH(A0,Aη) < ε, η ∈ [0, ηδ(ε),τ(ε)], (2.20)

which completes the proof of the first part of the proposition.

3. EXAMPLES

In this section we give applications of the abstract scheme developed in
the previous sections to certain evolutionary problems including a second
order ordinary differential equation, a singularly perturbed damped wave
equation and the viscous Cahn-Hilliard model.

We emphasize that in the case of the singularly perturbed damped wave
equation our consideration gives rise to new results concerning continuity
of attractors and the regularity property of the global attractor for the
‘limit’ hyperbolic damped wave equation. Here we consider nonlinearities
involving critical exponents which was out of the scope of techniques used
in the previous references.

3.1. Second order dissipative ode
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Consider the Cauchy problem for the following second order ordinary
differential equation

εẍ+ ẋ = −µx+ f(x), x ∈ RN

x(0) = x0 ∈ Rn, xt(0) = v0 ∈ RN .
(3.1)

assume that ε ∈ I, µ ≥ 1, f : RN → RN is a C1 function which is globally
Lipschitz, globally bounded and with symmetric Jacobian matrix at every
point. If we rewrite the above equation in the form of a system with
variables x and v = εẋ we have that

d

dt
[ xv ] =

[
0 I/ε
−µ −I/ε

]
[ xv ] +

[
0

f(x)

]
, [ xv ] ∈ RN × RN

[ xv ] (0) = [ x0
εv0 ] ∈ RN × RN .

(3.2)

Clearly, the solutions for (3.2) are globally defined and the solution op-
erator family {Sε(t) : t > 0} defines a semigroup in Z = RN × RN . Fur-
thermore, {Sε(t) : t > 0} has a global attractor Aε. The above system can
be rewritten as

d

dt

[
I I
−εµI 0

]
[ xv ] = − [ xv ] +

[
I I
−εµI 0

] [
0

f(x)

]
, [ xv ] ∈ RN × RN

[ xv ] (0) = [ x0
εv0 ] ∈ RN × RN .

(3.3)

As the parameter ε tends to zero, one would expect that the dynamical
properties of (3.2) are given by

d

dt

[
I I
0 0

]
[ xv ] = − [ xv ] +

[
I I
0 0

] [
0

f(x)

]
, [ xv ] ∈ RN × RN

[ xv ] (0) = [ x0
0 ] ∈ RN × RN ,

(3.4)

which corresponds to v = 0 and

d

dt
x = −µx+ f(x), x0 ∈ RN . (3.5)

Note that the solutions for (3.5) are globally defined and the solution op-
erator family {R0(t) : t > 0} defines a semigroup in RN . To compare the
dynamics of these two problems we should find a way to see the dynamics
of (3.5) in Z. That is done simply defining

S0(t) [ x0
v0 ] =

[
R0(t)x0

0

]
, t > 0, S0(0) = I,

and noting that
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1) S0(t + τ) [ x0
v0 ] =

[
R0(t+τ)x0

0

]
=
[
R0(t)R0(τ)x0

0

]
= S0(t)

[
R0(τ)x0

0

]
=

S0(t)S0(τ) for all t, τ > 0;
2) (0,∞)×Z 3 (t, [ x0

v0 ]) 7→ S0(t) [ x0
v0 ] ∈ Z is continuous.

Consequently, {S0(t) : t > 0} is a semigroup (singular at zero) having a
global attractor A0.

The linear semigroup associated to

d

dt
[ xv ] =

[
0 I/ε
−µI −I/ε

]
[ xv ] , [ xv ] ∈ RN × RN

[ xv ] (0) = [ x0
εv0 ] ∈ RN × RN

(3.6)

is given by

Tε(t) =

[
λ1e

λ2t−λ2e
λ1t

λ1−λ2

eλ1t−eλ2t

ε(λ1−λ2)
ελ1λ2(eλ2t−eλ1t)

λ1−λ2

λ1e
λ1t−λ2e

λ2t

λ1−λ2

]
,

where λ1 = −1+
√

1−4εµ
2ε and λ2 = −1−

√
1−4εµ

2ε , ε(λ1−λ2) =
√

1− 4εµ. Note

that λ1
ε→0−→ −µ, λ2

ε→0−→ −∞, ελ1
ε→0−→ 0, ελ2

ε→0−→ −1.
Define the linear semigroup (singular at zero) {T0(t) : t > 0} by T0(0) = I

and

T0(t) =
[
e−µt e−µt

0 0

]
, t > 0.

Theorem 3.1. Let Z := RN × RN with the norm ‖[ uv ]‖2Z = ‖v‖2RN +
µ‖u‖2RN . There exists a constant M > 1, independent of ε > 0 and of
µ > 1, such that∥∥∥∥∥
[

λ1e
λ2t−λ2e

λ1t

λ1−λ2

eλ1t−eλ2t

ε(λ1−λ2)
ελ1λ2(eλ2t−eλ1t)

λ1−λ2

λ1e
λ1t−λ2e

λ2t

λ1−λ2

]
−
[
e−µt e−µt

0 0

]∥∥∥∥∥
L(Z)

6 Mt−1µ
1
2 ε, (3.7)

for all t > 0.

Proof: Let us estimate each element of the matrix separately. First note
that

µ+ λ1 = −µ2ε
4

(1 +
√

1− 4εµ)2
, λ2 − λ1 = −

√
1− 4εµ
ε

.

Now, if 1
2 6 |ε(λ1 − λ2)| we have that∣∣∣∣λ1 t e

λ1t
e(λ2−λ1)t − 1
(λ1 − λ2)t

∣∣∣∣ 6 ∣∣∣∣λ1 t e
λ1t

e(λ2−λ1)t − 1
ε(λ1 − λ2)t

∣∣∣∣ ε 6 ct−1ε.
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On the other hand, if |
√

1− 4εµ| 6 1
2 , then∣∣∣∣λ1 t e

λ1t
e(λ2−λ1)t − 1
(λ1 − λ2)t

∣∣∣∣ 6 ct−1|λ1|−1|λ1t|2eλ1t 6 ct−1ε.

Also, if Re(µ+ λ1) < 0, then

|eλ1t − e−µt| 6
∣∣∣∣t(λ1 + µ)e−µt

e(λ1+µ)t − 1
(λ1 + µ)t

∣∣∣∣ 6 cεµ2te−µt 6 cεt−1

and, if Re(µ+ λ1) > 0, then

|eλ1t − e−µt| 6
∣∣eλ1t

∣∣ ∣∣∣1− e(−λ1−µ)t
∣∣∣ 6 2e−

t
2ε 6 cεt−1.

With this, the upper left corner of the matrix being estimated as follows∣∣∣∣λ1e
λ2t − λ2e

λ1t

λ1 − λ2
− e−µt

∣∣∣∣ =
∣∣∣∣λ1 t e

λ1t
e(λ2−λ1)t − 1
(λ1 − λ2)t

∣∣∣∣+ |eλ1t − e−µt| 6 cεt−1.

