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1. INTRODUCTION

In this paper we are interested in analyzing the asymptotic behavior of solutions of
parabolic PDEs in a thin domain with a highly oscillatory behavior in its boundary, as
depicted in Figure 1.

FIG. 1. Thin domain with a highly oscillatory boundary.

To state the problem, let g : R 7→ R be a C1, L-periodic positive function (see Figure 1)
with 0 < g0 ≤ g(x) ≤ g1 for all x ∈ R where g1 = maxx∈R{g(x)} and consider the following
bounded open set

Rε = {(x, y) ∈ R2 | x ∈ I and 0 < y < εg(x/ε)} (1.1)

where ε > 0 is arbitrary and I = (0, 1). For sake of notation, let us denote the oscillatory
part of the boundary by ∂oR

ε = {(x, εg(x/ε)) : 0 < x < 1} the fixed part of the boundary
by ∂fRε = {(x, 0)) : 0 < x < 1} and the lateral part of the boundary as ∂lR

ε = {(0, y)) :
0 < y < εg(0)} ∪ {(1, y)) : 0 < y < εg(1/ε)}. If we need to distinguish between the two
parts of the lateral boundary (left and right) we will write ∂llR

ε and ∂lrR
ε.

In the thin domain Rε we consider the following semilinear parabolic evolution equation




wε
t −∆wε + wε = f(wε) in Rε, t > 0

∂wε

∂νε
= 0 on ∂Rε

(1.2)

where νε is the unit outward normal to ∂Rε, ∂
∂νε is the outside normal derivative and

the function f : R 7→ R is a C2-function with bounded derivatives. Moreover, since we
are interested in the behavior of solutions as t → ∞ and its behavior with respect to the
small parameter ε, we will require that the solutions of (1.2) be bounded for large values
of time. A natural assumption to obtain this boundedness of the solutions is expressed in
the following dissipative condition

lim sup
|s|→∞

f(s)
s

< 0. (1.3)
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REDUCTION TO FINITE DIMENSIONS 333

Observe that the domain Rε shrinks in the vertical direction and it also has a very
highly oscillatory behavior at the top boundary. Moreover, the amplitude and period of
the oscillations are of the same order ε, which also coincides with the order of thickness of
the thin domain. This scaling makes the problem very resonant and the determination of
the limiting problem not straight forward.

In order to analyze problem (1.2) and its related linear elliptic and parabolic problem
we first perform a simple change of variables which consists in stretching in the y-direction
by a factor of 1/ε (that is, x1 = x, x2 = y/ε), transforming the domain Rε into the domain

Ωε = {(x1, x2) ∈ R2 | x1 ∈ I and 0 < x2 < g(x1/ε)}.

By doing so, we obtain a domain which is not thin anymore although it presents very
highly oscillatory behavior (given by the fact that the upper boundary is the graph of the
function x1 → g(x1/ε). Under this change of variables, equation (1.2) is transformed into





uε
t −

∂2uε

∂x1
2 −

1
ε2

∂2uε

∂x2
2 + uε = f(uε) in Ωε, t > 0

∂uε

∂x1
N ε

1 +
1
ε2

∂uε

∂x2
N ε

2 = 0 on ∂Ωε

(1.4)

where Nε = (Nε
1 , Nε

2 ) is the outward normal to the boundary of Ωε. Observe the factor
1/ε2 in front of the derivative in the x2 direction which means a very fast diffusion in the
vertical direction. In some sense, we have sustituted the thin domain Rε with a non-thin
domain Ωε but with a very strong diffusion mechanism in the x2-direction.

Notice also that domain Ωε “converges” in certain sense to the rectangule Ω = (0, 1) ×
(0, g1) (where g1 = maxx∈R{g(x)}). Hence, we expect that equation (1.4) will converge
in certain sense to an equation posed in Ω. But because of the presence of a very strong
diffusion mechanism in the x2-direction we expect the solutions of (1.4) to become ho-
mogeneous in the x2-direction so that the limiting solution will not have a dependence in
the x2 direction and therefore the limitting problem will be a one dimensional problem.
This fact is in agreement with the intuitive idea that an equation in a thin domain should
approach an equation in a line segment.

We start analyzing the behavior of the solutions of the linear elliptic problem associated
to (1.4), that is





−∂2uε

∂x1
2 −

1
ε2

∂2uε

∂x2
2 + uε = fε in Ωε

∂uε

∂x1
N ε

1 +
1
ε2

∂uε

∂x2
N ε

2 = 0 on ∂Ωε

(1.5)

where we assume that fε ∈ L2(Ωε) and ‖fε‖L2(Ωε) ≤ C, with C independent of ε. As
mentioned above, we expect that the limiting problem is posed in Ω.

Since we need to compare functions in Ωε with functions in Ω we will need some extension
operators which will transform a function defined in Ωε to functions defined in Ω. We will
be able to construct an extension operator Pε : H1(Ωε) → H1(Ω), see Section 3, and by
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doing so, we show that the solution uε ∈ H1(Ωε) of the linear elliptic problem associated
to equation (1.4) satifies

Pεu
ε ⇀ u0 w −H1(Ω)

where u0(x1, x2) = u0(x1) is the unique solution of
{
− q0 u0xx + u0 = f0 in (0, 1)
u′0(0) = u′0(1) = 0

(1.6)

q0 > 0 is the homogenization coefficient, which is obtained in a nontrivial way (see (38))
and f0 is an appropriate limit of the sequence fε (see (46)). We refer to Theorem 4.1 for
a complete statement on this result.

To pass to the limit from (1.5) to (1.6) we will use homogenization theory. First we
will formally obtain the equation through the multiple scale method (see Section 2), and
then, using the oscillating test function method of L. Tartar, we will rigorously prove the
convergence result, see Section 4

Let us remark that in our results we also obtain the convergence of resolvent operators
associated to problems (1.5) and (1.6), that is, looking at problem (1.5) as Aεu = f ε and
(1.6) as A0u = f0 with an appropriate functional setting we also show the convergence
of A−1

ε to A−1
0 as operators, see Section 5. This in turn show that, among other things,

the spectral properties of Aε converge to the spectral properties of A0 and in particular,
the eigenvalues and eigenfunctions of the operator Aε converge to the eigenvalues and
eigenfunctions of A0.

Once we have identified the homogenized operator we will consider the nonlinear evolu-
tion problem associated to the homogenized linear elliptic operator,

{
ut − q0uxx + u = f(u) x ∈ (0, 1), t > 0
u′0(0) = u′0(1) = 0

(1.7)

and we will show that this problem is the homogenized nonlinear evolution problem. Actu-
ally, we will show that if C > 0 is a positive constant and ϕε ∈ L2(Ωε) with ‖ϕε‖L2(Ωε) ≤ C,
and if we denote by ϕ̂ε ∈ L2(0, 1), the averaged function of ϕε in the x2-direction, then if
uε(x1, x2, t) is the solution of (1.5) with initial condition ϕε and u(x1, t) is the solution of
(1.7) with initial condition ϕ̂ε, then for each β < 1, we have

‖Pεu
ε(·, t)− u(·, t)‖Hβ(Ω) ≤ ν(ε)t−γe−wt, t > 0,

where the function ν(ε) → 0 as ε → 0+, (recall that P ε is the extension operator mentioned
above). This shows the convergence of the nonlinear parabolic problems, see Section 6 for
an analysis on the linear evolution problem and Section 7 for the nonlinear problem

Moreover we will show that the function ν(ε) depends only on C, that is, the convergence
is uniform for all ϕε ∈ L2(Ωε) with ‖ϕε‖L2(Ωε) ≤ C. This uniformity will allow us to
analyze the behavior of the asymptotic dynamics of equation (1.4) as the parameter ε → 0.
Hence, if the nonlinearity f satisfies appropriate dissipative conditions, like (1.3), then
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both equations (1.4) and (1.7) have attracrors Aε ⊂ H1(Ωε) A0 ⊂ H1(0, 1) respectively.
Recall that an attractor is a compact invariant set which attracts all bounded sets of the
phase space. It contains all the assymptotic dynamics of the system and all global bounded
solution will lie in the attractor. We will show that the attractors are upper semicontinuous,
in the sense that the union of all the attractors is bounded and for each sequence wε ∈ Aε

there exists a subsequence and an element w0 ∈ A0 such that wε → w0 in an appropriate
way. As a matter of fact we will show (see also Section 7), that for any β < 1,

sup
ϕε∈Aε

[
inf

ϕ∈A0

{‖Pεϕ
ε − ϕ‖Hβ(Ω)

} ]
→ 0, as ε → 0.

In this paper we combine two different theories to be able to say something meaningful
about the behavior of a nonlinear parabolic equation and its asymptotic states in a thin
domain which presents a highly oscillatory behavior. On one hand homogenization theory,
specially the part related to reticulated structures, is needed to obtain the linear elliptic
limiting (homogenized) problem. We refer to [5, 25, 33] for a general introduction to
the theory of homogenization and to [10] for a general treatise on reticulated structures.
On the other hand we need to use concepts and techniques from the theory of dissipative
systems and attractors to be able to conclude the continuity of the attractors of the systems
involved. We refer to [16] for a general introduction and to [17, 23, 9, 12, 13, 22, 24] for
more concrete developments of nonlinear dynamics in thin domains (with no oscillating
behavior). There are not many results on the behavior of global attractors of dissipative
evolutionary equations under a perturbation related to homogenization. We would like to
cite some of them: [6, 7, 14, 15].

