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E-mail: ddemuner@gmail.com

In the present paper, we study the theory of dissipative impulsive semidy-
namical systems. We define different types of dissipativity as point, compact,
local and bounded. The center of Levinson is defined for compact dissipative
impulsive semidynamical systems and its topological properties are investi-
gated. Also, we present results giving necessary and sufficient conditions to
obtain dissipativity, and we include some examples to point out that the con-
cepts of the different kinds of dissipativity are not equivalent in general. May,
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1. INTRODUCTION

The theory of impulsive dynamical systems play an important role to model real-
world problems in science and technology. This theory has been attracting the attention of
many mathematicians and the interest in the subject is still growing. In the last years, the
action of impulses on dynamical systems has been intensively investigated, see for instance,
[1, 6], [8, 16], [18] and the references therein.

In [7], the author develops the theory of autonomous dissipative dynamical systems.
Several types of dissipativity as point, compact, local, bounded and weak one, are given.
The center of Levinson of a compact dissipative dynamical system (X, π,R), where X is
a metric space, is defined. Cheban shows that the Levinson’s center is the least compact
positive invariant set that attracts all compact subsets from X. Moreover, it is proved
in [7] that the center of Levinson is invariant and globally asymptotically stable, see [7,
Theorem 1.6] and [7, Theorem 1.8]. Results giving necessary and sufficient conditions to
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168 E. M. BONOTTO AND D. P. DEMUNER

obtain dissipativity are established, see for instance, Theorems 1.12, 1.13, 1.14, 1.15, 1.16,
1.17, 1.18 and 1.19 in [7].

In this paper, we present a systematical study of autonomous dissipative impulsive semi-
dynamical systems. We consider impulsive semidynamical systems of type (X, π;M, I)
subject to impulse action which varies in time, where X is a metric space, (X,π,R+) is a
semidynamical system, M is a non-empty closed subset of X that denotes the impulsive
set and I : M → X is the impulse function.

We generalize many results of [7] for semidynamical systems with and without impulses.
In some cases, we present different proofs for the results proved in [7]. Let us mention
some of these results. Let (X, π,R) be a dynamical system defined on a metric space X
(the reader should consult [7] for the notations). Consider the following lemma.

[7, Lemma 1.6] Let A ⊂ X and the set
∑+(A) be relatively compact. If the positive

ω−limit satisfies the condition ω(A) ⊂ A, then ω(A) = ∩{πt(A) : t ∈ R}.

Cheban uses the invariance of ω(A) to prove [7, Lemma 1.6]. However, this proof does not
apply for semidynamical systems since ω(A) is only positively invariant in these systems.
We generalize this result for impulsive semidynamical systems and it is stated in Lemma
3.8. When we consider the impulsive set M = ∅ in Lemma 3.8, we have the non-impulsive
case and we can state the following result.

Lemma 1.1. Let (X, π,R+) be a semidynamical system. Let A ⊂ X and the set
∑+(A)

be relatively compact. If ω(A) ⊂ A, then ω(A) = ∩{πt(A) : t ≥ 0}.

We also can use the proof of Lemma 1.1 to prove [7, Lemma 1.6].
In [7], the author considers a compact dissipative dynamical system and he defines the

center of Levinson for this system by

J := ω(K) = ∩{πt(K) : t ∈ R},

where K is a non-empty compact set that is an attractor for compacts subsets from X. It is
proved that J does not depend on the choice of the set K attracting all compact subsets of
the space X. Again, the invariance of limit sets is used to get the result. Our Lemma 3.10
generalizes this result for impulsive semidynamical systems and semidynamical systems
(M = ∅). We can use positive invariance instead of invariance to proof that J does not
depend on the choice of the set K in [7]. Indeed, we can use the proof of Lemma 3.10 by
considering M = ∅.

Let Ω = ∪{ωx : x ∈ X} and set J+(Ω) by

J+(Ω) =
⋂
ε>0

⋂

t≥0

⋃
{π(B(Ω, ε), τ) : τ ≥ t},

see [7] for details. Cheban proved the following corollary.
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[7, Corollary 1.4] If (X, π,R) is point dissipative, Ω 6= ∅ and it is compact, then
Ω ⊂ J+(Ω).

We show that the inclusion Ω ⊂ J+(Ω) holds in general, that is, we do not need the
conditions that (X,π,R) is point dissipative and Ω is compact. By following the proof of
Proposition 3.3 presented in subsection 3.3, we can state:

Proposition 1.1. Let (X,π,R) ((X,π,R+)) be a dynamical system (semidynamical
system). Then Ω ⊂ J+(Ω).

Proposition 3.3 is a version for impulsive semidynamical systems.
Some results from this paper point out other directions to get new proofs for the results

presented in [7], for instance, the proof of Theorem 3.7 gives a different proof to [7, Theorem
1.11]. Furthermore, when we consider our systems with M = ∅, this paper present a theory
of autonomous dissipative semidynamical systems (without impulses).

In the next lines, we describe the organization of the paper and the main results.
In the first part of this paper, we present the basis of the theory of impulsive semidy-

namical systems. We divide section 2 in three parts. In Subsection 2.1, we give some basic
definitions and notations about impulsive semidynamical systems. In Subsection 2.2, we
discuss the continuity of a function which describes the times of meeting impulsive sets.
In Subsection 2.3, we give some additional useful definitions.

The second part of the paper, namely Section 3, concerns the main results. Subsection
3.1 deals with various properties about limit sets. In Subsection 3.2, we define the concept
of several types of dissipativity for the impulsive case (in the sense of [7]). We define the
center of Levinson for a dissipative compact impulsive semidynamical system (X, π;M, I)
and we prove that this center is positively invariant, compact, orbitally stable and it is the
attractor of the family of all compacts of X, see Theorem 3.1. In Theorem 3.4, we prove
that J is globally asymptotically stable.

In Subsection 3.3, we investigate criteria to obtain compact dissipativity. In Theorem 3.6,
we present a version of Ura’s Theorem for impulsive semidynamical systems defined in a
metric space not necessarily locally compact. The results that give necessary and sufficient
conditions to obtain compact dissipativity are presented in Theorem 3.8, Theorem 3.9,
Theorem 3.10 and Theorem 3.11.

Subsection 3.4 deals with local dissipativity. Since compact dissipativity does not imply
in local dissipativity (see Example 3.5), we state sufficient conditions to assure this result,
see Theorems 3.12, 3.13, 3.14 and 3.15.

2. PRELIMINARIES

In this section we present the basic definitions and notations of the theory of impulsive
semidynamical systems. We also include some fundamental results which are necessary for
understanding the basis of the theory.
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2.1. Basic definitions and terminology
Let X be a metric space and R+ be the set of non-negative real numbers. The

triple (X, π,R+) is called a semidynamical system, if the function π : X × R+ → X is
continuous with π(x, 0) = x and π(π(x, t), s) = π(x, t + s), for all x ∈ X and t, s ∈ R+.
We denote such system simply by (X,π). For every x ∈ X, we consider the continuous
function πx : R+ → X given by πx(t) = π(x, t) and we call it the motion of x.

Let (X, π) be a semidynamical system. Given x ∈ X, the positive orbit of x is given by
π+(x) = {π(x, t) : t ∈ R+}. For t ≥ 0 and x ∈ X, we define F (x, t) = {y ∈ X : π(y, t) = x}
and, for ∆ ⊂ [0, +∞) and D ⊂ X, we define

F (D, ∆) = ∪{F (x, t) : x ∈ D and t ∈ ∆}.

Then a point x ∈ X is called an initial point, if F (x, t) = ∅ for all t > 0.
Now we define semidynamical systems with impulse action. An impulsive semidynamical

system (X,π; M, I) consists of a semidynamical system, (X, π), a non-empty closed subset
M of X such that for every x ∈ M , there exists εx > 0 such that

F (x, (0, εx)) ∩M = ∅ and π(x, (0, εx)) ∩M = ∅,

and a continuous function I : M → X whose action we explain below in the description
of the impulsive trajectory of an impulsive semidynamical system. The points of M are
isolated in every trajectory of system (X, π). The set M is called the impulsive set and
the function I is called impulse function. We also define

M+(x) = (π+(x) ∩M) \ {x}.

By [6], Lemma 2.1, the impulsive set M is a meager set in X.
Given an impulsive semidynamical system (X, π;M, I) and x ∈ X such that M+(x) 6= ∅,

it is always possible to find a smallest number s such that the trajectory πx(t) for 0 < t < s
does not intercept the set M . This result is stated next and a proof of it can be found in
[1] and in [14].

Lemma 2.1. Let (X, π;M, I) be an impulsive semidynamical system. Then for every
x ∈ X, there is a positive number s, 0 < s ≤ +∞, such that π(x, t) /∈ M , whenever
0 < t < s, and π(x, s) ∈ M if M+(x) 6= ∅.

Let (X, π; M, I) be an impulsive semidynamical system. By means of Lemma 2.1, it is
possible to define a function φ : X → (0, +∞] in the following manner

φ(x) =

{
s, if π(x, s) ∈ M and π(x, t) /∈ M for 0 < t < s,
+∞, if M+(x) = ∅.

This means that φ(x) is the least positive time for which the trajectory of x meets M .
Thus for each x ∈ X, we call π(x, φ(x)) the impulsive point of x.
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The impulsive trajectory of x in (X, π;M, I) is an X−valued function π̃x defined on the
subset [0, s) of R+ (s may be +∞). The description of such trajectory follows inductively
as described in the following lines.

If M+(x) = ∅, then π̃x(t) = π(x, t), for all t ∈ R+, and φ(x) = +∞. However if
M+(x) 6= ∅, it follows from Lemma 2.1 that there is a smallest positive number s0 such
that π(x, s0) = x1 ∈ M and π(x, t) /∈ M , for 0 < t < s0. Then we define π̃x on [0, s0] by

π̃x(t) =

{
π(x, t), 0 ≤ t < s0

x+
1 , t = s0,

where x+
1 = I(x1) and φ(x) = s0. Let us denote x by x+

0 .
Since s0 < +∞, the process now continues from x+

1 onwards. If M+(x+
1 ) = ∅, then we

define π̃x(t) = π(x+
1 , t − s0), for s0 ≤ t < +∞, and φ(x+

1 ) = +∞. When M+(x+
1 ) 6= ∅,

it follows again from Lemma 2.1 that there is a smallest positive number s1 such that
π(x+

1 , s1) = x2 ∈ M and π(x+
1 , t − s0) /∈ M , for s0 < t < s0 + s1. Then we define π̃x on

[s0, s0 + s1] by

π̃x(t) =

{
π(x+

1 , t− s0), s0 ≤ t < s0 + s1

x+
2 , t = s0 + s1,

where x+
2 = I(x2) and φ(x+

1 ) = s1, and so on. Notice that π̃x is defined on each interval
[tn, tn+1], where tn+1 =

∑n
i=0 si. Hence π̃x is defined on [0, tn+1].

The process above ends after a finite number of steps, whenever M+(x+
n ) = ∅ for some

n. Or it continues infinitely, if M+(x+
n ) 6= ∅, n = 1, 2, 3, . . . , and in this case the function

π̃x is defined on the interval [0, T (x)), where T (x) =
∑∞

i=0 si.
Let (X,π; M, I) be an impulsive semidynamical system. Given x ∈ X, the impulsive

positive orbit of x is defined by the set

π̃+(x) = {π̃(x, t) : t ∈ [0, T (x))}.
Analogously to the non-impulsive case, an impulsive semidynamical system satisfies stan-

dard properties which follow straightforwardly from the definition. See the next proposition
and [2] for a proof of it.

