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1. INTRODUCTION

In this paper we are interested in analyzing the asymptotic behavior of solutions of
parabolic PDEs in a thin domain with a highly oscillatory behavior in its boundary, as
depicted in Figure 1.

FIG. 1. Thin domain with a highly oscillatory boundary.

To state the problem, let g : R +— R be a C!, L-periodic positive function (see FIGURE 1)
with 0 < gg < g(x) < g; for all x € R where g1 = max,cr{g(z)} and consider the following
bounded open set

R ={(z,y) €R? |z €Tand 0 <y < eg(r/e)} (1.1)

where € > 0 is arbitrary and I = (0, 1). For sake of notation, let us denote the oscillatory
part of the boundary by 9,R® = {(z,eg(x/¢)) : 0 < x < 1} the fized part of the boundary
by 0;R® = {(z,0)) : 0 < z < 1} and the lateral part of the boundary as 9;R® = {(0,y)) :
0<y<eg(}uU{(l,y):0<y<eg(l/e)}. If we need to distinguish between the two
parts of the lateral boundary (left and right) we will write 9, R® and 9y, R°.

In the thin domain R¢ we consider the following semilinear parabolic evolution equation

wy — Aw +w = f(w®) in R, t>0
o (1.2)

e 0 ondR

where v€ is the unit outward normal to ORS¢, % is the outside normal derivative and
the function f : R +— R is a C2-function with bounded derivatives. Moreover, since we
are interested in the behavior of solutions as ¢ — oo and its behavior with respect to the
small parameter £, we will require that the solutions of (1.2) be bounded for large values
of time. A natural assumption to obtain this boundedness of the solutions is expressed in
the following dissipative condition

lim sup fs) < 0. (1.3)

|s|—o0 8

Publicado pelo ICMC-USP
Sob a supervisao da CPq/ICMC



REDUCTION TO FINITE DIMENSIONS 333

Observe that the domain R® shrinks in the vertical direction and it also has a very
highly oscillatory behavior at the top boundary. Moreover, the amplitude and period of
the oscillations are of the same order e, which also coincides with the order of thickness of
the thin domain. This scaling makes the problem very resonant and the determination of
the limiting problem not straight forward.

In order to analyze problem (1.2) and its related linear elliptic and parabolic problem
we first perform a simple change of variables which consists in stretching in the y-direction
by a factor of 1/e (that is, 1 = x, 22 = y/e), transforming the domain R¢ into the domain

Q= {(z1,22) €R?* [y € T and 0 < x5 < g(z1/€)}.

By doing so, we obtain a domain which is not thin anymore although it presents very
highly oscillatory behavior (given by the fact that the upper boundary is the graph of the
function 1 — g(x1/€). Under this change of variables, equation (1.2) is transformed into

82 3 1 82 €
u;_%_?%-kue:f(ue) inQf t>0

O0z1 € 0wy (1.4)
8ueNE—%iaUENE—O on 90
Or1 b e20xy 2

where N® = (N§, N5) is the outward normal to the boundary of Q¢. Observe the factor
1/£% in front of the derivative in the xo direction which means a very fast diffusion in the
vertical direction. In some sense, we have sustituted the thin domain R® with a non-thin
domain 2° but with a very strong diffusion mechanism in the zs-direction.

Notice also that domain Q° “converges” in certain sense to the rectangule Q = (0,1) x
(0,g1) (where g1 = max,ecr{g(x)}). Hence, we expect that equation (1.4) will converge
in certain sense to an equation posed in ). But because of the presence of a very strong
diffusion mechanism in the xo-direction we expect the solutions of (1.4) to become ho-
mogeneous in the xs-direction so that the limiting solution will not have a dependence in
the x5 direction and therefore the limitting problem will be a one dimensional problem.
This fact is in agreement with the intuitive idea that an equation in a thin domain should
approach an equation in a line segment.

We start analyzing the behavior of the solutions of the linear elliptic problem associated

o (1.4), that is

2,,€ 1 2, €
_3u2_728u2+u€:f5 inQC
8,151 € 8172 (15>

ou® 1 ou®
Ni+—=—N5=0 o0°
Or, ' 2 0xy 2 on

where we assume that f¢ € L*(Q°) and || f¢| 12(qs) < C, with C independent of e. As
mentioned above, we expect that the limiting problem is posed in €.

Since we need to compare functions in £2¢ with functions in 2 we will need some extension
operators which will transform a function defined in Q° to functions defined in 2. We will
be able to construct an extension operator P. : H*(Q°) — H(f2), see Section 3, and by
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doing so, we show that the solution u¢ € H'(Q€) of the linear elliptic problem associated
to equation (1.4) satifies

Puf —uy w— H(Q)

where ug(x1,x2) = up(x1) is the unique solution of

y(0) = (1) = 0 o)

{ — Qo U0z +uo = fo in (0,1)
go > 0 is the homogenization coefficient, which is obtained in a nontrivial way (see (38))
and fo is an appropriate limit of the sequence f¢ (see (46)). We refer to Theorem 4.1 for
a complete statement on this result.

To pass to the limit from (1.5) to (1.6) we will use homogenization theory. First we
will formally obtain the equation through the multiple scale method (see Section 2), and
then, using the oscillating test function method of L. Tartar, we will rigorously prove the
convergence result, see Section 4

Let us remark that in our results we also obtain the convergence of resolvent operators
associated to problems (1.5) and (1.6), that is, looking at problem (1.5) as Acu = f€ and
(1.6) as Agu = f° with an appropriate functional setting we also show the convergence
of AZ1 to Aal as operators, see Section 5. This in turn show that, among other things,
the spectral properties of A, converge to the spectral properties of Ay and in particular,
the eigenvalues and eigenfunctions of the operator A. converge to the eigenvalues and
eigenfunctions of Ay.

Once we have identified the homogenized operator we will consider the nonlinear evolu-
tion problem associated to the homogenized linear elliptic operator,

Ut — QoUzz +u = f(u) z€(0,1), t>0 17
y(0) = (1) = 0 (7

and we will show that this problem is the homogenized nonlinear evolution problem. Actu-
ally, we will show that if C' > 0 is a positive constant and . € L*(QF) with [|¢®|| 12(qs) < C,
and if we denote by ¢ € L?(0,1), the averaged function of ¢ in the xo-direction, then if
u®(z1, T2,t) is the solution of (1.5) with initial condition ¢° and u(z1,t) is the solution of
(1.7) with initial condition ¢°, then for each 5 < 1, we have

HPEUE('at) - u(7t)||HB(Q) < V(5>t_7€_wt7 t >0,

where the function v(g) — 0 as ¢ — 0+, (recall that P¢ is the extension operator mentioned
above). This shows the convergence of the nonlinear parabolic problems, see Section 6 for
an analysis on the linear evolution problem and Section 7 for the nonlinear problem
Moreover we will show that the function v(e) depends only on C, that is, the convergence
is uniform for all ¢* € L?*(QF) with [|¢||r2(0sy < C. This uniformity will allow us to
analyze the behavior of the asymptotic dynamics of equation (1.4) as the parameter ¢ — 0.
Hence, if the nonlinearity f satisfies appropriate dissipative conditions, like (1.3), then