One of the key ingredients that will allow us to combine both theories in an effective way
is the fact that the convergence of the linear problems obtained in the theory of homog-
enization is interpreted in terms of convergence of the resolvents of the linear operators
involved, (see [26, 27, 28, 29, 30, 8] for a theory of convergence of operators and resolvent
of operators and its applications to elliptic and parabolic problems). This is translated to
analyze the convergence of the corresponding linear semigroups through the well known
expresion of the linear semigroup as an appropriate integral of the resolvent operators.
Finally this information is trasferred to the nonlinear dynamics trough the variation of
constant formula. This method has been applied to other situations (different from ho-
mogenization type problems) and it has been proved to be succesful to study perturbation
problems for nonlinear evolutionary equations (see [1, 2, 3, 4, 8, 21] etc.). In this paper, this
technique is also proved to be valid for perturbation problems related to homogenization.

2. THE MULTIPLE-SCALE METHOD

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



336 A. CARVALHO, J. CHOLEWA, G. LOZADA-CRUZ AND M. R. T. PRIMO

In this section we want to apply the method of multiple scales to obtain formally the
limit homogenized problem of




−∆wε + wε = f ε in Rε

∂wε

∂N ε
= 0 on ∂Rε

(2.1)

on the oscillating thin domain Rε given by (1.1) with f ε ∈ L2(Rε) satisfying

‖f ε‖L2(Rε) ≤ C,

for some C > 0 independent of ε. Assume to simplify that the nonhomogeneous term f ε is
given by

f ε = f satisfying f(x1, x2) = f(x1)

for all x1 ∈ I and ε > 0.
We look for a formal asymptotic expansion of the form

wε(x1, x2) = w0(x1, x2,
x1

ε
,
x2

ε
) + εw1(x1, x2,

x1

ε
,
x2

ε
) + ε2w2(x1, x2,

x1

ε
,
x2

ε
) + . . .

But observe that the thin domain Rε degenerates to a line segment when ε → 0. This
suggests that wε tends not to depend on the “macroscopic” variable x2. Hence, we are
assuming that wi is an independent function of x2 and therefore we assume the asymptotics

wε(x1, x2) = w0(x1,
x1

ε
,
x2

ε
) + εw1(x1,

x1

ε
,
x2

ε
) + ε2w2(x1,

x1

ε
,
x2

ε
) + . . . (2.2)

We denote x = x1, y = x1/ε, z = x2/ε, and we observe that

∂

∂x1
= ∂x +

1
ε
∂y,

∂

∂x2
=

1
ε
∂z.

Let us denote by Y ∗ the representative cell

Y ∗ = {(y, z) ∈ R2 : 0 < y < L and 0 < z < g(y)} (2.3)

and we call B0 the lateral boundary, B1 the upper boundary and B2 the lower boundary
of Y ∗. So that, ∂Y ∗ = B0∪B1∪B2. Also, we suppose wi(x, y, z) defined for x ∈ I = (0, 1)
and (y, z) ∈ Y ∗, L-periodic in the variable y.

Introducing the formal expansion (2.2) in the problem (2.1), we can obtain after some
calculations the following problems for the functions w0, w1, w2.





−∆y,zw0(x, y, z) = 0 in Y ∗

∂w0

∂N
= 0 on B1 ∪B2

w0(x, 0, z) = w0(x, L, z) z ∈ B0.
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where N is the unit outward normal to ∂Y ∗.
Consequently, we have that w0(x, y, z) = w0(x).





−∆y,zw1(x, y, z) = 2∂x∂yw0 in Y ∗

∂w1

∂N
(x, y, g(y)) =

g′(y)√
1 + (g′(y))2

dw0

dx
on B1

∂w1

∂N
(x, y, 0) = 0 on B2

w1(x, 0, z) = w1(x, L, z) z ∈ B0.

Thus, taking into account ∂x∂yw0 = 0 and denoting for X(y, z) the solution of





−∆y,zX(y, z) = 0 in Y ∗

∂X

∂N
(y, g(y)) = − g′(y)√

1 + (g′(y))2
on B1

∂X

∂N
(y, 0) = 0 on B2

X(0, z) = X(L, z) z ∈ B0,

we have that w1(x, y, z) = −X(y, z)
dw0

dx
(x).

As for w2, it should satisfy





−∆y,zw2(x, y, z) = f(x)− w0(x) + 2∂x∂yw1(x, y, z) + ∂2
xw0(x) in Y ∗

∂w2

∂N
(x, y, g(y)) =

g′(y)√
1 + (g′(y))2

∂w1

∂x
(x, y, g(y)) on B1

∂w2

∂N
(x, y, 0) = 0 on B2

w2(x, 0, z) = w2(x, L, z) z ∈ B0

or equivalently





−∆y,zw2(x, y, z) = f(x)− w0(x) + (1− 2∂yX(y, z))
d2w0

dx2
(x) in Y ∗

∂w2

∂N
(x, y, g(y)) = − g′(y)√

1 + (g′(y))2
X(y, g(y))

d2w0

dx2
(x) on B1

∂w2

∂N
(x, y, 0) = 0 on B2

w2(x, 0, z) = w2(x, L, z) z ∈ B0.

(2.4)
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Since w2 is a solution of (2.4), it follows from the Fredholm Alternative that

0 =
∫

Y ∗
φ(x)

{
f(x)− w0(x) + (1− 2∂yX(y, z))

d2w0

dx2
(x)

}
dydz

+
∫

∂Y ∗
φ(x)

∂w2

∂N
dS. (5)

for all test function φ(x, y, z) = φ(x). On the other hand,

∫

Y ∗
φ(x)

d2w0

dx2
(x)∂yX(y, z)dydz =

∫

Y ∗
φ(x)

d2w0

dx2
(x)∇y,zX(y, z) ·

(
1
0

)
dydz

=
∫

∂Y ∗
φ

d2w0

dx2
(x)X N1 dS

=
∫

∂Y ∗
φ

∂w2

∂N
dS.

Replacing this expression in (2.4), we get

0 =
∫

Y ∗
φ(x)

{
f(x)− w0(x) + (1− ∂yX(y, z))

d2w0

dx2
(x)

}
dydz (6)

for any function φ defined in I.
Thus, since X depends only on the variables y and z, we can conclude that w0 must

satisfy



−r

d2w0

dx2
(x) + w0(x) = f(x), x ∈ (0, 1)

w′0(0) = w′0(1) = 0
(7)

where

r =
1
|Y ∗|

∫

Y ∗

{
1− ∂X

∂y
(y, z)

}
dydz.

This second-order differential equation in w0 defined on the interval I is called the
homogenized equation of the problem (2.1).

3. EXTENSION OPERATOR

In this section we are going to construct an extension operator that will be very important
in the proof of the general result in the following sections. Hence, let us consider the
following open sets:

O = {(x1, x2) ∈ R2 | x1 ∈ I and 0 < x2 < G1}
Oε = {(x1, x2) ∈ R2 | x1 ∈ I and 0 < x2 < Gε(x1)}
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where I ⊂ R is an open interval, Gε : I 7→ R is a C1-function satisfying 0 < G0 ≤ Gε(x1) ≤
G1 for all x ∈ I and ε > 0. Notice that Oε ⊂ O.

Lemma 3.1.

With the notation above, there exists an extension operator

Pε ∈ L(Lp(Oε), Lp(O)) ∩ L(W 1,p(Oε),W 1,p(O)) ∩ L(W 1,p
∂l

(Oε),W 1,p
∂l

(O))

(where W 1,p
∂l

is the set of functions in W 1,p which are zero in the lateral boundary ∂l) and
a constant K independent of ε and p such that

‖Pεϕ‖Lp(O) ≤ K ‖ϕ‖Lp(Oε)∥∥∥∂Pεϕ

∂x1

∥∥∥
Lp(O)

≤ K
{∥∥∥ ∂ϕ

∂x1

∥∥∥
Lp(Oε)

+ η(ε)
∥∥∥ ∂ϕ

∂x2

∥∥∥
Lp(Oε)

}

∥∥∥∂Pεϕ

∂x2

∥∥∥
Lp(O)

≤ K
∥∥∥ ∂ϕ

∂x2

∥∥∥
Lp(Oε)

(1)

for all ϕ ∈ W 1,p(Oε) where 1 ≤ p ≤ ∞ and

η(ε) = sup
x∈I

{|G′ε(x)|}.

Proof. Observe first that the set O0 = (0, 1)× (0, G0) ⊂ Oε for all ε. Hence, if we have
that G1 ≤ 2G0, which implies that Gε(x1) ≤ 2G0, we can define the operator:

(Pεϕ)(x1, x2) =
{

ϕ(x1, x2) (x1, x2) ∈ Oε

ϕ(x1, 2Gε(x1)− x2) (x1, x2) ∈ O/Oε.

Observe that this operator is obtained through a “reflection” procedure in the x2 di-
rection along the oscillating boundary. It is straigth forward to check that this operator
satisfies (1).

If we are in the case where G1 > 2G0, we will need to extend first the function ϕ|O0 in
the direction of negative x2, with a finite number of successive reflections. That is, if ϕ0 is
defined in Oε then we extend ϕ0 to the set (0, 1) × (−G0, 0) with the reflecting along the
line x2 = 0. This produces the function

ϕ1(x1, x2) =
{

ϕ0(x1, x2), (x1, x2) with 0 < x2 < Gε(x1)
ϕ0(x1,−x2), (x1, x2) with −G0 < x2 ≤ 0.

