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We consider a class of functional differential equations with variable im-
pulses and we establish new stability results which encompass those from [7]
and other papers. We discuss the variational stability and variational asymp-
totic stability of the zero solution of a class of generalized ordinary differential
equations where our impulsive functional differential equations can be em-
bedded and we apply that theory to obtain our results, also using Lyapunov
functionals. May, 2011 ICMC-USP

1. INTRODUCTION

Let X be a Banach space and I ⊂ R be any interval of the real line. We denote by
G−(I, X) the space of left continuous regulated functions f : I → X, that is, G−(I, X)
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2 S. M. AFONSO, E. M. BONOTTO, M. FEDERSON AND L. P. GIMENES

is the set of all functions f : I → X such that, for every compact interval [a, b] ⊂ I,
f(t−) = f(t) for each t ∈ (a, b] and the right limit f(t+) exists for each t ∈ [a, b), where

f(t−) = lim
ρ→0−

f(t + ρ) and f(t+) = lim
ρ→0+

f(t + ρ).

The space G−(I, X) is a Banach space when endowed with the usual supremum norm.
We write C(I,X) to denote the space of continuous functions f : I → X. When I is a

compact interval, we consider the Banach space C(I, X) equipped with the norm induced
by G−(I, X).

Consider R+ = {z ∈ R : z ≥ 0}. We say that b : R+ → R+ is a function of Hahn class,
if b is monotone increasing and b(0) = 0.

Let r > 0. Given a function y : R→ Rn, we consider yt ∈ G−([−r, 0],Rn) defined by

yt(θ) = y(t + θ), θ ∈ [−r, 0], t ∈ R.

Then for t0 ≥ 0 and a function y ∈ G−([t0 − r,+∞),Rn), we have yt ∈ G−([−r, 0],Rn) for
all t ∈ [t0, +∞).

We consider the following retarded functional differential equation with variable moments
of impulse action

{
ẏ (t) = f (yt, t) , t 6= τk(y(t)),
∆y (t) = Ik (y (t)) , t = τk(y(t)), k = 1, 2, . . . , (1)

where f(ϕ, t) maps G−([−r, 0],Rn) × R to Rn, and for k = 1, 2, . . ., Ik maps Rn to itself,
τk maps Rn to R, and ∆y (t) := y (t+)− y (t−) = y (t+)− y (t), for any t ∈ R.

Given t0 ≥ 0 and an initial function φ ∈ G−([−r, 0],Rn), the initial value problem
corresponding to equation (1) has the form





ẏ (t) = f (yt, t) , t 6= τk(y(t)), t ≥ t0,

∆y (t) = Ik (y (t)) , t = τk(y(t)), k = 1, 2, . . . ,

yt0 = φ.

(2)

Assume τ0(x) ≡ t0, for all x ∈ Rn. For each k = 1, 2, . . ., consider the set

Sk = {(t, x) ∈ [t0, +∞)× Rn : t = τk(x)}.

By m(τk) we denote the number of times at which the integral curves of system (2) meet the
hypersurface Sk, k = 1, 2, . . .. By tik we denote the ith moment of time at which the integral
curves of system (2) meet the hypersurface Sk, with i = 1, . . . ,m(τk) and k = 1, 2, . . ..

Throughout this paper, we shall consider the following conditions:

(C1) τk ∈ C(Rn, (t0, +∞)), k = 1, 2, . . . ;
(C2) t0 < τ1(x) < τ2(x) < . . . , for each x ∈ Rn;
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STABILITY OF FDES WITH VARIABLE IMPULSIVE PERTURBATIONS VIA GODES 3

(C3) τk(x) → +∞ as k → +∞ uniformly on x ∈ Rn;
(C4) The integral curves of system (2) meet successively each hypersurface S1, S2, . . .

only a finite number of times;
(C5) tik < ti+1

k , i = 1, . . . , m(τk)− 1, for all k = 1, 2, . . ..

It is clear that system (2) is equivalent to the “integral” equation





y (t) = y(t0) +
∫ t

t0

f (ys, s) ds +
∑

t0< ti
k

< t,

i=1,...,m(τk)

Ik(y(tik))

yt0 = φ,

when the integral exists in some sense.
Let PC1 ⊂ G−([t0 − r,+∞),Rn) be an open set (in the topology of locally uniform

convergence in G−([t0 − r,+∞),Rn)) with the following property: if y is an element of
PC1 and t̄ ∈ [t0,+∞), then ȳ given by

ȳ (t) =

{
y (t) , t0 − r ≤ t ≤ t̄,

y (t̄) , t̄ < t < +∞,

is also an element of PC1. In particular, any open ball in G−([t0 − r,+∞),Rn) has this
property.

We assume that f : G−([−r, 0],Rn)× [t0, +∞) → Rn is such that for every y ∈ G−([t0−
r,+∞),Rn), the mapping t 7→ f (yt, t) is locally Lebesgue integrable on t ∈ [t0, +∞).
Moreover, we assume:

(A) There is a locally Lebesgue integrable function M : [t0,+∞) → R such that for all
x ∈ PC1 and all u1, u2 ∈ [t0, +∞),

∣∣∣∣
∫ u2

u1

f (xs, s) ds

∣∣∣∣ ≤
∫ u2

u1

M (s) ds;

(B) There is a locally Lebesgue integrable function L : [t0,+∞) → R such that for all
x, y ∈ PC1 and all u1, u2 ∈ [t0, +∞),

∣∣∣∣
∫ u2

u1

[f (xs, s)− f (ys, s)] ds

∣∣∣∣ ≤
∫ u2

u1

L (s) ‖xs − ys‖ ds.

For the impulse operators Ik : Rn → Rn, k = 1, 2, . . . , we assume:

(A’) There is a constant K1 > 0 such that for all k = 1, 2, . . . and all x ∈ Rn,

|Ik(x)| ≤ K1;
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(B’) There is a constant K2 > 0 such that for all k = 1, 2, . . . and all x, y ∈ Rn,

|Ik(x)− Ik(y)| ≤ K2|x− y|.

It is possible to prove that, under the conditions above, system (2) is equivalent to
a system of generalized ordinary differential equations which takes values in an abstract
space. A proof of this fact follows the ideas of Theorems 3.4 and 3.5 from [6]. Local
existence and uniqueness of solutions are guaranteed by [5], Theorem 2.1.

In the present paper, we consider system (1) and assume f(0, t) ≡ 0 and Ik(0) = 0, for
k = 1, 2, . . . , so that y ≡ 0 is a solution of (1). We also assume that conditions (A), (B),
(A′) and (B′) are fulfilled. Our aim is to obtain results on Lyapunov uniform stability and
uniform asymptotic stability of the trivial solution of (1). In order to do this, we consider
the corresponding generalized ODE and the stability theory in this setting. Then, by means
of Lyapunov functionals satisfying weak Krasovskĭı-type conditions and the correspondence
between generalized ODEs and impulsive retarded differential equations, we are able to get
the desired results.

The results we obtain here generalize many others. In the next lines, we make some
comments on our assumptions.

In opposition to the usual requirement that f(ψ, t) is continuous in ψ, we require simply
that the “indefinite integral” of f satisfies Carathéodory- and Lipschitz-type properties
which are given conditions (A) and (B) respectively.

Also the mapping t 7→ f (yt, t) does not need to be piecewise continuous. Compare
with the assumptions in [20], [23] and [24] for instance. As a matter of fact, the Lebesgue
integrability of t 7→ f (yt, t) can be considered locally only. Optionally, the Lebesgue
integral can be replaced by the Henstock-Kurzweil integral (see [25], for instance). When
this is the case, the mapping t 7→ f (yt, t) may not only have many points of discontinuities,
but it may also be of unbounded variation. In either case, however, the solution of (1) is
considered in the weak sense, that is, equation (1) needs to be fulfilled almost everywhere
in the sense of the Lebesgue measure.

Now let us make some comments on the assumptions concerning the Lyapunov functional
used to control the solutions.

We define Lyapunov functionals as functions U : [t0,+∞)×G−([−r, 0],Rn) → R which
satisfy U(t, 0) = 0 for t ∈ [t0,+∞) and the Lipschitz condition with respect to the second
argument, that is,

|U(t, ψ)− U(t, ψ)| ≤ K‖ψ − ψ‖, t ∈ [t0, +∞), ψ, ψ ∈ Eρ,

where Eρ = {ϕ ∈ G−([−r, 0],Rn) : ‖ϕ‖ < ρ} and K, ρ > 0.
Consider the non-impulsive case, that is, Ik (x) ≡ 0, k = 1, 2, . . .. The classical Krasovskĭı

condition concerning Lyapunov functionals non-increasing along the trajectories of

ẏ (t) = f (yt, t) ; f(0, t) ≡ 0 (3)

is that they are continuous and satisfy

U(t, yt) ≥ b(‖yt‖), t ∈ [t0, +∞), yt ∈ Eρ, (4)
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STABILITY OF FDES WITH VARIABLE IMPULSIVE PERTURBATIONS VIA GODES 5

where b is a function of Hahn class (i.e., b : R+ → R+ is monotone increasing satisfying
b(0) = 0) (see [17], for instance).

