
P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

c ⃝
C
op
yr
ig
ht

20
08

-
Je
an

M
ar
ti
n
a
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We address the problem of minimization of the Cahn-Hilliard energy func-
tional under a mass constraint over two and three-dimensional cylindrical do-
mains. Although existence is presented for a general case the focus is mainly
on rectangles, parallelepipeds and circular cylinders. According to the symme-
try of the domain the exact number of global and local minimizers are given as
well as their geometric profile and interface location; all are one-dimensional
increasing/decreasing and odd functions for domains with lateral symmetry in
all axes and also for circular cylinders. The selection of global minimizers by
the energy functional is made via the smallest interface area criterion.

The approach utilizes Γ−convergence techniques to prove existence of an
one-parameter family of local minimizers of the energy functional for any cylin-
drical domain. The exact number of global and local minimizers as well as their
geometric profiles are accomplished via suitable applications of the unique con-
tinuation principle while exploring the domain geometry in each case and also
the preservation of global minimizers through the process of Γ−convergence.
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22 A. S. NASCIMENTO, J. BIESDORF AND J. C. SIMAL

1. INTRODUCTION

From the physical standpoint minimizers of energy functionals, either global or local, are
the most interesting critical points as they are the most likely observable configurations. In
this work we are concerned with global and local minimizers of the so-called Cahn-Hilliard
energy

Eε(u) =

∫
Ω

[ε|∇u|2 + ε−1(1− u2)2]dx (1.1)

under the constraint
∫
Ω
u = 0 over domains Ω ⊂ IRn (n = 2, 3) of cylindrical type, i.e.,

Ω = (−l, l)×D

where D ⊂ IRn (n = 1, 2) is a Lipschitz bounded domain.
Our goal is to find, for ε > 0 small, the exact number of solutions to

inf
u ∈ M

Eε(u) (1.2)

where

M def
= {u ∈ H1(Ω) :

∫
Ω

u = 0}

as well as local (which are not global) minimizers of Eε in M according to the symmetry
and dimension of the domain. Moreover for rectangles, squares, parallelepipeds, cubes and
circular cylinders we present a complete picture of its symmetry properties, geometric pro-
file and location of the interfaces {uε = 0} thus concluding that global and local minimizers
are one-dimensional increasing/decreasing odd functions, a type of Sturm-Liouville result.
As expected the selection of global minimizers by the energy functional is made via the
smallest interface area criterion.

If the double-well potential F1(u) = (1−u2)2 in (1.1) is replaced with F2(u) = (u−α)2(u−
β)2 where 0 < α < β <∞ and the mass constraint replaced with

∫
Ω
u = Ln(Ω)

2 (α+β) (here
Ln stands for the n-dimensional Lebesgue measure) then the functional (1.1) represents
the free energy of a binary alloy and u the relative concentration of one of the two phases

where the total mass m = Ln(Ω)
2 (α+ β) is preserved.

The reader interested in the physical background of this model is referred to [22], [3] or
[5], for instance, and the references therein. We take for simplicity α = −1 and β = 1 since
all the results presented here, concerning existence of local and global minimizers (Sections
3 and 4) as well as their inherited symmetry, translate verbatim to the meaningful physical
case 0 < α < β <∞.

Let us mention some related works in order to set our own into perspective.
The authors in [5] showed existence of global and local minimizers of (1.2) over the flat

torus Tn (n = 2, 3), in which case it is called the periodic Cahn-Hilliard problem.
In [4], for smooth domains Ω ⊂ IR2 and

∫
Ω
u = m ≈ 0 or m ≈ L2(Ω), the authors

showed existence of local minimizers of Eε (for ε > 0 small) whose transition layers are
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COUNT AND SYMMETRY OF GLOBAL AND LOCAL MINIMIZERS 23

close to circular arcs and intersect the boundary orthogonally. In particular, under these
hypotheses, they conclude that there are at least two such local minimizers and each of
these arcs encloses a point on the boundary where the curvature of ∂Ω attains its local
maximum.

The problem of minimizing Λε = εEε over the unit square Ω = (0 , 1)× (0 , 1) has been
considered in [10] via a bifurcation approach where either ε or the total mass

∫
Ω
u =

m ∈ IR is the bifurcation parameter. Bifurcation of critical points from a particular class
of eigenfunctions is considered and in particular for m fixed the author shows that the
pointwise limit, as ε→ 0, of some conditionally critical points are global minimizers of the
limiting problem Λ0.

Monotonicity, regularity and other symmetry properties of local minimizers of Eε under
the constraint

∫
Ω
u = m over cylindrical domains has been studied in [14] but existence is

not considered.
In [2] the author gives some accounts on symmetry and monotonicity of local minimizers

of some variational problems subjected to a integral constraint in cylinders and annuli with
periodic phase separation and also zero Neumann boundary condition. Again existence is
not the issue.

It follows from [21] that any local minimizer of Eε in M over any smooth strictly convex
domain must have a connected phase boundary. Herein we draw the same conclusion for
just convex domain of cylindrical type. Let us recall some terminology which is going to
be used:

1. A solution u to (1.2) is called a global minimizer of Eε in M.

2. A function u ∈ M is called a local minimizer of Eε in M if there is a neighborhood
V(u) of u in H1(Ω) such that Eε(u) ≤ Eε(v), ∀ v ∈ M∩ V. If the inequality is strict then
u is called a strict local minimizer.

3. Any u ∈ M satisfying E′
ε(uε)φ = 0 and E′′

ε (u)φ ≥ 0, ∀φ ∈ M is called a conditionally
stable critical point of Eε.

First we state our main result when the domain is a rectangle. As usual we denote the
characteristic function of a set A by χA.

Theorem 1.1. Let Ω = R = (−l, l)×(−r, r) with l ≥ r > 0. Then, for ε small, (1.2) has
a family of solutions {uϵ}ε>0 in C2(R)∩C0(R) (global minimizers of Eε in M) satisfying

1.uϵ depends just on the first variable,

2.uϵ is odd and increasing in (−l, l) and
3.∥uε − u0∥L1(−l,l)

ε→0−→ 0, where u0 = χ(−l,0) − χ(0,−l).

(1.1.i)If l > r, i.e., R is a rectangle, problem (1.2) has, for ε small, only two solutions:
uε (given above) and −uε. There are only two other local (but not global) minimizers vε
and −vε, where vε depends only on the second variable and is increasing and odd in (−r, r).
Moreover ∥vε − v0∥L1(−r,r)

ε→0−→ 0, where v0 = χ(−r,0) − χ(0,r).

(1.1.ii)If R is a square, then problem (1.2) has, for ε small, only four solutions uε(x1),
−uε(x1), vε(x2), −vε(x2) where vε is obtained from uε by a rotation of π/2 with respect to
x1-axis. There is no other local minimizer.
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24 A. S. NASCIMENTO, J. BIESDORF AND J. C. SIMAL

A similar result holds also for three-dimensional cylindrical domains. We label the points
x = (x1, x2, x3) ∈ IR3 as x = (x1, x

′) where x ′ = (x2, x3).

Theorem 1.2. Let Ω = (−l, l) × D where D ⊂ IR2 is any Lipschitz bounded domain.
Then, for ε small, Eε has a family of local minimizers {uϵ}ε>0 in C2(Ω)∩C0(Ω) such that

1.uϵ depends just on x1,

2.uϵ is odd and increasing in (−l, l) and
3.∥uε − u0∥L1(−l,l)

ε→0−→ 0, where u0 = χ(−l,0) − χ(0,l).

In particular if

(1.2.i)D = BR = {x ∈ IR2 : |x| < R} then (1.2) has only two solutions (global minimizers
of Eε in M): uϵ(x1) and −uϵ(x1), as above. Moreover Eε has no other local minimizer in
M.

(1.2.ii)Ω = (−l, l) × (−r, r) × (−q, q) with l > r > q then (1.2) has only two solutions,
uϵ(x1) and −uϵ(x1), and there are only four other local (but not global) minimizers vε(x2),
−vε(x2), wε(x3) and −wε(x3); vε is increasing and odd in (−r, r) whereas wε is increasing

and odd in (−q, q). Moreover ∥vε − v0∥L1(−r,r)
ε→0−→ 0 (v0 as in Theorem 1.1) and ∥wε −

w0∥L1(−r,r)
ε→0−→ 0 where w0 = χ(−q,0) − χ(0,q).

(1.2.iii)Ω is a cube (l = r = q) then problem (1.2) has only six solutions uε(x1), −uε(x1),
vε(x2), −vε(x2), wε(x3) and −wε(x3) and there is no other local minimizer.

The results above regarding existence are sharp and show that, for ε small, the geometry
of global and local minimizers of the energy functional restricted to M is quite simple as
they present no oscillation, a type of Sturm-Liouville property.

