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We consider parameter dependent semilinear evolution problems for which,
at the limit value of the parameter, the problem is finite dimensional. We intro-
duce an abstract functional analytic framework that applies to many problems
in the existing literature for which the study of the asymptotic dynamics can be
reduced to finite dimensions via the invariant manifold theory. Some practical
models are considered to show the wide applicability of the theory. October,
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1. INTRODUCTION

A number of natural phenomena that appear in various branches of
science, such as ecology, physics, chemistry, economics, neurobiology and
many others are modeled by differential equations. Many of these models
fall into a class of semilinear parabolic problems of the form

∂u

∂t
= DLu + f(x, u,∇u), x ∈ Ω, t > 0,

∂u

∂ν
= g(u), ∂ ∈ Ω, t > 0,

(1.1)

where k ∈ N∗, u ∈ Rk, Ω ⊂ RN is a bounded domain with smooth boundary
∂Ω, L is a second order elliptic operator, D = diag(d1, · · · , dk) with di >
0, 1 ≤ i ≤ k, d = min{di : 1 ≤ i ≤ n}, ν is a normal vector to ∂Ω,
f : Ω× Rk × RkN → Rk and g : Rk → Rk are suitably smooth functions.

Spatial homogenization or local spatial homogenization is a natural phe-
nomenon in many of the problems with such models. These spatial ho-
mogenization or local spatial homogenizations are in general associated to
reduction to finite dimensions in relation to the study of the asymptotic
behavior of solutions.

In [19] Conway, Hoff and Smoller considered the case g = 0 and showed
that when the diffusion coefficients are large (d large) the solutions of (1.1)
are asymptotic to the solutions of

du

dt
= f(u). (1.2)

When g is a linear function Hale [21], Hale and Rocha in [23] and Car-
valho and Hale [9] showed that if the ‘limiting’ system (an ode) has a
compact attractor, for d large the parabolic system also has a compact
attractor that is close to a ‘limit’ one (the same when g = 0). When
f(x, u,∇u) = f(u) and g is nonlinear Carvalho and Primo in [16] showed
that there exists a system of ODEs which describes the asymptotic dynam-
ics of the original system for large diffusion.

For N = 1 f(x, u, ux) = f(u) and g = 0, Fusco [20] and later Carvalho
and Pereira in [13] and Carvalho in [5] considered the diffusion coefficient
of the form a(x, ν) with a parameter ν > 0 which is large except in a
neighborhood of a finite number of points where it becomes small. They
showed that the asymptotic dynamics of such reaction diffusion problems
can be described through a system of ordinary differential equations which
can be exhibited explicitly. The case when g is nonlinear is considered in [6]
and the extension for higher dimensional domains of these results appear
in Carvalho and Cuminato [10] (planar cell tissue).
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Morita [28] considered dumbbell type domains and g(u) = 0. He studied
the long-time behavior of the bounded solutions and proved the existence
of an invariant attracting finite-dimensional manifold (under suitable as-
sumptions on the nonlinearity). On this manifold the system is reduced to
an explicitly given system of ordinary differential equations. The dynamics
of the reaction-diffusion system is then studied via this system of ODEs,
for example it is shown that there exist equilibrium solutions of the original
system with large spatial inhomogeneity.

The case when the domain consists of N regions Di , i = 1, · · · , N ,
connected by thin channels Qi,j(ε) which approach a line segments as ε → 0
was considered in [29] by Morita and Jimbo. They showed that an inertial
manifold exists, which is invariant and attracts solutions exponentially.
Moreover the ODE, describing the dynamics on the inertial manifold, can
be given in an explicit form through the analysis of the limit of the manifold
as ε → 0.

When d = δε−(N−1), δ > 0 and ε > 0 is a small parameter, a dumb-
bell type domain Ωε was considered by Carvalho and Lozada-Cruz in
[11, 12]. They proved the convergence of eigenvalues and eigenfunctions
of the Laplace operator in Ωε as ε → 0, which enabled them to show that
the asymptotic dynamics of the parabolic equation in this domain is equiv-
alent to the asymptotic dynamics of a system of two diffusively coupled
ordinary differential equations (here the fact that the diffusivity is large
allows for less restrictions on the nonlinearity).

In all these papers a difficult part is to obtain the convergence of eigen-
values and eigenfunctions of the unbounded operator associated with the
linear main part in (1.1) and to apply the theory of invariant manifolds.

In this paper we will work out an appropriate functional setting to treat
a broad class of problems such as spatial homogenization, perturbations
problems or air pollution models besides many of the problems in the lit-
erature cited above. This functional setting will make use concepts like
convergence of sequences of elements from different spaces Xd, d ∈ [1,∞],
compactness of families living in different spaces and first and foremost the
concept of compact convergence for linear operators. Using these concepts
we will develop an abstract approach that will make possible to ‘reduce
to finite dimensions’ some infinite-dimensional evolutionary problems. For
their attractors we will show that they are actually contained in an ex-
ponentially attracting finite dimensional Lipschitz manifold of dimension
equal to the dimension of a ‘limit’ space X∞.

We remark that application of invariant manifold technique is possible
if the operators exhibit suitably nice spectral properties (existence of large
gaps). Convergence of spectra with respect to the perturbation parameter
is then crucial to describe the limit dynamics identifying the finite dimen-
sional limiting system. The compact convergence approach developed in
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this paper will reduce considerably the work needed to prove the results
concerning convergence of eigenvalues and eigenfunctions and existence of
large gaps. In this sense, the theory developed here generalizes, unifies and
simplifies the work done in the above mentioned literature.

To better explain the ideas this work is divided into two parts that we
now describe briefly.

The first part is devoted to the development of the abstract functional
analytic framework to treat the problem of reduction to finite dimensions
of semilinear evolution problems using the invariant manifold theory. We
first consider linear operators acting in Banach spaces that change with
a parameter for the situation when the limiting operator (and limiting
space) is finite dimensional. For this situation we introduce the notion and
properties of compact convergence and prove the convergence of eigenval-
ues and eigenfunctions as well as the existence of a large gap. We then
consider equations involving sectorial operators with compactly convergent
resolvent with the limiting problem being finite dimensional and construct
exponentially attracting invariant manifolds that are the graphs of Lips-
chitz continuous maps. Using this we study the convergence of attractors
for the associated nonlinear semigroups.

The second part is devoted to applications. We consider problems orig-
inating in applied sciences such as atmospheric problems and cell tissue
modeling using reaction diffusion equations with large diffusion and show
that the relevant asymptotic dynamics can be described with the aid of
the global attractors of nonlinear semigroups in finite dimensional spaces
(originating from ODE). Using the approach developed in the first part of
the paper we show that the solutions on these attractors actually lie on
finite dimensional invariant manifolds and that these invariant manifolds
are near a linear manifold where the limiting problem is posed. We show
that the attractors of the perturbed problems are close to the attractor
for the limiting problem in this linear finite dimensional manifold where
the flow is described by an ODE (explicitly given using the convergence of
eigenvalues, eigenfunctions and the blow up of the gap).

Acknowledgements: The authors would like to thank FAPESP, Brazil,
for supporting their research. Also, the second author would like to ac-
knowledge the hospitality of the scientist from Instituto de Ciências Mate-
máticas e de Computação, Universidade de São Paulo in São Carlos, Brazil
and from Universidade Estadual Paulista, Campus de São Jose do Rio
Preto, where this work has been carried out.

2. PART I: COMPACT CONVERGENCE AND INVARIANT
MANIFOLDS
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In this section we introduce the notion and some basic properties of
compact convergence of resolvent for families of closed invertible operators
and discuss the continuity of the spectral properties of the operators on
this family. We also consider the continuity properties of of semigroups
generated by sectorial operators with compactly convergent resolvent. The
latter implies suitable spectral properties needed to construct finite dimen-
sional exponentially attracting invariant manifolds and leads to reduction
to finite dimensions in some semilinear problems.

2.1. Generalities concerning operators with compactly
convergent resolvent

In what follows {Xd, d ∈ [1,∞]} is a family of Banach spaces, for which
we assume that X∞ is finite dimensional, and L(Xd), d ∈ [1,∞], denote
the spaces of all bounded linear operators defined on Xd with values in Xd.

For d 6= ∞ spaces Xd will in general be infinite dimensional and may
vary with d. Following [33], we introduce a family of connecting maps E :=
{Ed}d∈[1,∞), which consists of bounded linear operators Ed : X∞ → Xd,
d ∈ [1,∞), with the property that

‖Edu‖Xd

d→∞−→ ‖u‖X∞ for each u ∈ X∞. (2.1)

Using the family of connecting maps we define suitable notions of con-
vergence and compactness concerning sequences of points udn ∈ Xdn (see
[33, 2, 14]).

Definition 2.1. Given u∞ ∈ X∞ and given a sequence of points
{udn} such that dn →∞, udn ∈ Xdn and limn→∞ ‖udn − Ednu∞‖Xdn

= 0
we say that udn converges to u∞ relatively to the family E and write this
as udn

E−→ u∞ or simply udn 99K u∞.
We say that {udn} is compact relatively to the family E if and only if

for each subsequence {udnk
} there is a subsequence {udnkj

} and a certain
u∞ ∈ X∞ such that udnkj

99K u∞.

With the above notions concerning convergence and compactness of se-
quences of points we introduce suitable notions of convergence of bounded
linear operators.

Definition 2.2. Given B∞ ∈ L(X∞) and given a sequence of operators
{Bdn} such that dn → ∞ and Bdn ∈ L(Xdn), n ∈ N, we say that {Bdn}
converges to B∞ ∈ L(X∞) relatively to the family E , which we denote as
Bdn

EE−→ B∞ or simply Bdn 99K B∞, if and only if

udn 99K u∞ implies Bdnudn 99K B∞u∞.
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Definition 2.3. Given a sequence of operators {Bdn} such that dn →∞
and Bdn

∈ L(Xdn
) are linear and compact, we say that {Bdn

} converges
compactly to a compact linear operator B∞ ∈ L(X∞), which we denote as
Bdn

cc99K B∞, if and only if the following two conditions are satisfied:

(cc1) each sequence of the form {Bdnudn}, where udn ∈Xdn and ‖udn‖Xdn

= 1 for every n ∈ N, is compact relatively to the family E and
(cc2) Bdn

99K B∞.

Our further concern will be families of closed invertible operators with
compactly convergent resolvent.

Definition 2.4. Given a family {Ad}d∈[1,∞) of linear operators Ad :
dom(Ad) ⊂ Xd → Xd in the Banach spaces Xd, d ∈ [1,∞), we say that
{Ad}d∈[1,∞) is of the class CC(Xd) if and only if A−1

d ∈ L(Xd) are compact
for all d ∈ [1,∞) and there exists a finite dimensional Banach space X∞, a
family E = {Ed}d∈[1,∞) of connecting bounded linear maps Ed : X∞ → Xd,
d ∈ [1,∞), satisfying (2.1) and a linear operator A∞ : X∞ → X∞ such
that A−1 ∈ L(X∞) and A−1

d

cc99K A−1
∞ .

In [2] (see also [14]) families of operators of the latter type have been con-
sidered and the authors proved a number of results involving their spectral
properties. The following lemma is fundamental for this.

Lemma 2.1. If {Ad}d∈[1,∞) is of the class CC(Xd), then for every d ∈
[1,∞] the spectrum of Ad consists of isolated eigenvalues only.

Given any compact set K ⊂ ρ(A∞) we have that

∃dK>1 ∀d>dK K ⊂ ρ(Ad) (2.2)

and

∃M>0 ∃dK>1 sup
d>dK

sup
λ∈K

‖(λ−Ad)−1‖L(Xd) ≤ M. (2.3)

Furthermore, whenever dn →∞, we have

(λI−Adn)−1Ednu∞99K(λI−A∞)−1u∞ for each u∞ ∈ X∞, λ ∈ K, (2.4)

and actually

(λ−Ad)−1 cc99K (λ−A∞)−1 for every λ ∈ K. (2.5)
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Proof: If (2.2) fails then there is a sequence K ∩ σ(Adn
) 3 kn → k ∈ K.

Consequently, there is a sequence xdn ∈ Xdn for which ‖xdn‖Xdn
= 1

and xdn = knA−1
dn

xdn . By assumption, taking a subsequence if necessary,
xdn

99Kx∞ for a certain x∞ ∈ X∞ and A−1
dn

xdn
99KA−1

∞ x∞. Since this leads
to the condition x∞ = kA−1

∞ x∞, k is an eigenvalue of A∞ which is absurd.
If (2.3) fails, then there are sequences K 3 kn → k ∈ K and xdn

∈ Xdn

such that ‖xdn‖Xdn
= 1 and ‖(knI − Adn)−1xdn‖Xdn

> n. Denoting
(knI − Adn

)−1xdn
=: yn we have ‖yn‖Xdn

→ ∞, knA−1
dn
‖yn‖−1

Xdn
yn −

‖yn‖−1
Xdn

A−1
dn

xdn
= ‖yn‖−1

Xdn
yn and, taking subsequence if necessary, we

obtain that there exists an element y∞ ∈ X∞ for which kA−1
∞ y∞ = y∞.

However this is again absurd as k cannot be an eigenvalue of A∞.
Proving (2.4) we denote (λI − Adn

)−1Edn
u∞ =: wdn

to get wdn
=

λA−1
dn

wdn
− A−1

dn
Edn

u∞. By (2.3) the sequence of norms {‖wdn
‖Xdn

} is
bounded. By assumption we may thus assume not loosing generality that
A−1

dn
wdn99Kz∞ for a certain z∞ ∈ X∞. Since Ednu∞99Ku∞ we also have

that A−1
dn

Ednu∞99KA−1
∞ u∞. This ensures now that wdn99Kw∞ for a certain

w∞ ∈ X∞. By assumption we then have A−1
dn

wdn99KA−1
∞ w∞ and obtain

w∞L99wdn = λA−1
dn

wdn −A−1
dn

Ednu∞99KλA−1
∞ w∞ −A−1

∞ u∞.

