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We consider a class of functional differential equations with variable im-
pulses and we establish new stability results which encompass those from [7]
and other papers. We discuss the variational stability and variational asymp-
totic stability of the zero solution of a class of generalized ordinary differential
equations where our impulsive functional differential equations can be em-
bedded and we apply that theory to obtain our results, also using Lyapunov
functionals.  May, 2011 ICMC-USP

1. INTRODUCTION

Let X be a Banach space and I C R be any interval of the real line. We denote by
G~ (I, X) the space of left continuous regulated functions f : I — X, that is, G~ (I, X)
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2 S. M. AFONSO, E. M. BONOTTO, M. FEDERSON AND L. P. GIMENES

is the set of all functions f : I — X such that, for every compact interval [a,b] C I,
f(t—=) = f(t) for each t € (a,b] and the right limit f(¢+) exists for each t € [a,b), where

f(t=) = lim f(t+p) and f(t+)=plirg+f(t+p)-

p—0~

The space G~ (I, X) is a Banach space when endowed with the usual supremum norm.

We write C(I, X) to denote the space of continuous functions f : I — X. When [ is a
compact interval, we consider the Banach space C(I, X) equipped with the norm induced
by G~ (I,X).

Consider Ry = {z € R: z > 0}. We say that b: Ry — R is a function of Hahn class,
if b is monotone increasing and b(0) = 0.

Let » > 0. Given a function y : R — R"™, we consider y; € G~ ([—r,0],R™) defined by

v (0) =yt +6), 60¢c[-r0],tcR.

Then for ¢y > 0 and a function y € G~ ([tg — 1, +0), R™), we have y, € G~ ([-r, 0], R™) for
all t € [tg, +00).

We consider the following retarded functional differential equation with variable moments
of impulse action

§0=Flt),  t#n), "

Ay( )=1Ie(y (@), t=m(y(t)), k=1,2...,
where f(p,t) maps G~ ([-r,0],R") x R to R”, and for k = 1,2,..., I maps R" to itself,
7, maps R"™ to R, and Ay (¢) :==y (t+) —y (t—) =y (t+) — y (¢), for any ¢ € R.

Given tg > 0 and an initial function ¢ € G~ ([—r,0],R™), the initial value problem
corresponding to equation (1) has the form

JO) = Flunt),  tEn®), =t
I

Ay(@) =Ix (y (@), t=m(y(®), k=12..., (2)
yto = ¢
Assume 79(x) = to, for all x € R™. For each k = 1,2,. .., consider the set

Sk = {(t,2) € [to, +00) x R" : t = 73.(x)}.

By m(71) we denote the number of times at which the integral curves of system (2) meet the

hypersurface Sy, k = 1,2,.... By ti we denote the i'" moment of time at which the integral

curves of system (2) meet the hypersurface Si, with ¢ =1,...,m(7) and k = 1,2, .. ..
Throughout this paper, we shall consider the following conditions:

(C1) 7, € C(R™, (tg, +00)), k=1,2,...;
(C2) tg < 1 (x) < m2(x) < ..., for each x € R™;
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STABILITY OF FDES WITH VARIABLE IMPULSIVE PERTURBATIONS VIA GODES 3

(C3) 1(x) — 400 as k — +oo uniformly on z € R™;

(C4) The integral curves of system (2) meet successively each hypersurface Sy, Ss, ...
only a finite number of times;

(C5) ¢ <t i=1,...,m(rg) — 1, forall k = 1,2,....

It is clear that system (2) is equivalent to the “integral” equation

y (1) =y(to) + ) f(ys,s)ds + Z Ii(y(t},)

i
to<ti<t,
i=1,...,m(7g)

yto = ¢7

when the integral exists in some sense.

Let PC; C G~ ([to — r,+0),R™) be an open set (in the topology of locally uniform
convergence in G~ ([tp — r,+00),R™)) with the following property: if y is an element of
PC; and t € [tg, +00), then § given by

_ y(t), to—r<t<t,
y(t) = -
y (), t <t < +oo,

is also an element of PC;. In particular, any open ball in G~ ([tg — 7, +00), R™) has this
property.

We assume that f : G~ ([—r,0],R™) x [tg, +00) — R™ is such that for every y € G~ ([to —
r,+00),R™), the mapping ¢ — f (y:,¢) is locally Lebesgue integrable on t € [tg, +00).
Moreover, we assume:

(A) There is a locally Lebesgue integrable function M : [tg, +00) — R such that for all
x € PCy and all uy, ug € [tg, +00),

/u " F (s ds

(B) There is a locally Lebesgue integrable function L : [tg, +00) — R such that for all
z,y € PCy and all uy,us € [ty, +00),

ug
s/ M (s) ds;
w1

[ 1 o) = T el ds

1

<[ Lo~ ulds

1

For the impulse operators I, : R® — R" k=1,2,..., we assume:

(A’) There is a constant K7 > 0 such that for all K =1,2,... and all z € R",
k()| < Ki;
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4 S. M. AFONSO, E. M. BONOTTO, M. FEDERSON AND L. P. GIMENES

(B’) There is a constant K5 > 0 such that for all k =1,2,... and all z,y € R",
[ k(z) — I (y)| < Kol —yl.

It is possible to prove that, under the conditions above, system (2) is equivalent to
a system of generalized ordinary differential equations which takes values in an abstract
space. A proof of this fact follows the ideas of Theorems 3.4 and 3.5 from [6]. Local
existence and uniqueness of solutions are guaranteed by [5], Theorem 2.1.

In the present paper, we consider system (1) and assume f(0,¢) = 0 and I (0) = 0, for
k=1,2,..., s0o that y = 0 is a solution of (1). We also assume that conditions (A4), (B),
(A") and (B') are fulfilled. Our aim is to obtain results on Lyapunov uniform stability and
uniform asymptotic stability of the trivial solution of (1). In order to do this, we consider
the corresponding generalized ODE and the stability theory in this setting. Then, by means
of Lyapunov functionals satisfying weak Krasovskii-type conditions and the correspondence
between generalized ODEs and impulsive retarded differential equations, we are able to get
the desired results.

The results we obtain here generalize many others. In the next lines, we make some
comments on our assumptions.

In opposition to the usual requirement that f(v,t) is continuous in v, we require simply
that the “indefinite integral” of f satisfies Carathéodory- and Lipschitz-type properties
which are given conditions (A4) and (B) respectively.

Also the mapping ¢t — f (yt,t) does not need to be piecewise continuous. Compare
with the assumptions in [20], [23] and [24] for instance. As a matter of fact, the Lebesgue
integrability of ¢ — f (y;,t) can be considered locally only. Optionally, the Lebesgue
integral can be replaced by the Henstock-Kurzweil integral (see [25], for instance). When
this is the case, the mapping ¢t — f (y¢,t) may not only have many points of discontinuities,
but it may also be of unbounded variation. In either case, however, the solution of (1) is
considered in the weak sense, that is, equation (1) needs to be fulfilled almost everywhere
in the sense of the Lebesgue measure.

Now let us make some comments on the assumptions concerning the Lyapunov functional
used to control the solutions.

We define Lyapunov functionals as functions U : [tg, +00) x G~ ([-7, 0], R™) — R which
satisty U(t,0) = 0 for ¢ € [tg, +00) and the Lipschitz condition with respect to the second
argument, that is,

|U(t7¢)_U(taa)| SKH’(/)_¥H7 te [t07+00), ’(/}7@6Epa
where E, = {p € G~ ([-r,0],R") : ||| < p} and K, p > 0.