Regarding existence the main tool utilized in our approach is a theorem [11] based on the
theory of Γ−convergence. It is well known that the family of functional Eε Γ−converges,
as ε→ 0, to the perimeter or area functional

E0(v) =

{
8
3PerΩ{u = 1}, v ∈ BV (Ω, {±1}) and

∫
Ω
v = 0

∞, otherwise.

Existence of local minimizers is obtained by proving that E0 has an isolated L1(Ω)-local
minimizer, say u0, and then the aforementioned theorem assures that close (in L1(Ω) norm)
to u0 there is a local minimizer of the original problem. The many cases of uniqueness of
local and global minimizers are obtained using a property of Γ-convergence (preservation
of global minimizers) and a uniqueness result of a one-dimensional monotone solutions of
the corresponding elliptic Neumann boundary value problem.

In particular we prove that when Ω is a cylindrical domain the admissible function

u0(x)
def
= χ{x1>0}(x)− χ{x1<0}(x), x ∈ Ω
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COUNT AND SYMMETRY OF GLOBAL AND LOCAL MINIMIZERS 25

is indeed a local minimizer of E0. This gives a positive answer to a question raised in [11],
p. 80, for the special case of a rectangle.

Note that for competitors with fixed boundary a more general result has recently been
established in [17], Theorem 1.2. The authors consider a smooth Riemannian manifold of
dimension n ≤ 7 and let S be a smooth oriented constant-mean-curvature hypersurface
with boundary with positive second variation for fixed volume and boundary. Then the
authors prove that S is uniquely homologically area minimizing for fixed volume among
oriented hypersurfaces in a small L1 neighborhood.

Finally it is worthwhile to comment on the procedure used to conclude that global and
local minimizers depend only on one variable and is increasing (or decreasing) and odd in
this variable. This procedure is not new and has been used in different scenarios and in a
systematic way in [12] and [13] (although previously used in [14]) to study radial symmetry
or symmetry with respect to a hyperplane [23] of global minimizers of a class of functionals
under a class of constraints which, by the way, do not comprise ours.

Basically the technique consists of taking a global minimizer U and then defining a
function V as the reflection, with respect to a convenient hyperplane, of U restricted to
one of the two sides of the partitioned domain. For the class of functionals considered, U
and V have the same energy and thus V is also a global minimizer and then the Unique
Continuation Principle is used to obtain (in case of an infinite cylinder) that U is symmetric
with respect to this hyperplane. If applied to our case such a procedure would produce
even functions whereas we are looking for odd ones. Essentially this difficulty is avoided by
taking a change of dependent variable w = 1−u2 and then using the information gathered
while obtaining the minimizers via Γ−convergence. Another difficulty in our scenario is
that, as opposed to the above cases, we cannot reflect the local minimizer around the plane
of symmetry of the domain. This will become clear in Section 5.

2. BACKGROUND AND NOTATION

In this section we give some notation and basic results of geometric measure theory
which are going to be used. For more details on this matter the reader is referred to [6],
[1] and [24], for instance.

We denote the n−dimensional Lebesgue measure by Ln and the n−dimensional Haus-
dorff measure by Hn.

The density of a set E at a point x is defined by

D(E, x) = limr→0
Ln(E ∩Br(x))

Ln(Br(x))
,

with Br(x) denoting the n-dimensional ball centered at x with radius r. Let f be any
real-valued function in IRn and let x ∈ IRn. The approximate upper limit and lower limit
of f at x are defined by

f+(x) = inf{t : D({f > t}, x) = 0} and f−(x) = sup{t : D({f < t}, x) = 0},
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26 A. S. NASCIMENTO, J. BIESDORF AND J. C. SIMAL

respectively. If f+(x) = f−(x) < ∞ then the function f is said to be approximately
continuous at x.

If µ is a Borel measure on a domain Ω with values in [0,+∞) its total variation is denoted
by |µ| and the integral of a |µ|-integrable function f will be denoted by

∫
R
fd|µ|.

For Ω ⊂ IRN a bounded set, the space BV (Ω) of functions of bounded variation in Ω is
defined as the set of all functions v ∈ L1(Ω) whose distributional gradient Dv is a Radon
measure with bounded total variation in Ω, i.e.,

|Dv|(Ω) = sup {
∫
R

v(x) div σ(x) dLn <∞, σ ∈ C1
0 (Ω, IR

n), |σ| ≤ 1}.

If v ∈ W 1,1
loc then the total variation measure satisfies |Dv| = Ln ⌊ |∇v|, i.e., |Dv| =

|∇v| dLn, where ∇ denotes the usual gradient.
A set E ⊂ Ω is said to have finite perimeter in Ω if DχE (here χE stands for the char-

acteristic function of E) is a vector valued Radon measure in Ω with finite total variation.
The perimeter of E in Ω is defined by

PerΩ(E) = |DχE |(Ω).

If E has finite perimeter in Ω and Ln(E ∩ Ω) < ∞ then χE ∈ BV(Ω). Denoting by
νEj (j = 1, . . . , n) the derivative of the measure DjχE with respect to |DχE | we have for
every x ∈ Ω

νEj (x) = limr→0
DjχE(Br(x))

|DχE |(Br(x))
(j = 1, . . . , n).

as long as the limit exists.
The reduced boundary of E, denoted by ∂∗E, is the set of all points x ∈ E such that the

vector νE(x) = (νE1 (x), . . . , νEN (x)) exists and |νE(x)| = 1. If E has finite perimeter then
∂∗E is a rectifiable set,

DχE = νE HN−1⌊∂∗E

and consequently

|DχE | = HN−1⌊∂∗E (2.1)

and

|DjχE | = |νEj | HN−1⌊∂∗E (j = 1, . . . , N). (2)

If E ⊂ IRn then we say x ∈ ∂ME, the measure theoretic boundary of E, if

lim sup
r→0

Ln(B(x, r) ∩ E)

rn
> 0 and lim sup

r→0

Ln(B(x, r)− E)

rn
> 0.
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It holds that ∂∗E ⊂ ∂ME and Hn−1(∂ME\∂∗E) = 0. For future references we recall the
well-known isoperimetric inequality (see [9], for instance): if E ⊂ Rn (n ≥ 2) is a set of
finite perimeter then

Hn(E)
n−1
n ≤ c1Hn−1(∂∗E) (3)

where the constant c1 depends only on n.
We denote by BV (Ω; {±1}) the class of all u ∈ BV (Ω) which take values 1 and −1 only.

If u ∈ BV (Ω; {±1}) then we call µ1, . . . , µn the Radon (signed) measures defined by the
partial derivatives ∂u

∂xj
(j = 1 . . . , n) and µ = Du (in the sense of distribution). Its total

variation measures |µj | and |µ| satisfy for any measurable Borel set B

|µ|(B) ≥ (Σn
j=1(|µj |(B))2)1/2. (4)

Our approach relies strongly on the concept of Γ− convergence and therefore we rather
give the version which is going to be used.

Definition 2.1. The extended-real family of functionals {Λε}ε>0 defined in L1(Ω),
Γ-converges, as ε→ 0, to a real-extended functional Λ0 in a point u ∈ L1(Ω) if

1. ∀ {uε} ∈ L1(Ω) : ∥uε − u∥L1(Ω)
ε→0−→ 0 =⇒ lim infε→0 Λε(uε) ≥ Λ0(u).

2. ∃ {wε} : ∥wε − u∥L1(Ω)
ε→0−→ 0 and Λ0(u) ≥ lim supε→0 Λε(wε).

The following result relates isolated local minimizers of the Γ-limit to local minimizers
of the original problem.

Theorem 2.1. [11] Suppose that a family of extended-real functionals {Λε}ε>0 defined in
L1(Ω) Γ-converges, as ε→ 0, to a extended functional Λ0 and that the following hypotheses
are satisfied

(2.1.1)∀ {vε}ε>0 : Λε(vε) ≤ constant <∞ is compact in L1(Ω) and

(2.1.2)There exists an isolated L1-local minimizer v0 of Λ0.

Then there exists ε0 > 0 and a family {vε}0<ε≤ε0 such that

(2.1.i)vε is an L1-local minimizer of Λε and

(2.1.ii)∥vε − v0∥L1(Ω)
ε→0−→ 0.
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28 A. S. NASCIMENTO, J. BIESDORF AND J. C. SIMAL

3. EXISTENCE OF LOCAL MINIMIZER VIA Γ−CONVERGENCE

We want to work in L1(Ω) in order to explore the compact imbedding BV (Ω) ↪→ L1(Ω)
and hence we define Eε : L

1(Ω) 7−→ IR ∪ {∞} by

Eε(u)
def
=

{ ∫
Ω
[ε|∇u|2 + ε−1(1− u2)2] dx, if u ∈ M

∞, otherwise.
(3.1)

Lemma 3.1. The family of functionals {Eε}0<ε<ε0 Γ−converges in L1(Ω), as ε→ 0, to

E0(v)
def
=

{
8
3PerΩ{v = 1}, v ∈ BV (Ω, {±1}) and

∫
Ω
v = 0

∞, otherwise.
(2)

A proof can be found in [20], for instance; in this case the Γ−limit has long been known
and it is just the perimeter or area functional given by (3.2).

