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1. INTRODUCTION

A number of natural phenomena that appear in various branches of
science, such as ecology, physics, chemistry, economics, neurobiology and
many others are modeled by differential equations. Many of these models
fall into a class of semilinear parabolic problems of the form

Ou = DLu+ f(z,u,Vu), x € Q, t >0,

gt (1.1)
8—Z:g(u)7 0e, t>0,

where k € N*, v € RF, Q ¢ RY is a bounded domain with smooth boundary
09, L is a second order elliptic operator, D = diag(dy,--- ,dy) with d; >
0,1 <i<k d=min{d; : 1 <i < n}, vis a normal vector to 91,
f:QxRF xRN — R* and g : R* — R* are suitably smooth functions.

Spatial homogenization or local spatial homogenization is a natural phe-
nomenon in many of the problems with such models. These spatial ho-
mogenization or local spatial homogenizations are in general associated to
reduction to finite dimensions in relation to the study of the asymptotic
behavior of solutions.

In [19] Conway, Hoff and Smoller considered the case g = 0 and showed
that when the diffusion coefficients are large (d large) the solutions of (1.1)
are asymptotic to the solutions of

du
)] (12)

When ¢ is a linear function Hale [21], Hale and Rocha in [23] and Car-
valho and Hale [9] showed that if the ‘limiting’ system (an ode) has a
compact attractor, for d large the parabolic system also has a compact
attractor that is close to a ‘limit’ one (the same when g = 0). When
f(z,u,Vu) = f(u) and g is nonlinear Carvalho and Primo in [16] showed
that there exists a system of ODEs which describes the asymptotic dynam-
ics of the original system for large diffusion.

For N =1 f(x,u,u,) = f(u) and g = 0, Fusco [20] and later Carvalho
and Pereira in [13] and Carvalho in [5] considered the diffusion coeflicient
of the form a(z,v) with a parameter v > 0 which is large except in a
neighborhood of a finite number of points where it becomes small. They
showed that the asymptotic dynamics of such reaction diffusion problems
can be described through a system of ordinary differential equations which
can be exhibited explicitly. The case when g is nonlinear is considered in [6]
and the extension for higher dimensional domains of these results appear
in Carvalho and Cuminato [10] (planar cell tissue).
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Morita [28] considered dumbbell type domains and g(u) = 0. He studied
the long-time behavior of the bounded solutions and proved the existence
of an invariant attracting finite-dimensional manifold (under suitable as-
sumptions on the nonlinearity). On this manifold the system is reduced to
an explicitly given system of ordinary differential equations. The dynamics
of the reaction-diffusion system is then studied via this system of ODEs,
for example it is shown that there exist equilibrium solutions of the original
system with large spatial inhomogeneity.

The case when the domain consists of N regions D; , ¢ = 1,--- | N,
connected by thin channels Q; ;(¢) which approach a line segments as e — 0
was considered in [29] by Morita and Jimbo. They showed that an inertial
manifold exists, which is invariant and attracts solutions exponentially.
Moreover the ODE, describing the dynamics on the inertial manifold, can
be given in an explicit form through the analysis of the limit of the manifold
as € — 0.

When d = de~™=1D, § > 0 and € > 0 is a small parameter, a dumb-
bell type domain 2. was considered by Carvalho and Lozada-Cruz in
[11, 12]. They proved the convergence of eigenvalues and eigenfunctions
of the Laplace operator in €2, as € — 0, which enabled them to show that
the asymptotic dynamics of the parabolic equation in this domain is equiv-
alent to the asymptotic dynamics of a system of two diffusively coupled
ordinary differential equations (here the fact that the diffusivity is large
allows for less restrictions on the nonlinearity).

In all these papers a difficult part is to obtain the convergence of eigen-
values and eigenfunctions of the unbounded operator associated with the
linear main part in (1.1) and to apply the theory of invariant manifolds.

In this paper we will work out an appropriate functional setting to treat
a broad class of problems such as spatial homogenization, perturbations
problems or air pollution models besides many of the problems in the lit-
erature cited above. This functional setting will make use concepts like
convergence of sequences of elements from different spaces Xy, d € [1, o],
compactness of families living in different spaces and first and foremost the
concept of compact convergence for linear operators. Using these concepts
we will develop an abstract approach that will make possible to ‘reduce
to finite dimensions’ some infinite-dimensional evolutionary problems. For
their attractors we will show that they are actually contained in an ex-
ponentially attracting finite dimensional Lipschitz manifold of dimension
equal to the dimension of a ‘limit’ space X .

We remark that application of invariant manifold technique is possible
if the operators exhibit suitably nice spectral properties (existence of large
gaps). Convergence of spectra with respect to the perturbation parameter
is then crucial to describe the limit dynamics identifying the finite dimen-
sional limiting system. The compact convergence approach developed in
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this paper will reduce considerably the work needed to prove the results
concerning convergence of eigenvalues and eigenfunctions and existence of
large gaps. In this sense, the theory developed here generalizes, unifies and
simplifies the work done in the above mentioned literature.

To better explain the ideas this work is divided into two parts that we
now describe briefly.

The first part is devoted to the development of the abstract functional
analytic framework to treat the problem of reduction to finite dimensions
of semilinear evolution problems using the invariant manifold theory. We
first consider linear operators acting in Banach spaces that change with
a parameter for the situation when the limiting operator (and limiting
space) is finite dimensional. For this situation we introduce the notion and
properties of compact convergence and prove the convergence of eigenval-
ues and eigenfunctions as well as the existence of a large gap. We then
consider equations involving sectorial operators with compactly convergent
resolvent with the limiting problem being finite dimensional and construct
exponentially attracting invariant manifolds that are the graphs of Lips-
chitz continuous maps. Using this we study the convergence of attractors
for the associated nonlinear semigroups.

The second part is devoted to applications. We consider problems orig-
inating in applied sciences such as atmospheric problems and cell tissue
modeling using reaction diffusion equations with large diffusion and show
that the relevant asymptotic dynamics can be described with the aid of
the global attractors of nonlinear semigroups in finite dimensional spaces
(originating from ODE). Using the approach developed in the first part of
the paper we show that the solutions on these attractors actually lie on
finite dimensional invariant manifolds and that these invariant manifolds
are near a linear manifold where the limiting problem is posed. We show
that the attractors of the perturbed problems are close to the attractor
for the limiting problem in this linear finite dimensional manifold where
the flow is described by an ODE (explicitly given using the convergence of
eigenvalues, eigenfunctions and the blow up of the gap).

Acknowledgements: The authors would like to thank FAPESP, Brazil,
for supporting their research. Also, the second author would like to ac-
knowledge the hospitality of the scientist from Instituto de Ciéncias Mate-
maéticas e de Computagao, Universidade de Sao Paulo in Sao Carlos, Brazil
and from Universidade Estadual Paulista, Campus de Sao Jose do Rio
Preto, where this work has been carried out.

2. PART I: COMPACT CONVERGENCE AND INVARIANT
MANIFOLDS
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In this section we introduce the notion and some basic properties of
compact convergence of resolvent for families of closed invertible operators
and discuss the continuity of the spectral properties of the operators on
this family. We also consider the continuity properties of of semigroups
generated by sectorial operators with compactly convergent resolvent. The
latter implies suitable spectral properties needed to construct finite dimen-
sional exponentially attracting invariant manifolds and leads to reduction
to finite dimensions in some semilinear problems.

2.1. Generalities concerning operators with compactly
convergent resolvent

In what follows {Xg4,d € [1,00]} is a family of Banach spaces, for which
we assume that X is finite dimensional, and L(Xy4), d € [1,00], denote
the spaces of all bounded linear operators defined on X4 with values in Xg.

For d # oo spaces X4 will in general be infinite dimensional and may
vary with d. Following [33], we introduce a family of connecting maps & :=
{Ea}den,00), which consists of bounded linear operators Eq : Xoo — Xa,
d € [1,00), with the property that

| Equllx, == |lul|x. for each u € Xo. (2.1)

Using the family of connecting maps we define suitable notions of con-
vergence and compactness concerning sequences of points ug, € X4, (see
[33, 2, 14]).

DEFINITION 2.1. Given us, € Xo and given a sequence of points
{uaq, } such that d,, — oo, ug, € Xgq, and lim,, . |[ua, — Ea,uollx,, =0
we say that ug, converges to uo relatively to the family £ and write this
as ugq, £, Uoso OF SiIMPly ug, —-+ Uso.

We say that {ug, } is compact relatively to the family £ if and only if
for each subsequence {ug, } there is a subsequence {udnkj } and a certain

Uso € Xoo such that Uq,, —=* U
J

With the above notions concerning convergence and compactness of se-
quences of points we introduce suitable notions of convergence of bounded
linear operators.

DEFINITION 2.2.  Given B, € L(X ) and given a sequence of operators
{Ba, } such that d,, — oo and By, € L(Xg,), n € N, we say that {Bg, }
converges to By, € L(X ) relatively to the family £, which we denote as

B, £5, B, or simply Bg, --+ Bso, if and only if
Ug, —-* Uso implies By, g, —-* Booloo-
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DEFINITION 2.3.  Given a sequence of operators { By, } such that d,, — oo
and By, € L(Xg,) are linear and compact, we say that {By, } converges
compactly to a compact linear operator By, € L(X), which we denote as

Ba, -5 B, if and only if the following two conditions are satisfied:

(ccl) each sequence of the form {Bg, ua, }, where ug, € X4, and ||uq, ||x,,
=1 for every n € N, is compact relatively to the family £ and

(cc2) By, --+ Boo.

Our further concern will be families of closed invertible operators with
compactly convergent resolvent.

DEFINITION 2.4.  Given a family {Aq}4e[1,0) of linear operators Ay :
dom(Aq) C Xq — X4 in the Banach spaces Xy, d € [1,00), we say that
{Aa}de1,00) is of the class CC(X ) if and only if A;' € L(X4) are compact
for all d € [1,00) and there exists a finite dimensional Banach space X, a
family € = {Eq}aep1,00) of connecting bounded linear maps £y : Xoo — Xa,
d € [1,00), satisfying (2.1) and a linear operator Ay : Xoo — Xoo such
that A~! € L(Xo) and A;' -5 AL

In [2] (see also [14]) families of operators of the latter type have been con-
sidered and the authors proved a number of results involving their spectral
properties. The following lemma is fundamental for this.

LemmA 2.1, If {Aaq}aepi ) is of the class CC(Xy), then for every d €
[1,00] the spectrum of Ay consists of isolated eigenvalues only.
Given any compact set K C p(As) we have that

Jag>1 Vazax K C p(Aq) (2.2)
and
>0 Jagz1 sup sup (A — Ag)Hlpx,) < M. (2.3)
dz>zdxg A\eK

Furthermore, whenever d,, — oo, we have
(M —A4,)  Eg, ttoo-—(M — Aso) Moo for each tog € Xoo, A € K, (2.4)
and actually
A—Ag)" =55 (A= A)™ for every X € K. (2.5)
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Proof: If (2.2) fails then there is a sequence K No(A44,) 2 k, — k € K.
Consequently, there is a sequence x4, € Xy, for which [|zg4,[x,, =1
and x4, = knA;nlacdn. By assumption, taking a subsequence if necessary,
T, --*Too for a certain zo, € Xy and A;nlzdn——-)Agolo:oo. Since this leads
to the condition 2, = kAo, k is an eigenvalue of A,, which is absurd.