As shown in [10], Theorem 1, when considering equation (2) with bounded righthand
side, the conventional condition (4) can be replaced by the less restrictive condition

U(t, yt) ≥ b(|y(t)|), t ∈ [t0,+∞), yt ∈ Eρ, M |y(t)| ≥ ‖yt‖, M > 1.

This means that the positive definiteness of U is not required in a full neighborhood Eρ

of the equilibrium of (2) as in (4), but rather in {yt ∈ Eρ : ‖yt‖ ≤ M |y(t)|}, where M > 1.
In [15] and [16], the authors established conditions for the uniform asymptotic stability

of the trivial solution of (2) with f(t, 0) ≡ 0 and righthand side not necessarily bounded.
In addition, the delay varies in time. The results are obtained by means of non-monotone
Lyapunov functionals and very weak Krasovskĭı-type conditions, provided (2) admits a so-
lution extendable to [t0, +∞). In particular in [16], it was assumed that the non-monotone
Lyapunov functional is continuous, satisfies

b(|y(t)|) ≤ U(t, yt) ≤ d(‖yt‖), t ∈ [t0, +∞), yt ∈ Eρ, (5)

and its derivative

U̇(t, ψ) = lim sup
η→0+

U(t + η, yt+η(t, ψ))− U(t, ψ)
η

,

satisfies

U̇(t, yt) ≤ −p(t)Λ(‖yt‖), if NU(t, yt) ≥ U(t + θ, yt+θ), θ ∈ [−r, 0], (6)

where b, d, Λ are Hahn functions, N > 1 and p : R+ → R+ fulfills
∫ +∞

t
p(s)ds = +∞ for

all t > 0. Then, the authors show that y(t) ≡ 0 is asymptotically stable. If, in addition,
p(t) > ε > 0 for all t ≥ R+ and U̇(t, yt) ≤ 0 for t ∈ R+ and yt ∈ Eρ, then y(t) ≡ 0 is
uniformly asymptotically stable.

On the other hand, in [15], the author improved conditions (5) and (6) by considering

b(|y(t)|) ≤ U(t, yt) ≤ d(|y(t)|) + d1(‖yt‖), t ∈ [0,+∞), yt ∈ Eρ, (7)

and

U̇(t, yt) ≤ −p(t)Λ(|y(t)|), if NU(t, yt) ≥ U(t + θ, yt+θ), θ ∈ [−r, 0], (8)

where b, d, Λ, N and p are as above and d1 is also a function of Hahn class. When the
righthand side of (2) is bounded, it is enough to consider

U̇(t, yt) ≤ −Λ(|y(t)|), if NU(t, yt) ≥ U(t + θ, yt+θ), θ ∈ [−r, 0], (9)

instead of (8). See [10] and the comments in [15], p. 661.
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In the particular case of a constant delay, (5) and (6) can be replaced respectively by

b(|y(t)|) ≤ U(t, yt) ≤ d(|y(t)|), t ∈ [t0,+∞), yt ∈ Eρ, M |y(t)| ≥ ‖yt‖, M > 1, (10)

and

U̇(t, yt) ≤ −Λ(|y(t)|), t ∈ [t0,+∞), yt ∈ Eρ, M |y(t)| ≥ ‖yt‖, M > 1, (11)

In any case, however, for either variable or constant delays, both papers [15] and [16]
impose the additional condition of non-positiveness of U̇(t, yt) along the solutions of (2) in
order to get uniform asymptotic stability. See also [13].

In the present paper, we start by considering the more general case of retarded equations
subject to variable impulses. As in [20], we do not assume, a priori, that (1) has a solution
y(t) for all t. Compare with [15] and [24], for instance.

For the uniform stability of the trivial solution of (1) with f(0, t) ≡ 0 (see Theorem 4.2
in the sequel), we assume that for all solutions y(t) of (1), the Lyapunov functional U(t, ψ)
is left continuous in t ∈ (t0,+∞) and it satisfies the Lipschitz condition

|U(t, ψ)− U(t, ψ)| ≤ K‖ψ − ψ‖, t ∈ [t0, +∞), ψ, ψ ∈ Eρ,

where Eρ = {ϕ ∈ H1 : ‖ϕ‖ ≤ ρ} and K, ρ > 0. We assume the existence of a function
b : R+ → R+ of Hahn class such that

U(t, ψ) ≥ b(‖ψ‖),

for all t ≥ t0 and all ψ ∈ Eρ, and its derivative fulfills

U̇(t, ψ) ≤ 0, (12)

for each t ≥ t0 and for each ψ ∈ Eρ.
Notice that we do not require that U(t, ψ) is upper bounded by a function of Hahn class

as in (5), (7) or (10).
On the other hand, some restriction must be imposed to the impulse operators in order to

obtain the stabilization of the trivial solution. But such restriction is intrinsically described
in (12), since for a given tk ≥ t0, we have

ytk
(θ) = y (tk + θ) = y(tk)−

∫

[ tk+θ,tk]

f (ys, s) ds−
∑

tk+θ≤ tj< tk

Ij(y(tj))

almost everywhere in [−r, 0]. In the absence of delay, (12) implies that at impulse times,
the impulse operators map the solutions sufficiently close to zero. As in [20], our conditions
allow U to increase at impulse times as long as it is sufficiently balanced between impulses.
See the comments in [20], p. 909.

For the uniform asymptotic stability of the trivial solution of (1) with f(0, t) ≡ 0, we
assume conditions of Theorem 4.2 and we suppose there is a continuous function Λ : R+ →
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R+ satisfying Λ(0) = 0 and Λ(x) > 0 if x 6= 0, such that for every ψ ∈ Eρ,

D+U(t, ψ) ≤ −Λ(‖ψ‖), t ≥ t0,

see Theorem 4.3 in the sequel.
We also present results about uniform stability and uniform asymptotic stability by using

Lyapunov functions U : [t0 − r,+∞)× Rn → R, see Theorems 4.8 and 4.9. Our Theorem
4.4 improves [23], Theorem 1 in many aspects. In the absence of impulses, it generalizes
[12], Theorem 5.4.1, for instance. Theorem 4.5 in the sequel improves [23], Theorem 3,
[24], Theorem 1, and also [20], Theorem 3.2. In the absence of impulses, Theorem 4.5
generalizes [12], Theorem 5.4.2, for instance.

We organize the paper in the following manner. Section 2 is devoted to the basis of the
theory of generalized ODEs. In Section 3, the concepts of variational stability and varia-
tional asymptotic stability for generalized ODEs are explored. In Section 4, we investigate
the uniform Lyapunov stability and uniform asymptotic stability of impulsive retarded sys-
tems. In section 5, we make some comments on possible applications of the main results.
Finally, we present an appendix about the concept of integrability of Kurzweil.

2. GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

Let X be a Banach space and consider the set Ω = O× [t0,+∞), where O ⊂ X is an
open set. Assume that G : Ω → X is a given X-valued function defined for all (x, t) ∈ Ω.

Having the concept of Kurzweil integrability in mind (see, e.g., [19], [25] or the Ap-
pendix), we recall the concept of generalized ordinary differential equation (see [6] or [25]).

Definition 2.1. A function x : [α, β] → X is called a solution of the generalized
ordinary differential equation

dx

dτ
= DG(x, t) (13)

in the interval [α, β] ⊂ [t0, +∞) if (x(t), t) ∈ Ω for all t ∈ [α, β] and if the equality

x(v)− x(γ) =
∫ v

γ

DG(x(τ), t) (14)

holds for every γ, v ∈ [α, β].

Given an initial condition (x̃, t∗) ∈ Ω, a solution of the initial value problem for equation
(13) is given as follows.

Definition 2.2. A function x : [α, β] → X is a solution of the generalized ordinary
differential equation (13) with the initial condition x(t∗) = x̃, in the interval [α, β] ⊂
[t0,+∞), if t∗ ∈ [α, β], (x(t), t) ∈ Ω for all t ∈ [α, β] and if the equality

x(v)− x̃ =
∫ v

t∗
DG(x(τ), t) (15)
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holds for every v ∈ [α, β].