Let us define the sets

Ω1
l

def
= {x ∈ Ω : x1 < 0} and Ω1

r
def
= {x ∈ Ω : x1 > 0}

and the function

u0(x)
def
= χΩ1

r
(x)− χΩ1

l
(x), x ∈ Ω (3)

Note that
∫
Ω
u0 = 0.

When

Ω = R
def
= (−l, l)× (−r, r) (l ≥ r)

then, in addition to u0, we define the function v0 as

v0(x)
def
= χΩ2

r
(x)− χΩ2

l
(x), x ∈ Ω (4)

where

Ω2
l

def
= {x ∈ Ω : x2 < 0} and Ω2

r
def
= {x ∈ Ω : x2 > 0}

When

Ω = Q
def
= (−l, l)× (−r, r)× (−q, q) (l ≥ r ≥ q)

then, in addition to u0 and v0, we define the function w0 as

w0(x)
def
= χΩ3

r
(x)− χΩ3

l
(x), x ∈ Ω (5)

where

Ω3
l

def
= {x ∈ Ω : x3 < 0} and Ω3

r
def
= {x ∈ Ω : x3 > 0}.
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Theorem 3.1. Let Ω = (−l, l) × D where D ⊂ IR2 is any Lipschitz bounded domain.
There exists ε0 > 0 and a family {uε}0<ε≤ε0 in C2(Ω) ∩ C0(Ω) satisfying

(3.1.i)uε is a local minimizer of Eε in M and

(3.1.ii)∥uε − u0∥L1(Ω)
ε→0−→ 0, with u0 given by (3.3).

When Ω = R (rectangle) then in addition to {uε} we obtain another family {vε}0<ε≤ε0

of local minimizers satisfying ∥vε − v0∥L1(Ω)
ε→0−→ 0, with v0 given by (3.4).

When Ω = Q (parallelepiped) then, in addition to {uε} and {vε}, we obtain another

family {wε}0<ε≤ε0 of local minimizers satisfying ∥wε − w0∥L1(Ω)
ε→0−→ 0, with w0 given by

(3.5).

This theorem follows straight from Theorem 2.1 once the hypotheses (2.1.1) and (2.1.2)
are verified. The latter hypothesis, which is by far the most difficult to prove will be the
subject of the next section. Therefore the proof of this theorem is postponed until we verify
(2.1.2) for the cases.

4. PROOF THEOREM 3.1

Most of this section is devoted to proving that u0, given by (3.3), is an isolated local
minimizer of E0 in M. But before doing that an important remark is worth being made.
For n = 2 this result could have been obtained by generalizing [11], Proposition 2.4, where
the result pursued herein is established for n = 2 in the unconstrained case for non-convex
domains which have a narrow region. However the proof provided in [11] is not suited for
generalization to dimension n ≥ 3. We will explain where and why it fails for n ≥ 3.

In order to prove Proposition 2.4 ([11]) the authors split the admissible functions in
four classes. In one of these classes the admissible functions BV(R;±1) in the rectangle
R = (−l, l)× (−r, r), for some a ∈ (l/2, l) are either

1. not constant along the interval {(x, a), −l < x < l} or

2. not constant along the interval {(x,−a), −l < x < l}.

In either case the admissible function v changes sign at least once in at least one of these
intervals enabling the authors to conclude (see [11], first inequality in p. 77)∫ l

−l

(∣∣∣∣ ∂v∂x1
∣∣∣∣ (x1, a) + ∣∣∣∣ ∂v∂x1

∣∣∣∣ (x1,−a)) ≥ 2. (4.1)

Note that in this case the measure of integration, in view of (2.2), can be thought of as
the Hausdorff counting measure H0 of points of discontinuities of v(·, a).

When n = 3, under the same hypotheses, (4.1) depends on the PerD{v = 1}. In such case
the lower positive bound given by (4.1) would no longer be available, i.e., when taking the
limit of (4.1) over this class of functions the limit inferior could be zero and the procedure
utilized in [11] no longer works. The proof rendered here for the three-dimensional domain
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30 A. S. NASCIMENTO, J. BIESDORF AND J. C. SIMAL

(−l, l)×D is of geometric nature and the basic idea is to find t ∈ (l/2, l) such that

H2((D × {t}) ∩ {v = −u0}) ≤ PerD×[t, l]{v = −u0}

holds for any admissible function v where u0 is given by (3.3). This is accomplished by a
series of technical results which to some extent is the price paid for working in the topology
of L1. This topology, by its turn, is chosen in order check hypothesis (2.1.1) in Theorem
2.1 (in order to prove Theorem 3.1) by exploring the compact imbedding BV (Ω) ↪→ L1(Ω)
(see [16] or [20], for instance).

We now state the main result of this section.

Lemma 4.1. Let Ω ⊂ IRn (n = 2, 3) be a cylindrical domain Ω = (−l, l)×D. Then the
function u0, given by (3.3), is a local isolated minimizer of E0 given by (3.2), i.e., there is
ρ > 0 such that for any v ∈ BV (Ω, {±1}), satisfying 0 < ∥v − u0∥L1(Ω) < ρ and

∫
Ω
v = 0,

we have E0(u0) < E0(v).

As preparation for the proof of this lemma we state and prove some technical results.

Lemma 4.2. Let D ⊂ IRm (m = 1, 2) a bounded Lipschitz domain with a finite number
of vertices if m = 2 and an interval if m = 1. There exists θ > 0 such that for any A ⊂ D
of finite perimeter satisfying Hm(A) < 1

2H
m(D) it holds that

0 < θ ≤ Hm−1(∂∗A\∂∗D)

Hm−1(∂∗A)
. (2)

Proof.
We may suppose that A is connected and then the general case follows at once.

When m = 1, θ = 1/2 since H0(∂∗A) = 2 and H0(∂∗A\∂∗D) ≥ 1. Thus suppose m = 2
and let ND denote the finite set of points where ∂∗D is not C1.

We abbreviate connected component as c.c., for short, and set

diag(ND) = {(P, P ) : P ∈ ND}.

Then we define a function γ : (∂∗D × ∂∗D)\diag(ND) → R+ by

γ(P,Q) =

{
min

{
H1(C) : C is c.c. of ∂∗D\{P,Q}

}
if P ̸= Q,

0, se P = Q,

Note that ∂∗D\{P,Q} consists of exactly two connected components when P ̸= Q given
that now D ⊂ IR2. Hence γ is well defined and continuous.

Next we define a function σ : (∂∗D × ∂∗D)\diag{ND} → R+ by

σ(P,Q)
def
=

{
|P−Q|

γ(P,Q)+|P−Q| if P ̸= Q,

1/2, if P = Q,
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¿From the fact that D is a Lipschitz domain one can easily check that

lim inf
(P,Q)→diag(ND)

σ(P,Q) > 0 (3)

On the account that ∂∗D is compact and σ is continuous there is a constant mσ > 0
satisfying

σ ≥ mσ > 0 on (∂∗D × ∂∗D)\diag{ND}. (4)

With c1 as in (2.3) (the isoperimetric inequality) and mσ as in (4.4) we define

θ
def
= min

{
mσ ,

mσ

√
2H2(D)1/2

mσ

√
2H2(D)1/2 + 2c1Per(D)

}
.

Hence 0 < θ < 1 and we claim that θ satisfies (4.2). Indeed given A ⊂ D satisfying our
hypotheses then three cases may occur:

(i) H1(∂∗A ∩ ∂∗D) = 0 or

(ii) 0 < H1(∂∗A ∩ ∂∗D) < Per(D).

(iii) H1(∂∗A ∩ ∂∗D) = Per(D).

¿From now on, in order to simplify the notation, we replace the H1 measure of a set in Ω
with its perimeter in Ω.

If (i) holds then PerD(A) = Per(A) and as such PerD(A)/Per(A) = 1 > θ.
We will say that P and Q, with P ̸= Q and P,Q ∈ ∂∗A ∩ ∂∗D, are extremal points of

∂∗A ∩ ∂∗D if ∂∗A ∩ ∂∗D\{P,Q} is contained in one of the two c.c. of ∂∗D\{P,Q}.
If (ii) holds then two cases may occur.