Therefore u∞ = (λ−A∞)w∞ and we get

(λI −Adn)−1Ednu∞ = wdn99Kw∞ = (λ−A∞)−1u∞.

To ensure (2.5) we need to show that both conditions required in the
Definition 2.3 holds. As for the condition (cc1) we remark that this is
a consequence of the resolvent estimates and the assumptions concerning
the family {Ad}d∈[1,∞]. Finally, if udn 99K u∞, then the proof that (λI −
Adn)−1udn 99K (λ−A∞)−1u∞ is fully analogous to the proof of (2.4).

Remark 2. 1. Note that the convergence in (2.4) is uniform for u∞
varying in compact subsets of X∞ provided that the family {Ed}d∈[1,∞]

is bounded; that is ‖Ed‖L(X∞,Xd) ≤ C for all d ∈ [1,∞] where constant C
does not depend on the parameter.

Lemma 2.1 is crucial to exhibit the relevant spectral properties of the
considered perturbed system. Below we use the perturbation theory of
linear operators [27] and give some results which follow from (2.2)-(2.5).
We start from a proposition concerning projection operators and projected
spaces.
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Proposition 2.1. Suppose that {Ad}d∈[1,∞) is of the class CC(Xd) and
let λ ∈ σ(A∞).
Then,
i) given sufficiently small δ > 0, the operators

Qd(λ) =
1

2πi

∫

|ξ−λ|=δ

(ξI −Ad)−1dξ, d ∈ [1,∞],

are projections on Xd and

Qd(λ)
cc99K Q∞(λ). (2.6)

Furthermore,
ii) all the projected spaces Wd(λ) := Qd(λ)Xd are eventually of the same
algebraic dimension; namely, there exists a certain d0 ≥ 1 such that

rank(Qd(λ)) :=dimWd(λ)=dimW∞(λ)=:rank(Q∞(λ)) for all d ∈ [d0,∞],

iii) for each u∞ ∈ W∞(λ) there is a sequence {udn} such that udn ∈
Wdn

(λ), dn →∞ and udn
99K u∞.

iv) given sequences dn →∞ and {un} such that un ∈ Wdn(λ) and ‖un‖Xdn
=

1 for all n ∈ N, each subsequence {unk
} of {un} has a subsequence {unkl

}
such that unkl

99K u∞ for a certain u∞ ∈ W∞(λ).

Proof: Part i) follows from Lemma 2.1 and from [27, Theorem III.6.17].
ii) If v1, . . . , vk is a basis for W∞(λ) one can see that, for d suitably

large, the elements Qd(λ)Edv1,. . .,Qd(λ)Edvk are linearly independent in
Wd(λ). Otherwise we consider the relation

∑k
j=1 αd

jQd(λ)Edvj = 0, where∑k
j=1 |αd

j |2 = 1, and taking subsequences of {αd
j} convergent to αj (which

we denote the same), we get in the limit that
∑k

j=1 |αj |2 = 1 and 0 =∑k
j=1 αd

jQd(λ)Edvj 99K
∑k

j=1 αjQ∞(λ)vj =
∑k

j=1 αjvj , which is absurd.
Hence rank(Qd(λ)) > rank(Q∞(λ)). Now, if for some sequence dn → ∞
we have rank(Qdn(λ)) > rank(Q∞(λ)), we infer from [27, Lemma IV.2.3]
that for each n ∈ N there is a point un ∈ Wdn(λ) with ‖un‖Xdn

= 1
such that infw∈Qdn (λ)EdnX∞ ‖un − w‖Xdn

= 1. Since Qdn(λ) are pro-
jections we have Qdn(λ)un = un and hence from (2.6) we can assume
without loss of generality that un 99K u∞ for a certain u∞ ∈ X∞. Then
also Qdn(λ)un = un 99K Q∞(λ)u∞, where Q∞(λ)u∞ = u∞ ∈ W∞(λ) as
Q∞(λ) is a projection, and we get

1 = inf
w∈Qdn (λ)EdnX∞

‖un − w‖Xdn
≤ ‖un −Qdn(λ)Ednu∞‖Xdn

.

Since Ednu∞ 99K u∞, then Qdn(λ)Ednu∞ 99K Q∞(λ)u∞ and consequently
we infer that ‖un −Qdn(λ)Ednu∞‖Xdn

→ 0, which is absurd.
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iii) If dn →∞ then Edn
u∞ 99K u∞ and (2.6) implies udn

= Qdn
(λ)Edn

u∞ 99K
Q∞(λ)u∞. Since Q∞(λ) is a projection and u∞ ∈ W∞(λ) we also have
Q∞(λ)u∞ = u∞ which gives the result.

iv) Since Qdn
are projections we have that Qdn

un = un for all n ∈
N. By (2.6) we then infer that any subsequence {unk

} has a subsequence
{unkl

} such that unkl
99K u∞ for a certain u∞ ∈ X∞. Therefore unkl

=
Qdnkl

unkl
99K Q∞u∞ = u∞, which completes the proof.

We will now denote by Oδ(z) an open ball in the complex plane C of
radius δ > 0 around z ∈ C. The next result concerns the convergence of
eiganvalues (see [2, 14]).

Corollary 2.1. If {Ad}d∈[1,∞) is of the class CC(Xd) then

(i)for each λ ∈ σ(A∞), there exists a sequence dn →∞ and λn ∈ σ(Adn),
n ∈ N, such that λn → λ as n →∞,

(ii)conditions dn → ∞, λn ∈ σ(Adn
), n ∈ N and λn → λ as n → ∞

imply that λ ∈ σ(A∞),

Proof: (i) It suffices to note that there is a certain d0 ≥ 1 such that for
each δ > 0 and every d ≥ d0 we have σ(Ad) ∩ Oδ(λ) 6= ∅. Indeed, if
this is not the case then there are ε > 0 and a sequence dn → ∞ such
that

∫
|ξ−λ|=δ

(ξ − λ)n(ξI − Ad)−1dξ = 0 for all n ∈ N. By (2.6) we then
have

∫
|ξ−λ|=δ

(ξ − λ)n(ξI −A∞)−1dξ = 0 for all n ∈ N, which is absurd as
(ξI −A∞)−1 does not have removable singularity at ξ = λ.

(ii) Let dn → ∞, {λn} ⊂ σ(Adn), λn → λ and let un ∈ Xdn be the
corresponding eigenfunctions with ‖un‖Xdn

= 1. Then un = λA−1
dn

un and
by assumption there is a subsequence (denoted the same) such that un 99K
u∞ for a certain u∞ ∈ X∞. By compact convergence we obtain

u∞ L99 un = λA−1
dn

un 99K λA−1
∞ u∞,

which proves that λ ∈ σ(A∞).
It is reasonable to describe convergence properties of spectral sets in term

of the Hausdorff distance of sets.

Definition 2.5. If V is a metric space and dist(·, ·) denotes the metric
in V , then the Hausdorff semidistance dV

H in V between sets B1, B2 ⊂ V is
defined as

dV
H(B1, B2) = sup

b1∈B1

inf
b2∈B2

dist(b1, b2)

and the Hausdorff distance distV
H in V between B1, B2 ⊂ V is

distV
H(B1, B2) = dV

H(B1, B2) + dV
H(B2, B1).
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Given a family of sets {Bn : n ∈ N ∪ {∞}} in V we say that {Bn :
n ∈ N ∪ {∞}} is upper semicontinuous at ∞ (resp. lower semicontinuous
at ∞) (resp. continuous at ∞) if and only if dH(Bn, B∞) → 0 (resp.
dH(B∞, Bn) → 0) (resp. distH(B∞, Bn) → 0).

In a similar manner we define the notion of Hausdorff distance relatively
to the family E .

Definition 2.6. For d ∈ [1,∞) and for sets Bd ⊂ Xd, B∞ ⊂ X∞ we
set

dEH(Bd, B∞) := sup
bd∈Bd

inf
b∞∈B∞

‖bd − Edb∞‖Xd
, dEH(B∞, Bd)

:= sup
b∞∈B∞

inf
bd∈Bd

‖Edb∞ − bd‖Xd

and we define the Hausdorff distance distEH(Bd, B∞) relative to E as

distEH(Bd, B∞) = dEH(Bd, B∞) + dEH(B∞, Bd).

If {Bn : n ∈ N ∪ {∞}} is a family of sets such that Bn ⊂ Xdn for each
n ∈ N and dn → ∞, then we say that {Bn : n ∈ N ∪ {∞}} is upper
semicontinuous at ∞ (resp. lower semicontinuous at ∞) (resp. continuous
at ∞) relatively to E if and only if dEH(Bn, B∞) → 0 (resp. dEH(B∞, Bn) →
0) (resp. distEH(B∞, Bn) → 0).

The convergence of spectral sets and subsets of projected spaces can be
now concluded as follows.

Corollary 2.2. Suppose that {Ad}d∈[1,∞) is of the class CC(Xd). Let
λ∞1, λ∞2, . . . , λ∞k be the all distinct eigenvalues of A∞ and let δ ∈ (0, 1)
be such that the balls Oδ(λ∞j), j = 1, . . . , k are disjoint.
Then,
i) for each R > 0 there exists a certain d(R) > 0 such that for any d > d(R)
and each λ ∈ σ(Ad)

either λ ∈ ∪k
j=1Oδ(λ∞j) or |λ| > R,

Furthermore,
ii) concerning the spectral sets

σd
j := σ(Ad) ∩ Oδ(λ∞j), σd

k+1 := σ(Ad)\ ∪k
j=1 σd

j ,

σ∞j := {λ∞j}, 1 6 j 6 k, d ∈ [d(R),∞),
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we have that

distCH(σd
j , σ∞j ) → 0 as d →∞ for each 1 ≤ j ≤ k,

and

inf{|λ| : λ ∈ σd
k+1} → ∞ as d →∞, (2.7)

iii) concerning the unit spheres Wdj = {xd ∈ Wd(λj) : ‖xd‖Xd
= 1} in the

projected spaces Wd(λj), d ∈ [d(R),∞], we have that

distEH(Wdj , W∞j) → 0 as d →∞ for each 1 ≤ j ≤ k.

Proof: i) Assume that there is a certain R > 0 and there are sequences
dn

n→∞−→ ∞ and {λdn} such that λdn ∈ σ(Adn), |λdn | 6 R and |λdn −
λ∞j | > δ. Evidently there is a convergent subsequence {λdnk

}, which via
Corollary 2.1 tends to some λ ∈ σ(A∞). However the latter implies that
|λ− λ∞j | > δ for every j = 1, . . . k, which is absurd.

Part ii) follows now immediately from i) and from Corollary 2.1. Finally,
part iii) is a consequence of Proposition 2.1 iii)-iv).

2.2. Problems involving sectorial operators with compactly
convergent resolvent

In this subsection we consider semilinear equations with sectorial oper-
ators possessing compactly convergent resolvent. For these equations we
construct exponentially attracting invariant manifolds Sd as the graphs of
the Lipschitz continuous maps Σ∗d defined on a suitably chosen subspace
Yd of Xd.

We start from a lemma concerning linear problems
{

u̇ = Adu, t > 0, d ∈ [1,∞),
u(0) = u0 ∈ Xd,

(2.8)

where {Ad}d∈[1,∞) is assumed to fall into a suitable class of linear operators
in the Banach spaces as defined below.

Definition 2.7. Given a family {Ad}d∈[1,∞) of linear operators Ad :
dom(Ad) ⊂ Xd → Xd in the Banach spaces Xd, d ∈ [1,∞), we say that
{Ad}d∈[1,∞) is of the class G(Xd, c, ω) if and only if for every d ∈ [1,∞)
the operator Ad : D(Ad) ⊂ Xd → Xd generates a strongly continuous
semigroup of linear operators {eAdt : t > 0} ⊂ L(Xd) and

‖eAdt‖L(Xd) 6 c eωt for all t > 0, d ∈ [1,∞), (2.9)

with constants c > 1 and ω ∈ R independent of d ∈ [1,∞).
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We say that {Ad}d∈[1,∞) is of the class H(Xd,M, θ) if and only if for
each d ∈ [1,∞) the resolvent set ρ(Ad) of Ad contains the same sector
Σθ := {λ ∈ C : |arg(λ)| ≤ π

2 + θ} and moreover

‖(λ−Ad)−1‖L(Xd) ≤
M

|λ|+ 1
for all λ ∈ Σθ, d ∈ [1,∞), (2.10)

where constants θ ∈ (0, π
2 ) and M ≥ 0 do not depend on d ∈ [1,∞).

Evidently G(Xd, c, ω) containsH(Xd,M, θ) as in the latter case operators
Ad, d ∈ [1,∞) generate semigroups {eAdt : t ≥ 0} which are analytic and
(2.10) implies (2.9) for some ω < 0 and c ≥ 1 (see [26]).

Lemma 2.2. Let {Ad}d∈[1,∞) be of the class CC(Xd) ∩ H(Xd, M, θ).
Then, for each u∞ ∈ X∞, we have

‖eAdtEdu∞ − Ede
A∞tu∞‖Xd

−→ 0 as d →∞ (2.11)

uniformly in compact time intervals away from zero.