If (2.3) fails, then there are sequences K 3 k, — k € K and z4, € X4,

such that [lzg,|x, = 1 and ||(k.] — Ag,) '24,|x, > n. Denoting
(knl — Ag,)"'w4, =: yn we have ||yn||Xd,n — 00, knA;nl”yn”;((llnyn -
||yn||)_é Agnlxdn = ||yn||)_(iyn and, taking subsequence if necessary, we

obtain that there exists an element y., € X for which kA ys = Yoo-
However this is again absurd as k cannot be an eigenvalue of A,.
Proving (2.4) we denote (M — Ag, ) 'Eq, s =: wg, to get wgy, =
/\A;nlwdn - A;’}Ednuoo. By (2.3) the sequence of norms {|wg, |x,, } is
bounded. By assumption we may thus assume not loosing generality that
A[;nlwdn——ﬂm for a certain z., € Xoo. Since E4, too--2Us We also have
that A;ﬂl Eq4, Uoo--+A7 us. This ensures now that wg, --+ws, for a certain
Woo € Xoo. By assumption we then have A;:wdn——eA;olwoo and obtain

Woot=-wa, = Mg wa, = Ag [ Ea, oo A woo — At
Therefore o, = (A — As)Weo and we get
(M — Adn)ilEdn'U:oo = W, ~—FWoo = (A — AOO)iluoo'

To ensure (2.5) we need to show that both conditions required in the
Definition 2.3 holds. As for the condition (ccl) we remark that this is
a consequence of the resolvent estimates and the assumptions concerning
the family {Aq}aeqi - Finally, if ug, —- oo, then the proof that (A —
Ag,)) tug, --+ (N — As) "lue is fully analogous to the proof of (2.4). |

Remark 2. 1. Note that the convergence in (2.4) is uniform for u
varying in compact subsets of X, provided that the family {Eg}ie(1,o0)
is bounded; that is || Eql|1(x.,x,) < C for all d € [1,00] where constant C
does not depend on the parameter.

Lemma 2.1 is crucial to exhibit the relevant spectral properties of the
considered perturbed system. Below we use the perturbation theory of
linear operators [27] and give some results which follow from (2.2)-(2.5).
We start from a proposition concerning projection operators and projected
spaces.
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PROPOSITION 2.1. Suppose that {Aq}ac(1,00) i of the class CC(Xq) and
let A € 0(Aw).
Then,
i) given sufficiently small 6 > 0, the operators
1

- _ —1
Qd(A) - 2ri \§—>\|:6(£I Ad) dg? de [1,00],

are projections on Xg4 and

Qa(A) > Quo(N). (2.6)

Furthermore,
i) all the projected spaces Wa(X) := Qq(\) X4 are eventually of the same
algebraic dimension; namely, there exists a certain dy > 1 such that

rank(Qq(A)) :=dimWy(A) =dimW, (X)) =:rank(Qeo (X)) for all d € [dy, o0],

iii) for each usw € Weo(A) there is a sequence {uq,} such that ug, €
Wy, (), dn — 00 and ug, --* Uso-

iv) given sequences dp, — 00 and {u,} such that u, € Wa, (\) and ||u, | x,, =
1 for alln € N, each subsequence {uy,} of {un} has a subsequence {un, }
such that Uny, == Uoo for a certain us € Weo (N).

Proof: Part i) follows from Lemma 2.1 and from [27, Theorem II11.6.17].

ii) If v1,...,v; is a basis for W, ()\) one can see that, for d suitably
large, the elements Q4(A)Eqv1,...,Q4(A)Eqvui are linearly independent in
Wy(A). Otherwise we consider the relation Zle aQq(N) Equj = 0, where
Zle |a§i|2 = 1, and taking subsequences of {a?} convergent to «; (which
we denote the same), we get in the limit that 2521 laj|? = 1 and 0 =
Z?Zl aQa(N) Equj --» 25:1 Qoo NV = Z§:1 a;v;, which is absurd.
Hence rank(Qq(\)) > rank(Qoo(A)). Now, if for some sequence d,, — o0
we have rank(Qg, (\)) > rank(Q« (X)), we infer from [27, Lemma IV.2.3]
that for each n € N there is a point u, € Wy, () with |lu,|x, =1
such that infyeq, (e, X lUn — wlx,, = 1. Since Qq,(A) are pro-
jections we have Qg, (\) un, = u, and hence from (2.6) we can assume
without loss of generality that u, --+ u for a certain u,, € Xo. Then
also Qa, (A\) un = Up —-* Qoo(N)Uoo, Where Quoo( Moo = U € Weo(A) as
Qo () is a projection, and we get

1= inf — < — NE .
weang)Ednmeun wllx,, < |lun = Qa, (N Ea, vl x,,

Since Eg, Uoo ——* Uso, then Qq, (M) Eg, too —-* Qoo (Nt and consequently
we infer that ||u, — Qq, (A\)Eq, Uso||x,, — 0, which is absurd.
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iii) If d,, — oo then Ey too -+ uso and (2.6) implies ug, = Qa, (A Eq, oo -+
Qoo(MNus. Since Quo(N) is a projection and us, € Weo(A) we also have
Qoo(N)Use = U, which gives the result.

iv) Since Qq, are projections we have that Qg u, = u, for all n €
N. By (2.6) we then infer that any subsequence {u,, } has a subsequence
{Unkl} such that wp, --» ue for a certain us, € Xo. Therefore Uny, =
ank, Up,, == QoolUoo = Uso, which completes the proof. |

We will now denote by Os(z) an open ball in the complex plane C of
radius § > 0 around z € C. The next result concerns the convergence of
eiganvalues (see [2, 14]).

COROLLARY 2.1. If {Ag}aeq,00) 5 of the class CC(Xg) then

(i)for each A € 0(Ax), there exists a sequence d,, — o0 and A, € 0(Aqg,),
n € N, such that A\, — X as n — oo,

(ii)conditions dn, — 00, Ap € 0(A4,), n € Nand A\, = X asn — o
imply that A € 0(Ax),

Proof: (i) It suffices to note that there is a certain dy > 1 such that for
each § > 0 and every d > dy we have o(Ay) N Os(\) # 0. Indeed, if
this is not the case then there are ¢ > 0 and a sequence d, — oo such
that f\§*>\|:5(£ — AN)"(&I — Ag)~td¢E = 0 for all n € N. By (2.6) we then
have f|gf>\\:5(€ — A&l — Ay)7tde = 0 for all n € N, which is absurd as
(€1 — Ay)™! does not have removable singularity at & = .

(ii) Let d, — o0, {An} C o(Ag,), A\n — A and let u, € X4, be the
corresponding eigenfunctions with |lu,|x, = 1. Then u, = )\A;nlun and
by assumption there is a subsequence (denoted the same) such that w, --»
Uso for a certain uy € Xo. By compact convergence we obtain

Uoo ¢== Uy = )\Aglun - )\Agoluoo,
n

which proves that A € o(A). |
It is reasonable to describe convergence properties of spectral sets in term
of the Hausdorff distance of sets.

DEFINITION 2.5. If V is a metric space and dist(-, ) denotes the metric
in V, then the Hausdorff semidistance d}g in V between sets By, By C V is
defined as

dY;(B1,By) = sup inf dist(by,bs)
bi€By ba€ B>

and the Hausdorff distance dist}; in V between By, By C V is
disty;(B1, By) = dy;(By1, By) + d%(Bs, By).
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Given a family of sets {B,, : n € NU {oco}} in V we say that {B, :
n € NU {oo}} is upper semicontinuous at co (resp. lower semicontinuous
at 00) (resp. continuous at oo) if and only if dy(B,, Bs) — 0 (resp.
dy(Boso, Br) — 0) (resp. disty(Beo, Brn) — 0).

In a similar manner we define the notion of Hausdorff distance relatively
to the family £.

DEFINITION 2.6.  For d € [1,00) and for sets By C X4, Boo C Xoo We
set

d% (Bg, Bo) -

sup inf ||bd — EdbOO”Xda d%(Boo,Bd)
ba€Bg beo €Boo

= su inf ||Egbss — b,
bwegxbdeBdH daboo — ballx,

and we define the Hausdorff distance disté; (Bg, Boo) relative to & as
dist% (Ba, Boo) = d%;(Ba, Boo) + d(Boo, Ba)-

If {B, : n € NU{oo}} is a family of sets such that B,, C Xy, for each
n € N and d,, — oo, then we say that {B, : n € NU {oo}} is upper
semicontinuous at oo (resp. lower semicontinuous at co) (resp. continuous
at 0o) relatively to € if and only if d§, (B, Bs) — 0 (vesp. d% (Boo, Bn) —
0) (resp. dist%;(Bso, Bn) — 0).

The convergence of spectral sets and subsets of projected spaces can be
now concluded as follows.

COROLLARY 2.2.  Suppose that {Ag}acp,o0) s of the class CC(Xy). Let
Aools Aoo2; - - - s Aok D€ the all distinct eigenvalues of As and let § € (0,1)
be such that the balls Os(Asoj), j =1,....k are disjoint.

Then,
i) for each R > 0 there exists a certain d(R) > 0 such that for any d > d(R)
and each A € 0(Aq)

either \ € U?Zl(’)[s()\ooj) or |\ > R,

Furthermore,
i1) concerning the spectral sets

0= 0(Aq) N Os(A\acj), iy = a(Aq)\ U?:1 O’;-i,
0 :={Ax;}, 1 <j <k, de[d(R),o0),
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we have that

dist%(a?,a?o) — 0 asd— oo for each 1 <j <k,
and
inf{|\|: A€ of 1} — 00 asd— oo, (2.7)

iii) concerning the unit spheres Wg; = {xq € Wq(\;) : ||zallx, = 1} in the
projected spaces Wq(X;), d € [d(R), o0], we have that

distf,(de,Wooj) — 0 asd— oo for each 1 < j <k.

Proof: i) Assume that there is a certain R > 0 and there are sequences
d, "% 0o and {Aq,} such that A\g, € 0(4q4,), |Aa,| < R and |Ag, —
Asoj| 2 0. Evidently there is a convergent subsequence {Aq,, }, which via
Corollary 2.1 tends to some A € (A ). However the latter implies that
A — Asoj| = 6 for every j =1,...k, which is absurd.

Part ii) follows now immediately from i) and from Corollary 2.1. Finally,
part iii) is a consequence of Proposition 2.1 iii)-iv). ||

2.2. Problems involving sectorial operators with compactly
convergent resolvent

In this subsection we consider semilinear equations with sectorial oper-
ators possessing compactly convergent resolvent. For these equations we
construct exponentially attracting invariant manifolds Sy as the graphs of
the Lipschitz continuous maps X defined on a suitably chosen subspace
Yd of Xd.

