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1. INTRODUCTION

In the studies of long time behavior of dynamical systems governed by differential equa-
tions it is of fundamental importance to establish that the problem is suitably well posed
in a large space of initial data. Once this is done questions concerning further regularity
properties of solutions and the existence of a suitable notion of attractors can be addressed,
which enables then to obtain more relevant information about the behavior of the system.

In an infinite dimensional space well posedness results are far from obvious and the
theory is far from complete. For example, if we are interested in questions concerning well
posedness of the Cauchy problem for the nonlinear equation of the form

ur + G(t,u) =0, t >, (1.1)

where G : R x D C E — F is an unbounded map, then even very simple situations can
bring a negative answer. Specifying £ = L?(Q2), D = H?(Q) N H(Q) and G(t,u) = —Au
one gets a sample problem which is known to be ill-posed. It is thus crucial to investigate
some suitable conditions on G which would lead to well posedness of (1.1) in a large space
of initial data.

When

G(t,u) = Au+ f(t,u) (1.2)

and —A generates a C? analytic semigroup in F, let us say A = —A, then such conditions
are already known, including the case of critical exponents, as one can consider f as a
Lipschitz map satisfying suitable boundedness conditions with respect to A. When

G(t,u) = Alt)u + f(t,u), (1.3)

that is if the operator A is also allowed to depend on time variable, the theory does not
seem to be complete and extensions of the results known from the time-independent case,
if they are possible, require some special attention.

To indicate a sort of difficulties that may arise in that latter case and, simultaneously,
to exhibit a sort of assumptions that may be needed when G is as in (1.3) let us mention
that (1.1) can be then looked upon from another perspective as an equation of the form

u(t) + Au(t) = F(t,u(t), A(t)), t > T, (1.4)

with a linear main part operator A equal now to A(s) for some fixed s € R, that is being
independent of time variable, and the right hand side given by

F(t,u(t), A(t)) = F(t,u(t)) + A(t) — A(s).

This indicates that without suitable assumption on boundedness of A(t) — A(s) relative to
A, the problem may be easily ill posed.
Following ideas of [3, Chapter V] we will consider next a family of Banach spaces

{Es,o0€[0,1+p)} (1.5)
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CONTINUATION OF SOLUTIONS OF PROBLEMS 111

with some g € (0,1]. In applications (1.5) can be characterized as an interpolation or
a fractional power scale and it will naturally enjoy dense embedding properties, which
sometimes will even be compact.

We remark that a situation does arise in applications when only a “portion of a scale”
defined by a linear part of the equation is “effectively available” (see [15, 21]), for which
we mention a sample nonautonomous fourth order equation in LP(R™)

ug + Apu = f(t,z,u), where A, = A? — m(x)Id.

As shown in [15], for “poorly integrable potentials” m(-) of the class L7, (RY) with p,p’ >
r > max{%,1}, the associated fractional power spaces can be characterized with the aid
of Bessel potentials spaces as H,? (R") as long as o € [—-1— 4%, + &1+ % — &) and that
on this portion of the scale the autonomous process U (t, s) = e~ (t=9)Am 5o >t > 5> —00

governed by —A,, : D(A,,) C LP(RY) — LP(RY) satisfies, for some w € R,

—w(t=s) N N N N
€
||U(t7S)HE(H;%U(RN)’H?)E(RN)) < Mi(t — e t>s, oce[-1— Tl)l + o 14 @ - E]

Note that the length of the latter interval is equal to 2 4 % — % and that it actually tends
tooneasr\,%andN:ZL.

In this paper, given a family of Banach spaces {E,,o € [0,1 + u)}, and given a family
of unbounded operators A(t) : By C Ey — Fy, t € R, we consider a Cauchy problem of
the form

{Mﬂ+A@M@=F@u@%t>ﬂ (16)

u(T) = ur,

with F satisfying suitable Lipschitz and growth conditions and with u. lying in some large
“phase” space of admissible initial data.

Our main concern is the situation when the linear main part operator essentially depends
on the time variable, that is the problem is in this sense singularly nonautonomous (see
[13]) in contrary to the case when the time dependence enters merely the nonlinear term
F'. On the other hand our concern will be critically growing nonlinearities, that is roughly
speaking we will allow F(t,u(t)) to exhibit the same order of magnitude as the linear main
part operator A(t) (see [7, 8, 13, 11]. As mentioned above the latter leads to essential
difficulties as even for globally Lipschitz perturbations, like F(¢,u) = 2A(t)u, the problem
may be ill posed. On the other hand note that in the singularly nonautonomous case some
previous results concerning continuation and asymptotic properties of solutions, see [11],
cannot be directly applied and require essential modifications. This will be our main goal
in the present paper.

We remark that even very simple problems, like

u + V(0(t, 2)Vu) = f(u), t>7, x € Q,
u(t,z) =0, t >0, z € 99, (1.7)
U(O,l‘) = uO(ZZ?),JL' € Q7
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112 A. N. CARVALHO, J. W. CHOLEWA AND M. J. D. NASCIMENTO

where € is a bounded domain in RY with a smooth boundary 02, can still bring questions
that are not immediate to answer. Namely, assuming that there exists some p > 1 such that
|f(u)] = O(|ul) and 6,0, ,....0, € ClL (R xQ,R) for some p > 0, is (1.7) well posed in
L2(2)? Without being to exhaustive we merely remark here that the value of p influences
the smoothness property of the process associated with the linear main part, which in turn
determines possibility of a satisfactory treatment of the critical exponents. This will be
described in larger capacity in the main body of the paper, including also more general
applications than (1.7). From this it will be seen that the exponent p for which (1.7) is
well posed in L?(Q) actually depends on u. Namely, when p > %, local well posedness
in L?(2) can be obtained for p € (1,1 + +] including the critical case p = 1+ + and,
with some additional conditions on f, continuation result holds as well even in an almost
critical case. In contrary, for pu < %, N = 3, one can observe that local well posedness in
the critical case p = % can hardly be proved.

In what follows, to describe our results better, we will need some assumptions and

definitions. For this it seems reasonable to look first at the variation of constants formula
for (1.6)

u(t) =U(t, T)u, +/ Ul(t, s)F(s,u(s))ds,

where
t

U@T):e*“”A“L+/)U@JXAH)—A@”@**”A“MS

T

(see [23, (1.5), (1.8)]). From these formulas one gets the expression

UG)Ze*“*”A“%h+1/

T

t

U(t, s)(A(1) — A(s))e” DAy _ds + /t Ul(t,s)F(s,u(s))ds

and hence it becomes clear that, above all, we need to ensure suitable integrability proper-
ties of the functions under the above integrals, which in turn leads to a number of technical
conditions concerning both linear and nonlinear part of the equation.

We thus turn our attention towards a singularly nonautonomous linear problem

o) (1.8)

{M@+A@Mﬂ&t>n
for which we will assume that it defines a process in Ey, which possesses suitable smoothing
properties. Recall that a two parameter family {U(¢,7) : (t,7) € R?, t > 7} of maps
U(t,7): V — V is an evolution process in V (process for short) provided that

U(r,7)=1d and U(t,0)U(o,7)=U(t,7) forany t >0 >717€R.

If, in addition, V is a topological space and {(¢,s) € R? : t > s} xV > (t,7,v) = U(t,T)v €
V is a continuous map then we say that the process {U(t,7) : (¢, 7) € R? t > 7} is
continuous.

Concerning the linear part of (1.6) we will need the following assumption.
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AssumPTION 1.1. Given a family of Banach spaces {Eq,« € [0, 1)} there exists a con-
tinuous process {U(t,7) : (t,7) € R?, t > 7} C L(Ey) defined by (1.8) in Ey. Furthermore,
given any point T € R there is a certain “time” interval I C R centered at T such that for
any 0 < ( <o <1+ p one can choose a positive constant M for which we have

Ut )Lz ) < M(E— T, t,rel, t>T. (1.9)

Concerning the nonlinear part of (1.6) we will assume that for a certain € € (0, u) the
right hand side term F belongs to a class of maps satisfying a suitable Lipschitz type
condition relative to {E,,« € [0, 1) }; see Definition 1.1 below. Note that any such F falls
in particular into the class of e-regular maps originally considered in [7].

DerFINITION 1.1.  We say that a continuous function F': R X E14. — FE, () is of the
class L(g, p,v(g),n,C,) of Lipschitz maps relative to {Eq,a € [0,1 4 p)} with constants
p>1,0<e< min{%,u}, v(e) € [pe, 1), n > 0 and C,, > 0 if and only if for any bounded
time interval I C R there exists ¢ > 0 such that for each v,w € F1,., t € I we have

-1 -1
[F(t,v) = F(t,w)lle,., <clv—wlg.. OlvlE. . +olwlz,. +Cy) (1.10)
and
1E(t0)|E, ., <cmllvlE,, . +Ch). (1.11)

It may be sometimes useful to consider constant C;, of F' depending on time as well. If I
is a fixed bounded time interval, let us say I = [0, T'], then one can replace C,, in (1.10) and
(1.11) by C,(t)t==7) and C,(t)t=7) respectively, requiring then that C,(t) is a certain
nonnegative function converging to zero as t — 07 (see [7, 13]). Nonetheless, since we
do not restrict our consideration to any particular time interval, we will not pursue this
generalization here.

Let us single out for special attention the case when in (1.10)-(1.11) one can only have
~(e) = pe and not y(g) € (pe, 1) as this exhibits the case of critical exponents according to
[7], that is the largest growth allowed for the nonlinear term in a given class of initial data
(see [7]).

DEFINITION 1.2.  In the case when for a certain n > 0 (1.10)-(1.11) hold with v(g) €
(pe,1) we say that F is subcritical. When for a certain > 0 (1.10)-(1.11) hold with
~v(e) = pe but not with y(g) € (pe, 1), F is called critical and p is then called a critical
exponent.

For critical F', we also single out for special attention the situation when 7 > 0 can be
chosen arbitrarily small as the solutions will then enjoy much of the properties specific for
a subcritical case.
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DEFINITION 1.3. In the case when F is critical relative to (Eq, Ep) and (1.10)-(1.11)
hold with any n > 0 we say that F'is an almost critical map.

Let us make a technical remark that when F' is subcritical, then without loss of generality
one can always assume that the parameter n > 0 in (1.10)-(1.11) can be chosen arbitrarily
small, which may not be the case when F' is critical. Indeed, given p > 1, ¢ € (0, %),
e < u, v(e) € (pe, 1) we can choose p > p in such a way that we will have ¢ € (0, %) and
~(e) € (pe, 1). On the other hand the term 77||w||pE:iE can be then estimated with the aid of
Holder’s inequality by ﬁ||w||%:is + ¢5,n, which yields (1.10)-(1.11) with parameters €,y(e)
as before, p being replaced by p > p chosen suitably close to p and 7 replaced by 7, which
we can fix as small as we wish. Note that after this change the parameters ¢, v(g) and ¢
in (1.10)-(1.11) remain the same and the only difference will come from the replacement of
Cy, by Cy + c5,y, which will not influence the heart of our consideration.

We will introduce next a suitable notion of solution of (1.6) (see [13]; also [7, 8, 11]).

DerINITION 1.4.  Given F of the class L(e, p,v(¢),n, Cy) relative to {Eq,a € [0,1)},
7 > 0, ur € Eg and given an interval [r,T], we say that u : [7,T] — E14c U Ep is a mild
E1 4 c-solution (E74c-solution for short) of (1.6) on the interval [r,T] if and only if
(i) u€ L?;)c((7—7 T]7 E1+€)7
(ii) there exists the limit lim,_, + (¢t — 7)%|lu(t)| g,.. =0,
(iii) u(7) = u, and u satisfies on for a.e. t € [1,T] the variation of constants formula

t
u(t) = Ut T)us + / UL, 5)F(s, u(s))ds. (1.12)

T

If, given a € (1,00|, u is an Ej4.-solution of (1.6) on [r,T] for any T € (7, a), then we
say that u is an Fj.-solution on the interval [, a).

To describe a possibly large set of initial data for which (1.6) will possess the unique
E; c-solution we will consider under Assumption 1.1 a linear subspace &7 of Ey

€l ={p € Ey: there exists lim (¢t — 7)°||U(t,7)p| E,,. = 0}. (1.13)

t—7t

Then the function || - ||§; : €T X €7 — [0, 00) below is well defined for any 6 > 0,

€7 .
lells= = sup (t=7)°([U(t,7)¢llB, .. ¥ € €L, (1.14)
te(r,7+9)

and for any €7 we have

lellse =0 as 6 — 0"
Remark 1. 1. Note that with the Assumption 1.1, given 7 € R, ¢ < p and assuming the

inclusion E14. C Ep, we have that E1y. C €I and | - ||§€ is the norm in €7. If Ey4. is
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dense in Ey and Ey C Ejy it is easy to see that £y C €I and, following [13, Lemma 3.2],

lim (t —7)%||U(t,7)¢|| ... = 0 uniformly for ¢ in compact sets of Ej. (1.15)

t—7t

In what follows, given wy € €L and § € (0, d,,] we define
T €7
Ber(wo,r) = {p € €L : |lp —wol|5= <r}. (1.16)
We also let B(a,b) = fol s~ 1(1—5)""ds, a,b > 0, denote Euler’s Beta function and define

B. , :=max{B(1 — pe,v(e) —¢),B(v(e) —e,1 —¢)}. (1.17)

Remark 1. 2. If Assumption 1.1 holds then sup¢ ;. ;4.5 (s—7)°[|U (s, 7)ol £, . < M|l B,
for any ¢ € E;. If in addition F4. is dense in F; and F; C Ey, combining this with Re-
mark 1.1, we obtain that B‘ég (wg,r) contains a ball in E; centered at wq of radius e
where M is as in (1.9).