Consider the non-impulsive case, that is, I () =0, k = 1,2, .... The classical Krasovskil
condition concerning Lyapunov functionals non-increasing along the trajectories of
g @) =f(ye,t); f0,8)=0 3)

is that they are continuous and satisfy
U(t,ye) = 0(llyell), T € [to, +00), w: € Ep, (4)
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STABILITY OF FDES WITH VARIABLE IMPULSIVE PERTURBATIONS VIA GODES )

where b is a function of Hahn class (i.e., b : Ry — R, is monotone increasing satisfying
b(0) = 0) (see [17], for instance).

As shown in [10], Theorem 1, when considering equation (2) with bounded righthand
side, the conventional condition (4) can be replaced by the less restrictive condition

Ut,ye) > b(ly(0)]),  t € [to,+00), ye € E,, Mly(t)] > [|yell, M > 1.

This means that the positive definiteness of U is not required in a full neighborhood E,
of the equilibrium of (2) as in (4), but rather in {y; € E, : ||y:|| < M|y(¢)|}, where M > 1.

In [15] and [16], the authors established conditions for the uniform asymptotic stability
of the trivial solution of (2) with f(¢,0) = 0 and righthand side not necessarily bounded.
In addition, the delay varies in time. The results are obtained by means of non-monotone
Lyapunov functionals and very weak Krasovskii-type conditions, provided (2) admits a so-
lution extendable to [tg, +00). In particular in [16], it was assumed that the non-monotone
Lyapunov functional is continuous, satisfies

bly®))) < U, ye) < d([lwell),  t € [to, +o0), yi € B, (5)
and its derivative

O (t.1) = limsup LEH 2V (B:9)) = Ul w)

n—04 n

satisfies

U(tvyt) S _p(t)A(Hyt”)? if NU(tvyt) 2 U(t + eayt+6)7 AS [—7’7 0]7 (6>
where b,d, A are Hahn functions, N > 1 and p : Ry — R, fulfills t+oo p(s)ds = +oo for
all t > 0. Then, the authors show that y(¢) = 0 is asymptotically stable. If, in addition,
p(t) > e>0forallt >Ry and U(t,y;) <0 for t € Ry and y; € E,, then y(t) = 0 is
uniformly asymptotically stable.

On the other hand, in [15], the author improved conditions (5) and (6) by considering

b(ly) < Ut ye) < d(ly(®)) + dulllwel)),  t €[0,400), yi € B, (7)

and

Ult,y) < —=p(OA(y(®)]), it NU(t,y:) > U(t+0,ye10), 0 € [-r,0], (8)

where b,d, A, N and p are as above and d; is also a function of Hahn class. When the
righthand side of (2) is bounded, it is enough to consider

U(tvyt) < _A(|y(t)|)v if NU(tvyt) > U(t + evyt+9)7 AS [_Tv 0]7 (9)
instead of (8). See [10] and the comments in [15], p. 661.

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



6 S. M. AFONSO, E. M. BONOTTO, M. FEDERSON AND L. P. GIMENES

In the particular case of a constant delay, (5) and (6) can be replaced respectively by
b(ly(®)]) UL, ye) < d(ly(®)]), € [to,+00), ye € By, My(t)] = |lyell, M >1, (10)

and

Ult,ye) < =Ally(®))),  t€fto,+00), v € Epy Mly(t)] = |lyell, M > 1, (11)

In any case, however, for either variable or constant delays, both papers [15] and [16]
impose the additional condition of non-positiveness of U(t, ;) along the solutions of (2) in
order to get uniform asymptotic stability. See also [13].

In the present paper, we start by considering the more general case of retarded equations
subject to variable impulses. As in [20], we do not assume, a priori, that (1) has a solution
y(t) for all t. Compare with [15] and [24], for instance.

For the uniform stability of the trivial solution of (1) with f(0,¢) =0 (see Theorem 4.2
in the sequel), we assume that for all solutions y(¢) of (1), the Lyapunov functional U(¢, )
is left continuous in t € (tg,+00) and it satisfies the Lipschitz condition

Ut 9) Ut < Kl =9ll,  te [to,+00), 9,9 € Ey,

where E, = {¢ € Hy : |¢|| < p} and K,p > 0. We assume the existence of a function
b: Ry — Ry of Hahn class such that

U(t,¥) = o([[¥[)),

for all t > tg and all ¥ € Ep, and its derivative fulfills
U(t,y) <0, (12)

for each ¢t >ty and for each ¢ € E,.

Notice that we do not require that U(¢,%) is upper bounded by a function of Hahn class
as in (5), (7) or (10).

On the other hand, some restriction must be imposed to the impulse operators in order to
obtain the stabilization of the trivial solution. But such restriction is intrinsically described
in (12), since for a given ¢ > to, we have

Yoo (0) = y (14 +0) = y(ti) / fes)ds— Y L)

[tr+0,tk] t+0<t; <ty

almost everywhere in [—r,0]. In the absence of delay, (12) implies that at impulse times,
the impulse operators map the solutions sufficiently close to zero. As in [20], our conditions
allow U to increase at impulse times as long as it is sufficiently balanced between impulses.
See the comments in [20], p. 909.

For the uniform asymptotic stability of the trivial solution of (1) with f(0,t) = 0, we
assume conditions of Theorem 4.2 and we suppose there is a continuous function A : R, —
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STABILITY OF FDES WITH VARIABLE IMPULSIVE PERTURBATIONS VIA GODES 7

R, satisfying A(0) = 0 and A(z) > 0 if 2 # 0, such that for every ¢ € E,,
DU Y) < =A(ll9]), =t

see Theorem 4.3 in the sequel.

We also present results about uniform stability and uniform asymptotic stability by using
Lyapunov functions U : [tg — r, +00) X R™ — R, see Theorems 4.8 and 4.9. Our Theorem
4.4 improves [23], Theorem 1 in many aspects. In the absence of impulses, it generalizes
[12], Theorem 5.4.1, for instance. Theorem 4.5 in the sequel improves [23], Theorem 3,
[24], Theorem 1, and also [20], Theorem 3.2. In the absence of impulses, Theorem 4.5
generalizes [12], Theorem 5.4.2, for instance.

We organize the paper in the following manner. Section 2 is devoted to the basis of the
theory of generalized ODEs. In Section 3, the concepts of variational stability and varia-
tional asymptotic stability for generalized ODEs are explored. In Section 4, we investigate
the uniform Lyapunov stability and uniform asymptotic stability of impulsive retarded sys-
tems. In section 5, we make some comments on possible applications of the main results.
Finally, we present an appendix about the concept of integrability of Kurzweil.

2. GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

Let X be a Banach space and consider the set Q = O X [tp, +00), where O C X is an

open set. Assume that G : Q@ — X is a given X-valued function defined for all (z,t) € Q.
Having the concept of Kurzweil integrability in mind (see, e.g., [19], [25] or the Ap-
pendix), we recall the concept of generalized ordinary differential equation (see [6] or [25]).

DEFINITION 2.1. A function z : [o, 3] — X is called a solution of the generalized
ordinary differential equation

d
L~ DG(x,t) (13)
dr

in the interval [, 8] C [to, +00) if (z(t),t) € Q for all ¢ € [a, 8] and if the equality

o0) ~ 20) = [ DG(a(r).0 (14
holds for every v, v € [, 3]

Given an initial condition (Z,t*) € €, a solution of the initial value problem for equation
(13) is given as follows.