Now we define a special class of functions G : Ω → X for which we can derive interesting
properties of the solutions of (13).

Definition 2.3. A function G : Ω → X belongs to the class F(Ω, h), if there exists a
nondecreasing function h : [t0, +∞) → R such that

‖G(x, s2)−G(x, s1)‖ ≤ |h(s2)− h(s1)| (16)

for all (x, s2), (x, s1) ∈ Ω and

‖G(x, s2)−G(x, s1)−G(y, s2) + G(y, s1)‖ ≤ ‖x− y‖|h(s2)− h(s1)| (17)

for all (x, s2), (x, s1), (y, s2), (y, s1) ∈ Ω.

Assume that G : Ω → X satisfies condition (16) and let varβ
α(x) denote the variation of

a function x : [α, β] → X. If [α, β] ⊂ [t0, +∞) and x : [α, β] → X is a solution of (13),
then

‖x(s1)− x(s2)‖ ≤ |h(s2)− h(s1)| (18)

for all s1, s2 ∈ [α, β], and hence x is of bounded variation on [α, β] with

varβ
α x ≤ h(β)− h(α) < +∞. (19)

Furthermore, every point in [α, β] at which the function h is continuous is a continuity
point of the solution x : [α, β] → X and we have

x(σ+)− x(σ) = G(x(σ), σ+)−G(x(σ), σ), for σ ∈ [α, β)

and

x(σ)− x(σ−) = G(x(σ), σ)−G(x(σ), σ−), for σ ∈ (α, β],

where

G(x, σ+) = lim
s→σ+

G(x, s), for σ ∈ [α, β)

and

G(x, σ−) = lim
s→σ−

G(x, s), for σ ∈ (α, β].

For proofs of the above statements, see [25], Lemmas 3.10 and 3.12.
Now we present a result on the existence of the integral involved in the definition of the

solution of the generalized ordinary differential equation (13) (see Definition 2.1). This
result is a particular case of Corollary 3.16 from [25].
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Lemma 2.1. Let G ∈ F(Ω, h). Suppose [α, β] ⊂ [t0, +∞), x : [α, β] → X is of bounded
variation on [α, β] and (x(s), s) ∈ Ω for every s ∈ [α, β]. Then the integral

∫ β

α
DG(x(τ), t)

exists and the function s 7→ ∫ s

α
DG(x(τ), t) ∈ X, s ∈ [α, β], is of bounded variation.

The next result we mention for generalized ordinary differential equations (we write
generalized ODEs, for short) with righthand sides in F(Ω, h) concerns the existence of a
local solution. For a proof of this fact, see [6], Theorem 2.15.

Theorem 2.1 (Local existence and uniqueness). Let G : Ω → X belong to the class
F(Ω, h), where the function h is nondecreasing and left continuous. If for every (x̃, t∗) ∈
Ω such that for x̃+ = x̃ + G(x̃, t∗+) − G(x̃, t∗) we have (x̃+, t∗) ∈ Ω, then there exists
∆ > 0 such that there exists a unique solution x : [t∗, t∗ + ∆] → X of generalized ordinary
differential equation (13) for which x(t∗) = x̃.

3. SOME CONCEPTS OF STABILITY FOR GODE’S

In this section, (X, ‖ · ‖) is a Banach space and we set Ω = Bc × [t0, +∞), where
Bc = {y ∈ X : ‖y‖ < c}, with c > 0 and t0 ≥ 0. We also assume that G ∈ F(Ω, h), where
h : [t0, +∞) → R is a left continuous nondecreasing function, and G(0, t)−G(0, s) = 0, for
t, s ≥ t0. Then for every [γ, v] ⊂ [t0, +∞), we have

∫ v

γ

DG(0, t) = G(0, v)−G(0, γ) = 0.

Thus x ≡ 0 is a solution of the generalized ODE (13) on [t0,+∞). Note also that, by (18),
every solution of (13) is continuous from the left. Due to (19), it is natural to measure the
distance between two solutions by the variation norm.

The next stability concepts were introduced by Š. Schwabik in [26] (see also [25]) and
are based on the variation of the solutions of (13) around x ≡ 0.

Definition 3.1. The trivial solution x ≡ 0 of (13) is said to be

(i) Variationally stable, if for every ε > 0, there exists δ = δ(ε) > 0 such that if x :
[γ, v] → Bc, t0 ≤ γ < v < +∞, is a function of bounded variation on [γ, v] such that

‖x(γ)‖ < δ

and

varv
γ

(
x(s)−

∫ s

γ

DG(x(τ), t)
)

< δ,

then

‖x(t)‖ < ε, t ∈ [γ, v].
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(ii) Variationally attracting, if there exists δ0 > 0 and for every ε > 0, there exist
T = T (ε) ≥ 0 and ρ = ρ(ε) > 0 such that if x : [γ, v] → Bc, t0 ≤ γ < v < +∞, is a function
of bounded variation on [γ, v] such that

‖x(γ)‖ < δ0

and

varv
γ

(
x(s)−

∫ s

γ

DG(x(τ), t)
)

< ρ,

then

‖x(t)‖ < ε, t ∈ [γ, v] ∩ [γ + T, +∞), γ ≥ t0.

(iii) Variationally asymptotically stable, if it is variationally stable and variationally a-
ttracting.

In the sequel, we turn our attention to direct Lyapunov-type theorems for equation (13).
Such results are borrowed from [25], Theorems 10.13 and 10.14 (see also [26]).

Theorem 3.1. Let V : [t0,+∞)× Bρ → R, where Bρ = {y ∈ X : ‖y‖ ≤ ρ}, 0 < ρ < c,
be such that V (·, x) : [t0,+∞) → R is left continuous on (t0, +∞) for x ∈ X and the
following conditions hold:

(i)V (t, 0) = 0, t ∈ [t0,+∞);
(ii)There is a constant K > 0 such that

|V (t, z)− V (t, y)| ≤ K‖z − y‖, t ∈ [t0,+∞), z, y ∈ Bρ;

(iii)There is a function b : [0, +∞) → R of Hahn class such that

V (t, z) ≥ b(‖z‖), (t, z) ∈ [t0, +∞)×Bρ;

(iv)For all solutions x : [γ, v] → Bρ of (13), with t0 ≤ γ < v < +∞, we have

lim sup
η→0+

V (t + η, x(t + η))− V (t, x(t))
η

≤ 0,

that is, the right derivative of V along x(t) is non positive.

Then the trivial solution x ≡ 0 of (13) is variationally stable.
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Theorem 3.2. Let V : [t0,+∞)× Bρ → R, where Bρ = {y ∈ X : ‖y‖ ≤ ρ}, 0 < ρ < c,
satisfies conditions (i) to (iii) from Theorem 3.1. Suppose there is a continuous function
Φ : X → R, with Φ(0) = 0 and Φ(x) > 0 for x 6= 0, such that for every solution x : [γ, v] →
Bρ, [γ, v] ⊂ [t0, +∞), of (13), we have

lim sup
η→0+

V (t + η, x(t + η))− V (t, x(t))
η

≤ −Φ(x(t)), t ∈ [γ, v). (20)

Then the trivial solution x ≡ 0 of (13) is variationally asymptotically stable.

4. STABILITY OF IMPULSIVE RFDES

Now we turn our attention to retarded functional differential equations (we write
RFDEs) with variable impulses of type (1). We want to establish stability theorems for
these equations by means of generalized ODEs.

Let σ ≥ 0 and consider the impulsive RFDE (2), where f : G−([−r, 0],Rn)×[t0, t0+σ] →
Rn, and for every y ∈ G−([t0 − r, t0 + σ],Rn), t 7→ f (yt, t) is locally Lebesgue integrable
on t ∈ [t0, t0 + σ]. If there is a function y ∈ G−([t0 − r, t0 + σ],Rn) such that

(i) ẏ (t) = f (yt, t), for almost every t ∈ [t0, t0 + σ] \ {s ∈ [t0, t0 + σ] : s = τk(y(s)), k =
1, 2, . . .};

(ii) y (t+) = y (t) + Ik (y (t)), t = τk(y(t)) ∈ [t0, t0 + σ], k = 1, 2, . . . ;
(iii) yt0 = φ,

then y is called a solution of (2) on [t0 − r, t0 + σ] with initial condition (φ, t0).
Given y ∈ PC1 and t ∈ [t0, +∞), we define

F (y, t) (ϑ) =





0, t0 − r ≤ ϑ ≤ t0,∫ ϑ

t0
f (ys, s) ds, t0 ≤ ϑ ≤ t < +∞,

∫ t

t0
f (ys, s) ds, t0 ≤ t ≤ ϑ < +∞,

(21)

and

J(y, t)(ϑ) =
+∞∑

k=1

m(τk)∑

i=1

Hi
k(t)Hi

k(ϑ)Ik(y(tik)), (22)

where ϑ ∈ [t0−r,+∞) and Hi
k denotes the left continuous Heavyside function concentrated

at tik, that is,

Hi
k(t) =

{
0, for t0 ≤ t ≤ tik,

1, for t > tik.