With the above set-up we state the following local well posedness result, which comple-
ments earlier consideration of [7, Theorem 1], [11, Theorem 2.1] and [13, Theorem 3.1].

THEOREM 1.2. Suppose that Assumption 1.1 holds and F is of the class L(e, p,y(¢),n, Cy)
relative to {Eq,a € [0, ) }.

Then,
i) given to € R and wo € €L and given T in a certain interval J C R centered at to there
exist 6 € (0,1] such that for any initial condition u, satisfying

u, € B (wo, ) (1.18)

with
- 1
0o € (0,00] and ri=————, (1.19)
4(8enMB. ,) 7T
where M = M(1+¢,v(¢),J) and B, are as in (1.9) and (1.17) respectively, there exists
the unique Eq4c-solution u = u(-,7,ur) of (1.6) on [1,7 + dg],
ii) when F' is subcritical or F is almost critical, the time of existence 0y can be chosen
uniformly with respect to initial condition u, € Ber (wo,r) for arbitrarily large r,
i11) in the case when either wy € E11. C Ey or wg € E1 C Ey and E14. is dense in F1,
the time of existence §y can be chosen uniformly with respect to T € J.
Furthermore, for any 0 < 0 < min{~v(¢e), u} we have

lim+(t — T)9||u(t,r, ur)|| B =0, ur € Bg‘l (wg,r) N &g, (1.20)
t—T1 €

(<3 ¢7 [
lu(t, 7 ud) — (e m )57 < CO) (ful — 257+ [juk —2[157), ub,u? € B (wo.r) N €]

’ (1.21)
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and the right hand side of (1.21) is bounded by a multiple of ||ul — u?||g, provided that
ui,uf € kB C Ep.
Finally,

if Tim (t —7)°| U, 7)u, — Ur|lE e =0 then lim (t — )0 \ult, 7, ur) — ur|lE e =0,
t—7t t—7t

(1.22)
whenever 0 < 0 < min{vy(e), u} and u, € Bg"; (wo, 7).

Remark 1. 3. Under the assumptions of Theorem 1.2 if u(-, 7, u,) is the unique Ej.-
solution from Theorem 1.2 then

u(-,7,ur) € L°((7,7 + o], E1+¢) whenever u, € Eq .. (1.23)

Note that the above consideration generalizes the concept of e-regular solution introduced
in [7] (see also [8, 11, 13]).

On the other hand note that more smoothing properties of the linear process will trans-
late into more smoothing properties of Ej,.-solutions. In particular, with Assumption 1.3
below, Ej.-solutions will “immediately” be Holder continuous in Fy4..

AssumMPTION 1.3. Given any point T € R there is a certain time interval I C R centered
at T such that whenever 1 +pu > (¢ >0 >0, 1 > ( — 0 > 0 one can choose a positive
constant M for which we have

|U(t,7) = Id||p(pep,y) S M(t—7)"7, t, 7€, t>T. (1.24)

THEOREM 1.4. Suppose that Assumption 1.1 is satisfied, F' is of the class L(e, p,v(€),n, Cy)
relative to {Eq,a € [0, )}, 7 € R, ur € €7 and u = u(-, T, u,) is the unique Ej.-solution
of (1.6) on [T, T + do].

If, in addition, Assumption 1.8 holds then u € C}, ((T,7 + o, E149) for any 0 < 6 <

min{vy(e), u} and v € (0,v*), where v* = min{y(e), u} — 6.

Given 7 € R and u, € F; we next define
I(u;) :={T € (7,00) : there exists the unique E;.-solution of (1.6) on [r,T]}
and

Ty, :=sup(u,). (1.25)

Due to Theorem 1.2, I(u,;) # . Thus, given 7 € R and u, € €I, the problem (1.6)
possesses the unique Ej4.-solution w on [r,T,_). Note also that, due to (1.25), u cannot
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be continued as Ej4.-solution of (1.6) on any time interval I, larger than [r,T,_ ). The
interval [7,T, ) will be called mazimal interval of existence of Fji.-solution and u on
[, T, ) will be called maximally defined E;.-solution.

We now give the results that involve characterization of the maximal time of existence
of Ejic-solutions in terms of E; or Fji.-norm. Note that Ej,. is the space on which a
nonlinear term is well defined (see Definition 1.1) whereas E; plays a role of the “phase”
space in which (1.6) defines a continuous process (see Remark 3.1).

THEOREM 1.5. Suppose that Assumption 1.1 holds, F is of the class L(e, p,v(g),n,Cy)
relative to {Eq,a € [0, 1)}, 7 € R, ur € €7 and u(-) = u(-, 7,ur) is E14c-solution of (1.6)
on a mazimal interval of existence [1, Ty, ). Suppose additionally that E1.. is dense in Fy
and Fy C Ey.

i) If F' is subcritical or F is almost critical, then

Ty, < oo implies that limsup ||u(t, 7,u;)|| g, = 0. (1.26)
t—Tu,

ii) In either case when F is subcritical, almost critical, or F is critical, T, < oo implies
that there does not exist even one sequence t, — T, for which {u(t,,T,u;)} converges in
Ey; in particular the map [1,T,.) >t — u(t) € Ey cannot be uniformly continuous.

PROPOSITION 1.1. Suppose that Assumption 1.1 holds, F is of the class L(e, p,v(€),n, Cy)
relative to {Eq,a € [0, 1)}, 7 € R, ur € €7 and u(-) = u(-, 7,u;) is E14c-solution of (1.6)
on a mazimal interval of existence [T, Ty, ). Suppose additionally that Fr4. C Ep.

Then

Ty, < oo implies that limsup ||u(t)|g,,. = oo. (1.27)

t—Ty,

Due to Theorem 1.5 i), an a priori bound of Fj.-solution in F; actually implies that the
solution exists for all ¢ > 7 even in a certain critical case. This is significant from the point
of view of applications as in many problems F1.-estimate required in Proposition 1.1 may
be impossible to find, whereas the estimate in F; may follow from the natural properties
of phenomena described by the equation like, for example, energy dissipation.

A situation may arise that F' is critical, not subcritical or almost critical, and bounded-
ness of Fq.-norm of the solution can hardly be ensured. Hence it is reasonable to consider
another notion of solution of (1.1) (see Definition 1.5 below) and investigate a possibility
of continuing an E;..-solution even though its Ejy.-norm may blow up as t = T,,_.

DEFINITION 1.5. Suppose that F' is of the class L(e, p,v(¢),n, Cy) relative to {Eq, o €
[0,u)}, 7> 0, vo € €7 and I, C R is an interval of the form [7,a) or [r, 00).

We say that U : I, — Ey4. U Ey is a piecewise-E c-solution of (1.6) on I, if and only
if (1) = u, and, for each T € I, \ {7}, there exist a number Ny € N and partition
T=7<7 < ..<7Nny <T =7Tny+1 of [7,T] such that

Ut) - U(ri1) in Egast — 71,4, i=2,..,Np+1, (1.28)
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U e Llogc((Ti—laTi);El—Q—e); = ].7 ...,NT + 1, (129)
t_”'it1 .
(t— i) lu(®llpy,. 2510, i=1,..Np+1, (1.30)

and

t
Ut)=U{,1i—1)ur,_, +/ U(t,s)F(s,U(s))ds a. e. in [r,_1,73], i =1,..., Np + 1.

(1.31)

If the interval I, = [r,a) is finite, U : [1,a) — E14. U Ey is a piecewise-F1 4 .-solution of

(1.6) on I, = [r,a) and a is a limit of a strictly increasing sequence {7;,7 € N} of times

such that limsup, , - [|U(t)||g,,. = oo, then a is called an accumulation time of singular
times. '

The following result describes some natural situation allowing for continuation of an
Eyc-solution of (1.6) as a piecewise-E 4 .-solution.

THEOREM 1.6. Suppose that Assumption 1.1 holds and F is of the class L(g, p,7v(€),n, Cy)
relative to {Eq,a € [0,1)}. Suppose additionally that E14. is dense in By C Ey, Ey is
reflexive and, given any T € R, u, € Eq,

sup ||u(t)||g, < oo (1.32)
tel[r,T)

whenever T € (1,00) and Eyyc-solution u(-) = u(-, 7,u,) of (4.14) exists for allt € [7,T).
Finally suppose that

whenever T € R, u, € By and T, < oo, the map
[1,Ty,.) 2t — u(t) € Ey, where u(-) =u(-,7,ur) (1.33)

is E14e-solution of (1.6), is uniformly continuous.

Under these assumptions, given 7 € R, u, € E1 and the unique Ejy.-solution u(-) =
u(+, 7, Ty,) of (1.6) for which T, < oo, there exist a € (T, ,] and the unique extension
U :[r,a) = Eq of u(-) such that U is a piecewise-Eq y-solution of (1.6) on [r,a) and either
a =00 ora is an accumulation time of singular times.

Note that in Theorem 1.6 the continuation of Ej.-solution wu(-,7,u,) is defined on a
larger interval than its maximal interval of existence [7,T,,_). Such a continuation will thus
possess singularities in finitely or infinitely many points in which F;.-norm will blow-up.

The proofs of the results stated above will be given in Section 2.

In Section 3 there are included some of the related technical results, crucial for the
consideration of this paper. Therein we consider families {A(t) : ¢ € R} of unbounded
positive operators generating C° analytic semigroups being all of the same type. We
discuss conditions guaranteeing that the associated fractional power spaces D(A%(t)) will
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coincide and the graph norms will be equivalent uniformly for ¢ in bounded time intervals.
In particular we ensure validity of Assumption 1.1 and Assumption 1.3 in an appropriate
portion of the extrapolated fractional power scale generated by (X, A(t)), t € R (see
Theorem 3.1).

In Section 4 we show how the abstract results work in applications. This includes in
particular a singularly nonautonomous wave equation with a structural damping and a
singularly nonautonomous semilinear parabolic initial boundary value problem of order
2m.

Acknowledgement. This work has been carried out while the second author visited
Departamento de Matemadtica, Instituto de Ciéncias Matematicas e de Computagao, Uni-
versidade de Sao Paulo-Campus de Sao Carlos, Brazil. He would like to acknowledge the
great hospitality of the people from this Institute.

2. ABSTRACT RESULTS

In this section we prove the abstract results stated in the Introduction.

2.1. Local well posedness result: proof of Theorem 1.2.

The proof will be divided into three main parts. Part I will be devoted to the existence
of Ej4c-solution. In Part II we will obtain the uniqueness of Ej.-solution. In Part III
we will show that, under some additional assumptions on F' and {E,,o € [0,1 + p)}, the
time of existence of Ej.-solution can be chosen uniformly with respect to suitable sets of
initial data u, or/and initial times 7. Finally, in Part IV, we will prove some additional
properties of E.-solution stated in (1.20), (1.21) and (1.22).

2.1.1. Part I: the existence of E1c-solution

The existence result will follow in three steps.

Step 1. Let us fix an interval I around to such that (1.9) holds with { = v(¢) and 0 = 1+-¢.
Let us also choose an interval 7 centered at to such that I'\ J is the union of two intervals
of length [ > 0.

We first note that if 6* € (0,1), 7 € J, § € (0,11 N (0,0%), v € LS.((7,7 + d], E14.),
Aw,t) = supgery{(s = T)[lv(s)l By} B >0, € (7,7 + 0] and A(v,t) < R then, by
Assumption 1.1 and (1.11), we have

[U(t,8)F(s, 0(s))| 1y <NUE ) Lie, o) i |1 F (s, v(s)) 2, 1)
. :

M(t = s)" e (ylo(s) 1, . + Cn)

Ei4e
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and consequently

(t— 7| / Ut )F (s, 0(s))ds]| 5y, < cCyM(t —7)° / (t — 5)" 1+ 2 g

T
t

+enM(t —7)° / (t—8) 7O (s = 1) 70 (s = 7)°[|0(s) | gy ) ds

< eMB(1 = pe,~(e) — €)[Cp(t — 7)Y + AP (v, )] < eM B. ,[Cy(t — 7)) + nRP].
(2.2)

Also, if v,0 € LS.((1, 7+ 8], E14¢), t € (1,74 0] and A(v,t) < R, A(9,t) < R then, with

loc
a similar usage of Assumption 1.1 and (1.10), we get

(t— 7)€||/ U(t, s)[F(s,v(s)) — F(s,0(s))]ds] .

< cCpM(t — T)s/ (t =) O™ (s —1)7°ds sup {(s —7)"Jlu(s) = 3(s) ]| gy }

r TS
t

+enM(t —71)° /T (t =) (s =)= (((s = 1) Jlo() oy )P
+((s = 7o) [ £1s)"™") (5 = T) N0 (s) = 0(5) oy ds.
Hence, letting
T.(t) := eMB. ,[Cy(t — 7)) 7P 4 2pRP71], (2.3)

we conclude that

(- T)EH/ U(t,s)[F (s, 0(s)) = F(s,0(s))lds| .

