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This article deals with the solvability near the characteristic set & = {0} x S!
of operators of the form L = 9/0t + (z"a(x) + i™b(x))0/0x, b #Z 0 and
a(0) # 0, defined on Q. = (—¢,€) x S, where a and b are real-valued smooth
functions in (—¢, €) and m > 2n. It is shown that given f € C>°(Q.), satisfying
a finite number of compatibility conditions, there is u € C° solution of the
equation Lu = f in a neighborhood of ¥; moreover, the C? regularity is sharp.
May, 2011 ICMC-USP

1. INTRODUCTION
Let Q. = (—¢,€) x St, e >0, and let
L=0/0t+ (a(x) +ib(x))0/0x, b0, (1)
be a complex vector field defined on . = (—e¢,¢) x S, where a and b are real-valued

smooth functions in (—¢, €).

The characteristic set of L is the set of points (z,t) € Q. where L fails to be elliptic,
that is, the set

Y ={(z,t) € Q; L(yy and f(l.,t) are linearly dependent}.
It is easy to see that (z,t) € ¥ if and only if b(z) = 0, that is,
Y ={(x,t) € Q; b(z) =0}.

* The first author was partially supported by CNPq and FAPESP.
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In this article we will assume that X = {0} x S*; hence, L is elliptic on {z # 0} and the
well-known Nirenberg-Treves condition (P) is satisfied.

Let us recall the definition of condition (P): we say that L given by (1) satisfies (P)
if the function b(x) does not change sign on any integral curve of the real vector field
0/0t + a(x)0/0x (see [13], theorem 3.7).

We are interested in solving the equation

Lu=f

near the characteristic set ¥, where f € C°°(£,), in sense of Hérmander (see [12]).

We say that L is solvable at X if given f belonging to a subspace of finite codimension
of C*(£) there exists u € D'(§,) solving the equation Lu = f in a neighborhood of ¥.

If a(0) # 0 then it follows from Hormander’s results (see [12]) that L is solvable at X;
moreover, solutions can be obtained in C'*° class.

A slight modification of the arguments in [6] shows that if the function a + ¢b is flat at
2 = 0 then L is not solvable at X.

Hence, we can assume that we have a(z) + ib(z) = z"ag(x) + iz™bo(x), where (ag +
ibo)(0) # 0; moreover, if the function a (resp. b) is not flat at = 0 then n (resp. m) is
the order of vanishing of a (resp. b) at = 0; if the function a (resp. b) is flat at z = 0
then n > m (resp. m > n). In this article we are interested in the case m > 2.

Let 7 = min{m,n}. It is easy to see that if f € C°°(€2.) is such that there is u € C¥,
£ > r, solution of Lu = f in a neighborhood of ¥ then

27 95
i %(O,t)dtzo, j=0,...,r—1. (2)

Now, fixe k € Zy. It follows from [3], [10] and [11] that given f € C*°(.), satisfying
(2), the equation Lu = f has a C* solution if and only if 2 < m < 2n — 1; moreover, if
m > 2n — 1 then there exists f € C°°(Q.), flat along ¥, for which there is no u € C*
solution of the equation Lu = f in any neighborhood of 3. Thus, the solvability at 3 when
m > 2n is still an open problem.

Hence, assuming ao(0) # 0 and m > 2n, a natural question appears: given f € C*(£),
satisfying (2), is there C? solution of the equation Lu = f in some neighborhood of ¥?

Note that when u € C°\ C? the equation Lu = f is to be understood in the distribution
sense.

This article concerns with the question above. We will show that for all f € C*(Q,),
satisfying the compatibility conditions (2), there exist u € C° solution of Lu = f in a
neighborhood of ¥; moreover, we will show that this result is sharp, that is, for each
0 < a < 1 there exists f € C*(Q,), flat along X, for which there is no u € C* solution of
the equation Lu = f in any neighborhood of 3.

The question addressed here is related to those in [1], [2], [3], [4], [8], [9], [10], [11], and
others.
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2. RESULTS

Let
L=0/0t+ (a(x) +ib(x))0/0x, b0, (3)

be a complex vector field defined on €., where a and b are C* real-valued functions.
Assume that we can write (a + ib)(z) = x"ap(x) + ix™bg(x), with n > 1, m > 2n and
ao(z) # 0 for all z € (—e¢,€). Assume that ¥ = {0} x St is the characteristic set of L.