We start from a lemma concerning linear problems
{u:Adu, t>0,de[l,00), 28)

u(O) =ug € Xy,

where {A4}4ef1,00) is assumed to fall into a suitable class of linear operators
in the Banach spaces as defined below.

DEFINITION 2.7.  Given a family {Ag}4e[1,) of linear operators A, :
dom(Aq) C Xg — X4 in the Banach spaces Xg4, d € [1,00), we say that
{Aa}aep, o) is of the class G(Xy, c,w) if and only if for every d € [1,00)
the operator Ay : D(Aq) C X4 — Xg generates a strongly continuous
semigroup of linear operators {e44* : ¢t > 0} C L(X,) and

||eAdt||£(Xd) <ce*t forall t>0,d¢€[l,0), (2.9)
with constants ¢ > 1 and w € R independent of d € [1,00).
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We say that {Aq}ac[1,00) is of the class H(Xq, M,0) if and only if for
each d € [1,00) the resolvent set p(Ay) of Ay contains the same sector
Yo :={A € C: |arg(\)| < § + 6} and moreover

M
[(A=Aa) rxy < o forall A€ Xy, de[l,00), (2.10)
Al +1
where constants 6 € (0, 5) and M > 0 do not depend on d € [1,00).

Evidently G(Xg, ¢,w) contains H (X4, M, 6) as in the latter case operators
Ay, d € [1,00) generate semigroups {e?! : t > 0} which are analytic and
(2.10) implies (2.9) for some w < 0 and ¢ > 1 (see [26]).

LEMMA 2.2, Let {Aa}acn,oc) be of the class CC(Xy4) N H(Xq, M, 0).
Then, for each us € Xoo, we have

et Equoe = Bae~"ucllx, — 0 as d =00 (211)

uniformly in compact time intervals away from zero.

Proof: Since Ay is a sectorial operator then for every d € [1, 0] we have
1
eAat — = / MM — Ag)7td\, t >0,
2 Jr

where, by assumption, I' is a contour suitably chosen in Nge[1 10(Aa) (see
[26]). For each r > 0 we write I' = [[NO,.(0)]U[L'N(C\ O,(0))] =: TLUT?
and observe that

9 ertcos¢

At 1 M

sup e\ - A dA <—— t>0,
ity ]” - ( d) l(xa) Fcos o

with a certain ¢ € (5, 7). With the aid of Lemma 2.1 we also obtain
| | eMO — Ag) ' Equscd) — / ME N — As)  Mused) x,
rL ri

¢ ) ) ~
< 7"/ [(re? — Ag) "' Equeo — Ea(re® — A) oo || x,d0 d=oe 0,
—¢

which proves the result. |

Remark 2. 2. Note that the convergence in (2.11) is also uniform for
U varying in compact sets of X, provided that the family {Eq}qaeqi o0)
of connecting maps is bounded (Remark 2.1).
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Remark 2. 3. Using that
—a 1 >~ a—1_Agt
(—Ag) %= =—— t¥ " e dt,
0
it follows from Lemma 2.2 that (—A4)™% --+ (—As)~* for each a > 0.

In further consideration we will consider perturbed semilinear problems
for which we define some suitable classes of nonlinearities.

DEFINITION 2.8.  We say that {Fy}ic[0,00) is of the class F(Xgq,C) if
Fy: Xq — X4 are the maps in the Banach spaces Xy, d € [1, 00) satisfying

sup  sup |[Fa(za)llx, <C
de(l,00) za€Xq

and

| Fa(ra) — Fa(ya)llx, < Cllza — yallx, for all zq4,yq € X4,

with constant C' > 0 being independent of d € [1, c0).
If for all d € [0,00) we have Fy = F and X4 =: X then we say that F' is
of the class F(X,C).

For d € [1,00) we consider semilinear Cauchy problems

{u = Agu+ Fy(u), (2.12)

u(0) = uy,

where {Ag}aeqi,00) is of the class H(Xq, M,0) and {Fa}ic[o,00) is of the
class F(Xq,C).
Following [26, Definition 6.1.1] we recall that

DEFINITION 2.9. A set S C Xy is an invariant manifold for (2.12) if
and only if for each ug € Sy there is a solution u(t) : R — X, of (2.12)
such that ©(0) = ug and u(t) € Sy for all ¢t € R.

We also recall that

DEFINITION 2.10.  If {S4(t) : t > 0} is the semigroup in Xy, then A, is
a global attractor for {Sy(¢) : t > 0} if and only if A, is compact invariant
and dist 3y (Sq4(t) Ba, Ag) — 0 as t — oo whenever By is bounded in X, (see
[22]).
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A set 84 C Xy is exponentially attracting under {Sy(¢) : ¢ > 0} if and
only if there is a certain p > 0 such that e*dist*(S(t)Bg, Sq) — 0 as
t — oo whenever By is bounded in X.

In what follows our main concern will be to prove the following result.

THEOREM 2.1.  Suppose that {Fy}acjo,00) 5 of the class F'(X4,C) and
{Aa}aecp, o) is of the class CC(Xq) N H(Xa, M, 0).

Choose 6 > 0 and R > 1+ max{| \x j|,j = 1,...,k} according to Corol-
lary 2.2 and define the spectral sets

of =={\i € 0(A44) : |\a| <R}, d > d(R), (2.13)

and the corresponding projections

+y . _ + :L — A1
Qulof)  Xa = Xa Quio) =g [ (€1 - A0 e, 4> an)
(2.14)
Define also projected spaces
Yai= Quod)(Xa), Za= (1 - Qu(o))(Xa), d>d(R),  (2.15)

and projected operators
AL = Agly,, A3 = A4z, d>d(R).

Assume finally that the following condition (D) holds:

(D)the semigroups generated by AL, A% with d > d(R) satisfy the esti-
mates

MeP Dtz x,, t<0, z€Yy 216)
Me_'Y(d)tHzHXd, t>0, 2 € Zy, '

1
lle™"21x,

<
2
lle™a2]x, <

where |B(d)] < B, 0 < ~(d) Y2 5 and M > 1 does not depend on
d>d(R).

Then,
i) for each d sufficiently large there is an invariant manifold Sq for (2.20),
which is given with the aid of a certain Lipschitz continuous map X7 : Yy —
Zg4 as

Sa = {ug € Xq: uqg = Qalo])(ug) + X3(Qaloy ) (ua))},
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it) the maps X7 : Yq — Zg4 satisfy the conditions

* * d— o0
I3 = sup [[Z5(ug)|x, == 0 (2.17)
utliEYd
and
S 1 —N* ~1 -
sup | d(udf ~1d(ud)||xd < L(d) d—oo 0, (2.18)
ulalevy Hud - udHXd
ulFul

i11) Sq is exponentially attracting.

In particular,
iv) the problem (2.12) generates in Xq a C° semigroup {Sq(t) : t > 0}
which has a global attractor Ay C Sq and the flow on Ay is given by

u(t) =v(t) +25v(t)), teR

where

0= A+ Qalo] ) Fa(v, S5(v)). (2.19)

Remark 2. 4. Note that with the above setup we have that X; = Y;B 2y,
that A2 generates a strongly continuous semigroup on Z and that A} €
L(Yy) for every d > d(R). Also note that, if Ay are all selfadjoint bounded
from above operators in Hilbert spaces Xg, d € [1,00), and {Ag}acq1,00) 18
of the class CC(X,) so that Corollary 2.2 applies, then D is satisfied, which
is the case in many applications (see Subsections 3.1 and 3.2). To see that
M in (2.16) can be chosen independently of d one can use the numerical
range to estimate the resolvent of A, or, when A, has compact resolvent,
to use Fourier series.

Theorem 2.6 will be proved in a sequence of lemmas.

LEMMA 2.3. Suppose that {Fd}de[o,oo) is in F(Xq4,C), {Ad}de[l,oo) 181N
CC(Xg4) NH(Xq, M,0) and D holds. For ug(t) being a solution of (2.12)
let

ug(t) = Qalof ) (ua(t)), uz(t) = —Qalo]))(ua(t))
and consider the equations
ah = Abub + Hy(ul,u?), 03 = A2 4+ Ga(ul,u?), (2.20)
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where
Ha(uh,ud) = Qa(of ) Fa(uy, ui), Galuy,ud) = (I — Qa(o]))Fa(uy, u)

and of, Qa(o)) are given by (2.13)-(2.14) with § > 0 and R > 0 as in
Corollary 2.2.

Then for each d sufficiently large there is an invariant manifold Sq for
(2.20) and

Si = {ua € Xa: ua = Qa(o])(ua) + X3(Qaloy ) (ua))}
where X% : Yy — Zg is a certain Lipschitz map and Yy, Zq are as in (2.15).
Proof: The proof of this lemma is adapted from [3, 4] and is given here

for completeness of the presentation.
Given any L, D > 0 we define the complete metric space

Xa={%a:Ys— Za; [Zall < D, [Zalug) — Salag)llx, < Lllug — agllx,}
with distance between X4, ¥4 € X4 given by

IZa = Zdll := sup [[Sa(z) — Za(2)llx,-
z2€Yy

By assumption there is a certain p > 0 such that for all u(li,ﬁ}i € Yy and
u?, i3 € Z4 we have
[Ha(ug, u)lx, <o ||Galug ug)llx, < o,
[ Ha(ug, ug) — Ha(tg, 53) |1 x, < o(llug — dgllx, + llug — agllx,), (2:21)
1Ga(ug, ug) — Ga(ag, @)l x, < olllug — agllx, + lug — agllx.,)-

Since (D) holds there is a certain dy = do(D, L) > 1 such that for all d > d,

we have

oM o(1+L)M?
v@ <P @ s@ et v S (2.22)
and
In(d) = 22 PM(1+ 1) <1

@ T DM~ Bd)(7(d) + B(d) —o(i + L) M)
e+ r)M*+M
LD = B — e+ oyar = &

(2.23)
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In what follows we are going to find ¥} € X4 such that, if 7 € R and

(¢, 3%5(C)) € Ya X Zg, then the solution of (2.20) starting at u}(7) = ¢ and
u3(r ) = ¥%(C) is such that u3(t) = L5(ul(t)) for all ¢ > 0 in which case
(2.20) reads
Ug = Agug + Ha(ug, B5(uq)), g = Ajug + Galug, Sy(ug)).  (2.24)
Since

t
W3(t) = eME1043 (1) + / M=) Gy (ul (s), T (ul(s)))ds,

to

then, letting tg — —o0, we have

ug(t) = Xi(ug(t)) :[ NG (uh(s), X (ul(s)))ds,
and
H0) = Bi(uitr) = 1) = [ G ulte). Do)

The existence of such >* will follow from the Banach fixed point theorem.
For 7 € R and arbitrary ¢ € Yy, ¥4 € X4 we denote by ul(t) =
Y(t,7,(,Xq) the solution of

u}l = Aéu}i + Hd(ué, Zd(ué)), t<T, ’U,(li(T) =, (2.25)

and define &4 : X4 — X4 by
Dg(2q)(C) = / DTG (uk(s), Sa(ul(s)))ds. (2.26)
Note that by (2.16) we then have