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



REDUCTION TO FINITE DIMENSIONS 335

both equations (1.4) and (1.7) have attracrors A. C H'(Q°) Ay C H'(0,1) respectively.
Recall that an attractor is a compact invariant set which attracts all bounded sets of the
phase space. It contains all the assymptotic dynamics of the system and all global bounded
solution will lie in the attractor. We will show that the attractors are upper semicontinuous,
in the sense that the union of all the attractors is bounded and for each sequence w® € A,
there exists a subsequence and an element w° € Ay such that w® — w? in an appropriate
way. As a matter of fact we will show (see also Section 7), that for any § < 1,

su inf {||P.p® — }—>0, as € — 0.
wﬁeag{@er{H " — @llrs)}

In this paper we combine two different theories to be able to say something meaningful
about the behavior of a nonlinear parabolic equation and its asymptotic states in a thin
domain which presents a highly oscillatory behavior. On one hand homogenization theory,
specially the part related to reticulated structures, is needed to obtain the linear elliptic
limiting (homogenized) problem. We refer to [5, 25, 33] for a general introduction to
the theory of homogenization and to [10] for a general treatise on reticulated structures.
On the other hand we need to use concepts and techniques from the theory of dissipative
systems and attractors to be able to conclude the continuity of the attractors of the systems
involved. We refer to [16] for a general introduction and to [17, 23, 9, 12, 13, 22, 24] for
more concrete developments of nonlinear dynamics in thin domains (with no oscillating
behavior). There are not many results on the behavior of global attractors of dissipative
evolutionary equations under a perturbation related to homogenization. We would like to
cite some of them: [6, 7, 14, 15].

One of the key ingredients that will allow us to combine both theories in an effective way
is the fact that the convergence of the linear problems obtained in the theory of homog-
enization is interpreted in terms of convergence of the resolvents of the linear operators
involved, (see [26, 27, 28, 29, 30, 8] for a theory of convergence of operators and resolvent
of operators and its applications to elliptic and parabolic problems). This is translated to
analyze the convergence of the corresponding linear semigroups through the well known
expresion of the linear semigroup as an appropriate integral of the resolvent operators.
Finally this information is trasferred to the nonlinear dynamics trough the variation of
constant formula. This method has been applied to other situations (different from ho-
mogenization type problems) and it has been proved to be succesful to study perturbation
problems for nonlinear evolutionary equations (see [1, 2, 3, 4, 8, 21] etc.). In this paper, this
technique is also proved to be valid for perturbation problems related to homogenization.

2. THE MULTIPLE-SCALE METHOD
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In this section we want to apply the method of multiple scales to obtain formally the
limit homogenized problem of

—Aw* 4+ w® = f* in R*

ow* . (2.1)
AN 0 ondR

on the oscillating thin domain R¢ given by (1.1) with f¢ € L?(R¢) satisfying

1 fNe2(re) < C,

for some C' > 0 independent of €. Assume to simplify that the nonhomogeneous term f€ is
given by

f¢ = f satistying f(x1,22) = f(x1)
for all z; € I and € > 0.
We look for a formal asymptotic expansion of the form
T1 X9 T1 X9 r1 T2
we(x17x2) = ’LU()((El,.’L'Q, ) 7) + 6’LU1(.’L'17.’E27 ) 7) + 62w2($1,$2, ) 7)
€ € € € € €
But observe that the thin domain R¢ degenerates to a line segment when ¢ — 0. This
suggests that w® tends not to depend on the “macroscopic” variable zo. Hence, we are
assuming that w; is an independent function of x5 and therefore we assume the asymptotics

T T T T Ty T
W (21, 2) = wo (w1, —, =) + ewy (x1, =, =2) + Ewa(a1, =, =) + ... (2.2)
€’ € €’ ¢ €’ €
We denote z = x1, y = x1/¢, 2 = x2/€, and we observe that
0 1 0 1
— =0, + -0, — =-0,.
8;101 + € Y 8x2 €
Let us denote by Y* the representative cell
Y*={(y,2) ER* : 0<y<Land 0< z < g(y)} (2.3)

and we call By the lateral boundary, By the upper boundary and B, the lower boundary
of Y*. So that, 0Y* = ByU B U Bsy. Also, we suppose w;(z, vy, z) defined for z € I = (0,1)
and (y,z) € Y*, L-periodic in the variable y.

Introducing the formal expansion (2.2) in the problem (2.1), we can obtain after some
calculations the following problems for the functions wq, wy, ws.

Ay wo(z,y,2) =0 inY”
ow
Tz\? =0 on B UBs

wo(z,0,2) = wo(x,L,z) z € By.
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where N is the unit outward normal to 9Y*.
Consequently, we have that wq(x,y, z) = wo(z).

Ay wi(z,y,2) =20,0,wy InY"
Ow, 9'(y)  dwg
—(z,y, =—-__— onB
on @y 9W) = — G 1

8’LU1
a—N(x,y,O) =0 on By
wy (x,0,2) =wyi(x,L,z) 2z € By.

Thus, taking into account 9,0,wo = 0 and denoting for X (y, z) the solution of

Ay X(y,z)=0 inY”
0X 9'(y)

87N(y’g(y)) = —m

0X
ﬁ(y’ 0) =0 on B2
X(0,z) = X(L,z) z€ By,

on By

d
we have that wi (z,y,2) = =X (y, 2)%(33)

As for wo, it should satisfy

—Aywa(2,y,2) = f(x) — wo(x) + 20,0,w1 (2,y, 2) + O2wo(z) in Y
%(x,y,g(y)) = \/H,Ezﬁ@(x,y,g(y)) on By
%(3@@;,0) =0 on B
wy(z,0,2) = wa(z,L,z) z€ By
or equivalently
e < 19 - -2y E )
%@’y’g@)) = _\/%X(y,g(y))ﬁ?(x) on By
%(%%0) =0 on By

wa(z,0,2) = we(x,L,z) =z € By.

337

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



338 A. CARVALHO, J. CHOLEWA, G. LOZADA-CRUZ AND M. R. T. PRIMO

Since wy is a solution of (2.4), it follows from the Fredholm Alternative that

2

0 = /*d)(x){f(x) — wola) + (1 - 20,X (3, )) P (@) paydz

dx?
6’[1)2

+ [ oGy ds (5)

for all test function ¢(x,y, z) = ¢(x). On the other hand,

w 2w
. o(x) dd 20 (2)0y X (y, z)dydz = qb(x)u(x)vy’zX(y, 2) - ( (1) ) dydz

2
T v dz?

Replacing this expression in (2.4), we get

2

0= [ 6@ {0) — wo(o) + (1= 8,X(1,2)) T (o) s (©

for any function ¢ defined in I.
Thus, since X depends only on the variables y and z, we can conclude that wg must
satisfy

2
_r d wo
dz?

(2) + wo(z) = f(z), € (0,1)
wh(0) = wh(1) = 0

(7)

where

1 0X
= 1 7= (y,2) Ldydz.
" Y*{ dy (1:2) pyd=

This second-order differential equation in wy defined on the interval I is called the
homogenized equation of the problem (2.1).

3. EXTENSION OPERATOR

In this section we are going to construct an extension operator that will be very important
in the proof of the general result in the following sections. Hence, let us consider the
following open sets:

O:{(xl,xg)E]RQ|x1€Iand0<$2<G1}
O° = {(z1,23) €R? |1 € T and 0 < x5 < Ge(z1)}
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where I C R is an open interval, G, : I — R is a C!-function satisfying 0 < Gy < G(71) <
G1 for all x € I and € > 0. Notice that O¢ C O.