(ii-a) ∃ P and Q, extremal points of ∂∗A ∩ ∂∗D so that ∂∗A ∩ ∂∗D is contained in the
smaller c.c. (in the H1 metric) of ∂∗D\{P,Q}.

In this case using that |P − Q| ≤ PerD(A) and if a, b and c are strictly positive real
numbers with a ≤ b, then a

c+a ≤ b
b+c , we have

PerD(A)

Per(A)
= PerD(A)

PerD(A)+H1(∂∗A∩∂∗D)
≥ PerD(A)

PerD(A)+γ(x,y)

≥ |x−y|
|x−y|+γ(x,y) = σ(x, y) ≥ mσ ≥ θ.

(ii-b) For any two points P and Q, extremals of ∂∗A∩∂∗D, the set ∂∗A∩∂∗D is contained
in the largest c.c. of ∂∗D\{P,Q}.

In this case each c.c. of D\A, say C, satisfies (ii-a) with A replaced with C and therefore

PerD(D\A)
Per(D\A)

≥ mσ. (5)
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Invoking the hypothesis H2(A) < 1
2H

2(D) (which has not been used yet) we obtain

H2(D\A) > 1

2
H2(D). (6)

Now (2.3), (4.5) and (4.6) yield

PerD(A) = PerD(D\A) ≥ mσPer(D\A) ≥ mσ
1

c1
H2(D\A)1/2 >

mσ
1

c1

1√
2
H2(D)1/2.

This implies

PerD(A)

Per(A)
≥ PerD(A)

PerD(A)+Per(D)
>

mσ
1
c1

1√
2
H2(D)1/2

mσ
1
c1

1√
2
H2(D)1/2+Per(D)

=
√
2mσH2(D)1/2√

2mσH2(D)1/2+2c1Per(D)
≥ θ.

In case (iii) each c.c. of D\A fits in (i) and as such the very same argument used in
(ii-b) establishes the proof when m = 2.

Remark 4. 1. As it stands the difficulty we have found to generalize our results to
dimension n > 3 is to prove Lemma 4.2 for higher dimensions.

Lemma 4.3. Let (−l, l) ×D = Ω ⊂ Rn (n = 2, 3) as in Section 3, c1 the constant from
the isoperimetric inequality (2.3) and θ as in Lemma 3. Then there exists a real number
ξ ∈ ( l

2 , l) and a continuous function η : [ l2 , ξ] → [0,∞) satisfying
η(t) = θ

2c1

∫ ξ

t
η(s)

n−2
n−1 ds

η(ξ) = 0
η( l

2 ) ≤
1
2H

n−1(D)
η > 0 on [ l2 , ξ).

(7)

Proof.
One can easily check that

η(t) =

(
θ

(n− 1)2c1

)n−1

(ξ − t)n−1 (n = 2, 3)

is a solution to (4.7) where the point ξ ∈ (l/2, l) should be chosen, if necessary, close to l/2
in order to satisfies the condition η( l

2 ) ≤
1
2H

n−1(D).
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Lemma 4.4. Let Ω, c1 and θ be as in Lemma 4.3. There exists ρ > 0 such that for any

L-measurable function ψ : [ l2 , l] → (0,Hn−1(D)] (n = 2, 3) satisfying
∫ l

l
2
ψ(s)dH1 < ρ there

exists t0 ∈ ( l
2 , l)\ I, where I = {t ∈ [ l2 , l] : ψ(t) ≥

1
2H

n−1(D)}, such that

ψ(t0) <
θ

2c1

∫
[t0,l]\I

ψ(s)
n−2
n−1 ds.

Remark 4. 2. Before rendering the proof let us give a geometric insight of the meaning
of the function ψ. Given any function v ∈ BV (Ω,±1) in a L1(Ω)-neighborhood of u0 (see
statement of Lemma 4.1) consider the set A = {v = −u0}, say. Then ψ will be taken
as ψ(t) = H(n−1)(A ∩ (D × {t})). In general ψ will not be a continuous function and, in
addition, its image must be in [0,Hn−1(D)]. However in the proof of the main result in
this section we will see that its domain must be restricted to {t : ψ(t) < 1

2H
n−1(D)}. That

is why the set I was introduced.

Proof.
Recalling that Ω = (−l, l)×D and taking η and ξ as in Lemma 4.3 we define

ρ = min{
∫ ξ

l/2

η(t)dt,
(l − ξ)

2
Hn−1(D)}, n = 2, 3. (8)

We anticipate that ρ will be the radius of the neighborhood of u0 in L1(Ω) when proving
that u0 is an isolated local minimizer of E0 in M as in Lemma 4.1.

Given ψ and I as in our hypotheses we define

O =

{
t ∈

[
l

2
, l

]
\ I : ∃s ∈

[
l

2
, t

)
\ I with L([0, s]\ I) = L([0, t]\ I)

}
Ĩ = I ∪ O, ϑ = L([0, l]\ I) and ζ : [ l2 , l]\ Ĩ → [ l2 , ϑ] given by

ζ(t) = L([0, t]\ Ĩ).

Note that L(O) = 0 and that O was introduced just to make ζ injective. Hence ζ is
a measurable bijective function and we can define a L-measurable function g : [ l2 , ϑ] →
(0, 12H

n−1(D)) by

g = ψ ◦ ζ−1

which, from the hypothesis of ψ, satisfies∫ ϑ

l/2

g(s)ds <

∫ ξ

l/2

η(t)dt. (9)

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

c ⃝
C
op
yr
ig
ht

20
08

-
Je
an

M
ar
ti
n
a

34 A. S. NASCIMENTO, J. BIESDORF AND J. C. SIMAL

Claim: ∃ t1 ∈ ( l
2 , ϑ) such that g(t1) <

θ
2c1

∫ ϑ

t1
g(s)

n−2
n−1 ds.

Let us first prove that ϑ > ξ; it suffices to show that L(I) < l − ξ. Arguing by contra-
diction we have

ρ ≤ (l − ξ)

2
Hn−1(D) (from the definition of ρ)

≤ 1

2
Hn−1(D)L(I) (contradiction hypothesis)

<

∫
I

ψ(s)ds (from definition of I)

<

∫ l

l/2

ψ(s)ds (since I ⊂ [
l

2
, l] )

≤ ρ (from definition of ρ).

Therefore ϑ > ξ and this make it possible to define the set

∆
def
= {t ∈ [

l

2
, ξ) : g is approximately continuous at t and g(t) ≤ η(t)}.

Note that g is approximately continuous a.e. in [ l2 , ξ] (cf. [7], p.47). Also ∆ ̸= ∅, for
if ξ = l/2 then by definition of ∆ we would have g > η a.e. in [l/2, ξ) and therefore∫ ϑ

l/2
g >

∫ ξ

l/2
g >

∫ ξ

l/2
η, thus contradicting (4.9). Therefore l/2 < ξ.

There are two cases to be analyzed.
i) sup∆ = ξ.
In this case inf{g(t) : t ∈ [ l2 , ξ] : g aprox. continuous at t} = 0. On the other hand

since g
n−2
n−1 > 0 we have

∫ ϑ

ξ
g

n−2
n−1 ds > 0 and this implies the existence of t1 ∈ [ l2 , ξ] such

that g is aprox. continuous at t1 and

g(t1) ≤
θ

2c1

∫ ϑ

ξ

g(s)
n−2
n−1 ds ≤ θ

2c1

∫ ϑ

t1

g(s)
n−2
n−1 ds.

ii) sup∆ = ξ ̸= ξ.

In this case, since ξ < ξ, it follows from the definition of ∆ that
∫ ξ

ξ
g(t)

n−2
n−1 dt >∫ ξ

ξ
η(t)

n−2
n−1 dt. Also ϑ > ξ, g > 0 and g is approximate continuous a.e. in [l/2, ξ) where

l/2 < ξ < ξ.
Together all these facts allow us to take t1 ∈ ( l

2 , ξ] such that g is approximate continuous
at t1, g(t1) ≤ η(t1) and ∫ ξ

t1

η(t)
n−2
n−1 dt <

∫ ϑ

ξ

g(t)
n−2
n−1 dt.
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If g is continuous then we may choose t1 = ξ̃. ¿From the above properties of t1, Lemma
4.3 and the three aforementioned properties we have

g(t1) ≤ η(t1) =
θ

2c1

∫ ξ

t1

η(t)
n−2
n−1 dt

=
θ

2c1

∫ ξ

t1

η(t)
n−2
n−1 dt+

θ

2c1

∫ ξ

ξ

η(t)
n−2
n−1 (t)dt

<
θ

2c1

∫ ϑ

ξ

g(t)
n−2
n−1 dt+

θ

2c1

∫ ξ

ξ

g(t)
n−2
n−1 dt

<
θ

2c1

∫ ϑ

t1

g(t)
n−2
n−1 dt,

establishing in this way our claim.
Now in order to complete the proof of the lemma we take t0 = ζ−1(t1).
The above sequence of elementary lemmas is utilized to prove the next result which in

turn will play an essential role in the proof of Lemma 4.1.