Proposition 2.1. Let (X, π;M, I) be an impulsive semidynamical system and x ∈ X.
The following properties hold:

a)π̃(x, 0) = x,
b)π̃(π̃(x, t), s) = π̃(x, t + s), for all t, s ∈ [0, T (x)) such that t + s ∈ [0, T (x)).

For details about the structure of these types of impulsive semidynamical systems, the
reader may consult [1, 6], [8, 10] and [14, 15].

2.2. Semicontinuity and continuity of φ

The result of this section is borrowed from [8]. It concerns the function φ defined
previously which indicates the moments of impulse action of a trajectory in an impulsive

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



172 E. M. BONOTTO AND D. P. DEMUNER

system. Such result is applied sometimes intrinsically in the proofs of the main theorems
of the next section.

Let (X, π) be a semidynamical system. Any closed set S ⊂ X containing x (x ∈ X) is
called a section or a λ-section through x, with λ > 0, if there exists a closed set L ⊂ X
such that

(a) F (L, λ) = S;
(b) F (L, [0, 2λ]) is a neighborhood of x;
(c) F (L, µ) ∩ F (L, ν) = ∅, for 0 ≤ µ < ν ≤ 2λ.

2λ

λ

π(x, λ)x

LS

q q

Figure 1: The λ-tube F (L, [0, 2λ]).

The set F (L, [0, 2λ]) is called a tube or a λ-tube and the set L is called a bar, see Figure 1.
Let (X,π) be a semidynamical system. We now present the conditions TC and STC for a
tube.

Any tube F (L, [0, 2λ]) given by a section S through x ∈ X such that S ⊂ M∩F (L, [0, 2λ])
is called TC-tube on x. We say that a point x ∈ M fulfills the Tube Condition and
we write (TC), if there exists a TC-tube F (L, [0, 2λ]) through x. In particular, if S =
M ∩ F (L, [0, 2λ]) we have a STC-tube on x and we say that a point x ∈ M fulfills the
Strong Tube Condition (we write (STC)), if there exists a STC-tube F (L, [0, 2λ]) through
x.

The following theorem concerns the continuity of φ which is accomplished outside M for
M satisfying the condition TC. See [8, Theorem 3.8].

Theorem 2.1. Consider an impulsive semidynamical system (X,π;M, I). Assume that
no initial point in (X,π) belongs to the impulsive set M and that each element of M satisfies
the condition (TC). Then φ is continuous at x if and only if x /∈ M .

Remark 2. 1. Suppose the conditions of Theorem 2.1 are true. Although the function
π̃ is not continuous, by the continuity of the impulse function I : M → I(M) and function
φ, we can obtain the following result: Suppose x ∈ X \ M . Given ε > 0, for each
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k = 0, 1, 2, . . . . and t ∈ [0, φ(x+
k )], there is a δk > 0 such that ρ(π(x+

k , t), π(y+
k , t)) < ε

whenever ρ(y+
k , x+

k ) < δk (ρ is a metric in X and x+
0 = x). This result is applied in the

proofs of the main theorems of the next section.

2.3. Additional definitions
Let us consider a metric space X with metric ρ. By B(x, δ) we mean the open ball

with center at x ∈ X and ratio δ > 0. Given A ⊂ X, let B(A, δ) = {x ∈ X : ρ(x,A) < δ}
where ρ(x,A) = inf{ρ(x, y) : y ∈ A}.

Let C(X) be the collection of all compact subsets from X and B(X) be the collection
of all bounded subsets from X.

Let A and B be bounded subsets from X. We denote by β(A,B) the semi-deviation of
A to B, that is, β(A,B) = sup{ρ(a, B) : a ∈ A}.

Let (X, π; M, I) be an impulsive semidynamical system and A ⊂ X. We define π̃+(A, [0, s]) =⋃

x∈A

{π̃(x, t) : 0 ≤ t ≤ s} for s > 0. Also, we define

π̃+(A) =
⋃

x∈A

π̃+(x) and π̃+(A, t) =
⋃

x∈A

π̃(x, t)

for each t ≥ 0. If π̃+(A) ⊂ A, we say that A is positively π̃−invariant.

3. THE MAIN RESULTS

In this section, we present the main results from this paper. We divide this section
in four subsections. In the first one, we present some basic properties of limit sets. In
the second subsection, we define the concept of dissipativity for impulsive semidynamical
systems and we study the center of Levinson for compact dissipative systems. In the third
subsection, we study criteria to obtain compact dissipativity. Finally, in the last one, we
establish necessary and sufficient conditions to obtain local dissipativity.

Throughout this section we shall consider an impulsive semidynamical system
(X, π; M, I), where (X, ρ) is a metric space. Moreover, we shall assume the following
additional hypotheses:

(H1) No initial point in (X, π) belongs to the impulsive set M and each element of M
satisfies the condition (STC), consequently φ is continuous on X \M (see Theorem 2.1).

(H2) M ∩ I(M) = ∅.
(H3) For each x ∈ X, the motion π̃(x, t) is defined for every t ≥ 0, that is, [0, +∞)

denotes the maximal interval of definition of π̃x. By following [14], the impulsive systems
where the motion π̃(x, t) is defined for all t ≥ 0 are the most important and interesting,
and, moreover, in many cases we may restrict ourselves to such systems (because of the
existence of suitable isomorphisms), due to the paper [10].
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3.1. Limit sets

Definition 3.1. Let (X, π; M, I) be an impulsive semidynamical system and A ⊂ X.

The limit set of A is represented by L̃+(A) =
⋂

t≥0

⋃

τ≥t

π̃(A, τ). If A = {x}, we set L̃+(x) =

L̃+({x}).

By the Definition 3.1, we have the following straightforward result.

Lemma 3.1. Let (X, π;M, I) be an impulsive semidynamical system and A ⊂ X. Then

L̃+(A) = {y ∈ X : there exist sequences {xn}n≥1 ⊂ A and {tn}n≥1 ⊂ R+

such that tn
n→+∞−→ +∞ and π̃(xn, tn) n→+∞−→ y}.

Next, we mention an important lemma that will be very useful in the next results. The
reader may consult [2] for a proof.

Lemma 3.2. Given an impulsive semidynamical system (X, π; M, I), suppose w ∈ X \
M and {zn}n≥1 is a sequence in X which converges to the point w. Then, for any t ≥ 0,
there exists a sequence of real numbers {εn}n≥1, with εn

n→+∞−→ 0, such that π̃(zn, t +
εn) n→+∞−→ π̃(w, t).

In Lemma 3.2, when π̃(w, t) 6= w+
j = I(wj) for every j = 1, 2, 3, . . ., the conver-

gence π̃(zn, t + εn) n→+∞−→ π̃(w, t) does not depend on the sequence {εn}n≥1, that is,

π̃(zn, t) n→+∞−→ π̃(w, t), whenever t 6=
k∑

j=0

φ(w+
j ) for every k = 0, 1, 2, .... Recall that

w = w+
0 . We present this fact in the next lemma whose the proof is in [5, Lemma 3.3].

Lemma 3.3. Given an impulsive semidynamical system (X, π; M, I), suppose w ∈ X \
M and {zn}n≥1 is a sequence in X which converges to w. Then, for any t ≥ 0 such that

t 6=
k∑

j=0

φ(w+
j ), k = 0, 1, 2, ..., we have π̃(zn, t) n→+∞−→ π̃(w, t).

It is clear that L̃+(A) is closed in X by the Definition 3.1. In general, the invariance
of L̃+(A) is not true, see Example 3.1 in [3], for instance. The next lemma concerns the
invariance of the limit set and its proof follows the ideas of the proof of [15, Lemma 2.6],
by using Lemma 3.2 above.

Lemma 3.4. Let (X, π;M, I) be an impulsive semidynamical system and A ⊂ X. If
L̃+(A) ∩M = ∅ then L̃+(A) is positively π̃−invariant.
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Analogously to the continuous dynamical systems [7, Lemma 1.3], we have the next
lemma to impulsive semidynamical systems.

Lemma 3.5. Let A ⊂ X. In the impulsive semidynamical system (X, π;M, I) the fol-
lowing conditions are equivalent:

a)for every sequences {xn}n≥1 ⊂ A and {tn}n≥1 ⊂ R+ such that tn
n→+∞−→ +∞, the

sequence {π̃(xn, tn)}n≥1 is relatively compact;
b)L̃+(A) is non-empty, compact and the following equality

lim
t→+∞

sup
x∈A

ρ(π̃(x, t), L̃+(A)) = 0,

holds;
c)there exists a non-empty compact subset K ⊂ X such that

lim
t→+∞

sup
x∈A

ρ(π̃(x, t),K) = 0.

Proof. It is easy to see the implications (b) ⇒ (c) ⇒ (a). The proof that (a) implies (b)
follows similarly as in [7, Lemma 1.3].

Let A ⊂ X be given. In the sequel, we give conditions to obtain the relative compactness
of π̃+(A). But before that, we prove an auxiliary result.

Lemma 3.6. Let A ⊂ X be non-empty and relatively compact. The set π̃(A, [0, `]) is
relatively compact in X for each ` > 0.

Proof. Let {yn}n≥1 ⊂ π̃(A, [0, `]). Then, there are sequences {an}n≥1 ⊂ A and
{tn}n≥1 ⊂ [0, `] such that yn = π̃(an, tn). Since A is relatively compact and {tn}n≥1

is bounded, we may assume without loss of generality that

an
n→+∞−→ a and tn

n→+∞−→ t,

where a ∈ A and t ∈ [0, `]. We have two cases to consider: when a ∈ M and when a /∈ M .
Case 1) a /∈ M . In this case, we need to consider when π̃(a, t) ∈ M and when π̃(a, t) /∈ M .
First, suppose π̃(a, t) /∈ M . If 0 ≤ t < φ(a) then π̃(an, tn) n→+∞−→ π̃(a, t). Let us suppose

t ≥ φ(a). Then there is k ∈ N such that t =
k∑

j=0

φ(a+
j ) + s where 0 < s < φ(a+

k+1). Since φ

is continuous on X \M , we can find a sequence {sn}n≥1 ⊂ R+ such that

tn =
k∑

j=0

φ((an)+j ) + sn,
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n = 1, 2, . . . , and sn
n→+∞−→ s. By the continuity of I we have (an)+k+1

n→+∞−→ a+
k+1,

k = 0, 1, 2, . . ., and

π̃(an, tn) = π((an)+k+1, sn) n→+∞−→ π(a+
k+1, s) = π̃(a, t).

Now, if π̃(a, t) ∈ M , then there is k ∈ N such that t =
k∑

j=0

φ(a+
j ). Here, we need to consider

two cases: when tn ≤ t for infinitely many n and when tn > t for infinitely many n. We
are going to consider without loss of generality the cases: when tn ≤ t for each n ∈ N and
when tn > t for each n ∈ N.

First, suppose tn ≤ t for each n ∈ N. There exists a sequence {sn}n≥1 ⊂ [0, φ(a+
k )] such

that

tn = sn (if k = 0) or tn =
k−1∑

j=0

φ((an)+j ) + sn (if k = 1, 2, . . .),

n = 1, 2, . . . , and sn
n→+∞−→ φ(a+

k ). Then

π̃(an, tn) = π((an)+k , sn) n→+∞−→ π(a+
k , φ(a+

k )) = ak+1.

On the other hand, if tn > t for each n ∈ N, there is a sequence {sn}n≥1 ⊂ R+ such that

tn =
k∑

j=0

φ((an)+j ) + sn,

n = 1, 2, . . . , and sn
n→+∞−→ 0. Then

π̃(an, tn) = π((an)+k+1, sn) n→+∞−→ π(a+
k+1, 0) = a+

k+1.