By < oM [ D= L )

and hence [|®4(Xq)(¢)]|x, < D via (2.22). ~

For X4, %4 € X4, ¢, € Yy denote uly = o(t,7,¢, ), 4l = (t,7,¢, 2a).
Then

ul — iy = Mt (¢ = )

n / A=) [Hy(ub(s), Sa(ub(s)) — Ha(ah(s), Sa(ab(s)))ds
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and with (2.16), (2.21) we obtain

gy = g x, < MeP D¢~ (| x,

+M /tT PO Ha(ug(s), Salui(s))) — Ha(tg(s), Sa(@q(s)lx, ds
<M MDD¢ Ik,

+o(l+ L)M / SDE=9) |yl _ Gl ds 4 oM Sq — Sl / P E=9) g,
t t
Since for ¢(t) = e A DE=T) ||y} — k|| x, we have
6(0) < MIC = G, + MIZa = Sal [ 5 OCds
t

+o(l+L)M /tT o(s)ds,

then
i Mo(1+L)+1 : o
Hucll(t) - Ué(t)”Xd < THC _ C|‘Xd6[g(1+L)M B(d)](r—t)
Mp( o (2.28)
) S0 — Sflele+OM—5@)—0),

o1+ L)M — 5(d)

Now, with the same argument above, it follows that

12a(2)() = 2(E)(O)1x,

< oM / e D= [(1 4 L)|ul — @ x, + [5a — Sal]] ds

and using (2.28) we get

124(£4)(¢) = 2(£a) (Ol x, < I(@)IZa — Eall + ()¢ — Cllxas (2:29)
with Is(d) and I¢(d) as in (2.23). Therefore, there is a unique fixed point
B(TY) = 3% € Xy,

Now let (xo,yo) € Sq, Yo = X}(x0) and let z(¢) be the solution of

dx 1 *
i Ajz + Hg(z,X5(x)), x(0) = .

This defines a curve (z}(t), X5(z5(t)) € Sq, t € R. But there is a solution
of
§ = Ay + Galwi(t), Za(za(t))),
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given by the integral formula
t
Ya(t) :/ MGy (s), Ba(w(s))ds = Bk,

which stays bounded as t — —oco. Therefore, (x}(t),X5(x))), t € R, is a
solution of (2.20) through (z¢,yo) and thus S, satisfies the requirements
of the Definition 2.9. |

LEMMA 2.4. Under the assumptions and notation of Lemma 2.3 both
(2.17) and (2.18) hold.

Proof: Note that (2.27) implies

r—s oM

sup [|353(0) [ x, = sup 1@a(23) ()l x. < QM/ TDCds = =
CEYy CEY. v(d)

where v(d) — 0 as d — oo by assumption (D). Using (2.29) we also have

IZ5(¢) = ZUOllxa = 12a(ZD) () = @D (Ol xa < L(DI¢ —ClIx,

with I-(d) as in (2.23); i.e. I¢(d) converging to zero as d — co. |
We now show an exponential attracting property of the invariant mani-
fold constructed in Lemma 2.3 above.

LEMMA 2.5. Under the assumptions and notation of Lemma 2.3 for any
7 > 0 there is a certain d(¥) > 1 such that for all d > d(¥) and for any
solution (ul(t),u?(t)), t > to, of (2.20) we have

g () — 3 (ug (D)l x, < Me 7 u(to) — Bi(ug(to)) | x,, ¢ >(t07 )
2.30

where M is a constant appearing in the condition (D).

Proof: Let &4(t) = u3(t) — S5 (ul(t)) and y'(s,t), s < t, be the solution

to
J = Al + Ha(, S5@Y), s <t yl(ht) = ub(t).
Then,
|www—@mmd
@wﬁ/ [(1+ L)1 (6,1) — ub(®) 1, + [€a(6)]]x, ] .

and z(s) := e D3|yl (s, 1) — ul(s)||x, satisfies the relation

t
QM/ 5@0)¢,4(0) hﬂMwMO+M/ 2(0) do,
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which implies via Gronwall’s inequality that

t
ly* (5. 8) = ua(s)llx, < QM/ e PO=eUHDMIO=) 16 (G)]x,, s < t.

(2.31)

Similarly, for s < tg < ¢ we also obtain with the aid of (2.31) that

1 —
ly* (s,8) = ' (s, t0) xs < [l =) [y ko, 1) — wito)] [lx,+

II/tseA‘li(s_")] [Haly' (0,1), %3(y" (0,1)) — Ha(y" (0, 10), Sa(y' (6, t0))) 1db] x,

t
<QMze,aw)(s—to)/ ¢~ (B@—e+L)MIO=10) ||, (9) | ., dB+

to

to
o(1+ )M / PDE041(0,8) — 4 (6, t0) | x,d6

and using again Gronwall’s inequality we have

t
" (s,8) = y' (5, t0) 1 x, < 9M2/ e PO=eUHDMIE=2) | 1¢4()]|x., 6.

to

(2.32)

In what follows we estimate £4(¢). Note that

Ealt) — eMalt=0) ¢, (1)

- / M9 (G (u(5), 143 (5)) — Galy!(,1), T3y (5,1)))]ds

- / N [Ga(y (5,1), S5y (5,1)) — Galy (s, t0), Sily* (s, to))]ds.
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Thus, using (2.31) and (2.32), we obtain

€a(t) — M=) (t0) | x,

t
<oM [ eV DU gy(s)|| x,ds
to

t t
+92LM2/ e—v(d)(t—S)/ ¢~ 1B@)=e(+ MO (9 | ., dOds

to s
to

t
+92(1+L)M3/ eﬂ(d)(tfs)/ e~ B D=eQ+LIMI(0=9)| ¢ ()| x,dds,

—00 to

so that we get

t
I€a(t) — a0 (1) | x, < oM [ e 7D |1y(s) | x,ds
to

t 0
Lo +L)M3/ / e~ DE=9) g o~ 18D =0+ LIMIE=5) | e ()|, df.
to — 00

*(1+ L)M?

Consequently, letting b(d) := oM + ,
v, letting bld) @)+ 6(d) — o1+ D)

that

we infer

t
€a(t) — e eq (ko) | x, < b(d)/ e VDD 164(6)] x,d6.

to
Thus
t
I1€a() |l x, < Me DO e4(to) | x, + b(d)/ e D=0 164(0)] x,d0
to

and we conclude that
I1€a(t)llx, < M|[a(to)]|x e~ CD—PDINEt0),

Since y(d) — oo and b(d) — oM as d — oo the proof is complete. |

LEMMA 2.6.  Under the assumptions of Lemma 2.3 the problem (2.12)
generates in Xq, d > 1, a C° semigroup {Sq(t) : t > 0} of global solutions
which has a global attractor Ay. For all d sufficiently large the attractor
A, is contained in the invariant manifold Sy constructed in Lemma 2.8
and Sy is exponentially attracting,
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Proof: By assumption all solutions of (2.12) exist globally in time and are
given by the variation of constants formula

t
u(t) = eMug + [ NI ule)ds, 120, (233)
0

where the linear semigroup {e4¢* : ¢t > 0} is asymptotically decaying.

Consequently, there is a bounded set in X, absorbing bounded sets and,
since the resolvent of Ay is compact, we infer that the semigroup Sy(t) :
X4 — Xa, t >0, of global solutions of (2.12) has a global attractor Ag.

(From Lemma 2.5, we conclude that Ay C Sy. Indeed, if Sy(t)uqo =
ub(t) + u3(t), where t € R, denotes the solution passing at ‘time’ zero
through a given point uqo = ul, + u2, € Ag, then (2.30) reads

g (8) = i (ug (D)l x, < Me™ T ug(to) — Zi(ug(to)) | x,, ¢ > to.

(2.34)

Since vg(ugo) = {Sa(t)uqo : t € R} C Ag, then v4(uqg0) is bounded and
letting tgp — —oo we obtain that Sq(t)uge = ul(t) + Ii(ul(t)) € Sy for
every t € R, which proves the inclusion.

Finally, if By C X, is bounded and ugo = ul, + u3, € Ba, then using
again (2.30) we conclude that Sq(t)ugo = ul(t) +u?(t) satisfies the relation

sup inf [|Sa(t)uao —vllx, < sup [lui(t) — Si(uy(t))x,
ug€By vESY uqo0EBg
< Me™ sup lugy — 33 (ugo)llx
uqgo€Ba

Thus
dist % (Sa(t) Ba, Sa) < ¢(Ba)e 7" whenever By is bounded in X4. (2.35)

and thus the proof is complete. |

Remark 2. 5. Note that due to Lemma 2.5 the exponent 7 in (2.35)
can be chosen as large as we wish.

We remark that the above consideration can be generalized to include
the case when the nonlinear term Fy in (2.12) is defined on the fractional
power space X, a € (0,1).

DEFINITION 2.11.  Given one-sided fractional power scales {X§, o > 0}
and a € (0,1) we say that {Fy}4e1,00) is of the class F(Xg,C) if and only
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if Fq: X — Xg is differentiable and satisfies

sup sup |[Fy(za)llx, <C
dG[l,OO) ZEdEX{C;

and
[ Fa(za) — Fa(ya)llx, < Cllza — yallxg for all zq,yq € X7,
where constant C' > 0 is independent of d € [1,00). Of course, the second

condition above implies that sup e o0) SUPye xo [[Fg(w)| L (xs x,) < C.

In a similar way as in Lemma 2.3 and [26, Theorem 6.1.7] the following
result can be proved.

PROPOSITION 2.2.  Suppose that {Fa}acn o0y is of the class F(Xg,C),
{Aa}aen, ) is of the class CC(X4) N H(X4,M,0) and the condition D
holds. For u4(t) being a solution of (2.12) let

ub(t) = Qa(o)(wa(®),  u3(t) = (I — Qulo))(ualt))
and consider the equations
iy = Mjug + Ha(ulh,u), 05 = Ajud + Ga(uy, uj), (236)
where
Ha(uby 43) = Qulo)F(uby i), Galuy i) = (T — Qulord)F(uby u3)

and of, Qa(o)) are given by (2.13)-(2.14) with § > 0 and R > 0 as in
Corollary 2.2.

Then for all d sufficiently large there is an exponentially attracting in-
variant manifold

Sa = {ua € Xa:ua = Qa(o7)(ua) + X3(Qa(of)(ua))}
for (2.20). The map X% : Yy — Z§ is differentiable,

d
1S3l = sup [[S5(ug)llxg == 0,
u(liGYd

* * ([~ ~ d—o0
125 (ug) — X3(@q) | xg < L(d)|lug — agllx,. L(d) =>0
and from this

* d—oo
sup sz/(ud)HL(Yd,Zg)SL(d) — 0.

ug€EYq
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3. PART II: APPLICATIONS

In this section we will apply abstract results developed in Section 2 to
sample problems originating in applications. These will be atmospherics’
and cells’ modeling reaction-diffusion equations.