Lemma 4.5. Let Ω = (−l, l) × D ⊂ Rn (n = 2, 3) as above, c1 as in (2.3), θ as in
Lemma 4.2 and ρ given by (4.8).

(4.5.i)Given A+ ⊂ D ×
[
l
2 , l

]
, with Hn(A+) < ρ, there exists t0 ∈

(
l
2 , l

)
such that

H(n−1)(A+ ∩ (D × {t0})) ≤
1

2
H(n−1)(∂∗(A+ ∩ (D × [t0, l]))\∂∗(D × [t0, l])).

(4.5.ii)Given A− ⊂ D ×
[
−l, −l

2

]
, with Hn(A−) < ρ, there exists t′0 ∈

(
−l,− l

2

)
such

that

H(n−1)(A− ∩ (D × {t′0})) ≤
1

2
H(n−1)(∂∗(A− ∩ (D × [−l, t′0]))\∂∗(D × [−l, t′0])).

Proof.
(4.5.i) If H(n−1)(A+ ∩ (D × {t})) = 0 for some t ∈

(
l
2 , l

)
, then we may choose t0 = t.

Otherwise let ψ :
[
l
2 , l

]
→ (0,Hn−1(D)] defined by

ψ(t)
def
= H(n−1)(A+ ∩ (D × {t})).
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36 A. S. NASCIMENTO, J. BIESDORF AND J. C. SIMAL

Then due to our hypotheses, ψ satisfies the hypotheses of Lemma 4.4 and there follows
the existence of t0 ∈

(
l
2 , l

)
\I (recall that I = {t ∈ [ l2 , l] : ψ(t) ≥

1
2H

n−1(D)}) satisfying

H(n−1)(A+ ∩ (D × {t0}))

≤ θ

2c1

∫
[t0,l]\I

(H(n−1)(A+ ∩ (D × {s})))
n−2
n−1 dH1

(using isoperimetric inequality (2.3))

≤ θ

2

∫
[t0,l]\I

H(n−2)(∂∗(A+ ∩ (D × {s})))dH1

≤ 1

2

∫
[t0,l]\I

PerD×{s}(A
+ ∩ (D × {s})))dH1 (from Lemma 4.2)

≤ 1

2

∫ l

t0

PerD×{s}(A
+ ∩ (D × {s})))dH1

≤ 1

2
H(n−1)(∂∗(A+ ∩ (D × [t0, l]))\∂∗(D × [t0, l])).

This establishes (4.5.i) and the proof of the other case is similar.
Finally, as a consequence of the above sequence of elementary results, we are in position

to prove the main result of this section.
Proof of Lemma 4.1 The coarea formula yields

Eε(u0) =
8

3
Hn−1(D). (10)

Next we take ρ as in (4.8) and v ∈ BV (Ω, {−1, 1}) satisfying 0 < ∥v− u0∥L1(Ω) < ρ and∫
Ω
v = 0.
Note that by fixing t ∈ (−l, l) the trace of v(t, ·) is well defined in each cross-section

Dt = {t} ×D. Set

1. A+
v

def
= {x ∈

(
l
2 , l

)
×D : v(x) = −1}

2. A−
v

def
= {x ∈

(
−l,− l

2

)
×D : v(x) = 1}.

Since A+
v ⊂ {v = −u0} and A−

v ⊂ {v = −u0} we have

ρ > ∥v − u0∥L1(Ω) >
1
2∥v − u0∥L1(Ω) =

1
2

∫
{v ̸=u0} |v − u0|dLn

= 1
2

∫
{v=−u0} 2dL

n = Hn({v = −u0})

≥ Hn(A+
v ). (11)

Thus Hn(A+
v ) < ρ and similarly Hn(A−

v ) < ρ.
Therefore A+

v e A−
v satisfy the hypotheses of (4.5.i) and in (4.5.ii), respectively, with

A+ and A− replaced with A+
v and A−

v , respectively. In this way by Lemma 4.5 there are
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t0 ∈
(
l
2 , l

)
and t′0 ∈

(
−l, −l

2

)
such that

Hn−1(A+
v ∩ ({t0} ×D)) ≤ 1

2
Hn−1(∂∗(A+

v ∩ ([t0, l]×D))\∂∗([t0, l]×D))

and

Hn−1(A−
v ∩ ({t′0} ×D)) ≤ 1

2
Hn−1(∂∗(A−

v ∩ ([−l, t′0]×D)\∂∗([−l, t′0]×D)).

By fixing t0 e t′0 and, for the sake of simplification in notation, setting

Dv = {x ′ ∈ D : (t0, x
′) ∈ A+

v } ∪ {x ′ ∈ D : (t′0, x
′) ∈ A−

v },

A[t0, l]
v = ∂∗(A+

v ∩ ([t0, l]×D))\∂∗([t0, l]×D) and

A
[−l, t′0]
v = ∂∗(A−

v ∩ ([−l, t′0]×D)\∂∗([−l, t′0]×D)

the two inequalities above yield

Hn−1(Dv) ≤
1

2
Hn−1(A[t0,l]

v ) +Hn−1(A
[−l,t′0]
v ). (12)

Our next goal is to use these inequalities to prove

Hn−1(∂∗{v = 1} ∩ Ω) > Hn−1(D). (13)

By definition of Dv

Hn−1(Dv)

≤ 1

2

[
Hn−1(A[t0,l]

v ) +Hn−1(A
[−l,t′0]
v )

]
(from 12)

=
1

2
Hn−1(∂∗{v = −u0} ∩ (((−l, t′0) ∪ (t0, l))×D))

=
1

2
Hn−1(∂∗{v = 1} ∩ (((−l, t′0) ∪ (t0, l))×D)). (14)

On the other hand note that by definition of Dv,

v(t0, x
′) = u0(t0, x

′) = 1 and v(t′0, x
′) = u0(t

′
0, x

′) = −1, a.e. inD\ Dv. (15)

Denoting the interior of a set A by int(A), we obtain

Hn−1(∂∗{v = 1} ∩ ((t′0, t0)× int(D\Dv))

≥ Hn−1(D\Dv) (16)

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

c ⃝
C
op
yr
ig
ht

20
08

-
Je
an

M
ar
ti
n
a
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If (15) is a strict inequality then from (13) we would obtain

Hn−1(∂∗{v = 1} ∩ Ω) ≥ Hn−1(∂∗{v =} ∩ ((t′0, t0)× int(D\Dv))

+ Hn−1(∂∗{v = 1} ∩ (((−l, t′0) ∪ (t0, l))×D))

> Hn−1(D\Dv) +Hn−1(Dv)

= Hn−1(D), (17)

thus establishing (13).
If (15) is an equality then necessarily ∂∗{v = 1} ∩ ((t′0, t0) × int(D\Dv) and D\Dv are

parallel cross-sections of Ω and therefore two cases have to be analyzed

(15.i) Hn−1(Dv) > 0 and

(15.ii) Hn−1(Dv) = 0

If the former one holds then (13) yields

Hn−1(Dv) ≤
1

2
Hn−1(∂∗{v = 1} ∩ (((−l, t′0) ∪ (t0, l))×D)) <

Hn−1(∂∗{v = 1} ∩ (((−l, t′0) ∪ (t0, l))×D)) (18)

and hence from (15) and (17) we obtain

Hn−1(∂∗{v = 1} ∩ Ω) ≥ Hn−1(∂∗{v = 1} ∩ ((t′0, t0)× int(D\Dv))

+ Hn−1(∂∗{v = 1} ∩ (((−l, t′0) ∪ (t0, l))×D))

> Hn−1(D\Dv) +Hn−1(Dv)

= Hn−1(D) (19)

thus proving (13).
Now if (15.ii) holds then taking into account that (15) is an equality, ∂∗{v = 1} ∩

((t′0, t0) × int(D\Dv) and D\Dv are parallel cross-sections of Ω, ∥v − u0∥L1(Ω) > 0 and∫
Ω
v dx = 0, we necessarily have

Hn−1(∂∗{v = −u0} ∩ (((−l, t′0) ∪ (t0, l))×D)) > 0.