LEMMA 3.1.
With the notation above, there exists an extension operator

P. € L(LP(0°), LP(0)) N LIWP(O%), WP (0)) N LW (0%), Wy (0))

(where Wall’p is the set of functions in WP which are zero in the lateral boundary 9;) and
a constant K independent of € and p such that

| Peollroy < K ||l e o)

OP.p o ¢
<x{]l 5,11 |51
H oz llzro) ~ { ox1 LP(O€)+77(€) 0x5 Lp(@e)} (1)
e e e
Oxs llLr(0) — Oxa llLr(09)

for all ¢ € WHP(O) where 1 < p < oo and

n(e) = sup{|GL(x)|}.

zel

Proof. Observe first that the set O = (0,1) x (0,Gg) C OF for all . Hence, if we have
that G; < 2Gy, which implies that G¢(x1) < 2Gg, we can define the operator:

_ J ez, @) (z1,29) € O
(Pe@(m,xz) - { i(l'l,QGe(xl) — {EQ) (1'17552) c O/Oe

Observe that this operator is obtained through a “reflection” procedure in the xo di-
rection along the oscillating boundary. It is straigth forward to check that this operator
satisfies (1).

If we are in the case where G > 2Gy, we will need to extend first the function oo in
the direction of negative xo, with a finite number of successive reflections. That is, if ¢q is
defined in O¢ then we extend ¢q to the set (0,1) x (—Gg,0) with the reflecting along the
line x5 = 0. This produces the function

(SU - ) _ g00($1,$(32), (.’)31,1‘2) with 0 < 2o < GE(.’El)
#1101, T2 @0(1‘1, —1‘2), (371,1‘2) with — G < 22 < 0.

We can continue producing these reflections inductively as follows

On—1(z1,22), (z1,22) with — (n — 1)Gp < 22 < G(21)

onl@r,22) = {%1(:61, —r2 —2(n—1)Go), (x1,22) With —nGo <22 < —(n—1)Go
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Choosing n large enough so that nGy > Gy, constructing ¢,, and applying to ¢,, the pro-
cedure by reflection in the x5 direction along the oscillating boundary, we obtain the exten-

sion operator P. which satisfies (1). |
Remark 8. 1. 1) This operator preserves periodicity in the x; variable. That is, if the
function ¢, is periodic in x1, then the extended function P.. is also periodic in x7.

2) This result can be applied to the case G.(x) = G(z) independent of €. In particular,
we can apply the extension operator to the basic cell.

Remark 8. 2. If we denote by ||| - ||| the norm

B
81‘2

+ (L4 n(e))

ou
lulllw oy = el zoory + || 5|

Lr(O¢) L (OF)

for all u € WHP(0O¢), then we obtain that the extension operator P. must satisfy

[ Peul[lwrr0) < Kll|ulllwie o

with K a constant independent of e. Note that the norm ||| - [[|y1.r(0<) is equivalent to the
usual one.

4. CONVERGENCE THEOREM FOR THE HOMOGENIZED LIMIT

In this section we use the technique of oscillating test functions of L. Tartar, see Tartar
[31] [32] and Cioranescu & Saint Jean Paulin [10] to prove a convergence theorem for the
solutions w*® of the problem (2.1). We will consider the case where the whole boundary has
a Neumann type condition. We will also indicate how to proceed under other boundary
conditions.

To study the convergence of (2.1) on the thin oscillating domain R¢, with Neumann
boundary conditions in the lateral boundary, we consider the change of variables stated in
the introduction which transforms problem (2.1)into the equivalent linear elliptic problem

2, € 2,
_2;52_612;:2—1—115:]‘5 in Q° "
g—z 1 é%NS =0 on 00°
on the open bounded oscillating domain ¢ C € given by
QO = {(x1,20) €ER? |2y € T and 0 < 29 < g(x1/€)} (2)
with
Q={(z1,22) ER* |z €Tand 0 < w3 < g1}
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and f€ € L?(Q°) with ||f¢]|2(ns) < C, with C independent of e.
The variational formulation of (1) is the following: find u¢ € H'(Q2¢) such that

ou® 0 1 0u¢ 0
/{ui—i- u¢ Oy
se

8x1 8LE1 ?axg 87552

Taking ¢ = u€ in (3), we get the following apriori estimates for u®

+ uew}dxldxg = A fepdridry, Yo € HY(QF).  (3)

1 2

2
ey T e

ou®

Oy

|5

€12 £ €
s T [ullZ2 ey < 151220 lufll L2 (e (4)

Now, consider the representative cell Y* defined in (2.3)
Y*={(y1,92) €R* : 0<y; < Land 0 <ys < g(y1)}

and let x be its characteristic function. We extend x periodically on the variable y; € R
and denote this extension again by x.
If we denote by x° the characteristic function of the set Q¢, we easily see that

T
X (71, 22) = X(f,m), for (z1,22) € Q° (5)

Let us also consider the following families of isomorphisms T} : A7 — Y given by

xr1 — ekL

T (z1,22) = ( ;

,$2) (6)

where
AS = {(x1,20) ER?* | kL < 2y < eL(k+1) and 0 < 29 < g1}
Y =(0,L) x(0,91)

with k € N satisfying 0 < k < |I|/(eL).
Let us consider the following auxiliary problem given by

—AX=0inY"
% =0 on By
/
% _ 11(3;/1()%)2 on By (7)
X(0,y2) = X(L,y2) on By
X dyi1dys = 0.

Y *

where By is the lateral boundary, B; is the upper boundary and B, is the lower boundary
of OY™.
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Taking the isomorphism (6) and the extension operator
Pe L(H'(Y"),H'(Y)) N LL*(Y™"), LA(Y))

defined by Lemma 3.1 with G¢(z1) = g(x1) independent of ¢ and Y = (0, L) x (0, ¢1), see
Remark 3.1, we define wf in (z1,22) € A§, by

wi(x1,@0) = 1 — e(PX o T,S(xl,xg)>

] — e(PX(LELk,xQ)).

€

Observe that for any (1, z2) € Q° there exists k such that (x1,22) € Aj,. Therefore, the
function we® defined by w®(z1,z2) = w§(z1,x2) is well defined and w® € H(Q).
We introduce now the vector n° = (n§,n5) defined by

ow®

(21, 22) = 5 (21,22),  (21,22) € 25 (8)
Since % = %8%1 and 3%2 = 8%2 we have that
0X Iy —ekL 19,4 Iy
1 =1- —(== =1 (== =
7]1(50171'2) 8y1( € 7562) ayl( € 7"172) 771(1,/17y2)a
. _ 0X my —e€kL 09X m .
N5 (w1, 72) = —eayz( p ,Ta) = —ﬁayQ( c ,T2) = n2(Y1,Y2)

for (y1,y2) = (%,1@) € Y* and (z1,x2) € Q°. We note that n; is a periodic function

on the variable y; and 7§ (x1,z2) = (%, x2) for i = 1, 2.