We can continue producing these reflections inductively as follows

ϕn(x1, x2)=

{
ϕn−1(x1, x2), (x1, x2) with − (n− 1)G0 < x2 ≤ Gε(x1)
ϕn−1(x1,−x2 − 2(n−1)G0), (x1, x2) with − nG0 < x2 ≤ −(n−1)G0
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Choosing n large enough so that nG0 > G1, constructing ϕn and applying to ϕn the pro-
cedure by reflection in the x2 direction along the oscillating boundary, we obtain the exten-
sion operator Pε which satisfies (1).

Remark 3. 1. 1) This operator preserves periodicity in the x1 variable. That is, if the
function ϕε is periodic in x1, then the extended function Pεϕε is also periodic in x1.

2) This result can be applied to the case Gε(x) = G(x) independent of ε. In particular,
we can apply the extension operator to the basic cell.

Remark 3. 2. If we denote by ||| · ||| the norm

|||u|||W 1,p(Oε) = ‖u‖Lp(Oε) +
∥∥∥ ∂u

∂x1

∥∥∥
Lp(Oε)

+ (1 + η(ε))
∥∥∥ ∂u

∂x2

∥∥∥
Lp(Oε)

for all u ∈ W 1,p(Oε), then we obtain that the extension operator Pε must satisfy

|||Pεu|||W 1,p(O) ≤ K|||u|||W 1,p(Oε)

with K a constant independent of ε. Note that the norm ||| · |||W 1,p(Oε) is equivalent to the
usual one.

4. CONVERGENCE THEOREM FOR THE HOMOGENIZED LIMIT

In this section we use the technique of oscillating test functions of L. Tartar, see Tartar
[31] [32] and Cioranescu & Saint Jean Paulin [10] to prove a convergence theorem for the
solutions wε of the problem (2.1). We will consider the case where the whole boundary has
a Neumann type condition. We will also indicate how to proceed under other boundary
conditions.

To study the convergence of (2.1) on the thin oscillating domain Rε, with Neumann
boundary conditions in the lateral boundary, we consider the change of variables stated in
the introduction which transforms problem (2.1)into the equivalent linear elliptic problem





−∂2uε

∂x1
2 −

1
ε2

∂2uε

∂x2
2 + uε = fε in Ωε

∂uε

∂x1
N ε

1 +
1
ε2

∂uε

∂x2
N ε

2 = 0 on ∂Ωε

(1)

on the open bounded oscillating domain Ωε ⊂ Ω given by

Ωε = {(x1, x2) ∈ R2 | x1 ∈ I and 0 < x2 < g(x1/ε)} (2)

with

Ω = {(x1, x2) ∈ R2 | x1 ∈ I and 0 < x2 < g1}
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and fε ∈ L2(Ωε) with ‖fε‖L2(Ωε) ≤ C, with C independent of ε.
The variational formulation of (1) is the following: find uε ∈ H1(Ωε) such that

∫

Ωε

{∂uε

∂x1

∂ϕ

∂x1
+

1
ε2

∂uε

∂x2

∂ϕ

∂x2
+ uεϕ

}
dx1dx2 =

∫

Ωε

fεϕdx1dx2, ∀ϕ ∈ H1(Ωε). (3)

Taking ϕ = uε in (3), we get the following apriori estimates for uε

∥∥∥∂uε

∂x1

∥∥∥
2

L2(Ωε)
+

1
ε2

∥∥∥∂uε

∂x2

∥∥∥
2

L2(Ωε)
+ ‖uε‖2L2(Ωε) ≤ ‖fε‖L2(Ωε)‖uε‖L2(Ωε). (4)

Now, consider the representative cell Y ∗ defined in (2.3)

Y ∗ = {(y1, y2) ∈ R2 : 0 < y1 < L and 0 < y2 < g(y1)}

and let χ be its characteristic function. We extend χ periodically on the variable y1 ∈ R
and denote this extension again by χ.

If we denote by χε the characteristic function of the set Ωε, we easily see that

χε(x1, x2) = χ(
x1

ε
, x2), for (x1, x2) ∈ Ωε (5)

Let us also consider the following families of isomorphisms T ε
k : Aε

k 7→ Y given by

T ε
k(x1, x2) = (

x1 − εkL

ε
, x2) (6)

where

Aε
k = {(x1, x2) ∈ R2 | εkL < x1 < εL(k + 1) and 0 < x2 < g1}

Y = (0, L)× (0, g1)

with k ∈ N satisfying 0 ≤ k < |I|/(εL).
Let us consider the following auxiliary problem given by





−∆X = 0 in Y ∗

∂X

∂N
= 0 on B2

∂X

∂N
= − g′(y1)√

1 + g′(y1)2
on B1

X(0, y2) = X(L, y2) on B0∫

Y ∗
X dy1dy2 = 0.

(7)

where B0 is the lateral boundary, B1 is the upper boundary and B2 is the lower boundary
of ∂Y ∗.
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Taking the isomorphism (6) and the extension operator

P ∈ L(H1(Y ∗),H1(Y )) ∩ L(L2(Y ∗), L2(Y ))

defined by Lemma 3.1 with Gε(x1) = g(x1) independent of ε and Y = (0, L)× (0, g1), see
Remark 3.1, we define ωε

k in (x1, x2) ∈ Aε
k by

ωε
k(x1, x2) = x1 − ε

(
PX ◦ T ε

k(x1, x2)
)

= x1 − ε
(
PX(

x1 − εLk

ε
, x2)

)
.

Observe that for any (x1, x2) ∈ Ωε there exists k such that (x1, x2) ∈ Aε
k. Therefore, the

function wε defined by wε(x1, x2) = ωε
k(x1, x2) is well defined and wε ∈ H1(Ω).

We introduce now the vector ηε = (ηε
1, η

ε
2) defined by

ηε
i (x1, x2) =

∂ωε

∂xi
(x1, x2), (x1, x2) ∈ Ωε. (8)

Since ∂
∂x1

= 1
ε

∂
∂y1

and ∂
∂x2

= ∂
∂y2

we have that

ηε
1(x1, x2) = 1− ∂X

∂y1
(
x1 − εkL

ε
, x2) = 1− ∂X

∂y1
(
x1

ε
, x2) := η1(y1, y2),

ηε
2(x1, x2) = −ε

∂X

∂y2
(
x1 − εkL

ε
, x2) = −ε

∂X

∂y2
(
x1

ε
, x2) := η2(y1, y2)

for (y1, y2) = (x1−εkL
ε , x2) ∈ Y ∗ and (x1, x2) ∈ Ωε. We note that ηi is a periodic function

on the variable y1 and ηε
i (x1, x2) = ηi(x1

ε , x2) for i = 1, 2.
It follows from definition of X that the functions ηε

1 and ηε
2 satisfy

∂ηε
1

∂x1
+

1
ε2

∂ηε
2

∂x2
= 0 in Ωε

ηε
1N

ε
1 +

1
ε2

ηε
2N

ε
2 = 0 on (x1, g

(x1

ε

)
)

ηε
1N

ε
1 +

1
ε2

ηε
2N

ε
2 = 0 on (x1, 0)

ηε(0, x2) = ηε(1, x2) for 0 < x2 < g(0)

(9)

where

N ε = (N ε
1 , N ε

2) =

(
− g′(x1

ε )

(ε2 + g′(x1
ε )2)

1
2
,

ε

(ε2 + g′(x1
ε )2)

1
2

)
on (x1, g

(x1

ε

)
)

N ε = (0,−1) on (x1, 0)
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with x1 ∈ I. In fact, by (7) we have

∂ηε
1

∂x1
+

1
ε2

∂ηε
2

∂x2
= −1

ε

(∂2X

∂y1
2 (

x1

ε
, x2) +

∂2X

∂y2
2 (

x1

ε
, x2)

)
= 0 in Ωε

ηε
1N

ε
1 +

1
ε2

ηε
2N

ε
2 = −

g′(x1
ε )

(
1− ∂X

∂y1
(x1

ε , x2)
)

+ ∂X
∂y2

(x1
ε , x2)

√
ε2 + g′(x1

ε )2

= −
g′(x1

ε ) + ( ∂X
∂y1

(x1
ε , x2), ∂X

∂y2
(x1

ε , x2)) · (−g′(x1
ε ), 1)√

ε2 + g′(x1
ε )2

= −
g′(x1

ε )− g′( x1
ε )√

1+g′( x1
ε )2

√
1 + g′(x1

ε )2
√

ε2 + g′(x1
ε )2

= 0

on (x1, g
(

x1
ε

)
) and

ηε
1N

ε
1 +

1
ε2

ηε
2N

ε
2 = (1− ∂X

∂y1
(
x1

ε
, x2)) · 0 +

1
ε

∂X

∂y2
(
x1

ε
, x2) = 0 on (x1, 0).

Therefore, multiplying (9) by a test function ϕ ∈ H1(Ω) with ϕ = 0 in neighborhood of
the lateral boundaries and integrating by parts, we obtain

0 =
∫

Ωε

ϕ

(
∂ηε

1

∂x1
+

1
ε2

∂ηε
2

∂x2

)
dx1dx2

=
∫

∂Ωε

ϕ

(
ηε
1N

ε
1 +

1
ε2

ηε
2N

ε
2

)
dS −

∫

Ωε

(
∂ϕ

∂x1
ηε
1 +

1
ε2

∂ϕ

∂x2
ηε
2

)
dx1dx2

=
∫

(x1,g(
x1
ε ))

ϕ

(
ηε
1N

ε
1 +

1
ε2

ηε
2N

ε
2

)
dS −

∫

Ωε

(
∂ϕ

∂x1
ηε
1 +

1
ε2

∂ϕ

∂x2
ηε
2

)
dx1dx2

= 0−
∫

Ωε

(
∂ϕ

∂x1
ηε
1 +

1
ε2

∂ϕ

∂x2
ηε
2

)
dx1dx2.