Hence

Hn−1(∂∗{v = 1} ∩ Ω) = Hn−1(∂∗{v = 1} ∩ (((−l, t′0) ∪ (t0, l))×D))

+ Hn−1(∂∗{v = 1} ∩ ((t′0, t0)×D))

= Hn−1(∂∗{v = −u0} ∩ (((−l, t′0) ∪ (t0, l))×D))

+ Hn−1(∂∗{v = 1} ∩ ((t′0, t0)×D))

> Hn−1(∂∗{v = 1} ∩ ((t′0, t0)×D))

= Hn−1(D), (20)
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thus establishing (13) in this case too.
Altogether (19), (18) and (16) imply (13). Finally from (13) we obtain

E0(v) = 8
3

∫
Ω∩∂∗{v=1} dH

n−1 = 8
3H

n−1(Ω ∩ ∂∗{v = 1}) >
8
3H

n−1(D) = E0(u0),

and this completes the proof of Lemma 4.1.
Proof of Theorem 3.1

Note that (3.1.i) and (3.1.ii) follow from Theorem 2.1, (2.1.i) and (2.1.ii) respectively, once
we verify hypotheses (2.1.1) and (2.1.2).

But the proof of (2.1.1) can be found in [16] and [20], for instance, and (2.1.2) has been
verified in Lemma 4.1. Regularity of the solutions follows from classic elliptic regularity
theory and can be found in [8], for instance.

The proof of existence of a family of local minimizers vε satisfying

∥vε − v0∥L1(Ω)
ε→0−→ 0 (v0 as in (3.4)), in case of a rectangle, and also of wε satisfying

∥wε − w0∥L1(Ω)
ε→0−→ 0 (w0 as in (3.5)), in case of a parallelepiped, is the same proof given

for uε since each domain has the same symmetry property in each direction.

5. SYMMETRY INHERITED BY LOCAL MINIMIZERS

The objective in this section is to give a complete geometric picture of the global and
local minimizers of Eε, found in Theorem 3.1, when Ω is any of the cylindrical domains
considered in Theorem 1.2 as well as the exact number of these minimizers in each case.

In particular it follows that among all critical points of Eε only the ones whose zero-level
set are connected (and intersects the boundary) can minimize the energy functional. In
other words, the more a function oscillates the more energy it carries; a kind of Sturm-
Liouville result.

Since from now on we will deal with the Euler-Lagrange equation for Eε, for simplicity
in notation, unless otherwise stated, we re-scale the family of functionals Eε as

Eε(u) =

∫
Ω

[
ε

2
|∇u|2 + 1

4ε
(1− u2)2

]
dx.

In the next lemma we exploit the symmetry of the domains to obtain symmetry properties
of the local minimizers via an application of the Unique Continuation Principle under very
weak hypotheses.

In cylindrical coordinates (x1, ρ, θ), for any fixed θ̄ ∈ [0 , 2π), we set

Ωr(θ̄)
def
= {(x1, ρ, θ) : −l < x1 < l, 0 < ρ < R, θ̄ < θ < θ̄ + π}

and denote by Ωl(θ̄) the interior of the set Ω\Ωr(θ̄). Also, as usual, BR(0, 0) = {(ρ, θ), 0 <
ρ ≤ R, 0 ≤ θ < 2π}.
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40 A. S. NASCIMENTO, J. BIESDORF AND J. C. SIMAL

Lemma 5.1. Consider the family {uε} of local minimizers of Eε in M, found in Theorem

3.1, satisfying ∥uε−u0∥L1(Ω)
ε→0−→ 0 (u0 as in (3.3)), for the domain Ω = (−l, l)×D where

D ⊂ IRn (n = 2, 3) is any bounded Lipschitz domain. Then

(5.1.i)uε is increasing in the first variable and uε(x1, x
′) = −uε(−x1, x′), ∀x ′ ∈ D.

In particular, uε < 0 on Ωl and uε > 0 on Ωr.

Proof.
(5.1.i) A regularity result presented in [14] for cylindrical domains assures that uε ∈
W 2,3(Ω) ∩C3+δ(Ω), 0 < δ < 1. Any critical point of Eε in M satisfies the Euler-Lagrange
equation

ε△uε + ε−1(uε − u3ε) = λ

where the constant λ is the Lagrange multiplier corresponding to the constraint.
Since uε −→ u0 in L1(Ω) it holds that ∂1uε ≡/ 0, for ε small enough. Since ∂1uε ≡/ 0 we

may evoke [2], Theorem 3.3, to conclude

∂1uε > 0 on Ω (5.1)

This fact is going to be essential to our analysis. From
∫
Ω
uε = 0, uε changes sign in Ω

and we set

Z(uε)
def
= {x ∈ Ω : uε(x) = 0}.

Next we make the change of dependent variables w = 1 − u2ε (the subscript ε has been
dropped in the notation for w since it is kept fixed throughout the proof) which transforms
the above equation into

ε△w +
ε

2

|∇w|2

1− w
+ 2ε−1w(w − 1) = λw

√
1− w. (2)

Hence 0 < w ≤ 1 and the Lagrange multiplier λw =
∫
Ω
w
√
1− wdx. Note that

w(x) = 1 ⇔ x ∈ Z(uε)

and also

|∇w|2

1− w
= 4|∇uε|2. (3)

One sees from (5.3) and the regularity of uε that, on the set of H2-measure zero {uε = 0},
the second term in (5.2) is finite.

Claim 1: w(x) = 1 ⇐⇒ x = (0, x ′), x ′ ∈ D.
Indeed suppose by contradiction that ∃ x̄ = (x̄1, x̄

′) such that w(x̄) = 1 and x̄1 ̸= 0. We
may suppose x̄1 > 0. Since ∂1uε > 0 (from (5.1)), by the Implicit Function Theorem, there
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COUNT AND SYMMETRY OF GLOBAL AND LOCAL MINIMIZERS 41

exists a neighborhood of x̄ ′ ∈ D,

Vδ
def
= {x ′ : ∥x ′ − x̄′∥ < δ}

and a function g ∈ C2(Vδ) satisfying

w = 1 on Zδ(uε)
def
= {(g(x ′), x ′), x ′ ∈ Vδ} ⊂ Z(uε).

From x̄1 > 0, g can be taken so that g > 0 and therefore −l < 2g(x ′)− l, ∀x ′ ∈ D.
Next we define

w(x1, x
′)

def
=

 w(x1, x
′), if g(x ′) < x1 < l, x ′ ∈ Vδ

w(2g(x ′)− x1, x
′), if 2g(x ′)− l < x1 < g(x ′), x ′ ∈ Vδ

and let

D(w)
def
= {(x1, x ′) : 2g(x ′)− l < x1 < l, x ′ ∈ Vδ},

D−(w)
def
= {(x1, x ′) : 2g(x ′)− l < x1 < g(x ′), x ′ ∈ Vδ},

D+(w)
def
= {(x1, x ′) : g(x ′) < x1 < l, x ′ ∈ Vδ}.

Note that

w(x) = 1, x ∈ D(w) ⇐⇒ x = (g(x ′), x ′), x ′ ∈ Vδ.

Also ∂1uε > 0 on Ω implies that uε(x1, x
′) = 0, for x ′ ∈ Vδ, if and only if x1 = g(x ′), i.e.,

uε ̸= 0 on {(2g(x ′)− l, x ′), x ′ ∈ Vδ}.
We deduce

∂1w = −2uε∂1uε ̸= 0 on {(2g(x ′)− l, x ′), x ′ ∈ Vδ}. (4)

Next we define the function

θ
def
= w − w.

Since w ≡ w on D+(w) one uses the constraint to verify that λw = λw. Bearing in mind
that ∂1w = ∂1w = 0 on Zδ(uε) (this is crucial here) one verifies that θ ∈W 2,2(D(w)) and,
in addition, is a weak solution to

ε△θ + ε

2
V (x) ·∇θ + ε−1[U(x) +W (x) + λwΛ(x)] θ = 0 in D(w) (5)

where

V (·) =
∫ 1

0

(t∇w(·) + (1− t)∇w(·))
1− (tw(·) + (1− t)w(·))

dt,
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42 A. S. NASCIMENTO, J. BIESDORF AND J. C. SIMAL

U(·) = 1

2

∫ 1

0

|(t∇w(·) + (1− t)∇w(·))|2

[1− (tw(·) + (1− t)w(·))]2
dt

W (·) = 1

2

∫ 1

0

1

[1− (tw(·) + (1− t)w(·))]1/2
dt

and

Λ(·) = −1

2

∫ 1

0

1√
tw(·) + (1− t)w(·)dt

,

with U , W , Λ and each component of V being in L∞
loc(D(w)) (recall that uε ∈ C3+δ(Ω)).