) (2.4)
<T:(t) Sl(lpt]{(s —7)%|v(s) = 0(s)|| By }-
se(T,
We now choose
Ry>R>0 and 6 >0
such that
1 1
enMB. ,Rf" = g and cCpyMB, ,67)=r¢ = min{%, 701k (2.5)

We also define
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and, since lim;_,,+ ||(t — 7)°U(t, 7)wo|| g,,. = 0 we choose &y = dp(R) € (0, ] such that

R _
It = U Dwollsr, < 50 T<E<TH+. (2.6)

2 Y
Step 2. For arbitrarily fixed &y € (0, dp] consider the set

K(R,7) ={v e Lg.((r,7 + do], E11c) : S ]{(t — 7)o@ e} < R} (2.7)
te(r,7+0do

and the function d : K(R,7) x K(R,7) — [0,00)

d(v,0) = sup {(t—7)%lv(t) = o(t)l[E.}, v,0 € K(R,T).
te(r,7+d0]

One can easily see that d is a metric in K (R, 7) and that (K (R, 7),d) is a complete metric
space. We will show that there exists a unique function in K (R, 7), which satisfies variation
of constants formula (1.12) on (7,7 + do].

Choosing arbitrary u, € Bg“; (wo, ) as in (1.18) we will consider the map

t

(Tv)(t) =U(t, T)ur +/ U(t,s)F(s,v(s))ds, ve K(R,T), t € (1,7 4+ do].

T

It follows from (1.18), (2.2) and (2.5)-(2.6) that

t

1t =) (T) Oz < (E=7)7NUE T)ur +/ U(t, s)F(s,v(s))ds| g,

-
t

<Nt =) UET)ur B,y + M (E - 7)5/ (t =) O (o), + C)ds

T

<t = 1)U, 7)(ur — wo)ll Byye +11(E = 7)°U(t, Twol| £ 4.
+cMnB. ,R°+cMC,y B, ,67'9) "
<r+||(t = 7)°U (¢, 7)wol by, + cMnB. ,R? + cMC,B. ,60) " < R,

which yields that T takes K(R,7) into K (R, 7). Furthermore, applying (2.3)-(2.5) we get

d(TUhT’UQ) < d(Ul,UQ).

DN | =

Consequently, due to the Banach fixed point theorem, we infer that 7 has the unique fixed
point u(-, 7,u,) in K(R, 7).

Note that, for any w, € Bg,,  (wo,r) and 7 € [—70, 0], u(-, T, u,) is defined on an interval
of the same length Jg.
Step 3. For the fixed point u(-) = u(:, 7, u,) we now show that lim,_, .+ || (t—7)°u(t)||g,,. =
0.
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Adapting (2.2), we have for each ¢t € (7,7 + Jo]
(t = Ny < (=T NUET)ur |y + M Bep[Cylt — 1) + RPN (u, 1)),
where by assumption, given any £ > 0, we can choose h € (0,¢) such that
(t=7)NUEt, T)ur |, <& for te(r,7+h).
Hence, we get
(t — 7)) By, < &+ cMB. ,[CL e + nRPIN(u,t)], t € (7,7 + h).
Since the right hand side above is a nondecreasing function of ¢, we obtain
Au,t) <€+ cMBE,p[Cn{Y(E) + R \(u, t)], t € (1,7 + h),
and, via (2.5),
g)\(u, t) < E+eMB. ,C"9 | te (1,7 + h).
This yields
Mu,t) = swn(lpt]{(s —7)u(s)|py,.} =0 as t =7 (2.8)
s€(r,
and ensures that (t — 7)°u(t) = 0 in Ey4c ast — 7.

Thus the fixed point u(-)u(-, 7, u,) obtained above is an E;.-solution of (1.6) on [, 7+
00]. The proof of the existential part of Theorem 1.2 is thus complete.

2.1.2.  Part II: the uniqueness of E14c-solution

In what follows we turn our attention to the uniqueness of E4.-solution of (1.6). Given
—00 < 7 < T < 0o we define a linear subspace ML of L ((1,T], E14c)

MY = {p € Lo, (r.T], Evee) ¢ lim (¢ —7)%p(0)l],,. = O}. (2.9)

lim
t—7t
LEMMA 2.1. If o, € ML satisfy a. e. in [1,T] the variation of constants formula
t
u(t) =U(, T)u, +/ U(t, s)F(s,u(s))ds

with a certain u, € Ey then ¢, are identical elements of ML

Proof: By assumption we have
t
le(t) = el ey < CCnM/ (t =)D o(s) = (s)ll . ds
t
ke [ (= 97O Yp(s) — Bl (e, + 2G5 L), te (nT)
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Since o, ¢ € ML given & € (0,1), there is a certain h € (0,&) such that
=1l rse + & =T NGO 1. <& EE (T, 7+ D).
Using this and restricting ¢ to the interval (7,7 + h) we obtain the estimate

(= 7)°llp(t) = )| o
< cOyMB(y(e) —e,1 — )¢9 sup h)(S =) lle(s) = &)l
se(r, 7+

+ P72 MB(1 —ep,y(e) =) sup (s —7)°l@(s) — &(5)] .-
s€(r,7+h)

We remark that the inequality above will hold true if we replace its left hand side by
SUPse(r,r4+h) (8 — T)°[l¢(s) — &(8)lEy,.. On the other hand note that since p > 1 and
~(g) > &, then € > 0 can be chosen small enough to ensure that the right hand side is less
than SUPse(r,r+h) (8 = T)%ll0(8) — @(8) |, ;.. This yields that sup,e (. -1p) (s —7)%[l¢(s) —
@(8)||py,. = 0 and thus ¢ = @ in [7, 7 + h] for some h > 0.

Now, if 7* € (1, 7+h] is such that p(7*) = @(7*) then applying the variation of constants
formula with the initial time 7* and with the initial value p(7*) = @(7*) we get

@(t)—ﬁ(t)=/ U(t,s)(F(s,(s) = F(s, o(s))ds in [r7,T]

T

. " —1 - -1
and hence, letting ¢* = sup,er-+ 71 (lle(s) |5, + 16() %, )

le(t) = 2O 1y < eM(Cy + ") / (t =) o(s) = @(s)ll . ds.

T

Consequently, by singular Gronwall’s inequality, we obtain that ¢ and ¢ coincide. |
Lemma 2.1 yields the following uniqueness result.

COROLLARY 2.1. Let I® denote an interval of the form |1, a], [1,a) or[r,00) and suppose
that ¢ and ¢ are Eyy.-solutions of (1.6) on I¢ and I% respectively.
Then ¢ and @ coincide on I N 12,

The existence uniqueness result stated in Theorem 1.2 i) is thus proved.

2.1.8.  Part III: uniform time of existence with respect to u, or/and T
In this part we prove the statements ii)-iii).
Proof of 4). The result will follow from Corollary 2.2 below.

COROLLARY 2.2. Suppose that Assumption 1.1 holds, F': R x Eyy. — E, (. is contin-
uous and there exist constants p > 1, 0 < e < min{%, w}, y(€) € [pe, 1) such that for each
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n > 0 there is a certain Cy, > 0 and, moreover, for any bounded time interval I C R there
exists some ¢ > 0 for which we have
[F(t,v) = F(t,w)| e

- ~1
<dllv = wlg, . llolls,,. +alwls . +Cy), vow € By, tel

v(e) Eiye Eiye

and
I1E(tv)lE, ., <cmllvls,. +Cy), v,we B, tel

Then, given any tg € R, 7 in a certain interval J C R centered at ty and given any
ro > 0, there exists dg > 0 such that for any initial condition u, € Bg‘i (0,70) there exists
the unique Eyyc-solution u = u(-,7,u.) of (1.6) on [1,7 + do].

Proof: Letting wy = 0 and coming back to the proof of Theorem 1.2 we observe that
given any 79 > 0 one can now choose n > 0 such that r in (1.19) satisfies » > ro. Then,
proceeding as in the proof of Theorem 1.2, for any u, € Bé‘i (0,7) we obtain the existence
of Ey.-solution u = u(-, 7,u;) of (1.6) on [r,7 + dg]. | ’

Proof of iii). We now exploit the additional assumptions on {E,,o € [0, )} to ensure that
the time of existence can be chosen uniformly in a certain neighborhood of a given point
to € R. Actually, following the proof of existential part of Theorem 1.2 in §2.1.1, it suffices
to ensure that the number &y(R) in (2.6) can be chosen uniformly with respect to 7 € 7.

Note that this is obvious if wg = 0. Also note that if 0 # wy € E14. then using (1.9) we
obtain this via estimate

< R
sup _[|(t = 7)7U(t, )wollpry. < Mbollwolleyy. < 550 7€ T, (2.10)
T<t<T+d0
which holds for some constant M = M (1 + ¢) and 5y = R

2MJwollpy . ©
On the other hand, if wy € E; and Ej4. is dense in Ejq, then via (1.9) for any ¢ € Eq4.
we have

sup _ ||(t = 7)°U(t, T)wollgyy. < sup (|8 = 7)°U(E, 7)(wo — @) |E,..
T<t<T+d0 T<t<T+d0

+ suwp  [[(t =) UG E . < Mlwo = s, +b0ll6]le,,. 7€ T
T<t<T+d0

(2.11)

Since ¢ can be chosen such that M|lwo — ¢|lz, < & and then Jy can be chosen such that
Sollole,,. <% we again conclude that sup, i< 45, [|(t = 7)°U(t, T)wo| .. < £ for any
T € J, and some do(R) which does not depend on 7 € J.

Both statements ii) and iii) in Theorem 1.2 are thus proved.

2.1.4. Part IV: further properties of E1.-solution
In this part we prove the conditions (1.20), (1.21) and (1.22).
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Using a similar argument as in (2.2), for 6 € (0,~v(¢)) N (0, 1) and for the unique Ej .-
solution u(-) = u(-, 7,u,) of (1.6) we get

(t = 1) lu)llzy < (= 7)°IUET)urlByyy + (8= 7)° / [U(, 8)F (s, u(s))]| £y ds

< (t=1)UETur | Byyy + eMCy(v(e) — )71t — 7))
+neMB(1 —ep,~(e) — 0)( sup {(s — 7)*[|u(s)l|p.y. 1)’

T<s<t

Recalling that u, € Bg‘l (wo,r)NE; and using (2.8) we conclude that (t—7)°|u(t)| g,,, — 0
as t — 71, which proves (1.20).
For 6 € (0,7v()) N (0, ) analogously as in (2.4) we next have

0 0
(t = 1) u(t, 7y uz) = ult, 7 u) By, < (8= 1)U ) (ur = u3)ll ey,

+ (t - 7)0 / ||U(t7 5)[F(Sa U(Sv 7, u}—)) - F(S7 U(S, 7, u?—))]llEHedS

< (=) Ut ) (ur —ud)|ers

__—

+F9(t) Sup {(S —T)6||U(S,T, u'lr) _U(S7T7 u72')||E1+5}7
T<s<T+3d0

(2.12)

where
To(t) = M (146, 5(e), T) max{B(y(g)—0, 1—¢), B(1—pe, v(e)—0) }[C,, (t—7)" O~ 12nRP~Y).
Taking 6 = ¢ we get
(t =) Nult, 7, ur) = ult, 7 ul) |y < (= 1)NUET)(ur = ud)l| By
+0:(t) sup  {(s — 1) fluls, 7,ur) —uls, 7, u?) gy, )

T<s<T+d0

Since I'.(¢) is increasing with respect to t and, by (2.5), I's(7 + dp) < 5 we conclude that

1
2

sup  {(s—7)Juls, 7, uz) —u(s, 7 ud) gy, } <20 sup (s=7)°||U (s, 7)(ur —uF) | .-
T<s<T+do T<s<T+d0

Consequently, using the above inequality and (2.12) we get (1.21) with constant
C(0o) = 1+ 2eM (1 + 60,7(¢), T)Be,po[Cy(t — 7)7& =0 4 2pRP71],

where B. , g = max{B(y(¢)—60,1—¢), B(1—pe,v(c)—0)}. If furthermore ul,u? € E; C Ej
then using (1.9) we also conclude that

[ eT v
luz = w2l + lluz —wZllsy < MTH = uf]E,, (2.13)
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where M = max{M (1 +0)+ M (1 +¢)}.

Assuming that 0 < 6 < min{y(g), u} and lim,_,.+(t — 7)?|U (¢, T)ur; — ur| ., = 0 we
now show that limy_, -+ (t—7)°||u(t, 7, ur) —ur| 5, ,, = 0, for which we first use the variation
of constants formula and (1.9), (1.11) to get for each t € (7,7 + dg]

(t— T)GH'UJ(t) - UT||E1+9

t
<(t— T)9||U(t77)u7 —UrllByy, + (= T)e/ U, s)F(s,u(s)) g, 0ds
< (t - 7’)9||U(t7 T)ur - uT||E1+0

t

+eM(t—1)° / (t = )OOy + (s = 1) 7| (s — 7)7uls) Iz, )ds

T

(2.14)

< (t= 1)U T ur = rllpyyp + cCpMB(L = pe,y(e) = 0)(t = 7))
+ cMnB(1 — pe,v(e) — )N (u, ).

Thus (1.22) is a consequence of (2.14) and (2.8).
The proof of Theorem 1.2 is now complete. |

2.1.5.  Proof of Remark 1.3

In what follows we show that the Ej.-solution of (1.6) will be bounded in E'*¢ up to
the initial time 7 provided that u, € Fq4..
Given u, € F1.. and numbers Rg, do(R) as in the proof of Theorem 1.2 one can define

]CE(R) = {1/) € LOO((T7T + 6}7E1+6) : tE(Sup—i-f] W(t) - ’LL.,—H < R}v Re (07R0)’ g > 0.
Then there exists some suitably small & € (0,d0(R)], such that the Banach fixed point
theorem will yield the existence of & € ¢, (R) satisfying variation of constants formula
(1.12) a. e. in [1,£]. We also have that @ € IMI*¢ (see (2.9)) and, since the solution
u(-, 7,u,) from Theorem 1.2 belong to M7 as well, we conclude via Lemma 2.1 that u
and @ coincide on (7,7 + ¢£]. Condition (1.23) now follows easily.