Case 2) a ∈ M . Since M satisfies the condition STC (see hypothesis (H1)), there exists
a STC-tube F (L, [0, 2λ]) through a given by a section S. Since the tube is a neighborhood
of a, there is η > 0 such that

B(a, η) ⊂ F (L, [0, 2λ]).

Denote A1 and A2 by

A1 = F (L, (λ, 2λ]) ∩B(a, η) and A2 = F (L, [0, λ]) ∩B(a, η).

We need to study the cases when an ∈ A1 for infinitely many n and when an ∈ A2 for
infinitely many n. Again, we are going to consider without loss of generality the cases:
when {an}n≥1 ⊂ A1 and when {an}n≥1 ⊂ A2.
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Let us suppose that {an}n≥1 ⊂ A1. Note that φ(an) n→+∞−→ 0 and I(a) /∈ M by hypothesis
(H2). If π̃(I(a), t) /∈ M and 0 ≤ t < φ(I(a)) then

π̃(an, tn) n→+∞−→ π(I(a), t),

but if t ≥ φ(I(a)), then there is k ∈ N such that t =
k∑

j=0

φ(I(a)+j ) + s, where 0 < s <

φ(I(a)+k+1). Thus, there exists a sequence {sn}n≥1 ⊂ R+ such that

tn =
k+1∑

j=0

φ((an)+j ) + sn,

n = 1, 2, . . . , and sn
n→+∞−→ s. By the continuity of I we have (an)+k+1

n→+∞−→ (I(a))+k ,
k = 0, 1, 2, . . ., and

π̃(an, tn) = π((an)+k+2, sn) n→+∞−→ π(a+
k+1, s).

But, if π̃(I(a), t) ∈ M , then there is k ∈ N such that t =
k∑

j=0

φ(I(a)+j ). As we did before,

we need to study the cases when tn ≤ t for infinitely many n and when tn > t for infinitely
many n. By supposing that tn ≤ t for all n ∈ N, we can find a sequence {sn}n≥1 ⊂ R+

such that

tn =
k∑

j=0

φ((an)+j ) + sn,

n = 1, 2, . . . , and sn
n→+∞−→ φ(I(a)+k ). Then

π̃(an, tn) = π((an)+k+1, sn) n→+∞−→ π(I(a)+k , φ(I(a)+k )) = I(a)k+1.

Analogously, if we assume without loss of generality that tn > t for all n ∈ N, we conclude
that

π̃(an, tn) n→+∞−→ I(a)+k+1.

In the last case, we assume {an}n≥1 ⊂ A2. If π̃(a, t) /∈ M and 0 ≤ t < φ(a) then

π̃(an, tn) n→+∞−→ π(a, t),

but if t ≥ φ(a) then there is k ∈ N such that t =
k∑

j=0

φ(a+
j ) + s, where 0 < s < φ(a+

k+1).

Thus

π̃(an, tn) n→+∞−→ π(a+
k+1, s).
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But, if π̃(a, t) ∈ M , there is k ∈ N such that t =
k∑

j=0

φ(a+
j ). We also have two cases to

consider: If we assume without loss of generality that tn ≤ t for all n ∈ N, then

π̃(an, tn) n→+∞−→ π(a+
k , φ(a+

k )) = ak+1.

If tn > t for all n ∈ N, then

π̃(an, tn) n→+∞−→ a+
k+1.

Therefore, {π̃(an, tn)}n≥1 is convergent and the lemma is complete.

Proposition 3.1. Let A ⊂ X be non-empty and relatively compact. If L̃+(A) is non-
empty, compact and

lim
t→+∞

sup
x∈A

ρ(π̃(x, t), L̃+(A)) = 0,

then π̃+(A) is relatively compact.

Proof. By the statement, given ε > 0 there exists ` = `(ε) > 0 such that

Aε =
⋃

t≥`

π̃(A, t) ⊂ B(L̃+(A), ε).

Then

λ(π̃+(A)) = λ (π̃(A, [0, `]) ∪Aε) = max{λ(π̃(A, [0, `])), λ(Aε)},
where λ(B) denote the measure of non-compactness of Kuratowsky of the set B ∈ B(X),
see [17] for instance. By Lemma 3.6, the set π̃(A, [0, `]) is relatively compact. Thus
λ(π̃(A, [0, `])) = 0 and

λ(π̃+(A)) = λ(Aε) ≤ 2ε.

Hence, λ(π̃+(A)) = 0 and π̃+(A) is relatively compact.

3.2. Dissipative impulsive semidynamical systems and the center of Levinson
We start by defining the concept of dissipativity for an impulsive semidynamical

system. The study of dissipativity for dynamical systems without impulses may be found
in [7].

Definition 3.2. Let M be a family of subsets from X. An impulsive semidynamical
system (X,π; M, I) is called M−dissipative if there exists a set K ⊂ X such that for every
ε > 0 and A ∈ M there exists `(ε, A) > 0 such that π̃(A, t) ⊂ B(K, ε) for all t ≥ `(ε, A). In
this case, the set K is called an attractor of the family M.
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By following [7], the most important applications occur when K is bounded or compact
and M = {{x} : x ∈ X}, or M = C(X), or M = {B(x, δx) : x ∈ X, δx > 0} or
M = B(X). From now, we are going to consider M = {{x} : x ∈ X} and we shall drop
out the symbol M.

In the sequel, we define some types of dissipativity for impulsive semidynamical systems.

Definition 3.3. An impulsive semidynamical system (X, π; M, I) is called:

1. point dissipative if there exists a subset K ⊂ X with K ∩M = ∅ such that for every
x ∈ X the limit

lim
t→+∞

ρ(π̃(x, t),K) = 0 (1)

holds;
2. compact dissipative if the equality (1) takes place uniformly with respect to x on the

compact subsets from X;
3. locally dissipative if for any point x ∈ X there exists δx > 0 such that the equality

(1) takes place uniformly with respect to y ∈ B(x, δx);
4. bounded dissipative if the equality (1) takes place uniformly with respect to x on

every bounded subset from X.

Definition 3.4. If K is compact in the Definition 3.3, the impulsive system (X, π;M, I)
will be called k−dissipative.

The next result says that an impulsive semidynamical system is compact k−dissipative
whenever it is local k−dissipative. The reader may see [7, Lemma 1.5] for a proof.

Lemma 3.7. Let (X, π;M, I) be a local k−dissipative system, then it is compact k−dissi-
pative.

From the Definition 3.3 and Lemma 3.7, we have the following implications

bounded dissipativity ⇒ local dissipativity ⇒ compact dissipativity ⇒

⇒ point dissipativity.

We shall show that point dissipativity does not imply in local dissipativity in general. We
will present an example to show this fact in the last subsection.

Next, we are going to define the center of Levinson of an impulsive semidynamical system.
Before that, we present some auxiliaries results.

Lemma 3.8. Let A ⊂ X be a set such that π̃+(A) is relatively compact. If A ∩M = ∅
and L̃+(A) ⊂ A, then

L̃+(A) = ∩{π̃(A, t) : t ≥ 0}.
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Proof. By the definition of L̃+(A) it is enough to prove that L̃+(A) ⊂ ∩{π̃(A, t) : t ≥
0}. Let y ∈ L̃+(A) and t ≥ 0 arbitrary. Thus there exist sequences {xn}n≥1 in A and
{tn}n≥1 ⊂ R+ such that tn

n→+∞−→ +∞ and

π̃(xn, tn) n→+∞−→ y. (2)

Take a positive integer n0 such that tn > t for all n > n0. Since π̃(xn, tn − t) ∈ π̃+(A) for
n > n0 and π̃+(A) is relatively compact, we may assume that

π̃(xn, tn − t) n→+∞−→ p,

for some p ∈ π̃+(A). Note that p ∈ L̃+(A) because tn − t
n→+∞−→ +∞.

Since L̃+(A) ⊂ A and A is relatively compact, we have L̃+(A) compact. By the condition
A ∩M = ∅, it follows that L̃+(A) is positively π̃−invariant (see Lemma 3.4) and there is
η > 0 such that B(L̃+(A), η) ∩M = ∅. Then

π̃(a, t) = π(a, t) ∈ L̃+(A)

for all a ∈ L̃+(A) and for all t ≥ 0, that is, φ(a) = +∞ for all a ∈ L̃+(A). By Lemma 3.3
we have

π̃(π̃(xn, tn − t), t) n→+∞−→ π̃(p, t),

that is,

π̃(xn, tn) n→+∞−→ π̃(p, t). (3)

By (2) and (3), we get y = π̃(p, t) ∈ π̃(A, t). Since t is arbitrary, y ∈ π̃(A, t) for all t ≥ 0.
The proof is complete.

Let (X, π; M, I) be compact k−dissipative and K be a non-empty compact set such that
K ∩M = ∅ and it is an attractor for all compact subsets from X. Then for every compact
A ⊂ X the equality

lim
t→+∞

sup
x∈A

ρ(π̃(x, t), K) = 0 (4)

holds. By Lemma 3.5, we have L̃+(A) non-empty, compact and

lim
t→+∞

sup
x∈A

ρ(π̃(x, t), L̃+(A)) = 0.

Thus by Proposition 3.1 the set π̃+(A) is relatively compact. By taking A = K in (4) we
get L̃+(K) ⊂ K and π̃+(K) is relatively compact, and consequently by using Lemma 3.8
it follows that L̃+(K) = ∩{π̃(K, t) : t ≥ 0}. Let us denote J by

J := L̃+(K) = ∩{π̃(K, t) : t ≥ 0}.
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By using the previous information, we can state the following result.

Lemma 3.9. Let (X, π;M, I) be compact k−dissipative and K be a non-empty compact
set such that K ∩M = ∅ and it is an attractor for all compact subsets from X. Then, for
all A ∈ C(X) we have:

a)L̃+(A) is non-empty, positively π̃−invariant and compact;
b) lim

t→+∞
sup
x∈A

ρ(π̃(x, t), L̃+(A)) = 0;

c)L̃+(A) ⊂ K;
d)π̃+(A) is relatively compact.

In the next lemma, we show that the set J is well-defined.

Lemma 3.10. The set J does not depend on the choice of the set K which attracts all
compact subsets of X and K ∩M = ∅.

Proof. Let J(K) = L̃+(K) and J(K1) = L̃+(K1), where K1 is another compact set
attracting all compact subsets from X such that K1 ∩M = ∅. By using Lemma 3.9 with
the set K and with the set K1, separately, we get

J(K) = L̃+(K) ⊂ K, J(K1) = L̃+(K1) ⊂ K1, J(K) ⊂ K1 and J(K1) ⊂ K. (5)

Now, we claim that J(K) ⊂ π̃(J(K), t) for all t ≥ 0. In fact, let y ∈ J(K) and t ≥ 0.
Then there exist sequences {xn}n≥1 ⊂ K and {tn}n≥1 ⊂ R+ such that tn

n→+∞−→ +∞ and

π̃(xn, tn) n→+∞−→ y. (6)

Note that there is n0 > 0 such that tn > t for all n > n0. Thus π̃(xn, tn) = π̃(π̃(xn, tn−t), t)
for all n > n0. By the compactness of π̃+(K) (see Lemma 3.9) we may assume

π̃(xn, tn − t) n→+∞−→ b,

where b ∈ L̃+(K) because {xn}n≥1 ⊂ K and tn − t
n→+∞−→ +∞. By Lemma 3.9, the set

L̃+(K) is positively π̃−invariant, compact and L̃+(K) ∩M = ∅. Then there is η > 0 such
that B(L̃+(K), η) ∩M = ∅ and we can conclude that

π̃(a, s) = π(a, s) ∈ L̃+(K),

for all a ∈ L̃+(K) and for all s ≥ 0. Thus, by Lemma 3.3 we have

π̃(π̃(xn, tn − t), t) n→+∞−→ π̃(b, t),
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that is,

π̃(xn, tn) n→+∞−→ π̃(b, t). (7)

By (6) and (7), it follows that y = π̃(b, t) ∈ π̃(J(K), t) and the assertion follows. By using
a similar proof we have J(K1) ⊂ π̃(J(K1), t) for all t ≥ 0.