Proof: Since Ad is a sectorial operator then for every d ∈ [1,∞] we have

eAdt =
1

2πi

∫

Γ

eλt(λI −Ad)−1dλ, t > 0,

where, by assumption, Γ is a contour suitably chosen in ∩d∈[1,∞]ρ(Ad) (see
[26]). For each r > 0 we write Γ = [Γ∩Or(0)]∪ [Γ∩ (C\Or(0))] =: Γ1

r ∪Γ2
r

and observe that

sup
d∈[1,∞]

‖
∫

Γ2
r

eλt(λI −Ad)−1dλ‖L(Xd) ≤ −2Mert cos φ

t cosφ
, t > 0,

with a certain φ ∈ (π
2 , π). With the aid of Lemma 2.1 we also obtain

‖
∫

Γ1
r

eλt(λI −Ad)−1Edu∞dλ−
∫

Γ1
r

eλtEd(λI −A∞)−1u∞dλ‖Xd

≤ r

∫ φ

−φ

‖(reiθ −Ad)−1Edu∞ − Ed(reiθ −A∞)−1u∞‖Xd
dθ

d→∞−→ 0,

which proves the result.

Remark 2. 2. Note that the convergence in (2.11) is also uniform for
u∞ varying in compact sets of X∞ provided that the family {Ed}d∈[1,∞)

of connecting maps is bounded (Remark 2.1).
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Remark 2. 3. Using that

(−Ad)−α =
1

Γ(α)

∫ ∞

0

tα−1eAdtdt,

it follows from Lemma 2.2 that (−Ad)−α 99K (−A∞)−α for each α > 0.

In further consideration we will consider perturbed semilinear problems
for which we define some suitable classes of nonlinearities.

Definition 2.8. We say that {Fd}d∈[0,∞) is of the class F(Xd, C) if
Fd : Xd → Xd are the maps in the Banach spaces Xd, d ∈ [1,∞) satisfying

sup
d∈[1,∞)

sup
xd∈Xd

‖Fd(xd)‖Xd
≤ C

and

‖Fd(xd)− Fd(yd)‖Xd
≤ C‖xd − yd‖Xd

for all xd, yd ∈ Xd,

with constant C > 0 being independent of d ∈ [1,∞).
If for all d ∈ [0,∞) we have Fd = F and Xd =: X then we say that F is

of the class F(X, C).

For d ∈ [1,∞) we consider semilinear Cauchy problems

{
u̇ = Adu + Fd(u),
u(0) = u0,

(2.12)

where {Ad}d∈[1,∞) is of the class H(Xd, M, θ) and {Fd}d∈[0,∞) is of the
class F(Xd, C).

Following [26, Definition 6.1.1] we recall that

Definition 2.9. A set Sd ⊂ Xd is an invariant manifold for (2.12) if
and only if for each u0 ∈ Sd there is a solution u(t) : R → Xd of (2.12)
such that u(0) = u0 and u(t) ∈ Sd for all t ∈ R.

We also recall that

Definition 2.10. If {Sd(t) : t ≥ 0} is the semigroup in Xd, then Ad is
a global attractor for {Sd(t) : t ≥ 0} if and only if Ad is compact invariant
and distXd

H (Sd(t)Bd, Ad) → 0 as t →∞ whenever Bd is bounded in Xd (see
[22]).
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A set Sd ⊂ Xd is exponentially attracting under {Sd(t) : t ≥ 0} if and
only if there is a certain ρ > 0 such that eρtdistXd

H (S(t)Bd,Sd) → 0 as
t →∞ whenever Bd is bounded in Xd.

In what follows our main concern will be to prove the following result.

Theorem 2.1. Suppose that {Fd}d∈[0,∞) is of the class F (Xd, C) and
{Ad}d∈[1,∞) is of the class CC(Xd) ∩H(Xd,M, θ).

Choose δ > 0 and R > 1 + max{|λ∞,j |, j = 1, . . . , k} according to Corol-
lary 2.2 and define the spectral sets

σ+
d := {λd ∈ σ(Ad) : |λd| < R}, d > d(R), (2.13)

and the corresponding projections

Qd(σ+
d ) : Xd → Xd, Qd(σ+

d ) =
1

2πi

∫

|ξ|=R

(ξI −Ad)−1dξ, d > d(R).

(2.14)
Define also projected spaces

Yd := Qd(σ+
d )(Xd), Zd = (I −Qd(σ+

d ))(Xd), d > d(R), (2.15)

and projected operators

Λ1
d = Ad|Yd

, Λ2
d = Ad|Zd

, d > d(R).

Assume finally that the following condition (D) holds:

(D)the semigroups generated by Λ1
d, Λ

2
d with d ≥ d(R) satisfy the esti-

mates

‖eΛ1
dtz‖Xd

6 M eβ(d)t‖z‖Xd
, t 6 0, z ∈ Yd

‖eΛ2
dtz‖Xd

6 M e−γ(d)t‖z‖Xd
, t > 0, z ∈ Zd,

(2.16)

where |β(d)| ≤ β, 0 < γ(d) d→∞→ ∞ and M > 1 does not depend on
d ≥ d(R).

Then,
i) for each d sufficiently large there is an invariant manifold Sd for (2.20),
which is given with the aid of a certain Lipschitz continuous map Σ∗d : Yd →
Zd as

Sd = {ud ∈ Xd : ud = Qd(σ+
d )(ud) + Σ∗d(Qd(σ+

d )(ud))},
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ii) the maps Σ∗d : Yd → Zd satisfy the conditions

|||Σ∗d||| := sup
u1

d∈Yd

‖Σ∗d(u1
d)‖Xd

d→∞−→ 0 (2.17)

and

sup
u1

d
,ũ1

d
∈Yd

u1
d 6=ũ1

d

‖Σ∗d(u1
d)− Σ∗d(ũ

1
d)‖Xd

‖u1
d − ũ1

d‖Xd

6 L(d) d→∞−→ 0, (2.18)

iii) Sd is exponentially attracting.
In particular,

iv) the problem (2.12) generates in Xd a C0 semigroup {Sd(t) : t ≥ 0}
which has a global attractor Ad ⊂ Sd and the flow on Ad is given by

u(t) = v(t) + Σ∗d(v(t)), t ∈ R

where

v̇ = Λ1
dv + Qd(σ+

d )Fd(v, Σ∗d(v)). (2.19)

Remark 2. 4. Note that with the above setup we have that Xd = Yd⊕Zd,
that Λ2

d generates a strongly continuous semigroup on Zd and that Λ1
d ∈

L(Yd) for every d > d(R). Also note that, if Ad are all selfadjoint bounded
from above operators in Hilbert spaces Xd, d ∈ [1,∞), and {Ad}d∈[1,∞) is
of the class CC(Xd) so that Corollary 2.2 applies, then D is satisfied, which
is the case in many applications (see Subsections 3.1 and 3.2). To see that
M in (2.16) can be chosen independently of d one can use the numerical
range to estimate the resolvent of Ad or, when Ad has compact resolvent,
to use Fourier series.

Theorem 2.6 will be proved in a sequence of lemmas.

Lemma 2.3. Suppose that {Fd}d∈[0,∞) is in F (Xd, C), {Ad}d∈[1,∞) is in
CC(Xd) ∩ H(Xd,M, θ) and D holds. For ud(t) being a solution of (2.12)
let

u1
d(t) = Qd(σ+

d )(ud(t)), u2
d(t) = (I −Qd(σ+

d ))(ud(t))

and consider the equations

u̇1
d = Λ1

du
1
d + Hd(u1

d, u
2
d), u̇2

d = Λ2
du

2
d + Gd(u1

d, u
2
d), (2.20)
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where

Hd(u1
d, u

2
d) = Qd(σ+

d )Fd(u1
d, u

2
d), Gd(u1

d, u
2
d) = (I −Qd(σ+

d ))Fd(u1
d, u

2
d)

and σ+
d , Qd(σ+

d ) are given by (2.13)-(2.14) with δ > 0 and R > 0 as in
Corollary 2.2.

Then for each d sufficiently large there is an invariant manifold Sd for
(2.20) and

Sd = {ud ∈ Xd : ud = Qd(σ+
d )(ud) + Σ∗d(Qd(σ+

d )(ud))}

where Σ∗d : Yd → Zd is a certain Lipschitz map and Yd, Zd are as in (2.15).

Proof: The proof of this lemma is adapted from [3, 4] and is given here
for completeness of the presentation.

Given any L,D > 0 we define the complete metric space

Xd = {Σd : Yd → Zd; |||Σd||| 6 D, ‖Σd(u1
d)− Σd(ũ1

d)‖Xd
6 L‖u1

d − ũ1
d‖Xd

}

with distance between Σd, Σ̃d ∈ Xd given by

|||Σd − Σ̃d||| := sup
z∈Yd

‖Σd(z)− Σ̃d(z)‖Xd
.

By assumption there is a certain ρ > 0 such that for all u1
d, ũ

1
d ∈ Yd and

u2
d, ũ

2
d ∈ Zd we have

‖Hd(u1
d, u

2
d)‖Xd

6 %, ‖Gd(u1
d, u

2
d)‖Xd

6 %,

‖Hd(u1
d, u

2
d)−Hd(ũ1

d, ũ
2
d)‖Xd

6 %(‖u1
d − ũ1

d‖Xd
+ ‖u2

d − ũ2
d‖Xd

),

‖Gd(u1
d, u

2
d)−Gd(ũ1

d, ũ
2
d)‖Xd

6 %(‖u1
d − ũ1

d‖Xd
+ ‖u2

d − ũ2
d‖Xd

).

(2.21)

Since (D) holds there is a certain d0 = d0(D, L) ≥ 1 such that for all d ≥ d0

we have

%M

γ(d)
6 D,

%(1 + L)M2

[γ(d) + β(d)− %(1 + L)M ]
6 L, (2.22)

and

IΣ(d) :=
%M

γ(d)
+

%2M2(1 + L)
(%(1 + L)M − β(d))(γ(d) + β(d)− %(1 + L) M)

< 1

Iζ(d) :=
%(1 + L)M2 + M

γ(d) + β(d)− %(1 + L)M
≤ L.

(2.23)
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In what follows we are going to find Σ∗d ∈ Xd such that, if τ ∈ R and
(ζ, Σ∗d(ζ)) ∈ Yd × Zd, then the solution of (2.20) starting at u1

d(τ) = ζ and
u2

d(τ) = Σ∗d(ζ) is such that u2
d(t) = Σ∗d(u

1
d(t)) for all t > 0 in which case

(2.20) reads

u̇1
d = Λ1

du
1
d + Hd(u1

d, Σ
∗
d(u

1
d)), u̇2

d = Λ2
du

2
d + Gd(u1

d, Σ
∗
d(u

1
d)). (2.24)

Since

u2
d(t) = eΛ2

d(t−t0)u2
d(t0) +

∫ t

t0

eΛ2
d(t−s)Gd(u1

d(s), Σ
∗
d(u

1
d(s)))ds,

then, letting t0 → −∞, we have

u2
d(t) = Σ∗d(u

1
d(t)) =

∫ t

−∞
eΛ2

d(t−s)Gd(u1
d(s),Σ

∗
d(u

1
d(s)))ds,

and

Σ∗d(ζ) = Σ∗d(u
1
d(τ)) = u2

d(τ) =
∫ τ

−∞
eΛ2

d(t−s)Gd(u1
d(s), Σ

∗
d(u

1
d(s)))ds.

The existence of such Σ∗ will follow from the Banach fixed point theorem.
For τ ∈ R and arbitrary ζ ∈ Yd, Σd ∈ Xd we denote by u1

d(t) =
ψ(t, τ, ζ, Σd) the solution of

u̇1
d = Λ1

du
1
d + Hd(u1

d, Σd(u1
d)), t < τ, u1

d(τ) = ζ, (2.25)

and define Φd : Xd → Xd by

Φd(Σd)(ζ) =
∫ τ

−∞
eΛ2

d(τ−s)Gd(u1
d(s), Σd(u1

d(s)))ds. (2.26)

Note that by (2.16) we then have

‖Φd(Σd)(ζ)‖Xd
6 %M

∫ τ

−∞
e−γ(d)(τ−s)ds =

%M

γ(d)
, (2.27)

and hence ‖Φd(Σd)(ζ)‖Xd
6 D via (2.22).

For Σd, Σ̃d ∈ Xd, ζ, ζ̃ ∈ Yd denote u1
d = ψ(t, τ, ζ, Σd), ũ1

d = ψ(t, τ, ζ̃, Σ̃d).
Then

u1
d − ũ1

d = eΛ1
d(t−τ)(ζ − ζ̃)

+
∫ t

τ

eΛ1
d(t−τ)[Hd(u1

d(s), Σd(u1
d(s)))−Hd(ũ1

d(s), Σ̃d(ũ1
d(s)))]ds
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and with (2.16), (2.21) we obtain

‖u1
d − ũ1

d‖Xd
6 Meβ(d)(t−τ)‖ζ − ζ̃‖Xd

+ M

∫ τ

t

eβ(d)(t−s)‖Hd(u1
d(s),Σd(u1

d(s)))−Hd(ũ1
d(s), Σ̃d(ũ1

d(s)))‖Xd
ds

6 M eβ(d)(t−τ)‖ζ − ζ̃‖Xd

+ %(1 + L)M
∫ τ

t

eβ(d)(t−s)‖u1
d − ũ1

d‖Xd
ds + %M |||Σd − Σ̃d|||

∫ τ

t

eβ(d)(t−s)ds.

Since for φ(t) = e−β(d)(t−τ)‖u1
d − ũ1

d‖Xd
we have

φ(t) 6 M‖ζ − ζ̃‖Xd
+ %M |||Σd − Σ̃d|||

∫ τ

t

eβ(d)(τ−s)ds

+ %(1 + L)M
∫ τ

t

φ(s)ds,

then

‖u1
d(t)− ũ1

d(t)‖Xd
6 M%(1 + L) + 1

ρ(1 + L)
‖ζ − ζ̃‖Xd

e[%(1+L)M−β(d)](τ−t)

+
%M

%(1 + L)M − β(d)
|||Σd − Σ̃d|||e[%(1+L)M−β(d)](τ−t).