That is

∫

Ωε

(
ηε
1

∂ϕ

∂x1
+ ηε

2

1
ε2

∂ϕ

∂x2

)
dx1dx2 = 0 (10)

Let φ = φ(x1) ∈ C∞0 (0, 1) and considering the test function ϕ = φ ωε in (3) and in (10),
we obtain
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∫

Ωε

fε(φ ωε)dx1dx2

=
∫

Ωε

{∂uε

∂x1

∂

∂x1
(φ ωε) +

1
ε2

∂uε

∂x2

∂

∂x2
(φ ωε) + uε(φ ωε)

}
dx1dx2

=
∫

Ωε

{∂uε

∂x1

∂

∂x1
(φ ωε) +

1
ε2

∂uε

∂x2

∂

∂x2
(φ ωε) + uε(φ ωε)

}
dx1dx2

−
∫

Ωε

{
ηε
1

∂

∂x1
(φ wε) +

1
ε2

ηε
2

∂

∂x2
(φwε)

}
dx1dx2

=
∫

Ωε

{∂uε

∂x1

∂φ

∂x1
ωε +

∂uε

∂x1

∂ωε

∂x1
φ +

1
ε2

∂uε

∂x2

∂ωε

∂x2
φ + uεφωε

−ηε
1

∂φ

∂x1
uε − ηε

1

∂uε

∂x1
φ− 1

ε2
ηε
2

∂uε

∂x2
φ
}

dx1dx2. (11)

Using that ηε
i = ∂ωε

∂xi
we cancel the appropriate terms and obtain

∫

Ωε

{∂uε

∂x1

∂φ

∂x1
ωε − ηε

1

∂φ

∂x1
uε + uεφωε

}
dx1dx2 =

∫

Ωε

fεφωεdx1dx2, ∀φ ∈ C∞0 (0, 1) (12)

On the other hand, we have obtained before the weak formulation of the problem (3),
that is

∫

Ωε

{∂uε

∂x1

∂ϕ

∂x1
+

1
ε2

∂uε

∂x2

∂ϕ

∂x2
+ uεϕ

}
dx1dx2 =

∫

Ωε

fεϕdx1dx2, ∀ϕ ∈ H1(Ωε). (13)

Now we need to pass to the limit in (12) and (13). In order to accomplish this we need to
write both expressions as integrals in the same domain. For this, we will use the extension
Pε constructed in Lemma 3.1, the standard extension by zero, that we denote by ,̃ and the
characteristic function χε of Ωε as follows:

∫

Ω

{ ∂̃uε

∂x1

∂φ

∂x1
ωε − η̃ε

1

∂φ

∂x1
Pεu

ε + χεPε(uε)φωε
}

dx1dx2

=
∫

Ω

χεfεφωεdx1dx2, ∀φ ∈ C∞0 (0, 1)

(14)

∫

Ω

{ ∂̃uε

∂x1

∂ϕ

∂x1
+ χεPεu

εϕ
}

dx1dx2 =
∫

Ω

χεfεϕdx1dx2, ∀ϕ ∈ H1(0, 1). (15)

Observe that in this last equality we have taken ϕ ∈ H1(0, 1) and the term including partial
derivatives with respect to x2 do not appear.

We want to pass to the limit in the expressions above, (14) and (15) . In order to
accomplish this, we pass to the limit in the different functions that form the integrands.
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(a). Limit of χε.
From (5), we have

χε(·, x2)
ε→0
⇀ θ(x2) :=

1
L

∫ L

0

χ(s, x2)ds w∗ − L∞(I), ∀x2 ∈ (0, g1). (16)

Observe that the limit θ does not dependent on the variable x1 and we can get the area
of the open set Y ∗ with the formula

L

∫ g1

0

θ(x2)dx2 = |Y ∗|. (17)

Also, from (16) we have that

Hε(x2) =
∫

I

ϕ(x1, x2)
{

χε(x1, x2)− θ(x2)
}

dx1 → 0 as ε → 0

a.e. x2 ∈ (0, g1) and for all ϕ ∈ L1(Ω). So, due to

∫

Ω

ϕ(x1, x2)
{

χε(x1, x2)− θ(x2)
}

dx1dx2 =
∫ g1

0

Hε(x2)dx2

and |Hε(x2)| ≤
∫

I

ϕ(x1, x2)dx1,

we can get by Lebesgue’s Dominated Convergence Theorem that

χε ε→0
⇀ θ w∗ − L∞(Ω). (18)

(b). Limit in the tilde functions
Since ‖f ε‖L2(Ω) is uniformly bounded, we get from (4) that there exists M independent

of ε such that

‖ũε‖L2(Ω),
∥∥∥ ∂̃uε

∂x1

∥∥∥
L2(Ω)

and
1
ε

∥∥∥ ∂̃uε

∂x2

∥∥∥
L2(Ω)

≤ M for all ε > 0. (19)

Then, we can extract a subsequence, still denoted by ũε, ∂̃uε

∂x1
and ∂̃uε

∂x2
, such that

ũε ⇀ u∗ w − L2(Ω)

∂̃uε

∂x1
⇀ ξ∗ w − L2(Ω) and

∂̃uε

∂x2
→ 0 s− L2(Ω)

(20)
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as ε → 0 for some u∗ and ξ∗ ∈ L2(Ω).
Moreover, since ‖fε‖L2(Ωε) ≤ C independent of ε, we have ‖f̃ε‖L2(Ω) ≤ C and therefore,

the function f̂ε defined by

f̂ε(x1) ≡
∫ g1

0

f̃ε(x1, x2)dx2 =
∫ g(x1/ε)

0

fε(x1, x2)dx2 (21)

satisfies that f̂ε ∈ L2(0, 1). Hence, via subsequences, we have the existence of a function
f̂ = f̂(x1) ∈ L2(0, 1) such that

f̂ε ⇀ f̂ w − L2(0, 1) (22)

Remark 4. 1. Observe that in the case where fε(x1, x2) = f(x1) then

f̂(x1) =
( ∫ g1

0

θ(x2)dx2

)
f(x1) =

|Y ∗|
L

f(x1)

where we have used (17).

(c). Limit in the extended functions
Using priori estimate (4), the fact that uε ∈ H1(Ωε) and using the results from Lemma

3.1 on the extension operator Pε we get that

‖Pεu
ε‖L2(Ω),

∥∥∥∂Pεu
ε

∂x1

∥∥∥
L2(Ω)

and
1
ε

∥∥∥∂Pεu
ε

∂x2

∥∥∥
L2(Ω)

≤ M̃ for all ε > 0 (23)

where M̃ is a positive constant independent of ε given by estimate (19) and Lemma 3.1.
Then, we can extract a subsequence, still denoted by Pεu

ε and a function u0 ∈ H1(Ω),
such that

Pεu
ε ⇀ u0 w −H1(Ω)

Pεu
ε → u0 s− L2(Ω)

and
∂Pεu

ε

∂x2
→ 0 s− L2(Ω).

(24)

A consequence of the limits (24) is that u0(x1, x2) = u0(x1) on Ω. More precisely,

∂u0

∂x2
(x1, x2) = 0 a.e. Ω. (25)

In fact, for all ϕ ∈ C∞0 (Ω), we have by (24) that
∫

Ω

u0
∂ϕ

∂x2
dx1dx2 = lim

ε→0

∫

Ω

Pεu
ε ∂ϕ

∂x2
dx1dx2

= − lim
ε→0

∫

Ω

∂Pεu
ε

∂x2
ϕdx1dx2 = 0.
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In particular, we may consider that the function u0 ∈ H1(0, 1).
Also, we note that ũε = χεPεu

ε a.e. Ω. Thus, it follows from (18), (20) and (24) that we
have the following relationship between u∗ and u0

u∗(x1, x2) = θ(x2) u0(x1) a.e. Ω. (26)

(d). Limit in ωε.
With the definition of ωε, we have

∫

Aε
k

|ωε − x1|2dx1dx2 =
∫

Y

ε3|(PX)(y1, y2)|2dy1dy2 ≤
∫

Y ∗
Cε3|X(y1, y2)|2dy1dy2

and so,

∫

Ω

|ωε − x1|2dx1dx2 ≈
1

εL∑

k=1

∫

Y ∗
Cε3|X(y1, y2)|2dy1dy2

≈ ε2
∫

Y ∗
C|X(y1, y2)|2dy1dy2 → 0 as ε → 0.

Similarly,
∫

Aε
k

∣∣∣ ∂

∂x1
(ωε − x1)

∣∣∣
2

dx1dx2 =
∫

Y

∣∣∣∂(PX)
∂y1

(y1, y2)
∣∣∣
2

ε dy1dy2

≤ ε

∫

Y ∗
C

∣∣∣∂X

∂y1
(y1, y2)

∣∣∣
2

dy1dy2

and
∫

Aε
k

∣∣∣ ∂

∂x2
(ωε − x1)

∣∣∣
2

dx1dx2 =
∫

Y

∣∣∣ε ∂(PX)
∂y2

(y1, y2)
∣∣∣
2

εdy1dy2

≤ ε3
∫

Y ∗
C

∣∣∣∂X

∂y2
(y1, y2)

∣∣∣
2

dy1dy2.