It follows from definition of X that the functions n and n§ satisfy

oni | 1 0m;
Ox1 €2 0xy

€ € 1 € € xl
771N1+:2772N2:00n (93179(?>) 9)

=0in Q°

1
MNY + 13Nz = 0 on (21,0)
7n°(0,22) = n(1,z2) for 0 < z2 < g(0)

where

€ __ € ey _ | g/(% € on (z ﬂ
" _(N“NQ)_< <e2+g/<w;>2>%’<e2+g'<w;>2>%> s

N¢=(0,-1) on (z1,0)
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with z; € I. In fact, by (7) we have

% l% 9?°X Ty 827)( ﬂ o .
Ox1 €2 0xy (5y1 (—m2) + 8y22( . ,332)) =0in Q

1
ENE L —pENE — —
(/i 1+€2772 2

on (xl,g(%)) and

(9X X1 18X X1

€ € 1 € €
771N1+?2772N2 =(1- 53/1( r3)) - 0"'*7(?%2):00“ (71,0).

Therefore, multiplying (9) by a test function ¢ € H'(Q) with ¢ = 0 in neighborhood of
the lateral boundaries and integrating by parts, we obtain

5’771 1 a772
0 = / (a 623 dl‘ld.’L‘g
dp 1 0y
= / ( 2’]72N2> dS /Qé (axlnl + = 62 8 772) d.Tld.’L'Q
ene o L I o 1 9p
= /(xl’q 1)) (771N1 — 12V, )dS /6 (833177 + = 2 O 772) drydzs

dp 1 0y¢
= 0-— 1+ ==—n5 | dridxs.
Qs (811 Tt €2 0z 772) T

That is

dy 1 Oy
/QE (771 Dt +ns5 225, >dw1dx2 =0 (10)

Let ¢ = ¢(x1) € C3°(0,1) and considering the test function ¢ = ¢ w® in (3) and in (10),
we obtain
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/ F5(6 w)diydary
QE

ou® 0 . 1 0u® 0 . .
B /QE {876187331@(# )+ 3 €2 896 6m (¢uf) +u(ow )}dxldx2

3u5 a € 1 au . .
- /Qe {3261 aim'l(qsw )+ €2 61'2 ax ((bw )"'U (wa )}dxlde

e 0 ey, 1
_ / 8¢> ey ous 3w 1 Oue Ouwe

8x1 Oz 01 €2 Oy Oy
ou’ 6 1 . ouf
' 0z 2 " Oza

¢+ ugut

6

S b des. (1)

Using that 7 = g% we cancel the appropriate terms and obtain

Ou’ a(b € e% € € € _ 5 € oo
/W {a—xla—mlw "18931 ut +upw }dmldxg = /Qef pwdridry, Yo € C3°(0,1) (12)

On the other hand, we have obtained before the weak formulation of the problem (3),
that is

/{ﬁufai+18u Oy

Ox1 0x1 €2 Oxg Oxa

+u ga}dxlde ; fepdride, Yo € H'(QF). (13)

Now we need to pass to the limit in (12) and (13). In order to accomplish this we need to
write both expressions as integrals in the same domain. For this, we will use the extension
P. constructed in Lemma 3.1, the standard extension by zero, that we denote by, and the
characteristic function x© of ¢ as follows:

dus ~ 9
/ { ut 99 w€ — nfa—(ﬁ P.u®+ x*P.(u)¢o we}dxldxg
Q Z1

8.231 8371
(14)
:/X€f6¢wed$1di2, Vo € C3°(0,1)
Q
/{aue 09+ x“Pa fd1do / © fpdaydas, Vi € H'(0,1) (15)
85(;1 a,’]]l X 90 1 2= QX <P 1 2 QD B .

Observe that in this last equality we have taken ¢ € H'(0, 1) and the term including partial
derivatives with respect to 2o do not appear.

We want to pass to the limit in the expressions above, (14) and (15) . In order to
accomplish this, we pass to the limit in the different functions that form the integrands.
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(a). Limit of x..

From (5), we have

€= 1 ~ * [e’s}
Coaa) T 00en) = 1 [ x(saadds w - L2(1), Ves € (0.91).
0

(16)

Observe that the limit 6 does not dependent on the variable x; and we can get the area
of the open set Y* with the formula

g1
0

(17)
Also, from (16) we have that
H(x2) = /@($1,$2) {Xe(x1;x2) - 9(:102)} dr; - 0ase—0
I
a.e. T2 € (0,¢1) and for all p € LY(Q). So, due to
g1
/ o(x1,22) {Xe(.’L‘l,.’L'Q) - 9(962)} dridxs = H¢(z9)dxo
Q 0
and [H(a2)| < [ plan,2)da,
I
we can get by Lebesgue’s Dominated Convergence Theorem that
200wt — L®(Q). (18)

(b). Limit in the tilde functions

Since || f¢||2(q) is uniformly bounded, we get from (4) that there exists M independent
of € such that

-~ ue 1| ue
g e d*‘ < M for all € > 0. 19
lluc]| L2 (o) 90 L) and - 9o ey = or all € (19)
Then, we can extract a subsequence, still denoted by ue, g;j and g—;;, such that
ue —ut w— L*(Q)
é;; * 2
0o =& w—L*(N) and (20)
ue

—L%(Q
ax2—>0 s ()
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as € — 0 for some u* and £* € L*(Q). ~
Moreover, since || f¢||z2(gs) < C independent of €, we have || f*||z2(q) < C and therefore,
the function f¢ defined by

g1

N g(x1/¢)
fE(SCl) = fg(xl,l‘g)dlﬂg = / fg(ml,xg)dfﬂg (21)
0 0

satisfies that fE € L?(0,1). Hence, via subsequences, we have the existence of a function
f = f(z1) € L?(0,1) such that
fo—=f w-L*0,1) (22)
Remark 4. 1. Observe that in the case where f¢(x1,22) = f(x1) then

D;*'f(xl)

Flan) = ([ bleardea) o) =

where we have used (17).

(c). Limit in the extended functions
Using priori estimate (4), the fact that u® € H'(QF) and using the results from Lemma
3.1 on the extension operator P, we get that

OP.uf
8.’171

OP.uf
81‘2

< M for all e >0 (23)
£2(Q)

1
[ Peusl L2 (0, : and EH

L2(Q

where M is a positive constant independent of € given by estimate (19) and Lemma 3.1.
Then, we can extract a subsequence, still denoted by P.u¢ and a function uy € H* (),
such that

P —uy w— H'(Q)
Puf —ug s— L*(Q)

(24)
OP.u*
and 83:; —0 s—L*Q).
A consequence of the limits (24) is that ug(x1,22) = up(x1) on Q. More precisely,
%(xl,u) =0ae Q. (25)

In fact, for all ¢ € C§°(£2), we have by (24) that

0 0
/ Uo & dxidzs lim | P.u¢ & dxidzs
Q 8.T2 e—0 Q 8.132

. OP.u®
= —lim
e—0 /o 85(,‘2

pdridrs = 0.