For the upper right corner, note that∣∣∣∣eλ1t − eλ2t

ε(λ1 − λ2)
− e−µt

∣∣∣∣ =
∣∣∣∣eλ1t − e−µt + 2tλ1e

λ1t
e(λ2−λ1)t − 1
(λ1 − λ2)t

− eλ2t

∣∣∣∣
6
∣∣eλ1t − e−µt

∣∣+ 2
∣∣∣∣λ1 t e

λ1t
e(λ2−λ1)t − 1
(λ1 − λ2)t

∣∣∣∣+
∣∣eλ2t

∣∣
6 cεt−1.

For the lower left corner, note that∣∣∣∣ε2λ1λ2
(eλ1t − eλ2t)
ε(λ1 − λ2)

∣∣∣∣ = εµ

∣∣∣∣eλ2t − eλ1t

ε(λ1 − λ2)

∣∣∣∣ 6 cµεt−1.

Finally, for the lower right corner, note that∣∣∣∣λ1e
λ1t − λ2e

λ2t

λ1 − λ2

∣∣∣∣ =
∣∣∣∣λ1(eλ1t − eλ2t)

λ1 − λ2
+ eλ2t

∣∣∣∣ 6 cεt−1.

This completes the proof.

Theorem 3.2. Consider Z := RN × RN with the norm ‖[ uv ]‖2Z =
‖v‖2RN +µ‖u‖2RN . There exists a constant M > 1, independent of ε ∈ I and
of µ > 1, such that

‖Tε(t)− T0(t)‖L(Z) 6 cµ
1+α

4 εαt−
1+α

2 e−t
1−α

6 , α ∈ (0, 1), t > 0. (3.8)
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Proof: Note that Tε(t) [ u0
v0 ] = [ uεv ], where [ uv ] is the solution of the initial

value problem (3.1). Denote by

[ UεV ] = [Tε(t)− T0(t)] [ u0
v0 ]

Now consider the function L(u, v) = ε
2‖v‖

2
RN + ε

2 〈u, v〉RN + µ
2 ‖u‖

2
RN .

Clearly, for ε ∈ I, µ > 1

4L(u, v) > ε‖v‖2RN + µ‖u‖2RN >
4
3
L(u, v)

Using (3.1) we have that

L̇(u, ut) 6 −1
3
L(u, ut).

Consequently,

ε‖V ‖RN+µ
1
2 ‖U‖RN 6 ε

1
2 ‖V ‖RN+µ

1
2 ‖U‖RN 6 6 e−

t
3 (ε

1
2 ‖V0‖RN+µ

1
2 ‖U0‖RN )

(3.9)
and from (3.7) we have that

ε‖V ‖RN + µ
1
2 ‖U‖RN 6 cµ

1
2 ε t−1(ε‖V0‖RN + µ

1
2 ‖U0‖RN )

6 cµ
1
2 ε t−1(ε

1
2 ‖V0‖RN + µ

1
2 ‖U0‖RN ),

(3.10)

for all ε ∈ I and µ > 1. Interpolating the expressions in (3.9) and (3.10)
we obtain that

ε‖V ‖RN + µ
1
2 ‖U‖RN 6 c̃µ

1
4 ε

1
2 e−

t
6 t−

1
2 (ε

1
2 ‖V0‖RN + µ

1
2 ‖U0‖RN )

6 c̃µ
1
4 e−

t
6 t−

1
2 (ε‖V0‖RN + µ

1
2 ‖U0‖RN ).

(3.11)

Now, interpolating (3.10) and (3.11) we obtain that, for any α ∈ [0, 1]

ε‖V ‖RN + µ
1
2 ‖U‖RN 6 ĉµ

1+α
4 εαt−

1+α
2 e−t

1−α
6 (ε‖V0‖RN + µ

1
2 ‖U0‖RN ).

(3.12)
This translates into estimate (3.8) and completes the proof.

Now define Sε(t) [ x0
v0 ] =

[
S1
ε (t) [ x0

v0 ]
S2
ε (t) [ x0

v0 ]

]
by

Sε(t) [ x0
v0 ] = Tε(t) [ x0

εv0 ] +
∫ t

0

Tε(t− s)
[

0
f(S1

ε (s)[ x0
v0 ])

]
ds,

S0(t) [ x0
v0 ] = T0(t) [ x0

0 ] +
∫ t

0

T0(t− s)
[

0
f(R0(s)x0)

]
ds.
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It follows from this and from singular Gronwall’s lemma (see Lemma
7.1.2 in [13]) that, for any 0 < α < 1, bounded subset B of Z and T > 1
we have that

ε−α sup {‖Sε(t) [ x0
v0 ]− S0(t) [ x0

v0 ]‖Z : t ∈ [1, T ], [ x0
v0 ] ∈ B} ε→0−→ 0.

In particular {Sε(t) : t ≥ 0}ε∈I is eventually convergent at ε = 0.

Denote by E the set of solutions of the stationary problem

0 = −µx+ f(x). (3.13)

Let u∗0 ∈ E and assume that σ(µI − f ′(u∗0)) is disjoint from the imaginary
axis. Let {νi}Ni=1 be the eigenvalues of Ā = µI − f ′(u∗0), {φ̄i}Ni=1 be a
corresponding sequence of orthonormal eigenfunctions and let 0 6 k 6 N
be such that νi < 0 for 0 6 i 6 k and νi > 0 for k < i 6 N .

Let λ̄i1 = −1+
√

1−4ενi
2ε and λ̄i2 = −1−

√
1−4ενi

2ε , 1 6 i 6 N be the eigenvalues
of

Āε :=
[

0 −ε−1I
Ā ε−1I

]
.

Denote by {T̄ε(t) : t > 0} the semigroup generated by −Āε

Consider the orthogonal decomposition Z = Z1 ⊕ Z2 obtained in the
following way.

Z2 = span{φ̄1, · · · , φ̄k} × span{φ̄1, · · · , φ̄k}

and let P be the orthogonal projection defined in Z associated to this
decomposition with R(P ) = Z2. Then, there exists ω > 0 such that

‖T̄ε(t)(I − P )‖L(Z) 6 Me−ωt

Now let us consider the restriction of T̄ε(t) to the range of P . If [ u0
v0 ] ∈

R(P ), then

[ u0
v0 ] =

k∑
i=1

[
u0ix̄i
v0ix̄i

]
and

T̄ε(t) [ u0
v0 ] =

k∑
i=1

T̄ iε (t)
[
u0ix̄i
v0ix̄i

]
where

T̄ iε (t) :=

 ελ̄i1e
λ̄i2t−ελ̄n2 e

λ̄n1 t

ε(λ̄i1−λ̄i2)
eλ̄
n
1 t−eλ̄

i
2t

ε(λ̄i1−λ̄i2)

ε2λ̄i1λ̄
i
2(eλ̄

i
2t−eλ̄

i
1t)

ε(λ̄i1−λ̄i2)

ελ̄n1 e
λ̄i1t−ελ̄n2 e

λ̄n2 t

ε(λ̄i1−λ̄i2)