Also, we have

∫

Ω

∣∣∣ ∂

∂x1
(ωε − x1)

∣∣∣
2

dx1dx2 ≈
1

εL∑

k=1

∫

Y ∗
Cε|∂X

∂y1
(y1, y2)|2dy1dy2

≈
∫

Y ∗
C̃

∣∣∣∂X

∂y1
(y1, y2)

∣∣∣
2

dy1dy2

for all ε > 0 and
∫

Ω

∣∣∣ ∂

∂x2
(ωε − x1)

∣∣∣
2

dx1dx2 ≤ ε2
∫

Y ∗
C̃

∣∣∣∂X

∂y2
(y1, y2)

∣∣∣
2

dy1dy2 → 0 as ε → 0.
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Then, we can conclude

ωε → x1 s− L2(Ω) and w −H1(Ω) (27)

with
∂ωε

∂x2
→ 0 s− L2(Ω).

(e). Limit of ηε
i

Let η̃ε = ηεχε be the extension by zero of the vector ηε to the whole Ω. Clearly, we may
extend η̃ε = ηεχε periodically on R× (0, g1). So, η̃ε

1(x1, x2) = η̃1(x1
ε , x2) and we can obtain

by the Average Theorem that

η̃ε
1(x1, x2) ⇀

1
L

∫ L

0

(
1− ∂̃X

∂y1
(s, x2)

)
χ(s, x2)ds := q(x2) w∗ − L∞(I). (28)

where χ is the characteristic function of Y ∗.
Hence, arguing as (18) we can prove

η̃ε
1 ⇀ q w∗ − L∞(Ω). (29)

Now, by the convergences shown in (a)-(e) above, we can pass to the limit in (14) and
in (15). We obtain

∫

Ω

{
ξ∗

∂φ

∂x1
x1 − q

∂φ

∂x1
u0 + θu0φx1

}
dx1dx2 =

∫ 1

0

f̂(x1)φ(x1)x1dx1, ∀φ ∈ C∞0 (0, 1)

Observe that ξ∗ ∂
∂x1

(φx1) = ξ∗x1
∂φ
∂x1

+ ξ∗φ. Consequently, we have

∫

Ω

{
ξ∗

∂

∂x1
(φx1)− φ ξ∗ − q

∂φ

∂x1
u0 + θu0φx1

}
dx1dx2 =

∫ 1

0

f̂(x1)φ(x1)x1dx1 (30)

for all φ ∈ C∞0 (0, 1). From (15), we get

∫

Ω

{
ξ∗

∂ϕ

∂x1
+ θu0ϕ

}
dx1dx2 =

∫ 1

0

f̂ϕdx1, ∀ϕ ∈ H1(0, 1). (31)

In particular, via iterated integration and (17), we get

∫ 1

0

{( ∫ g1

0

ξ∗(x1, x2)dx2

)∂ϕ(x1)
∂x1

+
|Y ∗|
L

u0(x1)ϕ(x1)
}

dx1

=
∫ 1

0

f̂(x1)ϕ(x1)dx1, ∀ϕ ∈ H1(0, 1)
(32)
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Taking ϕ = φx1 in (31), we get
∫

Ω

{
ξ∗

∂

∂x1
(φ x1) + θu0φx1

}
dx1dx2 =

∫ 1

0

f̂φx1dx1. (33)

Hence, it follows from (30) and (33) that, for all φ ∈ C∞0 (0, 1),

0 =
∫

Ω

{
φ ξ∗ + q

∂φ

∂x1
u0

}
dx1dx2 =

∫

Ω

{
φ ξ∗ − qφ

∂u0

∂x1

}
dx1dx2 (34)

where we have performed an integration by parts to obtain the last integral. Hence, if we
define

q̂ ≡
∫ g1

0

q(s)ds =
1
L

∫

Y ∗

{
1− ∂X

∂y1
(y1, y2)

}
dy1dy2 (35)

and performing an iterated integration in (34) we obtain
∫ 1

0

φ(x1)
( ∫ g1

0

ξ∗(x1, x2)dx2 − q̂
∂u0(x1)

∂x1

)
dx1 = 0, ∀φ ∈ C∞0 (0, 1)

which implies that
∫ g1

0

ξ∗(x1, x2)dx2 = q̂
∂u0(x1)

∂x1
, a.e. x1 ∈ (0, 1) (36)

Plugging this last equality in (32) we get
∫ 1

0

q̂
∂u0

∂x1

∂ϕ

∂x1
+
|Y ∗|
L

u0 ϕdx1 =
∫ 1

0

f̂ ϕ dx1, ∀ϕ ∈ H1(0, 1) (37)

Hence, if we define q0 = L
|Y ∗| q̂, that is,

q0 =
1
|Y ∗|

∫

Y ∗

{
1− ∂X

∂y1
(y1, y2)

}
dy1dy2 (38)

and also

f0(x1) =
L

|Y ∗| f̂(x1) (39)

we get from (37)
∫ 1

0

(
q0

∂u0

∂x1

∂ϕ

∂x1
+ u0 ϕ

)
dx1 =

∫ 1

0

f0 ϕdx1, ∀ϕ ∈ H1(0, 1) (40)

which is the weak formulation of
{
−q0 u0xx + u0 = f0 in (0, 1)

u′0(0) = u′0(1) = 0
. (41)
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Remark 4. 2. Observe that, in relation with Remark (4.1), we have that if originally
the nonhomogeneous term f does not deppend on x2, that is, f(x1, x2) = f(x1) then with
the definition of f0, see (39), and with (17), we have

f0(x1) =
L

|Y ∗| f̂(x1) =
L

|Y ∗|
∫ g1

0

θ(s)f(x1)ds =
L

|Y ∗|
|Y ∗|
L

f(x1) = f(x1).

Hence, equation (41) is in agreement with the one found via the method of Multiple Scales
in Section 2.

We show now that as a matter of fact, problem (41) is well posed in the sense that the
diffusion coefficient q0 > 0. For this, we use the variational formulation of the auxiliary
problem (7), that is, the elliptic bilinear form

b : H∗ ×H∗ 7→ R : (φ, ϕ) →
∫

Y ∗
∇φ · ∇ϕdy1dy2

where

H∗ = {φ ∈ H1(Y ∗) |
∫

Y ∗
φdy1dy2 = 0 and φ(0, y2) = φ(L, y2) with 0 < y2 < g(0)}.

So, for all φ ∈ H∗ we obtain that X satisfies

b(X,φ) = −
∫

B1

g′√
1 + g′2

φ dS.

Recall that B1 is the upper boundary of the basic, cell, that is, B1 = {(y1, y2) ∈ R2 | 0 <
y1 < L and y2 = g(y1)} ⊂ ∂Y ∗. Consequently, y1 −X satisfies

b(y1 −X, φ) =
∫

B1

N1φdS +
∫

B1

g′√
1 + g′2

φdS = 0 (42)

for all φ ∈ H∗ where the normal vector N on B1 is given by N = (N1, N2) = (−g′,1)√
1+g′2

. Also,

we have by (38)

q0 |Y ∗| =
∫

Y ∗

∂

∂y1
(y1 −X)

∂y1

∂y1
dy1dy2 =

∫

Y ∗
∇(y1 −X) · ∇y1 dy1dy2

= b(y1 −X, y1). (43)

Hence, due to relation (42) with φ = −X and identity (42), we get

q0 |Y ∗| = b(y1 −X, y1) + b(y1 −X,−X) = b(y1 −X, y1 −X) > 0. (44)

Thus, since |Y ∗| > 0 we have that q0 > 0 and the problem above is well posed. In particular
u0 is the unique solution of problem (41).

So, we may summarize in the following theorem the results from this section:
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Theorem 4.1. Let uε be the solution of (1) with fε ∈ L2(Ωε) and ‖fε‖L2(Ωε) ≤ C with
C independent of the parameter ε. Then,

i) If we have a sequence ε → 0 such that

f̂ε(·) =
∫ g(x1/ε)

0

fε(·, x2)dx2 ⇀ f̂(·), w − L2(0, 1)

then

Pεu
ε ⇀ u0 w −H1(Ω) (45)

where Pε ∈ L(L2(Ωε), L2(Ω)) ∩ L(H1(Ωε),H1(Ω)) is the extension operator constructed in
Lemma 3.1 (with Oε = Ωε and O = Ω) and u0(x1, x2) = u0(x1) for all (x1, x2) ∈ Ω is the
unique solution of

{
−q0 u0xx + u0 = f0 in (0, 1)

u′0(0) = u′0(1) = 0
(46)

with q0 > 0 is given by (38) and f0(·) = L
|Y ∗| f̂(·).

ii) For any sequence ε → 0, we have another subsequence, still denoted by ε → 0, such
that the functions f̂ε(·) ⇀ f̂(·) w-L2(0, 1) for some function f̂ . In particular, for this
subsequence we have the results from i).

Remark 4. 3. i) The extension operator Pε in (45) does not need to be exactly the one
constructed in Lemma 3.1. We just need that Pε satisfies (1) with Oε = Ωε and O = Ω.
ii) The convergence in (45) implies that Pεuε → u0 s-Hα(Ω) for all 0 ≤ α < 1.

5. CONVERGENCE OF RESOLVENT

In this section we consider the problems (1) and (41) in its abstract form and showed
that under a proper notion of convergence, solution of (1) converges to solution of (41)
as ε → 0. This brings us to the concept of compact convergence developed in the works
[26, 27, 28, 29, 30]. See also [1, 2, 3, 4, 8, 24] for applications to concrete perturbation
problems. For this, let {Lε}ε>0 be a family of Hilbert spaces defined by Lε = L2(Ωε) with
the canonical inner product

(u, v)ε =
∫

Ωε

u(x)v(x) dx

and let L0 = L2(I) be the limiting Hilbert space with the inner product (·, ·)0 given by

(u, v)L0 = µ(g)
∫ 1

0

u(x)v(x) dx
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where

µ(g) =
1
L

∫ L

0

g(s) ds.