Finally, we can conclude that J(K) = J(K1). In fact, by equation (5) we have J(K) ⊂
K1, then

π̃(J(K), t) ⊂ π̃(K1, t),

for all t ≥ 0. As we proved above, we have J(K) ⊂ π̃(J(K), t) for each t ≥ 0. Therefore,

J(K) ⊂ ∩{π̃(J(K), t) : t ≥ 0} ⊂ ∩{π̃(K1, t) : t ≥ 0} = J(K1).

Analogously, we obtain that J(K1) ⊂ J(K) and the lemma is proved.

Definition 3.5. The set J defined above by J = L̃+(K) will be called the center of
Levinson of the compact k−dissipative impulsive semidynamical system (X,π; M, I).

Example 3.1. Let us consider the Example 3.17 from [6]. Consider the space X =
R2 × {0, 1} and the dynamical system

{
ẋ = −x
ẏ = −y,

on R2 × {0} and R2 × {1}, independently. Now let M0 = {(x, y, z) ∈ R3 : x2 + y2 =
1, z = 0}, M1 = {(x, y, z) ∈ R3 : x2 + y2 = 1/4, z = 1} and consider the impulsive set
M = M0 ∪M1. We define the impulse function I by I(x, y, 0) = (x, y, 1) for (x, y, 0) ∈ M0

and I(x, y, 1) = (x, y, 0) for (x, y, 1) ∈ M1. Then (X, π;M, I) is compact k−dissipative and
J = {(0, 0, 0), (0, 0, 1)} is its center of Levinson.

The next definitions are established from the non-impulsive case in the sense of [7].

Definition 3.6. Let (X, π; M, I) be an impulsive semidynamical system. The sta-
ble manifold of set A ⊂ X in the impulsive system is defined by W̃ s(A) = {x ∈ X :
lim

t→+∞
ρ(π̃(x, t), A) = 0}.

Definition 3.7. A set A in (X, π;M, I) is said to be:

1. orbitally π̃−stable, if given ε > 0 there is δ = δ(ε) > 0 such that ρ(x,A) < δ implies
ρ(π̃(x, t), A) < ε for all t ≥ 0;

2. π̃−attracting, if there exists γ > 0 such that B(A, γ) ⊂ W̃ s(A);
3. asymptotically π̃−stable, if it is orbitally π̃−stable and π̃−attracting;
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4. globally asymptotically π̃−stable, if it is asymptotically π̃−stable and W̃ s(A) = X;
5. uniform π̃−attracting, if there is γ > 0 such that lim

t→+∞
sup

x∈B(A,γ)

ρ(π̃(x, t), A) = 0.

The next theorem concerns the compactness, positive invariance, orbital stability and
attraction of the center of Levinson.

Theorem 3.1. Let (X, π;M, I) be compact k−dissipative and J be its center of Levinson.
Then:

a)J is a compact positively π̃−invariant set;
b)J is orbitally π̃−stable;
c)J is the attractor of the family of all compacts of X;
d)J is the maximal compact positively π̃−invariant set in (X,π; M, I) such that J ⊂

π̃(J, t) for each t ≥ 0.

Proof. Let J = L̃+(K) where K is the non-empty compact attractor of all compact
subsets from X such that K ∩M = ∅.

a) It follows by Lemma 3.9.
b) Suppose the contrary, then there are ε0 > 0, δn

n→+∞−→ 0 (δn > 0), xn ∈ B(J, δn) and
tn

n→+∞−→ +∞ (tn > 0) such that

ρ(π̃(xn, tn), J) ≥ ε0,

for each n ∈ N. Since xn ∈ B(J, δn), δn
n→+∞−→ 0 and J is compact, we can assume without

loss of generality that the sequence {xn}n≥1 is convergent. Let x its limit and consider the
compact set A = {x, x1, x2, . . .}. By Lemma 3.9, L̃+(A) is non-empty, compact and π̃+(A)
is relatively compact.

By the compactness of K, there is ε > 0 such that B(K, ε) ∩M = ∅ and by the compact
dissipativity of (X, π;M, I), there is ` = `(ε) > 0 such that

π̃(A, t) ⊂ B(K, ε) for all t ≥ `.

Let B = π̃+(π̃(A, `)). Then B ∩ M = ∅ and B is compact because π̃+(A) is relatively
compact. Let K ′ = K ∪ B, then K ′ is an attractor for the family of all compacts from
X such that K ′ ∩ M = ∅. By Lemma 3.10, L̃+(K ′) = L̃+(K) = J . In particular,
L̃+(B) ⊂ L̃+(K ′) = J . By compactness of B the sequence {π̃(xn, tn)}n≥1 can be consid-
ered convergent. Let p = lim

n→+∞
π̃(xn, tn). Then,

p = lim
n→+∞

π̃(π̃(xn, `), tn − `)

and p ∈ L̃+(B) ⊂ J . On the other hand, the inequality ρ(π̃(xn, tn), J) ≥ ε0, n ∈ N, implies
that p /∈ J and it is a contradiction.
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c) Let A ∈ C(X). By Lemma 3.9 we have π̃+(A) relatively compact, L̃+(A) compact and
L̃+(A)∩M = ∅. By the compactness of L̃+(A) there is ε > 0 such that B(L̃+(A), ε)∩M = ∅.
By item b) of Lemma 3.9, there is ` = `(ε) > 0 such that

π̃(A, t) ⊂ B(L̃+(A), ε) (8)

for all t ≥ `. Let B = π̃+(π̃(A, `)). Then B ∩M = ∅ and B ⊂ π̃+(A) is compact.

Define K ′ = K ∪ B, then K ′ is an attractor for the family of all compacts from X such
that K ′ ∩M = ∅. Then L̃+(K ′) = L̃+(K) = J (see Lemma 3.10) and

L̃+(B) ⊂ L̃+(K ′) = J.

Since π̃(A, `) ⊂ B, we have L̃+(A) ⊂ L̃+(B). In fact, let z ∈ L̃+(A), then there are
sequences {an}n≥1 ⊂ A and tn

n→+∞−→ +∞ such that

π̃(an, tn) n→+∞−→ z,

that is,

π̃(π̃(an, `), tn − `) n→+∞−→ z.

Since π̃(an, `) ∈ π̃(A, `) ⊂ B, n = 1, 2, . . ., and tn − `
n→+∞−→ +∞, we have z ∈ L̃+(B).

Therefore,

L̃+(A) ⊂ J

and hence by using (8) we have

β(π̃(A, t), J) ≤ β(π̃(A, t), L̃+(A)) < ε,

for all t ≥ `, that is, lim
t→+∞

β(π̃(A, t), J) = 0.

d) Let J1 be a compact positively π̃−invariant set such that J1 ⊂ π̃(J1, t) for all t ≥ 0.
By the positive π̃−invariance of J1 we have π̃(J1, t) ⊂ J1 for all t ≥ 0. Then J1 = π̃(J1, t)
for all t ≥ 0. The proof that J1 ⊂ J is the same proof presented in item (4) of [7, Theorem
1.6].

Let {Kλ : λ ∈ Λ} be the family of all non-empty compact positively π̃−invariant sets
that attract all compact subsets from X. Also, we assume that Kλ ∩M = ∅ for all λ ∈ Λ.

Theorem 3.2. Let (X,π; M, I) be a compact k−dissipative semidynamical system with
impulses and J be its center of Levinson. Then

J = ∩{Kλ : λ ∈ Λ},

that is, J is the least compact positively π̃−invariant set attracting all compacts from X.
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Proof. Note that J = L̃+(Kλ) ⊂ Kλ, for all λ ∈ Λ. On the other hand, since J attracts
all compacts from X and it is non-empty, positively π̃−invariant with J ∩M = ∅, then J ∈
{Kλ : λ ∈ Λ}. Hence, the lemma is proved.

Theorem 3.3. Let A be a non-empty compact positively π̃−invariant asymptotically
π̃−stable set. Suppose I(W̃ s(A)) ⊂ W̃ s(A). Then the following statements hold:

a)the domain of attraction W̃ s(A) of the set A is open in X;
b)the equality

lim
t→+∞

β(π̃(K, t), A) = 0,

takes place for every compact K from W̃ s(A).

Proof.

a) Since A is π̃−attracting, there is γ > 0 such that B(A, γ) ⊂ W̃ s(A). It is enough to
prove that for each point x ∈ W̃ s(A)\B(A, γ), there is δx > 0 such that B(x, δx) ⊂ W̃ s(A).
Let x ∈ W̃ s(A)\B(A, γ) and 0 < ε < γ. By the orbital stability of A, there is δ = δ(ε) > 0
such that π̃(B(A, δ), [0, +∞)) ⊂ B(A, ε). By the other side, there is t1 = t1(x, ε) > 0 with
t1 6= φ(x+

k ), k = 0, 1, 2, . . ., such that

π̃(x, t1) ∈ B(A, δ).

Then, there is ν > 0 such that B(π̃(x, t1), ν) ⊂ B(A, δ). We have two cases to consider:
when x ∈ M and otherwise.

First, suppose x /∈ M . By the continuity of π and I, there is ν1 > 0 such that

π̃(B(x, ν1), t1) ⊂ B(π̃(x, t1), ν) ⊂ B(A, δ).

By the orbital stability, π̃(B(x, ν1), t) ⊂ B(A, ε) for all t ≥ t1(x, ε). Hence, B(x, ν1) ⊂
W̃ s(A).

Second, suppose x ∈ M . Since M satisfies the condition STC (by hypothesis (H1)),
there exists a STC-tube F (L, [0, 2λ]) through x given by a section S. Since the tube is a
neighborhood of x, there is η > 0 such that

B(x, η) ⊂ F (L, [0, 2λ]).

Denote H1 and H2 by

H1 = F (L, (λ, 2λ]) ∩B(x, η) and H2 = F (L, [0, λ]) ∩B(x, η).
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By the continuity of π and I, we can obtain η1 > 0, η1 < η, such that

π̃(B(x, η1) ∩H2, t1) ⊂ B(π̃(x, t1), ν) ⊂ B(A, δ).

On the other hand, note that I(x) ∈ W̃ s(A) \M because I(W̃ s(A)) ⊂ W̃ s(A) and we have
hypothesis (H2). Thus, there is t2 = t2(x, ε) > 0 with t2 6= φ(I(x)+k ), k = 0, 1, 2, . . ., such
that

π̃(I(x), t2) ∈ B(A, δ).

Then, there is ν2 > 0 such that B(π̃(I(x), t2), ν2) ⊂ B(A, δ). As we did before, there is
η2 > 0, η2 < η, such that

π̃(B(x, η2) ∩H1, t2) ⊂ B(π̃(I(x), t2), ν2) ⊂ B(A, δ).

By taking η3 < min{η1, η2}, it follows by the orbital stability that

π̃(B(x, η3), t) ⊂ B(A, ε)

for all t ≥ max{t1(x, ε), t2(x, ε)}. Thus, we can conclude that B(x, η3) ⊂ W̃ s(A).