3.1. A cell tissue reaction-diffusion problem

In this section we consider a perturbed one dimensional scalar parabolic
equation with Neumann boundary condition and with the diffusivity being
large except in neighborhoods of some chosen points where it becomes small
(see [5, 6, 10, 13, 20]). This situation can be found in modeling of a linearly
coupled cell tissue for which the diffusivity is small in the membranes and
large elsewhere.

Consider the problem

ug = (a%ug), + f(u), z€(0,1), t>0 3.1)
uy(0) =u,(1) =0, >0, '
where we assume that

(a1) a® € C%([0,1],R) and a(x) > 0 for each x € [0, 1],

(ag) if 0 = g < 21 < ... < x, = 1 is a partition of [0,1], e1,...,epn,
lo, .. ln, al, ... ad are positive constants and l’g, A Z'Z, a’g, . ,a’Z are
functions depending on d > 1 and approaching (respectively) lo, ...,
aos - - -, an, from above as d — 400, then

> de;, for Ii_l—l—dill;fl gxglii—dill;, t=1,...,n,
al(z) = >d ey, fora;—d ', <z<z+d ', i=0,...,n,
<d lal, forax;—d 'l <z<xi+d U, i=0,...,n,
(3.2)

where we set 2o —d " =20 —d o =0, wz,+d ', =z,+d ', =1,
and

(az) f: R — R is a locally Lipschitz function satisfying the dissipative-
ness condition

lim sup @ <0 <0. (3.3)

s]—o0

We remark that the coefficient a? in the interval [0, 1] is thus large except
neighborhoods of some chosen points where it becomes small.
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In the analysis of (3.1) out primary concern will be the eigenvalue prob-
lem of the Sturmian type

{—(adux)z—i—u:)\u, z € (0,1), t>0 (3.4)

ug(0) = u, (1) =0, ¢>0.

In fact we will show that compact convergence approach of Section 2 leads
to the following result.

THEOREM 3.1. Suppose that the conditions (a1) — (az) are satisfied. Let
{Ad1>0 | be the set of ordered eigenvalues for (3.4) (counting their alge-
braic multiplicity) and let {3}, be the corresponding set of orthonormal
eigenfunctions. Also let {\°}7_, be the ordered set of eigenvalues (count-
ing their algebraic multiplicity) for

S1 S1
Boo | | =215 (3.5)
Sn Sn
where
aiy B1 0 0 0 0 0
B1 az B2 0 0 0 0
0 B2 asz B3 0 0 0
0 0 B3 aa 0 0 0
Boo i=diag(Ly',- o Lt ) | 00 0 o 0 0 o |, (36)
006 0 0 - 0 6 o
0000 — OanafBuaz 0
0 0 0 0 -0 Bn_2 an_1 ﬁn_l
0000 0 0 fa-1 an
aq
Ly 1=xp—xp_1, k=1,...,n, «a=—+ Lg,
204
Q-1 Ak an—1
ap = —|———|—L_,k:2,...,n—1, Oy = _|_L_7
ST T =gt Lam1s (37)
ag
ﬁk:*%, k=1,2,...,n—1,

and let {¢°}R_, be the corresponding set of orthonormal eigenfunctions.
Then

i) A — \2° as d — oo for each k =1,2,--- ,n,
ii) A — oo as d — oo for all k > n,
iii) ||¢g—E¢EO||L2(0,1) — 0 asd— oo for every k =1,2,--- ,n, where

c1, x € (zo,x1),
Ec=<: ¢ for ¢=(c1,co,---,cn) €ER™. (3.8)

Cpny, T E (xn—lyzn)a

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



306 A. CARVALHO, J. CHOLEWA, G. LOZADA-CRUZ AND M. R. T. PRIMO

Theorem 3.1 will follow from Corollary 2.2 and Lemma 3.1 below, in
which we establish a suitable compact convergence property.

LEMMA 3.1. For each d € [1,00) let X4 = L?(0,1) and By : D(By) C
L?(0,1) — L2(0,1) be given by

Bgu = —(aug), +u for u € D(By) = {u € H*0,1) : u,(0) = u,(1) = 0}.
(3.9)
Then {Ba}ae[i,00) is of the class CC(L?(0,1)). In fact,

cc
Bg --» Boca

where the operator Boo : Xoo — Xoo 18 given by the matrixz in (3.6) on the
Hilbert space Xoo = R™ with the scalar product

n
<xoov :'-/<>O>XO<J = Z kaﬁoy];oa
k=1

xOO:(x})o7"'7m1C’)LO)7 yOO:(yéOV"‘7ygo)€X007

and the connecting map E : Xoo — L?(0,1) is defined by (3.8) (thus the
connecting maps do not depend on d > 1).

Proof: Consider By, : R” — R” given by the matrix

a1 B 0 0O - 0 0 0
B1 az B2 0 --- 0 0 0
0 B2 az Bz - 0 0 0
0 0 B3 ag - 0 0 0
Booi=1: 1 1 1 - : : : . (3.10)
000 0 - 0 0 0
00 0 0 - Oap—2fn-2 0
0 0 0 0 -+ 0fBn_2 an—1Pn_1
0O 0 o0 o0 -0 0 Brn-1 an

Consider also symmetric coercive bilinear forms by : H'(0,1) x H*(0,1) —
R, d>1,and by : Xoo X X — R,

1
bai, ¥) = /O (aag'V! + o),

B n—1 s n—1 (311)
boo(c, €) = j(% — ¢ )& — &)+ Y Liciéy,
j=1 "7 j=0
where ¢ = (co,c1,- ,¢n-1), € = (C0,¢1,...,6n-1), Lj = xj41 — z; and

=01, ,n—1

Publicado pelo ICMC-USP
Sob a supervisao da CPq/ICMC



REDUCTION TO FINITE DIMENSIONS 307

Thus the solution u of Bgu = g € L*(0,1) is characterized as the mini-
mizer of the functional H'(0,1) 3 (¢,¢) — 3ba(e,¢) — (9, ¥)12(01) € R;
ie.

1 ! 1 !
C— Zby(u,u) — — { bale, }
pa : = 5ba(u,u) /O gu=_ min d(p, @) — /0 g

. 1 ! 72 2 /1
= min — a(x + — }
weHl(O,l){Q /O (a(@)|¢']” + ¢7) 9

For m = (mg,m1, -+ ,mp—1) € Xoo, the solution r of Boor = m is the
solution of

Bor =Dym, where Dy, :=diag(Lg,...,Lp_1), (3.12)

and thus it is characterized as the minimizer of the functional R" > s —
1boo(s,s) — (m,s)x.. € R; namely,

Hoo : = iboo(r,r) — (m,r)x__
— — L n—1
:g@%{zzﬁ 5 1>2+27 = 20 Lamssi }
j=1 =0 =0

We now denote by M : L?(0,1) — X, the operator given by

Jotg Jirg o L9

Lo " L1 ' L.

Mg = (72 ). g€ L20.1),

and we will show that

if m:= Mg then dlir+n fd = Hhoo- (3.13)

Given kg, ..., kn_1 € R define ¢y € H*(0,1), d > 1, by
ko, iL’G[O Tr1 — ldl]
Ya(@) = ko +dSgE = @ —ay + ), wele— a0 + 4, 1 <Gj<n—1,
kj,xE[x]Jrld,x]_,_l L) j=1,2,...,n -1,
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we obtain
1 1d , 1 1 , 1
Mdgi/a\%\ +§/ Q/Jd—/QT/Jd

Z/wm (S|l 4 )

P8, by b M[( G (g, + D
2O Ay Tanqg — ALy 0
P 7T d
n—1 x4+ 1 —%h n-1 Cjr1—gli+1
- Z/ gwd+ko/ g+zkj/ g}-
J=1Jwi— gl 0 =1 Jmitil
Since
zj+ql; zjt+gls
/ [val> — 0, / gg—0 as d— o0, j=1,2 —1.
zi— gl zj—gls
then recalling that L; = x;11—x; and m; = L} fm]“ 0,1,...,n—1,
we get
1 n—1 n—1 I n—1
. j J 1.2
ljirgig)ud < 5]21?(]6 i —ki1)? ;?kj —jZOijjkj (3.14)

This ensures that limsup, . itd < oo and we will show below that
liminfy_, oo ftg > ploo, for which we first write

1 , 1
pa= [ Lot + )= [ gu
2 Jo 0

_ 1 U _ Y1

1"zl pmitd 1 [*—4 1=l pria—
sy [ ey [ ey
25 a3 2 Jo @

2
U
9 4 +i (3.15)
j=1 iTa
i 1
T nol o pxjp - nol ezt
—[/ gquE / v gu + / v QU]
0 =17t j=1Y®i—

Note that for j =1,...,n — 1 we have

I8 1
ntd VT ay o ay g [TTT N2
, ety > , U 2> = u
Y Yod 21
{L’j d T; xr

A 13
i d J i d
a; l i \\2
%(U( j T E) —u(w; — E»
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. . . ) 1) . .
Next, since in each of the intervals [z; + =, z;41 — 2] the diffusion co-

. 1 2 .
efficient a? becomes larger than ejd and we know that fo a®u'* remains
!

Ll

bounded as d — oo, then de; [“*), " ' is bounded for all d sufficiently
Ij—‘ri

large and hence ’

I d—o00
U 0. 3.16
| I\LQ(xj+%7xj+l_%%) - (3.16)

Furthermore boundedness of the L?(0,1)-norm of u as d — oo implies
boundedness of the average fol u as d — oo.

Consequently, using Poincaré inequality, from any sequence d,, — oo we
can choose a subsequence (denoted the same) such that u = u% converges
almost everywhere on (x;,z;4+1) to a certain constant, which we denote by
rj, 7 =0,1,...,n—1. Actually, choosing a certain « € (z;,,+1) such that
|u(x) —r;| — 0 as d, — oo, we infer that

x

= lu(x) —r;| +| v
o+, (3.17)
$j+1*%

< |u(z) —ryj| Jr/ " |u'|? o),
zj+ﬁ

Similarly, choosing a certain « € (2;_1, ;) such that |u(z) —7;—1| — 0 as
d, — oo we obtain

lu(z; —d, ') — rjoa| < fu(@) —rjoa| + Ju(z; — d, 15 — ()|

1
Tj— g .
=|ulx)—7r;—1|+ U
.
:Ejfﬁ .
<fulo) = ryal+ [T WS
Tj_1— =g
We also remark that
:ijrT%L
/ v gu—0 as d, — oo. (3.19)
T J

T dy
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Combining now (3.15)-(3.19) and choosing a subsequence of {d,, } if nec-
essary (denoted the same) we infer that

n—1 n—1 n—1

. 1 a;

liminf pg, > 5[ j(rj —ri_1)?+ Z Ljrﬂ - Z Limjrj > fioo.
j=1 "7 j=0 j=0

Thus (3.13) is proved and we infer that r obtained above is a unique min-
imizer of the functional R™ 3> s — %Boo(&s) — (m,s)x.. € R so that
r = B !m where m is as in (3.13). In particular, recalling from (3.8) that
Er is a ‘step function’ such that Er(x) = r; for z € (x;_1,x;) we conclude

from what was said above that

||Bglg - EBc?olMgHL2(O71) = ||U - ErH%Q(O,l)

3

Next we suppose that hg € L2(0,1), d > 1, hoo € Xoo and hg ——» hoo;
that is

x;
lu(z) — r;2dx =0,
1

j—

(3.20)

d—o0o

|ha — Ehooll£2(0,1) — O.