(2.28)

Now, with the same argument above, it follows that

‖Φd(Σ)(ζ)− Φ(Σ̃)(ζ̃)‖Xd

6 %M

∫ τ

−∞
e−γ(d)(τ−s)

[
(1 + L)‖u1

d − ũ1
d‖Xd

+ |||Σd − Σ̃d|||
]

ds

and using (2.28) we get

‖Φd(Σd)(ζ)− Φ(Σ̃d)(ζ̃)‖Xd
6 IΣ(d)|||Σd − Σ̃d|||+ Iζ(d)‖ζ − ζ̃‖Xd

, (2.29)

with IΣ(d) and Iζ(d) as in (2.23). Therefore, there is a unique fixed point
Φ(Σ∗d) = Σ∗d ∈ Xd.

Now let (x0, y0) ∈ Sd, y0 = Σ∗d(x0) and let x∗d(t) be the solution of

dx

dt
= Λ1

dx + Hd(x, Σ∗d(x)), x(0) = x0.

This defines a curve (x∗d(t), Σ
∗
d(x

∗
d(t)) ∈ Sd, t ∈ R. But there is a solution

of

ẏ = Λ2
dy + Gd(x∗d(t), Σ

∗
d(x

∗
d(t))),
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given by the integral formula

y∗d(t) =
∫ t

−∞
eΛ2

d(t−s)Gd(x∗d(s), Σ
∗
d(x

∗
d(s))ds = Σ∗d(x

∗
d),

which stays bounded as t → −∞. Therefore, (x∗d(t), Σ
∗
d(x

∗
d)), t ∈ R, is a

solution of (2.20) through (x0, y0) and thus Sd satisfies the requirements
of the Definition 2.9.

Lemma 2.4. Under the assumptions and notation of Lemma 2.3 both
(2.17) and (2.18) hold.

Proof: Note that (2.27) implies

sup
ζ∈Yd

‖Σ∗d(ζ)‖Xd
= sup

ζ∈Yd

‖Φd(Σ∗d)(ζ)‖Xd
6 %M

∫ τ

−∞
e−γ(d)(τ−s)ds =

%M

γ(d)

where γ(d) → 0 as d →∞ by assumption (D). Using (2.29) we also have

‖Σ∗d(ζ)− Σ∗d(ζ̃)‖Xd
= ‖Φd(Σ∗d)(ζ)− Φ(Σ̃∗d)(ζ̃)‖Xd

6 Iζ(d)‖ζ − ζ̃‖Xd

with Iζ(d) as in (2.23); i.e. Iζ(d) converging to zero as d →∞.
We now show an exponential attracting property of the invariant mani-

fold constructed in Lemma 2.3 above.

Lemma 2.5. Under the assumptions and notation of Lemma 2.3 for any
γ̄ > 0 there is a certain d(γ̄) ≥ 1 such that for all d ≥ d(γ̄) and for any
solution (u1

d(t), u
2
d(t)), t ≥ t0, of (2.20) we have

‖u2
d(t)− Σ∗d(u

1
d(t))‖Xd

6 Me−γ̄(t−t0)‖u2
d(t0)− Σ∗d(u

1
d(t0))‖Xd

, t > t0,
(2.30)

where M is a constant appearing in the condition (D).

Proof: Let ξd(t) = u2
d(t)−Σ∗d(u

1
d(t)) and y1(s, t), s < t, be the solution

to

ẏ1 = Λ1
dy

1 + Hd(y1,Σ∗d(y
1)), s < t, y1(t, t) = u1

d(t).

Then,

‖y1(s, t)− u1
d(s)‖Xd

6 %M

∫ t

s

eβ(d)(s−θ)
[
(1 + L)‖y1(θ, t)− u1

d(θ)‖Xd
+ ‖ξd(θ)‖Xd

]
dθ.

and z(s) := e−β(d)s‖y1(s, t)− u1
d(s)‖Xd

satisfies the relation

z(s) 6 %M

∫ t

s

e−β(d)θ‖ξd(θ)‖Xd
dθ + %M(1 + L)

∫ t

s

, z(θ) dθ,
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which implies via Gronwall’s inequality that

‖y1(s, t)− u1
d(s)‖Xd

6 %M

∫ t

s

e−[β(d)−%(1+L)M ](θ−s) ‖ξ(θ)‖Xd
, s 6 t.

(2.31)

Similarly, for s 6 t0 6 t we also obtain with the aid of (2.31) that

‖y1(s, t)− y1(s, t0)‖Xd
6 ‖eΛ1

d(s−t0)
[
y1(t0, t)− u1

d(t0)
] ‖Xd

+

‖
∫ s

t0

eΛ1
d(s−θ)] [Hd(y1(θ, t), Σ∗d(y

1(θ, t)))−Hd(y1(θ, t0),Σ∗d(y
1(θ, t0))) ]dθ‖Xd

6 %M2eβ(d)(s−t0)

∫ t

t0

e−[β(d)−%(1+L)M ](θ−t0)‖ξd(θ)‖Xd
dθ+

%(1 + L)M
∫ t0

s

eβ(d)(s−θ)‖y1(θ, t)− y1(θ, t0)‖Xd
dθ

and using again Gronwall’s inequality we have

‖y1(s, t)− y1(s, t0)‖Xd
6 %M2

∫ t

t0

e−[β(d)−%(1+L)M ](θ−s)‖ξd(θ)‖Xd
dθ.

(2.32)

In what follows we estimate ξd(t). Note that

ξd(t)− eΛ2
d(t−t0)ξd(t0)

=
∫ t

t0

eΛ2
d(t−s)[Gd(u1

d(s), u
2
d(s))−Gd(y1(s, t), Σ∗d(y

1(s, t)))]ds

−
∫ t0

−∞
eΛ2

d(t−s)[Gd(y1(s, t), Σ∗d(y
1(s, t)))−Gd(y1(s, t0), Σ∗d(y

1(s, t0))]ds.
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Thus, using (2.31) and (2.32), we obtain

‖ξd(t)− eΛ2
d(t−t0)ξd(t0)‖Xd

6 %M

∫ t

t0

e−γ(d)(t−s)‖ξd(s)‖Xd
ds

+ %2LM2

∫ t

t0

e−γ(d)(t−s)

∫ t

s

e−[β(d)−%(1+L)M ](θ−s)‖ξd(θ)‖Xd
dθds

+ %2(1 + L)M3

∫ t0

−∞
e−γ(d)(t−s)

∫ t

t0

e−[β(d)−%(1+L)M ](θ−s)‖ξd(θ)‖Xd
dθds,

so that we get

‖ξd(t)− eΛ2
d(t−t0)ξd(t0)‖Xd

6 %M

∫ t

t0

e−γ(d)(t−s)‖ξd(s)‖Xd
ds

+ %2(1 + L)M3

∫ t

t0

∫ θ

−∞
e−γ(d)(t−s)ds e−[β(d)−%(1+L)M ](θ−s)‖ξd(θ)‖Xd

dθ.

Consequently, letting b(d) := %M +
%2(1 + L)M3

γ(d) + β(d)− %(1 + L)M
, we infer

that

‖ξd(t)− eΛ2
d(t−t0)ξd(t0)‖Xd

6 b(d)
∫ t

t0

e−γ(d)(t−θ)‖ξd(θ)‖Xd
dθ.

Thus

‖ξd(t)‖Xd
6 Me−γ(d)(t−t0)‖ξd(t0)‖Xd

+ b(d)
∫ t

t0

e−γ(d)(t−θ)‖ξd(θ)‖Xd
dθ

and we conclude that

‖ξd(t)‖Xd
6 M‖ξd(t0)‖Xd

e−(γ(d)−b(d))(t−t0).

Since γ(d) →∞ and b(d) → %M as d →∞ the proof is complete.

Lemma 2.6. Under the assumptions of Lemma 2.3 the problem (2.12)
generates in Xd, d ≥ 1, a C0 semigroup {Sd(t) : t ≥ 0} of global solutions
which has a global attractor Ad. For all d sufficiently large the attractor
Ad is contained in the invariant manifold Sd constructed in Lemma 2.3
and Sd is exponentially attracting,
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Proof: By assumption all solutions of (2.12) exist globally in time and are
given by the variation of constants formula

u(t) = eAdtu0 +
∫ t

0

eAd(t−s)Fd(u(s))ds, t ≥ 0, (2.33)

where the linear semigroup {eAdt : t ≥ 0} is asymptotically decaying.
Consequently, there is a bounded set in Xd absorbing bounded sets and,
since the resolvent of Ad is compact, we infer that the semigroup Sd(t) :
Xd → Xd, t ≥ 0, of global solutions of (2.12) has a global attractor Ad.

¿From Lemma 2.5, we conclude that Ad ⊂ Sd. Indeed, if Sd(t)ud0 =
u1

d(t) + u2
d(t), where t ∈ R, denotes the solution passing at ‘time’ zero

through a given point ud0 = u1
d0 + u2

d0 ∈ Ad, then (2.30) reads

‖u2
d(t)− Σ∗d(u

1
d(t))‖Xd

6 Me−γ̄(t−t0)‖u2
d(t0)− Σ∗d(u

1
d(t0))‖Xd

, t > t0.

(2.34)

Since γd(ud0) = {Sd(t)ud0 : t ∈ R} ⊂ Ad, then γd(ud0) is bounded and
letting t0 → −∞ we obtain that Sd(t)ud0 = u1

d(t) + Σ∗d(u
1
d(t)) ∈ Sd for

every t ∈ R, which proves the inclusion.
Finally, if Bd ⊂ Xd is bounded and ud0 = u1

d0 + u2
d0 ∈ Bd, then using

again (2.30) we conclude that Sd(t)ud0 = u1
d(t)+u2

d(t) satisfies the relation

sup
ud∈Bd

inf
v∈Sd

‖Sd(t)ud0 − v‖Xd
6 sup

ud0∈Bd

‖u2
d(t)− Σ∗d(u

1
d(t))‖Xd

6 Me−γ̄t sup
ud0∈Bd

‖u2
d0 − Σ∗d(u

1
d0)‖Xd

.

Thus

distXd

H (Sd(t)Bd,Sd) ≤ c(Bd)e−γ̄t whenever Bd is bounded in Xd. (2.35)

and thus the proof is complete.

Remark 2. 5. Note that due to Lemma 2.5 the exponent γ̄ in (2.35)
can be chosen as large as we wish.

We remark that the above consideration can be generalized to include
the case when the nonlinear term Fd in (2.12) is defined on the fractional
power space Xα

d , α ∈ (0, 1).

Definition 2.11. Given one-sided fractional power scales {Xα
d , α ≥ 0}

and α ∈ (0, 1) we say that {Fd}d∈[1,∞) is of the class F(Xα
d , C) if and only
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if Fd : Xα
d → Xd is differentiable and satisfies

sup
d∈[1,∞)

sup
xd∈Xα

d

‖Fd(xd)‖Xd
≤ C

and

‖Fd(xd)− Fd(yd)‖Xd
≤ C‖xd − yd‖Xα

d
for all xd, yd ∈ Xα

d ,

where constant C > 0 is independent of d ∈ [1,∞). Of course, the second
condition above implies that supd∈[1,∞) supu∈Xα ‖F ′d(u)‖L(Xα

d ,Xd) ≤ C.

In a similar way as in Lemma 2.3 and [26, Theorem 6.1.7] the following
result can be proved.

Proposition 2.2. Suppose that {Fd}d∈[1,∞) is of the class F (Xα
d , C),

{Ad}d∈[1,∞) is of the class CC(Xd) ∩ H(Xd,M, θ) and the condition D
holds. For ud(t) being a solution of (2.12) let

u1
d(t) = Qd(σ+

d )(ud(t)), u2
d(t) = (I −Qd(σ+

d ))(ud(t))

and consider the equations

u̇1
d = Λ1

du
1
d + Hd(u1

d, u
2
d), u̇2

d = Λ2
du

2
d + Gd(u1

d, u
2
d), (2.36)

where

Hd(u1
d, u

2
d) = Qd(σ+

d )F (u1
d, u

2
d), Gd(u1

d, u
2
d) = (I −Qd(σ+

d ))F (u1
d, u

2
d)

and σ+
d , Qd(σ+

d ) are given by (2.13)-(2.14) with δ > 0 and R > 0 as in
Corollary 2.2.

Then for all d sufficiently large there is an exponentially attracting in-
variant manifold

Sd = {ud ∈ Xd : ud = Qd(σ+
d )(ud) + Σ∗d(Qd(σ+

d )(ud))}

for (2.20). The map Σ∗d : Yd → Zα
d is differentiable,

|||Σ∗d||| := sup
u1

d∈Yd

‖Σ∗d(u1
d)‖Xα

d

d→∞−→ 0,

‖Σ∗d(u1
d)− Σ∗d(ũ

1
d)‖Xα

d
6 L(d)‖u1

d − ũ1
d‖Xd

, L(d) d→∞−→ 0

and from this

sup
ud∈Yd

‖Σ∗d′(ud)‖L(Yd,Zα
d ) ≤ L(d) d→∞→ 0.
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3. PART II: APPLICATIONS

In this section we will apply abstract results developed in Section 2 to
sample problems originating in applications. These will be atmospherics’
and cells’ modeling reaction-diffusion equations.

3.1. A cell tissue reaction-diffusion problem
In this section we consider a perturbed one dimensional scalar parabolic

equation with Neumann boundary condition and with the diffusivity being
large except in neighborhoods of some chosen points where it becomes small
(see [5, 6, 10, 13, 20]). This situation can be found in modeling of a linearly
coupled cell tissue for which the diffusivity is small in the membranes and
large elsewhere.