Let G : PC1 × [t0, +∞) → G−([t0 − r,+∞),Rn) be defined by

G(y, t) = F (y, t) + J(y, t) (23)
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for y ∈ PC1 and t ∈ [t0, +∞). Then, for s1, s2 ∈ [t0,+∞) and x, y ∈ PC1 we have

‖G(x, s2)−G(x, s1)‖ ≤ |h(s2)− h(s1)| (24)

and

‖G(x, s2)−G(x, s1)−G(y, s2)−G(y, s1)‖ ≤ ‖x− y‖|h(s2)− h(s1)|, (25)

where

h(t) =
∫ t

t0

[M(s) + L(s)]ds + max(K1,K2)
+∞∑

k=1

m(τk)∑

i=1

Hi
k(t), t ∈ [t0, +∞).

Note that h is a nondecreasing real function which is continuous from the left at every
point, continuous at t 6= tik and h(tik+) exists for k = 1, 2, . . ., and i = 1, 2, . . . , m(τk). For
details, see [6].

By (24) and (25), it is clear that the function G defined by (23) belongs to the class
F(Ω, h), with Ω = PC1 × [t0, +∞).

Consider the generalized ordinary differential equation

dx

dτ
= DG (x, t) , (26)

where G is given by (23). The next result gives a one-to-one relation between the solution of
the impulsive RFDE (2) and the solution of the generalized ODE (26) with initial condition
described in terms of the initial condition of (2). A proof of it follows as in [6], Theorems
3.4 and 3.5, with obvious adaptations.

Theorem 4.1 (Correspondence of equations).

(i)Consider system (2), where f : G−([−r, 0],Rn) × [t0, t0 + σ] → Rn is such that for
every y ∈ G−([−r, 0],Rn), t 7→ f (yt, t) is locally Lebesgue integrable over [t0, t0 + σ] and
conditions (A), (B), (A′), (B′) are fulfilled. Let y (t) be the solution of the impulsive RFDE
(2) on [t0 − r, t0 + σ] . Given t ∈ [t0, t0 + σ], let

x (t) (ϑ) =

{
y (ϑ) , t0 − r ≤ ϑ ≤ t,

y (t) , t ≤ ϑ ≤ t0 + σ.

Then x (t) ∈ G− ([t0 − r, t0 + σ],Rn) and x is a solution of (26) on [t0, t0 + σ], with G
given by (23).

(ii)Reciprocally, let x (t) be a solution of (26), on [t0, t0 + σ], with G given by (23),
satisfying the initial condition

x(t0)(ϑ) =

{
φ(ϑ− t0), t0 − r ≤ ϑ ≤ t0,

x(t0)(t0), t0 ≤ ϑ ≤ t0 + σ.
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For ϑ ∈ [t0 − r, t0 + σ], define

y (ϑ) =

{
x (t0) (ϑ) , t0 − r ≤ ϑ ≤ t0,

x (ϑ) (ϑ) , t0 ≤ ϑ ≤ t0 + σ.

Then y is a solution of (2) on [t0 − r, t0 + σ].

By Theorem 2.1, for x̃ ∈ PC1 the condition

x̃+ = x̃ + G(x̃, t0+)−G(x̃, t0) ∈ PC1,

is needed, since it assures that the solution of the initial value problem for the generalized
ODE (26) does not jump out of the set PC1 immediately after the moment t0. However,
in our setting, G is given by (23) and hence G(x̃, t0+) − G(x̃, t0) = 0, since t0 < tik, i =
1, . . . ,m(τk), k = 1, 2, . . .. Thus t0 is not a moment of impulse.

In the next lines, we assume that

f(0, t) = 0 for all t and Ik(0) = 0, k = 1, 2, . . . .

This implies that the function y ≡ 0 is a solution of system (1) on any interval contained
in [t0,+∞). We also consider the set Ec = {ψ ∈ G−([−r, 0],Rn) : ‖ψ‖ < c}, c > 0.

We recall some classic concepts of stability.

Definition 4.1. The trivial solution of (1) is said to be

(i) Stable, if for any t0 ≥ 0, ε > 0, there exists δ = δ(ε, t0) > 0 such that if φ ∈ Ec and
y : [t0 − r, v] → Rn is solution of (1) on [t0, v] such that yt0 = φ and

‖φ‖ < δ,

then

‖yt(t0, φ)‖ < ε, t ∈ [t0, v].

(ii) Uniformly stable, if the number δ in item (i) is independent of t0.
(iii) Uniformly asymptotically stable, if there exists δ0 > 0 and for every ε > 0, there

exists T = T (ε) ≥ 0 such that if φ ∈ Ec and y : [t0 − r, v] → Rn is solution of (1) on [t0, v]
such that yt0 = φ and

‖φ‖ < δ0,

then

‖yt(t0, φ)‖ < ε, t ∈ [t0, v] ∩ [t0 + T, +∞).

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC
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We will apply Theorem 4.1 combined with Theorems 3.1 and 3.2 to obtain stability
results for problem (1) under conditions (C1) to (C5), (A), (B), (A′) and (B′).

Given t ≥ t0 and a function ψ ∈ G−([−r, 0],Rn), consider equation (1) with initial
condition yt = ψ. This initial value problem admits a unique local solution y : [t−r, v] → Rn

with [t− r, v] ⊂ [t− r,+∞) (see [5], Theorem 2.1). Then, by Theorem 4.1(i), we can find
a solution x : [t, v] → G−([t, v],Rn) of the generalized ODE (26), with initial condition
x(t) = x̃, where x̃(τ) = ψ(τ − t), t − r ≤ τ ≤ t, and x̃(τ) = ψ(0), τ ≥ t. Then
x(t)(t + θ) = y(t + θ) for all θ ∈ [−r, 0] and, hence, (x(t))t = yt. In this case, we write
yt+η = yt+η(t, ψ) for every η ≥ 0. Then for U : [t0, +∞)×G−([−r, 0],Rn) → R, we define

D+U(t, ψ) = lim sup
η→0+

U(t + η, yt+η(t, ψ))− U(t, yt(t, ψ))
η

, t ≥ t0.

On the other hand, given t ≥ t0, if x̃ ∈ G−([t− r,+∞),Rn) is such that x̃(τ) = ψ(τ − t),
t − r ≤ τ ≤ t, and x̃(τ) = ψ(0), τ ≥ t, there exists a unique solution x : [t, v] →
G−([t, v],Rn) of the generalized ODE (26) such that x(t) = x̃, with [t, v] ⊂ [t0, +∞).
By Theorem 4.1(ii), there is a solution y : [t − r, v] → Rn of (1) which satisfies yt = ψ
and is described in terms of x. In this case, we write xψ(t) instead of x(t) and we have
yt(t, ψ) = (xψ(t))t = ψ. Consequently, (t, xψ(t)) 7→ (t, yt(t, ψ)) is a one-to-one mapping,
and we can define a functional V : [t0,+∞)×G−([t0 − r,+∞),Rn) → R by

V (t, xψ(t)) = U(t, yt(t, ψ)). (27)

Then we have

D+U(t, ψ) = lim sup
η→0+

V (t + η, xψ(t + η))− V (t, xψ(t))
η

. (28)

Remark 4. 1. With the previous notation, given t ≥ t0, we have ‖yt(t, ψ)‖ = ‖xψ(t)‖,
since

‖yt(t, ψ)‖ = ‖yt‖ = sup
−r≤θ≤0

|y(t + θ)| = sup
t−r≤τ≤t

|y(τ)| = sup
t−r≤τ≤t

|xψ(t)(τ)|

= sup
t−r≤τ<+∞

|xψ(t)(τ)| = ‖xψ(t)‖,

where we used Theorem 4.1(ii) to obtain the fourth equality.

In the sequel, we consider the sets Eρ = {y ∈ G−([−r, 0],Rn) : ‖y‖ ≤ ρ} and Bρ = {x ∈
G−([t0 − r,+∞),Rn) : ‖x‖ ≤ ρ}, with 0 < ρ < c.