Since ||Bd_1||L(L2(0,1)) < C, where C is a constant which does not depend
on d, then

_ d——+o0o
IB5  (ha — Ehoo)||12(0.1) < Cllha — Ehoo| £2(0.1) =7 0. (3.21)

On the other hand letting Eho, =: g we obtain from (3.20):

By ' Ehoo — EBL! M(Ehoo)||12(0,1) = | By "9 — EB3 Mgllr2(0,1)

Thus from the relations (3.21)-(3.22) and from the fact that MEho, = heo
we infer that || By 'hq — EB3'heo||12(0) — 0 as d — oo; that is

B 'hg --» B3 hoo.
Condition (ccl) required in the Definition 2.3 can be now obtained with

the similar argument as above because ||g,||r2(0,1) = 1 implies for u, =
By 'gn with d,, — oo that

1 1
2
/ a2 + / W2 = b, (1 ) = g lZo) = 1
0 0
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consequently, the average fol Uy, is bounded and (3.16) holds with d = d,,. |
Having proved Theorem 3.1 we now turn our attention to the nonlinear
problem (3.1).

LEMMA 3.2. Suppose that the conditions (a1) — (a3) are satisfied.

Then, there is a C° semigroup {Sq(t)} of global solutions corresponding
to (3.1) in H(0,1) which possesses a global attractor Ag. Furthermore,
the union Uge[1,00)Aq is bounded in L*°(0,1).

Proof: Since H'(0,1) < L°(0,1), then (3.1) is locally well posed in
H'(0,1). Note also that the linear semigroup {e¢*} is monotone and the
solutions of the ODE

U= fU), U®0)=U, R, (3.23)

are the solutions of (3.1) through «(0) = U(0). Using comparison, if ¢ —
u(t,up) is a solution of (3.1) with initial condition ug, ||ug| Le(0,1) < Uo,
we obtain that

|u(t, uo)(x)| < U(t, Uo)

as long as this solution exists. Since, by the dissipativeness assumption,
(3.23) has a global attractor, there is also a global attractor A4 for (3.1).
Finally, if ¢4 € Ag, then ryuin < ¢q(r) < rmax, Where rpin, Tmax are the
extremal equilibria for (3.23) (see [17]). |

We consider next in L?(0, 1) subspaces

Yd = Span[¢(fa ¢ga e 7¢7dz]a (324)

where ¢¢,¢3,--- ¢? are the first n eigenfunctions of By, and denote by
Y;" the orthogonal complement of Y, in L?(0,1). Then x € L?*(0,1) can
be decomposed as

x=vl+wl =viod+ .. +ovipd +wd d>1,

where
v;'i = <X7¢?>L2(0,1) for j = 1727 s
and
wh = x —v{g] — ... —vign.

Combining the results already proved in this subsection with Theo-
rem 2.1 we obtain the following conclusion.

COROLLARY 3.1. Let f(s) be a bounded, globally Lipschitz function such
that f(s) = f(s) + s for € € [—Tmin, T"maz), F(8) = Tmax for 8 > Tmax and
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f(8) = Tmin for s < rmin, where rmin, "max are the extremal equilibria for
(3.23). Then,

i) the Nemitskii operator F associated with f is of the class F(L*(0,1),C),
whereas {—Bg}acp,) i of the class CC(L*(0,1)) N'H(L*(0,1), M, 0),

i) there is a global attractor Ay for the problem

(3.25)

= —Bgu+ f(u), t >0
u(0) € L?(0,1),

and Ay = Ag; in particular for any solution ug(t) of (3.1) ‘lying’ on the
global attractor Ag we have that

u(t)(x) € [Fmin, Tmax), © € [0,1], t €R,
iii) the problem (3.25) can be viewed as

v = Agv? + H(v?,w?),

3.26
w? = —Baw® + G(v?, w), (3.26)
where
vl = ,...,v?), Ag=diag(=\{,...,-\%), HI=(HI . . . HY,
(3.27)

ﬁg(vd w ): <f(vf¢(1i++Uz¢g7,+wd>7¢d>l/2(0 1) ]: 1727"' , 1,

Glvt,w?) = flol + ... 4+ vlgd + w?)

4 j=1,2,

HM:

(3.28)
and there exist Lipschitz maps ¥ : Yq — Ydl-, d > dy, such that

135 (va)llz20,1) — 0 as d — oo uniformly for yq € Yy (3.29)
and
Ag=A,CSi={peL*0,1): x=ya+Ti(ya), va € Ya},

where Sq is an exponentially attracting invariant manifold for (3.25) and
Yy is as in (3.24).

Using the decomposition L2(0,1) = Y3 ®Y;" and Corollary 3.1 we obtain
the following two lemmas.

Publicado pelo ICMC-USP
Sob a supervisao da CPq/ICMC



REDUCTION TO FINITE DIMENSIONS 313

LeMMA 3.3. If d > do and u?(t) is a solution of (3.1) ‘lying’ on Ag,
then
i) ud(t) = vi(t)pd + ...+ vd (1)l + wi(t), where vi(t), wi(t) satisfy

of(t) = =X (1) + (F(u?(t), ¢F) xa, =1, m

. . ° s (3.30)
wh(t) = = Baw (1) + fud(t)) = D _(f(u'(t)), &) x, 97,
j=1
i1) for each j = 1,...,n functions U;l(t) :R— R, del,o0), are equicon-
tinuous and equibounded,
iii) wi(t) has the property that
||wd(t)||Lz(o71) =0 uniformly for t e R. (3.31)

Proof: Part i) is straightforward. From Theorem 3.1 we know that
{79} and {[|¢4]lL2(0,1)} are bounded uniformly with respect to d > 1 for
every j =1,...,n. From Corollary 3.1 we also know that [|[u®||ze,1) < 7.
Hence both v(t) = (u$(t), $4) £2(0,1) and ©(t) are bounded uniformly with
respect to the parameter d > 1, which proves ii). Finally, from Corollary 3.1
iii) we have

w'(t) = B3] (1) + ... +v5 (1)),

so that part iii) is a consequence of (3.29). |

LEMMA 3.4. If dj, — co and u™ is a solution of (3.1) ‘lying’ on Ay, ,
then
i) there is a subsequence, denoted the same, and functions v° : R — R,
j=1,...,n, such that uniformly for t in bounded time intervals

) drp—
ok (1) M5 03 (1),

d

lu® (t) = B ()65 + ... + 02 ()67l 2(0,1) “ =7 0 (3.32)

and, by Lipschitz continuity of f,
r s oo oo oo ) dj,— 00
1F (™ (t)) = FIB@ )6 + ... + 072 ()67 |2 (0,1) "= 0.

Also
i) defining

Pi(s1,...,8n) =8; for (s1,...8,) €R", j=1,...,n, (3.33)
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and

fp:=(foPy,...,foP,):R" = R", (3.34)

we have

FE@PMT +... + v (0)67) = B(Ep (o7 ()65 + ... + 072 (1)er),

Fu(t)) - (V3 ()5 + ... + v ()6),
and

dj,— 00

[(F ™ (), 67 120, —(BEp (07 ()07 +. . A0 (67), EOF) 120, “=7 0,

Furthermore,
ii1) for each j =1,2,...n the limit function v3° solves

05 (1) = =N (1) + (Ep (07 (195 + .+ 0 (067, 65 ) x- (3.35)

Proof: Part i) follows from Lemma 3.3. Part ii) is a consequence of i).
For the proof of iii) we first remark that

<E¢007E'(/)00>L2(0,1) = <¢0071/J00>X00 for d>1, ¢oos Voo € Xoo-

Then writing the first equations in (3.30) in the integral form

t t
o0 = o) = X [+ [ (Tt 9), 68 a0.ds
0 0
and passing to the limit we obtain

v3°(t) = v5°(0)

t t ~
—xF / 02 (s)ds + / Ep (U (5)0T + ... + 02 ()65), 65°) x o s,

for every j = 1,...,n. Thus each v°(¢) is differentiable and we get the
result. |

Remark 3. 1. Recall from Corollary 3.1 that for u (¢) ‘lying’ on the
attractor A4, we have that ud (t)(x) € [Fmin, Tmax] for all t € R and z €
[0,1]. Also note that (3.32) implies that for each fixed ¢t € R a certain
subsequence exists, denoted the same, such that

u® (t)(x) — B ()¢ + ... + v (t)¢) for ae. x € (0,1).
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Letting v (t) = v (£)d° + ... + v2°(¢)@S° this ensures that Ev™(t) €
[rmina rmax] and hence

v°(t) € [Fmin, "max)" for every t € R.

We now obtain the following conclusion.

COROLLARY 3.2. If dp — oo and u® is a solution of (3.1) ‘lying’ on

Ay, , for a certain subsequence which we denote the same, we have that
. d— .

Z) <U/dk (t)a ¢§>L2(0,1) k_)oo <EUOO7E¢OO>L2(O,1) = <Uoo(t)7¢;>o>Xoo7 J = 17 XL
it) v™° : R — R"™ is a solution of the system of ordinary differential equa-
tions in R™

0° = —Boov™ + fp(v>°) + v (3.36)

with fp = (fo P1,...,fo P,) : R" - R™,
1) v>°(t) € Ay for every t € R where Ao, is the global attractor for
(3.36).

Proof: Parts i) follows from Lemma 3.4 and Remark 3.1. Concerning
part ii) note that, if (-,-)g» denotes the standard scalar product in R™ and
Dy, B are as in (3.12), then

(Woos Zoo) Xow = (Woo, DL Zoo )R = (D L Woo s Zoo )R7 TOT Weo s Zoo € Xoo- (3.37)
Then from (3.35) and Remark 3.1 we infer that
(07,67 ) x = (Ep(v7(5)) +v7(5), ¢57°) Xoo = (U™, =Boo§7°) X
v, =D Boo§P)rn = (v°, = Bood®)mn = (—Boot™, 63z
*DzléoovooaDqu?o>R” = <7BoovooaDL¢;o>R"

_Boovoov ¢?O>X°°

—~

o~~~

for each j =0, ..., n, which gives the result.

For the proof of iii) we recall that for each j = 1,...,n condition (3.3)
reads sf(s) < 0s? + Cy (recall that § < 0) whenever |s| > s¢ and constants
s0 > 0, Cy > 0 are suitably chosen. Consequently, using (3.37) and bilinear
form bs, defined in (3.11) we observe that, as long as the solution u of (3.39)
exists,

1d
2Ll = (- Boow ). + (E0(0) + 0.1 x.
= (—DpBou,u)rn + (fp(u) + u,u)x__
= —boo(u,u) + Y Liyru; f(uy) + [|ull%.. < 0llulk.. + Co.
j=1
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The existence of the global attractor is now straightforward and {v>°(¢) :
t € R} is contained in the attractor as this latter set is bounded and
invariant. |

Summarizing the consideration of this subsection we have proved that
the following theorem holds.