2.1.6. Certain extension of the local well posedness result

It does happen in applications that F' decomposes into a sum of maps that belong to a
class described in Definition 1.1 although with some different parameters (see [8, pp. 385-
386]). We remark that if in Theorem 1.2, instead of assuming that F' is of the class
L(e, p,v(e),n, Cy) relative to { Eq, a € [0, 1) }, we will assume decomposition condition (D)
as below:

(D) there exist maps F; of the class L(e(i), p(i),v(e()),n, Cy) relative to {Eq, o € [0, 1)},
i=1,...,n, such that

F=>Y"F, (2.15)
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min{y(e(7)); 1 <i<n}=:v>&:=max{e(i); 1 <i<n}, (2.16)

then, given ¢y € R and wy € €7, there exist &y € (0, 1] such that for any 7 in a certain
interval J C R centered at ¢y and for any initial condition u, satisfying

Ur € Bg‘); (wg, ) (2.17)

where &y € (0,8] and 7 = 7(n) — oo as  — 07, there exists the unique Fj, < -solution
u=u(-,7,ur;) of (1.6) on [r,7 + do].
Furthermore, for any 0 < 6 < min{y, u} and u,,ul,u2 € Bg”, (wo,7) N € we have (1.20)

7 Y1

and (1.21). Also implication (1.22) is satisfied for any 0 < 0 < min{~, u}, u, € B2 (wo, 7).

2.2. Holder continuity of F;.-solution: proof of Theorem 1.4

Theorem 1.4 will be a consequence of the following lemma.

LEMMA 2.2. Suppose that Assumption 1.1 is satisfied, F' is of the class L(e, p,v(¢),n,Cy)
relative to {Eq,a € [0, )}, T € R, ur € €7 and u = u(-, T, u,) is the unique E1.-solution
of (1.6) on the interval [1,T) for some T € (0,00). Suppose also that Assumption 1.3
holds.

Then, given 6 € (1,T), we have that u € C¥([8,T), E14q) for any v € (0,v,), where
v, = min{~y(e),u}t — 6 > 0.

Proof: Due to Assumptions 1.1, 1.3, given a bounded time interval [-T,T] C R and any
0 < ¢ <o <1+ p, one can choose a positive constant M for which we have

Ut pepy S ME—7)""9, T>t>7r>-T. (2.18)
and,if1>0—-(>0,
U, 7) = 1d|| g, 5 S ME—T1)7"C, T>2t>7>-T. (2.19)

On the other hand, due to (1.20), for any § > 7 close enough to 7 we have
a7 ur)llE, . < (E=7)77% te(7,0),
in which case letting é = ¢(n + C,;) we deduce from (1.11) that
||F(5,u(5)||EW(E) <c((s—7)7+ 1), t e (r,0). (2.20)

Not loosing generality we will assume that § > 7 is close enough to 7 and (2.20) holds.
Since u is E q-solution and ¢ > 7 then [|ul| L ((5,1),2,,.) < ¢s and by (1.11) we conclude
that

ms = ||F(t,u(t)) || Lo ((5,7),B, (o)) < 00 (2.21)
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From the variation of constants formula, for 7 < § <t <t + h < T we infer

[u(t +h) = u®)l e < NUE+RT) = U 7))ur 240

t+h
+/ \U(t+ by $)F (s, u(s)]| v, o

t
t (2.22)
+ s ||(U(t + hv 5) - U(ta S))F(Svu(s))||E1+edS
s
+ / Ut + h,s) = U(t,$))F(s,u(s)) || gyods = J1 + J2 + J3 + Ja.
Choosing arbitrary
g€ (0,1)N(0,7(e)) (2.23)

and applying (2.18)-(2.19) we get
Ji= (Ut +h,t) = I U, 7)ur | B, 40
SO+ h,t) = Id||L(Ey o800 IU T L(Eo By e | 24 (2.24)

< M2t — 1) gy < M2RE(6 — 1) s | .

Using (2.18), (2.21), (2.23) we also obtain

t+h
<b:/ WU+ by )l oy o) | (5 u(5)) |, ds
t

o (2.25)
< Mms / (t+h—s)7O9as < Mmgs(y(e) — ) YT — 1)V —Epe—0,
¢
On the other hand, by (2.19), (2.21) and (2.23) we have
¢
I3 </5 U@+ h,t) = 1dl|L(Ey om0 U8 Lie, o) a1 (s, u(s)| 2, o ds
(2.26)

t
< M?m; / REO(t — 5)Y O 12ds < M2 (y(e) — &) tmshi=0(t — )72
5

< M2(y(e) — &)~ mgh"=(T — 7)),
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whereas using (2.20) we obtain

1
Jy < / ”U(t +h, t) - Id||L(E1+é7E1+e) ”U(tv S)||L(E7(5)7E1+é) ||F(S, u(s))||E7(s)dS
§
<5M2/'m—%p-@%ﬂ44«s—ﬂ—W+1ms

t t
< eMZhe—? (/ (t— 8)7(5)717‘5(5 —7)"%ds —|—/ (t— 3)7(5)1éd8>

(T, =)

et (Bl - a1 -0

+0(0) =97 (T, —79).
(2.27)

As a consequence of the above estimates for any § > 7 close enough to 7 there exists
¢ > 0 such that for each 7 < d <t <t+ h < T, we have

[u(t + h) = u(t) ||y, <"
Recalling that & could be any number satisfying (2.23) we get the result. |

2.3. Proofs of continuation results

In this subsection we prove the results concerning continuation properties of FEj .-
solution of (1.6).

2.8.1. Proof of part i) in Theorem 1.5

Recalling the statements of Remarks 1.1 we assume that 7,, < oo,
limsup, ;. |lu(t,7,u;)||g, < r* for some 7* > 0 and for any n € N large enough we

define 7, :=1T,, — %, Uy, = u(Ty, — %, T,u;). Let us consider now the Cauchy problem

w(ry) = ur, . (2.28)

{Mﬂ+A@M®:F@u@Lt>m,

Note that all initial conditions w,, defined above belong both to Eji. and to a ball
Bpg, (0,7*) in E; of radius r*. Also, the initial times 7, converge to Ty, .

We then have sup,e (.., - +5)(s — 7)°|U(s, n)ur, | By < M|us,||p, < Mr* and hence
Ur, € Bra (0, Mr¥).

Due to Corollary 2.2 there is the unique bounded Ej.-solution of (2.28) on [, 7, + do],
where dg does not depend on n. Also, due to Lemma 2.1, the latter solution coincides
with u(-,7,u;) on [r,, Ty ] for each n sufficiently large. From this we infer that, by con-
catenation, v = u(-, 7, u,) can be continued as an E;.-solution of (1.6) onto the interval
[, T\, + 00), which contradicts the definition of T,,_. |

2.8.2.  Proof of part ii) in Theorem 1.5

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



130 A. N. CARVALHO, J. W. CHOLEWA AND M. J. D. NASCIMENTO

Recalling the statements of Remark 1.1 assume that 7T,,_ < oo and 7,, — T, is such that
u(Tn, T,ur) — wo in By as n — oo. We then have sup,e(,, - 1o1(s — )| U (s, 7)) (ur, —
wo)|| By, < M||ur, —wo||g,. Therefore, if r is chosen relative to wg as in Theorem 1.2 and
N € Nis such that ||u;, —wol||g, < 57 for each n > N then what was said above yields
that u,, € B‘é;n (wo, ) for every n > N and any § > 0.

Due to Theorem 1.2 there is the unique bounded F;.-solution of (2.28) on [7,, 7 + o],
where dy does not depend on n. Also, due to Lemma 2.1, the latter solution coincides
with u(-,7,u,) on [r,, Ty ] for each n sufficiently large. From this we infer that, by con-
catenation, u = u(-, 7,u,) can be continued as an F;.-solution of (1.6) onto the interval
[7, T, + 00), which contradicts the definition of T,, . |

2.8.3.  Proof of Proposition 1.1

Recalling statements of Remark 1.1 assume that T, < oo and
limsuptﬁTL |u(t, 7,ur)|| By, < r* for some r* > 0. For any n € N large enough we
define 7, :=T,,, — %, ur, :=u(T,, — 1,7, u;) and consider the Cauchy problem (2.28).

Since ur, belongs to a ball Bg,,_(0,7*) in E1,. centered at zero and of radius r* > 0,
then for any d > 0 small enough we have that sup,c(,, -, 14(8 = ) IU (s, T)ur, [ 5 . <
Mo|lus, ||g,,. < Mér*. Hence, if 7 > 0 is chosen relatively to wyg = 0 as in Theorem 1.2
and ¢ € (0, <57) then we observe that u,, belongs to ngn (0,7).

As a consequence of Theorem 1.2 the problem (2.28) has the unique Fj.-solution on
[Tn, T + 00], where &y does not depend on n. Also, due to Lemma 2.1, the latter solution
coincides with u(-, 7, u,) on [, T, )] for each n sufficiently large. From this we infer that,
by concatenation, u = u(-, T, u,) can be continued as an Ejy.-solution of (1.6) onto the
interval [r, Ty, + dp), which contradicts the definition of T,,, . |

2.8.4. Proof of Theorem 1.6

By assumption, given 7 € R and u, € F7, we obtain from Theorem 1.2 that there exists
the unique Fj4.-solution u of (1.6) on the maximal interval of existence [, Ty, ), for which
we denote ug := u,, Ty, = Ty,.

If T,, < oo then, using (1.32)-(1.33) and reflexivity of E7, we conclude that there exists a

t—T,
certain u; € F; such that limt_>T;0 lu(t,7,ur) —ui|lg, =0 and u(t, 7,u;) —° u; weakly
in ;. Thus u(t, 7,u,) can be extended to a function Uy : [7, Ty,] = E14e U Ey satisfying
E T, _
Uo € Lie, (1, Ty ), Erye), Un(T) = ur = ug, Uo(t) = Uo(Tyy) = w1 € 2" ast — T, and

Uo(t) =TU(t, T)uo —|—/ U(t,s)F(s,Up(s))ds fora. e. ter, Tyl

By Theorem 1.2 there exists the unique E14c-solution u(-, T, u1) of the Cauchy problem

u(t) + A@)u(t) = F(t,u(t)), t > Ty,,
U(Tuo) =u,
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which can be continued on the maximal interval of existence [T, Ty, ). Now, if T,,, < oo,
repeating the above argument we find up € Ey such that lim, , - [|u(t, Ty, u1) —uz||g, =0
uq

t—=T,,
and u(t, Tyy,u1) — ' ug weakly in Ey. Thus u(t,Ty,,u1) can be extended to a function
s E
Uyt [Tuy, Tuy) = Er4e U Ey satistying Uy € LS. ((Tugs Tuy )y Erye), Ur (Tuy) = ur, Up(t) =
Ui(Ty,) =uz € €l ast — T, and

t

I/{l(t):U(t,TuO)ul—i—/ U(t, s)F(s,U(s))ds for a. e. ¢ € [Tuy, To].

Tup

If there is £ € N such that, proceeding as above, we obtain in a (k 4 1)-th step that
Ty, = 0o, then function U : [0,00) = E14. U Ej given by concatenations of the maps Uj,
j=0,...,k+1is an extension of u into a piecewise-F;;.-solution on [r, c0).

Otherwise, proceeding inductively we will obtain a sequence of maps U; : [1,T,,] —
FEii e UEy, j =0,1,..., and by concatenations we will again define a piecewise-FEc-
solution on [r,a), with a := Z;io Ty, . In this latter case it is evident that either a = oo,

or if a < co then a is accumulation time of singular times T} := Z{:o T.,j7 €N
The above construction ensures that the extension of F;.-solution to a piecewise-F1 -
solution is uniquely defined and hence the proof is complete. |

3. SINGULARLY NONAUTONOMOUS LINEAR PARABOLIC
PROBLEMS

3.1. Families of sectorial operators in Banach spaces

In what follows X denote a Banach space. Our concern will be a family of unbounded
operators in X generating C° analytic semigroups, which are all of the same type. Specif-
ically we will show that Assumption 1.1 and Assumption 1.3 do hold under some general
conditions on the operators appearing in the main part of (1.6).

DEFINITION 3.1.