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



REDUCTION TO FINITE DIMENSIONS 347

In particular, we may consider that the function ug € H'(0,1).
Also, we note that u¢ = x“P.uc a.e. . Thus, it follows from (18), (20) and (24) that we

have the following relationship between u* and wug
u*(x1,22) = 0(x2) ug(z1) a.e. Q. (26)

(d). Limit in w®.
With the definition of w®, we have

/

¢ — 2 [Py dizy = / S1(PX) (g1, yo)2dyrdys < / C X (g1, y2) Py dys
Y Y *

€
k

and so,
1
el
/ " = 21 [*darday ~ Z/ Ce| X (y1,y2) P dy1dy»
Q = Jy-
~ 62/ C|X(y1,y2)\2dy1dy2 —0ase—0.
Y*
Similarly,
9 ‘2 / d(PX) 2
— (W€ —x1) | dridzy = ‘ 7 edud
/A;c 81:1( ) 1552 v | o (y1,92) y1dy2
0X 2
= E/Y*C‘aiyl(ylvlb)’ dy1dya
and
9 2 d(PX) 2
__ € _ dxd. = ‘ , ‘ dud
/A2 92 (W€ —21) | daydzy /Ye 7, (y1,y2)| edyrdys
0X 2
= 63/ C‘ﬁi(yhyZ)‘ dy1dys.
Y+ Y2
Also, we have
9 2 - X
— (W — dridxs ~ Ce|l— , 2d d
/9’6951 (wf = o) dirdos ; . Celg,, ) Fdundy:

~10X 2
~ C)— : ‘d d
/* o (Y1, y2)| dyidyz
for all € > 0 and
2 18X 9
‘/‘;(wefl’l)‘ dridxo Sez/ O‘ai(yhyz)’ dy1dyzﬂ0as e 0.
Q!0%2 < 10ya
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Then, we can conclude

Wt =z s— L*(Q) and w — H'(Q) (27)
with
Ow® 9
R —0 s—L(Q).

(e). Limit of nf

Let n° = n°x€ be the extension by zero of the vector n¢ to the whole Q. Clearly, we may
extend 7 = n°x* periodically on R x (0, g1). So, 7 (21, z2) = 71 ("2, 22) and we can obtain
by the Average Theorem that

. __
ny(x1,x2) — %/0 (1 - g—i(s,mg))x(s,xg)ds = q(z2) w* — L™(I). (28)

where x is the characteristic function of Y*.
Hence, arguing as (18) we can prove

=g wh— L7(Q). (29)

Now, by the convergences shown in (a)-(e) above, we can pass to the limit in (14) and
n (15). We obtain

1
/Q {5*667;5)1 1 — q% ug + 9U0¢1’1}d$1d$2 = /0 f($1)¢($1)1’1d1’1, V¢ c Cgo((), ].)

Observe that f*a%l(qb x1) = S*xl% + £*¢. Consequently, we have

1
[ {€ g0 = 66 — a5 wo+ bugoin Jansdon = [ flao(en)andns (30

for all ¢ € C§°(0,1). From (15), we get

B La
/ {f*i + 9u0¢}d$1d$2 = / Jepdz, Vp € Hl(oa 1). (31)
Q 0x1 0

In particular, via iterated integration and (17), we get

/01 {( 091 5*(x1,x2)da:2)&gfll) + |i*|uo(a:1)<p(a:1)}dx1

. (32)
= [ Fanetandn,  vee ')
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Taking ¢ = ¢z in (31), we get

1
/Q{g*({)il(¢x1)+9u0¢x1}dx1dx2:/O fordr. (33)

Hence, it follows from (30) and (33) that, for all ¢ € C5°(0,1),

0=/ﬂ{¢£*+q§x¢1 uo}dmdﬂm Z/Q{(bf*—qﬁﬁgz?}dxldxg (34)

where we have performed an integration by parts to obtain the last integral. Hence, if we
define

o 1 0X
q:/o q(s)ds = f/* {1 - Tw(yl’yz)}dyldw (35)

and performing an iterated integration in (34) we obtain

1 g1
/O<b(x1)( i 5*(:517332)@2_@8”5)73(;71))%1:0’ Vo € C(0,1)

which implies that

g1
/ & (z1,x0)dry = cjauo(xl), a.e. 1 € (0,1) (36)
0 8331

Plugging this last equality in (32) we get

F 0w O | Y|
8%1 81'1 L

1
up pdxy :/ fodry, Yoe HY0,1) (37)
0

Hence, if we define gy = ‘YL*‘Q, that is,

1 0X
= 1— —(y1, dy1d 38
© = 77 Y*{ ayl(yl yz)} y1dy2 (38)
and also
folx1) = L o (@) (39)
x x
ola1) = g o
we get from (37)
1
[ (3222 b wo)an= [ fopin, woe o (10)
0 8x18

which is the weak formulation of

{ —q0 U0ge +uo = fo in (0,1) (41)

uh(0) = up(1) = 0
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Remark 4. 2. Observe that, in relation with Remark (4.1), we have that if originally
the nonhomogeneous term f does not deppend on x5, that is, f(z1,22) = f(z1) then with
the definition of fy, see (39), and with (17), we have

L L V¥

~ L g1
o) = g flon) = iy [ 0o = 2

f(@1) = f(21).

Hence, equation (41) is in agreement with the one found via the method of Multiple Scales
in Section 2.

We show now that as a matter of fact, problem (41) is well posed in the sense that the
diffusion coefficient ¢y > 0. For this, we use the variational formulation of the auxiliary
problem (7), that is, the elliptic bilinear form

b:H, x H.— R: (¢,0) — Vo - Vpdydys
Y*

where
H.,={¢pecH'(Y")| /Y ¢ dyidyz = 0 and ¢(0,y2) = #(L,y2) with 0 < yo < g(0)}.

So, for all ¢ € H, we obtain that X satisfies

__ g

Recall that Bj is the upper boundary of the basic, cell, that is, By = {(y1,72) € R?|0 <
y1 < L and yo = g(y1)} C 9Y*. Consequently, y; — X satisfies

b(yr — X, ¢) = i N1¢ds+/B $dS =0 (42)

g
i+

for all ¢ € H, where the normal vector N on By is given by N = (N1, N3) = gy Also,

we have by (38)
0 3}
Q@Y7 = =y~ X) S dydya = | V(g — X) - Vi dyidys
v Oy oy Y=
= b(y1 — X, p). (43)
Hence, due to relation (42) with ¢ = —X and identity (42), we get
q |Y*| =bly1 — X,y1) +b(y1 — X, —X) =b(y1 — X,y1 — X) > 0. (44)

Thus, since [Y*| > 0 we have that ¢y > 0 and the problem above is well posed. In particular
uo is the unique solution of problem (41).
So, we may summarize in the following theorem the results from this section:
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THEOREM 4.1. Let u be the solution of (1) with f¢ € L*(Q°) and || f¥]|2(qs) < C with
C independent of the parameter €. Then,

i) If we have a sequence e — 0 such that

g1 /e) A
fU=A Fo(oaa)des = f(), w—L2(0,1)

then
Puf =y w— HY(Q) (45)

where P. € L(L*(Q°), L?(Q)) N L(H(Q°), HY(Q)) is the extension operator constructed in
Lemma 3.1 (with O = Q. and O = Q) and ug(r1,x2) = up(x1) for all (x1,x2) € Q is the
unique solution of

{ —qo U0y, +uo = fo in (0,1) (46)

uh(0) = uh(1) = 0
with go > 0 is given by (38) and fo(-) = ﬁf()

it) For any sequence € — 0, we have another subsequence, still denoted by ¢ — 0, such
that the functions f(-) — f(-) w-L?(0,1) for some function f. In particular, for this
subsequence we have the results from i).