THEOREM 2.1. Let L be given by (3). Given f € C*(8), satisfying

27 ajf

i=0,....,n—1 4
; &L'J(Ot)d 0, j=0,...,n , (4)

there exists u € C° solution of the equation Lu = f in a neighborhood of ¥.

Proof: As done in [3] (see also [6]), given f € C*°(Q,), satistying (4), there is v € C*
such that Lv — f is flat along ¥. Hence, in order to find a C? solution to Lu = f at ¥ it
is enough to consider f flat.

Let f € C*°(£2) be flat along ¥. Now, using partial Fourier series we can write u(z,t) =
S ez Uk(2)e* and f(z,t) = 3, oy fr(x)e™. We will use the fact that one has Lu(:z:, t) =
f(z,t) in a neighborhood of ¥ if and only if the sequence (dy,) satisfies Lyt (z) = fr(x)
in a neighborhood of z = 0, Vk € Z, where Lytg(x) = ikig(z) + (a + ib)(z)(ax) (x);
furthermore, the series >, ., @ (x)e™*" converges in the C° topology in a neighborhood of
PN

d o A
For k = 0 we have to solve (a + ib)%ﬁo(x) = fo(x). Since fp is flat at = 0 we have
fO, € C*°, hence
a+1b
i *Jo
= ———(z)d
(@) = [ Aria)da

is a solution in a neighborhood of x = 0.
For k # 0 we will first solve Lyt (z) = fr(x) for £ > 0. There is no loss of generality in
assuming that b > 0 for such values of . We find for « > 0 and for each k£ > 0,

T ) ¢ n 1
Uk (x) :/ e~ Hh(C(2)=C(y) fk_ (y)dy, where C(z)= —/ — (y)dy.
0 T

a+1ib a+ b
s [
0

no ¢
i () = 7/ e~ H(C@=Cw) _Th_ (v 4,

Hence,
fr
a+ b

x .
in(e)| < [ eI O
0

Now for z > 0 and for each k < 0 we find

a+ b
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where

a+1ib

c) = - [

and

M:/ne—iucm)—cwn fi (y)d
) at+ib Y

Thus, we have

) . . N
. k(Y b o (s)ds| Jfr / k[Y b (s)ds | J
< T a?4b d 0 a?4b d
Iwc(w)\f/x e P (y)dy + o P (y)dy
N f
<2 dy.
= /0 ot W

Note that in both cases (k > 0 and k < 0) @ (0) = 0.

In an analogous way, for each k # 0, we can solve the equation Lyt = fk forx <0
and the solution satisfies 4y(0) = 0. Hence, for each k € Z, we obtain a C° solution to
Lty = fk in a neighborhood of x = 0.

Since € C*(Q), we have that there exists C' > 0 such that

a+ib

i c

a+ib(x)' S AR for all k € Z and for all x € (—¢,¢);

hence, the series Y, o tix (z)e’** converges uniformely. Therefore, u(x,t) = 3, o ti(z)e™

is a continuous solution of the equation Lu = f in a neighborhood of . O

THEOREM 2.2. Let L be given by (3). For each fixed 0 < o < 1, there exists f €
C>(Q.), satisfying (4), for which the equation Lu = f does not have a C% solution in any
neighborhood of 3.

Proof: Assume that for each function f € C°(,), satisfying (4), there exists u € C*
solution of the equation Lu = f in a neighborhood of ¥. As done in [2] (see also [5]
and [11]), an argument using Baire’s theorem and the open mapping theorem implies that
there exists dyp > 0 such that given f € C([—dp,do] x S'), satisfying (4), there exists
u € C*([~dp, 6o x S1) solution of Lu = f in some neighborhood of [—dg, 5] x S!. In order
to keep this work as self-contained as possible let us repeat the arguments here.