Therefore, W̃ s(A) is open in X.
b) Since A is π̃−attracting, there is γ > 0 such that B(A, γ) ⊂ W̃ s(A). Let ε > 0, ε < γ,

and K be a compact from W̃ s(A). For the number ε > 0 we choose δ = δ(ε) > 0 taking
in account the stability of A. Since A attracts points from W s(A), given x ∈ K there is
t(x, ε) > 0 such that

π̃(x, t) ∈ B(A, δ),

for all t ≥ t(x, ε). By using the same ideas from item a), we can find ρ = ρ(x, ε) > 0 and
T (x, ε) such that

π̃(B(x, ρ), t) ⊂ B(A, ε),

for all t ≥ T (x, ε). The result follows by the compactness of K, the reader may consult [7,
Lemma 1.8] for a proof.

If A is globally asymptotically π̃−stable in Theorem 3.3, we can drop out the condition
I(W̃ s(A)) ⊂ W̃ s(A) as show the next result.

Corollary 3.1. Let A be a non-empty compact positively π̃−invariant globally asymp-
totically π̃−stable set. Then W̃ s(A) is open in X and the limit lim

t→+∞
β(π̃(K, t), A) = 0

takes place for every compact K from W̃ s(A).

Denote by {Hλ : λ ∈ Λ} the family of all non-empty compact positively π̃−invariant
and globally asymptotically π̃−stable sets from X.
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Theorem 3.4. Let (X, π;M, I) be compact k−dissipative and J be its center of Levinson.
Then J = ∩{Hλ : λ ∈ Λ}.

For a proof of Theorem 3.4, use Theorem 3.2, Corollary 3.1 and the proof of [7, Theorem
1.8].

Theorem 3.5. Let (X, π; M, I) be compact k−dissipative and K be a non-empty compact
positive π̃−invariant set from X. Suppose K ⊂ π̃(K, t) for all t ≥ 0 and K ∩M = ∅. Then
the following statements are equivalents:

a)K is the center of Levinson of (X, π;M, I);
b)K is globally asymptotically π̃−stable;
c)K is maximal compact positively π̃−invariant set in X such that K ⊂ π̃(K, t) for all

t ≥ 0.

Proof. By using Theorem 3.1 and Theorem 3.4 we get the result. The reader may see [7,
Theorem 1.9].

3.3. Criteria of compact dissipativity

Let Ω = ∪{L̃+(x) : x ∈ X}. Let (X,π; M, I) be a compact k−dissipative impulsive
semidynamical system and J be its Levinson’s center. By Theorem 3.1, we have L̃+(x) ⊂ J
for all x ∈ X, and therefore Ω ⊂ J .

Given A ⊂ X, we define D̃+(A) and J̃+(A) by

D̃+(A) =
⋂
ε>0

⋃
{π̃(B(A, ε), t) : t ≥ 0}

and

J̃+(A) =
⋂
ε>0

⋂

t≥0

⋃
{π̃(B(A, ε), τ) : τ ≥ t}.

We also define D̃+(x) = D̃+({x}) and J̃+(x) = J̃+({x}) for each x ∈ X. From the
definition of these sets, we have the following straightforward result.

Lemma 3.11. The following statements hold:

a)y ∈ J̃+(A) if and only if there exist sequences {xn}n≥1 ⊂ X and {tn}n≥1 ⊂ R+ such
that ρ(xn, A) n→+∞−→ 0, tn

n→+∞−→ +∞ and π̃(xn, tn) n→+∞−→ y;
b)y ∈ D̃+(A) if and only if there exist sequences {xn}n≥1 ⊂ X and {tn}n≥1 ⊂ R+ such

that ρ(xn, A) n→+∞−→ 0 and π̃(xn, tn) n→+∞−→ y;
c)the sets D̃+(A) and J̃+(A) are closed;
d)If J̃+(A) ∩M = ∅ then J̃+(A) is positively π̃−invariant;
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e)If D̃+(A) ∩M = ∅ then D̃+(A) is positively π̃−invariant.

In [15], Kaul considers an impulsive semidynamical system (Ω, π̃), where Ω ⊂ X is an
open set in a metric space X and the continuous impulse function I is defined on the
boundary ∂Ω of Ω in X and takes values in Ω. He proves that D̃+(x) = π̃+(x)∪ J̃+(x) for
each x ∈ Ω (see [15, Lemma 2.11]). We also have this result as show the next lemma.

Lemma 3.12. Given x ∈ X, we have D̃+(x) = π̃+(x) ∪ J̃+(x).

Proof. It is enough to prove that D̃+(x) ⊂ π̃+(x) ∪ J̃+(x). Let y ∈ D̃+(x), then there
are sequences {wn}n≥1 ⊂ X, {tn}n≥1 ⊂ R+ such that wn

n→+∞−→ x and

π̃(wn, tn) n→+∞−→ y.

If tn
n→+∞−→ +∞ then y ∈ J̃+(x). In contrary, {tn}n≥1 admits a convergent subsequence,

we say

tn`

`→+∞−→ t,

where t ≥ 0. Then π̃(wn`
, tn`

) `→+∞−→ y.
By following the proof of Lemma 3.6, we conclude that the sequence {π̃(wn`

, tn`
)}`≥1

converges to a point in π̃+(x).
Therefore, y ∈ π̃+(x) ∪ J̃+(x) and the result is proved.

For any subset A ⊂ X we have ∪{D̃+(a) : a ∈ A} ⊂ D̃+(A) and ∪{J̃+(a) : a ∈ A} ⊂
J̃+(A). The equality does not hold in general as show the next example.

Example 3.2. Consider the impulsive differential system in R2 given by





ẋ1 = −x1

ẋ2 = x2

I : M → N,

where M = {(3, x2) ∈ R2 : x2 ∈ R}, N = {(2, x2) ∈ R2 : x2 ∈ R} and the impulse function
assigns to every point x ∈ M a point y ∈ N which is on the ray joining x to the origin in
R2. Let A = {(x1, 0) ∈ R2 : 2 < x1 < 4}. For any a ∈ A we have

D̃+(a) = π̃+(a) ∪ {(0, x2) ∈ R2 : x2 ∈ R}.

Then,

∪{D̃+(a) : a ∈ A} = {(x1, 0) ∈ R2 : 0 < x1 < 4} ∪ {(0, x2) ∈ R2 : x2 ∈ R}.
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On the other hand,

D̃+(A) = {(x1, 0) ∈ R2 : 0 < x1 ≤ 4} ∪ {(0, x2) ∈ R2 : x2 ∈ R}.

Note that (4, 0) ∈ D̃+(A) because given {(xn, 0)}n≥1 ⊂ R2 and {tn}n≥1 ⊂ R+ such that
xn

n→+∞−→ 4 and tn
n→+∞−→ 0, we have

π̃((xn, 0), tn) n→+∞−→ (4, 0).

Thus, ∪{D̃+(a) : a ∈ A}  D̃+(A).

However, if A is compact we have the equality as show the next proposition.

Proposition 3.2. If the set A ⊂ X is compact, then D̃+(A) = ∪{D̃+(a) : a ∈ A} and
J̃+(A) = ∪{J̃+(a) : a ∈ A}.

Proof. Let x ∈ D̃+(A) (J̃+(A)). Then there exist sequences {tn}n≥1 ⊂ R+ (tn
n→+∞−→

+∞), {xn}n≥1 ⊂ X such that ρ(xn, A) n→+∞−→ 0 and π̃(xn, tn) n→+∞−→ x. Since A is compact,
we may assume

xn
n→+∞−→ y ∈ A.

Then x ∈ D̃+(y) ⊂ ∪{D̃+(a) : a ∈ A} (x ∈ J̃+(y) ⊂ ∪{J̃+(a) : a ∈ A}).
Next, we prove that Ω ⊂ J̃+(Ω). But before that, we present an auxiliary result.

Lemma 3.13. Let x /∈ M and y ∈ L̃+(x), then J̃+(x) ⊂ J̃+(y).

Proof. Let y ∈ L̃+(x) and take z ∈ J̃+(x), then there are sequences {tn}n≥1 ⊂ R+,
{τn}n≥1 ⊂ R+ and {xn}n≥1 ⊂ X where tn

n→+∞−→ +∞, τn
n→+∞−→ +∞, xn

n→+∞−→ x,
π̃(x, tn) n→+∞−→ y and π̃(xn, τn) n→+∞−→ z. We may assume without loss of generality that
{τn}n≥1 and {tn}n≥1 are increasing sequences and τn − tn ≥ n for all n ∈ N.

For each fixed tk, k = 1, 2, . . ., it follows by Lemma 3.2 that there is a sequence {εk
n}n≥1 ⊂

R, εk
n

n→+∞−→ 0 such that

π̃(xn, tk + εk
n) n→+∞−→ π̃(x, tk).

Thus for each natural k > 0 there exists nk ≥ k such that

ρ(π̃(xnk
, tk + εk

nk
), π̃(x, tk)) ≤ 1

k
.

Note that

ρ(y, π̃(xnk
, tk + εk

nk
)) ≤ ρ(y, π̃(x, tk)) + ρ(π̃(x, tk), π̃(xnk

, tk + εk
nk

)) ≤ ρ(y, π̃(x, tk)) +
1
k

.
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Then π̃(xnk
, tk + εk

nk
) k→+∞−→ y because π̃(x, tk) k→+∞−→ y. Since

π̃(xnk
, τnk

) = π̃(π̃(xnk
, tk + εk

nk
), τnk

− tk − εk
nk

) k→+∞−→ z,

π̃(xnk
, tk+εk

nk
) k→+∞−→ y and τnk

−tk−εk
nk

k→+∞−→ +∞ (because τnk
−tk−εk

nk
≥ τk−tk−εk

nk
),

we have z ∈ J̃+(y).

In [7, Corollary 1.4], the author shows that if the dynamical system (X,π) is point
k−dissipative, Ω 6= ∅ and Ω is compact, then Ω ⊂ J+(Ω). In Proposition 3.3 below, we
show that we do not need any hypothesis to get this result. Consequently, we improve the
result presented in [7, Corollary 1.4].

Proposition 3.3. The inclusion Ω ⊂ J̃+(Ω) holds.

Proof. Let us prove that ∪{L̃+(x) : x ∈ X} ⊂ J̃+(Ω). Indeed, let y ∈ ∪{L̃+(x) : x ∈
X}, then y ∈ L̃+(x) for some x ∈ X.

First suppose x /∈ M . Since y ∈ L̃+(x) it follows by Lemma 3.13 that J̃+(x) ⊂ J̃+(y).
Since y ∈ Ω then J̃+(y) ⊂ J̃+(Ω). Thus

y ∈ L̃+(x) ⊂ J̃+(x) ⊂ J̃+(y) ⊂ J̃+(Ω).

Now suppose x ∈ M . Let λ > 0 such that π̃(x, λ) = π(x, λ) := z /∈ M . We note that
L̃+(x) ⊂ L̃+(z) because if w ∈ L̃+(x), there is a sequence tn

n→+∞−→ +∞ (tn > 0) such that
π̃(x, tn) n→+∞−→ w. Then π̃(z, tn − λ) n→+∞−→ w and w ∈ L̃+(z). Consequently,

y ∈ L̃+(x) ⊂ L̃+(z) ⊂ J̃+(z) ⊂ J̃+(y) ⊂ J̃+(Ω),

where the inclusion J̃+(z) ⊂ J̃+(y) follows by Lemma 3.13, since z /∈ M and y ∈ L̃+(z).
Since J̃+(Ω) is closed, the result follows.