DEFINITION 2.2. A function z : [o, 5] — X is a solution of the generalized ordinary
differential equation (13) with the initial condition x(t*) = T, in the interval [a, 5] C
[to, +00), if t* € [a, 5], (x(t),t) € Q for all t € [, F] and if the equality

z(v) —T = /t:’ DG(z(1),t) (15)
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8 S. M. AFONSO, E. M. BONOTTO, M. FEDERSON AND L. P. GIMENES
holds for every v € [a, §].

Now we define a special class of functions G : 2 — X for which we can derive interesting
properties of the solutions of (13).

DEFINITION 2.3. A function G : 2 — X belongs to the class F(, h), if there exists a
nondecreasing function h : [tg, +00) — R such that

1G (2, 52) = G2, s1)[| < [h(s2) = h(s1)] (16)
for all (z, s2), (z,51) € Q and
1G (2, 59) = G(2,51) = Gy, 82) + Gy, 1) || < [l = yl[[Ps2) — (1) (17)

for all (x, s2), (x,s1), (y,s2), (y,s1) € Q.

Assume that G : Q — X satisfies condition (16) and let var?(z) denote the variation of
a function z : (o, 8] — X. If [a, 8] C [to, +00) and z : [, f] — X is a solution of (13),
then

[z(s1) — z(s2)[| < |h(s2) — h(s1)] (18)
for all s1, s9 € [, 5], and hence z is of bounded variation on [«, 8] with

var? 2 < h(B) — h(a) < +oo. (19)

Furthermore, every point in [a, 8] at which the function h is continuous is a continuity
point of the solution z : [, ] — X and we have

xz(o+) — z(0) = G(x(o),0+) — G(z(0),0), for o € [a,f)

and
xz(o) —x(c—) = G(x(0),0) — G(z(0),0—), foro € (a,f],
where
G(z,0+) = SliI£1+G(x,s), for o € [, B)
and

G(z,0—) = lim G(z,s), foro € (a,p].
For proofs of the above statements, see [25], Lemmas 3.10 and 3.12.
Now we present a result on the existence of the integral involved in the definition of the
solution of the generalized ordinary differential equation (13) (see Definition 2.1). This
result is a particular case of Corollary 3.16 from [25].
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LEMMA 2.1. Let G € F(Q, h). Suppose [a, ] C [to, +0), = : [a, 8] — X is of bounded
variation on [a, f] and (2(s),s) € Q for every s € [a, B]. Then the integral ff DG(x(7),t)
exists and the function s — [° DG(x(7),t) € X, s € [o, 3], is of bounded variation.

The next result we mention for generalized ordinary differential equations (we write
generalized ODEs, for short) with righthand sides in F(Q,h) concerns the existence of a
local solution. For a proof of this fact, see [6], Theorem 2.15.

THEOREM 2.1 (Local existence and uniqueness). Let G : Q — X belong to the class
F(Q, h), where the function h is nondecreasing and left continuous. If for every (Z,t*) €
Q such that for T, = T 4+ G(z,t*+) — G(Z,t*) we have (Z1,t*) € Q, then there exists
A > 0 such that there exists a unique solution x : [t*,t* + A] — X of generalized ordinary
differential equation (13) for which x(t*) = 2.

3. SOME CONCEPTS OF STABILITY FOR GODE’S

In this section, (X,] -||) is a Banach space and we set Q = B, X [tg, +00), where
B.={ye X : |yl <c}, with ¢ >0 and ¢ty > 0. We also assume that G € F(Q, h), where
h: [to, +00) — R is a left continuous nondecreasing function, and G(0,t) — G(0, s) = 0, for
t,s > to. Then for every [y,v] C [tg, +00), we have

/ " DG(0,8) = G(0,v) — G(0,7) = 0.

Thus 2 = 0 is a solution of the generalized ODE (13) on [tg, +00). Note also that, by (18),
every solution of (13) is continuous from the left. Due to (19), it is natural to measure the
distance between two solutions by the variation norm.

The next stability concepts were introduced by S. Schwabik in [26] (see also [25]) and
are based on the variation of the solutions of (13) around z = 0.

DEFINITION 3.1. The trivial solution & = 0 of (13) is said to be

(1) Variationally stable, if for every ¢ > 0, there exists 6 = d(¢) > 0 such that if T :
[v,v] = Be, tg <y < v < 400, is a function of bounded variation on [y, v] such that

[z <o
and
var® (x(s) - /7 ) DG(m(T),t)> <5,
then

[zl <& te ]
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10 S. M. AFONSO, E. M. BONOTTO, M. FEDERSON AND L. P. GIMENES

(i) Variationally attracting, if there exists dp > 0 and for every € > 0, there exist
T=T()>0and p=p(e) > 0such that if Z : [y,v] — Be, to < v < v < 400, is a function
of bounded variation on [y, v] such that

[Z(I < do
and
var? (J;(s) _ / ) DG(x(T),t)> <p
y
then
[Z@)[| <e, teyv]ny+T,+00), v = to.

(#i1) Variationally asymptotically stable, if it is variationally stable and variationally a-
ttracting.

In the sequel, we turn our attention to direct Lyapunov-type theorems for equation (13).
Such results are borrowed from [25], Theorems 10.13 and 10.14 (see also [26]).

THEOREM 3.1. Let V : [tg,+00) X B, — R, where B, ={y € X : |y < p}, 0<p<c,

be such that V(-,x) : [to,+00) — R is left continuous on (tg,+o0) for x € X and the
following conditions hold:

(A)V (t,0) =0, t € [to, +00);
(i) There is a constant K > 0 such that

V(t,2) = V(t.y) < Kllz—yll, t€ [to, +00), 2,y € By;
(iii) There is a function b : [0,4+00) — R of Hahn class such that
V(t,z) 2 b(]lz])), (t,2) € [to, +00) x B;
(iv)For all solutions x : [y,v] — B, of (13), with ty <y < v < +00, we have

g Y+ 150+ ) = V(L)
n—0+ n

<0,

that is, the right derivative of V along x(t) is non positive.

Then the trivial solution x =0 of (13) is variationally stable.
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THEOREM 3.2. Let V : [tg,+00) x B, — R, where B, ={y € X : |y <p}, 0<p<c,
satisfies conditions (i) to (iii) from Theorem 3.1. Suppose there is a continuous function
®: X — R, with ®(0) =0 and ®(x) > 0 for x # 0, such that for every solution x : [y,v] —
By, [v,v] C [to,+00), of (13), we have

limsup LT D2+ 1) = V(E2(1))

< —a(a(t), t € [1,0). (20)
n—0+ n

Then the trivial solution x = 0 of (13) is variationally asymptotically stable.

4. STABILITY OF IMPULSIVE RFDES

Now we turn our attention to retarded functional differential equations (we write
RFDESs) with variable impulses of type (1). We want to establish stability theorems for
these equations by means of generalized ODEs.

Let o > 0 and consider the impulsive RFDE (2), where f : G~ ([—r, 0], R™) X [to, to+0] —
R”™, and for every y € G~ ([to — r,to + o], R™), t — f (y¢,t) is locally Lebesgue integrable
on t € [tg,to + o]. If there is a function y € G~ ([to — r,to + o], R™) such that

i) g (t) = f (ys, t), for almost every ¢ € [to,to + o] \ {s € [to,to + 0] : s = 7%(y(s)), k =
i) y(t+) =y () + L (y (1), t = (y(t)) € [to,to + 0], k=1,2,...;

(ii) ye, = ¢,
then y is called a solution of (2) on [tg — r,to + o] with initial condition (¢, tg).