Remark 4. 3. 1) The extension operator P. in (45) does not need to be exactly the one
constructed in Lemma 3.1. We just need that P, satisfies (1) with O, = Q. and O = Q.
i) The convergence in (45) implies that P.u. — ug s-H*(Q2) for all 0 < o < 1.

5. CONVERGENCE OF RESOLVENT

In this section we consider the problems (1) and (41) in its abstract form and showed
that under a proper notion of convergence, solution of (1) converges to solution of (41)
as € — 0. This brings us to the concept of compact convergence developed in the works
[26, 27, 28, 29, 30]. See also [1, 2, 3, 4, 8, 24] for applications to concrete perturbation
problems. For this, let {L.}.~0 be a family of Hilbert spaces defined by L. = L?(Q€) with
the canonical inner product

(u,v), :/ u(z)v(x) dr
and let Lo = L?(I) be the limiting Hilbert space with the inner product (-,-)o given by
1
(w0)s, = lg) [ ulz)ola)do
0
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where

We can write (1) as an abstract equation A.u = f€¢, where A. : D(A.) C L?(Q°)
L?(Q°) is the self adjoint, positive linear operator with compact resolvent defined by
1
DA = fue B2(@) | 2 ne 1 L 0% Ne g on 90e)
8951 62 8332 (1)
0%u 1 0%u

Au=—————=——=+u u€eDA).
81’12 528122 ( )

Similarly, we associate the limit problem (41) to the limit linear operator Ao : D(Ag) C
Lo — Lg) defined by

D(Ap) = {u € H*(I) |u'(0) = v'(1) = 0} @)
Agu = —qo Ugyz, +u  u € D(Ap)

where ¢ is the positive constant given in (38). Clearly, Ay is a positive self adjoint operator
with compact resolvent.

In order to simplify the writing, we denote by L& the fractional power scale associated to
operators A with 0 < a <1 and 0 <e < 1. We also will write L, := LS forall0 <e< 1.

Observe that Lé is the Sobolev Space H'(Q€) with equivalent norm

ou

Jul + 1
U == =
L§ oxy €

s
L. 8@'2 L. Ler
Remark 5. 1. It follows from Remark 3.2 that the extension operators P. € E(Le% L HY(Q))

N L(L¢, L*()) are uniform bounded in €. Therefore we obtain by interpolation

DN | =

sup [|Pe|lzize m2a()) <00, 0<a<

0<e<1

In the previous section we have passed to limit in the variational formulation of the
problem (1) as € — 0 getting the limit equation (41). Here, we apply the concept of
compact convergence to obtain convergence properties of the eigenvalues and eigenfunctions
when the oscillating domain degenerates to a line segment. See [1], [4] and [8] for others
examples.

To this end, let E. : Ly — L. be a family of linear continuous operator given by

(Eeu)(z1, 22) = u(xy) on QF (3)
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for u € Lg. Since

|Bul2, = / W (1) daydas

1 prg(z1/e)
= // uQ(xl)dxgdxl
o Jo
1

_ /0 g1 /(a1 dary

o (; [ Lg(s)ds> (/ 1 ) do ) = ull,

[ Ecul

we have that

. — ||lul|z, as e — 0.

Similarly, we can consider E, : L§ — L!. Considering in L{ the equivalent norm ||u ;1 =
0
Il = gottwyz, + ullL,, we obtain that

[ Ecul

1 — llulls. (4)
Also

Sulzl{HEeHc(Lo,Le)’ | Eellz(za,z1y} < oo (5)

€

Also, we can obtain by interpolation that

C =C(a)=sup||Eellgrg, ey < oo for 0 <a <1

For more details see [24].

Let us consider the following concepts of convergence, compactness and compact con-
vergence of operators associated to the family of operators {E,}c~o.

DEFINITION 5.1. We say that a sequence of elements {u}.so with u¢ € L. is E-

: : E
convergent to u € Lo if ||u® — Eeuf||r, — 0 as e — 0. We write u¢ = u.

DEFINITION 5.2. A sequence {uy, }nen With u, € L, is said to be E-precompact if for

any subsequence {u,} there exist a subsequence {u,~} and u € Ly such that wu,~ E uas
n” — oo. A family {u}.so is said pre-compact if each sequence {u., }, with €, — 0, is
pre-compact.

DEFINITION 5.3.  We say that a family of operators {B. € L(L¢)|e > 0} E-converges
to B € L(Lg) as € — 0, if B.f€ A Bjf whenever f¢ 2N f € Lo. We write B, 3
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DEFINITION 5.4. We say that a family of compact operators {B. € L(L.)|e > 0}
converges compactly to a compact operator B € L(Lg) if for any family {f}eso with
I7/€lL. < 1, we have that the family {B.f¢} is E-precompact and B, ZF B, We write

cc
B. = B.

The following corollary is a key result to prove that the spectrum of A. approaches the
spectrum of Ay as € goes to zero.

COROLLARY 5.1.  The family of compact operators {A-* € L(L¢)}eso converges com-
pactly to the compact operator Aal € L(Lg) as e — 0.

Proof. Take {f¢}cso with ||f¢||r. < 1 and define u¢ = A-1f¢. Thus A.u® = f¢ and
u® satisfies the problem (1). Hence, it follows from Theorem 4.1 that there exist fy € Lg
and ug € H*(Q2) such that Pou® — ug in H'(Q) with ug(z1, 22) = ug(x1) a.e.  satisfying
Agug = fo, where P, is the extension operator given by Lemma 3.1 . So, we can conclude
from the inequality

[u® = Ecuo||r, = || (Peu® —uo)

Qe l|L. S ||P6’UJE — u0||L2(Q)

that u¢ 2 up proving that the family {u¢ = AZ1f¢}.~ is E-precompact.

Now, let us show that A-! By Ayt To do this, we will assume

15 fo (6)

Therefore there exists a positive constant C, independent of €, such that ||ﬁ|| @) < C.
Following (21) and (22) we conclude by Theorem 4.1 that A-!f¢ — A" fo, which proves

the result. |
Let us consider the operator M, : LP(Q€) — LP(0,1), 1 < p < oo, given by

M. Fe L g(z1/€) . d 0.1 (7)
( ef><x1>|y*|/0 fol@r ) ey z € (0.1).

It is easy to see, from Fubini-Tonelli Theorem and Holder Inequality, that M, is a well-
defined bounded linear operator with || M f€|| 1+ (0,1) < ‘YLﬁ g £l e (o). In particular

we have that

€ L €
IMcfllz, < [ye] VFa 91 1<

Le-

A similar operator was considered in [2, 3]. Observe that M, is a multiple of operator f
defined by (21).
In this setting we point out to the Theorem 4.1 to prove:
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LeEMMA 5.1. Let {f<} C L. a sequence and suppose || €|
of €. Then there exists a subsequence such that

L. < C, for some C independent

|AZtfe— EeAalMefenLe — 0 ase— 0.

Proof.  We have M f¢ — fo w-L?(0,1), where fy is like in the Theorem 4.1. Again
from Theorem 4.1, P, AZ! f¢ — Ay fo s-L?(2). The continuity of Ay ' implies the result. |

Now, we estimate the difference of the resolvent operators in the following way.