We can write (1) as an abstract equation Aεu = f ε, where Aε : D(Aε) ⊂ L2(Ωε) 7→
L2(Ωε) is the self adjoint, positive linear operator with compact resolvent defined by

D(Aε) = {u ∈ H2(Ωε) | ∂u

∂x1
N ε

1 +
1
ε2

∂u

∂x2
N ε

2 = 0 on ∂Ωε}

Aεu = − ∂2u

∂x1
2 −

1
ε2

∂2u

∂x2
2 + u u ∈ D(Aε).

(1)

Similarly, we associate the limit problem (41) to the limit linear operator A0 : D(A0) ⊂
L0 7→ L0) defined by

D(A0) = {u ∈ H2(I) |u′(0) = u′(1) = 0}
A0u = −q0 ux1x1 + u u ∈ D(A0)

(2)

where q0 is the positive constant given in (38). Clearly, A0 is a positive self adjoint operator
with compact resolvent.

In order to simplify the writing, we denote by Lα
ε the fractional power scale associated to

operators Aε with 0 6 α 6 1 and 0 6 ε 6 1. We also will write Lε := L0
ε for all 0 6 ε 6 1.

Observe that L
1
2
ε is the Sobolev Space H1(Ωε) with equivalent norm

‖u‖
L

1
2
ε

=
∥∥∥∥

∂u

∂x1

∥∥∥∥
Lε

+
1
ε

∥∥∥∥
∂u

∂x2

∥∥∥∥
Lε

+ ‖u‖Lε
.

Remark 5. 1. It follows from Remark 3.2 that the extension operators Pε ∈ L(L
1
2
ε ,H1(Ω))

∩ L(Lε, L
2(Ω)) are uniform bounded in ε. Therefore we obtain by interpolation

sup
06ε61

‖Pε‖L(Lα
ε ,H2α(Ω)) < ∞, 0 6 α 6 1

2
.

In the previous section we have passed to limit in the variational formulation of the
problem (1) as ε → 0 getting the limit equation (41). Here, we apply the concept of
compact convergence to obtain convergence properties of the eigenvalues and eigenfunctions
when the oscillating domain degenerates to a line segment. See [1], [4] and [8] for others
examples.

To this end, let Eε : L0 7→ Lε be a family of linear continuous operator given by

(Eεu)(x1, x2) = u(x1) on Ωε (3)
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for u ∈ L0. Since

‖Eεu‖2Lε
=

∫

Ωε

u2(x1) dx1dx2

=
∫ 1

0

∫ g(x1/ε)

0

u2(x1) dx2dx1

=
∫ 1

0

g(x1/ε)u2(x1) dx1

ε→0→
(

1
L

∫ L

0

g(s)ds

) (∫ 1

0

u2(x1) dx1

)
= ‖u‖2L0

,

we have that

‖Eεu‖Lε → ‖u‖L0 as ε → 0.

Similarly, we can consider Eε : L1
0 → L1

ε . Considering in L1
0 the equivalent norm ‖u‖L1

0
=

‖ − q0ux1x1 + u‖L0 , we obtain that

‖Eεu‖L1
ε
→ ‖u‖L1

0
. (4)

Also

sup
06ε61

{‖Eε‖L(L0,Lε), ‖Eε‖L(L1
0,L1

ε)} < ∞. (5)

Also, we can obtain by interpolation that

C = C(α) = sup
ε
‖Eε‖L(Lα

0 ,Lα
ε ) < ∞ for 0 6 α 6 1.

For more details see [24].
Let us consider the following concepts of convergence, compactness and compact con-

vergence of operators associated to the family of operators {Eε}ε>0.

Definition 5.1. We say that a sequence of elements {uε}ε>0 with uε ∈ Lε is E-
convergent to u ∈ L0 if ‖uε − Eεu

ε‖Lε → 0 as ε → 0. We write uε E→ u.

Definition 5.2. A sequence {un}n∈N with un ∈ Lεn is said to be E-precompact if for
any subsequence {un′} there exist a subsequence {un′′} and u ∈ L0 such that un′′

E→ u as
n′′ → ∞. A family {uε}ε>0 is said pre-compact if each sequence {uεn}, with εn → 0, is
pre-compact.

Definition 5.3. We say that a family of operators {Bε ∈ L(Lε) | ε > 0} E-converges
to B ∈ L(L0) as ε → 0, if Bεf

ε E→ Bf whenever f ε E→ f ∈ L0. We write Bε
EE→ B.
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Definition 5.4. We say that a family of compact operators {Bε ∈ L(Lε) | ε > 0}
converges compactly to a compact operator B ∈ L(L0) if for any family {f ε}ε>0 with
‖f ε‖Lε

≤ 1, we have that the family {Bεf
ε} is E-precompact and Bε

EE→ B. We write
Bε

CC→ B.

The following corollary is a key result to prove that the spectrum of Aε approaches the
spectrum of A0 as ε goes to zero.

Corollary 5.1. The family of compact operators {A−1
ε ∈ L(Lε)}ε>0 converges com-

pactly to the compact operator A−1
0 ∈ L(L0) as ε → 0.

Proof. Take {f ε}ε>0 with ‖f ε‖Lε ≤ 1 and define uε = A−1
ε f ε. Thus Aεu

ε = f ε and
uε satisfies the problem (1). Hence, it follows from Theorem 4.1 that there exist f0 ∈ L0

and u0 ∈ H1(Ω) such that Pεu
ε ⇀ u0 in H1(Ω) with u0(x1, x2) = u0(x1) a.e. Ω satisfying

A0u0 = f0, where Pε is the extension operator given by Lemma 3.1 . So, we can conclude
from the inequality

‖uε − Eεu0‖Lε = ‖ (Pεu
ε − u0) |Ωε‖Lε ≤ ‖Pεu

ε − u0‖L2(Ω)

that uε E→ u0 proving that the family {uε = A−1
ε f ε}ε>0 is E-precompact.

Now, let us show that A−1
ε

EE→ A−1
0 . To do this, we will assume

f ε E→ f0 (6)

Therefore there exists a positive constant C, independent of ε, such that ‖f̃ε‖L2(Ω) ≤ C.
Following (21) and (22) we conclude by Theorem 4.1 that A−1

ε f ε → A−1
0 f0, which proves

the result.

Let us consider the operator Mε : Lp(Ωε) 7→ Lp(0, 1), 1 ≤ p ≤ ∞, given by

(Mεf
ε)(x1) =

L

|Y ∗|
∫ g(x1/ε)

0

f ε(x1, x2) dx2 x1 ∈ (0, 1). (7)

It is easy to see, from Fubini-Tonelli Theorem and Holder Inequality, that Mε is a well-
defined bounded linear operator with ‖Mεf

ε‖Lp(0,1) ≤ L
|Y ∗| g

1−1/p
1 ‖f ε‖Lp(Ωε). In particular

we have that

‖Mεf
ε‖L0 ≤

L

|Y ∗|
√

µg g1 ‖f ε‖Lε .

A similar operator was considered in [2, 3]. Observe that Mε is a multiple of operator f̂
defined by (21).

In this setting we point out to the Theorem 4.1 to prove:
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Lemma 5.1. Let {f ε} ⊂ Lε a sequence and suppose ‖f ε‖Lε
6 C, for some C independent

of ε. Then there exists a subsequence such that

‖A−1
ε f ε − EεA

−1
0 Mεf

ε‖Lε
→ 0 as ε → 0.

Proof. We have Mεf
ε ⇀ f0 w-L2(0, 1), where f0 is like in the Theorem 4.1. Again

from Theorem 4.1, PεA
−1
ε f ε → A−1

0 f0 s-L2(Ω). The continuity of A−1
0 implies the result.

Now, we estimate the difference of the resolvent operators in the following way.

Corollary 5.2. There exist ε0 > 0 and a function ν : (0, ε0) 7→ R+ with ν(ε) → 0 as
ε → 0 such that

‖A−1
ε − EεA

−1
0 Mε‖L(Lε) ≤ ν(ε) ∀ε ∈ (0, ε0).

Proof. We prove this result by contradiction. For this, suppose there exist a δ > 0 and
sequences {εn}n∈N ⊂ R+ and {fn}n∈N ⊂ Lεn with ‖fn‖Lεn

= 1 with εn → 0 and

‖A−1
εn

fn − EεnA−1
0 Mεnfn‖Lεn

> δ

as n → ∞. From the Lemma 5.1 there exists a subsequence satisfying that ‖A−1
εn

fn −
EεnA−1

0 Mεnfn‖Lεn

n→∞−→ 0 which give us a contradiction and completes the proof.

Due to Corollary 5.1, we have that the operators Aε satisfy the following hypotheses

(H1) Aε is closed, has compact resolvent, 0 ∈ ρ(Aε), ε ∈ [0, 1] and A−1
ε

CC→ A−1
0 .