Given y € PCy and t € [tg, +00), we define

1

)

~ N~

07 tO—TS'ﬂSto,
Fy,t)(9) =4 [ f(yss)ds, to <0<t < +oo, (21)
j:;f(yms)dsa t0§t§ﬁ<+00,

and

“+oo m(Tk)

Ty, )@) =Y > HUOHLO)(y(t}), (22)

k=1 i=1
where 9 € [to—r, +00) and Hj denotes the left continuous Heavyside function concentrated
at ¢}, that is,

. 0, for to<t<ti,
Hi(t) = -
(0 {1, for ¢ > ti.

Let G : PCy X [tg, +00) — G~ ([tg — r, +00), R™) be defined by
Gly,t) = F(y,t) + J(y, ) (23)
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12 S. M. AFONSO, E. M. BONOTTO, M. FEDERSON AND L. P. GIMENES

for y € PCy and ¢ € [tg, +00). Then, for s1,s2 € [tg, +0) and z,y € PC} we have
|G (2, s2) = G(x,51)|| < |h(s2) — h(s1)] (24)

and
G (@, s2) = G(z,51) — Gy, 52) — G(y, s1)| < ||z — yll|h(s2) — h(s1)], (25)

where

+oo m(Tk)

M@:/MMHI@MWmMMM@E:z:%@,tE%ﬁm)

to k=1 i=1

Note that h is a nondecreasing real function which is continuous from the left at every
point, continuous at ¢ # ti and h(ti+) exists for k = 1,2,..., and i = 1,2,...,m(r}). For
details, see [6].

By (24) and (25), it is clear that the function G defined by (23) belongs to the class
]:(Q,h), with = PCl X [t(), +OO)

Consider the generalized ordinary differential equation

d

= DG (x,1), (26)
dr

where G is given by (23). The next result gives a one-to-one relation between the solution of

the impulsive RFDE (2) and the solution of the generalized ODE (26) with initial condition

described in terms of the initial condition of (2). A proof of it follows as in [6], Theorems
3.4 and 3.5, with obvious adaptations.

TaEOREM 4.1 (Correspondence of equations).

(i)Consider system (2), where f : G~ ([—r,0],R") X [to,to + o] — R™ is such that for
every y € G—([—r,0],R"™), t — f(ys,t) is locally Lebesgue integrable over [to,to + o] and
conditions (A), (B), (A7), (B’) are fulfilled. Lety (t) be the solution of the impulsive RFDE
(2) on [to — 7 to + 0] . Given t € [to,to + o], let

9(79)’ tO_TS/ﬁSta

x (t) (9) ={

Then z (t) € G~ ([to — r,to + o], R™) and z is a solution of (26) on [to,to + o], with G
given by (23).

(i) Reciprocally, let x (t) be a solution of (26), on [to,to + o], with G given by (23),
satisfying the initial condition

o —to), to—r <V < ty,
Z‘(to)(to), to S 9 S to + 0.

(to) (V) = {
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STABILITY OF FDES WITH VARIABLE IMPULSIVE PERTURBATIONS VIA GODES 13
For 9 € [tg — r,to + o], define

(19)_ I(to)(’ﬂ), to—T’S’L?Sto,
YW=V 2@ 0), to<9<to+o.

Then y is a solution of (2) on [to — r,to + o].

By Theorem 2.1, for € PCy the condition
T+ =r+ G(E, t0+) — G(E, t()) S PCl,

is needed, since it assures that the solution of the initial value problem for the generalized
ODE (26) does not jump out of the set PC; immediately after the moment t,. However,
in our setting, G is given by (23) and hence G(7,to+) — G(Z,t9) = 0, since ty < ti,i =
1,...,m(m),k =1,2,.... Thus ty is not a moment of impulse.

In the next lines, we assume that

f(0,t) =0 forall ¢ and I;(0)=0, k=1,2,....

This implies that the function y = 0 is a solution of system (1) on any interval contained
in [tg, +00). We also consider the set E. = {¢p € G~ ([-r,0],R™) : ||[¢|| < ¢}, ¢ > 0.
We recall some classic concepts of stability.

DEFINITION 4.1. The trivial solution of (1) is said to be

(i) Stable, if for any ty > 0, € > 0, there exists § = (e, tg) > 0 such that if ¢ € E. and
7 : [to — r,v] — R™ is solution of (1) on [tg,v] such that 7, = ¢ and

ol <9,

then
9. (to, ®)|| <&, tE€ [to,v].

(ii) Uniformly stable, if the number § in item (¢) is independent of .

(iii) Uniformly asymptotically stable, if there exists o > 0 and for every € > 0, there
exists T'=T(g) > 0 such that if ¢ € E, and 7 : [to — r,v] — R™ is solution of (1) on [tg, V]
such that y,, = ¢ and

[l < do,
then

17, (to, ®)|| <&, t€[to,v]N[to+T,+0c0).
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14 S. M. AFONSO, E. M. BONOTTO, M. FEDERSON AND L. P. GIMENES

We will apply Theorem 4.1 combined with Theorems 3.1 and 3.2 to obtain stability
results for problem (1) under conditions (C1) to (C5), (A), (B), (4’) and (B').

Given t > tg and a function ¢ € G~ ([—r,0],R"™), consider equation (1) with initial
condition y; = v. This initial value problem admits a unique local solution y : [t—r,v] — R"
with [t —r,v] C [t —r,+00) (see [5], Theorem 2.1). Then, by Theorem 4.1(), we can find
a solution z : [t,v] — G~ ([t,v],R™) of the generalized ODE (26), with initial condition
x(t) = z, where Z(1) = ¢(r —t), t —r < 7 < t, and Z(r) = ¥(0), 7 > ¢. Then
x(t)(t +60) = y(t + 0) for all € [—r,0] and, hence, (z(t)); = y;. In this case, we write
Yty = Yitn(t,9) for every n > 0. Then for U : [ty, +00) X G~ ([-r,0],R") — R, we define

D+U(t, 1/}) = lim sup U(t + 17, Yt+n (ta ¢)) — U(ta Yt (ta 7/})) . t> 1.

n—0+ n

On the other hand, given t > g, if ¥ € G~ ([t —r, +00), R™) is such that Z(7) = (7 — t),
t—r <7 <t and Z(r) = ¢(0), 7 > t, there exists a unique solution z : [t,7] —
G~ ([t,7],R™) of the generalized ODE (26) such that z(t) = Z, with [t,7] C [to, +00).
By Theorem 4.1(i7), there is a solution y : [t — r,7] — R™ of (1) which satisfies yz = ¥
and is described in terms of . In this case, we write x(t) instead of z(t) and we have

ye(t,¢) = (xy(t))e = 9. Consequently, (t,z(t)) — (t,9:(t,9)) is a one-to-one mapping,
and we can define a functional V : [tg, +o0) X G~ ([tg — r, +0), R") — R by

V(t,zy(t)) = Ut ye(t, ). (27)
Then we have

V({E+nzy(t+m) = V({t,zy(t)

DTU(t,v) = limsup (28)
n—0+ n
Remark 4. 1. With the previous notation, given ¢ > to, we have ||y (¢, )] = ||z ()|,
since
gD = Nyell = sup fy(t+0)[ = sup |y(r)| = sup [ey(t)(7)|
—r<6<0 t—r<r<t t—r<r<t

= sup fry(@)(7)] =[xy @],
t—r<r<+4o00

where we used Theorem 4.1(i7) to obtain the fourth equality.