The family {A(¢) : ¢t € R} of closed operators A(t) : Dx C X — X in a Banach space
X, which are defined on the same dense subset Dx of X, is locally uniformly sectorial
(of the class LUS(Dx,X) for short) if and only if for each ¢t € R the complex half plane
{A € C: ReX < 0} is contained in the resolvent set p(A(t)) of A(t) and for any bounded
time interval I C R there exists a certain M > 0 such that

1AL = AE) e <

M
< ——— ReA<0, tel. 3.1
YR (3.1)

If {A(t) : t € R} is of the class LUS(Dx, X) then, for each s € R, —A(s) generates a C°

analytic semigroup {e‘A(s)t :t > 0} in X, which is exponentially asymptotically decaying

as t — oo. Actually, for a family {A(¢) : ¢ € R} of the class LUS(Dx,X) we have that
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Reo(A(s)) > a >0 and
—A(t)s —as —A(t)s & —as
le ™% Lx)y <Ce™ ™, 520, [A(t)e lox) < e s >0,

where constants a, C,C7 > 0 are independent of s > 0 and on ¢ varying in bounded time
intervals (see [23, §1.1]. Consequently, as in [18], the fractional powers A%*(¢) can be defined
as the inverse of A7%(t) : X — R(X),

1 oo
A7) = — a-le=Alt)sg 0. 3.2
(1) o) /o s* e s, a> (3.2)

Also, one can consider the associated fractional power spaces X*(t), o > 0,
X(t) := D(A%(t)) with the norm |[[¢|xan) = [[A%(t)¢|lx for ¢ € X¥, a >0, (3.3)

where for a = 0 we set
At) :=1d, X°(t):= X.
As in [23, §1.9, (1.56)] we then have

HAa(t)efA(t)S”L(X) <cpe” *s7%, 5> 0, (3.4)

where ¢, neither depends on s > 0 nor on ¢ varying on bounded time intervals.
Since A(t) coincides with the inverse of A=1(t), then X1(t) coincides as a set with the
domain Dy for every t € R. Concerning topologies we have the following result.

ProprosiTION 3.1. If {A(t) : t € R} is of the class LUS(Dx,X) and I C R is any set
such that

sup |A(t)A™(s)[lL(x) < oo, (3.5)

t,sel

then the corresponding spaces X'(t) are independent of t, except for morms, which are
uniformly equivalent on I.

Proof: Evidently, for the graph norms we have

Illxt) = A@)Dx = AR AT (5)A(s)llx < cllAls)ollx = clldllxics, t,s €1,

which gives the result. |
If A(¢) belongs to a class of operators having locally uniformly bounded purely imaginary
powers, that is if A(t) is a positive operator satisfying

Je>0 sup ]HAis(t)”L(X) < 00, (3.6)
SE|—¢€,€
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then the associated fractional power spaces can be characterized with the aid of complex
interpolation as

XA=0at08 — [x(1) XP(t)]p, 0< B <1, 0<a< B <oo; (3.7)

see [25], also [5].

DEFINITION 3.2. We will say that the family of positive operators {A(t

):t e R}isof
the class BZP(X) if and only if, given any ¢ € R, A(t) has the property (3.6).

CorOLLARY 3.1. If{A(t) : t € R} is of the class LUS(Dx,X)NBIP(X) and I C R
is any set such that (3.5) holds then X%(t), 6 € [0,1], are independent of t € I, except for
norms, which are uniformly equivalent on I.

Following [3], given {A(t) : t € R} of the class LUS(Dx, X), we will consider the
extrapolated space X ~1(t) generated by (X, A(t)), where

X~Y(t) is the completion of (X, ||A™(t) - || x)-

If this is the case, we will also extend A(t) to a closed operator in X ~!(t), for which we
will use the same notation.

Whenever t,s € R are such that A=1(s)A(t), A= (t)A(s) : Dx C X — X are bounded
operators, which happens in particular when the domains of the adjoint operators A’(t)
and A’(s) are the same, then X ~!(¢) coincide with X ~1(s) algebraically and topologically
as for some constants ¢y, co > 0 we have

allA7 (s)zllx < ATH(Bz]lx < collATH(9)z]x, 7 € X,

(see [4]). This ensures that the following counterpart of Proposition 3.1 holds for the
extrapolated spaces.

ProOPOSITION 3.2. If {A(t) t € R} is of the class LUS(Dx,X) and I C R is any set
such that the operators A= (t ) (s) : Dx C X — X are uniformly bounded for t,s € I;
that is for the closure A=1(t)A(s) we have

sup A= () A(s)]|L(x) < oo, (3.8)

t,sel

then the associated spaces X ~1(t) are independent of t € I, except for norms, which are
uniformly equivalent on I.
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On the other hand, due to [3, Proposition V.1.31], if {A(t) : ¢ € R} is of the class
LUS(Dx, X) then (the closed extension of) each A(t) belongs to a class Lis(X, X ~1(t))
of linear isomorphisms from X into X ~1(¢). Furthermore, we have that {\ € C : Re\ <
0} C p(A(t)) and for any bounded time interval I there exists M > 0 such that

||(AI — A(t))_l‘IL(X*I(t)) < ReA <0, tel. (39)

M
L+ [A
Letting Y (t) = X ~1(¢) and applying (3.2) we then associate with (Y (¢), A(t)) the fractional
power scale {Y“(t) : @« > 0} and, as in [3, p. 266], we consider

X(t) =Y (1), a € [~1,00), (3.10)

which is the extrapolated fractional power scale of order 1 generated by (X, A(t)).

COROLLARY 3.2. If {A(t) : t € R} is of the class LUS(Dx, X)NBIP(X) and I CR is
any set such that (3.5) and (3.8) hold, then for each 6 € [—1,1] spaces YO+1(t) = X9(t)
are independent of t € I, except for norms, which are uniformly equivalent on I; that is
for every 6 € [—1,1] there exists ¢ > 0 such that

[¢llxoqy < clldllxos). st €,

for every ¢ from the set XO(t) = X(s).

In what follows, given ¢y € R, ag € [0,1) and letting ug := 1 — ag we consider a family
of Banach spaces

Eo:= Y (tg), |-, = [A(t0) - lyr), @ € [0,1+ pol- (3.11)

LEMMA 3.1. Suppose that {A(t) : t € R} is of the class LUS(Dx,X) N BIP(X), con-
ditions (3.5), (3.8) hold on each bounded time interval I C R and {Ey,« € [0,1 4 uol} is
defined as in (3.11), where pg is a strictly positive number.

Then,

i) {A(t) : t € R} is of the class LUS(Dg,, Ey) with Dg, = En,
ii) for any bounded time interval I C R and o € [0, 1+ o] there exist constants ¢,c',¢” >0
such for each t,s € I we have

ollz, < c[A%(0¢le, < clA%(5)¢llm, < lle,, ¢ € Es. (3.12)

Proof: Recall that {Y*(¢) : a > 0} is the fractional power scale generated by (Y (¢), A(t)).
Hence (realization of) A(t) can be viewed as a closed densely defined operator in Y0 (¢)
with the domain Y*0*1(¢). The resolvent set of A(t) in this setting will still contain the
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half-plane {A € C: ReX < 0} and for each bounded time interval I there will be a certain
constant M > 0 such that

I = A(t) " lly o) < [¢llyeoq), ReA <0, tel, ¢ €Y (1) (3.13)

1+\)\|

Part i) is thus a consequence of Corollary 3.2 and (3.9).

Concerning part ii) we first observe that, due to Corollary 3.2, if ¢ € E? then ¢ belongs
to each of the sets Y7t0(¢) and Y7+ (s) as these sets coincide for each ¢,s € R and
A% (t)p, A7 (s)¢ are the elements of E® = Y@ (ty) (actually A%(t), A%(s) are one-to-one
from E, onto Fy). Given a bounded time interval I C R we can thus use equivalence of
norms stated in Corollary 3.2 to get, for some constants ¢, ¢, ¢ depending on I but not on
t,s € I, that

1A7()ll 2o = 147 () llyeo o) < EAT @) Blly a0y = EllPllyoran(ey < EllPllyerens)
= | A7(s)Sllyao(s) < A7 (8)Bllv a0 (2o) = €l A7 ()0l &,

whenever t,s € 1. Similarly, using again the equivalence of norms, we also have

10l 2, = 1¢llyorao(y) < Ell@llyoreny = A7) llyeo) < ElAT@)@llyeo ) = EllAT ()| 2

and

147 ()¢l mo = 147 (8)lly o 1) < E|A%(8)@llyeo(s) = EllDllyoten(s) < EllPllyotao ) = Ell¢l 5,

which proves ii). |

COROLLARY 3.3. Under the assumptions of Lemma 3.1 we have that for anyh bounded
time interval I C R and o € [0,1 + po] there exists a constant ¢ > 0 such that

|A7(t) A7 (s)||L(Ey) < ¢ for each t,s €, (3.14)

where o 18 a strictly positive number.

Proof: Tt suffices to note that A?(¢t), A°(s) are one-to-one from E, onto Ey and then
use (3.12). |

3.2. Smoothing properties of singularly nonautonomous linear problems

We will now assume that a family {A(t) : ¢t € R} is of the class LUS(Dx, X ) and that,
in addition,

Fue.1] Y150 Fo50 Virsel—r1) I(A{) — A(T)ATH(s) || Lx) < Clt — 7" (3.15)
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Under these assumptions, following [3, 13, 17, 20, 23], we will consider in X a singularly
nonautonomous linear problem

() = .. (3.16)

{u(t) +AMu(t) =0, t > T,

Recall that a continuous function [7,00) 3t — u(t) € Ey is a classical solution of (3.16) if
it is continuously differentiable in (7, 00), u(t) € Dx for each t > 7 and both relations in
(3.16) are satisfied.

Concerning solutions of (3.16) the following result is known (see [13, §2] for the proof).

PROPOSITION 3.3. Suppose that {A(t) : t € R} is of the class LUS(Dx,X) and (3.15)
holds.

Then, there exists a continuous process {U(t,7): t > 7 € R} C L(X) defined by (3.16)
in X such that given 7 € R and u, € X, the map [1,00) 2t — u(t) =U(t,")u, € X is a
classical solution of (3.16).

We remark that U (¢, 7) can be viewed as a fundamental solution of the evolution equation
u(t) + A(t)u(t) = 0, see [17, p. 109], which nonetheless we will not pursue here. Instead
we will turn our attention towards the smoothing action of U(t, s).

PROPOSITION 3.4. Under the assumptions of Proposition 3.3 for each bounded time
interval I = [=T,T) there is a positive constant N such that

[A7 (U (t,7)A(T)lox) SNE—7)77, 0<(<o<l+p —T<7T<t<T, (3.17)
where 1 is as in (3.15).

For the proof of (3.17) we refer the reader to the classical work [23] (see also [13, Theo-
rem 2.2]).

In Proposition 3.5 below we will focus on another smoothing property of the linear
process. For this we will need the following additional assumption:

Vitpses0 Yrso Jeso Vere-rr) 1A A (M) Lix) < e (3.18)

ProposITION 3.5. If {A(t): t € R} is of the class LUS(Dx,X) and (3.15) holds then

Vo v1i%£i§%go Inso Vor<r<esr AU ) — IdA™(T)||nx) < N(t —7)°. (3.19)
Actually, if also (3.18) is satisfied then

Vrso VHKE;@O Anso Vorgr<icr [ATOU(t, 7)—Id]A™(T) | Lx) < N(t—7)7. (3.20)
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Proof: From [23, (1.53)] we infer that

U(t,T)A_C(T) = e(t_T)A(t)A_C(T) + /t et=9)A®) [A(s) — A(t)}U(s,7')14_4(7)d57

T

where the function under the integral above is integrable in L(X) over s € (0,t), which
will be clear from the estimates below.
We next rewrite A% (¢)[U(t,7) — IdJA=%(7) as a sum J; + Jo, where

Jy =A%) [eTAO _Td) A (7) and Jy = / t A% (t)et=DAO [A(s) = AU (s, 7) A~ (7)ds.

Note that taking s = 7 in (3.15) we obtain that (3.5) holds on any bounded time interval
I ¢ R. Thus note that, under the assumptions that {A(t) : ¢ € R} is of the class
LUS(Dx,X) and (3.15) holds, one obtains as in [23, §1.9, (1.59)] that

Viz¢se30 Y750 Jeso Vere—r) [AS(®)A™(7) |l Lx) < e (3.21)

Without (3.18),if 1 > ¢ >0 > 0and 0 < § < (—o < 1 then applying [18, Theorem 1.4.3]
we can estimate ||J1v|x for every v € X by +c1_5(t — 7)°(| A%+ (£) A~¢(7)v| x, which via
(3.21) can be bounded on [T, T] by %ce1—s(t — 7)°||v] x. )

On the other hand, if 14+ > ¢ > o > 0 and (3.18) holds, then choosing 6 = { — o
and applying again [18, Theorem 1.4.3] we estimate ||Jyv||x for each v € X by ¢, 5(t —
7| A% (A=)l x = Lser-cholt — 7) [ AS(H) A=¢(7)v] x, which is now bounded
on [-T,T] by éccl_c+g(t —7)¢77||v||x due to (3.18).

Consequently, for J; we obtain by assumption that

2cei_s(t—7)%, 0 <6 < (-0, not assuming (3.18),

J <
Il {1cclg+g(t —7)677, assuming (3.18).

(—0o

Jo is equal to f: A% (1)et=)AD[(A(s) — A(t)) A" (s)]A(s)U(s,7)A=C(7)ds, where by
(3.4) and (3.15) we have

| A7 (#)e =AM (A(s) — At) A (5)]lL(x) < et —5) 77 (t — s)*.
Note that if 0 < ¢ < 1 we obtain from (3.17) that
JA(s)U (s, 7)A™ (7)) < e(s — 7)<

On the other hand, if 1+ > ¢ > 1, then A(s)U(s,7)A~S(7) = A(s)U(s, 7)A~Y(7)A*=¢(7)
and

IAG)U (5, T) A (T) |y < AU (5, AT (D) oo A (Dlex) < e,
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as in this case A'=¢(1) = A= V(r) = ﬁ Jo© s 2e=Ads is a bounded operator
and

_ C > Cus B
1A= () ]|y < j /0 205 gs — Cal <.

r¢-1
Since t, 7 vary in bounded interval for 0 < ¢ < 1 we thus infer that
t
[algo < [ (6= 97 = 1) s < ot = 7K B+ - 0.0)

T

=éB(1+p—0,0)t—1)"t—71)°"7 <&t —71)7,

whereas for 1+ p > ¢ > 1 we have

t
aloen €2 [ (6= s)ods = et = 1) 177 = e = 1) (e = 1) < ele 1)

T

Combining the above estimates we get the result. |

3.3. Validity of Assumption 1.1 and Assumption 1.3

In this subsection our concern is to describe a general mechanism that leads to validity
of Assumption 1.1 and Assumption 1.3.