Lemma 4.1. Consider the impulsive RFDE (1), where f : G−([−r, 0],Rn)× [t0,+∞) →
Rn is such that for every y ∈ G−([−r, 0],Rn), t 7→ f (yt, t) is locally Lebesgue integrable over
[t0,+∞) and conditions (A), (B), (A′), (B′) are fulfilled. Assume that U : [t0, +∞)×Eρ →
R satisfies the conditions:
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(i)U(t, 0) = 0, t ∈ [t0, +∞);
(ii)There exists a constant K > 0 such that

|U(t, ψ)− U(t, ψ)| ≤ K‖ψ − ψ‖, t ∈ [t0, +∞), ψ, ψ ∈ Eρ.

Then the function V : [t0, +∞) × Bρ → R defined by (27) satisfies V (t, 0) = 0 for all
t ∈ [t0,+∞), and

|V (t, z)− V (t, z)| ≤ K‖z − z‖,
for t ≥ t0 and z, z ∈ Bρ.

Proof. Given t ≥ t0 and ψ, ψ ∈ Eρ, let y, y, ŷ : [t−r,+∞) → Rn be solutions of equation
(1) such that yt = ψ, yt = ψ and ŷt = 0. Suppose x, x, x̂ are solutions on [t,+∞) of the
generalized ODE (26) given by Theorem 4.1(i) with respect to y,y and ŷ respectively. Then
(x(t))t = yt = ψ, (x(t))t = yt = ψ and (x̂(t))t = ŷt = 0. By Remark 4.1, xψ(t), xψ(t) ∈ Bρ.

Since f satisfies (A) and (B) and Ik satisfies (A′) and (B′) for k = 1, 2, . . ., then the
function G in equation (26) belongs to F(Ω, h).

Let V : [t0, +∞)×Bρ → R be given by (27). By condition (i), we have

0 = U(t, 0) = U(t, ŷt(t, 0)) = V (t, x̂(t)) = V (t, 0),

since x̂(t)(τ) = 0 for all τ (see Theorem 4.1(i)), that is, x̂(t) ≡ 0.
By condition (ii), we have

|V (t, xψ(t))− V (t, xψ(t))| = |U(t, yt(t, ψ))− U(t, yt(t, ψ))| = |U(t, ψ)− U(t, ψ)|.

Then by Remark 4.1, we obtain

|V (t, xψ(t))− V (t, xψ(t))| ≤ K‖ψ − ψ‖ = K‖xψ(t)− xψ(t)‖. (29)

It is clear that given t ≥ t0 and z, z ∈ Bρ, there exist solutions x and x of the generalized
ODE (26) and ψ, ψ ∈ G−([−r, 0],Rn) such that z = xψ(t), (xψ(t))t = yt(t, ψ), z = xψ(t)
and (xψ(t))t = yt(t, ψ), by Remark 4.1.

Since

‖ψ‖ = ‖yt(t, ψ)‖ = ‖xψ(t)‖ = ‖z‖ ≤ ρ

and

‖ψ‖ = ‖yt(t, ψ)‖ = ‖xψ(t)‖ = ‖z‖ ≤ ρ,

it follows by (29) that

|V (t, z)− V (t, z)| ≤ K‖z − z‖,
and the result follows.

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



16 S. M. AFONSO, E. M. BONOTTO, M. FEDERSON AND L. P. GIMENES

Remark 4. 2. The next two results, namely Theorem 4.2 and Theorem 4.3, are
Lyapunov-type theorems for the impulsive RFDE (1) and they are analogous to Theorems
4.8 and 4.9, from [8]. Such results from [8] concern the uniform stability and the uniform
asymptotic stability for a class of RFDEs with pre-assigned moments of impulse action.
Our results concerns the uniform stability and the uniform asymptotic stability for a class of
retarded differential equations with variable moments of impulse action. It is important to
note that, in [8], the authors consider a functional U : [0, +∞)×G−([−r, 0],Rn) → R with
respect to the impulsive RFDE (1) and a functional V : [0,+∞)×G−([−r,+∞),Rn) → R
with respect to the generalized ODE (26) and U and V are related by the equality

V (t, x) = U(t, xt),

for t ≥ 0 and x ∈ G−([−r,+∞),Rn). In the present paper, we relate U and V by (27).
Also, in [8], it was assumed that

U(t, yt) ≥ b(‖y‖), t ∈ [0,+∞), y ∈ Bρ, (30)

where b is a function of Hahn class. Here, we replace condition (30) by the weaker condition

U(t, ψ) ≥ b(‖ψ‖), t ∈ [t0, +∞), ψ ∈ Eρ, (31)

where t0 ≥ 0. The proofs of Theorems 4.2 and 4.3 were carried out following the ideas of
the proofs of Theorems 4.8 and 4.9 from [8], respectively. We include these proofs using
(31) instead of (30) for the sake of completeness and self-containedness of the paper.

Theorem 4.2. Consider the impulsive RFDE (1). Suppose conditions (A), (B), (A′),
(B′) are fulfilled. Let U : [t0, +∞) × Eρ → R be left continuous on (t0, +∞) and assume
the next conditions hold:

(i)U(t, 0) = 0, t ∈ [t0, +∞);
(ii)There is a constant K > 0 such that

|U(t, ψ)− U(t, ψ)| ≤ K‖ψ − ψ‖, t ∈ [t0, +∞), ψ, ψ ∈ Eρ;

(iii)There is a function b : R+ → R+ of Hahn class such that

U(t, ψ) ≥ b(‖ψ‖),

for all t ≥ t0 and all ψ ∈ Eρ;
(iv)The inequality

D+U(t, ψ) ≤ 0

holds for each t ≥ t0 and each ψ ∈ Eρ.
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Then the trivial solution y ≡ 0 of (1) is uniformly stable.

Proof.
Since f satisfies (A) and (B) and Ik satisfies (A′) and (B′) for k = 1, 2, . . ., the function

G in equation (26) belongs to F(Ω, h).
Let V : [t0, +∞)×Bρ → R be given by (27). By Lemma 4.1,

V (t, 0) = 0, for t ∈ [t0,+∞)

and

|V (t, z)− V (t, z)| ≤ K‖z − z‖, for t ∈ [t0,+∞) and z, z ∈ Bρ.

By Remark 4.1 and condition (iii), given t ≥ t0, we have

b(‖xψ(t)‖) = b(‖yt‖) ≤ U(t, yt(t, ψ)) = V (t, xψ(t))

for the solution y of (1) satisfying yt = ψ. Then by previous arguments (see Lemma 4.1),
we have

V (t, z) ≥ b(z), z ∈ Bρ.

Finally, condition (iv) above clearly implies condition (iv) from Theorem 3.1 and, there-
fore, the hypotheses of Theorem 3.1 are fulfilled. Hence the solution x ≡ 0 of the generalized
ODE (26) is variationally stable. Thus for every ε > 0, there exists δ = δ(ε) > 0 such that
if x : [γ, v] → Bρ, t0 ≤ γ < v < +∞, is a function of bounded variation on [γ, v] such that

‖x(γ)‖ < δ

and

varv
γ

(
x(s)−

∫ s

γ

DG(x(τ), t)
)

< δ,

then

‖x(t)‖ < ε, t ∈ [γ, v]. (32)

Let φ ∈ Eρ and y : [t0 − r,+∞) → Rn be a solution of (1) with yt0 = φ. Suppose

‖φ‖ < δ. (33)

We want to prove that

‖yt(t0, φ)‖ < ε, t ∈ [t0, +∞). (34)

Let us denote yt = yt(t0, φ) and define

x (t) (τ) =

{
y (τ) , t0 − r ≤ τ ≤ t,

y (t) , τ ≥ t.
(35)
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By Theorem 4.1, x(t) is a solution on [t0, +∞) of the generalized ODE (26) satisfying the
initial condition x(t0) = x̃, where

x̃ (τ) =
{

φ (τ − t0) , t0 − r ≤ τ ≤ t0,
φ(0), τ ≥ 0.

(36)

Moreover, x is of bounded variation on [t0, +∞).
By (36) and (33), we have

‖x(t0)‖ = sup
t0−r≤τ<+∞

|x̃(τ)| = ‖φ‖ < δ. (37)

Besides,

varv
t0

(
x(s)−

∫ s

t0

DG(x(τ), t)
)

= 0 < δ. (38)

Therefore (32) holds, that is, ‖x(t)‖ < ε for all t ∈ [t0, v], where v ∈ (t0, +∞). In particular,
‖x(v)‖ < ε. Hence (35) implies that for any t ∈ [t0, v], we have

‖yt(t0, φ)‖ = ‖yt‖ = sup
−r≤θ≤0

|y(t + θ)| ≤ sup
t0−r≤τ≤v

|y(τ)|

= sup
t0−r≤τ≤v

|x(v)(τ)| = sup
t0−r≤τ<+∞

|x(v)(τ)|

= ‖x(v)‖ < ε.