In the sequel, we consider the sets E, = {y € G~ ([-,0],R") : |ly|| < p} and B, = {z €
G~ ([to — r,+00),R™) : ||z|| < p}, with 0 < p < c.

LEMMA 4.1. Consider the impulsive REDE (1), where f : G~ ([—r,0],R™) X [ty, +00) —
R™ is such that for everyy € G~ ([—r,0],R™), t — f (ys, 1) is locally Lebesgue integrable over
[to, +00) and conditions (A), (B), (4"), (B') are fulfilled. Assume thatU : [ty, +o0)xE, —
R satisfies the conditions:
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STABILITY OF FDES WITH VARIABLE IMPULSIVE PERTURBATIONS VIA GODES 15

(Z)U(tv 0) = 07 te [t07 +OO);
(ii) There exists a constant K > 0 such that

\U(tﬂ/’) - U(LE” S KHQ/} 7@”3 te [t0,+00), 1/%@ € Ep'
Then the function V : [tg,+00) x B, — R defined by (27) satisfies V(t,0) = 0 for all
t € [tg, +00), and
V(t,2) = V(t,2)| < K|z =7,
fort >ty and z,Z € B,.

Proof. Givent > tgand ¥, % € E,, let y,7,7 : [t—r,+00) — R™ be solutions of equation
(1) such that y; = v, 3, = ¥ and ; = 0. Suppose x,Z,7 are solutions on [t, +00) of the
generalized ODE (26) given by Theorem 4.1(:) with respect to y,7 and g respectively. Then
(z(t)e =ye =¥, (Z())e =Y, = ¢ and (T(t)): = Y+ = 0. By Remark 4.1, 2y (1), 255(t) € B).

Since f satisfies (A) and (B) and Ij satisfies (A’) and (B') for k = 1,2,..., then the
function G in equation (26) belongs to F(2, h).

Let V' : [tg,+o0) x B, — R be given by (27). By condition (i), we have

0=U(t,0) =U(t,5:(t,0)) = V(t,Z(t)) = V(¢0),

since Z(t)(7) = 0 for all 7 (see Theorem 4.1(¢)), that is, Z(¢) = 0.
By condition (i), we have

‘V(t, xib(t)) - V(tﬂfﬂ(t)” = |U(t7 yt(tvw)) - U(tvyt(uw))‘ = ‘U(t,’L/J) - U(LE”
Then by Remark 4.1, we obtain
[V (t,2y(t) = V(tT5(1))] < K¢ — 9l = K|y (t) — T5(0)]- (29)

It is clear that given ¢ > tg and 2,% € Ep, there exist solutions  and T of the generalized
ODE (26) and ,¢ € G~ ([-r,0], R") such that 2 = zy(t), (z4(1)): = we(t,¥), 7 = T5(?)

and (z5(t)): = Yy (t, ), by Remark 4.1.
Since

190 = [lye (& D) = [y O = ll2ll < p
and
1611 = 117 (¢, )| = [T = lIZI] < p,
it follows by (29) that
|V(tv Z) - V(t,§)| < K”Z - EH)

and the result follows. |
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16 S. M. AFONSO, E. M. BONOTTO, M. FEDERSON AND L. P. GIMENES

Remark 4. 2. The next two results, namely Theorem 4.2 and Theorem 4.3, are
Lyapunov-type theorems for the impulsive RFDE (1) and they are analogous to Theorems
4.8 and 4.9, from [8]. Such results from [8] concern the uniform stability and the uniform
asymptotic stability for a class of RFDEs with pre-assigned moments of impulse action.
Our results concerns the uniform stability and the uniform asymptotic stability for a class of
retarded differential equations with variable moments of impulse action. It is important to
note that, in [8], the authors consider a functional U : [0, 4+00) X G~ ([-r, 0], R") — R with
respect to the impulsive RFDE (1) and a functional V : [0, +00) X G~ ([-r, +0),R™") - R
with respect to the generalized ODE (26) and U and V are related by the equality

V(t,z) =U(t,x¢),

for t > 0 and x € G~ ([—r,+00),R™). In the present paper, we relate U and V by (27).
Also, in [8], it was assumed that

U(t,ye) 2 b(llyl),  te€[0,+00),y € B, (30)
where b is a function of Hahn class. Here, we replace condition (30) by the weaker condition

where tg > 0. The proofs of Theorems 4.2 and 4.3 were carried out following the ideas of
the proofs of Theorems 4.8 and 4.9 from [8], respectively. We include these proofs using
(31) instead of (30) for the sake of completeness and self-containedness of the paper.

THEOREM 4.2.  Consider the impulsive REDE (1). Suppose conditions (A), (B), (A),
(B') are fulfilled. Let U : [tg,+00) X E, — R be left continuous on (to,+00) and assume
the next conditions hold:

(1)U(t,0) =0, t € [to, +00);
(i) There is a constant K > 0 such that

(iii) There is a function b: Ry — Ry of Hahn class such that

U(t,¥) = b([[¥[)),

for allt >ty and all ) € E,;
(iv) The inequality
DYU(t,4) <0
holds for each t >ty and each i € Ep.
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STABILITY OF FDES WITH VARIABLE IMPULSIVE PERTURBATIONS VIA GODES 17

Then the trivial solution y =0 of (1) is uniformly stable.

Proof.

Since f satisfies (A) and (B) and I, satisfies (A’) and (B’) for k = 1,2, ..., the function
G in equation (26) belongs to F(£2, h).

Let V : [tg,+00) X B, — R be given by (27). By Lemma 4.1,

V(t,0)=0, for t € [ty,+00)

and
V(t,z) = V(t,z)| < K|z —%|, fortE€ [ty,+00) andz,Z € B,.

By Remark 4.1 and condition (iii), given t > to, we have

([l (D) = 0(llyell) < Ut 3e(t, ) = V(£ 2y (£))

for the solution y of (1) satisfying y; = ¢. Then by previous arguments (see Lemma 4.1),
we have

V(t,z) > b(2), z€ B,.

Finally, condition (iv) above clearly implies condition (iv) from Theorem 3.1 and, there-
fore, the hypotheses of Theorem 3.1 are fulfilled. Hence the solution « = 0 of the generalized
ODE (26) is variationally stable. Thus for every ¢ > 0, there exists § = §(¢) > 0 such that
if 7 : [y,v] = B, to <y <v < 400, is a function of bounded variation on [y, v] such that

[Z(IF <6

and

S
var? (x(s) —/ DG(:L‘(T),t)) <9,
Y
then
[zl <e, te ol (32)
Let g € E, and § : [tg — r,+00) — R™ be a solution of (1) with Uy, = ¢- Suppose

ol < 6. (33)

We want to prove that
17:(t0, 9)Il <&, t € [to, +00). (34)
Let us denote g, = y,(to, ¢) and define

(1), to—r <71 <Ht,

(), 7>t (35)

(1) (r) = {y
Y
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18 S. M. AFONSO, E. M. BONOTTO, M. FEDERSON AND L. P. GIMENES

By Theorem 4.1, Z(t) is a solution on [tg, +00) of the generalized ODE (26) satisfying the
initial condition Z(ty) = Z, where

Z(r) = { z(((;—)j to) , TtOZ_OT‘ <7 <o, (36)

Moreover, T is of bounded variation on [tg, +00).
By (36) and (33), we have

[Z(to)ll = sup  [z(7)| = [Io]l <o. (37)

to—r<rt<+4oco

Besides,

var?, <x(s) - /t : DG(z(T),t)) =0<4. (38)

Therefore (32) holds, that is, ||Z(¢)|| < € for all ¢ € [to,v], where v € (tg, +00). In particular,
|Z(v)|| < e. Hence (35) implies that for any ¢ € [to, v], we have

[7:(to, D) = 7l = sup [Ft+0)< sup [g(7)|
—r<6<0 to—r<7t<v
= sup [Z(v)(7)|=  sup  [Z(v)(7)| (39)
to—r<rt<wv to—r<rt<4o0
= [zl <e.