 .
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Consider now the projection orthogonal to I − P with Qε : R(P )→ R(P )
given by Qε = diag{Qε1, · · · , Qεk}, where Qεi : Zi2 → Zi2, Zi2 = span{x̄i} ×
span{x̄i} and

Qεi =

 −λ̄i2
λ̄i1−λ̄i2

1
ε(λ̄i1−λ̄i2)

− ελ̄i1λ̄
i
2

λ̄i1−λ̄i2
λ̄i1

λ̄i1−λ̄i2

 ,

T̄ iε (t)PQ
ε
i :=

 −λ̄n2 e
λ̄n1 t

λ̄i1−λ̄i2
eλ̄
n
1 t

ε(λ̄i1−λ̄i2)

− ελ̄
i
1λ̄
n
2 e
λ̄i1t

λ̄i1−λ̄i2
λ̄n1 e

λ̄i1t

λ̄i1−λ̄i2

 ,

T̄ iε (t)P (I −Qεi) :=

 λ̄i1e
λ̄i2t

λ̄i1−λ̄i2
− eλ̄

i
2t

ε(λ̄i1−λ̄i2)

ελ̄i1λ̄
i
2e
λ̄i2t

λ̄i1−λ̄i2
− λ̄

n
2 e
λ̄n2 t

λ̄i1−λ̄i2

 .
It is easy to see that

‖T̄ε(t)(I −Qε)‖L(Z) 6 Me−ωt, t > 0,

and that

‖T̄ε(t)Qε‖L(Z) > Meωt, t 6 0,

for some M and ω independent of ε. In addition to that,

‖Qε‖L(Z) 6 C

with C independent of ε. Also note that, if F ([ uv ]) =
[

0
f(u)

]
, then F is

differentiable from Z into itself. It follows that U∗0 =
[
u∗0
0

]
is a hyperbolic

equilibrium point for {Sε(t) : t ≥ 0} and that there is a neighborhood O
of U∗0 , ρ > 0, independent of ε, and a function Σε : R(Qε)→ Ker(Qε) such
that

Wu,ε
loc (U∗0 ) = {(QεU,Σ(QεU)) : U ∈ O}

and, for each U0 ∈ V and τ > 0 such that {Sε(t)U0 : 0 6 t 6 τ} ⊂ O

dist(Sε(t)U0,W
u,ε(U∗0 )) 6 Ce−ρt, 0 6 t 6 τ.

From this we have that

Proposition 3.1. {Sε(t) : t ≥ 0} is a gradient semigroup with a global
attractor Aε, the union ∪ε∈IAε is bounded, {Sε(t) : t ≥ 0} is collectively
asymptotically compact at ε = 0, and if all equilibria for (3.5) are hyper-
bolic, then the set of equilibria for {Sε(t) : t ≥ 0} is finite, independent of
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ε, attracts points under the action of {Sε(t) : t ≥ 0} and the local unstable
sets are uniformly exponentially attracting.

Assume that {S0(t) : t > 0} is a gradient-like semigroup and that all its
equilibria are hyperbolic. It follows that {Sε(t) : t > 0} is a gradient-like
semigroup for suitably small ε (see [8]). In addition, there are constants
ε0 > 0, ρ > 0 and for each bounded subset B of Z, t0 > 0, a constant
C(B, t0) > 0 independent of ε such that, via Theorem 1.1,

dist(Sε(t)B,Aε) 6 C(B, t0)e−%t, t > t0.

Since for any α < 1 and for all ε ∈ [0, ε0],

‖Sε(t) [ u0
v0 ]− S0(t) [ y0

z0 ] ‖Z 6 ceLt (‖ [ u0
v0 ]− [ y0

z0 ] ‖Z + εα) ,

‖Sε(t) [ u0
v0 ]− Sε(t) [ y0

z0 ] ‖Z 6 ceLt‖ [ u0
v0 ]− [ y0

z0 ] ‖Z ,
(3.14)

for all [ u0
v0 ] , [ y0

z0 ] ∈ B and t ≥ 1. the assumptions of Proposition 1.1 are
satisfied and we have that there is a constant c̄ > 0 such that for all
sufficiently small ε > 0

distH(Aε,A0) + distH(A0,Aε) 6 c̄ ε
α%
%+L .

3.2. Damped Wave Equations
For η ≥ 0, in a bounded smooth domain Ω ⊂ RN consider a family of

damped wave equations
utt + ηA

1
2ut + aut +Au = f(u), t > 0, x ∈ Ω,

u(0, x) = u0(x), ut(0, x) = v0(x), x ∈ Ω,
u(t, x) = 0, t ≥ 0, x ∈ ∂Ω,

(3.15)

where η ∈ I, a > 0, f : R → R, and A : D(A) ⊂ L2(Ω) → L2(Ω) denotes
the negative Laplacian in L2(Ω) with homogeneous Dirichlet boundary con-
dition and the domain D(A) = H2(Ω) ∩H1

0 (Ω).
With this set-up we rewrite (3.15) in the form

d
dt [ uv ] +Aη [ uv ] = F ([ uv ]) , t > 0, [ uv ]t=0 = [ u0

v0 ] ∈ Y, (3.16)

where Y := H1
0 (Ω)× L2(Ω), η ∈ I,

Aη : D(Aη) ⊂ Y → Y,

Aη =
[

0 −I
A 2ηA

1
2 +aI

]
, D(Aη) = H2(Ω) ∩H1

0 (Ω)×H1
0 (Ω) =: Y 1,
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and

F ([ uv ]) =
[

0
fe(u)

]
, fe(u)(x) = f(u(x)) for all u ∈ H1

0 (Ω), x ∈ Ω.

Assume that N = 3,

f ∈ C2(R,R), |f ′′(s)| 6 c(1 + |s|), s ∈ R, (3.17)

and

lim sup
|s|→∞

f(s)
s

< λ1, (3.18)

where λ1 is the first positive eigenvalue of A.
If (3.17) is satisfied, then F : Y → Y is a C1 map and F is Lipschitz

continuous in bounded subsets of Y . Hence, for each [w0
z0 ] ∈ Y , there are

constants r > 0 and τ = τ[w0
z0 ] > 0 such that for any [ u0

v0 ] in the ball
Br([w0

z0 ]) ⊂ Y there is a unique mild solution

Tη(·) [ u0
v0 ] := [ uv ] (·, [ u0

v0 ] , η) ∈ C([0, τ ], Y )

of (3.16) and the map

Br([w0
z0 ]) 3 [ u0

v0 ] 7→ Tη(·) [ u0
v0 ] ∈ C([0, τ ], Y )

is continuously differentiable.
Note that the problem (3.16) can also be viewed as

d

dt
A−1
η [ uv ] + [ uv ] = A−1

η

[
0

f(u)

]
, t > 0,

[ uv ]t=0 = [ u0
v0 ] ,

(3.19)

where

A−1
η =

[
ηA−

1
2 +aA−1 A−1

−I 0

]
, η ≥ 0. (3.20)

As shown in [3, Lemma 2.4], for any compact set K ⊂ ρ(−A0), there exists
η̂ > 0 and CK > 0 such that

K ⊂ ρ(−Aη), η ∈ (0, η̂) (3.21)

and

‖(λ+A0)−1 − (λ+Aη)−1‖L(Y ) 6 ηCK , η ∈ (0, η̂). (3.22)
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Consequently, for η suitably small, we expect that the dynamical properties
of (3.16) are given by

d

dt
A−1

0 [ uv ] + [ uv ] = A−1
0

[
0

f(u)

]
, t > 0,

[ uv ]t=0 = [ u0
v0 ] ,

(3.23)

(see [3, Lemma 3.1.(iii)]) which is the counterpart of the initial boundary
value problem

utt + aut +Au = f(u), t > 0, x ∈ Ω,
u(0, x) = u0(x), ut(0, x) = v0(x), x ∈ Ω,
u(t, x) = 0, t ≥ 0, x ∈ ∂Ω.