THEOREM 3.2. Suppose that the conditions (a1) — (a3) are satisfied.
Then,
i) there are the global attractors Ay for (3.1) in H*(0,1),
ii) there exist functions X% : Y4 — Y3, d > do, such that

Ag C{x=va+25a), ya € Ya},

and
||E:l(yd)||1;2(o71) — 0 as d — oo uniformly for yq € Yy,

where Yy = span[¢d, ¢4, -+, %] and ¢¢,¢3,--- ¢ are the eigenfunctions
corresponding to the first eigenvalues of By in L?(0,1).
i11) the flow on Aq4 is given by

ul(t,z) = vi(t) + TH(v())(z), t € R, x € (0,1),
where
v(t) = Aqu(t) + H(v(t), Z5(v (1)), (3.38)
Ay is as in (3.27), HY = (H{,---  HY) and
H{ (0 (), S50 (1)) = (F(0 (), S5 (0" (), ¢ 20,1y, 5= 1,2, 1,

iv) the family of attractors {Aq}tasa, s upper semicontinuous at infinity
relatively to F; that is,

su inf _E 0 as d— oo
wdegd Yoo €A 1+a Yoollz2(0,1)

where A s the attractor for the semigroup defined in R™ by the system
of ordinary differential equations of the form

w1

Remark 3. 2. Recall that the flow of (3.39) is structurally stable in A,
if for any suitably small C' perturbation of the vector field the resulting

fur)+ug

U1

+

: ] , teER, (3.39)
flun)+un

Un
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equation has a global attractor A and the flow in A is topologically equiv-
alent to the flow in A,,. Note that if the flow in A is structurally stable,
applying Proposition 2.2 instead of Theorem 2.1, then the flow in Ay, is
topologically equivalent to the flow in A .

3.2. Spatial homogeneity in atmospherics’ type problem

We will consider a bounded domain which decomposes into finitely many
regions in which diffusivity is very large and the mass transfer is appropri-
ately balanced at the boundaries.

This occurs in the air pollution modeling (see [31]), where the domain
can be viewed as an interstitial air, including subregions; the droplets.

We thus assume that  C R3 is a bounded domain with smooth boundary
I" and that €;, 1 < i < n, are the subdomains of €2 with smooth boundaries
I; satisfying Q;NQ; = 0 for all 1 <i < j <n. We also let Qg := Q\U; ©;
and denote by v the outward normal vector to I' and by 7; the inward
normal vector to I'; (¢ = 1,2,...,n). For simplicity of the notation we
assume from now on that |;| =1 for every i = 1,2,--- ,n, which will not
lower in any essential way generality of the consideration.

Our primary concern will be the eigenvalue problem of the form

—d;Au; +u; = Au; in Q;, i=0,1,---,n,
ou
d0é9;:0 on I, (3.40)
u;
do uo:diiuz(ui_uo) on Ty, i=1,.n

£ o(=1;)

Since the diffusivities become very large one expect to exhibit in the anal-
ysis that the solutions will become homogeneous in each of the subregions.
Letting for dy, ... ,d, € [1,00)

d:= min{do, dl, e ,dn}

we will show that the compact convergence approach of Section 2 lead to
the following result.

THEOREM 3.3. Denote by {\¢}2° | the ordered set of eigenvalues for
(3.40) (counting its algebraic multiplicity) and let {¢3}32, be the corre-
sponding set of orthonormal eigenfunctions. Also denote by {A°}32, the
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ordered set of eigenvalues for

14+[Q0] 7 Xy [T =[] T1| —[Q0| M T2 =+ —[Q0| 7!
*|F1| 1+‘F1| 0 0 S0 So
—|Ts| 0 1+|Ts| - : Sl =A
: : 0 Sn Sn
[Tl 0 0 R
(3.41)

and let {¢°}32, be the corresponding set of orthonormal eigenfunctions.
Then we have

)N = AP asd — o0, k=1,2,--- ,n+ 1.

ii) A — oo for all k >n+1.

i) ||¢g_(bonLZ(QO)X.“XLZ(Qn) —0asd— oo foreveryk =1,2,--- ,n+1.

The proof of Theorem 3.3 will follow from the abstract results of Corol-
lary 2.2 and from Lemma 3.5 below.
Throughout the rest of this subsection we consider the Hilbert space

L? = I2(Q) x - x L*(Q), d € [L,00),

with the inner product

n
<11,V>:Z/ U3 Vg, u:(uO7"',’U,n),V:(Uo,"'7Un)EL2,
=0 Qi

and let
X, =L% de[l,c0).
We also define
H' = H'(Q) x ... x HY(Q,)

and consider bilinear forms aq : H! x H' — R, d > 1, given by the formula

aqg(w,z) = Z /Q (dZ-Vinzi—i-wizi)—l—Z/F (w;i—wo)(2i—20), W,z € H'.
i=0 /<% i=1 714

(3.42)
We remark that

aaluw) > Jul, we HY, d > 1, (3.43)
and that the estimate known from from trace theorem,
||¢HL2(F1) < c”'(/)HHl(Q)v (/NS Hl(Qj)7 1=0,...,n,
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implies the relation
laa(u, v)| < cllulle vl v,v e H.

The form aq : H' x H' — R given by (3.42) is thus symmetric, continuous
and coercive. and Riesz theorem together with Lax-Milgram lemma lead
to the following conclusion.

PROPOSITION 3.1. For all d > 1 the form aq defines a linear operator
Ag which is an isomorphism from H to its dual (H')' . Ay considered with
the domain

Xé = {UEHl :AdUGXd}

is then a linear selfadjoint positive definite operator in X4 which is an
isomorphism from X C} (considered with the graph norm) onto Xg.

In addition, since the embedding H! < X, is compact, we have that

COROLLARY 3.3. Agl, d > 1, is a compact operator.

Remark 3. 3. The problem (3.40) can be viewed in the abstract form
Agqu = M, (3.44)

where A, is given by Corollary 3.1. Also, one can observe that

Ay = diag(—doA, ..., —dpA) + Id (3.45)
on the domain
2 81}0
D(Ad) = {V eXyg:v, €H (Ql), gh‘ =0,
81}0 (9’01'

a7, Ir, = if}‘(—ﬁi) Ir, = (vi — vo)|r,, 1 < i< n, }

In what follows we verify the compact convergence property that is

needed to apply Corollary 2.2 of Section 2.

LeMMA 3.5.  With the above notation we have that {Aa}ac|1,00) 5 of the
class CC(L?). In fact

cc
Ay -3 Ao,
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where the operator A =: Xoo — Xoo 18 given by

L[] 7H 20, Tl =107 T =[] T2| - —[Q0] 7! Tl
—|y| 14|y | 0 0
Ax = — |l 0 14T : (3.46)
: : : 0
— Ty 0 0 14T,

on a Hilbert space Xoo = R equipped with the inner product
n
(r,s), = |Q0]|roso + Zrisi, r=(rg - o), s=(s0 -+ Sn) € X,
i=1
and the connecting map E : Xoo — L2 is given by
E(hOa"'vhn) = (h()v"'vhn) € L27 (h07"'7hn) € Xooa

(thus the connecting maps are independent of d € [1,00)).

Proof: Let ag : H' x H' — R be given by (3.42). Let us also introduce
the operator Ay : Xoo — Xoo,

Ay, = diag(|Q),1,...,1)As, (3.47)

and a symmetric coercive bilinear form ., : Xoo X Xoo — R defined by
Goo (s, 1) = |Q0]soto +Zs i+ Z IT:|(s: — s0)(t: — to).

The solution u € H! of the equation Aqu = g with g € X is then
characterized via Lax Milgram Theorem as

lg:= %ad(m u) — (g,u) = \frel%-IIl {% ag(v,v) — (g,v>}.
It
D = diag(|Q0],1,...,1) (3.48)
then the solution of A..r = m is the solution of floor = Dm and it can be

characterized via relation

~ 1
loo i= §aoo(r,r) —(m,r)e = Sern)l(n {Zxo(s,8) — (M, S) o }

:srg)ig;{ |ﬂo\+z|r|so+zl+|r| me m, ) |-
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We will make use of an auxiliary map P : L2 — X,

Pg:P(gO7"‘7gn):(§07"'7gn)7 (349)
where

Gi = |Qi\71/ gi for i=0,1,...,n. (3.50)

7

We will now prove that

if m=1(go,...,gn) then dlim lg =lso. (3.51)
Actually, since r = (rg, 71, -+ ,7,) can be viewed as an element of H!, it

is easy to see that
lg <loo-

This implies the relation limsup,_, o, lq < ls. Below we show that lidm inf l4
—00

> loo-
Note that for any s € X, we have

lg:= ;{;/g (di|Vui|2+u?) +;/Fi(w) _Ui)Q} -

DY [l - ui)? = (50— 500}

i=0 v i=1 7T

n
/ gily
—0 7 U

(2

WV
N —
]
S~
=,

|

Vo)

Since lg is bounded as d — oo then d; [, |Vus|? and [, |u;?* are also
bounded as d — oo. In particular

@; is bounded as d — oo and / |V, |? = 0. (3.52)
Writing now explicitly the dependence of u on d we thus infer via Poincaré

inequality that whenever d* "% oo there is a subsequence (which we
denote the same) and a certain § € X, such that

n . } g
Z lug™ — Sillz2 (0. =70 (3.53)
=0
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k_,
and consequently, since also > [ IV(ud" = 5)2 30 then
n . "
~ —00
Z " =il 2, © =70 (3.54)
i=1

Hence liminfy—.oo Ay > A and (3.51) is proved.
;From what we said above we infer that

§adk (u,u) — (g, u)r2 — 55100(5,5) — (M, 8) o = loo-

This implies that § coincides with the unique minimizer r of d., so that
(3.53) actually reads

n

k
Z/ (u?k — ;) =0, (3.55)
i=0 7S

Consequently, recalling that P and m are as in (3.49) and (3.51),

d* >0

AL e — AZ Pgl|. = [|ALle — AZtml| L, = [[u? x| 5 0. (3.56)

We will now show the convergence A;l --» AZl. Consider hy € X4 and
h., € X such that hy --+ h.,. Since E; = E behaves like identity; that
is EA h,, is just a constant function A 'h., we want to prove that

|A; ' hy — A hoo ||z — 0. (3.57)

Since ||A;"(|r(x,) < C, where C' is a constant which does not depend on
d, we have

147 hy — A7 Eho|le < Cllhg — Ehollr: =% 0. (3.58)
On the other hand PEh,, = h so that using (3.56) with g = Fh
|A; Ehy — Az ho|lre = (|45 g — A Pglle: =20, (3.59)

Thus (3.57) follows from (3.58) and (3.59).