Consider the problem
{

ut = (adux)x + f(u), x ∈ (0, 1), t > 0
ux(0) = ux(1) = 0, t > 0,

(3.1)

where we assume that

(a1) ad ∈ C2([0, 1],R) and ad(x) > 0 for each x ∈ [0, 1],
(a2) if 0 = x0 < x1 < . . . < xn = 1 is a partition of [0, 1], e1, . . . , en,

l0, . . . ln, ad
0, . . . , a

d
n are positive constants and l′d0, . . . , l

′d
n, a′d0, . . . , a

′d
n are

functions depending on d ≥ 1 and approaching (respectively) l0, . . . ln,
a0, . . . , an from above as d → +∞, then

ad(x) :=





> dei, for xi−1 + d−1l′i−1 6 x 6 xi − d−1l′i, i = 1, . . . , n,

> d−1ai, for xi − d−1l′i 6 x 6 xi + d−1l′i, i = 0, . . . , n,

6 d−1a′i, for xi − d−1li 6 x 6 xi + d−1li, i = 0, . . . , n,

(3.2)

where we set x0 − d−1l′0 = x0 − d−1l0 = 0, xn + d−1l′n = xn + d−1ln = 1,

and

(a3) f : R → R is a locally Lipschitz function satisfying the dissipative-
ness condition

lim sup
|s|→∞

f(s)
s

< θ < 0. (3.3)

We remark that the coefficient ad in the interval [0, 1] is thus large except
neighborhoods of some chosen points where it becomes small.
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In the analysis of (3.1) out primary concern will be the eigenvalue prob-
lem of the Sturmian type

{
−(adux)x + u = λu, x ∈ (0, 1), t > 0
ux(0) = ux(1) = 0, t > 0.

(3.4)

In fact we will show that compact convergence approach of Section 2 leads
to the following result.

Theorem 3.1. Suppose that the conditions (a1)− (a2) are satisfied. Let
{λd

k}∞k=1 be the set of ordered eigenvalues for (3.4) (counting their alge-
braic multiplicity) and let {φd

k}∞k=1 be the corresponding set of orthonormal
eigenfunctions. Also let {λ∞k }n

k=1 be the ordered set of eigenvalues (count-
ing their algebraic multiplicity) for

B∞




s1

...
sn


 = λ




s1

...
sn


 , (3.5)

where

B∞ := diag(L−1
0 , . . . , L−1

n−1)




α1 β1 0 0 ··· 0 0 0
β1 α2 β2 0 ··· 0 0 0
0 β2 α3 β3 ··· 0 0 0
0 0 β3 α4 ··· 0 0 0

...
...

...
...

...
...

...
...

0 0 0 0 ··· 0 0 0
0 0 0 0 ··· 0 αn−2 βn−2 0
0 0 0 0 ··· 0 βn−2 αn−1 βn−1
0 0 0 0 ··· 0 0 βn−1 αn




, (3.6)

Lk−1 = xk − xk−1, k = 1, . . . , n, α1 =
a1

2l1
+ L0,

αk =
ak−1

2lk−1
+

ak

2lk
+ Lk−1, k = 2, . . . , n− 1, αn =

an−1

2ln−1
+ Ln−1,

βk = − ak

2lk
, k = 1, 2, . . . , n− 1,

(3.7)

and let {φ∞k }n
k=1 be the corresponding set of orthonormal eigenfunctions.

Then
i) λd

k → λ∞k as d →∞ for each k = 1, 2, · · · , n,
ii) λd

k →∞ as d →∞ for all k > n,
iii) ‖φd

k − Eφ∞k ‖L2(0,1) → 0 as d →∞ for every k = 1, 2, · · · , n, where

Ec =





c1, x ∈ (x0, x1),
...

...
...

cn, x ∈ (xn−1, xn),

for c = (c1, c2, · · · , cn) ∈ Rn. (3.8)
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Theorem 3.1 will follow from Corollary 2.2 and Lemma 3.1 below, in
which we establish a suitable compact convergence property.

Lemma 3.1. For each d ∈ [1,∞) let Xd = L2(0, 1) and Bd : D(Bd) ⊂
L2(0, 1) → L2(0, 1) be given by

Bdu = −(aux)x +u for u ∈ D(Bd) = {u ∈ H2(0, 1) : ux(0) = ux(1) = 0}.
(3.9)

Then {Bd}d∈[1,∞) is of the class CC(L2(0, 1)). In fact,

Bd
cc99K B∞,

where the operator B∞ : X∞ → X∞ is given by the matrix in (3.6) on the
Hilbert space X∞ = Rn with the scalar product

〈x∞, y∞〉X∞ =
n∑

k=1

Lkxk
∞yk

∞,

x∞ = (x1
∞, . . . , xn

∞), y∞ = (y1
∞, . . . , yn

∞) ∈ X∞,

and the connecting map E : X∞ → L2(0, 1) is defined by (3.8) (thus the
connecting maps do not depend on d ≥ 1).

Proof: Consider B̃∞ : Rn → Rn given by the matrix

B̃∞ :=




α1 β1 0 0 ··· 0 0 0
β1 α2 β2 0 ··· 0 0 0
0 β2 α3 β3 ··· 0 0 0
0 0 β3 α4 ··· 0 0 0

...
...

...
...

. . .
...

...
...

0 0 0 0 ··· 0 0 0
0 0 0 0 ··· 0 αn−2 βn−2 0
0 0 0 0 ··· 0 βn−2 αn−1 βn−1
0 0 0 0 ··· 0 0 βn−1 αn




. (3.10)

Consider also symmetric coercive bilinear forms b̃d : H1(0, 1)×H1(0, 1) →
R, d ≥ 1, and b̃∞ : X∞ ×X∞ → R,

bd(ϕ, ψ) =
∫ 1

0

(adϕ
′ψ′ + ϕψ)dx,

b̃∞(c, ĉ) =
n−1∑

j=1

aj

2lj
(cj − cj−1)(ĉj − ĉj−1) +

n−1∑

j=0

Ljcj ĉj ,

(3.11)

where c = (c0, c1, · · · , cn−1), ĉ = (ĉ0, ĉ1, . . . , ĉn−1), Lj = xj+1 − xj and
j = 0, 1, · · · , n− 1.
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Thus the solution u of Bdu = g ∈ L2(0, 1) is characterized as the mini-
mizer of the functional H1(0, 1) 3 (ϕ,ϕ) 7→ 1

2bd(ϕ,ϕ) − 〈g, ϕ〉L2(0,1) ∈ R;
i.e.

µd : =
1
2
bd(u, u)−

∫ 1

0

gu = min
ϕ∈H1(0,1)

{1
2

bd(ϕ, ϕ)−
∫ 1

0

gϕ
}

= min
ϕ∈H1(0,1)

{1
2

∫ 1

0

(a(x)|ϕ′|2 + ϕ2)−
∫ 1

0

gϕ
}

.

For m = (m0,m1, · · · , mn−1) ∈ X∞, the solution r of B∞r = m is the
solution of

B̃∞r = DLm, where DL := diag(L0, . . . , Ln−1), (3.12)

and thus it is characterized as the minimizer of the functional Rn 3 s →
1
2 b̃∞(s, s)− 〈m, s〉X∞ ∈ R; namely,

µ∞ : =
1
2
b̃∞(r, r)− 〈m, r〉X∞

= min
s∈Rn

{n−1∑

j=1

aj

4lj
(sj − sj−1)2 +

n−1∑

j=0

Lj

2
s2

j −
n−1∑

j=0

Ljmjsj

}
.

We now denote by M : L2(0, 1) → X∞ the operator given by

Mg =
(∫ x1

x0
g

L0
,

∫ x2

x1
g

L1
, · · · ,

∫ xn

xn−1
g

Ln−1

)
, g ∈ L2(0, 1),

and we will show that

if m := Mg then lim
d→+∞

µd = µ∞. (3.13)

Given k0, . . . , kn−1 ∈ R define ψd ∈ H1(0, 1), d ≥ 1, by

ψd(x) =





k0, x ∈ [0, x1 − l1
d ],

kj−1+d
kj−kj−1

2lj
(x− xj + lj

d ), x∈ [xj− lj
d , xj + lj

d ], 1 6 j 6n−1,

kj , x ∈ [xj + lj
d , xj+1 − lj+1

d ], j = 1, 2, . . . , n− 1,
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we obtain

µd 6 1
2

∫ 1

0

ad|ψ′d|2 +
1
2

∫ 1

0

ψ2
d −

∫ 1

0

gψd

6 1
2

n−1∑

j=1

∫ xj+
lj
d

xj− lj
d

(a′j
d

∣∣∣dkj − kj−1

2lj

∣∣∣
2

+ |ψd|2
)

+
k2
0

2
(x1 − l1

d
) +

k2
j

2

n−1∑

j=1

[(xj+1 − lj+1

d
)− (xj +

lj
d

)]

−
[n−1∑

j=1

∫ xj+
1
d lj

xj− 1
d lj

gψd + k0

∫ x1− 1
d l1

0

g +
n−1∑

j=1

kj

∫ xj+1− 1
d lj+1

xj+
1
d lj

g
]
.

Since
∫ xj+

1
d lj

xj− 1
d lj

|ψd|2 → 0,

∫ xj+
1
d lj

xj− 1
d lj

gψd → 0 as d →∞, j = 1, 2, . . . , n− 1.

then recalling that Lj = xj+1−xj and mj = L−1
j

∫ xj+1

xj
g, j = 0, 1, . . . , n−1,

we get

lim sup
d→+∞

µd 6 1
2

n−1∑

j=1

aj

2lj
(kj − kj−1)2 +

n−1∑

j=0

Lj

2
k2

j −
n−1∑

j=0

Ljmjkj . (3.14)

This ensures that lim supd→∞ µd ≤ µ∞ and we will show below that
lim infd→∞ µd ≥ µ∞, for which we first write

µd =
1
2

∫ 1

0

[adu′2 + u2]−
∫ 1

0

gu

> 1
2

n−1∑

j=1

∫ xj+
l′j
d

xj−
l′
j
d

adu′2 +
1
2

∫ x1− l′1
d

0

u2 +
1
2

n−1∑

j=1

∫ xj+1−
l′j+1

d

xj+
l′
j
d

u2

−
[∫ x1− l′1

d

0

gu +
n−1∑

j=1

∫ xj+1−
l′j+1

d

xj+
l′
j
d

gu +
n−1∑

j=1

∫ xj+
l′j
d

xj−
l′
j
d

gu
]
.

(3.15)

Note that for j = 1, . . . , n− 1 we have

∫ xj+
l′j
d

xj−
l′
j
d

adu′2 ≥
∫ xj+

l′j
d

xj−
l′
j
d

aj

d
u′2 ≥ aj

2l′j

(∫ xj+
l′j
d

xj−
l′
j
d

u′
)2

=
aj

2l′j

(
u(xj +

l′j
d

)− u(xj −
l′j
d

)
)2

.
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Next, since in each of the intervals [xj + l′j
d , xj+1 − l′j+1

d ] the diffusion co-
efficient ad becomes larger than ejd and we know that

∫ 1

0
adu′2 remains

bounded as d →∞, then dej

∫ xj+1−
l′j+1

d

xj+
l′
j
d

u′2 is bounded for all d sufficiently

large and hence

‖u′‖
L2

(
xj+

l′
j
d ,xj+1−

l′
j+1
d

) d→∞→ 0. (3.16)

Furthermore boundedness of the L2(0, 1)-norm of u as d → ∞ implies
boundedness of the average

∫ 1

0
u as d →∞.

Consequently, using Poincaré inequality, from any sequence dn →∞ we
can choose a subsequence (denoted the same) such that u = udn converges
almost everywhere on (xj , xj+1) to a certain constant, which we denote by
rj , j = 0, 1, . . . , n−1. Actually, choosing a certain x ∈ (xj , xj+1) such that
|u(x)− rj | → 0 as dn →∞, we infer that

|u(xj + d−1
n l′j)− rj | ≤ |u(x)− rj |+ |u(x)− u(xj + d−1

n l′j)|

= |u(x)− rj |+ |
∫ x

xj+
l′
j

dn

u′|

≤ |u(x)− rj |+
∫ xj+1−

l′j+1
dn

xj+
l′
j

dn

|u′|2 dn→∞→ 0.

(3.17)

Similarly, choosing a certain x ∈ (xj−1, xj) such that |u(x)− rj−1| → 0 as
dn →∞ we obtain

|u(xj − d−1
n l′j)− rj−1| ≤ |u(x)− rj−1|+ |u(xj − d−1

n l′j)− u(x)|

= |u(x)− rj−1|+ |
∫ xj−

l′j
dn

x

u′|

≤ |u(x)− rj−1|+
∫ xj−

l′j
dn

xj−1−
l′
j−1
dn

|u′|2 dn→∞→ 0.

(3.18)

We also remark that

∫ xj+
l′j
dn

xj−
l′
j

dn

gu → 0 as dn →∞. (3.19)
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Combining now (3.15)-(3.19) and choosing a subsequence of {dn} if nec-
essary (denoted the same) we infer that

lim inf µdn > 1
2

[n−1∑

j=1

aj

2lj
(rj − rj−1)2 +

n−1∑

j=0

Ljr
2
j

]
−

n−1∑

j=0

Ljmjrj ≥ µ∞.

Thus (3.13) is proved and we infer that r obtained above is a unique min-
imizer of the functional Rn 3 s → 1

2 b̃∞(s, s) − 〈m, s〉X∞ ∈ R so that
r = B−1

∞ m where m is as in (3.13). In particular, recalling from (3.8) that
Er is a ‘step function’ such that Er(x) = rj for x ∈ (xj−1, xj) we conclude
from what was said above that

∥∥B−1
d g − EB−1

∞ Mg
∥∥

L2(0,1)
= ‖u− Er‖2L2(0,1)

=
n∑

j=1

∫ xj

xj−1

|u(x)− rj |2dx
d→∞→ 0.

(3.20)

Next we suppose that hd ∈ L2(0, 1), d ≥ 1, h∞ ∈ X∞ and hd 99K h∞;
that is

‖hd − Eh∞‖L2(0,1)
d→∞−→ 0.