(3.24)

Proposition 3.2. Under the assumptions (3.17)-(3.18) the solutions of
(3.16) exist globally in time. For every η ∈ I, a nonlinear gradient semi-
group {Tη(t) : t ≥ 0} is associated to (3.16), where

[0,∞)× Y 3 (t, u0)→ Tη(t)u0 ∈ Y is a continuous map, (3.25)

the Lyapunov functional associated to it is given by

L([w1
w2 ]) =

1
2
‖w1‖2

X
1
2
2

+
1
2
‖w2‖2X2

−
∫

Ω

∫ w1

0

f(s)dsdx, [w1
w2 ] ∈ Y. (3.26)

and for any B bounded in Y there is a constant CB > 0 such that

the union ∪η∈I ∪t≥0 Tη(t)B is bounded in Y whenever B is bounded in Y .
(3.27)

Furthermore, the set of equilibria E = {[ u0
v0 ] ∈ Y : u0 = A−1fe(u0), v0 =

0} is independent of η ∈ I and bounded in H2(Ω).

We remark that the asymptotic compactness property of {Tη(t)} has
already been proved in [1] for the case η = 0 and follows from compactness
of the resolvent of −Aη in the case 0 < η ∈ I (see [4]). Therefore,

Proposition 3.3. If η∈I and (3.17), (3.18) hold, then the C1-semigroup
{Tη(t)} of global solutions of (3.16) in Y possesses a global attractor Aη.

In what follows our first concern will be to extend to nonlinearities sat-
isfying (3.17)-(3.18) continuity properties of the family of global attractors
in Hölder norms and regularity results of the limit attractor established in
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[5] under the additional assumption that lim|s|→∞
f ′′(s)
s = 0. This will be

done by proving that the family of the global attractors is continuous at
η = 0, in which proof we will use the uniform estimates on the approxi-
mating attractors established in [5]. After this is done we will be ready to
estimate the actual rate of convergence of the approximating attractors to
A0, as we will have enough regularity for the union of attractors ∪η∈IAη

to verify that (1.4) is satisfied.

Lemma 3.1. Suppose that (3.17) and (3.18) hold.
Then,
i) for every η ∈ I and each bounded set B ⊂ Y the semigroup {Tη(t) :

t ≥ 0} satisfies the exponential Lipschitz condition of the form

‖Tη(t) [ u0
v0 ]− Tη(t)

[
ũ0
ṽ0

]
‖ ≤ cBeLBt‖ [ u0

v0 ]−
[
ũ0
ṽ0

]
‖, t ≥ 0, [ u0

v0 ] ,
[
ũ0
ṽ0

]
∈ B,

ii) for each δ > 0, τ > 0 and any precompact subset B of Y there is
ηδ,τ,B > 0 such that

‖Tη(t) [ u0
v0 ]− T0(t) [ u0

v0 ] ‖Y ≤ δ(1 + L−1
0 )eL0t,

for η ∈ [0, ηδ,τ,B ], t ∈ [0, τ ] and [ u0
v0 ] ∈ B, where L0 > 0 is a Lipschitz

constant for F in a bounded set ∪η∈I ∪t≥0 Tη(t)B,
iii) the family of semigroups {Tη(t) : t ≥ 0}η∈I is convergent at η = 0;

namely,

if ηn → 0, Y 3 [ u0n
v0n ]→ [ u0

v0 ] and tn → t0, then Tηn(tn) [ u0n
v0n ]→ T0(t0) [ u0

v0 ],

iv) ∪η∈(0,1]Aη is a bounded subset of H2(Ω) ∩H1
0 (Ω)×H1

0 (Ω),
v) property ii) is satisfied in particular for the precompact set B =

∪η∈IAη.

Proof: Part i) is a consequence of the variation of constants formula

Tη(t) [ u0
v0 ]) = e−Aηt [ u0

v0 ] +
∫ t

0

e−Aη(t−s)F (Tη(s) [ u0
v0 ])ds, t ≥ 0, (3.28)

(3.27), and Gronwall’s inequality.
Proving part ii) we first use (3.28) to get

‖Tη(t) [ u0
v0 ])− T0(t) [ u0

v0 ])‖Y ≤ ‖(e−Aηt − e−A0t) [ u0
v0 ] ‖Y

+
∫ t

0

‖(e−Aηt − e−A0t)F (T0(t) [ u0
v0 ])‖Y ds

+
∫ t

0

‖e−Aηt(F (Tη(t) [ u0
v0 ])− F (T0(t) [ u0

v0 ])‖Y ds =: J1 + J2 + J3.

(3.29)
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Precompactness of B in Y now leads via Trotter-Kato theorem (see [3,
Lemma 3.1]) to the relations

J1 ≤ δ, η ∈ [0, ηδ,τ,B ], t ∈ [0, τ ], [ u0
v0 ] ∈ B,

‖(e−Aηt − e−A0t)F (T0(t) [ u0
v0 ])‖Y ≤ δ, η ∈ [0, ηε,τ,B ], t ∈ [0, τ ], [ u0

v0 ] ∈ B,

so that

J2 ≤ δt, η ∈ [0, ηδ,τ,B ], t ∈ [0, τ ], [ u0
v0 ] ∈ B.

Using (3.27), Lipschitz continuity of F : Y → Y on bounded sets and
contracting property of the linear semigroups we also obtain

J3 ≤ L0

∫ t

0

‖Tη(s) [ u0
v0 ]− T0(s) [ u0

v0 ] ‖Y ds.

Connecting the above estimates and using Gronwall’s inequality we get the
result.

Part iii) is a consequence of i)-ii) and (3.25).
For the proof of part iv) we refer the reader to [5, Theorem 3.1].
Finally, part v) follows from ii) and iv).

Remark 3. 1. Note that part (ii) of Lemma 3.1 does not imply (1.4).
We will be able to prove that latter condition only in Lemma 3.5, after we
obtain some stronger information about the perturbed problem (3.15).

Lemma 3.2. Under the assumptions (3.17) and (3.18) the family of
semigroups of global solutions of (3.15) is collectively asymptotically com-
pact at η = 0.

Proof. In the proof we will apply the nonlinear variation of constant
formula (see [1, 5]).