We already know that the spectrum of Aε or A0 consists of isolated eigenvalues only.
Let us consider an isolated point λ0 ∈ σ(A0) and associate its generalized eigenspace
W (λ0, A0) = Q(λ,A0)L0, where

Q(λ0, A0) =
1

2πi

∫

Sδ

(ξ I −A0)−1dξ,

Sδ = {ξ ∈ C | |ξ − λ0| = δ} and δ is chosen so small that there is not other point σ(A0)
in the disc {ξ ∈ C | |ξ − λ0| ≤ δ}. By hypotheses (H1) and [2, Lemma 4.9] we have
there exists ε0 > 0 such that ρ(Aε) ⊃ Sδ for all ε ∈ (0, ε0). Thus, we can denote by
W (λ0, Aε) = Q(λ0, Aε)Lε where

Q(λ0, Aε) =
1

2πi

∫

Sδ

(ξ I −Aε)−1dξ.

Consequently, we obtain from [2, Lemma 4.10] the next result about the spectrum conver-
gence of the operator Aε.
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Theorem 5.1. Let Aε and A0 as above. Then, the following statements holds:

(i)For any λ0 ∈ σ(A0), there is a sequence λε ∈ σ(Aε), such that λε → λ0 as ε → 0.
(ii)If λε → λ0, with λε ∈ σ(Aε), then λ0 ∈ σ(A0).
(iii)There is ε0 > 0 such that dim W (λ0, Aε) = dim W (λ0, A0) for all 0 < ε 6 ε0.

(iv)For any u ∈ W (λ0, A0), there is a sequence uε ∈ W (λ0, Aε), such that uε E−→ u.
(v)If uε ∈ W (λ0, Aε) satisfies ‖uε‖Lε

= 1, then {uε} has an E-convergent subsequence
and any limit point of this sequence belongs to W (λ0, A0).

6. CONVERGENCE OF LINEAR SEMIGROUPS

In this section we study the convergence properties of the linear semigroups generated
by the operators Aε and A0 considered in the last section.

Using standard arguments, we can see that there exists ε0 > 0 such that the numerical
range of the operators −Aε are contained in (−∞,−1] ⊂ C for all ε ∈ (0, ε0). So, it follows
from [20, Theorem 3.9 p.12] that there exists constants M and π

2 < φ < π, independent of
ε, such that

‖ (µ + Aε)
−1 ‖L(Lε) 6 M

|µ + 1| ∀µ ∈ Σ−1,φ (1)

where Σ−1,φ = {µ ∈ C : 0 < |arg(µ + 1)| < φ}. Here, we are replacing Lε by L0 as ε = 0.
Consequently the operators Aε, ε ∈ [0, ε0], are sectorial operators with uniform estimates
in ε of the resolvent (µ−Aε)

−1 on the sector Σ−1,π−φ.
We recall that if λ ∈ ρ(A0), we can choose ε0 > 0 such that λ ∈ ρ(Aε) for all 0 6 ε < ε0.

So, we can apply [4, Lemma 3.5] with Vε = λ to obtain the relationship

(λ−Aε)−1 − Eε(λ−A0)−1Mε =

= [I − λ(λ−Aε)−1][EεA
−1
0 Mε −A−1

ε ][I − λEε(λ−A0)−1Mε].

It follows from (1) that

‖I − λ(λ−Aε)−1‖L(Lε) ≤ 1 + M

‖I − λEε(λ−A0)−1Mε‖L(Lε) ≤ 1 + ‖Eε‖ ‖Mε‖M.

Consequently, due to Corollary 5.2, we have there exists a function ν : (0, ε0) → R+,
ν(ε) → 0 as ε → 0, such that

‖(λ−Aε)−1 − Eε(λ−A0)−1Mε‖L(Lε) 6 ν(ε). (2)

Also if {e−Aεt : t > 0} denote the exponentially decaying analytic semigroup in Lε gener-
ated by Aε, then we obtain from [18, Theorem 1.3.4] that for any 0 < ω < 1, there exists
a constant ρ = ρ(ω), independent of ε, such that
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‖e−Aεt‖L(Lε,Lα
ε ) 6 ρ t−α e−ωt for all t > 0, 0 6 α 6 1 and 0 6 ε 6 ε0. (3)

The continuity of resolvent operators allow us to obtain the continuity of linear semi-
groups.

Theorem 6.1. Suppose 0 6 α < 1
2 . Then there exists a function να : (0, ε0] → R+,

να(ε) ε→0−→ 0, such that

‖e−Aεt − Eεe
−A0tMε‖L(Lε,Lα

ε ) 6 να(ε)e−ωttα−1 for all t > 0.

Consequently there exists a constant K independent of ε such that

‖Pεe
−Aεt − e−A0tMε‖L(L2(Ωε),H2α(Ω)) ≤ Kνα(ε)e−ωttα−1 for all t > 0.

Proof. Since the operators Aε are sectorial, we have for ω̄ < 1,

e(−Aε+ω̄I)t =
1

2πi

∫

Γ̃

e(µ+ω̄)t(µ + ω̄ + Aε − ω̄)−1dµ

where Γ̃ is the boundary of Σ−1,φ = {µ ∈ C : |arg(µ + 1)| ≤ φ} with π
2 > φ > π oriented

in such a way that the imaginary part of µ increases as µ runs Γ̃.
We change variables µ+ ω̄ 7→ µ and we denote Bε := Aε− ω̄. Our aim is to estimate the

difference

2π‖e−Bεtuε − Eεe
−B0tMεu

ε‖Lα
ε

=

∥∥∥∥∥∥

∫

Γ0

eµt[(µ + Bε)−1uε − Eε(µ + B0)−1Mεu
ε]dµ

∥∥∥∥∥∥
Lα

ε

(4)

where Γ0 is the boundary of Σ0,φ.

It follows from (1) that ‖(µ + Bε)−1‖L(Lε) ≤
M

|µ| for all µ ∈ Γ0 and ε ∈ [0, ε0]. Therefore

‖(µ + Bε)−1uε − Eε(µ + B0)−1Mεu
ε‖Lε ≤ M + ‖Eε‖ ‖Mε‖

|µ| ‖u‖Lε

≤ M1

|µ| ‖u‖Lε . (5)

Also we have

‖Bε(µ + Bε)−1uε‖Lε = ‖(I − µ(µ + Bε)−1)uε‖Lε

≤ ‖uε‖Lε + |µ|‖(µ + Bε)−1uε‖Lε

≤ (1 + M)‖uε‖Lε .
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Consequently, we obtain from moment’s inequality

‖(µ + Bε)−1uε‖
L

1
2
ε

≤ ‖(µ + Bε)−1uε‖
1
2
Lε
‖(µ + Bε)−1uε‖

1
2
L1

ε

≤ M
1
2

|µ| 12 (1 + M)
1
2 ‖uε‖Lε

.

Let us observe that for uε ∈ Lε

‖B
1
2
ε Eε(µ + B−1

0 )Mεu
ε‖Lε = ‖Eε(µ + B−1

0 )Mεu
ε‖

L
1
2
ε

≤ g
1/2
1 ‖(µ + B−1

0 )Mεu
ε‖H1(0,1)

= g
1/2
1 ‖B

1
2
0 (µ + B−1

0 )Mεu
ε‖L0

≤ g
1/2
1

M1/2

|µ|1/2
‖Mε‖ ‖uε‖Lε .

So we can conclude that

‖(µ + Bε)−1uε − Eε(µ + B0)−1Mεu
ε‖

L
1
2
ε

≤ M2

|µ| 12 ‖u
ε‖Lε . (6)

Let us call x = (µ+Bε)−1uε−Eε(µ+B0)−1Mεu
ε. Using the moment’s inequality again,

we obtain

‖x‖Lα
ε
≤ M3‖x‖2α

L
1
2
ε

‖x‖1−2α
Lε

. (7)

Hence, due to estimates (6), (4) and (2) we get

‖(µ + Bε)−1 − Eε(µ + B0)−1Mε‖L(Lε,Lα
ε ) 6 M4 ν(ε)(1−2α)

|µ|α . (8)

With the change of variables β = µt in (4) we have the equivalent integral

∥∥∥∥∥∥

∫

Γ0

eβ
[(

βt−1 + Bε

)−1
Eεu− Eε

(
βt−1 + B0

)−1
u
] dβ

t

∥∥∥∥∥∥
Lα

ε

.

Now, it follows from (8) that

‖ (
βt−1 + Bε

)−1
uε − Eε

(
βt−1 + B0

)−1
Mεu

ε‖Lα
ε
≤ M4 ν(ε)(1−2α)

|βt−1|α ‖uε‖Lε .
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Thus
∥∥∥t−1

∫

Γ0

eβ
[ (

βt−1 + Bε

)−1
uε − Eε

(
βt−1 + B0

)−1
Mεu

ε
]
dβ

∥∥∥
Lα

ε

≤ M4t
α−1ν(ε)(1−2α)‖uε‖Lε

∫

Γ0

|eβ |
|β|α d|β|.

That is,
∥∥e−Bεtuε − Eεe

−B0tMεu
ε
∥∥

Lα
ε
≤ M5t

α−1ν(ε)(1−2α)‖uε‖Lε for t > 0.

Therefore, for any α ∈ [0, 1
2 ) and ω ∈ (0, 1), there exists a function denoted by να :

(0, ε0] → R+ with να(ε) ε→0−→ 0, such that

‖e−Aεt − Eεe
−A0tMε‖L(Lε,Lα

ε ) ≤ να(ε)e−ωttα−1 for all t > 0.

To conclude the proof, observe that Remark 5.1, implies the existence of a constant K such
that

‖Pεe
−Aεt − e−A0tMε ‖L(Lε,H2α(Ω)) = ‖Pεe

−Aεt − PεEεe
−A0tMε‖L(Lε,H2α(Ω))

6 ‖Pε‖L(Lα
ε ,H2α(Ω))‖e−Aεt − Eεe

−A0tMε‖L(Lε,Lα
ε ) (9)

6 K‖e−Aεt − Eεe
−A0tMε‖L(Lε,Lα

ε ).