Thus (34) holds and the proof is complete. |

THEOREM 4.3. Consider the impulsive RFDE (1), where conditions (A), (B), (A’),
(B') are fulfilled. Assume that U : [ty,+o0) x E, — R satisfies conditions (i) to (iii) from
Theorem 4.2. Suppose there is a continuous function A : Ry — Ry satisfying A(0) = 0
and A(z) > 0 if x # 0, such that for every i € E,,,

DYU(t,y) < —A(¢l), t=to. (40)

Then the trivial solution y =0 of (1) is uniformly asymptotically stable.

Proof. We assume the notation of the previous theorem.

Suppose V : [tg, +o0) x B, — R is given by (27). Then the hypotheses of Theorem 3.1
are fulfilled.

Let ® : B, — R be defined by ®(z) = A(||z||), for = € B,. Then ® is continuous,
®(0) = 0 and ®(z) > 0 whenever z # 0.

Assume that = : [t,+00) — B, is a solution of (26) such that (x(t)); = v, where
t € [to, +00) and ¥ € E,, and suppose y : [t —r, +00) — R™ is the solution of (1) given by
Theorem 22(i3) such that y; = 1. By (40), we have

nsup V120 1) = Vit (1)

= D+U(t7 yt(t7 w)) =
n—0+ n
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=DYU(t,¢) < —A([D]]) = =A(llyel])-
But

lyell = llzy (D)1,
by Remark 4.1. Therefore,

i sup LRI VL) () = Ay (1)) = ~ (1)
n—0+ n

and the hypotheses of Theorem 3.2 are satisfied. Hence x = 0 is variationally asympto-

tically stable, that is, there exists dyp > 0 and for every & > 0, there exist T = T'(¢) > 0

and p = p(g) > 0 such that if T : [y,v] = Be, to < v < v < +00, is a function of bounded

variation on [y, v] such that

[Z(NI < do (41)

and
var? (x(s) - A ) DG(:E(T),f)) <p, (42)

then
[Z(B)] <&, telyv]n[y+T,+00), v to. (43)

Given e > 0, let &g > 0 and T = T'(¢) be as above. Let ¢ € E., and 3 : [tg—7, +00) — R"
be the solution of (1) such that 7, = ¢ and assume

18]l < do. (44)

We want to prove that
[7,(to, o)l < e, te€]to+T,+o0). (45)

But this is immediate by the proof of Theorem 4.2. By (44), we obtain (41) as in (37). Also,
as in Theorem 4.2, we have (38) and hence (42) follows. Finally (45) holds, since we have

(39) as in Theorem 4.2 and because of (43). |

ExaMPLE 4.1.  The model of a circulating fuel nuclear reactor is studied in [4]. In [1],
this model is treated with impulse action and it is described by

y' == [, p(t = $)g(y(s))ds, t#mly(t), >0, o
Ay (t) = dy, t=7e(y(t), k=1,2,...,
subject to the initial condition
Yo = ¢7 (47)
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where r > 0, ¢ € G~ ([-r,0,R"), p: R — Ry is a Lebesgue integrable function such that
p(u) < B for all u € R, g : R — Ry is such that |g(z) — g(y)| < K|z —y| for all z,y € R,
g(0) = 0 and there exits a function m : R — R locally Lebesgue integrable such that

[ stwtonas| < [ misas

S1 S1

for all s1,s2 € R, for k = 1,2,..., {di} is a sequence of non-positive constants which is
bounded from below, 7, maps R to (0, +00) and 74 satisfies (C1) — (C5).

Consider Ay (t) :=y (t+) —y (t—) = y(t+) — y(¢t), for any ¢ > 0. In [1], it is showed that
I : R™ — R™ given by Ij(y) = dj, satisfies conditions (A’) and (B’), for k = 1,2,.... Also,
it is proved that f, given by f(y:,t) = — ftt_rp(t —5)g(y(s))ds, satisfies conditions (A) and

1 .
(B). By defining U : [0, +00) x G~ ([-r,0],R") — R4 by U(t,¢) = §H1/)||3, it is proved

in [1] that U satisfies conditions (¢), (i), (¢i7) and (iv) from Theorem 4.2. Therefore, by
Theorem 4.2 the equilibrium is uniformly stable.

Now, we consider Lyapunov functions U : [ty — r,+00) x R®™ — R and establish new
stability results for the trivial solution of the impulsive RFDE (1). We define the derivative
of U along the solutions of (1) by

D+U(t, y(t)) — lim sup U(t + 7, y(t + , ta 1/})) — U(tv y(tv ta ’l,[})) , t> t07

n—0+ n

where y(s, t,1)) is the solution of (1) which satisfies y; = 1, with ¢ € G~ ([—r, 0], R™). Note
that we can write DVYU(t,4(0)) instead of DTU(t,y(t)), since given an initial function
¥ € G~ ([-r,0],R™) and ¢ > ¢y, there exists a unique solution of (1) which satisfies y; =
and, therefore, y(t) = 1(0) (see [5], Theorem 2.1).

THEOREM 4.4. Consider the impulsive RFDE (1). Assume that conditions (A), (B),
(A7), (B') are fulfilled. Suppose U : [tg—r, +00) xR™ — R is left continuous on (tg—r, +00),
the limaits

U(t—,y(t—)) = lim U(s,y(s)), tE€ [to—r, +00)

s—t—
and
Ultt,y(t+)) = lim Uls, y(s), 1 € [to — r,+00),

exist with U(t—, y(t—)) = U(t,y(t)) satisfied, where y € G~ ([to — r, +00),R™). Suppose U
fulfills the following conditions:

(i)U(t,0) =0, t € [to — r,+00);
(ii)For each a > 0, there is a constant K, > 0 such that

\U(t,z) — U(t,y)| < K|z -y, t € [ty —7,400) and x,y € By,
where B, = {z € R™ : ||z]| < a};
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(iii) There is a function b: Ry — Ry of Hahn class such that

U(t,y(t) = b(llyl)

for any y € G~ ([to — r,+00),R"), t € [ty, +00);
(iv) There is a function A : Ry — Ry such that

DU, (0)) < =A([%(0)))  if U(t+6,4(0)) <U(t,¥(0))
for t € [to,+0), 0 € [-r,0] and ¢y € G~ ([-r,0],R™).

Then the trivial solution y =0 of (1) is uniformly stable.

Proof. For s >ty and € € Fp, let us define

U(s,€) = P U(s+0,£(0)). (48)

It is clear that U(s,0) = 0 for all s > t,.

Given t >ty and ¢ € E,, consider y : [t — r,+00) — R" a solution of (1) such that
y: = 1. Note that by (18), the solution x of (13) corresponding to (1) is continuous from
the left and so is y. This fact can be easily seen by the relations between the solutions y
and x given in Theorem 4.1. Therefore the assumptions of the present theorem imply that
the function U(s,y(s)) is continuous from the left for s in the interval where the solution
y is defined.