Following [5] we decompose f as f(s) = f̃(s) + f̂(s) where

f̃(s) = f(s)− f(0)−Kfs, f̂(s) = f(0) +Kfs, s ∈ R,

and

sf̃(s) 6 0 for s ∈ R. (3.30)

We then denote by T̃η(t) [ u0
v0 ] the solution of

d
dt [ ũṽ ] +Aη [ ũṽ ] =

[
0

f̃e(ũ)

]
=: F̃ ([ ũṽ ]), t > 0, [ ũṽ ]t=0 = [ u0

v0 ] , (3.31)
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to write a nonlinear variation of constants formula (see [4, Lemma 7]; also
[1]),

Tη(t) [ u0
v0 ] = T̃η(t) [ u0

v0 ] +
∫ t

0

(∂T̃η)(t−s, Tη(s) [ u0
v0 ])F̂ (Tη(s) [ u0

v0 ])ds, (3.32)

where ∂T̃η is partial derivative of the map (0,∞)×Y 3 (t, V0)→ T̃η(t)V0 ∈
Y w.r.t. V0, F̂ ([w1

w2 ]) =
[ 0
Kfw1+f(0)

]
for [w1

w2 ] ∈ Y and (∂T̃η)(·, V0)F̂ (V0) is
a solution of

d

dt
W +AηW = F̃ ′(T̃η(t)V0)W, t > 0, W (0) = F̂ (V0). (3.33)

As shown in [5], for each r > 0, there are positive constants cr and ωr
such that

sup
η∈(0,1]

sup
‖[u0
v0 ]‖Y≤r

‖T̃η(t) [ u0
v0 ] ‖Y ≤ cre−ωrt, t ≥ 0. (3.34)

It also follows from the consideration of [5, Lemma 3.4] that, for each
η ∈ (0, 1], α ∈ (0, 1

2 ) and for any B bounded in Y , if
[
φη
ψη

]
∈ B and

W = [wχ ] is the solution of (3.33) with W (0) = F̂ (
[
φη
ψη

]
), then there are

positive constants d′′ and ω′′ such that

‖ [wχ ] ‖
D(A

1+α
2 )×D(A

α
2 )

6 d′′e−ω
′′t, t > 0. (3.35)

Thanks to (3.34)-(3.35) and to the decomposition of the semigroups {Tη(t)}
as in (3.32), any sequence of the form {Tηk(tk)([ ukvk ])} with {ηk} ⊂ I,
tk ↗∞ and with {[ ukvk ]} being bounded in Y has a subsequence convergent
in Y .

Lemma 3.3. In addition to the assumptions (3.17) and (3.18) suppose
that all the equilibria solutions of (3.15) are hyperbolic; namely,

0 /∈ σ(−A+f ′(u0)) whenever u0 ∈ H1
0 (Ω) and u0 = A−1f(u0). (3.36)

Then,
i) the set E of all equilibria is finite and does not depend on η; i.e.

Eη = E := {
[
φi
0

]
, i = 1, . . . , k}, η ∈ I,

ii) for each η ∈ I the family Sη consisting of all one-point-set equilibria
{
[
φi
0

]
}, i = 1, . . . , k, attracts points of Y and has uniformly pointwise

exponentially attracting local unstable sets,
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iii) there is no ε-homoclinic structure related to S0.

Proof: Needless to say that the equilibria does not depend on a value
of the parameter and that E attracts points. Condition (3.36) implies next
that they are isolated (see e.g. [3, Proposition 4.2]). Since they are all in
the attractor, there are finitely many of them.

The remaining part of the proof builds upon the results obtained in [3].
We recall from [3, Appendix] that under our assumptions the local unstable
set of each equilibrium solution can be viewed locally, and for any η ∈ I, as a
graph of a Lipschitz continuous function Σ∗η : Qη(Y )→ Pη(Y ), where Qη is
defined in [3, (4.14)] and Pη = Id−Qη. We also recall from [3, (A.8)] that
Tη(t) [ u0

v0 ], which can be viewed in the form (QηTη(t) [ u0
v0 ] , PηTη(t) [ u0

v0 ]),
satisfies the estimate:

‖Pη(Tη(t) [ u0
v0 ]−

[
φi
0

]
)−Σ∗ηQη(Tη(t) [ u0

v0 ]−
[
φi
0

]
)‖Y 6 Me−γt

for 0 6 t, [ u0
v0 ] ∈ Oδ0(

[
φi
0

]
) with certain constants M > 1, γ > 0 and as

long as Tη(t) [ u0
v0 ] remains in a certain ball Oδ0(

[
φi
0

]
) for any i ∈ {1, . . . , k}.

We now emphasize that the constants M and γ are chosen independently
of η ∈ I based on the uniform exponential dichotomy property reported in
[3, Theorem 2.14] and that (1.9) is thus a counterpart of (1.9).

The remaining part of the proof follows easily as there is a Lyapunov
functional (3.26) for (3.15).

What was said above ensures that Theorem 1.1 applies; namely, we have
the following result.

Corollary 3.1. Suppose that the assumptions of Lemma 3.3 hold. Then
the family of attractors is eventually uniformly exponentially attracting.

The theorem below is now a consequence of Corollary 3.1, Proposition 1.1
and part (ii) of Lemma 3.1.

Theorem 3.3. Suppose that (3.17), (3.18) and (3.36) hold. Then the
family of attractors {Aη, η ∈ I} is continuous at η = 0 with respect to the
Hausdorff distance distYH in Y = H1

0 (Ω)× L2(Ω), that is

distYH(Aη,A0) + distYH(A0,Aη)→ 0 as η → 0+.

Remark 3. 2. Theorem 3.3 generalizes results of [3] concerning conti-
nuity of the attractors for 3-d singularly perturbed damped wave equation
(3.15) as in the present paper we consider a nonlinearity with a critical
exponent.
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From Theorem 3.3 and from [5] we next obtain the following conclusions.

Corollary 3.2. Suppose that the assumptions of Lemma 3.3 hold. Then

A0 is bounded in H3(Ω)×H2(Ω)

and, for each µ ∈ (0, 1
2 ),

sup
aη∈Aη

inf
a0∈A0

‖a0 − aη‖C1+µ(Ω̄)×Cµ(Ω̄) + sup
a0∈A0

inf
aη∈Aη

‖a0 − aη‖C1+µ(Ω̄)×Cµ(Ω̄)

tends to zero as η → 0.
If, in addition, f ∈ C3(R,R), then

A0 is also bounded in H4(Ω)×H3(Ω)

and, for each µ ∈ (0, 1
2 ),

sup
aη∈Aη

inf
a0∈A0

‖a0−aη‖C2+µ(Ω̄)×C1+µ(Ω̄)+ sup
a0∈A0

inf
aη∈Aη

‖a0−aη‖C2+µ(Ω̄)×C1+µ(Ω̄)

tends to zero as η → 0.

In Lemma 3.1 we have proved that the approximating semigroups con-
verge in Y uniformly on compact sets to the limit semigroup as η → 0+.
Below we will show that, for the initial data from the set ∪η∈IAη, the rate
of convergence of Tη(t) to the limit semigroup can be ‘measured’ by η.