(39)

Thus (34) holds and the proof is complete.

Theorem 4.3. Consider the impulsive RFDE (1), where conditions (A), (B), (A′),
(B′) are fulfilled. Assume that U : [t0, +∞)×Eρ → R satisfies conditions (i) to (iii) from
Theorem 4.2. Suppose there is a continuous function Λ : R+ → R+ satisfying Λ(0) = 0
and Λ(x) > 0 if x 6= 0, such that for every ψ ∈ Eρ,

D+U(t, ψ) ≤ −Λ(‖ψ‖), t ≥ t0. (40)

Then the trivial solution y ≡ 0 of (1) is uniformly asymptotically stable.

Proof. We assume the notation of the previous theorem.
Suppose V : [t0, +∞)× Bρ → R is given by (27). Then the hypotheses of Theorem 3.1

are fulfilled.
Let Φ : Bρ → R be defined by Φ(z) = Λ(‖z‖), for z ∈ Bρ. Then Φ is continuous,

Φ(0) = 0 and Φ(z) > 0 whenever z 6= 0.
Assume that x : [t,+∞) → Bρ is a solution of (26) such that (x(t))t = ψ, where

t ∈ [t0,+∞) and ψ ∈ Eρ, and suppose y : [t− r,+∞) → Rn is the solution of (1) given by
Theorem 22(ii) such that yt = ψ. By (40), we have

lim sup
η→0+

V (t + η, xψ(t + η))− V (t, xψ(t))
η

= D+U(t, yt(t, ψ)) =
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= D+U(t, ψ) ≤ −Λ(‖ψ‖) = −Λ(‖yt‖).
But

‖yt‖ = ‖xψ(t)‖,
by Remark 4.1. Therefore,

lim sup
η→0+

V (t + η, xψ(t + η))− V (t, xψ(t))
η

≤ −Λ(‖yt‖) = −Λ(‖xψ(t)‖) = −Φ(xψ(t))

and the hypotheses of Theorem 3.2 are satisfied. Hence x ≡ 0 is variationally asympto-
tically stable, that is, there exists δ0 > 0 and for every ε > 0, there exist T = T (ε) ≥ 0
and ρ = ρ(ε) > 0 such that if x : [γ, v] → Bc, t0 ≤ γ < v < +∞, is a function of bounded
variation on [γ, v] such that

‖x(γ)‖ < δ0 (41)

and

varv
γ

(
x(s)−

∫ s

γ

DG(x(τ), t)
)

< ρ, (42)

then

‖x(t)‖ < ε, t ∈ [γ, v] ∩ [γ + T, +∞), γ ≥ t0. (43)

Given ε > 0, let δ0 > 0 and T = T (ε) be as above. Let φ ∈ Ec, and y : [t0−r,+∞) → Rn

be the solution of (1) such that yt0 = φ and assume

‖φ‖ < δ0. (44)

We want to prove that

‖yt(t0, φ)‖ < ε, t ∈ [t0 + T, +∞). (45)

But this is immediate by the proof of Theorem 4.2. By (44), we obtain (41) as in (37). Also,
as in Theorem 4.2, we have (38) and hence (42) follows. Finally (45) holds, since we have
(39) as in Theorem 4.2 and because of (43).

Example 4.1. The model of a circulating fuel nuclear reactor is studied in [4]. In [1],
this model is treated with impulse action and it is described by

{
y′ = − ∫ t

t−r
p(t− s)g(y(s))ds, t 6= τk(y(t)), t ≥ 0,

∆y (t) = dk, t = τk(y(t)), k = 1, 2, . . . ,
(46)

subject to the initial condition

y0 = φ, (47)
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where r > 0, φ ∈ G−([−r, 0],Rn), p : R→ R+ is a Lebesgue integrable function such that
p(u) ≤ B for all u ∈ R, g : R → R+ is such that |g(x) − g(y)| ≤ K|x − y| for all x, y ∈ R,
g(0) = 0 and there exits a function m : R→ R locally Lebesgue integrable such that

∣∣∣∣
∫ s2

s1

g(y(s))ds

∣∣∣∣ ≤
∫ s2

s1

m(s)ds,

for all s1, s2 ∈ R, for k = 1, 2, . . ., {dk} is a sequence of non-positive constants which is
bounded from below, τk maps R to (0, +∞) and τk satisfies (C1)− (C5).

Consider ∆y (t) := y (t+)− y (t−) = y(t+)− y(t), for any t ≥ 0. In [1], it is showed that
Ik : Rn → Rn given by Ik(y) = dk satisfies conditions (A′) and (B′), for k = 1, 2, . . .. Also,
it is proved that f , given by f(yt, t) = − ∫ t

t−r
p(t−s)g(y(s))ds, satisfies conditions (A) and

(B). By defining U : [0,+∞) × G−([−r, 0],Rn) → R+ by U(t, ψ) =
1
3
‖ψ‖3, it is proved

in [1] that U satisfies conditions (i), (ii), (iii) and (iv) from Theorem 4.2. Therefore, by
Theorem 4.2 the equilibrium is uniformly stable.

Now, we consider Lyapunov functions U : [t0 − r,+∞) × Rn → R and establish new
stability results for the trivial solution of the impulsive RFDE (1). We define the derivative
of U along the solutions of (1) by

D+U(t, y(t)) = lim sup
η→0+

U(t + η, y(t + η, t, ψ))− U(t, y(t, t, ψ))
η

, t ≥ t0,

where y(s, t, ψ) is the solution of (1) which satisfies yt = ψ, with ψ ∈ G−([−r, 0],Rn). Note
that we can write D+U(t, ψ(0)) instead of D+U(t, y(t)), since given an initial function
ψ ∈ G−([−r, 0],Rn) and t ≥ t0, there exists a unique solution of (1) which satisfies yt = ψ
and, therefore, y(t) = ψ(0) (see [5], Theorem 2.1).

Theorem 4.4. Consider the impulsive RFDE (1). Assume that conditions (A), (B),
(A′), (B′) are fulfilled. Suppose U : [t0−r,+∞)×Rn → R is left continuous on (t0−r,+∞),
the limits

U(t−, y(t−)) = lim
s→t−

U(s, y(s)), t ∈ [t0 − r,+∞)

and

U(t+, y(t+)) = lim
s→t+

U(s, y(s)), t ∈ [t0 − r,+∞),

exist with U(t−, y(t−)) = U(t, y(t)) satisfied, where y ∈ G−([t0 − r,+∞),Rn). Suppose U
fulfills the following conditions:

(i)U(t, 0) = 0, t ∈ [t0 − r,+∞);
(ii)For each a > 0, there is a constant Ka > 0 such that

|U(t, x)− U(t, y)| ≤ Ka‖x− y‖, t ∈ [t0 − r,+∞) and x, y ∈ Ba,

where Ba = {z ∈ Rn : ‖z‖ < a};
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(iii)There is a function b : R+ → R+ of Hahn class such that

U(t, y(t)) ≥ b(‖yt‖)

for any y ∈ G−([t0 − r,+∞),Rn), t ∈ [t0, +∞);
(iv)There is a function Λ : R+ → R+ such that

D+U(t, ψ(0)) ≤ −Λ(|ψ(0)|) if U(t + θ, ψ(θ)) ≤ U(t, ψ(0))

for t ∈ [t0, +∞), θ ∈ [−r, 0] and ψ ∈ G−([−r, 0],Rn).

Then the trivial solution y ≡ 0 of (1) is uniformly stable.

Proof. For s ≥ t0 and ξ ∈ Eρ, let us define

U(s, ξ) = sup
θ∈ [−r,0]

U(s + θ, ξ(θ)). (48)

It is clear that U(s, 0) = 0 for all s ≥ t0.
Given t ≥ t0 and ψ ∈ Eρ, consider y : [t − r,+∞) → Rn a solution of (1) such that

yt = ψ. Note that by (18), the solution x of (13) corresponding to (1) is continuous from
the left and so is y. This fact can be easily seen by the relations between the solutions y
and x given in Theorem 4.1. Therefore the assumptions of the present theorem imply that
the function U(s, y(s)) is continuous from the left for s in the interval where the solution
y is defined.

By (48), we have

U(t, ψ) = U(t, yt) = sup
θ∈ [−r,0]

U(t + θ, y(t + θ)). (49)

We will show that D+U(t, ψ) = D+U(t, yt) ≤ 0.
Let

R(t) = {U(t + θ, y(t + θ)) : θ ∈ [−r, 0]} .