THEOREM 3.1. Suppose that {A(t) : t € R} is of the class LUS(Dx,X) N BIP(X),
conditions (3.5), (3.8) hold on each bounded time interval I C R and {Eq,a € [0,1+ po]}
is defined as in (3.11). Suppose furthermore that

Fue(0.p0) V>0 o0 Virsei—r1) [[(At) — A(T))A7H(8) || Lm0y < Ot — 7|7 (3.22)

Under these assumptions:

i) there exists a continuous process {U(t,7) : t > 7 € R} C L(Ep) defined by (3.16) in
Eq such that given 7 € R and u, € Ey, the map [1,00) 2t — u(t) = U(t,7)u, € E° is a
classical solution of (3.16); furthermore,

i) Ut e gy S ME—=7)77,0< (<o <1+p -T<7<t<T, and

iii) [|U(t,7) = Id|| (g gy S M(E—T)7, 14p>¢>020,12¢—-0>0, -T <7<
t<T,

where M in ii)-iii) is a certain positive constant which can depend on (,o0,T but does not
depend on t, T € [-T,T)].

Proof: Due to Lemma 3.1 we obtain that {A(¢t) : t € R} is of the class LUS(Dg,, Ey)
with Dg, = E;. From this and (3.22) we obtain via Proposition 3.3 (applied with X = Ey)
the statements in part i).

Then, from Proposition 3.4 (applied with X = Ej), for each bounded time interval I C R
there is a positive constant N such that

A7 (U, T)A(T)|lnx) S N(E—7)7, 0<(<o<1l+p tel (3.23)
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Since A¢(7) is an one-to-one map from E, onto Ep, the inequality in (3.23) can be rewritten
equivalently as

147U (t, 7)¢llm, < N(t 1) A7) o, & € B, (3.24)
and by (3.12) also as
Ut 7)olle, < M(t—7)|¢llee, ¢ € E, (3.25)

which gives ii).
Finally, taking into account the result of Corollary 3.3 we can apply Proposition 3.5 with
X = Ey and obtain from (3.20) that

VT>0 VH@gfo)o IN>0 Vorgr<i<T ||A0(t)[U(t7 T) — Id]A_C(T)HL(Eo) < N(t - T)C_U-
(3.26)
Again the inequality in (3.26) can be rewritten equivalently as

lA7 @)U (¢, 7) = Id)g|lz, < N(t =) A(T) ] 5os ¢ € B,
and by (3.12) also as
U, 7) — 1dlgllp, < M(t—71)"" ||k, ¢ € E,

which gives iii). ||
Let us remark that condition (3.22) can be expressed equivalently as in the proposition
below.

PROPOSITION 3.6. Suppose that {A(t) : t € R} is of the class LUS(Dx, X)NBIP(X),
conditions (3.5), (3.8) hold on each bounded time interval I C R and {E,,a € [0,1+ uol}
is defined as in (3.11).

Then (3.22) is equivalent to

A()yect

loc

(R, L(E1, Ey))- (3.27)

Proof: On any bounded time interval I C R condition (3.22) implies that
[(A(t) = A(7)ollE, < Clt = 7|*[|A(s)¢l| 5, and [|A(t)] 5, < cllA(s)d] g,

whenever t,7,s € I, ¢ € Dg,. Due to (3.12) we then have ||(A(t) — A(7))¢|lz, < C|t —
T"||é|| g, for t,T € I, which proves that A(-) € C*(I, L(E1, Ep)).
On the other hand, if A(-) € CJ: (I, L(E1,Ep)) then, given a bounded time interval

loc

I C R, we have that A(-) € C*(I, L(E1, Ep)). Combining this with (3.12) we obtain that
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[(A(t) = A(T)Ylle, < Clt—7"[Ylle, < Clt = 7| A(s)Y]|g,, ¢, 7,8 € I, ¥ € Ey, and
letting ¢ = A~1(s)y we get (3.22). 1

Note that under the assumptions of Theorem 3.1 both Theorem 1.2 and Theorem 1.4
apply provided that the required assumption on F' holds. Actually in applications we often
have some vy € (0, 1) such that for each bounded time interval I C R and any B bounded
in E14. there exist constant ¢ > 0 such that

|F(t,v) = F(s,w)|g, <c(|t =5+ |lv—-w|g,.), t,s€ I, v,weE B, (3.28)

in which case Ej4.-solution of (1.6) will have the properties of a classical solution (see
Proposition 3.7 below).

PROPOSITION 3.7. Suppose that {A(t) : t € R} is of the class LUS(Dx, X)NBIP(X),
conditions (3.5), (3.8) hold on each bounded time interval I C R and {E,,a € [0,1+ uol}
is defined as in (3.11). Suppose also that (3.27), (3.28) are satisfied and that F' is of the
class L(e,p,v(e),n,Cy).

Then {A(t) : t € R} is of the class LUS(Dg,, Ey) with Dg, = Ey and Theorems 1.2
and 1.4 apply. The unique E1y-solution, u = u(-,7,u,), is of the class C*((1,T + o], Eo),
u(t) € Dg, fort € (1,7 + o] and u(t) + A(t)u(t) = F(t,u(t)) for each t € (7,7 + dg].

Proof: By Theorem 3.1 we know that Theorems 1.2 and 1.4 apply. Hence there is
the unique Ey4.-solution of (1.6), u(-) = u(-,7,u;) and v € C}, ((0,T,, ), E14+c) for some
v € (0,1). The latter property and (3.28) yield that F'(-,u(-)) € C7.((0,Ty,), Ey) for
o = min{v, v}. The result now follows as in [20, §5.7, Theorem 7.1] and [13, §2.3]). 1

Remark 3. 1. i) Following [13, Lemma 3.5] one can prove that lim; .+ [|[U(¢, 7)u, —
ur||g, = 0 in which case (1.22) yields that lim,_, .+ ||u(t,7,u;) — u.|g,, = 0. Applying
this and (1.21) with # = 0 we obtain that Ej.-solution u(t,T,u,) of (1.6) is continuous
in Ey with respect to (¢t,u.) € [7,7 + do] X Ej.

ii) Following [27, Theorem 3.10] we obtain that, under the assumptions of Proposition 3.7,
the Fjic-solution u(-) = u(-, 7,u,) of (1.6) possesses the following properties

A(u(-) € C((1,7 + 9)], Eo)
%u() € Fho (1,7 + o], Eo)

where F17 (1,7 + ], Eo) is defined in [27, page 05].

3.4. “Singularly nonautonomous” makes difference
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Note that the fact that we deal with singularly nonautonomous problems matters a lot.
A strongly damped wave equation

g +N(=A)ug + (—A)u = f(t,u), t >0, z€Q,
uw(0,2) = up(x), ue(0,2) =vo(x), x € Q, (3.29)
u(t,x) =0, t =20, z € 09,

considered in a bounded smooth domain 2 C R™ can serve here as an example.
For fixed n > 0 the problem (3.29) is known to fall into a class of abstract parabolic
problems in the “energy” space X = H}(Q) x L?(Q). Namely, (3.29) can be rewritten as

U+ Tall) = [rtw] t>0 [Ble =7, (3.30)

where f¢ is a Nemitskiil operator associated with f and [_OA 7_{, A can be viewed as a
negative generator of a C* analytic semigroup in Hg () x L*(Q). In addition, [ ‘5 :InA]
will also has bounded purely imaginary powers. Then one can show as in [9, 10] that, if
n is a constant, the problem (3.30) is well posed in H}(Q) x L?(Q) provided that f grows
with respect to u not faster than \u|%)

When 7 depends on time variable ¢, then the domain of the main part operator A(t) =

[_OA _n?tl) A} will in the above setting depend on ¢ and hence (3.30) requires a more advance

approach (see e.g. [4]). On the other hand note that if one tried to verify the condition
(3.15) this would fail anyway as recalling the precise definition of A(t) in X = H(Q) x
L?(Q) we have
L2 - -
AW [7] = [—A(wn(t)w)] : (3.31)

where

(5] € Dx(t) = {[£] € HY(Q) x HY(Q): ¢ +n(t) € H* Q0 HY ().

Hence, given [} ], one might not be able to apply A(t) — A( ) to A71(7) [X1] whilst formal
calculations would indicate anyway that (A(t) — A(s))A~1(7) might not be bounded in

L(X).

4. APPLICATIONS

In what follows we show how the abstract results apply in sample problems. This involves
singularly nonautonomous wave equations with a structural damping and a sample 2m-th
order singularly nonautonomous parabolic equation.

4.1. Singularly nonautonomous wave equation with structural damping
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In this example, following [9, 11, 10], we consider the initial boundary value problem of
the form:

we +n(t)(=A) 2w + vy + (~A)u = f(t,u), t>0, ze€Q,
w(0,z) = uo(z), u(0,2) =vo(z), z€Q, (4.1)
u(t,z) =0, t>0, z€09Q,

where (ug,vo) € H}(Q) x L?(Q).

ASSUMPTION 4.1. We assume that Q is a bounded smooth domain in RY with N > 3,
v is a nonnegative parameter and

necCl

loc

(R, (0,00)) for some € (0,1]. (4.2)

Note that due to (4.2), given any bounded time interval I C R, there are constants
K1, ke > 0, such that n(t) € [k1, k2] for each t € I.
Letting v = 4 we rewrite (4.1) in the form (1.6)

LI AN = F@1D) 050, (M, =[], (13)

where A(t) and F(t,[%]) can be viewed in matrix form as

A0 =" oCapi] FEED=[rdw] (4.4

and f¢ denotes a Nemitskil operator associated with f.
We set in this example

X =Hy(Q) x L*(Q), Dx = (H*(Q) N Hy(Q)) x Hy(2)

and, referring to [12, proof of Lemma 1 iii)] and [9, Proposition 1], we conclude that
{A(t) : t € R} is of the class LUS(Dx,X) N BIP(X). Furthermore, since for each t € R

we have A71(t) = ["(t)(:IA)_% (—Ao)fl }, we obtain for any ¢, s € R that

1,y _ | O -1 CAY R aueA)t (LAt I 0
A1) AT (s) = LA n(t)(*A)%Jrvf} {"(s)( e }— [(n(S)*n(t))(*A)% 1}
and

-1 _ [y ca)ydquayt oyt ][ © - — $)—n(t))(~A) "2
A7 (s)A(t) = [n( )(=4) _21+ (=8)7" | 0) } LA n(t)(iAﬁJrVI} = [é (n(s) n(t})( )"z } )

Consequently, for any bounded time interval I C R, we have

1 _ [ } <
sup 1404 @lleoo = sup n[;ﬁiﬂ I oratonartore] I1x < 0 +262) (45)
#l=
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and

sup [ AT AD ) = sup sup | [#OO-00C220] [ < (1420, (46)
tsel t7561”[ ]I ¥

{liees
which are counterparts of (3.5) and (3.8).

Let us denote by {Z%,a > —1} the extrapolated fractional power scale generated by
(L2(Q2),—A). As in (3.11), choosing ag = 0, we define the spaces E,, a € [0,2]. Due to [9,
Theorem 2] they are characterized as

By = Yot0(t) = 2% x Z°7, a€0,2). (4.7)

Note that, following [3, Theorem V.1.38], Z~%(¢) can be viewed for « € (0,1) as a comple-
tion of (L(Q), [I(=A)" - [[L2(e))-

With this set-up we now prove that

A()yect

loc

(R, L(Ey, Ey)) with By = H}(Q) x L*(Q) and Ey = L*(Q) x H™1(Q), (4.8)

where g is as in (4.2). Indeed, given ¢, s € [T, T] we immediately have

s N0 - A6 [3] s = s [ carsl],,
11 ey =1 IFALERS!
=n(t) —n(s)|  swp [(~A)Rl,oy < clt— 5]
1o =1

Due to Proposition 3.6, (4.8) is equivalent with (3.22) and what was said above allows
us to apply Theorem 3.1. Consequently, Assumption 1.1 and Assumption 1.3 are both
satisfied, which leads to the following conclusion.

PROPOSITION 4.1.  Suppose that Assumption 4.1 holds and let E, = Z% x z% for
a € [0, ), where p1 is as in (4.2).

Then there exists a continuous process {U(t,7) : (t,7) € Rt > 7 € R} C L(Ep)
associated in By = L*(Q) x Hy *(Q) with a singularly nonautonomous linear problem

d 0 —1I u
%[3]4» _A Y](t)(—A)%-f—VI H}L}:Ov t>03 “}L]tzrz[v:]a (49)

and {U(t,7): (t,7) € R%t > 7 € R} enjoys the smoothing properties (1.9), (1.24).