Let

S =span < 1® 89 >, j=0,...,n—1,
and let §° denote the annihilator of S. For each ¢ € Z., define

Fy={(f,u) € (C([~¢/2,¢/2] x §) N 8°) x C*(Uy); Lu = f on Uy},
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where Uy = (—d;,0,) x S* and §, | 0 with d; = €/2. Note that, for each £ € Z,, Fy is an
Fréchet space. Consider

m: Fp — C®([—€¢/2,¢/2] x SY)NS°
(fru) = f ’

the projection on the first factor.
Hence, under our assumptions, we have that

Ume(Fo) = C=([—€/2,¢/2] x S) N S°.
14

Finally, from Baire’s theorem and the open mapping theorem, we have that
7oy (Fu,) = C™([—€/2,¢/2] x S*) N S°,
for some ¢y. This means that, for 6y = dy,, the operator
L : C%([~b0,00] x S*) — C°°([~dg,do] x S*)NS° (5)

is surjective.
Next, we will contradict (5). The argument is similar that in [3], which we will recall.
There is no loss of generality in assuming that b(z) > 0 if —dg < 2 < 0. Define

For a fixed xq € (=8, 0) and for each k € Z, define (f3,) by
fre(@) = g(z) - (a+ib)(x) - ¢ - e 1o ﬁba(y)dy’

where (¢) is a rapidly decreasing sequence of positive real numbers (to be chosen later).

It follows from [3] that the sequence (f)) defines a function f € C°([—dy, 6] x S1)NS?,
flat along X.

We claim that for f defined above there is no u € C*([—dg, do] x S*) solving Lu = f in
a neighborhood of [—dg, §o] x S*. Recall that in [3] the authors exhibit a similar function
f, for which the equation Lu = f does not have C*° solution in any neighborhood of
[—e0, €0] x ST, for some 0 < ¢y < €/2.

Let f be the function defined above. From (5) there exists a C® solution u to Lu = f
in a neighborhood of [~dg, 8] x S*. By using Fourier series, the equation Lu = f can be

rewritten as
E (Lk,&k)ezkt _ E fkezkt,
kEZ keZ
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where Lty (z) = ikt (x) + (a +ib)(x)(4g) (). Hence, for each k € Z, we have Lyt (x) =
fr(z) and we can write ax(z) = vg(x) + hg(x), where hy is an arbitrary solution of the
homogeneous equation Lihy = 0 and vy, is a solution of the nonhomogeneous equation.

Define
z 1
cw)= [

It is easy to see that

0, >0
ve(z) =14 fo e,ik(c(x)—c(y))ﬁ(y)dy, <0

is a C* solution to Livy, = fk in a neighborhood of [—do, do].
A simple calculation shows that for k£ > 0 we have

0
vk (o) = —/ g(y)ckekffo ﬁ(s)dsdy

0
> "M ey,

= 0
here M = ———(s)ds >0and M' = — dy > 0.
wher /xo a2—|—b2(8)5 n /gog(y)y
At this point, for each k& > 0, we choose ¢ = e~ ™F to the definition of fk. Hence, we
have that vi(zg) > M’'; consequently, the sequence (vi) cannot be the coefficients of a C
function at x = xg.
It is easy to see that, for x < 0 and for each k # 0, the function

hi(z) = hk(—(;o)e_ik-méo v (W)dy

_ x a _ x b
— hk(*é‘o)e Zk.L(sO 2252 (y)dye k’ff(so 22402 (y)dy

is the general solution to the homogeneous equation Lihy(z) = 0.
We claim that if hi(—dg) # O then hj cannot be extended to a C'“ function in any
neighborhood of = 0. Indeed, if hy € C in some neighborhood of = 0 then

hk (,T) — hk (O)

lim
z—0 T
should exist. However,
h —h R —tikh 1
lim @ = O) @)y ikhi() : ,
z—0- e a—0- ax® b 20— alag(z) +ix™mbo(x)) anta—l

which, of course, does not exist.
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Hence, for each k > 0, tg(z) = vi(x) is the only C* solution to the equation Lyt (x) =

fi(z) in a neighborhood of [—dg, d]. Therefore, (i) cannot be the sequence of Fourier
coefficients of any C'* periodic function, which contradicts (5). The proof is complete. O

10.
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