We will consider two cases: when U(t, yt) belongs to R(t) and otherwise.
Suppose U(t, yt) belongs to R(t). Then there is a θ0 ∈ [−r, 0] such that U(t + θ0, y(t +

θ0)) = U(t, yt). If θ0 = 0, then U(t, yt) = U(t, y(t)) which implies, by condition (iv), that
D+U(t, yt) ≤ 0. If θ0 < 0, then U(t + θ, y(t + θ)) < U(t + θ0, y(t + θ0)) for all θ0 < θ ≤ 0
by (49) and by the choice of θ0. Then for all h > 0 sufficiently small with h < |θ0|, we have

U(t + h, yt+h) = sup
θ∈ [−r,0]

U(t + h + θ, y(t + h + θ))

= U(t + θ0, y(t + θ0)) = U(t, yt)

and hence D+U(t, yt) = 0.
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Now, we consider the case where U(t, yt) does not belong to R(t). In this case,

U(t, yt) > U(t + θ, y(t + θ)), θ ∈ [−r, 0],

and there is a convergent sequence {θn}n∈N in [−r, 0], with θ = lim
n→+∞

θn, such that

U(t, yt) = lim
n→+∞

U(t + θn, y(t + θn)).

Suppose there are countably many θnk
’s such that θnk

< θ. Then

U(t, yt) = lim
k→+∞

U(t + θnk
, y(t + θnk

)) = U(t + θ, y(t + θ))

which is a contradiction, since θ ∈ [−r, 0] and in such a case U(t, yt) ∈ R(t). This reasoning
also shows that θ < 0. Therefore we may assume that θ < θn < 0, for all n, and hence

U(t, yt) = U((t + θ)+, y((t + θ)+)).

Thus, for all h > 0 sufficiently small with h < |θ|, we have

U(t + h, yt+h) = sup
θ∈ [−r,0]

U(t + h + θ, y(t + h + θ))

= U((t + θ)+, y((t + θ)+)) = U(t, yt).

Hence D+U(t, yt) = 0.
Now, we assert that U satisfies condition (ii) of Theorem 4.2. Indeed. Consider t ≥ t0.

Given ψ̂, ψ ∈ Eρ, let ŷ, y be solutions of (1) such that ŷt = ψ̂, yt = ψ. With the above
notation, we have

U(t, ψ̂) = U(t, ŷt) = U(t + θψ̂, ŷ(t + θψ̂)) or

U(t, ψ̂) = U(t, ŷt) = U((t + θψ̂)+, ŷ((t + θψ̂)+))

and

U(t, ψ) = U(t, yt) = U(t + θψ, y(t + θψ)) or

U(t, ψ) = U(t, yt) = U((t + θψ)+, y((t + θψ)+)),

where θψ̂, θψ and θψ̂, θψ correspond respectively to θ0 and θ for the functions ψ̂, ψ ∈ Eρ.
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Consider Bρ = {x ∈ Rn : ‖x‖ ≤ ρ} and Bc = {x ∈ Rn : ‖x‖ < c}, where ρ < c. Since
U((t + θψ̂)+, ŷ((t + θψ̂)+)) and U((t + θψ)+, y((t + θψ)+)) exist, condition (ii) implies

|U(t, ψ̂)− U(t, ψ)| = |U(t, ŷt)− U(t, yt)|
= | sup

θ∈ [−r,0]

U(t + θ, ŷ(t + θ))− sup
θ∈ [−r,0]

U(t + θ, y(t + θ))|

≤ sup
θ∈ [−r,0]

|U(t + θ, ŷ(t + θ))− U(t + θ, y(t + θ))|

≤ Kc sup
θ∈ [−r,0]

‖ŷ(t + θ)− y(t + θ)‖

= Kc‖ŷ − y‖ = Kc‖ψ̂ − ψ‖,

since ŷ(t + θ), y(t + θ) ∈ Bρ, for all θ ∈ [−r, 0], and Bρ ⊂ Bc. Furthermore, we have

U(t, ψ) = U(t, yt) ≥ U(t, y(t)) ≥ b(‖yt‖) = b(‖ψ‖),

by the definition of U and by condition (iii).
Thus all conditions of Theorem 4.2 are satisfied for U and hence the solution y ≡ 0 of (1)

is uniformly stable.

Theorem 4.5. Consider the impulsive RFDE (1). Assume that conditions (A), (B),
(A′), (B′) are fulfilled. Let U : [t0 − r,+∞) × Rn → R be a left continuous function on
(t0 − r,+∞) and assume that the limits

U(t−, y(t−)) = lim
s→t−

U(s, y(s)), t ∈ [t0 − r,+∞),

and

U(t+, y(t+)) = lim
s→t+

U(s, y(s)), t ∈ [t0 − r,+∞),

exist with U(t−, y(t−)) = U(t, y(t)) satisfied, where y ∈ G−([t0 − r,+∞),Rn). Suppose
conditions (i), (ii) and (iii) of Theorem 4.4 are satisfied and there is a function d : R+ →
R+ of Hahn class such that for every solution y of (1), we have

sup
θ∈ [−r,0]

U(s + θ, y(s + θ)) ≤ d(‖y(s)‖), (50)

where s ≥ t0, with d(t) ≥ b(t), for every t ≥ 0. Assume, in addition, that there is a
function Λ : R+ → R+ which satisfies Λ(0) = 0 and Λ(x) > 0, if x 6= 0, and there is a
continuous nondecreasing function p(s) > s for s > 0 such that

D+U(t, ψ(0)) ≤ −Λ(|ψ(0)|) if U(t + θ, ψ(θ)) < p(U(t, ψ(0)), (51)

for θ ∈ [−r, 0], t ∈ [t0, +∞) and ψ ∈ G−([−r, 0],Rn). Then the trivial solution y ≡ 0 of
(1) is uniformly asymptotically stable.
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Proof. This proof follows some ideas presented in the proof of Theorem 5.4.2 in [12].
If we define

U(s, ξ) = sup
θ∈ [−r,0]

U(s + θ, ξ(θ)), (52)

for s ≥ t0 and ξ ∈ Eρ, then the trivial solution y ≡ 0 is uniformly stable, by repeating the
arguments used in the proof of Theorem 4.4.

Let t0 ≥ 0 and φ ∈ Eρ. Let y : [t0 − r,+∞) → Rn be a solution of (1) which satisfies
yt0 = φ. We write y(t) = y(t, t0, φ) to denote this solution.

Set yt = yt(t0, φ) for t ≥ t0, and let ε > 0. Since the solution y ≡ 0 is uniformly stable,
there is δ > 0 such that if ‖φ‖ < δ, then ‖yt(t0, φ)‖ < ε. Note that ‖φ‖ < δ implies
U(t, y(t)) < d(ε), for every t ∈ [t0, +∞), since

U(t, y(t)) ≤ sup
θ∈ [−r,0]

U(t + θ, y(t + θ)) ≤ d(‖y(t)‖) ≤ d(‖yt‖) < d(ε), (53)

where d is an increasing function.
Suppose 0 < η ≤ ε is arbitrary. We will show that there exists a number T = T (ε, η) > 0

such that ‖φ‖ < δ implies ‖yt‖ ≤ η, for all t ∈ [t0 + T, +∞). This will be true if we show
that U(t, y(t)) ≤ b(η), for all t ∈ [t0 + T, +∞), where b is given by condition (iii) of
Theorem 4.4.

At first, let us find the number T . By the properties of the function p(s), there exists a
number α > 0 such that p(s)− s ≥ α for b(η) ≤ s ≤ d(ε) (note that b(η) ≤ b(ε) ≤ d(ε)).

Let K be the first positive integer such that b(η) + Kα > d(ε). Since b(η) ≤ d(ε), we
have d−1(b(η)) ≤ ε. Let

β = inf
d−1(b(η))≤s≤ε

Λ(s) > 0

and define

T :=
Kd(ε)

β
.

Now, we will show that U(t, y(t)) ≤ b(η), for all t ∈ [t0 + d(ε)
β , +∞). We assert that

U(t, y(t)) ≤ b(η) + (K − 1)α, for all t ∈ [t0 + d(ε)
β ,+∞). Indeed. Assume that b(η) + (K −

1)α < U(t, y(t)), for t ∈ [t0 + d(ε)
β ,+∞). By the choice of K and (53), we have

b(η) ≤ b(η) + (K − 1)α < U(t, y(t)) < d(ε) (54)

and

p(U(t, y(t)) ≥ U(t, y(t)) + α > b(η) +Kα > d(ε) > U(t + θ, y(t + θ)),

for t0 ≤ t ≤ t0 + d(ε)
β and θ ∈ [−r, 0]. Note that (53) and (54) imply

d−1(b(η)) < d−1(d(‖y(t)‖)) < d−1(d(ε)),
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that is,

d−1(b(η)) < ‖y(t)‖ < ε,

where t0 ≤ t ≤ t0 + d(ε)
β . Consequently, by (51), we get

D+U(t, y(t)) ≤ −Λ(‖y(t)‖) ≤ −β, t0 ≤ t ≤ t0 +
d(ε)
β

.