Proposition 3.4. If the impulsive semidynamical system (X, π;M, I) is point k−dissi-
pative and D̃+(Ω) (J̃+(Ω)) is compact such that D̃+(Ω) ∩M = ∅ (J̃+(Ω) ∩M = ∅), then
D̃+(Ω) = D̃+(D̃+(Ω)) (J̃+(Ω) = J̃+(J̃+(Ω))).

Proof. Since Ω ⊂ D̃+(Ω) we have D̃+(Ω) ⊂ D̃+(D̃+(Ω)). Let us show the other set
inclusion. By the compactness of D̃+(Ω), given y ∈ D̃+(D̃+(Ω)) there is x ∈ D̃+(Ω) such
that y ∈ D̃+(x), see Proposition 3.2.

By Lemma 3.11 we have D̃+(Ω) positively π̃−invariant. Since D̃+(Ω) is compact, pos-
itively π̃−invariant and x ∈ D̃+(Ω) it follows that π̃+(x) ⊂ D̃+(Ω), L̃+(x) 6= ∅ and
L̃+(x) ⊂ D̃+(Ω). Let z ∈ L̃+(x), then by Lemma 3.13 it follows

J̃+(x) ⊂ J̃+(z).

Publicado pelo ICMC-USP
Sob a supervisão da CPq/ICMC



AUTONOMOUS DISSIPATIVE SEMIDYNAMICAL SYSTEMS WITH IMPULSES 191

Now, by the compactness of Ω we have J̃+(Ω) = ∪{J̃+(w) : w ∈ Ω}. Therefore, J̃+(z) ⊂
J̃+(Ω) and

y ∈ D̃+(x) = π̃+(x) ∪ J̃+(x) ⊂ D̃+(Ω) ∪ J̃+(z) ⊂ D̃+(Ω) ∪ J̃+(Ω) ⊂ D̃+(Ω).

We can prove that J̃+(Ω) = J̃+(J̃+(Ω)) by using the same ideas. We note that by Propo-
sition 3.3 we have Ω ⊂ J̃+(Ω) and then J̃+(Ω) ⊂ J̃+(J̃+(Ω)).

When the metric space X is locally compact, a compact set A is orbitally π̃−stable if and
only if D̃+(A) = A. This result is an impulsive version of the Theorem of Ura and a proof
of it may be found in [9]. Theorem 3.6 deals with this result for compact k−dissipative
systems where X is not necessarily locally compact.

Theorem 3.6. Let (X, π; M, I) be compact k−dissipative. The compact set A ⊂ X is
orbitally π̃−stable if and only if D̃+(A) = A.

Proof. Let us prove the necessary condition. It is enough to prove that D̃+(A) ⊂ A.
Let z ∈ D̃+(A). Since A is compact it follows by Proposition 3.2 that there is x ∈ A such
that z ∈ D̃+(x). Then there are sequences {xn}n≥1 ⊂ X, {tn}n≥1 ⊂ R+ with xn

n→+∞−→ x
and

π̃(xn, tn) n→+∞−→ z.

Since A is orbitally π̃−stable, given ε > 0 there is δ = δ(ε) > 0 such that

π̃(B(A, δ), [0, +∞)) ⊂ B(A, ε).

Then, for n sufficiently large, we have π̃(xn, tn) ∈ B(A, ε) and then

z ∈ B(A, ε).

Since ε > 0 is arbitrary, we have z ∈
⋂
ε>0

B(A, ε) = A = A. Therefore, D̃+(A) = A.

Let us prove the sufficient condition. Suppose A is not orbitally π̃−stable. Then there
are ε0 > 0, δn

n→+∞−→ 0 (δn > 0), xn ∈ B(A, δn) and tn
n→+∞−→ +∞ (tn > 0) such that

ρ(π̃(xn, tn), A) ≥ ε0, (9)

n ∈ N. We may assume that xn
n→+∞−→ x ∈ A. By Lemma 3.9 the set π̃+(B) is relatively

compact, where B = {x, x1, x2, . . .}. Consequently, we may assume {π̃(xn, tn)}n≥1 conver-
gent with limit y. Since xn

n→+∞−→ x ∈ A, we have y ∈ D̃+(A) = A. But by (9) we have y /∈
A and it is a contradiction.

Proposition 3.5. If (X, π; M, I) is compact k−dissipative, then D̃+(Ω) = D̃+(D̃+(Ω))
(J̃+(Ω) = J̃+(J̃+(Ω))).
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Proof. Let J be the Levinson’s center of (X,π; M, I). By Theorems 3.1 and 3.6 we
have

D̃+(J) = J.

Note that D̃+(Ω) ⊂ D̃+(J) = J because Ω ⊂ J . Since J is compact and D̃+(Ω) is closed
we have D̃+(Ω) compact. On the other hand, since D̃+(Ω) ⊂ J and J ∩M = ∅ it follows
D̃+(Ω) ∩M = ∅. The result follows by Proposition 3.4.

To prove the other equality J̃+(Ω) = J̃+(J̃+(Ω)) it is enough to note that J̃+(Ω) ⊂
D̃+(Ω) ⊂ J .

If the impulsive semidynamical system is compact k−dissipative, we can show that its
center of Levinson is the set J̃+(Ω). See Theorem 3.7.

Theorem 3.7. If the impulsive semidynamical system (X, π; M, I) is compact k−dissipa-
tive, then J = J̃+(Ω).

Proof. Since Ω ⊂ J we have J̃+(Ω) ⊂ J̃+(J) ⊂ D̃+(J) = J . Let us show that
J ⊂ J̃+(Ω). In fact, note that J̃+(Ω) is non-empty (Ω ⊂ J̃+(Ω) by Proposition 3.3),
compact (because J̃+(Ω) is closed and J is compact) and positively π̃−invariant (because
J̃+(Ω) ⊂ J and J ∩M = ∅).

Now, we are going to show that J̃+(Ω) is globally asymptotically π̃−stable. First, let
us prove that it is orbitally π̃−stable. Since J̃+(Ω) ⊂ D̃+(J̃+(Ω)) we need just to prove
the another set inclusion and use Theorem 3.6. Let z ∈ D̃+(J̃+(Ω)) then z ∈ D̃+(y) for
some y ∈ J̃+(Ω). By Lemma 3.12, we have z ∈ π̃+(y) or z ∈ J̃+(y). If z ∈ π̃+(y), since
J̃+(Ω) is closed and positively π̃−invariant, it follows that π̃+(y) ⊂ J̃+(Ω), consequently
z ∈ J̃+(Ω). But if z ∈ J̃+(y), then by Proposition 3.5 we have z ∈ J̃+(J̃+(Ω)) = J̃+(Ω).
Thus z ∈ J̃+(Ω) and therefore D̃+(J̃+(Ω)) = J̃+(Ω). Hence, J̃+(Ω) is orbitally π̃−stable
by Theorem 3.6.

Now, let us show that W̃ s(J̃+(Ω)) = X. Suppose there is x ∈ X such that x /∈
W̃ s(J̃+(Ω)). Then there is ε0 > 0 such that for all n ∈ N there is tn > n with

ρ(π̃(x, tn), J̃+(Ω)) ≥ ε0. (10)

Since π̃+(x) is relatively compact (see Lemma 3.9), we can assume

π̃(x, tn) n→+∞−→ p ∈ L̃+(x).

Then, p ∈ L̃+(x) ⊂ Ω ⊂ J̃+(Ω). On the other hand, by (10) we have p /∈ J̃+(Ω) which is
a contradiction.

Consequently, J̃+(Ω) is non-empty, compact, positively π̃−invariant and globally asymp-
totically π̃−stable. Then by Theorem 3.4 we have J ⊂ J̃+(Ω) and the theorem is proved.
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Since J̃+(Ω) ⊂ D̃+(Ω) ⊂ J , we have the following result.

Corollary 3.2. If (X, π;M, I) is compact k−dissipative, then J = D̃+(Ω).

Corollary 3.3. If (X, π; M, I) is compact k−dissipative, then J = Ω if and only if Ω
is orbitally π̃−stable.

We have the following result for compact k−dissipative impulsive systems.

Lemma 3.14. Let (X,π; M, I) be compact k−dissipative. Given ε > 0 and x ∈ X, there
exist γ(x, ε) > 0 and `(x, ε) > 0 such that

π̃(B(x, γ(x, ε)), t) ⊂ B(J, ε)

for all t ≥ `(x, ε), where J is the Levinson’s center of (X,π; M, I).

Proof. Let ε > 0 and x ∈ X be given. There is δ = δ(ε) > 0 such that

π̃(B(J, δ), [0, +∞)) ⊂ B(J, ε), (11)

because J is orbitally π̃−stable. Since L̃+(x) ⊂ J , there is t1 = t1(x, ε) > 0, t1 6= φ(x+
k ),

k = 0, 1, 2, . . ., such that

π̃(x, t1) ∈ B(J, δ).

By the openness of B(J, δ) there exists ν > 0 such that B(π̃(x, t1), ν) ⊂ B(J, δ). We have
two cases to consider: when x ∈ M and when x /∈ M .

First, suppose x /∈ M . It follows by the continuity of π and I that there is γ = γ(x, ε) > 0
such that

π̃(B(x, γ), t1) ⊂ B(π̃(x, t1), ν) ⊂ B(J, δ).

By (11), we have π̃(B(x, γ), t) ⊂ B(J, ε) for all t ≥ t1(x, ε). The result is proved in this
case.

By the other side, if x ∈ M , there exists a STC-tube F (L, [0, 2λ]) through x given by a
section S, because M satisfies the condition STC (by hypothesis (H1)). Since the tube is
a neighborhood of x, there is η > 0 such that

B(x, η) ⊂ F (L, [0, 2λ]).

Denote H1 and H2 by

H1 = F (L, (λ, 2λ]) ∩B(x, η) and H2 = F (L, [0, λ]) ∩B(x, η).

Then, there exists η1 > 0, η1 < η, such that π̃(B(x, η1)∩H2, t1) ⊂ B(π̃(x, t1), ν) ⊂ B(J, δ).
Again, by (11) we have π̃(B(x, η1) ∩H2, t) ⊂ B(J, ε) for all t ≥ t1(x, ε).
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Since I(x) /∈ M because M ∩ I(M) = ∅ (see hypothesis (H2)) and L̃+(I(x)) ⊂ J , there
is t2 = t2(x, ε) > 0, t2 6= φ(I(x)+k ), k = 0, 1, 2, . . ., such that π̃(I(x), t2) ∈ B(J, δ). Since
B(J, δ) is open there is ν1 > 0 such that B(π̃(I(x), t2), ν1) ⊂ B(J, δ), and by the continuity
of π and I there is 0 < η2 < η such that

π̃(B(x, η2) ∩H1, t2) ⊂ B(π̃(I(x), t2), ν1) ⊂ B(J, δ).

Hence, by (11) we conclude that π̃(B(x, η2) ∩H1, t) ⊂ B(J, ε) for all t ≥ t2(x, ε).
By taking γ = γ(x, ε) < min{η1, η2}, we have

π̃(B(x, γ), t) ⊂ B(J, ε),

for all t ≥ max{t1(x, ε), t2(x, ε)}. Therefore, the proof is complete.

The next four results deal with necessary and sufficient conditions to obtain compact
dissipativity.

Theorem 3.8. For the impulsive semidynamical system (X,π; M, I) to be compact
k−dissipative, it is necessary and sufficient that there exists a non-empty compact set
K ⊂ X, K ∩ M = ∅, satisfying the condition: for every ε > 0 and x ∈ X, there exist
γ(x, ε) > 0 and `(x, ε) > 0 such that

π̃(B(x, γ(x, ε)), t) ⊂ B(K, ε)

for all t ≥ `(x, ε).