Since ‖B−1
d ‖L(L2(0,1)) 6 C, where C is a constant which does not depend

on d, then

‖B−1
d (hd − Eh∞)‖L2(0,1) 6 C‖hd − Eh∞‖L2(0,1)

d→+∞−→ 0. (3.21)

On the other hand letting Eh∞ =: g we obtain from (3.20):

‖B−1
d Eh∞ − EB−1

∞ M(Eh∞)‖L2(0,1) = ‖B−1
d g − EB−1

∞ Mg‖L2(0,1)

d→+∞−→ 0.
(3.22)

Thus from the relations (3.21)-(3.22) and from the fact that MEh∞ = h∞
we infer that ‖B−1

d hd − EB−1
∞ h∞‖L2(Ω) → 0 as d →∞; that is

B−1
d hd 99K B−1

∞ h∞.

Condition (cc1) required in the Definition 2.3 can be now obtained with
the similar argument as above because ‖gn‖L2(0,1) = 1 implies for un =
B−1

dn
gn with dn →∞ that

∫ 1

0

adnu′n
2 +

∫ 1

0

u2
n = bdn(un, un) = ‖gn‖2L2(0,1) = 1;
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consequently, the average
∫ 1

0
un is bounded and (3.16) holds with d = dn.

Having proved Theorem 3.1 we now turn our attention to the nonlinear
problem (3.1).

Lemma 3.2. Suppose that the conditions (a1)− (a3) are satisfied.
Then, there is a C0 semigroup {Sd(t)} of global solutions corresponding

to (3.1) in H1(0, 1) which possesses a global attractor Ad. Furthermore,
the union ∪d∈[1,∞)Ad is bounded in L∞(0, 1).

Proof: Since H1(0, 1) ↪→ L∞(0, 1), then (3.1) is locally well posed in
H1(0, 1). Note also that the linear semigroup {eBdt} is monotone and the
solutions of the ODE

U̇ = f(U), U(0) = U0 ∈ R, (3.23)

are the solutions of (3.1) through u(0) ≡ U(0). Using comparison, if t 7→
u(t, u0) is a solution of (3.1) with initial condition u0, ‖u0‖L∞(0,1) ≤ U0,
we obtain that

|u(t, u0)(x)| ≤ U(t, U0)

as long as this solution exists. Since, by the dissipativeness assumption,
(3.23) has a global attractor, there is also a global attractor Ad for (3.1).
Finally, if φd ∈ Ad, then rmin ≤ φd(x) ≤ rmax, where rmin, rmax are the
extremal equilibria for (3.23) (see [17]).

We consider next in L2(0, 1) subspaces

Yd = span[φd
1, φ

d
2, · · · , φd

n], (3.24)

where φd
1, φ

d
2, · · · , φd

n are the first n eigenfunctions of Bd, and denote by
Y ⊥

d the orthogonal complement of Yd in L2(0, 1). Then χ ∈ L2(0, 1) can
be decomposed as

χ = vd + wd = vd
1φd

1 + . . . + vd
nφd

n + wd, d ≥ 1,

where

vd
j = 〈χ, φd

j 〉L2(0,1) for j = 1, 2, . . . , n,

and

wd = χ− vd
1φd

1 − . . .− vd
nφd

n.

Combining the results already proved in this subsection with Theo-
rem 2.1 we obtain the following conclusion.

Corollary 3.1. Let f̃(s) be a bounded, globally Lipschitz function such
that f̃(s) = f(s) + s for x ∈ [−rmin, rmax], f̃(s) = rmax for s > rmax and
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f(s) = rmin for s < rmin, where rmin, rmax are the extremal equilibria for
(3.23). Then,

i) the Nemitsk̆ıi operator F̃ associated with f̃ is of the class F(L2(0, 1), C),
whereas {−Bd}d∈[1,∞) is of the class CC(L2(0, 1)) ∩H(L2(0, 1),M, θ),

ii) there is a global attractor Ãd for the problem

{
u̇ = −Bdu + f̃(u), t > 0
u(0) ∈ L2(0, 1),

(3.25)

and Ãd = Ad; in particular for any solution ud(t) of (3.1) ‘lying’ on the
global attractor Ad we have that

ud(t)(x) ∈ [rmin, rmax], x ∈ [0, 1], t ∈ R,

iii) the problem (3.25) can be viewed as

v̇d = Λdv
d + H(vd, wd),

ẇd = −Bdw
d + G(vd, wd),

(3.26)

where

vd = (vd
1 , . . . , vd

n), Λd = diag(−λd
1, . . . ,−λd

n), H̃d = (H̃d
1 , . . . , H̃d

n),
(3.27)

H̃d
j (vd, wd) = 〈f̃(vd

1φd
1 + . . . + vd

nφd
n + wd), φd

j 〉L2(0,1), j = 1, 2, · · · , n,

G̃d(vd, wd) = f̃(vd
1φd

1 + . . . + vd
nφd

n + wd)−
n∑

j=1

H̃j(vd, wd)φd
j , j = 1, 2, · · · , n,

(3.28)

and there exist Lipschitz maps Σ∗d : Yd → Y ⊥
d , d ≥ d0, such that

‖Σ∗d(yd)‖L2(0,1) → 0 as d →∞ uniformly for yd ∈ Yd (3.29)

and

Ad = Ãd ⊂ Sd = {ψ ∈ L2(0, 1) : χ = yd + Σ∗d(yd), yd ∈ Yd},

where Sd is an exponentially attracting invariant manifold for (3.25) and
Yd is as in (3.24).

Using the decomposition L2(0, 1) = Yd⊕Y ⊥
d and Corollary 3.1 we obtain

the following two lemmas.
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Lemma 3.3. If d ≥ d0 and ud(t) is a solution of (3.1) ‘lying’ on Ad,
then
i) ud(t) = vd

1(t)φd
1 + . . . + vd

n(t)φd
n + wd(t), where vd(t), wd(t) satisfy

v̇d
j (t) = −λd

jvj(t) + 〈f̃(ud(t)), φd
j 〉Xd , j = 1, . . . , n

ẇd(t) = −Bdw
d(t) + f̃(ud(t))−

n∑

j=1

〈f̃(ud(t)), φd
j 〉Xd

φd
j ,

(3.30)

ii) for each j = 1, . . . , n functions vd
j (t) : R → R, d ∈ [1,∞), are equicon-

tinuous and equibounded,
iii) wd(t) has the property that

‖wd(t)‖L2(0,1)
d→∞→ 0 uniformly for t ∈ R. (3.31)

Proof: Part i) is straightforward. From Theorem 3.1 we know that
{λd

j} and {‖φd
j‖L2(0,1)} are bounded uniformly with respect to d ≥ 1 for

every j = 1, . . . , n. From Corollary 3.1 we also know that ‖ud‖L∞(0,1) ≤ r.
Hence both vd

j (t) = 〈ud
j (t), φ

d
j 〉L2(0,1) and v̇d

j (t) are bounded uniformly with
respect to the parameter d ≥ 1, which proves ii). Finally, from Corollary 3.1
iii) we have

wd(t) = Σ∗d(v
d
1(t)φd

1 + . . . + vd
n(t)φd

n),

so that part iii) is a consequence of (3.29).

Lemma 3.4. If dk → ∞ and udk is a solution of (3.1) ‘lying’ on Adk
,

then
i) there is a subsequence, denoted the same, and functions v∞j : R → R,
j = 1, . . . , n, such that uniformly for t in bounded time intervals

vdk
j (t) dk→∞→ v∞j (t),

‖udk(t)− E(v∞1 (t)φ∞1 + . . . + v∞n (t)φ∞n )‖L2(0,1)
dk→∞→ 0 (3.32)

and, by Lipschitz continuity of f̃ ,

‖f̃(udk(t))− f̃(E(v∞1 (t)φ∞1 + . . . + v∞n (t)φ∞n ))‖L2(0,1)
dk→∞→ 0.

Also
ii) defining

Pj(s1, . . . , sn) = sj for (s1, . . . sn) ∈ Rn, j = 1, . . . , n, (3.33)
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and

f̃P := (f̃ ◦ P1, . . . , f̃ ◦ Pn) : Rn → Rn, (3.34)

we have

f̃(E(v∞1 (t)φ∞1 + . . . + v∞n (t)φ∞n )) = E(f̃P (v∞1 (t)φ∞1 + . . . + v∞n (t)φ∞n )),

f̃(udk(t)) 99K f̃P (v∞1 (t)φ∞1 + . . . + v∞n (t)φ∞n ),

and

|〈f̃(udk(t)), φdk
j 〉L2(0,1)−〈E f̃P (v∞1 (t)φ∞1 +. . .+v∞n (t)φ∞n ), Eφ∞j 〉L2(0,1)| dk→∞→ 0.

Furthermore,
iii) for each j = 1, 2, . . . n the limit function v∞j solves

v̇∞j (t) = −λ∞j v∞j (t) + 〈f̃P (v∞1 (t)φ∞1 + . . . + v∞n (t)φ∞n ), φ∞j 〉X∞ . (3.35)

Proof: Part i) follows from Lemma 3.3. Part ii) is a consequence of i).
For the proof of iii) we first remark that

〈Eφ∞, Eψ∞〉L2(0,1) = 〈φ∞, ψ∞〉X∞ for d ≥ 1, φ∞, ψ∞ ∈ X∞.

Then writing the first equations in (3.30) in the integral form

vdk
j (t) = vdk

j (0)− λdk
j

∫ t

0

vj(s)ds +
∫ t

0

〈f̃(udk(s)), φdk
j 〉L2(0,1)ds

and passing to the limit we obtain

v∞j (t) = v∞j (0)

− λ∞j

∫ t

0

v∞j (s)ds +
∫ t

0

〈f̃P (v∞1 (s)φ∞1 + . . . + v∞n (s)φ∞n ), φ∞j 〉X∞ds,

for every j = 1, . . . , n. Thus each v∞j (t) is differentiable and we get the
result.

Remark 3. 1. Recall from Corollary 3.1 that for udk(t) ‘lying’ on the
attractor Adk

we have that udk(t)(x) ∈ [rmin, rmax] for all t ∈ R and x ∈
[0, 1]. Also note that (3.32) implies that for each fixed t ∈ R a certain
subsequence exists, denoted the same, such that

udk(t)(x) → E(v∞1 (t)φ∞1 + . . . + v∞n (t)φ∞n ) for a.e. x ∈ (0, 1).
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Letting v∞(t) = v∞1 (t)φ∞1 + . . . + v∞n (t)φ∞n this ensures that Ev∞(t) ∈
[rmin, rmax] and hence

v∞(t) ∈ [rmin, rmax]n for every t ∈ R.

We now obtain the following conclusion.

Corollary 3.2. If dk → ∞ and udk is a solution of (3.1) ‘lying’ on
Adk

, for a certain subsequence which we denote the same, we have that

i) 〈udk(t), φk
j 〉L2(0,1)

dk→∞→ 〈Ev∞, Eφ∞〉L2(0,1) = 〈v∞(t), φ∞j 〉X∞ , j = 1, . . . , n,
ii) v∞ : R → Rn is a solution of the system of ordinary differential equa-
tions in Rn

v̇∞ = −B∞v∞ + fP (v∞) + v∞ (3.36)

with fP = (f ◦ P1, . . . , f ◦ Pn) : Rn → Rn,
iii) v∞(t) ∈ A∞ for every t ∈ R where A∞ is the global attractor for
(3.36).

Proof: Parts i) follows from Lemma 3.4 and Remark 3.1. Concerning
part ii) note that, if 〈·, ·〉Rn denotes the standard scalar product in Rn and
DL, B̃∞ are as in (3.12), then

〈w∞, z∞〉X∞ =〈w∞, DLz∞〉Rn =〈DLw∞, z∞〉Rn for w∞, z∞∈X∞. (3.37)

Then from (3.35) and Remark 3.1 we infer that

〈v̇∞, φ∞j 〉X∞ − 〈fP (v∞(s)) + v∞(s), φ∞j 〉X∞ = 〈v∞,−B∞φ∞j 〉X∞
= 〈v∞,−DLB∞φ∞j 〉Rn = 〈v∞,−B̃∞φ∞j 〉Rn = 〈−B̃∞v∞, φ∞j 〉Rn

= 〈−D−1
L B̃∞v∞, DLφ∞j 〉Rn = 〈−B∞v∞, DLφ∞j 〉Rn

= 〈−B∞v∞, φ∞j 〉X∞

for each j = 0, . . . , n, which gives the result.
For the proof of iii) we recall that for each j = 1, . . . , n condition (3.3)

reads sf(s) ≤ θs2 + Cθ (recall that θ < 0) whenever |s| ≥ s0 and constants
s0 > 0, Cθ > 0 are suitably chosen. Consequently, using (3.37) and bilinear
form b̃∞ defined in (3.11) we observe that, as long as the solution u of (3.39)
exists,

1
2

d

dt
‖u‖2X∞ = 〈−B∞u, u〉X∞ + 〈fP (u) + u, u〉X∞

= 〈−DLB∞u, u〉Rn + 〈fP (u) + u, u〉X∞

= −b̃∞(u, u) +
n∑

j=1

Lj+1ujf(uj) + ‖u‖2X∞ ≤ θ‖u‖2X∞ + Cθ.
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The existence of the global attractor is now straightforward and {v∞(t) :
t ∈ R} is contained in the attractor as this latter set is bounded and
invariant.

Summarizing the consideration of this subsection we have proved that
the following theorem holds.