Corollary 6.1. Suppose 0 6 α < 1
2 and uε E−→ u. Then there is a function ν :

(0, ε0] → R+, ν(ε) ε→0−→ 0, such that
∥∥e−Aεtuε − Eεe

−A0tu
∥∥

Lα
ε
≤ ν(ε)e−ωtt−α for all t > 0. (10)

Proof. Adding an appropriate term we have

‖e−Aεtuε − Eεe
−A0tu‖Lα

ε
6 ‖e−Aεtuε − Eεe

−A0tMεu
ε‖Lα

ε
+ ‖Eεe

−A0t (Mεu
ε − u) ‖Lα

ε
.

Let us observe that Mεu
ε − u = Mε (uε − Eεu). Hence, we have

‖Mεu
ε − u‖L0 ≤

√
µg

g0
‖uε − Eεu‖Lε .

Consequently, the result follows from Theorem 6.1 and uε E−→ u.
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7. UPPER SEMICONTINUITY OF ATTRACTORS

Let f : R 7→ R be a C2-function with bounded derivatives satisfying the dissipative
property (1.3) and let Ωε be the perturbed domain defined in (2).

In the previous section, we have studied the asymptotic behavior of the linear parts of
the problem





uε
t −

∂2uε

∂x1
2 −

1
ε2

∂2uε

∂x2
2 + uε = f(uε) in Ωε

∂uε

∂x1
N ε

1 +
1
ε2

∂uε

∂x2
N ε

2 = 0 on ∂Ωε

t > 0 (1)

under the degenerated perturbation Ωε and we have proved a result on the continuity of
the linear semigroups, Theorem 6.1 and Corollary 6.1. In this section, we show that the
attractors Aε of the nonlinear elliptic problem are upper semicontinuous with respect to
this perturbations. To this end, we relate the continuity of the linear semigroups with
the continuity of the nonlinear semigroups for dissipative parabolic equations by using the
variation of constants formula. This in turn will imply the upper semicontinuity of the
attractors. See also [1], [4], [8] and [19] for other examples that use a similar technique.

Theorem 7.1. Suppose 0 6 α < 1
2 , and let uε ∈ Lε satisfying

‖uε‖Lε ≤ C (2)

for some positive constant C independent of ε.
Then, for each τ > 0, there exists a function ν̄α : (0, ε0] → R+, ν̄α(ε) ε→0−→ 0, such that

‖Tε(t)uε − EεT0(t)Mεu
ε‖Lα

ε
≤ ν̄α(ε)e−ωttα−1 (3)

for all t ∈ (0, τ).
Moreover, the family of attractors {Aε : ε ∈ [0, ε0]} of the problem (1) is upper semi-

continuous at ε = 0 in Lα
ε for 0 ≤ α < 1/2, in the sense that

sup
ϕε∈Aε

[
inf

ϕ∈A0

{‖ϕε − Eεϕ‖Lα
ε

} ]
→ 0, as ε → 0. (4)

Consequently there exists a constant K independent of ε such that

‖PεTε(t)uε − T0(t)Mεu
ε‖H2α(Ω) ≤ Kν̄α(ε)e−ωttα−1 (5)

for all t ∈ (0, τ) and all 0 6 α < 1
2 . Also,

sup
ϕε∈Aε

[
inf

ϕ∈A0

{‖Pεϕ
ε − ϕ‖H2α(Ω)

} ]
→ 0, as ε → 0. (6)
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Proof. We use the variation of constants formula on the integral formulation

Tε(t)uε = e−Aεtuε +
∫ t

0

e−Aε(t−s)f(Tε(s)uε) ds for all ε ∈ [0, 1].

Consequently

‖Tε(t)uε − EεT0(t)Mεu
ε‖Lα

ε
6 ‖e−Aεtuε − Eεe

−A0tMεu
ε‖Lα

ε

+
∫ t

0

‖e−Aε(t−s)f(Tε(s)uε)− Eεe
−A0(t−s)f(T0(s)Mεu

ε)‖Lα
ε
ds.

It follows from (10) that there exist ε0 > 0 and ν : (0, ε0] 7→ R+, ν
ε→0→ 0, such that

‖e−Aεt − Eεe
−A0tMε‖L(Lε,Lα

ε ) ≤ ν(ε)e−ωttα−1 for t > 0.

Furthermore, we have

∫ t

0

‖e−Aε(t−s)f(Tε(s)uε)− Eεe
−A0(t−s)f(T0(s)Mεu

ε)‖Lα
ε
ds

6
∫ t

0

‖
(
e−Aε(t−s) − Eεe

−A0(t−s)Mε

)
f(Tε(s)uε)‖Lα

ε
ds

+
∫ t

0

‖Eεe
−A0(t−s)

(
Mεf(Tε(s)uε)− f(T0(s)Mεu

ε)
)
‖Lα

ε
ds.

Since uε satisfies (2) for ε > 0, we have that {f(Tε(s)uε) ∈ Lε : s ∈ [0, t]} is uniformly
bounded. Hence, we obtain by Theorem 6.1 that there exists a constant M = M(τ, C)
such that

∫ t

0

‖
(
e−Aε(t−s) − Eεe

−A0(t−s)Mε

)
f(Tε(s)uε)‖Lα

ε
ds

6
∫ t

0

να(ε)e−ω(t−s)(t− s)α−1‖f(Tε(s)uε)‖Lεds

6 Mνα(ε)tα−1 for all t ∈ (0, τ).
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Also, if L denotes the uniform Lipschitz constant of the Niemitskii operator defined by
C2-function f , we use Eεf = fEε and MεEε = I to get

∫ t

0

‖Eεe
−Aε(t−s)

(
Mεf(Tε(s)uε)− f(T0(s)Mεu

ε)
)
‖Lα

ε
ds

=
∫ t

0

‖Eεe
−Aε(t−s)

(
Mεf(Tε(s)uε)−MεEεf(T0(s)Mεu

ε)
)
‖Lα

ε
ds

=
∫ t

0

‖Eεe
−Aε(t−s)Mε

(
f(Tε(s)uε)− f(EεT0(s)Mεu

ε)
)
‖Lα

ε
ds

≤
∫ t

0

ρ ‖Eε‖ ‖Mε‖ e−w(t−s)(t− s)−αL‖Tε(s)uε − EεT0(s)Mεu
ε‖Lα

ε
.

Hence, we obtain

eωt‖Tε(t)uε − EεT0(t)Mεu
ε‖Lα

ε
6 (1 + M)να(ε)tα−1

+ ρ ‖Eε‖ ‖Mε‖L

∫ t

0

(t− s)−αeωs‖Tε(s)uε − EεT0(s)Mεu
ε)‖Lα

ε
ds.

If we put ϕ(t) := eωt ‖Tε(t)uε − EεT0(t)Mεu
ε‖Lα

ε
, we have

ϕ(t) 6 (1 + M)να(ε)tα−1 + ρ ‖Eε‖ ‖Mε‖L

∫ t

0

(t− s)−αϕ(s) ds on (0, τ).

Thus, due to Gronwall’s Inequality from [18, Exercise 4* of the Section 7.1], we get the
inequality (3) from

ϕ(t) 6 Kνθ(ε)tα−1

where K = K(M, C, ρ, L, τ, ‖Eε‖, ‖Mε‖) is a constant.
To obtain the upper semicontinuity of the attractors Aε, we observe first that by the

uniform L∞(Ωε) bounds of the attractors, proved in [?, Theorem 2.6], we have

⋃

0≤ε≤ε0

MεAε

is a bounded set in L∞(0, 1). It follows from attractivity properties of A0 that, for a fixed
η > 0, there exists a τ > 0 such that

distLα
0

(T (τ)Mεϕ
ε,A0) ≡ inf

ϕ∈A0
‖T (τ)Mεϕ

ε − ϕ‖Lα
0
≤ η ∀ϕε ∈ Aε and 0 ≤ ε ≤ ε0

that is,

distLα
ε

(EεT (τ)Mεϕ
ε, EεA0) ≤ η ∀ϕε ∈ Aε and 0 ≤ ε ≤ ε0.
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Hence, due to (7.1) with t = τ , we have that there exists ε1 > 0 such that

‖Tε(τ)ϕε − EεT (τ)Mεϕ
ε‖Lα

ε
≤ η ∀ϕε ∈ Aε and 0 ≤ ε ≤ ε1.

Therefore

distLα
ε

(Tε(τ)ϕε, EεA0) ≤ η ∀ϕε ∈ Aε and 0 ≤ ε ≤ ε1.

Since Aε is invariant, we get

distLα
ε

(ϕε, EεA0) ≤ η ∀ϕε ∈ Aε and 0 ≤ ε ≤ ε1.

Now we can argue as (8) to obtain (5) and (6).
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32. L. Tartar; Quelques remarques sur lhomegénéisation, Function Analysis and Numerical Analysis, Proc.
Japan-France Seminar 1976, ed. H. Fujita, Japanese Society for the Promotion of Science, 468-482
(1978).

33. L. Tartar, The General Theory of Homogenization. A personalized introduction, Lecture Notes of the
Unione Matematica Italiana, 7. Springer-Verlag, Berlin; UMI, Bologna, 2009.

Publicado pelo ICMC-USP
Sob a supervisão da CPq/ICMC