Proof. The necessary condition follows by Lemma 3.14 and the sufficient condition fol-
lows by the proof of [7, Theorem 1.12].

Theorem 3.9. Let (X, π; M, I) be point k−dissipative. For the impulsive semidynamical
system (X,π; M, I) to be compact k−dissipative, it is necessary and sufficient that there
exists a non-empty compact set A possessing the following properties:

a)A ∩M = ∅;
b)Ω ⊂ A;
c)A is orbital π̃−stable.

In this case J ⊂ A where J is the center of Levinson of (X,π;M, I).

Proof. Take A = J to prove the necessary condition. Let us prove the sufficient
condition. By Theorem 3.8 we need to prove that for every ε > 0 and x ∈ X, there exist
γ(x, ε) > 0 and `(x, ε) > 0 such that

π̃(B(x, γ(x, ε)), t) ⊂ B(A, ε)
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for all t ≥ `(x, ε). But its proof is the same proof of Lemma 3.14 by replacing J by A,
because A is orbitally π̃−stable and L̃+(x) ⊂ Ω ⊂ A.

By using Corollary 3.2, it follows from Ω ⊂ A that J = D̃+(Ω) ⊂ D̃+(A) = A.

As consequence of Corollary 3.2 and Theorem 3.9, we have the following straightforward
result.

Theorem 3.10. Let (X, π; M, I) be point k−dissipative. For the impulsive semidynam-
ical system (X,π; M, I) to be compact k−dissipative, it is necessary and sufficient that the
set D̃+(Ω) (J̃+(Ω)) be compact, orbitally π̃−stable and D̃+(Ω)∩M = ∅ (J̃+(Ω)∩M = ∅).
In this case J = D̃+(Ω) (J = J̃+(Ω)) where J is the center of Levinson of (X,π; M, I).

Theorem 3.11. Let (X, π; M, I) be point k−dissipative. For the impulsive semidynam-
ical system (X,π; M, I) to be compact k−dissipative, it is necessary and sufficient that
D̃+(Ω) ∩M = ∅ and π̃+(A) be relatively compact for any compact A ⊂ X.

Proof. The proof of the necessary condition follows by Lemma 3.9 and Theorem 3.10.
Let us prove the sufficient condition. At first, let us show that D̃+(Ω) is non-empty and
compact. Indeed, since (X, π; M, I) is point k−dissipative it follows that Ω 6= ∅. Thus
D̃+(Ω) is non-empty. Now, let {yn}n≥1 ⊂ D̃+(Ω) and εn

n→+∞−→ 0 (εn > 0, n = 1, 2, . . .),
then there exist xn ∈ Ω, xn ∈ B(xn, εn) and tn > 0 such that yn ∈ D̃+(xn) and

ρ(yn, π̃(xn, tn)) < εn, (12)

n = 1, 2, . . .. Since {xn}n≥1 is relatively compact because Ω is compact (since the system
is point k−dissipative), we have {xn}n≥1 relatively compact. By the statement, it follows
that {π̃(xn, tn)}n≥1 is relatively compact. By (12) we have {yn}n≥1 relatively compact.
Hence, D̃+(Ω) is compact.

We claim that D̃+(Ω) is orbitally π̃−stable. Suppose the contrary, then there are ε0 > 0,
δn

n→+∞−→ 0 (δn > 0), xn ∈ B(D̃+(Ω), δn) and tn
n→+∞−→ +∞ (tn > 0) such that

ρ(π̃(xn, tn), D̃+(Ω)) ≥ ε0, (13)

n ∈ N. We can assume xn
n→+∞−→ x ∈ D̃+(Ω) since D̃+(Ω) is compact. By the statement,

the set π̃+(B) is relatively compact, where B = {x, x1, x2, . . .}. Consequently, we may
assume {π̃(xn, tn)}n≥1 convergent with limit y. By (13) we get

y /∈ D̃+(Ω)). (14)

On the other hand, since xn
n→+∞−→ x ∈ D̃+(Ω) and D̃+(D̃+(Ω)) = D̃+(Ω) (see Proposition

3.4), we have y ∈ D̃+(D̃+(Ω)) = D̃+(Ω) which contradicts (14). Thus D̃+(Ω) is orbitally
π̃−stable. Hence, by Theorem 3.10 we have the result.
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Example 3.3. Consider the impulsive differential system in R2 given by




ẋ1 = x1

ẋ2 = 0
I : M → N,

where M = {(x1, x2) ∈ R2 : x2
1 + x2

2 = 9}, N = {(x1, x2) ∈ R2 : x2
1 + x2

2 = 1} and the
impulse function I : M → N assigns to every point x ∈ M a point y ∈ N which is on the ray
joining x to the origin in R2. In [3, Example 3.1], we showed that L̃+((1, 2)) = [1, 3]×{0}.
Then Ω∩M 6= ∅ because L̃+((1, 2))∩M 6= ∅. Hence, the impulsive semidynamical systems
is not point k−dissipative.

Example 3.4. Given c > 0, we define ϕc : R→ R by

ϕc(t) =





0, t ≤ −1− 1
c

exp
(

1
t2 − (1 + c−1)2

)
, −1− 1

c
< t < 1 +

1
c

0, t ≥ 1 +
1
c
.

Also, define ψ : R→ R by

ψ(t) =





0, t ≤ −1

exp
(

1
t2 − 1

)
, −1 < t < 1

0, t ≥ 1.

Set X = {ψ, ϕc : c > 0} ⊂ C(R,R) and define π : X × R+ → X by

π(ϕc, t) = ϕc+t if c > 0,

and

π(ψ, t) = ψ,

for all t ≥ 0. Then (X,π) is a semidynamical system. By defining M = {ϕc1 , ..., ϕck
}

with 0 < c1 < . . . < ck let I : M → X be the impulse function given by I(ϕcj ) = ϕcj+α,
j = 1, 2, . . . , k, where α > 0 is such that I(M) ∩ M = ∅. Hence, we have the impulsive
semidynamical system (X, π;M, I) associated to (X, π).

Since lim
c→+∞

ϕc(t) = ψ(t) for all t ∈ R, and I(ϕcj ) = ϕcj+α, j = 1, 2, . . . , k, we have the

following properties:

1) L̃+(φ) = {ψ} for all φ ∈ X;
2) (X, π;M, I) is point k−dissipative (take K = {ψ});
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3) Ω = {ψ} and D̃+(Ω) = Ω is orbitally π̃−stable.

Therefore, by Theorem 3.10, (X,π; M, I) is compact k−dissipative.

3.4. Local dissipative impulsive semidynamical systems
This subsection deals with local k−dissipative impulsive semidynamical systems.

The first result gives conditions for a compact k−dissipative impulsive system be local
k−dissipative.

Theorem 3.12. For the compact k−dissipative impulsive semidynamical system
(X, π; M, I) to be locally k−dissipative, it is necessary and sufficient that for every point
x ∈ X there exists δ = δ(x) > 0 such that

lim
t→+∞

β(π̃(B(x, δ), t), J) = 0,

where J is the center of Levinson of (X, π;M, I).

Proof. It is enough to prove the necessary condition. By the local dissipativity, there
is a non-empty compact set K ⊂ X, K ∩M = ∅, such that for every point x ∈ X there
exists δx > 0 such that

lim
t→+∞

β(π̃(B(x, δx), t),K) = 0. (15)

By Lemma 3.5, ωx := L̃+(B(x, δx)) is non-empty, compact and

lim
t→+∞

β(π̃(B(x, δx), t), ωx) = 0. (16)

If we prove that ωx = L̃+(ωx) then the result follows. Indeed, first let us show that ωx

is positively π̃−invariant. Since K is compact and K ∩M = ∅, there is ε > 0 such that
B(K, ε) ∩M = ∅. Thus by using (15) we have

ωx ⊂ B(K, ε) and B(K, ε) ∩M = ∅. (17)

Then from Lemma 3.4 we have ωx positively π̃−invariant, that is, π̃(ωx, t) ⊂ ωx for all
t ≥ 0. Now, we claim that ωx ⊂ π̃(ωx, t) for all t ≥ 0. In fact, let z ∈ ωx and t ≥ 0. Then
there exist sequences {wn}n≥1 ⊂ B(x, δx) and {tn}n≥1 ⊂ R+ such that tn

n→+∞−→ +∞ and

π̃(wn, tn) n→+∞−→ z. (18)

Note that there is n0 > 0 such that tn > t for all n > n0. Thus π̃(wn, tn) = π̃(π̃(wn, tn −
t), t) for all n > n0. By Lemma 3.5 we may assume

π̃(wn, tn − t) n→+∞−→ b,
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where b ∈ L̃+(B(x, δx)) = ωx because {wn}n≥1 ⊂ B(x, δx) and tn − t
n→+∞−→ +∞. Since

ωx is positively π̃−invariant, it follows by equation (17) that

π̃(a, s) = π(a, s) ∈ ωx,

for all a ∈ ωx and for all s ≥ 0. Thus, by Lemma 3.3 we have

π̃(π̃(wn, tn − t), t) n→+∞−→ π̃(b, t),

that is,

π̃(wn, tn) n→+∞−→ π̃(b, t). (19)

By (18) and (19), it follows that z = π̃(b, t) ∈ π̃(ωx, t) and the assertion follows. Therefore,
ωx = π̃(ωx, t) for all t ≥ 0, consequently L̃+(ωx) = ωx. Since J is an attractor of compacts
sets, we have

ωx = L̃+(ωx) ⊂ J.

From the last inclusion and (16) it follows

lim
t→+∞

β(π̃(B(x, δx), t), J) = 0.

The result is proved.

Next, we present an auxiliary result whose proof is in [7, Lemma 1.9].

Lemma 3.15. Let K ⊂ X be a non-empty compact set, xi ∈ X and δi > 0, i = 1, . . . ,m.
If K ⊂ ∪{B(xi, δi) : i = 1, . . . , m}, then there is γ > 0 such that

B(K, γ) ⊂ ∪{B(xi, δi) : i = 1, . . . , m}.

Theorem 3.13. Let (X, π;M, I) be compact k−dissipative. Then (X, π;M, I) is locally
k−dissipative if and only if its Levinson’s center J is uniformly π̃−attracting.

Proof. First, let us prove the necessary condition. Let (X,π; M, I) be locally k−dissipative
and let J its center of Levinson. Given x ∈ J , by Theorem 3.12, there exists δx > 0 such
that

lim
t→+∞

β(π̃(B(x, δx), t), J) = 0.

Since {B(x, δx) : x ∈ J} is an open covering of J , from its compactness we can extract a
finite sub-covering {B(xi, δxi) : i = 1, ...,m}. According to Lemma 3.15, there is γ > 0
such that

B(J, γ) ⊂
m⋃

i=1

B(xi, δxi).
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Then,

lim
t→+∞

β(π̃(B(J, γ), t), J) = 0

holds and J is uniformly π̃−attracting.
Now, we prove the sufficient condition. Suppose that the center of Levinson J is uni-

formly π̃−attracting set, that is, there is γ > 0 such that

lim
t→+∞

β(π̃(B(J, γ), t), J) = 0. (20)

Given x ∈ X, there is `1 = `1(x) > 0, `1 6= φ(x+
k ), k = 0, 1, 2, . . ., such that ρ(π̃(x, t), J) <

γ, for all t ≥ `1. Choose ν > 0 such that B(π̃(x, `1), ν) ⊂ B(J, γ). By equation (20), given
ε > 0 there is `2 = `2(ε) > 0 such that

ρ(π̃(y, t), J) < ε, (21)

for all t ≥ `2 and y ∈ B(J, γ). We have two cases to consider: when x ∈ M and otherwise.
At first, let us consider the case when x /∈ M . Then, we can find δx > 0 such that

π̃(B(x, δx), `1) ⊂ B(π̃(x, `1), ν) ⊂ B(J, γ).