By (48), we have

Ut.9) =Ut,ye) = sup U(t+0,y(t+0)). (49)
o€ [—r,0]
We will show that DYU(t,v) = DVU(t,y;) < 0.

Let
R(t)={U({t+0,y(t+0)): 0€[-r0]}.

We will consider two cases: when U(t,y;) belongs to R(t) and otherwise.

Suppose U (t,y;) belongs to R(t). Then there is a 6y € [—r, 0] such that U(t + 6o, y(t +
00)) = Ul(t,y;). If g = 0, then U(t,y;) = U(t,y(t)) which implies, by condition (iv), that
DYU(t,y;) <0. If 6y < 0, then U(t + 0,y(t +0)) < U(t + 0o, y(t + 6p)) for all g < 6 <0
by (49) and by the choice of 6. Then for all A > 0 sufficiently small with h < |6p]|, we have

Ult+h,yisn) = sup UEt+h+0,yt+h+0))
oc [—r,0]

Ut +0o,y(t +60)) = U(t,yt)

and hence DYU(t,y;) = 0.
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Now, we consider the case where U(t,y;) does not belong to R(t). In this case,
Ult,ye) > U(t+0,y(t+0)),  0€[-n0]
and there is a convergent sequence {0, } ey in [—7,0], with 6 = lirf 0, such that

Utyy) = iU+ 00, y(t+00)).

Suppose there are countably many 6, ’s such that 6, < 0. Then

Tt,y) = 1 U(t+ byt +00,)) = Ut + 0,90t +))

which is a contradiction, since 6 € [—r, 0] and in such a case U(t, y;) € R(t). This reasoning
also shows that 6 < 0. Therefore we may assume that § < 6,, < 0, for all n, and hence

Ut,ye) = U((t+0)+,y((t +0)+))-

Thus, for all A > 0 sufficiently small with h < ||, we have

Ut +h,yern) = sup U(t+h+0,y(t+h+96))
o€ [—r,0]

U((t+0)+y((t+0)+) =U(t,p)-

Hence DU (t,y;) = 0.
Now, we assert that U satisfies condition (i) of Theorem 4.2. Indeed. Consider ¢ > to.

Given 127@ € E,, let 7, 7 be solutions of (1) such that 7, = 12, 7, = ¢. With the above

notation, we have

~

Ut,y) =U(t,5:) = Ut + 05,9t +05)) or

T(t.) = U(t,50) = U((t +8,)+.5((t +9)+))

and
U(t,9) =U(t,7,) = U(t + 0,5(t + 65)) or

U(t,¢) =U(t,5,) = U((t + 05)+,5((t + 05)+)),
where 6 o 95 and 51;7 ?E correspond respectively to 6 and 6 for the functions @,E €E,.
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Consider B, = {z € R" : ||z]| < p} and B, = {x € R" : |z < ¢}, where p < c. Since
U((t+03)+,y((t +0;)+)) and U((t + 05)+, (¢ + 05)+)) exist, condition (i) implies
|U(t7 {p\) - U(EEH = |U(ta /y\t) - U(t7yt)|
| sup U(t+0,5(t+60))— sup U(t+06,5(t+0))]

o€ [—r,0] oc [—r,0]
< sup [U(t+0,y(t+0))—Ut+06,y(t+0))
o€ [—r,0]
< Ke osup [[y(t+6) —g(t+0)||
o€ [—r,0]

= KCHﬂ—@H = KCHw - E”v
since §(t + 0),y(t + 0) € B, for all 6 € [—r,0], and B, C B.. Furthermore, we have

Ut ) =U(t,ye) 2 U(t,y(t) = b(llwell) = b([I¥1D),

by the definition of U and by condition (). B

Thus all conditions of Theorem 4.2 are satisfied for U and hence the solution 7 = 0 of (1)
is uniformly stable. |

THEOREM 4.5. Consider the impulsive RFDE (1). Assume that conditions (A), (B),

(A"), (B') are fulfilled. Let U : [to — r,400) x R" — R be a left continuous function on
(to —7,+00) and assume that the limits

U(t—,y(t—)) = lim U(s,y(s)), tE€ [to—r,+00),

s—t—
and
Ult+y(t+)) = Tim Uls,y(s)), € [to = ,+00)

exist with U(t—,y(t—)) = U(t, y(t)) satisfied, where y € G~ ([to — r, +00),R™). Suppose
conditions (i), (it) and (ii1) of Theorem 4.4 are satisfied and there is a function d : Ry —
Ry of Hahn class such that for every solution y of (1), we have

L Uls+0,y(s+0)) <d(lly(s)]]), (50)

where s > to, with d(t) > b(t), for every t > 0. Assume, in addition, that there is a

function A : Ry — Ry which satisfies A(0) = 0 and A(x) > 0, if © # 0, and there is a
continuous nondecreasing function p(s) > s for s > 0 such that

DYU(t,4(0)) < =A(w(0)])  if Ut+0,%(0)) <p(U(t,4(0)), (51)

for 6 € [—r,0], t € [to,+00) and tp € G~ ([—r,0],R™). Then the trivial solution y = 0 of
(1) is uniformly asymptotically stable.
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Proof. This proof follows some ideas presented in the proof of Theorem 5.4.2 in [12].
If we define

U(s.6)= sup Uls +0.€(6). (52
o€ [—r,0]
for s > tg and € € Ep, then the trivial solution y = 0 is uniformly stable, by repeating the
arguments used in the proof of Theorem 4.4.
Let to > 0 and ¢ € E,. Let § : [to — r,+00) — R™ be a solution of (1) which satisfies
Ui, = ¢- We write 7(t) = 7(t, to, ¢) to denote this solution.
Set 7, =7, (to, @) for t > to, and let € > 0. Since the solution y = 0 is uniformly stable,
there is 6 > 0 such that if ||¢|| < J, then [|7,(to,¢)|| < e. Note that |¢]] < § implies
U(t,5(t)) < d(e), for every t € [tg, +00), since

Ut,y(t) < sup U(t+0,3(+0)) <d([g®)l) < d(l[z.]]) <dle), (53)

o€ [—r,0]

where d is an increasing function.

Suppose 0 < n < € is arbitrary. We will show that there exists a number T'= T'(¢,n) > 0
such that ||¢|| < 0 implies ||7,|| < n, for all t € [ty + T, +00). This will be true if we show
that U(t,7(t)) < b(n), for all t € [ty + T,+00), where b is given by condition (4i:) of
Theorem 4.4.

At first, let us find the number T'. By the properties of the function p(s), there exists a
number « > 0 such that p(s) — s > a for b(n) < s < d(e) (note that b(n) < b(e) < d(¢)).