COROLLARY 5.2. There exist €9 > 0 and a function v : (0,€¢) — R with v(e) — 0 as
€ — 0 such that

|A;Y — ELAG "M oy < vie) Ve € (0,€).

Proof. We prove this result by contradiction. For this, suppose there exist a 6 > 0 and
sequences {€, fneny C RY and {f"}nen C Le, with || f"[|z. =1 with ¢, — 0 and

|AZf™ — B, Ay "M, ]

L., 20

as n — oo. From the Lemma 5.1 there exists a subsequence satisfying that ||A;L1 fm—
Ee, A" M, f"|

L., "3 0 which give us a contradiction and completes the proof. |

Due to Corollary 5.1, we have that the operators A, satisfy the following hypotheses
(H1) A, is closed, has compact resolvent, 0 € p(A.), € € [0,1] and A_? «© Agt.

We already know that the spectrum of A, or Ay consists of isolated eigenvalues only.
Let us consider an isolated point A\g € o(Ag) and associate its generalized eigenspace
W()\o,Ao) = Q()\,AQ)LQ, where

Qoo A0) = 5= [ (67— A0

Yy

Ss = {& € C||¢€ — X\o| = I} and ¢ is chosen so small that there is not other point o(Ag)
in the disc {¢ € C||¢ — Ao < 0}. By hypotheses (H1) and [2, Lemma 4.9] we have
there exists ¢g > 0 such that p(A.) D Ss for all € € (0,¢p). Thus, we can denote by
W (Ao, A) = Q(Ao, Ac) L, where

Q0. A) = = /S (61— A)de.

27

Consequently, we obtain from [2, Lemma 4.10] the next result about the spectrum conver-
gence of the operator A..
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THEOREM 5.1. Let A and Ay as above. Then, the following statements holds:

(i)For any Ao € 0(Ap), there is a sequence \e € 0(A.), such that Ac — Ao as € — 0.
(ZZ)If Ae = Ao, with ¢ € O'(AE), then g € O’(AQ).
(i11) There is €9 > 0 such that dim W (Ao, Ae) = dim W (Ao, Ag) for all 0 < € < €.

(wv)For any u € W (Ao, Ao), there is a sequence u® € W (g, Ae), such that u® s
(v)If ut € W(Xo, Ac) satisfies ||u||, = 1, then {u} has an E-convergent subsequence
and any limit point of this sequence belongs to W (g, Ao).

6. CONVERGENCE OF LINEAR SEMIGROUPS

In this section we study the convergence properties of the linear semigroups generated
by the operators A. and Ay considered in the last section.

Using standard arguments, we can see that there exists ¢y > 0 such that the numerical
range of the operators —A. are contained in (—oo,—1] C C for all € € (0,¢p). So, it follows
from [20, Theorem 3.9 p.12] that there exists constants M and § < ¢ < 7, independent of
€, such that

[ +1]
where ¥_;1 4 = {p € C: 0 < |arg(n + 1)| < ¢}. Here, we are replacing L. by Ly as e = 0.
Consequently the operators A, € € [0, €], are sectorial operators with uniform estimates
in € of the resolvent (u — AE)_1 on the sector X_1 ;_g.

We recall that if A € p(Ap), we can choose ¢y > 0 such that A € p(A.) for all 0 < € < €.
So, we can apply [4, Lemma 3.5] with V. = A to obtain the relationship

e+ A e, < Vi€ X1 (1)

A=A) =B\~ Ag) M, =
=[I - XX\ —A) Y[EA M, — AZY[I — AE(\ — Ag) "t M.

It follows from (1) that

1 =XA=A) ey <1+M
11 = ABe(A = Ao) "Ml g(r.) < 1+ || Eell | Mc]| M.

Consequently, due to Corollary 5.2, we have there exists a function v : (0,¢9) — RT,
v(e) — 0 as € — 0, such that

I = 497" = Bd(A = Ao) " M. (1) < v(©). (2)
Also if {e~4<* : ¢ > 0} denote the exponentially decaying analytic semigroup in L. gener-
ated by A., then we obtain from [18, Theorem 1.3.4] that for any 0 < w < 1, there exists

a constant p = p(w), independent of ¢, such that
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||e_A€tH[;(L€,Lg) <pt e @ forallt>0,0<a<1land 0<e<e. (3)

The continuity of resolvent operators allow us to obtain the continuity of linear semi-
groups.
1

THEOREM 6.1. Suppose 0 < a < 5. Then there exists a function v, : (0,€6] — RT,
Vo (€) %0, such that
|e= At — Ege_AOtMeﬂl;(Le,Lg) < vale)e 1>t for all t > 0.

Consequently there ezists a constant K independent of € such that

||P€€_A‘t — B_AOtM6||£(L2(Qe)7H2a(Q)) < KV(X(G)@_tha_l fO’I” all t > 0.

Proof. Since the operators A, are sectorial, we have for w < 1,

_ 1 _
ecAcant _ L / BN (4 o+ A, — @) Mdy
211 |
r

where T is the boundary of £_; 4 = {u € C: |arg(u + 1)| < ¢} with 5 > ¢ > m oriented
in such a way that the imaginary part of ;1 increases as p runs T.

We change variables p+ @ — p and we denote B, := A, —@. Our aim is to estimate the
difference

2r|le” Pe'u — Ece PP Mout|| o = /e“t[(,u + B)"'u® — E(p + Bo) "' Muf)dp (4)

Lo Lo

where I'y is the boundary of 3¢ 4.
M
It follows from (1) that ||(1+4 Be) ™ | (r.) < — for all € Ty and € € [0, €g]. Therefore

|l
i L M + | E.|||[M.
1(u+ B~ — B+ Bo) Mo, < ”mll”””“'“
M,y
< —lullL.. (5)
|l '

Also we have

1Be(pu+ Be)"'ullr. = (I = p(p+ Be) ™ u|,
lullp, + el (o + Be) ]
(14 M)]uf]

LE

IA A

Le-
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Consequently, we obtain from moment’s inequality

BE —1, €
o+ B~

1
2
€

[N

M
<

N

(1+ M) [|uf]
i

L.-
Let us observe that for u¢ € L,

1
|Bé Ee(p + Bal)Meuel

L. = “EE(M+B(;1)MEU€||L%

1/2

1/2 — €
< 91" I(n+ By )Y Meu| 10,1
= gl

1/2 M1/2

3 - €
B¢ (1 + By ') Meuf||
S0
So we can conclude that

|,U|1/2 ||M5|| ||u6|

Le-

[l (e + BE>_1U€ — Ec(p+ BO)_IMJf”L

M-
< 2
we obtain

Mol

]|

1 Lc-
,U§

|

Lo < Msllz|* ||
Lé
Hence, due to estimates (6), (4) and (2) we get

1-2a
L. -

_ B My v(e (1—2a)
(1 + Be)™" = Ee(pe + Bo) ™ M| gz, 1oy < — |(M)|a .
With the change of variables § = ut in (4) we have the equivalent integral
_ - d
/eﬁ [(ﬁt—l +B) ' Eu—E (Bt +B) " u] 76
FO L?