Remark 4. 1. Besides (4.8) we also have

A(-) € CF (R, L(Ey, Ey)) with By = H*(Q) N Hg(Q) x H(Q), By = Hy () x L*(Q)

loc
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as (4.2) yields

g 140 = A [ ls = s [ -g-ans] [,
IMLESS! 1[5 1m=1
= n®) —n(s)| s (~A) g0 < et — sl
1o 1, =1

whenever t,s € [T, T] for some T > 0.

We now turn our attention towards Lipschitz properties of the nonlinear term. Assuming
N > 3 we define a number

Pei= N2

which in this example plays a role of a critical exponent.

N +2

Remark 4. 2. To keep the notation short let us adapt throughout the rest of the paper
the Landau symbols O(y), o(p). Namely we will write that h(t,z,s) = O(p(s)) if, given a
bounded time interval I C R, |h(t,z,s)| < c|¢(s)| for some constant ¢ > 0, which does not

depend on s € R, x € Q and ¢t € I. We will also write that h(t,z,s) = o(¢(s)) if, given a

bounded time interval I C R, lim‘sHoo 70

tel.

= 0 uniformly with respect to = € Q and

PROPOSITION 4.2.  Suppose that N > 3, f € C(R%R), f/ € C(R x R,R) and E, =
7% x Z°% forac€ [0, 1), where w is as in (4.2).
i) If fi(t,s) = O(cy +nls|P~) for some n > 0 and p € (1,pc), then the map F(t,[%]) in
(4.4) is of the class L(e, p,v(e),n,C,) relative to {Eq, o € [0, 1)} and is subcritical.
i) If fL(t,s) = O(cy+n|s|P<~t) for somen > 0 and i) does not apply, then the map F(t,[%])
in (4.4) is of the class L(g, p,v(g),n,C,) relative to {Eq,a € [0, 1)} and is critical.
i) If fl(t,s) = o(|s|P<=1) and i) does not apply, then F(t,[%]) in (4.4) is of the class
L(e, p,y(e),n, Cy) relative to {Ey,a € [0, 1)} and is almost critical.

Proof: Parts i)-ii) follow in a similar manner as [9, Lemma 3 and Corollary 2|. Part iii)
can be proved analogously as in [10, Lemma 3.1 and Corollary 3.1]. |

COROLLARY 4.1. Suppose that Assumption 4.1 holds and let E, = Z3 x z% for
a € [0, 1), where p is as in (4.2). Suppose also that the assumptions of Proposition 4.2 are
satisfied; in particular that f.(t,s) = O(c, + n|s|P<™1) for some n > 0.

Then Theorem 1.2 applies and, given any 7 € R, [47] € HY(Q) x L*(Q), the abstract
counterpart (4.3)-(4.4) of (4.1) has the unique FEyic-solution [3] =[] (-, 7,[v7]) defined
on the mazimal interval of existence [, T, v.)-
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With additional assumption on f there will exist an “energy” functional L,

wi ]‘ ]‘ i “ w1
£([2]) = 3ol + 5IA ulag = [ [ fe)dsdn, (e B @10)

decreasing along [+] (¢, 7, [ ]).

LEMMA 4.1. Suppose that f = f(u), that is f does not depend on t. Then L in (4.10)
takes bounded subsets of E1 into bounded subsets of R and, given any sufficiently smooth
solution [ ] of (4.3) on the interval I, L ([%]) is a nonincreasing function of time variable
tel,.

If AP denotes the first positive eigenvalue of the negative Dirichlet Laplacian —A in
L?(RY) and

lim sup @ <M (4.11)

|s|—o0

then L is also bounded below. Consequently, all sufficiently smooth solutions of (4.3), as
long as they exists, satisfy the estimate

1517 [ Dllg, < diL([%7]) + de, (4.12)

for some constants dy,ds > 0.
Proof: Multiplying the first equation in (4.1) by v = uy, we have

d 1
T LR = =nOI(=A) 0]z 0) = vlvliz() <0, (4.13)
which yields that £([+]) < L([%7]) as long as the solution exists.

On the other hand, using (4.11), we obtain for any § > 0 small enough that

w AL —9 9
- f(s)dsdx > — 5 w1720y — Nsl€2,
aJo
where Ny is a certain positive constant. Consequently we get the estimate
w1 J i 2 1 2 w1
Lws]) 2 Gyll(=A) 2 willza () + llwallzai) = Nol€l, [ws] € Ex,
and the result now follows easily. |

Theorem 1.5 now leads to the following conclusion.

COROLLARY 4.2. Suppose that Assumption 4.1 holds and assume for f € C*(R,R) that
(4.11) is satisfied and fl(s) = o(|s|P<=1); in particular assume that f does not depend on
time variable.
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Then, given 7 € R and [47] € By = HY(Q) x L?(Q), there exists the unique global
Eq.-solution of (4.1).

Suppose finally that we have f.(s) = O(1 + |s|[’<=!) but not f.(s) = o(|s|’<~!). Note
that (1.27) is rather uneasy to verify as the estimate in Eji.-norm can hardly be derived.
Nonetheless, since we know (4.12) and, in addition,

(=A)" 20+ q(t)o + (=) 2o+ (=A)2u = (—A) 72 f(u),
we infer that
ue WhH((0,Ty, ».), L2(), we W ((0,Ty, ), H 1 (Q)).
Hence we conclude that

0, Ty, »,) Dt — [u(t’u””)} € Ey = L?(Q) x H~1(Q) is uniformly continuous,

w(turvr)

in which case (1.33) holds and thus Theorem 1.6 applies.

COROLLARY 4.3. Suppose that Assumption 4.1 holds and assume for f € C*(R,R) that
fL(s) = O(1 + |s|P==1) and (4.11) is satisfied; in particular assume that f does not depend
on time variable.

Then, whenever T € R and u,; € Ey are such that T,,_ .., is finite, there exist a € (T, , 0]
and the unique extension U : [T,a) — Ey of mazimally defined E14c-solution u of (1.6)
such that U is a piecewise-E1y.-solution of (1.6) on the interval [,a) and either a = oo

or a is an accumulation time of singular times.

4.2. Singularly nonautonomous 2m-th order parabolic problems

Consider singularly nonautonomous initial boundary value problem

u + A(t)yu = f(t,z,u), t >0, € QC RN, N >2m > 2,
Bou=...=B,,_1u=0,t>0, z €99, (4.14)
u(0,z) = up(z), = € Q,

where € is a bounded smooth domain in R, f is a suitably smooth real valued function,
A(t) is a 2m-th order linear differential operator

At) = (D)™ > a,(t,z)D%, teR, (4.15)
|lo|<2m
and
Bj= Y b(x)D% j=1,...,m, (4.16)
lo|<m;
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are boundary operators of order m; € {0,1,...,2m — 1}.

Without being too exhaustive we will require of each A(t) with ¢ € R to satisfy the so
called a-root condition for some o € (0, 5 ), see [6, p. 650], which implies in particular that,
given t € R, the operator A(t) + (—1)™e D?™ is for each § € [—a — %, o+ 3] uniformly
elliptic in 2 x R. This can be achieved requiring that each A(t) is a uniformly strongly
elliptic operator, that is for each ¢t € R we have

3050 Voen Veern Re( Y as(,0€7) > cle™, (4.17)

lo|=2m

(see [6, p. 659]).
In what follows we suitably adapt from [6, p. 661] the notion of a regular parabolic initial
boundary value problem.

DEerFINITION 4.1.  We say that a family {(A(¢),{B,;},Q,09Q), t € R} is of the class
RPLIBVP of regular parabolic initial boundary wvalue problems of order 2m if
(At),{B;},Q,09,q) is a strongly a-regular elliptic boundary value problem of class C°
and order 2m for every ¢ € R as in [6, p. 655] and, in addition, (4.18) below holds.

There exists o € (0,1] such that for each bounded time interval I C R
and for any |o| < 2m map I 3t — a,(t,-) € C(Q,R) is of the class (4.18)
C*(I,C(,R)); in addition, for any || = 2m, modulus of continuity '

of maps Q 3>z — a,(t,r) € R can be chosen uniformly for ¢ € I.

We will next consider spaces H,(€2) as in [25]. For p = 2 they are Hilbert spaces and
will be denoted by H*(Q). Following [25] we also define

H;’{BJ}(Q) = {¢ € Hlj(Q) : Vie{j: m_j<s—%} Bi(b\asz = O}

Assuming that {(A(t),{B,},Q,09), t € R} is of the class RPZBVP we have the fol-
lowing estimate

lellmzm @) < (IA@G@N Lo @) + l¢lLr@), ¢ € Hyp, (@), t e, (4.19)

where I C R is arbitrarily chosen bounded time interval. We emphasize that ¢* > 0 actually
depends on Q, m, N, p, o, moduli of continuity of the top order coefficients of A(t) with
t € 1, coefficients of boundary operators B; and certain constants related to the notion of
a-regular elliptic boundary value problem which are specified in [6, Theorems 12.1] (see also
[1, 2]). Thus for the problems as in Definition 4.1 the constant ¢* in (4.19) is independent
of ¢ varying in a bounded time interval I C R.

We remark that, due to (4.15), (4.18) and properties of H>™(Q)-norm we also have

[A®¢llr @) < cellpllmzme), ¢ € Hy™(Q), tel, (4.20)
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where ¢, depends on Q, m and L>(I,C(Q,R))-norms of coefficients of A(t).
We now summarize the conditions on (4.14) that we will need throughout the rest of
this subsection.

ASSUMPTION 4.2. We assume that N > 2m, Q is a bounded C%-domain in RN, A(t),
Bj(t) t€R, j=0,...,m—1) are given by (4.15)-(4.16) and {(A(t),{B;},Q,00), t € R}
is of the class RPIBVP. In addition A(t), t € R, are all selfadjoint operators in L?(£2)
and they are bounded from below by a positive constant that can be chosen uniformly for t
in bounded time intervals I C R; that is,

(A)$, ¢) L2(2) = 84l10l1 72 (005 (4.21)

where s, > 0 can depend on I but not ont € I.

ExAMPLE 4.1. There are number of problems, for which Assumption 4.2 holds. This
happens e.g. when
p=2m=2 N>4, A(t) = 0(t)A% t € R,
6ecCt

loc

(R, (0,00)) for a certain p € (0,1] (4.22)

J
and also {Bj, j:O,l}:{%, j=0,1}.

ProPosITION 4.3. Suppose that Assumption 4.2 is satisfied and that

B, = {([L2(Q)7H?gj}(ﬂ)ha)lv o€ [07 1),

[L2(Q), H{E , (D]a-1, a € [1,2], (4.23)

where  is as in (4.18).
Then there exists a continuous process associated in Ey = (H%g‘l}(Q))' with a singularly
nonautonomous linear problem

u+Au=0,t>0, r€ QC RN, N >2m > 2,
Bou=...=Bp_1u=0,t>0, z €0, (4.24)
u(0,2) = ug € L*(Q),
and possessing smoothing properties (1.9), (1.24).
Proof: We will ensure that Theorem 3.1 applies with

X =L*(Q) and Ey = (H{E ().
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First note that, proceeding as in [14, Proposition 1.3.3], we get [|(A — A(£))¢||x =272 |A—
.| whenever ¢ € HJ?BJ_}(Q)7 t € I, Re(\) < s.. From this we conclude that {A(t) : t € R}
is of the class LUS(Dx,X). On the other, since by assumption purely imaginary powers
are unitary operators, we also have that {A(t) : t € R} is of the class BZP(X).

We now fix a bounded time interval I C R and concentrate on points ¢t € I. Using (4.21),
Schwartz’s inequality and (4.19) we get

lpllam(e) < (L + s AWB) N2 (), ¢ € Hig y(Q), tE€ T, (4.25)

where s, is as in (4.21).
Now, to obtain (3.5), we apply (4.20) with p = 2, ¢ = A7(s)y, ¥ € L?(2), and then
use (4.25) with t = s and ¢ = A71(s)% to conclude that

[AG) A ()Y o) < ex|AT ()| mam(a) < exc™ (L + sy )Yl L2y, ¥ € L2(Q), t,s € 1.

In the proof of (3.8) we adapt the idea of [4, Remark 6.6 (c)]. Note that from above
consideration we have sup; .c; |A(s)A™"(t)||L(r2(0)) < N. Combining this with the fact
that the operators are selfadjoint we get

(6, AN (O A()¥) 20| < Nllz2o ¥l 220y, ¢ € LX(Q), ¢ € H{F y(Q), t,s € L.

This ensures that the set {A~1(t)A(s)y : t,s € 1,9 € H{ng}(Q),Hw\Lz(RN) < 1} is
bounded in L?(©2) and hence

A= () A(s) (L2 (0)) <G

where constant ¢ > 0 does not depend on ¢,s € I.

Letting g = 0, we define next spaces E,, o € [0,1 + uo] = [0,2] as in (3.11), which
characterized here as in (4.23).

To ensure that

A()yecCt

loc

(R, L(Ex, Ep)) with By = L*(Q) and Ey = (H{,,(Q))’ (4.26)

we observe that, whenever ¢ € L2(RY) and t,s € R,

1(A(#) = A(s) Nz )y = sup I/Qaﬁ(A(t) — A(s)¢l.