Therefore, since θ ∈W 2,2
loc , the Unique Continuation Principle applied to (5.5) yields θ ≡ 0

on the account that θ = 0 on D+(w). Therefore w = w on D(w) and given that ∂1w(l, x
′) =

0, x ′ ∈ Vδ (recall that ∂1uε(l, x
′) = 0, uε(l, x

′) ̸= 0 for x ′ ∈ Vδ and w is C1 in ∂Ω up to
the edges and corners of Ω) we conclude

∂1w(2g(x
′)− l, x ′) = 0, x ′ ∈ Vδ. (6)

But (5.6) contradicts (5.4) and therefore Claim 1 is proved.
Claim 2: It holds that w(x1, x

′) = w(−x1, x ′), ∀x ∈ Ω.
Recalling that Ωl = {x ∈ Ω : x1 < 0} and Ωr = {x ∈ Ω : x1 > 0} we now define w as the

reflection with respect to {x1 = 0} of w restricted to Ωr, i.e.,

w(x1, x2)
def
=

 w(x1, x2) on Ωr

w(−x1, x2) on Ωl.

Now, thanks to Claim 1 (which is crucial here), one verifies that w ∈ W 2,2(Ω). Going

through the same procedure as above we now define θ
def
= w − w in Ω. One easily verifies,

using the symmetry of the domain, that θ is a weak solution to (5.5). Again since θ ≡ 0
on Ωr and θ ∈W 2,2(Ω) the Unique Continuation Principle implies w = w on Ω.

This establishes our claim on the evenness of w with respect to the first variable. The
next step is to note that being w = 1− u2ε then u2ε(x1, x2) = u2ε(−x1, x2), which amounts
to saying that

uε(x1, x2) = ±uε(−x1, x2), ∀ (x1, x2) ∈ Ω. (7)

Finally in view of (5.1) and (5.7) we conclude (5.1.i).

Lemma 5.2. Consider the family {uε} of local minimizers of Eε in M, as in Lemma
5.1, when

(5.2.i)Ω = (−l, l)× (−r, r) (l ≥ r) or

(5.2.ii)Ω = (−l, l)× (−r, r)× (−q, q) (l ≥ r ≥ q) or

(5.2.iii)Ω = (−l, l)×BR(0, 0).
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Then uε(x1, x
′) = uε(x1), ∀x ∈ Ω, i.e., uε depends just on the first variable and is odd

and increasing in (−l, l).

Proof.
The proofs of the first two cases are analogous therefore just rectangular domains are
considered. So suppose by contradiction that ∂2uε ≡/ 0. Then, by symmetry, the very same
argument used in the proof of Lemma 5.1 ([2], Theorem 3.3) yields uε < 0 on Ω∩{x2 < 0}
and uε > 0 on Ω ∩ {x1 > 0}. But this contradicts the fact, proved in Lemma 5.1, that
uε < 0 on Ωl = Ω ∩ {x1 < 0} and uε > 0 on Ωr = Ω ∩ {x1 > 0}. Hence we must have
∂2uε ≡ 0.

As for the case Ω = (−l, l) × BR(0, 0) it suffices to note that the property uε|Ωr(θ̄) =

±uε|Ωl(θ̄) (from Lemma 5.1) for any 0 < θ̄ < 2π implies that uε(x1, ρ, θ) cannot depend on
the angular variable. In other words, uε(x1, x2, x3) depends on x

′ = (x2, x3) only through
its absolute value |x ′| and then, using that uε is a conditionally stable critical point of Eε,
we can resort to [14], p. 309, to conclude that uε depends only on its first variable x1.

The oddness and monotonicity have been proved in Lemma 5.1.
In the next two lemmas the question of number as well as characterization of local and

global minimizers is addressed. Since the argument for all the three types of domains con-
sidered in Lemma 5.2 is analogous we focus on the simplest case, the rectangular domain,
in the hope that the main ideas can be easier enhanced in a simpler setting. In particular,
the one-dimension character of minimizers will be used to conclude a uniqueness result.

Lemma 5.3. Let Ω = (−l, l) × (−r, r) (l ≥ r). Then, for ε small, Eε has four local
minimizers in M which depend on just one variable: uε(x1) and vε(x2) (as in Theorem
3.1) and also −uε(x1) and −vε(x2).

Proof.
Existence of −uε and of −vε follows as in Theorem 3.1 by replacing u0 with −u0 and v0
with −v0, respectively.

In order to obtain the dependence of just one variable in each case we follow the proofs
of Lemmas 5.1 and 5.2.

Lemma 5.4. Let Ω = R = (−l, l)× (−r, r) with l > r. Then

(5.4.i)Eε has only two global minimizers in M: uε and −uε (as in Lemma 5.3)

(5.4.ii)Eε has only two other local minimizers vε and −vε (as in Lemma 5.3 ) which are
increasing and decreasing, respectively, and odd in (−r, r).

Proof.
(5.4.i) Let Uε be a solution to (1.2). Existence of such a global minimizer is obtained as
usual via the direct method of Calculus of Variations. Since Uε ∈ M, it is not a constant
function in R.

Claim 1: Uε depends only on one variable.
Suppose by contradiction that ∂1Uε ≡/ 0 and also ∂2Uε ≡/ 0. Since Uε is also a local

minimizer of Eε in M we conclude, as in (5.1), that ∂1Uε > 0 on Ω and ∂2Uε > 0 on Ω.
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44 A. S. NASCIMENTO, J. BIESDORF AND J. C. SIMAL

Then we follow the proofs of Lemma 5.1 and Lemma 5.2 (eventually (5.1) may be re-
versed) to conclude from ∂1Uε ≡/ 0 that Uε depends only on the first variable and then,
from ∂2Uε ≡/ 0 that Uε depends only on the second variable: a contradiction.

Claim 2: Either Uε(x1) = uε(x1) or Uε(x1) = −uε(x1).
Since, by Claim 1, Uε depends only on one variable let us suppose by contradiction that

it depends on the second one, i.e., Uε(x1, x2) = Uε(x2). Hence, from symmetry, we can
follow the proof of Lemma 5.1 (note that ∂2Uε ≡/ 0 allows us to use [2], Theorem 3.3, so
that (5.1) holds) to conclude that Uε is monotone and odd in x2. For definiteness we may
suppose that Uε(x2) is increasing and compare it with vε(x2) (given in Lemma 5.3), as
follows.

Actually since Uε, vε are odd functions in (−r , r) and f(u) = u− u3, the corresponding
Lagrange multipliers satisfy

λUε =

∫ r

−r

f(Uε) dx2 = 0 and λvε =

∫ r

−r

f(vε) dx2 = 0.

Therefore we have {
εU ′′

ε + ε−1f(Uε) = 0, in (−r , r)
U ′
ε(−r) = U ′

ε(r) = 0
(8)

and {
εv′′ε + ε−1f(vε) = 0, in (−r , r)
v′ε(−r) = v′ε(r) = 0

(9)

Thus Uε and vε are both monotone functions and satisfy, for ε small, the equation ε2u ′′+
u − u3 = 0, subjected to Neumann boundary condition u ′(−r) = u ′(r) = 0. Hence by
uniqueness of such solutions (see [19] or [18], p. 3130, for instance) we must have Uε ≡ vε.

Therefore vε would be a global minimizer of Eε in M. Recall from Lemma 5.3 that vε
is obtained through the same procedure used to obtain uε and as such

∥vε − v0∥L1(R)
ε→0−→ 0, (10)

where v0 is given by (3.4).
It is also a basic fact in the theory of Γ−convergence that since vε is a global minimizer

of Eε then, due to (5.10), v0 is also a global minimizer of E0. But this is impossible due to
the fact that u0, given by (3.3), is a admissible function for E0 and, since l > r, satisfies

E0(v0) =
8

3
l >

8

3
r = E0(u0), (11)

against the fact that v0 is a global minimizer of E0.
Hence Uε depends only on the first variable x1 and therefore comparing it with uε(x1)

(both satisfy equations (5.8) and (5.9), respectively, and are monotone) the same uniqueness
argument used above yields Uε ≡ uε, for ε small enough.
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We conclude the proof of Claim 2 after remarking that since Eε(uε) = Eε(−uε) it follows
that −uε is also a solution to (1.2).

(5.4.ii) Suppose now that Vε is local minimizer of Eε in M but not a solution to (1.2),
i.e., not a global minimizer of Eε in M. As in Claim 1 we conclude that Vε depends
on just one variable and is monotone. Suppose that it depends on the first one and, for
definiteness, suppose that Vε is increasing. Hence comparing it with uε we would conclude
as in Claim 2 (by uniqueness) that Vε ≡ uε and therefore, since uε is a global minimizer,
so would be Vε: a contradiction.

Therefore Vε depends just on the second variable. Comparing it with vε we go through
the same procedure used in Claim 2 to finally conclude that Vε(x2) ≡ vε(x2).