Let K be the first positive integer such that b(n) + Ka > d(e). Since b(n) < d(g), we
have d~1(b(n)) < e. Let

= inf A(s) >0
= ol MO
and define
T:= Kd(g).
B
Now, we will show that U(t,5(t)) < b(n), for all ¢ € [ty + d(;),—l—oo). We assert that

U(t,y(t)) <bn)+ (K —1)a, for all ¢ € [ty + d(ﬁa) ,+00). Indeed. Assume that b(n) + (K —

Da < U(t,gy(t)), for t € [tg + dgs) ,+00). By the choice of K and (53), we have
b(n) <b(n) + (K —1a <U(ty(t)) <d(e) (54)

and
pUY(t) = UL, 5(t) + a > b(n) + Ka > d(e) > U(t +0,3(t +0)),
for tg <t <tg+ % and 0 € [—r,0]. Note that (53) and (54) imply

d=(b(n)) < d~(@(|[FO])) < d7(d(e)),
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that is,
d=(b(m) < )l <e,
d(e)

where to <t <to+ 5. Consequently, by (51), we get

DHU(F(1) < —A([g(1)) < -8, to<t<to+ %

Thus,

Ul(t1,9(t1)) < Ulto, Y(to)) — B(t1 — to) < d(e) — B(t1 —to)

and U(t1,7(t1)) < 0, where t1 = to + %, which is a contradiction, since we have the
positiveness of U. Hence,

Ut,g(t) <b(n) +(K—-1a, t=to+ %.
b(n) + (K —1)a, we have DTU(t,7(t)) < 0, because of (51),
(

Note that, when U (¢,7(t))
= K —1)a < d(e). Hence

since b(n) < U(t,7(t)) = b(n) +
p(U(F(1) > UL () +a = bn) + Ka > d(e) > U(t + 0,5t +0)),

for 6 € [—r,0].

Now, suppose there exists T > g + d(ﬂe) such that U(¢,5(¢)) > b(n) + (K — 1)ae. Then
DT U(t,y(t)) > 0, for ¢ such that U(t,%(t)) = b(n) + (K — 1)a, which is a contradiction. It
is important to note that if £ = ¢} , the same contradiction applies.

Let ¢, = "déf), n=1,---,K, tp =0 and assume that for some integer N > 1 and for ¢

satisfying ¢,,_1 <t — tg < t,,, we have
b(n) + (K- N)a < U(t,5(t) <bn)+(K—N+1)a.
Using the previous arguments, we get
DUt Y1) < -8B, It <t—to <1,
and
Ut,y(t) < Ulto+ tn-1,Y(to + tn-1)) — Bt — to — tn-1) < d(e) — B(t — to — tn-1).

Thus U(t,5(t)) < 0, whenever ¢t = tg + t,. Analogously, one can prove that U(t,5(¢)) <
b(n)+ (K—N)a, for t > tg+1t,. For N = K, we have U(t,5(t)) < b(n) for all t > ¢+ K:%(E).
Finally, since

b(llg.ll) < Ut 5(t) < b(n),
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/Cd(s)

and b is an increasing function, we have ||g,|| <, for all t > ¢+ , and the proof is com-

plete. |

5. FINAL COMMENTS AND REMARKS

Consider the framework presented in Section 1.
Many problems in physics, mechanics, electronics, biology, economics, medicine, phar-
macokinetics and several other sciences can be modelled as special cases of system

y(t) = f(ys,y,t), t # wly(t), t=>to,

Ay (tr) = I (y (tr)) , t = T(y(t), k=1,2,...,
£(0,0,¢) =0, I;,(0) =0, k= 1,2, ...

Yto =¢

(55)

and yet stability results similar to Theorems 4.4 and 4.5 hold. Such results can be easily
accomplished. Indeed, in case of system (55), it is enough to replace (21) by

07 to*’l"<19<t0,

F(y,t)(¥) = fto (ys,y(s),8)ds, to <V <t<+oo,
fto (ys,y(s),8)ds, to <t <1< +o0,

and to consider equation (22) so that equations (55) and (13) are equivalent for G given by
(23). The proof of this fact follows as in [6], Theorems 3.4 and 3.5 applying the observations
in the last section of [6].

In the particular non impulsive case (i.e., when Ix(x) = 0), there are a number of
problems modelled by particular forms of ¢ (t) = f (y:,y,t). In population dynamics, for
instance, we can mention the well-known Lasota-Wazewska model

N'(t) = —uN(t) +pe~ "N,
the Nicholson’s blowflies equation
N'(t) = =ON(t) + pN(t — r)e *NC=")
and the Nazarenko’s equation

t)
"(t) = —pa(t az( .
(8) = —pr(t) +
See, e.g., 2], [9], [11], [18], [22]. However all such problems can be considered as being
subject to variable moments of impulse effects (or controls). Therefore it is important to
have stability results for such equations.
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One can consider, further, that the delay in equation (55) is variable, that is r(t) is a
function of ¢ satisfying ’(¢) < A < 1. In this case, we consider G~ ([—r(t),0],R™) instead
of G~ ([-r,0],R™) and all other appropriate changes. Also F (y,t) is given by

07 0—7‘() 19
F(y,t)(9) = fto (ys,y(s),8)ds, to <9 <t< +oo,
fto (ys,y(s),8)ds, to <t <19 < +oo.

In the particular case of the differential-difference system g (¢t) = f (y(t — r(t)), y(¢), 1),
t # ty, we define

0, to— T( ) <9 <tp,
F (y’t) (19) = fto )) 8),8) dSa tO S 9 S t < +OO,
JLF (s —r(s).y(s).s)ds, to <t << +oo.

Then extensions to the case where several delays are present can be obtained similarly.
Consider the general delayed neural network

y' = _Czyz + Zaljgj yj + Zb’bjf y] rij(t))) + Hi(t)7 1=1,2,...,n, (56)

where ¢; > 0, 0 < r4;(t) < r. Equation (56) describes the evolution process of the neural
networks, where n corresponds to the number of units in the neural networks, y; corre-
sponds to the state variable, f;(z;),g;(z;) are activation functions of the neurons, ¢; is
the neuron changing time constant, a;;, b;; are the weights of the neuron interconnections,
H; is the internal bias, and 7;(t) is the transmission delay. In particular, equation (56)
encompasses models as the Hopfield neural network, bidirectional neural networks, cellular
neural networks, recurrent neural networks, etc. See, e.g., [3], [14], [21], [28] and [30].

By appropriate transformations, equation (56) can be formulated in a form like y (t) =
flyt—ri(t)), y(t —ra(t)), y(t — r3(t)), y(t),t), but with several delays r;;(t), and similar
results as Theorems 4.4 and 4.5 hold for this kind of system when it undergoes abrupt
changes at fixed moments or variable moments as in (55).

6. APPENDIX

In this part of our paper, we present the concept of integrability of Kurzweil.
A tagged division of a compact interval [a,b] C R is a finite collection

{(Ti,[si,hsi]):i: 1,27...,]@‘},
where a = 59 < s1 < ... < s, =bis a division of [a,b] and 7; € [s;,-1,8;], 1 =1,2,..., k.
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A gauge on [a,b] is any function 6 : [a,b] — (0,+00). Given a gauge ¢ on [a, )], a tagged
division d = (7, [s;—1, si]) of [a,b] is d-fine if, for every 4,

[si—1,8i) C{t €[a,b]: |t —T;| <6 (m)}.

Let X be a Banach space. Now, we define the type of integration which belongs to
Jaroslav Kurzweil.

DEFINITION 6.1. A function U (7,t) : [a, b] X [a,b] — X is Kurzweil integrable over [a, b],
if there is a unique element I € X such that given € > 0, there is a gauge d of [a, b] such
that for every d-fine tagged division d = (74, [s;—1, 8;]) of [a, b], we have

1S (U,d) = I| <e,

where S (U,d) = Y, [U (74, 8:) — U (74, si—1)]. In this case, we write I = fab DU (7,t) and
use the convention fab DU (1,t) = — [, DU (1,t), whenever b < a.

The Kurzweil integral was described extensively in Chapter I of [25] for the case X = R"
(see Definition 1.2 in [25]).

It worths mentioning that the Kurzweil integral is linear, additive on disjoint intervals
and emcompasses the known Perron-Stieljs integral as well as its improper integrals. For
more properties, the reader may want to consult [25].
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