Pk ll1 =1
2m =
H{BJ_}(Q)
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Hence, for any t,s in a bounded time interval I C R, using (4.15) and (4.18) we get via
Schwartz’s inequality that

sup [|[A(t) — A(s)]dllg, =  sup sup | [ o(A(t) — A(s))Y]
81, =1 1902000 =1 gy =1 /2
< sup su / 16l[a0 () — ag (s, 2)]| D7 Y|
”¢HL2(Q)_1 \Iw\lem (Q) \a’\<2m
< s s et —anls Moga Il Dbl < et — sl

19le2 =1 Wl | @ =1 jo)<2m

This proves that the assumptions of Theorem 3.1 are satisfied. Hence, applying Theo-
rem 3.1 we get the result. |

Remark 4. 3. Besides (4.26) we also have

A()ect

loc

(R, L(Ez, E1)) with Ex = H{E (Q), E1 = L*(Q) (4.27)

as (4.18) yields

IA®) = A@)ollm = I(=1)™ Y (aq(t,x) = as(s,2))D"¢| s,

lo|<2m

<llas(t,) =ao(s, Me@ Y I1D70le <t — sk,

lo|<2m

whenever ¢ € Fy and s,t vary in a bounded time interval I C RY.

Having obtained the relevant information about the linear part in (4.14) we now turn
our attention towards the analysis of a nonlinear term. For this we define

_ N+4dm
pe =~

which will be a critical exponent for (4.14) with initial data in L?(£2). To describe properties
of the Nemitskii operator F' associated with f we again use the Landau symbols O(¢), o(¢)
as in Remark 4.2.

PROPOSITION 4.4. Suppose that N > 2m, f, f. € C(RN*2 R) and E, are as in (4.23)
for a € [0, ) and p is as in (4.18). Suppose additionally that

N 2
(1= f). 4.28
w>—( - (4.28)
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i) If fl(t,x,s) = O(c, + nls|P~1) for some n >0 and p € (1, p.), then the map F(t,u) in
(4.14) is of the class L(e, p,v(€),n, Cy) relative to {Eqs, a0 € [0, 1)} and is subcritical.

i) If fi(t,z,s) = O(c, + n|s|P==1) for some n > 0 and i) does not apply, then the map
F(t,u) in (4.14) is of the class L(e, p,v(€),n, Cy) relative to {Eq, € [0, 1)} and is critical.
i) If fi(t,x,s) = o(|s|P=~1) and i) does not apply, then F(t,u) in (4.14) is of the class
L(e,p,v(€),n,Cy) relative to {Eq,a € [0, 1)} an is almost critical.

Proof: Restricting time variable ¢ to a fixed bounded time interval I we will show that
there are constants ¢ > 0, C;, > 0 and € € (0, ) e < p, pe < y(e) <1 such that

1E(t,0) = F(t,w)lle, ., < cllo=wle (Cy+allolly " +nlwlf '), vowe B (4.29)

()

Furthermore, we will describe admissible triples (p, €, y(g)) for which (4.29) holds and prove
that the map is indeed critical for p = p. whilst it is subcritical for p € (1, p..).
Observe that due to (4.23) we have

N N
Eiie > L°(Q), e€[0,1], 2me— = > ——, s =2,
2 S
o N (4.30)
E, o < L7 €[0,1 <0<2 0>1,
'y(e) ( )? ,7(6) [ Y )3 N+4m(1—’}/(€)) a o
where WJM >1 provided that
dm — N
— =7 . 4.31
v(e) > — ¥>0 (4.31)

Using (4.30) and taking into account that f.(t,z,s) = O(c, + n|s|P<~!) we have

1E@®,v) = Ftw)lle, ., <EFEv) - FEw)]

2N
V() LNFImA=7) (Q)

~ _ p—1 p—1
< ell|lv —w|(ey +nlv]”~ + n|wl )HLW(Q)‘

. I, . . N+4dm(1— N+4
Applying next Holder’s inequality with ¢ = %mz(e)), q = wy & > &
2N
recalling the embedding H*™¢(Q) — L~-4m= (), and assuming that
2me o=l
H*M¢(Q) — L7079 (Q), (4.32)
we obtain
o ~ _ p—1 p—1
1F(t0) = F(t,w)llp, e, < o —wll 2 o lleq+nlvl ™" +nlul IILW(Q)
~ . p—1
allo =l gz g el s o P s
p—1
ol )
—1
<cllo =l (Cy +allolly " +nllwlfh), v w e E,
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where (4.32) requires that

(4m5—N)(p—1)—|—4m(1+5)> >4m(1—|—5)—N(p—1):

Y= am > q(e) 2

g v (4.33)

We remark that for p € (1,1 + 2] and € > 0 we have 5 > ’y > 0and ¥ > ep. We

also have 1 > 7 if ¢ € (0, Niﬁ;pl)). Furthermore, ¥ > 4 and 47

e € (max{0, 4fnp2)}, ).

The above analysis ensures that any triple (p,e,v(g)) such that p € (1,1 + %”], € €
(max{0, 4£np2)} min{p, = N(p— 1)}) and y(¢) € [pe,7] N [v,7] N (7,7] =: Z(¢) is admissible.
Therefore the proof of parts 1) ii) will be complete if we justify that Z(e)|,_, = {epc}.

Note that for any admissible triple (p,e,v(e)) the left hand side 1nequahty in (4.33)

implies

> ¢ > 0 if and only if

n

b< N + 4m — dm~y(e)
= N —4me "’

N+4+4m—4mpe
N—4me

N+4m

and since y(g) > pe we then have p < , which holds if and only if p < =

Pe-
From the above consideration it becomes clear that p = p. cannot be attained for any
7(e) > pce and therefore p = p. necessitates y(e) = ep.. Note that 7 _ = epc; that is
for p = p. we have Z(e) = {ep.}. This completes the proof of i)-ii).
Part iii) now follows easily as having |f'(t,z,s)| < O(c, + n|s|?<~!) for each n > 0 we
obtain (4.29) for any n > 0. |

COROLLARY 4.4. Suppose that m € N, N > 2m, f, f. € CRN*2 R) and E,, are as in
(4.23) for o € [0, ) and p as in (4.18).
Suppose in addition that

1-— 2 <0, (4.34)
Pe
that is N > 4m.
Then in either case i), i) or i) of Proposition 4.4 number ¢ > 0 can be chosen as small
as we wish. Furthermore, whenever t varies in a bounded time interval I C R, there exists
a certain ¢ > 0 such that

1E(t ) < e(L+ 9, ), & € Er.

Remark 4. 4. It can be seen from the proof of Proposition 4.4 that £ > 0 may not
be in general close enough to zero. Namely, to ensure in the critical case that the set of

admissible triples therein is nonvoid one needs to assume that € > max{0, 4£§;2 }. This
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in turn implies that the number p, which measures Holder regularity of the coefficients in
the main part of the equation cannot be too small either (see (4.28)).

COROLLARY 4.5. Suppose that the conditions in Assumption 4.2 are satisfied and E,
are as in (4.23) for o € [0, ), where p in (4.18) satisfies also (4.28).

Then Theorem 1.2 applies and, hence, given any 7 € R, u, € L2(2), the initial boundary
value problem (4.14) has the unique E1y.-solution v = u(-,7,u,) defined on the maximal
interval of existence [1,Ty,. ).

We will now derive an L?(£2)-estimate of the solutions.

LEMMA 4.2. Suppose that
sf(t,z,s) < CO(t,x)s* + D(t,x), t eR, x € Q, (4.35)

for some C € L (R x RN R) and D € L} (R, L'(Q)).
lo

c loc

If T €R, u, € L3(2), then for each T > T and for any sufficiently smooth solution u of
(4.14) which ewxists for allt € [1,T) we have that

”u(thv UT)H%Q(RN) < 9(7—’ ||UT||L2(Q)7T)a te [7—» T)v (4'36)

where g : R x [0,00) x (0,00) — [0,00) is a certain continuous function.

Proof: Note that we restrict here time variable to the interval [, T"), which in turn allows
us to choose the constant s, such that (4.21) holds uniformly for ¢t € [7,7). In a similar
vein we also define

c* = sup  2|C(¢, ).
(t,x)E[T,TIxQ

Multiplying now the first equation in (4.14) by u in L?(Q2) and using (4.21), (4.35) we
obtain for any A € (0, s,) the estimate of the form

57 Iz ) + (s = C)lu(®)|Z2 () < IDE Iz, t € [7,T).
Solving the above inequality we get
t
()72 () < lurllZa e + 2/ 1D (s, s @ye 0= ds, t € [,T),

which completes the proof. |
Theorem 1.5 now implies the following result.
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COROLLARY 4.6. Suppose that the assumptions of Corollary 4.5 and Lemma 4.2 are
satisfied.

If fi(t,z, s) = o(|s|P<=1) then, given any T € R and u, € L*(Q), the unique By .-solution
of (4.14) exists globally in time.

Proof: If suffices to note that if the maximal time of existence T, of Fj;.-solution
u(-, 7, ur) was finite, then Lemma 4.2 would imply that sup, 7,  [[u(t, 7, ur)| L2 my) < oc.
Then, applying Theorem 1.5 with E; = L?(9), one would reach contradiction. |

Note that in the critical case p = p. some better estimate of the solutions can be
sometimes obtained if additional conditions are imposed on (4.14). For example in the
autonomous case H!({)-estimate can be found as in [26] or if the maximum principle
applies, which does happen if m = 1, then L>°(92)-bound on the solutions may be known.
However, without any such specific assumption, one can hardly find the estimate of the
solutions in Fjy.-norm needed to apply Proposition 1.1. On the other hand, Theorem 1.6
will yield the existence of a piecewise-F1y.-solution on some larger time interval than the
maximal interval of existence of Ej,-solution.

LEMMA 4.3. Suppose that the assumptions of Corollary 4.5 and Lemma 4.2 are satisfied.
Assume in addition that (4.34) holds.

Under these assumptions, whenever 7 € R, u, € Ey = L*(Q) and T,,, < oo, the map
[1,Tu,) 2t = u(t) € By = (Hfgj}(ﬂ))’, where u is Eyyc-solution of the problem (4.14), is
uniformly continuous.

Proof: From the differential equation in (4.14) we infer that

Jue @)l (a2 . )y < HA(t)u(t)”(Hfgj}(Q))’ + |1 f(¢, 'au)H(Hfgj}(Q))H te (1, Ty, )

{B;}

Using (4.15) we have

[A@®ull (2 @) = sup 1I/QuA(t)l/)I S llul®lzaie) max llas(t,)lc@r),
)= m

Bj} Hw”H%g/j}(Q ‘0"\
t € (1,Ty,) and by (4.18), (4.36) we then get
HA(t)uHLm((T,TuT),(H%gj}(Q))’) < cg(T, HuTllLQ(Q)7TUT)'

From Corollary 4.4 we deduce that ||f(¢, ~,u)||(H%gLv}(Q))/ is bounded by a multiple of
(1+ Hu(t)Hﬁg(Q)) and therefore, using again (4.36), we conclude that

£, '7u)||L°°((T,TuT),(Hfgj}(Q))’) < (1 + [g(7, lurll L2y, Tu, )]P°).

Since the above estimates ensure that u(-, 7,u,) € WbHi((r,T), (Hf%”]}(Q))’) the proof is
complete. |
Theorem 1.6 and Lemmas 4.2, 4.3 now lead to the following conclusion.
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COROLLARY 4.7. Suppose that the assumptions of Corollary 4.5 and Lemma 4.2 are
satisfied. Assume in addition that (4.34) holds.

Then, whenever T € R and u, € L*(Q) are such that T, < oo, there ezist a € (T,.., 0]
and the unique extension U : [1,a) — E1 of E1q.-solution u(-,7,u.) of (4.14) such that U
is a piecewise-F1.-solution of (4.14) on the interval [1,a) and either a = oo or a is an
accumulation time of singular times.

Remark 4. 5. It remains an open problem whether the result in Corollary 4.7 holds with-
out the assumption (4.34) that is under the assumptions of Corollary 4.5 and Lemma 4.2
only.

4.3. Closing comments

To present our ideas better we have used in applications a Hilbert space setting, in
which case needed assumptions are much easier to verify. This is due to the fact that the
purely imaginary powers of selfadjoint operators are unitary operators and that, in general,
the estimates of the resolvent operators in Hilbert spaces become more straightforward.
Without being too exhaustive we nonetheless mention that in a similar manner one can
consider in applications a Banach space setting.

Specifically we remark that the singularly perturbed wave equation with a structural
damping, (4.1), can be locally well posed in Wy?() x LP(2), which generalizes the results
from autonomous case obtained in [12]. On the other hand well posedness of the 2m-th
order singularly perturbed parabolic equation, (4.14), could be studied in HETBJ}(Q) as in
the classical work [23]. Tt is true that the usage of a general LP(£2)-setting would lead to a
better regularity properties of the solutions as, by embedding, the solution would “enter”
some other scales with suitably larger exponents p. Nonetheless this is the matter we will
not pursue here.

We finally remark that, in contrary to the autonomous or nonautonomous case, for
singularly nonautonomous problems the modulus of continuity of the linear part of the
equation may indeed determine possibility of solving the semilinear problem. Note that the
main idea that drives the argument in the above approach lies in the smoothing properties
of the linear evolution process. This is exhibited in estimates (1.9), (1.24), which are valid
for (,o € (1,1 + p) with p determined in applications by the moduli of continuity of
the coefficients in the linear part of the equation. As shown in the analysis carried out
in Proposition 4.4, if values of the moduli of continuity of the coefficients are not large
enough, then in the critical case the order of magnitude of nonlinearity may become too
large to handle the problem in the described manner; in particular condition (4.28) may
fail for small . Then, for critically growing nonlinearities, local well posedness of (4.14)
with initial data in L?(€2) becomes an open problem.
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