By virtue of (21),

π̃(B(x, δx), t + `1) ⊂ B(J, ε),

for all t ≥ `2. By taking `(x, ε) = `1 + `2, we have

π̃(B(x, δx), t) ⊂ B(J, ε),

for all t ≥ `(x, ε). In this case, the result follows by Theorem 3.12.
Now, suppose x ∈ M . Since M satisfies the condition STC (see hypothesis (H1)), there

is a STC-tube F (L, [0, 2λ]) through x given by a section S. By the properties of a tube,
there is η > 0 such that B(x, η) ⊂ F (L, [0, 2λ]). Denote H1 and H2 by

H1 = F (L, (λ, 2λ]) ∩B(x, η) and H2 = F (L, [0, λ]) ∩B(x, η).

By the continuity of π and I, there is η1 > 0, η1 < η, such that π̃(z, `1) ∈ B(π̃(x, `1), ν) ⊂
B(J, γ) for all z ∈ B(x, η1) ∩ H2. Thus, π̃(B(x, η1) ∩ H2, t) ⊂ B(J, ε) for all t ≥ `1 + `2.
Also, there is `3 = `3(x) > 0, `3 6= φ(I(x)+k ), k = 0, 1, 2, . . ., such that ρ(π̃(I(x), t), J) < γ,
for all t ≥ `3. Set ν2 > 0 such that B(π̃(I(x), `3), ν2) ⊂ B(J, γ). Thus, there is η2 > 0,
η2 < η, such that π̃(z, t) ∈ B(J, ε) for all z ∈ B(x, η2) ∩ H1 and t ≥ `2 + `3. Taking
η3 < min{η1, η2}, we have

π̃(B(x, η3), t) ⊂ B(J, ε)

for all t ≥ max{`1 + `2, `2 + `3}. In this case, the result also follows by Theorem 3.12.

Next, we present a theorem which give conditions for a point k−dissipative system be
local k−dissipative. Before that, we prove a auxiliary result.
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Lemma 3.16. Let A ⊂ X be a non-empty compact set in (X, π;M, I). If A is uniformly
π̃−attracting then it is orbitally π̃−stable.

Proof. Suppose the contrary. Then, there are ε0 > 0, δn
n→+∞−→ 0 (δn > 0), xn ∈

B(A, δn) and tn
n→+∞−→ +∞ (tn > 0) such that

ρ(π̃(xn, tn), A) ≥ ε0, (22)

n = 1, 2, 3, . . .. Since A is uniformly π̃−attracting, there is γ > 0 such that

lim
t→+∞

sup
x∈B(A,γ)

ρ(π̃(x, t), A) = 0.

For the number ε0 > 0, there exists a positive number ` = `(ε0) > 0 such that

ρ(π̃(x, t), A) <
ε0
2

(23)

for all x ∈ B(A, γ) and t ≥ `.
On the other hand, since xn ∈ B(A, δn) and δn

n→+∞−→ 0, the sequence {xn}n≥1 can be
considered convergent. Let x0 = lim

n→+∞
xn. Then x0 ∈ A and tn ≥ ` for sufficiently large

n. By (23) we have

ρ(π̃(xn, tn), A) <
ε0
2

,

for a sufficiently large n, which contradicts (22).

Theorem 3.14. For a point k−dissipative impulsive semidynamical system (X, π;M, I)
to be local k−dissipative, it is necessary and sufficient that the following three conditions
hold:

a)D̃+(Ω) ∩M = ∅;
b)D̃+(Ω) is compact;

c)D̃+(Ω) is uniformly π̃−attracting.

Proof. Suppose conditions a), b) and c) hold. By Lemma 3.16, D̃+(Ω) is orbitally
π̃−stable. By Theorem 3.10, the system (X,π; M, I) is compact k−dissipative and D̃+(Ω) =
J . By Theorem 3.13 the result follows.

Now, suppose the impulsive system is local k−dissipative. By Lemma 3.7, (X, π;M, I)
is compact k−dissipative. Then, by Theorem 3.10, J = D̃+(Ω) is compact, orbitally
π̃−stable and D̃+(Ω) ∩M = ∅. By Theorem 3.13, D̃+(Ω) is uniformly π̃−attracting.
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Definition 3.8. The impulsive semidynamical system (X,π;M, I) is called local
asymptotically π̃−condensing, if for every point x ∈ X there are δx > 0 and a non-empty
compact Kx ⊂ X with Kx ∩M = ∅ such that

lim
t→+∞

β(π̃(B(x, δx), t),Kx) = 0.

Theorem 3.15. Let (X, π; M, I) be point k−dissipative. For (X, π; M, I) be local
k−dissipative it is necessary and sufficient that (X, π;M, I) be locally asymptotically π̃−condensing
and D̃+(Ω) ∩M = ∅.

Proof. The second part of the necessary condition, that is, D̃+(Ω) ∩M = ∅ follows by
Theorem 3.14.

Let us prove the sufficient condition. First we prove that (X,π; M, I) is compact
k−dissipative. In fact, let A ∈ C(X). Given x ∈ A, there are δx > 0 and a non-empty
compact set Kx with Kx ∩M = ∅ such that

lim
t→+∞

β(π̃(B(x, δx), t),Kx) = 0.

By the compactness of A, the open covering {B(x, δx) : x ∈ A} admits a finite sub-covering
{B(xi, δxi) : i = 1, ..., m}. Let K = Kx1 ∪ ... ∪Kxm . Then K is compact and

lim
t→+∞

sup
x∈A

ρ(π̃(x, t),K) = 0.

By Lemma 3.5, L̃+(A) is non-empty, compact and

lim
t→+∞

sup
x∈A

ρ(π̃(x, t), L̃+(A)) = 0.

By Proposition 3.1, π̃+(A) is relatively compact. Hence, by Theorem 3.11 the system
(X, π; M, I) is compact k−dissipative.

Now, given x ∈ X there are δx > 0 and Kx ∈ C(X), Kx ∩ M = ∅, such that
lim

t→+∞
β(π̃(B(x, δx), t),Kx) = 0. By Lemma 3.5, L̃+(B(x, δx)) is non-empty, compact and

lim
t→+∞

β(π̃(B(x, δx), t), L̃+(B(x, δx))) = 0. (24)

Let ωx = L̃+(B(x, δx)). Since ωx ⊂ Kx and Kx ∩M = ∅, it follows by Lemma 3.4 that ωx

is positively π̃−invariant. By the proof of Theorem 3.12, we also have that ωx ⊂ π̃(ωx, t)
for all t ≥ 0. Then ωx = L̃+(ωx) and since J is the attractor of compact sets, we have

ωx = L̃+(ωx) ⊂ J.
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Hence, by using equation (24) we have

lim
t→+∞

β(π̃(B(x, δx), t), J) = 0

and by Theorem 3.12 the result is proved.

Now, we present an example of an impulsive semidynamical system which is compact
k−dissipative but it is not local k−dissipative. We consider the Example 1.8 presented in
[7] with impulsive action.

Example 3.5. Consider a linear differential equation ẋ = Ax in the Hilbert space
H = L2[0, 1], with the continuous operator A : L2[0, 1] → L2[0, 1] defined by

(Aϕ)(τ) = −τϕ(τ),

for all τ ∈ [0, 1] and ϕ ∈ L2[0, 1]. If U(t) represents the Cauchy operator, we have
(U(t)ϕ)(τ) = e−τtϕ(τ), for all t ∈ R and ϕ ∈ L2[0, 1]. Thus, the dynamical system
generated by ẋ = Ax is given by (L2[0, 1], π) where

π(ϕ, t) = U(t)ϕ,

for all ϕ ∈ L2[0, 1] and t ∈ R.
Consider the closed set M =

{
ψ ∈ L2[0, 1] :

∫ 1

0
|ψ(s)|2ds = 1

}
and let the impulse func-

tion I : M → L2[0, 1] satisfying

‖I(ψ)‖L2 ≤ α‖ψ‖L2 ,

for all ψ ∈ M , where 0 < α < 1. Note that I(M) ∩M = ∅. Thus, we have the associate
impulsive system (L2[0, 1], π; M, I).

Since ‖π(ϕ, t)‖L2

t→+∞−→ 0 for each ϕ ∈ L2[0, 1] (see [7, Example 1.8]) and ‖I(ψ)‖L2 <
‖ψ‖L2 for ψ ∈ M , we obtain

‖π̃(ϕ, t)‖L2

t→+∞−→ 0,

for all ϕ ∈ L2[0, 1]. Hence, (L2[0, 1], π; M, I) is point k−dissipative and L̃+(ϕ) = {0} for
every ϕ ∈ L2[0, 1]. Consequently, Ω = {0}.

Now, since ‖π(ϕ, t)‖L2 ≤ ‖ϕ‖L2 for ϕ ∈ L2[0, 1] and t ≥ 0 (see [7, Example 1.8]), and
‖I(ψ)‖L2 ≤ ‖ψ‖L2 for all ψ ∈ M , we have

‖π̃(ϕ, t)‖L2 ≤ ‖ϕ‖L2 (25)

for all ϕ ∈ L2[0, 1] and for all t ≥ 0. Let us show that D̃+(Ω) = {0}. Indeed, given ϕ ∈
D̃+(Ω) there are sequences {ψn}n≥1 ⊂ L2[0, 1], {tn}n≥1 ⊂ R+ such that ‖ψn−0‖L2

n→+∞−→ 0
and

‖π̃(ψn, tn)− ϕ‖L2

n→+∞−→ 0.
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Since ‖π̃(ψn, tn)‖L2 ≤ ‖ψn‖L2 and ‖ψn‖L2

n→+∞−→ 0 we have ϕ = 0. Then D̃+(Ω) = {0}.
Therefore, D̃+(Ω) is compact, orbitally π̃−stable (by (25)) and D̃+(Ω) ∩ M = ∅. By
Theorem 3.10 the impulsive system is compact k−dissipative and its center of Levinson is
J = {0}.

Let us prove that (L2[0, 1], π; M, I) is not local k−dissipative. Suppose the contrary,
then by Theorem 3.13 the center of Levinson J = {0} is uniformly π̃−attracting, that is,
there is γ > 0 such that

lim
t→+∞

sup
‖ϕ‖L2≤γ

‖π̃(ϕ, t)‖L2 = 0. (26)

Define ψn ∈ L2[0, 1], n = 1, 2, . . ., by

ψn(t) = γ
√

nχ[0, 1
n ](t),

for t ∈ [0, 1], where χ[0, 1
n ](t) is the characteristic function of the set [0, 1

n ]. Note that

‖ψn‖L2 = γ for all n = 1, 2, . . .. Moreover, by considering tn =
n

2
, n ∈ N, we have

lim
n→+∞

‖π(ψn, tn)‖2L2
= lim

n→+∞

∫ 1
n

0

ne−2tnsds = 1− 1
e
6= 0,

which contradicts (26). Then the system is not local k−dissipative.
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point theory, Birkhäuser Verlag, 1997.

18. H. Ye, A. N. Michel and L. Hou, Stability analysis of systems with impulse effects, IEEE Transactions
on Automatic Control, 43 (12), (1998), 1719-1723.

Publicado pelo ICMC-USP
Sob a supervisão da CPq/ICMC