Theorem 3.2. Suppose that the conditions (a1)− (a3) are satisfied.
Then,
i) there are the global attractors Ad for (3.1) in H1(0, 1),
ii) there exist functions Σ∗d : Yd → Y ⊥

d , d > d0, such that

Ad ⊂ {χ = yd + Σ∗d(yd), yd ∈ Yd},

and

‖Σ∗d(yd)‖L2(0,1) → 0 as d →∞ uniformly for yd ∈ Yd,

where Yd = span[φd
1, φ

d
2, · · · , φd

n] and φd
1, φ

d
2, · · · , φd

n are the eigenfunctions
corresponding to the first eigenvalues of Bd in L2(0, 1).
iii) the flow on Ad is given by

ud(t, x) = vd(t) + Σ∗d(v
d(t))(x), t ∈ R, x ∈ (0, 1),

where

v̇d(t) = Λdv
d(t) + H(vd(t),Σ∗d(v

d(t))), (3.38)

Λd is as in (3.27), Hd = (Hd
1 , · · · ,Hd

n) and

Hd
j (vd(t), Σ∗d(v

d(t))) = 〈f(vd(t), Σ∗d(v
d(t))), φd

j 〉L2(0,1), j = 1, 2, · · · , n,

iv) the family of attractors {Ad}d>d0 is upper semicontinuous at infinity
relatively to E; that is,

sup
ψd∈Ad

inf
ψ∞∈A∞

‖ψd − Eψ∞‖L2(0,1) → 0 as d →∞,

where A∞ is the attractor for the semigroup defined in Rn by the system
of ordinary differential equations of the form

[
u̇1

...
u̇n

]
= −B∞

[
u1

...
un

]
+

[
f(u1)+u1

...
f(un)+un

]
, t ∈ R, (3.39)

Remark 3. 2. Recall that the flow of (3.39) is structurally stable in A∞
if for any suitably small C1 perturbation of the vector field the resulting
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equation has a global attractor A and the flow in A is topologically equiv-
alent to the flow in A∞. Note that if the flow in A∞ is structurally stable,
applying Proposition 2.2 instead of Theorem 2.1, then the flow in Ad is
topologically equivalent to the flow in A∞.

3.2. Spatial homogeneity in atmospherics’ type problem
We will consider a bounded domain which decomposes into finitely many

regions in which diffusivity is very large and the mass transfer is appropri-
ately balanced at the boundaries.

This occurs in the air pollution modeling (see [31]), where the domain
can be viewed as an interstitial air, including subregions; the droplets.

We thus assume that Ω ⊂ R3 is a bounded domain with smooth boundary
Γ and that Ωi, 1 ≤ i ≤ n, are the subdomains of Ω with smooth boundaries
Γi satisfying Ωi∩Ωj = ∅ for all 1 ≤ i < j ≤ n. We also let Ω0 := Ω\∪n

i=1Ωi

and denote by ~ν the outward normal vector to Γ and by ~νi the inward
normal vector to Γi (i = 1, 2, . . . , n). For simplicity of the notation we
assume from now on that |Ωi| = 1 for every i = 1, 2, · · · , n, which will not
lower in any essential way generality of the consideration.

Our primary concern will be the eigenvalue problem of the form





−di∆ui + ui = λui in Ωi, i = 0, 1, · · · , n,

d0
∂u0

∂~ν
= 0 on Γ,

d0
∂u0

∂~νi
= di

∂ui

∂(−~νi)
= (ui − u0) on Γi, i = 1, · · · , n.

(3.40)

Since the diffusivities become very large one expect to exhibit in the anal-
ysis that the solutions will become homogeneous in each of the subregions.

Letting for d0, . . . , dn ∈ [1,∞)

d := min{d0, d1, . . . , dn}

we will show that the compact convergence approach of Section 2 lead to
the following result.

Theorem 3.3. Denote by {λd
k}∞k=1 the ordered set of eigenvalues for

(3.40) (counting its algebraic multiplicity) and let {φd
k}∞k=1 be the corre-

sponding set of orthonormal eigenfunctions. Also denote by {λ∞k }∞k=1 the
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ordered set of eigenvalues for



1+|Ω0|−1 ∑n
i=1 |Γi| −|Ω0|−1|Γ1| −|Ω0|−1|Γ2| ··· −|Ω0|−1|Γn|

−|Γ1| 1+|Γ1| 0 ··· 0

−|Γ2| 0 1+|Γ2| ···
...

...
...

...
... 0

−|Γn| 0 0 ··· 1+|Γn|







s0

...
sn


 = λ




s0

...
sn


 ,

(3.41)
and let {φ∞k }∞k=1 be the corresponding set of orthonormal eigenfunctions.

Then we have
i) λd

k → λ∞k as d →∞, k = 1, 2, · · · , n + 1.
ii) λd

k →∞ for all k > n + 1.
iii) ‖φd

k−φ∞k ‖L2(Ω0)×···×L2(Ωn) → 0 as d →∞ for every k = 1, 2, · · · , n+1.

The proof of Theorem 3.3 will follow from the abstract results of Corol-
lary 2.2 and from Lemma 3.5 below.

Throughout the rest of this subsection we consider the Hilbert space

L2 := L2(Ω0)× · · · × L2(Ωn), d ∈ [1,∞),

with the inner product

〈u,v〉 =
n∑

i=0

∫

Ωi

uivi, u = (u0, · · · , un),v = (v0, · · · , vn) ∈ L2,

and let

Xd = L2, d ∈ [1,∞).

We also define

H1 = H1(Ω0)× . . .×H1(Ωn)

and consider bilinear forms ad : H1×H1 → R, d ≥ 1, given by the formula

ad(w, z) =
n∑

i=0

∫

Ωi

(di∇wi∇zi+wizi)+
n∑

i=1

∫

Γi

(wi−w0)(zi−z0), w, z ∈ H1.

(3.42)
We remark that

ad(u, u) ≥ ‖u‖2H1 , u ∈ H1, d ≥ 1, (3.43)

and that the estimate known from from trace theorem,

‖ψ‖L2(Γi) ≤ c‖ψ‖H1(Ω), ψ ∈ H1(Ωj), i = 0, . . . , n,
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implies the relation

|ad(u, v)| ≤ c‖u‖H1‖v‖H1 , u, v ∈ H1.

The form ad : H1×H1 → R given by (3.42) is thus symmetric, continuous
and coercive. and Riesz theorem together with Lax-Milgram lemma lead
to the following conclusion.

Proposition 3.1. For all d ≥ 1 the form ad defines a linear operator
Ad which is an isomorphism from H1 to its dual (H1)′. Ad considered with
the domain

X1
d := {u ∈ H1 : Adu ∈ Xd}

is then a linear selfadjoint positive definite operator in Xd which is an
isomorphism from X1

d (considered with the graph norm) onto Xd.

In addition, since the embedding H1 ↪→ Xd is compact, we have that

Corollary 3.3. A−1
d , d ≥ 1, is a compact operator.

Remark 3. 3. The problem (3.40) can be viewed in the abstract form

Adu = λu, (3.44)

where Ad is given by Corollary 3.1. Also, one can observe that

Ad = diag(−d0∆, . . . ,−dn∆) + Id (3.45)

on the domain

D(Ad) =
{
v ∈ Xd : vi ∈ H2(Ωi),

∂v0

∂~ν
|Γ = 0,

∂v0

∂~νi
|Γi

= di
∂vi

∂(−~νi)
|Γi

= (vi − v0)|Γi
, 1 6 i 6 n,

}
.

In what follows we verify the compact convergence property that is
needed to apply Corollary 2.2 of Section 2.

Lemma 3.5. With the above notation we have that {Ad}d∈[1,∞) is of the
class CC(L2). In fact

Ad
cc99K A∞,
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where the operator A∞ =: X∞ → X∞ is given by

A∞ :=




1+|Ω0|−1 ∑n
i=1 |Γi| −|Ω0|−1|Γ1| −|Ω0|−1|Γ2| ··· −|Ω0|−1|Γn|

−|Γ1| 1+|Γ1| 0 ··· 0

−|Γ2| 0 1+|Γ2| ···
...

...
...

...
... 0

−|Γn| 0 0 ··· 1+|Γn|




(3.46)

on a Hilbert space X∞ = Rn+1 equipped with the inner product

〈r, s〉∞ = |Ω0|r0s0 +
n∑

i=1

risi, r = (r0 · · · rn), s = (s0 · · · sn) ∈ X∞,

and the connecting map E : X∞ → L2 is given by

E(h0, . . . , hn) = (h0, . . . , hn) ∈ L2, (h0, . . . , hn) ∈ X∞,

(thus the connecting maps are independent of d ∈ [1,∞)).

Proof: Let ad : H1×H1 → R be given by (3.42). Let us also introduce
the operator Ã∞ : X∞ → X∞,

Ã∞ := diag(|Ω0|, 1, . . . , 1)A∞, (3.47)

and a symmetric coercive bilinear form ã∞ : X∞ ×X∞ → R defined by

ã∞(s, t) = |Ω0|s0t0 +
n∑

i=1

siti +
n∑

i=1

|Γi|(si − s0)(ti − t0).

The solution u ∈ H1 of the equation Adu = g with g ∈ Xd is then
characterized via Lax Milgram Theorem as

ld : =
1
2
ad(u,u)− 〈g,u〉 = min

v∈H1

{1
2

ad(v,v)− 〈g,v〉
}

.

If

D = diag(|Ω0|, 1, . . . , 1) (3.48)

then the solution of A∞r = m is the solution of Ã∞r = Dm and it can be
characterized via relation

l∞ :=
1
2
ã∞(r, r)− 〈m, r〉∞ = min

s∈X∞
{1
2
ã∞(s, s)− 〈m, s〉∞}

= min
s∈X∞

{1
2
[
(|Ω0|+

n∑

i=1

|Γi|)s2
0+

n∑

i=1

(1 + |Γi|) s2
i

]−
n∑

i=1

|Γi| s0si − 〈m, s〉∞
}

.
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We will make use of an auxiliary map P : L2 → X∞,

Pg = P (g0, . . . , gn) = (ḡ0, . . . , ḡn), (3.49)

where

ḡi := |Ωi|−1

∫

Ωi

gi for i = 0, 1, . . . , n. (3.50)

We will now prove that

if m = (ḡ0, . . . , ḡn) then lim
d→∞

ld = l∞. (3.51)

Actually, since r = (r0, r1, · · · , rn) can be viewed as an element of H1, it
is easy to see that

ld 6 l∞.

This implies the relation lim supd→∞ ld 6 l∞. Below we show that lim inf
d→∞

ld

> l∞.
Note that for any s ∈ X∞ we have

ld : =
1
2

{ n∑

i=0

∫

Ωi

(
di|∇ui|2 + u2

i

)
+

n∑

i=1

∫

Γi

(u0 − ui)2
}
−

n∑

i=0

∫

Ωi

giui

> 1
2

{ n∑

i=0

∫

Ωi

(u2
i − s2

i ) +
n∑

i=1

∫

Γi

[(u0 − ui)2 − (s0 − si)2]
}

−
n∑

i=0

∫

Ωi

gi[ui − si] + l∞.

Since ld is bounded as d → ∞ then di

∫
Ωi
|∇ui|2 and

∫
Ωi
|ui|2 are also

bounded as d →∞. In particular

ūi is bounded as d →∞ and
∫

Ωi

|∇ui|2 d→∞→ 0. (3.52)

Writing now explicitly the dependence of u on d we thus infer via Poincaré
inequality that whenever dk k→∞−→ ∞ there is a subsequence (which we
denote the same) and a certain s̃ ∈ X∞ such that

n∑

i=0

‖udk

i − s̃i‖L2(Ωi)
dk→∞→ 0 (3.53)
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and consequently, since also
∑n

i=0

∫
Ωi
|∇(udk

i − s̃i)|2 dk→∞→ 0 then

n∑

i=1

‖udk

i − s̃i‖L2(Γi)
dk→∞→ 0. (3.54)

Hence lim infd→∞ λd ≥ λ∞ and (3.51) is proved.
¿From what we said above we infer that

1
2
adk(u,u)− 〈g,u〉L2 → 1

2
ã∞(s̃, s̃)− 〈m, s̃〉∞ = l∞.

This implies that s̃ coincides with the unique minimizer r of ã∞ so that
(3.53) actually reads

n∑

i=0

∫

Ωi

(udk

i − ri)2
dk→∞−→ 0. (3.55)

Consequently, recalling that P and m are as in (3.49) and (3.51),

∥∥A−1
dk g −A−1

∞ Pg
∥∥
L2 =

∥∥A−1
dk g −A−1

∞ m
∥∥
L2 = ‖udk−r‖L2

dk→∞−→ 0. (3.56)

We will now show the convergence A−1
d 99K A−1

∞ . Consider hd ∈ Xd and
h∞ ∈ X∞ such that hd 99K h∞. Since Ed = E behaves like identity; that
is EA−1

∞ h∞ is just a constant function A−1
∞ h∞ we want to prove that

‖A−1
d hd −A−1

∞ h∞‖L2 → 0. (3.57)

Since ‖A−1
d ‖L(Xd) 6 C, where C is a constant which does not depend on

d, we have

‖A−1
d hd −A−1

d Eh∞‖L2 6 C‖hd − Eh∞‖L2
d→∞−→ 0. (3.58)

On the other hand PEh∞ = h∞ so that using (3.56) with g = Eh∞

‖A−1
d Eh∞ −A−1

∞ h∞‖L2 = ‖A−1
d g −A−1

∞ Pg‖L2
d→∞−→ 0. (3.59)

Thus (3.57) follows from (3.58) and (3.59).
Condition (cc1) required in the Definition 2.3 can be now obtained with

the similar argument as above because we obtain that ‖gk‖L2 = 1 implies
for uk = A−1

dk gk where dk →∞ the estimate

n∑

i=0

∫

Ωi

(dk
i |∇uki|2 + |uki|2) ≤ adk(u,u) = ‖gk‖2L2 = 1;
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consequently, the relation (3.52) holds true.