We will first show that the linear semigroups converge with the rate η in
a suitable norm.

Lemma 3.4. There is a constant c > 0 such that, for every η ∈ I and
each t > 0,

‖(e−Aηt − e−A0t)A−2
η ‖L(Y ) ≤ cη.

Proof. For [ u0
v0 ] ∈ Y and t > 0 we have that

‖(e−A0t−e−Aηt)A−2
η ‖L(Y ) ≤ ‖e−A0t(A−1

η −A−1
0 )A−1

η ‖L(Y )

+‖(A−1
0 −A−1

η )e−AηtA−1
η ‖L(Y ) + ‖A−1

0 (e−A0t − e−Aηt)A−1
η ‖L(Y ).
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For
[
φ
ψ

]
∈ Y and η > 0 we also have

‖A−1
η

[
φ
ψ

]
‖Y = ‖

[
ηA−

1
2 φ+aA−1φ+A−1ψ

−φ

]
‖Y

≤ η‖φ‖L2(Ω) + a‖A− 1
2φ‖L2(Ω) + ‖A− 1

2ψ‖L2(Ω) + ‖φ‖L2(Ω)

≤ λ−
1
2

1 (aλ−
1
2

1 + 1 + η)‖A 1
2φ‖L2(Ω) + λ

− 1
2

1 ‖ψ‖L2(Ω)

= λ
− 1

2
1 (1 + η + aλ

− 1
2

1 ) ‖
[
φ
ψ

]
‖Y ,

which implies that

‖A−1
η ‖L(Y ) ≤ λ

− 1
2

1 (1 + η + aλ
− 1

2
1 ). (3.37)

Since all the semigroups operators are the contractions it follows from
(3.22), (3.37) that

‖e−A0t(A−1
η −A−1

0 )A−1
η ‖L(Y ) ≤ C0η, t ≥ 0, η ∈ I

‖(A−1
0 −A−1

η )e−AηtA−1
η ‖L(Y ) ≤ C0η, t ≥ 0, η ∈ I.

We also recall from [3, Corollary 2.19] that, for a certain ω > 0 and c ≥ 1
we have

‖e−Aηt‖L(Y ) ≤ ce−ωt, t ≥ 0. (3.38)

From [15, Section 3.4, Lemma 4.1], (3.22) and (3.38) we finally have

‖A−1
0 (e−Aηt − e−A0t)A−1

η ‖L(Y ) ≤ Ĉ0ηte
−ωt ≤ C̃0η, t ≥ 0, η ∈ I,

which completes the proof.
With the aid of Lemma 3.4 we will next prove that, for the initial data

from ∪η∈IAη, nonlinear semigroups also converge with the rate η.

Lemma 3.5. Suppose that the assumptions of Lemma 3.3 hold and let
B0 := ∪η∈IAη. Then,

i)
[
−A−1f(0)

0

]
+ B0 is a bounded subset of Y 2 = H3

{I,∆}(Ω) × (H2(Ω) ∩
H1

0 (Ω)), where H3
{Id,∆}(Ω) := {φ ∈ H1

0 (Ω) : Aφ ∈ H1
0 (Ω)} and, conse-

quently, B0 is bounded in H3(Ω)×H2(Ω)−norm,
ii) there is a constant D > 0 such that, for each t ≥ 0, η ∈ I and every

[ u0
v0 ] ∈ B0,

‖Tη(t) [ u0
v0 ] ‖Y 1 ≤ DeDt,

iii) there is a constant D̂ > 0 such that, for each t ≥ 0, η ∈ I and every
[ u0
v0 ] ∈ B0,

‖Tη(t) [ u0
v0 ]− T0(t) [ u0

v0 ] ‖Y ≤ ηD̂eD̂t.
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Proof. Boundedness of
[
−A−1f(0)

0

]
+
⋃
η∈(0,1] Aη in Y 2 has been obtained

in [5, Lemma 4.1]. The latter property and Theorem 3.3 imply now bound-
edness of

[
−A−1f(0)

0

]
+ A0 in Y 2. Consequently i) holds and there is a

positive constant C such that

sup
[u0
v0 ]∈B0

‖ [ u0
v0 ] +

[
−A−1f(0)

0

]
‖Y 2 ≤ C. (3.39)

Proving ii) consider next, for [ u0
v0 ] ∈ B0 and η ∈ I, the solution of

d
dt [ z1z2 ] +Aη [ z1z2 ] = [ 0

0 ] , t > 0, [ z1z2 ]t=0 =
[
u0−A−1f(0)

v0

]
, (3.40)

and the solution Tη(t) [ u0
v0 ] =

[
uη

vη
]

of

d
dt

[
uη

vη
]

+Aη
[
uη

vη
]

= F (
[
uη

vη
]
), F (

[
uη

vη
]
) =

[
0

f(uη)

]
, t > 0,[

uη

vη
]
t=0

= [ u0
v0 ] .

(3.41)

Define

[w1
w2 ] (t, Tη(t) [ u0

v0 ]) :=
[
uη

vη
]
− e−Aηt

[
u0−A−1f(0)

v0

]
−
[
A−1f(0)

0

]
. (3.42)

Then [w1
w2 ] (t, η) solves

d
dt [w1

w2 ]+Aη [w1
w2 ] = F (Tη(t) [ u0

v0 ])−F ([ 0
0 ]), t > 0, [w1

w2 ]t=0 = [ 0
0 ] , (3.43)

so that we have

[w1
w2 ] (t, uη) =

∫ t

0

e−Aη(t−s)(F (Tη(t) [ u0
v0 ])− F ([ 0

0 ]))ds, t ≥ 0. (3.44)

From the properties of the linear operators Aη we infer that

d−1‖
[
φ
ψ

]
‖Y 1 ≤ ‖Aη

[
φ
ψ

]
‖Y ≤ d‖

[
φ
ψ

]
‖Y 1 , η ∈ I,

[
φ
ψ

]
∈ Y 1. (3.45)

d−1
1 ‖

[
φ
ψ

]
‖Y 2 ≤ ‖A2

η

[
φ
ψ

]
‖Y ≤ d1‖

[
φ
ψ

]
‖Y 2 ,

[
φ
ψ

]
∈ Y 2, (3.46)

where d, d1 are positive constants independent of η ∈ I (see [5]).
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What was said above leads to the following estimate

‖Tη(t) [ u0
v0 ] ‖Y 1

=‖e−Aηt
[
u0−A−1f(0)

v0

]
+
[
A−1f(0)

0

]
+ [w1

w2 ] (t, Tη(t) [ u0
v0 ])‖Y 1

≤d‖e−AηtAη
[
u0−A−1f(0)

v0

]
‖Y + ‖

[
A−1f(0)

0

]
‖Y 1

+d
∫ t

0

‖e−Aη(t−s)‖Y ‖Aη(F (Tη(s) [ u0
v0 ])− F ([ 0

0 ]) ‖Y ds,

(3.47)

where, for each η ∈ I, we have

‖Aη
(
F
([
uη

vη
])
− F ([ 0

0 ])
)
‖Y ≤ d‖

[
0

f(uη)−f(0)