Condition (ccl) required in the Definition 2.3 can be now obtained with
the similar argument as above because we obtain that ||gi|lp2z = 1 implies
for u; = A;klgk where d* — oo the estimate

n
> / (A8 Vug + fural?) < age(u,0) = (@il = 1;
i=0 /<
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consequently, the relation (3.52) holds true. |

1
Remark 3. 4. The minimizer s* of the functional s — ifzoo(s,s)
—(s,m) is actually given as
o 190 =30 A+ D) D m o Tylsg +my

So = n — ,S-—i,j:].,Q,"',TL,
O Qo+ 2 (L D) T Y 1+ |1

whereas the eigenvalues of (3.40) (thus the eigenvalues of A4) are given by

n - o ) n B )
;/Qi(dm +¢n+;/ﬂ<¢l 60)
P

(Pos ey On) L Vier

)\g =min

where Vj,_1 is the subspace generated by the first £ — 1 eigenfunctions.

We will now proceed with the analysis of the nonlinear problem of the
form

s

(,;?:diAui—&-fi(ui),t>0,x€Qi, i=0,1...,n,

0
dOLB:Q t>0, xe€l,

é?é/ u (3.60)
0617} a7 (u; —ug), t>0, x€ly, i R
u;(0,2) = xi(x), z€Q;, i=0,...,n,

where d;, i = 0,1,...,n, are positive constants and
fi : R — R are bounded and globally Lipschitz functions

(s
satisfying dissipativeness conditions lim sup 1ils)
|s|—o0  Si

(3.61)

< 0; <O0.

With the notation as in this subsection the problem (3.60) can be viewed
in the abstract form as

{12 =—Aqu+ F(u) + v, (3.62)

u(0) = X,

where F' : L? — L? is the Nemitskii operator associated to the map f :
Rn+1 N [Rn+17

f(s) = (fo(50),- -, fu(sn)) for s=(s0,...,sn) € R", (3.63)
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and A4, d > 1, is the operator defined in Proposition 3.1 (see also Re-
mark 3.3) and x = (X0, X1, "+, Xn) € L%

Remark 3. 5. Note that (3.62) is globally well posed in L2 as Ay is
selfadjoint in L? and F : L? — L2 is a globally Lipschitz function. Fur-
thermore, multiplying the first equation in (3.62) by u in L? and using
(3.43) together with dissipativeness conditions (3.61) we obtain

d1
T 5 lulis = —aa(u,w) + (F(u) + w,u)rz < Oulfn +Co, (3.64)

where max;—g,..,0; < 6 < 0 and Cy is a certain positive constant that
does not depend on d > 1. Consequently, the solutions of (3.62) satisfy the
estimate

C
lullgs < [u(O)F2e* — =7, t 20, d>1. (3.65)

Since the resolvent of Ay is compact Remark 3.5 leads to the following
proposition.

PROPOSITION 3.2. For each d > 1 the problem (3.62) defines a CY semi-
group in L2 which has a global attractor Ay. Furthermore, the union of
attractors Ug>1A4 is contained in a ball Or(0) in L? of radius R = —%
around zero.

Defining F : L2 — L2 by

By = L F@ +¢, Yl < B
F() + Rl¢lg2 ¢, 1l > R,

we will consider next the Cauchy problem

{u = —Agu + F(u), (3.66)

u(0) = X
Now both {—Ag}aef1,00) is of the class CC(L?) N'H(L?, M, 0) and F is of

the class F(L?, C). Also, the solutions of (3.66) satisfy the estimate (3.65)
so that there is a global attractor Az and Ay C Ogr(0); consequently,

Ay, =A, forevery d> 1. (3.67)

Applying to the problem (3.66) the abstract Theorem 2.1 of Section 2
and taking into account Proposition 3.2 and (3.67) we obtain the following
result.
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THEOREM 3.4. Given (bﬁ-l, j=1,...,n+1 as in Theorem 3.3 define in
X4, d > 1, the projected spaces

Yo = spanl¢f, 65, -+ Syl d 2 1,
and decompose x € L? as
x=vl+wt =ofef +. i o0 +wleYaa Y
where
U? = <X7¢?‘>L2 for j=1,....n+1, w? :X_Uil¢il_~--_UZ+1¢gL+1-

Then, for each d sufficiently large,
i) the problem (3.62) has a global attractor Agq and

AgC{xeL®:x=ya+Ei(ya); va€ Ya},
where 3% : Yq — Y- is a certain Lipschitz continuous map satisfying

d— oo

sup [|35(ya)llL: — 0, (3.68)

Ya€Ya

ii) the flow on Ag4 is given by
ult) = v{ ()] + ... + v ()5 + Sy(u(?)), (3.69)

where

0f (1) = =AJu] () + (F(0(8) + (v (1)) + v (1) + B3 (2)), 65 )2 (3.70)

J
forj=1,....,.n+1.

Proof: We merely remark that ¥} actually defines an exponentially
attracting invariant manifold Sy for (3.66), which contains A, = A, and
that F = F+Idon Ay. |

We now show that the ‘limit’ problem can be viewed as the system of
ordinary differential equations:

ito = foluo) + Q0] ™1 X [Tl (s — wo),

?11 = fl(ul') + |F1|(u§ - uy), (3.71)
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Remark 3. 6. Note that there is a global attractor for (3.71) (denoted
by A) as, multiplying the first equation in (3.71) by |Q|uo, the others
by u; for i =1,...,n respectively and summing the results we get

d n
£HU||§(OO = (f(u),u)x. — Z T3] (us — uo)?,
i=1

where f = (fo,..., fn). Using next dissipativeness condition from (3.61)
we obtain

d
&l < Olull%. +Co,
which is a counterpart of (3.64). Note also that (3.71) can be rewritten as

=—Axu+ f(u) + u. (3.72)

LEMMA 3.6. If d* — oo and {udk (t)} is a sequence of the solutions of
(3.62), such that ud" (t) ‘lies” on the global attractor Ag., then there

is a subsequence, denoted the same, which converges in L2-topology to a
certain bounded function u : R — R" T C L2 which is a solution of (3.72).

Proof: ;From Theorem 3.3 we know that {\{} and {||¢%||r2}, j =
1,...,n + 1, remain bounded as d — oco. From Proposition 3.2 we also
know that [u?||> < R. Hence both vf(t) and v%(t) are functions from R
to R bounded uniformly with respect to the parameter d > 1.

Thus there is a subsequence of the sequence v¢ (t) = v&" (£)¢?" + ... +

d=dk

vﬁil(t)qﬁdnil, k € N, denoted the same, and there are certain bounded

functions v7° : R — R, j = 1,...,n + 1, such that if v*°(t) = v°()$7° +

o US (D)% then
o (t) — v>°(t) in L? uniformly for ¢ in compact time intervals.
Since (3.68)-(3.69) hold we actually have that
" (t) — v°°(t) in L? uniformly for ¢ in compact time intervals
and, due to the Lipschitz continuity of F : L? — L2,
Fod(t) + Z5(v7 (1)) — F(uv™(1))

in L? uniformly for ¢ in compact time intervals. Writing now (3.70) in the
integral form and passing to the limit we get for every j=1,...,n+1

o= 0) =5 [ st [0 + 0,07 b ds
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that is Ve is differentiable and

oo

070 = =AF0 + (f(v™(s)) +v™(8), 97 ) x, G=1,...,n+ L.
Consequently we get
<i)007 ¢2>0>X00 = <,Uoo’ 7Aoo¢joo>Xoo + <f(voo(5)) + UOO(S)7 ¢?O>Xx7

j=1,...,n+ 1. If {-,-)gns1 denotes the standard scalar product in R**!
and D is as in (3.48), then

(Woos Zoo) Xy = (Woos DzZoo)rntt = (DWoo, Zoo)rn+1  fOT Woo, Zoo € Xoo
so that recalling (3.47) we get

(079,05 ) xo0 = (F(v7(s)) +v7(s), 07 ) x0o = (U7, AT ) x
= (1°, =D A ¢ )gnt1 = (1°, —Ased3)gnt1 = (—Asgv™, ¢ )pnsa

= <—D_1AOOU°°,D¢§°>RH+1 = <—AOOU°°,D¢?°>]R7L+1 = <_Aoovoov¢?o>X‘x’

for each j =1,...,n 4+ 1, which gives the result. |

COROLLARY 3.4. The family of attractors {Aq}i>q, is upper semicon-
tinuous at infinity relatively to E, where A, is a global attractor for (3.72).

Remark 8. 7. One can see that the Nemitskii operator F' associated to
f defined in (3.63) is also of class F(X§,C) and from the above results the
vector field in (3.70) is a C'! small perturbation of the vector field in

077 = =A707 + (f(0%(5)) + v7(s), 07 ) xs T = 1o+ 1L

which is a counterpart of (3.71). Thus, if the flow in A, is structurally
stable, then the flow in A, is topologically equivalent to the flow in A .

3.3. An example of compact convergence involving non
self-adjoint operators
Let us mention briefly that compact convergence property can also be
established in the analysis of equations involving non self-adjoint operators,
for which we mention a sample problem concerning a strongly damped wave
equation of the form

utt-f—Bjut—{—Bdu:f(u), 0<$<1,t>0,
uw(x,0) = up(z), ug(z,0) = vo(z), 0<z<I, (3.73)
uz(0) = ux (1) =0, t>0,
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where f : R — R is a globally bounded globally Lipschitz continuous
function and By is the operator defined in (3.9). Let X§ = D(BS) with
the graph norm a € R* and X;* be the completion of X4 = L?(0,1) with
the norm ||B;“ - ||x,, @ € R*. We remark that (3.73) can be viewed as
the abstract parabolic problem

2z =L 2+ F(2), (3.74)
z(0) = zo ’
in a Banach space Yy := Xy X Xd_%. Here z = [¥], 20 = [w0], F([¥]) =

_1
[fe%u)], f¢:Xq— Xq C X, ? denotes the Nemitskii operator associated
with f and the operator £, , is an extension to Yy of the operator

Lo:D(La) C X2 % Xg— X2 x Xg, d> 1,

1
given on the domain D(L;) = X} x X} in the matrix form

0 I
Lq= 3.
—By —B

We remark that £4 has compact resolvent, generates a compact C° analytic
1

semigroup in X ; x Xy and its spectrum consists of isolated eigenvalues ui’i

given by

it 1, V3,
py = (—5 + 71)\/g7 where A € o(By), (3.75)

(see [18, Lemma A.1] and [8, Lemma 1]). We also remark that the same
holds true for £4_, in Vg (see [7, Lemma 2 and Proposition 5]) as L4_,
can be viewed as the closure of L4 in the extrapolated space generated by
1
(La, X7 x Xq) (see [1]).
Let us define the ‘limit’ operator Loo @ Xoo X Xoo — Xoo X X as

0 I
Loo = [—Bw mi} ’
where X, is the Hilbert space defined in Lemma 3.1 and By is as in (3.6).
Then the operators [,Zl Vg — Yagand L} Xoo X Xoo — Xoo X X0 can
be viewed as

_1 1
it = [ ] a2 [t
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If Eg: Yoo — Vg is defined by

w Eduoo
Ea([2]) = (Bd)%lEdUoo

cc

where Ey : Xoo — X4 is given by (3.8) then, due to Lemma 3.1, B; ' --»
B!

E;jl _C_C_> Ec:olv
which is the crucial property if one wishes to consider asymptotic properties
of the perturbed nonlinear problem (3.73) as d — occ.
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