Remark 3. 4. The minimizer s∗ of the functional s 7→ 1
2
ã∞(s, s)

−〈s,m〉∞ is actually given as

s∗0 =
|Ω0| −

∑n
i=1(1 + |Γi|)−1|Γi|mi

|Ω0|+
∑n

i=1(1 + |Γi|)−1|Γi| , s∗j =
|Γj |s∗0 + mj

1 + |Γj | , j = 1, 2, · · · , n,

whereas the eigenvalues of (3.40) (thus the eigenvalues of Ad) are given by

λd
k =min





n∑

i=0

∫

Ωi

(di|∇φi|2+φ2
i )+

n∑

i=1

∫

Γi

(φi−φ0)2

∑n
i=0

∫
Ωi

φ2
i

: (φ0, · · · , φn) ⊥ Vk−1





,

where Vk−1 is the subspace generated by the first k − 1 eigenfunctions.

We will now proceed with the analysis of the nonlinear problem of the
form




∂ui

∂t
= di∆ui + fi(ui), t > 0, x ∈ Ωi, i = 0, 1 . . . , n,

d0
∂u0

∂~ν
= 0, t > 0, x ∈ Γ,

d0
∂u0

∂~νi
= di

∂ui

∂(−~νi)
= (ui − u0), t > 0, x ∈ Γi, i = 1, . . . , n,

ui(0, x) = χi(x), x ∈ Ωi, i = 0, . . . , n,

(3.60)

where di, i = 0, 1, . . . , n, are positive constants and

fi : R→ R are bounded and globally Lipschitz functions

satisfying dissipativeness conditions lim sup
|s|→∞

fi(s)
si

< θi < 0.
(3.61)

With the notation as in this subsection the problem (3.60) can be viewed
in the abstract form as

{
u̇ = −Adu + F (u) + u,

u(0) = χ,
(3.62)

where F : L2 → L2 is the Nemitsk̆ıi operator associated to the map f :
Rn+1 → Rn+1,

f(s) = (f0(s0), . . . , fn(sn)) for s = (s0, . . . , sn) ∈ Rn+1, (3.63)
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and Ad, d ≥ 1, is the operator defined in Proposition 3.1 (see also Re-
mark 3.3) and χ = (χ0, χ1, · · · , χn) ∈ L2.

Remark 3. 5. Note that (3.62) is globally well posed in L2 as Ad is
selfadjoint in L2 and F : L2 → L2 is a globally Lipschitz function. Fur-
thermore, multiplying the first equation in (3.62) by u in L2 and using
(3.43) together with dissipativeness conditions (3.61) we obtain

d

dt

1
2
‖u‖2L2 = −ad(u, u) + 〈F (u) + u, u〉L2 ≤ θ‖u‖2H1 + Cθ, (3.64)

where maxi=0,...,n θi < θ < 0 and Cθ is a certain positive constant that
does not depend on d ≥ 1. Consequently, the solutions of (3.62) satisfy the
estimate

‖u‖2L2 ≤ ‖u(0)‖2L2e2θt − Cθ

θ
, t ≥ 0, d ≥ 1. (3.65)

Since the resolvent of Ad is compact Remark 3.5 leads to the following
proposition.

Proposition 3.2. For each d ≥ 1 the problem (3.62) defines a C0 semi-
group in L2 which has a global attractor Ad. Furthermore, the union of
attractors ∪d≥1Ad is contained in a ball OR(0) in L2 of radius R = −Cθ

θ
around zero.

Defining F̃ : L2 → L2 by

F̃ (ψ) =

{
F (ψ) + ψ, ‖ψ‖L2 ≤ R,

F (ψ) + R‖ψ‖−1
L2 ψ, ‖ψ‖L2 > R,

we will consider next the Cauchy problem
{

u̇ = −Adu + F̃ (u),
u(0) = χ.

(3.66)

Now both {−Ad}d∈[1,∞] is of the class CC(L2) ∩ H(L2,M, θ) and F̃ is of
the class F(L2, C). Also, the solutions of (3.66) satisfy the estimate (3.65)
so that there is a global attractor Ãd and Ãd ⊂ OR(0); consequently,

Ãd = Ad for every d ≥ 1. (3.67)

Applying to the problem (3.66) the abstract Theorem 2.1 of Section 2
and taking into account Proposition 3.2 and (3.67) we obtain the following
result.
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Theorem 3.4. Given φd
j , j = 1, . . . , n + 1 as in Theorem 3.3 define in

Xd, d ≥ 1, the projected spaces

Yd = span[φd
1, φ

d
2, · · · , φd

n+1], d ≥ 1,

and decompose χ ∈ L2 as

χ = vd + wd = vd
1φd

1 + . . . + vd
n+1φ

d
n+1 + wd ∈ Yd ⊕ Y ⊥

d

where

vd
j = 〈χ, φd

j 〉L2 for j = 1, . . . , n + 1, wd = χ− vd
1φd

1 − . . .− vd
n+1φ

d
n+1.

Then, for each d sufficiently large,
i) the problem (3.62) has a global attractor Ad and

Ad ⊂ {χ ∈ L2 : χ = yd + Σ∗d(yd), yd ∈ Yd},

where Σ∗d : Yd → Y ⊥
d is a certain Lipschitz continuous map satisfying

sup
yd∈Yd

‖Σ∗d(yd)‖L2
d→∞−→ 0, (3.68)

ii) the flow on Ad is given by

u(t) = vd
1(t)φd

1 + . . . + vd
n+1(t)φ

d
n+1 + Σ∗d(v(t)), (3.69)

where

v̇d
j (t) = −λd

jv
d
j (t)+ 〈F (vd(t)+Σ∗d(v

d(t)))+vd(t)+Σ∗d(v
d(t)), φd

j 〉L2 (3.70)

for j = 1, . . . , n + 1.

Proof: We merely remark that Σ∗d actually defines an exponentially
attracting invariant manifold Sd for (3.66), which contains Ãd = Ad and
that F̃ = F + Id on Ãd.

We now show that the ‘limit’ problem can be viewed as the system of
ordinary differential equations:





u̇0 = f0(u0) + |Ω0|−1
∑n

i=1 |Γi|(ui − u0),
u̇1 = f1(u1) + |Γ1|(u0 − u1),
...

...
...

u̇n = fn(un) + |Γn|(u0 − un).

(3.71)
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Remark 3. 6. Note that there is a global attractor for (3.71) (denoted
by A∞) as, multiplying the first equation in (3.71) by |Ω0|u0, the others
by ui for i = 1, . . . , n respectively and summing the results we get

d

dt
‖u‖2X∞ = 〈f(u), u〉X∞ −

n∑

i=1

|Γi|(ui − u0)2,

where f = (f0, . . . , fn). Using next dissipativeness condition from (3.61)
we obtain

d

dt
‖u‖2X∞ ≤ θ‖u‖2X∞ + Cθ,

which is a counterpart of (3.64). Note also that (3.71) can be rewritten as

u̇ = −A∞u + f(u) + u. (3.72)

Lemma 3.6. If dk → ∞ and {udk

(t)} is a sequence of the solutions of
(3.62)|

d=dk
such that udk

(t) ‘lies’ on the global attractor Adk , then there
is a subsequence, denoted the same, which converges in L2-topology to a
certain bounded function u : R→ Rn+1 ⊂ L2 which is a solution of (3.72).

Proof: ¿From Theorem 3.3 we know that {λd
j} and {‖φd

j‖L2}, j =
1, . . . , n + 1, remain bounded as d → ∞. From Proposition 3.2 we also
know that ‖ud‖L2 ≤ R. Hence both vd

j (t) and v̇d
j (t) are functions from R

to R bounded uniformly with respect to the parameter d ≥ 1.
Thus there is a subsequence of the sequence vdk

(t) = vdk

1 (t)φdk

1 + . . . +
vdk

n+1(t)φ
dk

n+1, k ∈ N, denoted the same, and there are certain bounded
functions v∞j : R → R, j = 1, . . . , n + 1, such that if v∞(t) = v∞1 (t)φ∞1 +
. . . + v∞n+1(t)φ

∞
n+1 then

vdk

(t) → v∞(t) in L2 uniformly for t in compact time intervals.

Since (3.68)-(3.69) hold we actually have that

udk

(t) → v∞(t) in L2 uniformly for t in compact time intervals

and, due to the Lipschitz continuity of F : L2 → L2,

F (vd(t) + Σ∗d(v
d(t))) → F (v∞(t))

in L2 uniformly for t in compact time intervals. Writing now (3.70) in the
integral form and passing to the limit we get for every j = 1, . . . , n + 1

v∞j = v∞j (0)− λ∞j

∫ t

0

v∞j (s)ds +
∫ t

0

〈f(v∞(s)) + v∞(s), φ∞j 〉X∞ds;
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that is v∞j is differentiable and

v̇∞j = −λ∞j v∞j + 〈f(v∞(s)) + v∞(s), φ∞j 〉X∞ , j = 1, . . . , n + 1.

Consequently we get

〈v̇∞, φ∞j 〉X∞ = 〈v∞,−A∞φ∞j 〉X∞ + 〈f(v∞(s)) + v∞(s), φ∞j 〉X∞ ,

j = 1, . . . , n + 1. If 〈·, ·〉Rn+1 denotes the standard scalar product in Rn+1

and D is as in (3.48), then

〈w∞, z∞〉X∞ = 〈w∞, Dz∞〉Rn+1 = 〈Dw∞, z∞〉Rn+1 for w∞, z∞ ∈ X∞

so that recalling (3.47) we get

〈v̇∞, φ∞j 〉X∞ − 〈f(v∞(s)) + v∞(s), φ∞j 〉X∞ = 〈v∞,−A∞φ∞j 〉X∞
= 〈v∞,−DA∞φ∞j 〉Rn+1 = 〈v∞,−Ã∞φ∞j 〉Rn+1 = 〈−Ã∞v∞, φ∞j 〉Rn+1

= 〈−D−1Ã∞v∞, Dφ∞j 〉Rn+1 = 〈−A∞v∞, Dφ∞j 〉Rn+1 = 〈−A∞v∞, φ∞j 〉X∞

for each j = 1, . . . , n + 1, which gives the result.

Corollary 3.4. The family of attractors {Ad}d>d0 is upper semicon-
tinuous at infinity relatively to E, where A∞ is a global attractor for (3.72).

Remark 3. 7. One can see that the Nemitsk̆ıi operator F associated to
f defined in (3.63) is also of class F(Xα

d , C) and from the above results the
vector field in (3.70) is a C1 small perturbation of the vector field in

v̇∞j = −λ∞j v∞j + 〈f(v∞(s)) + v∞(s), φ∞j 〉X∞ , j = 1, . . . , n + 1,

which is a counterpart of (3.71). Thus, if the flow in A∞ is structurally
stable, then the flow in Ad is topologically equivalent to the flow in A∞.

3.3. An example of compact convergence involving non
self-adjoint operators

Let us mention briefly that compact convergence property can also be
established in the analysis of equations involving non self-adjoint operators,
for which we mention a sample problem concerning a strongly damped wave
equation of the form





utt + B
1
2
d ut + Bdu = f(u), 0 < x < 1, t > 0,

u(x, 0) = u0(x), ut(x, 0) = v0(x), 0 < x < 1,

ux(0) = ux(1) = 0, t > 0,

(3.73)
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where f : R → R is a globally bounded globally Lipschitz continuous
function and Bd is the operator defined in (3.9). Let Xα

d = D(Bα
d ) with

the graph norm α ∈ R+ and X−α
d be the completion of Xd = L2(0, 1) with

the norm ‖B−α
d · ‖Xd

, α ∈ R+. We remark that (3.73) can be viewed as
the abstract parabolic problem

{
zt = Ld−1z + F (z),
z(0) = z0

(3.74)

in a Banach space Yd := Xd × X
− 1

2
d . Here z = [ u

v ], z0 = [ u0
v0 ], F ([ u

v ]) =[
0

fe(u)

]
, fe : Xd → Xd ⊂ X

− 1
2

d denotes the Nemitsk̆ıi operator associated
with f and the operator Ld−1 is an extension to Yd of the operator

Ld : D(Ld) ⊂ X
1
2
d ×Xd → X

1
2
d ×Xd, d ≥ 1,

given on the domain D(Ld) = X1
d ×X

1
2
d in the matrix form

Ld =
[

0 I

−Bd −B
1
2
d

]
.

We remark that Ld has compact resolvent, generates a compact C0 analytic
semigroup in X

1
2
d ×Xd and its spectrum consists of isolated eigenvalues µd,±

k

given by

µd,±
k = (−1

2
±
√

3
2

i)
√

λd
k, where λd

k ∈ σ(Bd), (3.75)

(see [18, Lemma A.1] and [8, Lemma 1]). We also remark that the same
holds true for Ld−1 in Yd (see [7, Lemma 2 and Proposition 5]) as Ld−1

can be viewed as the closure of Ld in the extrapolated space generated by
(Ld, X

1
2
d ×Xd) (see [1]).

Let us define the ‘limit’ operator L∞ : X∞ ×X∞ → X∞ ×X∞ as

L∞ =
[

0 I

−B∞ −B
1
2∞

]
,

where X∞ is the Hilbert space defined in Lemma 3.1 and B∞ is as in (3.6).
Then the operators L−1

d−1
: Yd → Yd and L−1

∞ : X∞×X∞ → X∞×X∞ can
be viewed as

L−1
d−1

=
[
−B

− 1
2

d −B−1
d

I 0

]
, d ≥ 1, L−1

∞ =
[
−B

− 1
2∞ −B−1

∞
I 0

]
.
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If Ed : Y∞ → Yd is defined by

Ed([ u∞
v∞ ]) =

[
Edu∞

(Bd)
1
2
−1Edv∞

]

where Ed : X∞ → Xd is given by (3.8) then, due to Lemma 3.1, B−1
d

cc99K
B−1
∞

L−1
d−1

cc99K L−1
∞ ,

which is the crucial property if one wishes to consider asymptotic properties
of the perturbed nonlinear problem (3.73) as d →∞.
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