]
‖Y 1

6 d̃‖f ′(uη)∇uη‖L2(Ω) ≤ d̂‖(1 + |uη|2)|∇uη|‖L2(Ω)

≤ g(‖Tη(t) [ u0
v0 ] ‖Y )‖Tη(t) [ u0

v0 ] ‖Y 1 ,

(3.48)

with a certain continuous nondecreasing function g : R→ R.
Since the linear semigroups are contractions, from (3.27), (3.39), (3.47),

(3.48) we conclude, via Gronwall’s inequality, that

sup
[u0
v0 ]∈B0

‖Tη(t) [ u0
v0 ] ‖Y 1 ≤ DeDt, t ≥ 0, (3.49)

where c is independent of η ∈ I. Part ii) is thus proved.
Now we return to (3.42) and with the aid of (3.46), for η ∈ I and

[ u0
v0 ] ∈ B0, we get

‖Tη(t) [ u0
v0 ]−T0(t) [ u0

v0 ] ‖Y ≤‖(e−Aηt−e−A0t)A−2
η ‖L(Y )d1‖

[
u0−A−1f(0)

v0

]
‖Y 2

+
∫ t

0

‖(e−Aη(t−s) − e−A0(t−s))A−2
η ‖L(Y )‖A2

η(F (Tη(s) [ u0
v0 ])− F ([ 0

0 ]))‖Y ds

+
∫ t

0

‖e−A0(t−s)‖L(Y )‖F (Tη(s) [ u0
v0 ])− F (T0(s) [ u0

v0 ])‖Y ds, t ≥ 0.

Recalling that N = 3 and H2(Ω) ⊂W 1,4(Ω) ∩ L∞(Ω), we have

‖Aη2
[

0
f(φ)−f(0)

]
‖Y ≤ d1‖

[
0

f(φ)−f(0)

]
‖Y 2

≤ d̃1‖
[

0
f(φ)−f(0)

]
‖H3
{I,∆}(Ω)×(H2(Ω)∩H1

0 (Ω))

≤ d̂1‖A(f(φ)− f(0))‖L2(Ω)

= d̂1‖f ′′(φ)|∇φ|2 + f ′(φ)∆φ‖L2(Ω)

≤ cd̂1‖(1 + |φ|)|∇φ|2 + (1 + |φ|2)|∆φ|‖L2(Ω)

≤ D(1 + ‖∆φ‖3L2(Ω)) ≤ D(1 + ‖
[
φ
ψ

]
‖3Y 1),

[
φ
ψ

]
∈ Y 1.
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From the above inequality, Lemma 3.4 and (3.49) we now obtain∫ t

0

‖(e−Aη(t−s) − e−A0(t−s))A−2
η ‖L(Y )‖A2

η(F (Tη(s) [ u0
v0 ]− F ([ 0

0 ]))‖Y ds

≤ ηD̃
∫ t

0

(1 + e3Ds)ds, t ≥ 0,

whereas, from Lemma 3.4 and (3.39), we infer

‖(e−Aηt − e−A0t)A−2
η ‖L(Y )d1‖

[
u0−A−1f(0)

v0

]
‖Y 2 ≤ cCd1η, t ≥ 0. (3.50)

Since F : Y → Y is Lipschitz continuous on bounded sets, with the aid of
(3.27) and part (iv) of Lemma 3.1 we also get∫ t

0

‖e−A0(t−s)‖L(Y )‖F (Tη(s) [ u0
v0 ])− F (T0(s) [ u0

v0 ])‖Y ds

≤ L
∫ t

0

‖Tη(s) [ u0
v0 ]− T0(s) [ u0

v0 ] ‖Y ds,

t ≥ 0, with a certain constant L > 0.
Connecting the above estimates, for t ≥ 0 and η ∈ I we have

‖Tη(t) [ u0
v0 ]− T0(t) [ u0

v0 ] ‖Y ≤ cCd1η + ηD̃
∫ t

0

(1 + e3Ds)ds

+ L

∫ t

0

‖Tη(s) [ u0
v0 ]− T0(s) [ u0

v0 ] ‖Y ds
(3.51)

and part iii) now follows easily with the aid of Gronwall’s inequality.
Part iii) of Lemma 3.5 ensures that the family of semigroups correspond-

ing to (3.15) has a κ-modulus of continuity at η = 0 with κ being the iden-
tity function on a unit time interval. Since the family of global attractors
{A}η∈I is eventually uniformly exponentially attracting (see Corollary 3.1
above) Theorem 3.3 can be now strengthened to the following result.

Theorem 3.4. Suppose that the assumptions (3.17), (3.18) and (3.36)
hold. Then there are constants c̄, D̂, ρ > 0 such that

distYH(Aη,A0) + distYH(A0,Aη) 6 c̄ η
%

%+D̂ ,

for all sufficiently small η > 0.
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3.3. Viscous Cahn-Hilliard equation
In this subsection we discuss briefly the viscous Cahn-Hilliard model (see

[7, 9])

(1− ν)ut = −∆(∆u+ f(u)− νut), in Ω,
u(t, x) = ∆u(t, x) = 0 in ∂Ω,
u(0, x) = u0(x),

(3.52)

where ν ∈ I, f ∈ C1(R,R) satisfies suitable growth and dissipation condi-
tions and Ω is a bounded smooth domain in RN , N ≥ 3.

In compare with previous references some development here lies in a
possibility of evaluation of the convergence rate of the attractors.

Following [7] we consider (3.52) on the phase space H1
0 (Ω) and denote by

A = −∆ the negative Dirichlet Laplacian with the domain D(A) = H1
0 (Ω).

As in [7] we also define Aν = A2((1 − ν)I + νA)−1 and Bν = A((1 −
ν)I + νA)−1 to view (3.52) in an abstract form

ut = −Aνu+Bνf(u), (3.53)

or, since A−1
ν Bν = A−1, as

d

dt

(
A−1
ν u

)
= −u+A−1f(u). (3.54)

This gives rise to some intuition about the ‘limiting behavior’ of the system.
Namely, since

A−1
ν = ((1− ν)I + νA)A−2 → A−1 as ν → 1−,

A−1
ν → A−2 as ν → 0+

the limit problem (3.54)ν=1 will be the semilinear heat equation, while
(3.54)ν=0 will be the Cahn-Hilliard equation. Below we will concentrate on
this latter case.

Throughout the rest of this subsection we assume the condition;

(H) N = 3, f ∈ C1(R,R), f(0) = 0, lim sup|s|→∞
f(s)
s < λ1, where

λ1 > 0 is the first eigenvalue of A and for some ε̄, c > 0

|f ′′(s)| ≤ c(1 + |s|3−ε̄). (3.55)

From [7] we then have the following result.