Thus,

U(t1, y(t1)) ≤ U(t0, y(t0))− β(t1 − t0) < d(ε)− β(t1 − t0)

and U(t1, y(t1)) < 0, where t1 = t0 + d(ε)
β , which is a contradiction, since we have the

positiveness of U . Hence,

U(t, y(t)) ≤ b(η) + (K − 1)α, t = t0 +
d(ε)
β

.

Note that, when U(t, y(t)) = b(η)+(K−1)α, we have D+U(t, y(t)) ≤ 0, because of (51),
since b(η) ≤ U(t, y(t)) = b(η) + (K − 1)α < d(ε). Hence

p(U(t, y(t)) ≥ U(t, y(t)) + α = b(η) +Kα > d(ε) > U(t + θ, y(t + θ)),

for θ ∈ [−r, 0].
Now, suppose there exists t > t0 + d(ε)

β such that U(t, y(t)) > b(η) + (K − 1)α. Then
D+U(t, y(t)) > 0, for t such that U(t, y(t)) = b(η) + (K− 1)α, which is a contradiction. It
is important to note that if t = tik, the same contradiction applies.

Let tn = nd(ε)
β , n = 1, · · · ,K, t0 = 0 and assume that for some integer N ≥ 1 and for t

satisfying tn−1 ≤ t− t0 ≤ tn, we have

b(η) + (K −N)α < U(t, y(t)) ≤ b(η) + (K −N + 1)α.

Using the previous arguments, we get

D+U(t, y(t)) ≤ −β, tn−1 ≤ t− t0 ≤ tn

and

U(t, y(t)) ≤ U(t0 + tn−1, y(t0 + tn−1))− β(t− t0 − tn−1) < d(ε)− β(t− t0 − tn−1).

Thus U(t, y(t)) < 0, whenever t = t0 + tn. Analogously, one can prove that U(t, y(t)) ≤
b(η)+(K−N)α, for t ≥ t0 + tn. For N = K, we have U(t, y(t)) ≤ b(η) for all t ≥ t0 + Kd(ε)

β .
Finally, since

b(‖yt‖) ≤ U(t, y(t)) ≤ b(η),
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and b is an increasing function, we have ‖yt‖ ≤ η, for all t ≥ t0+Kd(ε)
β , and the proof is com-

plete.

5. FINAL COMMENTS AND REMARKS

Consider the framework presented in Section 1.
Many problems in physics, mechanics, electronics, biology, economics, medicine, phar-

macokinetics and several other sciences can be modelled as special cases of system





ẏ (t) = f (yt, y, t) , t 6= τk(y(t)), t ≥ t0,

∆y (tk) = Ik (y (tk)) , t = τk(y(t)), k = 1, 2, . . . ,

f(0, 0, t) ≡ 0, Ik(0) = 0, k = 1, 2, . . .

yt0 = φ

(55)

and yet stability results similar to Theorems 4.4 and 4.5 hold. Such results can be easily
accomplished. Indeed, in case of system (55), it is enough to replace (21) by

F (y, t) (ϑ) =





0, t0 − r ≤ ϑ ≤ t0,∫ ϑ

t0
f (ys, y(s), s) ds, t0 ≤ ϑ ≤ t < +∞,

∫ t

t0
f (ys, y(s), s) ds, t0 ≤ t ≤ ϑ < +∞,

and to consider equation (22) so that equations (55) and (13) are equivalent for G given by
(23). The proof of this fact follows as in [6], Theorems 3.4 and 3.5 applying the observations
in the last section of [6].

In the particular non impulsive case (i.e., when Ik(x) ≡ 0), there are a number of
problems modelled by particular forms of ẏ (t) = f (yt, y, t). In population dynamics, for
instance, we can mention the well-known Lasota-Wazewska model

N ′(t) = −µN(t) + pe−σN(t−r),

the Nicholson’s blowflies equation

N ′(t) = −δN(t) + pN(t− r)e−aN(t−r)

and the Nazarenko’s equation

x′(t) = −px(t) +
qx(t)

σ + xn(t− r)
.

See, e.g., [2], [9], [11], [18], [22]. However all such problems can be considered as being
subject to variable moments of impulse effects (or controls). Therefore it is important to
have stability results for such equations.
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One can consider, further, that the delay in equation (55) is variable, that is r(t) is a
function of t satisfying r′(t) < ∆ < 1. In this case, we consider G−([−r(t), 0],Rn) instead
of G−([−r, 0],Rn) and all other appropriate changes. Also F (y, t) is given by

F (y, t) (ϑ) =





0, t0 − r(t) ≤ ϑ ≤ t0,∫ ϑ

t0
f (ys, y(s), s) ds, t0 ≤ ϑ ≤ t < +∞,

∫ t

t0
f (ys, y(s), s) ds, t0 ≤ t ≤ ϑ < +∞.

In the particular case of the differential-difference system ẏ (t) = f (y(t− r(t)), y(t), t),
t 6= tk, we define

F (y, t) (ϑ) =





0, t0 − r(t) ≤ ϑ ≤ t0,∫ ϑ

t0
f (y(s− r(s)), y(s), s) ds, t0 ≤ ϑ ≤ t < +∞,

∫ t

t0
f (y(s− r(s)), y(s), s) ds, t0 ≤ t ≤ ϑ < +∞.

Then extensions to the case where several delays are present can be obtained similarly.
Consider the general delayed neural network

ẏi = −ciyi(t) +
n∑

j=1

aijgj(yj(t)) +
n∑

j=1

bijf(yj(t− rij(t))) + Hi(t), i = 1, 2, . . . , n, (56)

where ci > 0, 0 ≤ rij(t) ≤ r. Equation (56) describes the evolution process of the neural
networks, where n corresponds to the number of units in the neural networks, yi corre-
sponds to the state variable, fj(xj), gj(xj) are activation functions of the neurons, ci is
the neuron changing time constant, aij , bij are the weights of the neuron interconnections,
Hi is the internal bias, and rij(t) is the transmission delay. In particular, equation (56)
encompasses models as the Hopfield neural network, bidirectional neural networks, cellular
neural networks, recurrent neural networks, etc. See, e.g., [3], [14], [21], [28] and [30].

By appropriate transformations, equation (56) can be formulated in a form like ẏ (t) =
f (y(t− r1(t)), y(t− r2(t)), y(t− r3(t)), y(t), t), but with several delays rij(t), and similar
results as Theorems 4.4 and 4.5 hold for this kind of system when it undergoes abrupt
changes at fixed moments or variable moments as in (55).

6. APPENDIX

In this part of our paper, we present the concept of integrability of Kurzweil.
A tagged division of a compact interval [a, b] ⊂ R is a finite collection

{(τi, [si−1, si]) : i = 1, 2, . . . , k} ,

where a = s0 ≤ s1 ≤ . . . ≤ sk = b is a division of [a, b] and τi ∈ [si−1, si], i = 1, 2, . . . , k.
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A gauge on [a, b] is any function δ : [a, b] → (0,+∞). Given a gauge δ on [a, b], a tagged
division d = (τi, [si−1, si]) of [a, b] is δ-fine if, for every i,

[si−1, si] ⊂ {t ∈ [a, b] : |t− τi| < δ (τi)} .

Let X be a Banach space. Now, we define the type of integration which belongs to
Jaroslav Kurzweil.

Definition 6.1. A function U (τ, t) : [a, b]× [a, b] → X is Kurzweil integrable over [a, b],
if there is a unique element I ∈ X such that given ε > 0, there is a gauge δ of [a, b] such
that for every δ-fine tagged division d = (τi, [si−1, si]) of [a, b], we have

‖S (U, d)− I‖ < ε,

where S (U, d) =
∑

i [U (τi, si)− U (τi, si−1)]. In this case, we write I =
∫ b

a
DU (τ, t) and

use the convention
∫ b

a
DU (τ, t) = − ∫ a

b
DU (τ, t), whenever b < a.

The Kurzweil integral was described extensively in Chapter I of [25] for the case X = Rn

(see Definition 1.2 in [25]).
It worths mentioning that the Kurzweil integral is linear, additive on disjoint intervals

and emcompasses the known Perron-Stieljs integral as well as its improper integrals. For
more properties, the reader may want to consult [25].
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