To complete the proof it suffices to show that necessarily −vε is a also a local minimizer.
By hypothesis, ∃ δ > 0 and

Vδ(vε)
def
= {v ∈ M : ∥vε − v∥H1(Ω) < δ}

so that

Eε(vε) ≤ Eε(v), ∀ v ∈ Vδ(vε). (12)

Claim 3: Eε(−vε) ≤ Eε(w), ∀w ∈ Bδ(−vε).
Indeed, for any w ∈ Bδ(−vε) it holds δ ≥ ∥w − (−vε)∥H1(Ω) = ∥(−w) − vε∥H1(Ω), thus

implying that −w ∈ Bδ(vε). Since Eε is quadratic functional and −w ∈ Bδ(vε), we use
(5.12) to conclude

Eε(−vε) = Eε(vε) ≤ Eε(−w) = Eε(w).

This completes the proof.
We are now in condition to complete the proofs of our main results.
Proof of Theorem 1.1
In view of the above lemmas it remains only the case in which the domain is a square to

be analyzed. Let uε and −uε be the global minimizers found in Lemma 5.4. Since in this
case l = r we see that vε(x1, x2) = uε(x2, x1), i.e., vε is obtained from uε by a rotation of
π/2 with respect to x1-axis.

Since Eε(uε) = Eε(−uε) = Eε(vε) = Eε(−vε) it follows that all four functions uε, −uε,
vε and −vε are solutions to (1.2) and the only ones (either local or global) by Lemma 5.4.

Proof of Theorem 1.2
When Ω = (−l, l) × D ,with D ⊂ IR2 any Lipschitz bounded domain, the proof of

existence of a family of local minimizers {uε} has been established in Theorem 3.1. ¿From
Lemma 5.1 it is increasing and odd on the first variable.

(1.2.i) When D = BR(0, 0) the existence of the two local minimizers uε(x) and −uε(x)
follows from Theorem 3.1. From Lemma 5.2 we have that uε(x1, x

′) = uε(x1) is increasing
and odd in (−l, l).

It is our goal now to prove that these are the only two solutions to (1.2) in the circular
cylinder.
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Claim 1: Any local minimizer Uε of Eε in M satisfies either Uε = uε or Uε = −uε.
Unfortunately the argument used in the previous cases for a rectangle and a paral-

lelepiped does not work for a circular cylinder. So for φ ∈ M, φ ≡/ 0 and F (ξ) =
(1/4)(1− ξ2)2 we define

I(Uε;φ)
def
=

∫
Ω

(|∇φ|2 + ε−2F ′′(Uε)φ
2) dx (13)

Therefore, from our hypothesis,

I(Uε;φ) ≥ 0, ∀ φ ∈ M. (14)

Also, letting for simplicity in notation Uε = U , we have, in cylindrical coordinates, Uρρ + Uρ/ρ+ Uθθ/ρ
2 + Ux1x1 + ε−2f(Uε) + λU = 0, in (−l, l)×D

Uρ(x1, R, θ) = 0, for − l < x1 < l, 0 < θ ≤ 2π
Ux1(±l, ρ, θ) = 0 for 0 < ρ < R, 0 < θ ≤ 2π

(15)

where λU is a Lagrange multiplier. By defining

V
def
= Uθ

one easily verifies that V ∈ M, V ∈ C2(Ω), and Vρρ + Vρ/ρ+ Vθθ/ρ
2 + Vx1x1 + ε−2f ′(Uε)V = 0, in (−l, l)×D

Vρ(x1, R, θ) = 0, for − l < x1 < l, 0 < θ ≤ 2π
Vx1(±l, ρ, θ) = 0 for 0 < ρ < R, 0 < θ ≤ 2π

(16)

Hence from (5.14) and (5.16) we deduce that I(U ;V ) = 0 and, given that V ∈ M,

I(U ;V ) = 0 = min{I(U ;φ) : φ ∈ M, φ ≡/ 0}.

It then follows from a variant of Krein-Rutman’s Theorem (see, for instance, [2], p. 4,
for a proof) that V does not change sign in Ω. Therefore, due to the periodicity of U in
the angular variable θ, we must have U(x1, ρ, θ) = U(x1, ρ).

We now evoke a result in [14], p. 308, to finally conclude that being a local minimizer
in a domain with rotational symmetry we actually have that U depends just on the first
variable. Recovering the sub-script ε, (5.15) becomes{

εU ′′
ε + ε−1f(Uε) + λUε = 0, in (−l , l)

U ′
ε(−l) = U ′

ε(l) = 0
(17)

Lemma 5.1 (for one-dimensional domains) yields Uε(x1) = −Uε(−x1) and therefore

λUε =

∫ l

−l

f(Uε(x1)) dx1 = 0.
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This allows us to utilize the very same argument used in Claim 2 of Lemma 5.4, for the
equations (5.8) and (5.9), to finally conclude that either Uε = uε or Uε = −uε.

Therefore there are only two local minimizers, uε and −uε, and on the account that
Eε(uε) = Eε(−uε), they must be global, i.e., the only solutions to (1.2).

(1.2.ii) When Ω = (−l, l) × (−r, r) × (−q, q) with l > r > q, the proof that (1.2) has
only two solutions, uε and −uε, depending only on the first variable with uε increasing and
odd, follows from the same argument used in Lemma 5.4 since dimension of the domain is
not an issue here. We briefly describe the steps.

Existence of the other three local minimizers, −uε(x1), −vε(x2) and −wε(x3), follows as
in Theorem 3.1 by replacing u0, v0 and w0 with −u0, −v0 and −w0, respectively.

To assure that any solution to (1.2), say Uε, depends only on one variable we argue as
in Claim 1 of Lemma 5.4 except that now we must consider the possibilities

1. ∂1Uε ≡/ 0, ∂2Uε ≡/ 0 and ∂3Uε ≡/ 0,
and

2. ∂1Uε ≡/ 0 and ∂2Uε ≡/ 0 or

3. ∂1Uε ≡/ 0 and ∂3Uε ≡/ 0 or

4. ∂2Uε ≡/ 0 and ∂3Uε ≡/ 0.

Next we prove that either Uε(x1) = uε(x1) or Uε(x1) = −uε(x1). Since Uε depends
only on one variable, suppose first that it depends on the second one. Since Uε is a global
minimizer, as in the rectangular domain we conclude that Uε is monotone and, for instance,
increasing (−r, r).

Following the same argument utilized in Lemma 5.4, Claim 2, we obtain, by unique-
ness, that Uε ≡ vε. Hence vε would be a global minimizer of Eε over M and, by the
Γ−convergence property, v0 would be a global minimizer of E0. Hence since u0 is a admis-
sible function and l > r > q it would hold that

E0(u0) =
8

3
rq <

8

3
ql = E0(v0). (18)

But then (5.18) would contradict the fact that v0 is a global minimizer. Therefore Uε

cannot depend on the second variable. Likewise we conclude that Uε cannot depend on
the third variable. Therefore, since Uε is not a constant function, Uε must depend only on
its first variable.

Had we supposed that Uε depended on its third variable then the procedure would have
been the same except that now Uε would have been compared to wε(x3), if Uε is supposed
increasing, and to −wε(x3) if it were decreasing.

Having established that Uε depends only on its first variable we again utilize an argument
as in Lemma 5.4, Claim 2, to obtain, by uniqueness, that Uε ≡ uε. Therefore any solution
to (1.2) must be either uε or −uε.

Arguing as in Lemma 5.4 (5.4.ii), using the Γ-convergence property, we conclude that any
local (which is not global) minimizer must be one of the four functions: vε(x2), −vε(x2),
wε(x3) or −wε(x3).
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(1.2.iii) When Ω is a cube (l = r = q) the existence of the six local minimizers uε(x1),
−uε(x1), vε(x2), −vε(x2), wε(x3) and −wε(x3), has been established in (2.ii).

We argue as in Lemma 5.4 (5.4.i) to conclude that any solution to (1.2) depends only on
one variable and then as in Claim 2 to prove that it must equal uε(x1), for instance. Here
it is irrelevant which of the six functions we choose first.

We remark that from the fact that the energy functional is quadratic and, due to the
symmetry of the domain, it holds

Eε(uε) = Eε(−uε) = Eε(vε) = Eε(−vε) = Eε(wε) = Eε(−wε)

thus showing that they all are solutions to (1.2).
Suppose now that Vε is any local minimizer of Eε in M. Note that in the proofs of Claim

1 and Claim 2 in Lemma 5.4 we did not used the fact that the minimizers were global so
that both conclusion still hold for local minimizers. Therefore, as in Claim 1, we conclude
that Vε depends on just one variable and is monotone. Suppose that it depends on the
first one and, for definiteness, suppose that Vε is increasing. Hence comparing it with uε
we would conclude by uniqueness as in Lemma 5.4, Claim 2, that Vε ≡ uε thus concluding
that there is no other local minimizer than the six global ones found above.
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