Proposition 3.4. Under the hypothesis (H) there is a family of gradient
semigroups {Tν(t) : t ≥ 0}ν∈I associated to (3.52) in H1

0 (Ω), such that for
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each ν ∈ I

[0,∞)×H1
0 (Ω) 3 (t, v)→ Tν(t)v ∈ H1

0 (Ω) is a continuous map,

and there exists a global attractor Aν for {Tν(t) : t ≥ 0}.
Furthermore, the union ∪ν∈Iγ+

ν (∪ν∈IAν) is bounded in H2(Ω) and thus
also in L∞(Ω). In particular, the family of attractors {Aν}ν∈I is collec-
tively asymptotically compact at ν = 0.

Remark 3. 3. Indeed, in [7] the authors consider the almost critical case
lim|s|→∞

|f ′′(s)|
s3 = 0 and prove that the attractors are uniformly bounded

in L∞(Ω). Since the criticality is out of our interests in this example we
chose to work with the subcritical case ε > 0.

The steady states of (3.52) are independent of the parameter and attract
points. Thus note that in this example all the collections of compact dis-
joint invariant sets Sν can be chosen the same for all ν ∈ I and will consist
of one-point-set equilibria for (3.52). Referring then to [7] we obtain below
the results concerning the existence and suitable attracting properties of
local unstable manifolds of equilibria.

Proposition 3.5. Assume (H) and that all equilibria of (3.52) are hy-
perbolic. Then, the set E of equilibria of (3.52) is finite and for each ν ∈ I
there is a family Sν , consisting of all one-point-sets equilibria of (3.52),
such that {Sν}ν∈I has uniformly pointwise exponentially attracting local
unstable sets.

We now devote more attention to the convergence of the family {Tν(t) :
ν ∈ I}ν∈I at ν = 0 as a singularity appears there at the initial time. We
remark that a singularity also occurs when one tries to derive a κ-modulus
of continuity in this example. This proves that the approach of our paper
is indeed flexible as both Theorem 1.1 and Proposition 1.1 do allow the
system to possess singularities before a certain T ≥ 0.

We need the following three lemmas, for which we refer the reader to [7].

Lemma 3.6. The following estimates hold with a constant M > 0 inde-
pendent of ν ∈ I.

‖A−1
ν −A−2‖ ≤Mν, ‖A−1

ν −A−1
µ ‖ ≤M |ν−µ|, ‖BνA

− 1
2

ν ‖ ≤M (3.56)
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and, for t > 0,

‖Bνe−Aνt−Ae−A
2t‖ ≤Mt−

1
2 , ‖Bνe−Aνt−Bµe−Aµt‖ ≤Mt−

1
2 . (3.57)

Lemma 3.7. For any 0 < ε < 1 and ν ∈ I,

‖A1−εBνe
−Aνt‖ ≤Mt−1+ ε

2 .

Lemma 3.8. If 0 < ε < 1 then for α < ε
2(1−ε) we have β = 1 + α(1 −

ε)− ε
2 < 1 and

‖A1−εBνe
−Aνt −A2−εe−A

2t‖ ≤Mt−β‖A−1
ν −A−2‖α(1−ε).

Also,

‖A1−εBνe
−Aνt−A1−εBµe

−Aµt‖ ≤Mt−β‖A−1
ν −A−2‖α(1−ε), t > 0, µ, ν ∈ I.

Consider next ν ∈ I, t ≥ 0 and the semigroups operators

Tν(t)u0 = e−Aνtu0 +
∫ t

0

e−Aν(t−s)Bνf(Tν(s)u0)ds,

T0(t)u0 = e−A
2tu0 +

∫ t

0

e−A
2(t−s)Af(T0(s)u0)ds.

(3.58)

Note that f : H1
0 (Ω) → H−1+δ(Ω), for suitably chosen δ = δ(ε̄) > 0

(ε̄ as in (3.55)), is Lipschitz continuous in bounded sets and that orbits of
bounded subsets of H1

0 (Ω) are bounded in H1
0 (Ω). We also remark that,

since Aν , ν ∈ (0, 1], and A0 = A2 are self-adjoint and positive elliptic
operators, the linear semigroups we deal with are the semigroups of con-
tractions.

Next, using the variation of constants formula and Gronwall’s type lemma,
we prove that the family {Tν(t) : t ≥ 0} is exponentially Lipschitz contin-
uous. In fact, for fixed ε ∈ (0, δ2 ] a simple application of Gronwall’s type
lemma (see [13], p. 188) to the estimate:

‖Tν(t)u− Tν(t)v‖H1
0 (Ω) ≤ c‖u− v‖H1

0 (Ω)

+
∫ t

0

‖A1−εBνe
−Aν(t−s)‖‖f(Tν(s)u)− f(Tν(s)v)‖H−1+2ε(Ω)ds,

(3.59)
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implies that, given a bounded subset B of H1
0 (Ω) there is a positive number

L = L(B) and a constant c > 0 such that

‖Tν(t)u− Tν(t)v‖H1
0 (Ω) ≤ c‖u− v‖H1

0 (Ω)

2
ε
e(MLΓ( ε2 ))

2
ε t, (3.60)

for all t ≥ 0, ν ∈ I, and u, v ∈ B. As for the eventual convergence, from [7,
p. 718] for α < ε

2(1−ε) we have that (here ε ∈ (0, δ2 ], β = 1 + α(1− ε)− ε
2 ),

‖Tν(t)v − T0(t)v‖H1
0 (Ω)

≤M‖A−1
ν −A−2‖α(1−ε)

(
t−α(1−ε)‖v‖H1

0 (Ω) + c

∫ t

0

(t− s)−βds
)

+ML

∫ t

0

(t− s)−1+ ε
2 ‖Tν(s)v − T0(s)v‖H1

0 (Ω)ds,

(3.61)

for all t > 0, ν ∈ I, and u, v ∈ B. Using Lemma 3.6, we obtain that for
all v ∈ B

‖Tν(t)v − T0(t)v‖H1
0 (Ω) ≤ C(‖v‖H1

0 (Ω))ν
α(1−ε)(t−α(1−ε) + t−α(1−ε)+ ε

2 )

+ML

∫ t

0

(t− s)−1+ ε
2 ‖Tν(s)v − T0(s)v‖H1

0 (Ω)ds.

Applying Gronwall’s type lemma (see [13], p. 188), for θ = (MLΓ( ε2 ))
2
ε ,

we have that

‖Tν(t)v − T0(t)v‖H1
0 (Ω)

≤ C(‖v‖H1
0 (Ω))ν

α(1−ε)
[
(t−α(1−ε) + t−α(1−ε)+ ε

2 ) +
2
ε
θ

]
eθt.

(3.62)

Using (3.60) and (3.62), for t ≥ 1, ν ∈ I and u, v ∈ B we finally obtain

‖Tν(t)u− T0(t)v‖H1
0 (Ω) ≤

c̄

ε
eθt
(
‖u− v‖H1

0 (Ω) + C(ε, ‖v‖H1
0 (Ω))ν

α(1−ε)
)
.

In conclusion: both Theorem 1.1 and Proposition 1.1 apply to the viscous
Cahn-Hilliard model (3.52) and the attractors converge as ν → 0 with a
rate given by a power of ν.
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