Now, it follows from (8) that
Publicado pelo ICMC-USP
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el

1 (B8 + B) ™ uf — E (Bt + Bo) ' Mouf|| 1 <

1 1
<+ Bo) T Mull1Z, 1w+ Be) Ml 2,

(6)
Let us call = (u+ Be) " 'u® — E.(n+ Bo) ~ Muf. Using the moment’s inequality again,

(7)
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Thus
Ht—l/eﬁ (5 + B s = B (7 4 Bo) ! M|
Ty )
a-1 (1—2a) 1, € e
< Myt® v(e) lu] L. de'.
To
That is,

e Btuc — Bee™ Bt Muf|| . < Mst® () 20||uf| 1, for ¢ > 0.

1
'3
(0, 0] — RT with v4(e) =2 0, such that

Therefore, for any a € [0,5) and w € (0,1), there exists a function denoted by v, :

e At — EgeiAOtMe”ﬁ(Le,L‘:) < vg(e)e >t for all ¢ > 0.

To conclude the proof, observe that Remark 5.1, implies the existence of a constant K such
that

||P667Aet _ eontME ||£(L5,H2"(Q)) — ||P66*Agt _ PEEee*AotME||L(L67H2Q(Q))
S| Pell oo, m2eoylle™ " — Bce " M| £(r. 1o (9)
< K |€_A5t — Eee_AotMe‘lL‘(LﬁL?).

COROLLARY 6.1. Suppose 0 < o < % and u® B, w. Then there is a function v :

2
(0,e0] — R, v(e) 90, such that

le™ " us — Ece "], < v(e)e™"t™* for all t > 0. (10)

Proof. Adding an appropriate term we have
leActuc — EeefAOtuHLg < Jle”Aetus — EeefAOtMEUEHLSu + || Ece= 40 (M u — u) ll e

Let us observe that M.u¢ — u = M, (u® — E.u). Hence, we have
€ :LLQ €
[Meu® —ullz, < gllu — Eeul|,.

Consequently, the result follows from Theorem 6.1 and u* £ |
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7. UPPER SEMICONTINUITY OF ATTRACTORS

Let f : R — R be a C2-function with bounded derivatives satisfying the dissipative
property (1.3) and let Q¢ be the perturbed domain defined in (2).
In the previous section, we have studied the asymptotic behavior of the linear parts of
the problem
2,,€ 2, €
uy — o _ ia—u—i—u6 = f(u®) in Q€
t>0 (1)

€ 1 €
O e LOW e o on 00
T2

under the degenerated perturbation Q¢ and we have proved a result on the continuity of
the linear semigroups, Theorem 6.1 and Corollary 6.1. In this section, we show that the
attractors A, of the nonlinear elliptic problem are upper semicontinuous with respect to
this perturbations. To this end, we relate the continuity of the linear semigroups with
the continuity of the nonlinear semigroups for dissipative parabolic equations by using the
variation of constants formula. This in turn will imply the upper semicontinuity of the
attractors. See also [1], [4], [8] and [19] for other examples that use a similar technique.

THEOREM 7.1. Suppose 0 < a < L, and let u € L. satisfying

27
lulle. <€ (2)

for some positive constant C independent of €.
Then, for each T > 0, there exists a function v, : (0,€e0] — R, U4(e) =9 0, such that

|IT.()u — ETo(t) Mu|| Lo < Ug(e)e > (3)
for allt € (0,7).

Moreover, the family of attractors {A. : € € [0,€]} of the problem (1) is upper semi-
continuous at € =0 in L for 0 < a < 1/2, in the sense that

S inf A ) o ] 0, 0. A
wlelge [wlenAo {HQD 90||L5 } - as € — (4)

Consequently there exists a constant K independent of € such that
IPTe (8 = To(t) M| sz () < KPale)e % (5)

forallt € (0,7) and all 0 < a < % Also,

su inf {||P.p — 20 ]—>O7 as € — 0. 6
sup [ it (1P = pllmsecon} (6)
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Proof. We use the variation of constants formula on the integral formulation

t
T.(t)uf = e~ Aetus —I—/ e A=) £(T.(s)uc) ds for all € € [0,1].
0

Consequently
| Te(t)ue — ETo(t) Meus|| o < [le A 'u — Ece™ ' Mouf|| o
/ e A=) f(To(s)uc) — Bee™ =) f(T(s)Meus) | o ds.
It follows from (10) that there exist g > 0 and v : (0,¢] — RT, v 270, such that
e At — Be M | o 1oy < v(e)e @t for t > 0.
I £(Le,L2)

Furthermore, we have

t
/ e A=) F(To(s)uc) — Eee™ ) f(Ty(s) Meus) | o ds
0
t
< [ (A0 < B N ()2 ds
0
t
+ / | Ece~Ao(t=9) <M6 F(Tu(s)us) — f(TO(s)MEuE)) e ds.
0

Since u€ satisfies (2) for € > 0, we have that {f(Tc(s)u®) € L. : s € [0,t]} is uniformly
bounded. Hence, we obtain by Theorem 6.1 that there exists a constant M = M (r,C)
such that

t
/ I (e—Ae(t—s) _ Eee—Ao(t—S)M€>f(Te(s)ue)HLgdS
0

/t va(€)e U7 (t — )| f(Te(s)u)|
0
< Muyg(e)t®! for all t € (0, 7).

/N

LdS

€
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Also, if L denotes the uniform Lipschitz constant of the Niemitskii operator defined by
C?-function f, we use E.f = fE. and M.E. = I to get

[ 1B (T ) = M)

= /O Bt (M (T ()0u) = M Ef(Ty () M) )| s

= [ B A (ST) = FET M) s

< [ DB 0 = ) LT, (6 — BTy (o) M s

Hence, we obtain
! T.(t)u — ETo(t) Meut|| o < (14 M)va(e)t* !

t
+ | Eell | M|l L/ (t — )" Te(s)u” — ETo(s)Meus)| Lo ds.
0

If we put ¢(t) := e“! | T.(t)u® — ETo(t) Meu|| o, we have

(1) < (1+ Mva(t*™ " + p | B | M, L / (t - ) (s) ds on (0,7).

Thus, due to Gronwall’s Inequality from [18, Exercise 4* of the Section 7.1], we get the
inequality (3) from

p(t) < Kvg(e)t*™!

where K = K(M,C,p, L, 7,||Ec||, || Mc||) is a constant.
To obtain the upper semicontinuity of the attractors A, we observe first that by the
uniform L (Q2¢) bounds of the attractors, proved in [?, Theorem 2.6], we have

U MA

0<e<egp

is a bounded set in L*°(0,1). It follows from attractivity properties of Ag that, for a fixed
n > 0, there exists a 7 > 0 such that

distrg (T(T)Mcp©, Ao) = 1€n£ |T(T)Mep® — ¢llLa <n Ve € Ac and 0 < e < €
¥ 0
that is,
distpe (ET(T) Mo, EcAg) <n Vo € Ac and 0 < e < €.
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Hence, due to (7.1) with ¢t = 7, we have that there exists ¢; > 0 such that

|Te(T)¢ = ET(T)Mep®|Le <n Ve € Ac and 0 < e <.

Therefore

distpe (Te(7)p", EcAo) <n Ve € Acand 0 <€ < e

Since A is invariant, we get

10.
11.
12.

13.

14.

15.

16.

distra (0% EcAg) <n Ve € Acand 0 <€ <.

Now we can argue as (8) to obtain (5) and (6). |
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