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In this article we present a fast implementation of an algorithm for con-
structing a presentation of the On-module f.O(x(y), 0y associated to any finite
co-rank 1 map germ f € O(n,n), where (3(f),0) denotes the germ of the crit-
ical locus of f. Moreover we implement this construction using the software
Maple, showing explicitly how to compute the elements of the presentation
matrix for such maps. Then we show how to apply this construction to ob-
tain invariants associated to the stable singularities of such germs.  October,
2012 ICMC-USP

1. INTRODUCTION

A presentation of a finitely presented R-module M (R, a commutative ring with unit)

is an exact sequence
R 2 RT-% M —0 (1)

of R-modules. When such a presentation exists, we call A the matrix of relations among
the generators of the module.

In general it is not easy to construct a presentation, but when (X, ) is the multi-germ of
a Cohen-Macaulay variety of dimension n, Mond and Pellikan in [4] showed an algorithm
for constructing the presentation of the O, 1-module O(x ) for finite analytic map germs
f:(X,x) — (C"*1 0), which is one of the key tools to compute invariants associated to
the singularities of any stabilization of f.
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In this article we show how to construct the presentation of the O,-module f.O ()0
associated to any finite co-rank 1 map germ f in the ring of holomorphic map germs O(n, n),
where (X(f),0) denotes the germ of the critical locus of f. Moreover we implement this
construction using the software Maple, showing explicitly how to compute the elements of
the matrix A for such maps. Then we show how to apply this construction to obtain some
invariants associated to the singularities of stable map germs in this ring.

2. THE PRESENTATION

We describe here the algorithm given by Mond and Pellikaan in [4, Section 2.2] to
construct the presentation of any O,,+1-module f,Ox.

Let (X,z) be the multi-germ of a Cohen-Macaulay variety of dimension n and f :
(X,2) — (C"*10) be the germ of an finite analytic map, by the Weierstrass prepara-
tion theorem it follows that O x . is a finite O, 1-module via the functionO f.

(X,7)

Frmo generate

it as a vector space over C, then g1, g2, .. ., gn generate O(x ;) as an Oy, 1-module, therefore

To compute the matrix A, we remark that if the classes of g1, g2, ..., gp in

it is enough to obtain the relations among the ¢;, i = 1,...,h over O, 1.
Procedure to obtain the matrix \: Choose a projection 7 : (C"*1 0) — (C",0)
such that f = 7o f is also finite. After a change of coordinates we suppose that f(x) =

(f(z), fa+1(x)) and as Ox , is Cohen-Macaulay, then Ox , is a free O,-module via f*.
Then there exist unique a} € Oy, 1 <14,j5 < hsuch that

gifn =3 (0} o Plai (2)
As the germs g; generate Ox , over 0,41 via f*, then

Ni=ajom, i#]

i i
A =ajorm — X4,

since fn41 = Xpt10 f and (Xq,...,X,11) denotes the coordinates of C* ™! in the target.
Therefore one has the matrix A = \(; ;) for the exact sequence of the O, ;-module Ox ..

or 200 5 0x, — 0 (3)

If g1,92,-..,9n generate Ox ., we can consider g = 1, ¢ = p = h and the matrix o is
given in such a way that a(e;) = g;, where e; is the i'" element of the usual basis.

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



FAST IMPLEMENTATION FOR A PRESENTATION MATRIX 171

3. THE PRESENTATION FOR CO-RANK 1 MAP GERMS IN O(N, N)
As f is co-rank 1 finite map germ in O(n,n), then (3(f),0) is a (n — 1)-dimensional

Cohen-Macaulay variety. Therefore we can use the results of Mond-Pellikaan.

Let f € O(n,n) be a finite map germ of co-rank 1. Choosing linearly adapted coor-
dinates, we can write f(x,2) = (x1,...,%n_1,9(x, 2)), where x = (21,...,2,_1) € C*71,
z € Cand g: (C"0) — (C,0) is a polynomial that can be written in the form

gz, 2) = 2" 4 h(x, 2), with h(z,2) = hp_1 ()25 + hp_o(2)2" 2 + - hy(2)2 + ho(z),

with h;(0) = 0 for all h; : (C™,0) — (C,0),i=0,...,k—1.

THEOREM 3.1. For any map germ f : (C",0) — (C™,0) as above, the presentation
matriz of Os(fy,0) over O, is given by:

[ X, + Hi1(X) Hi »(X) H, ,(X)
Hy1(X) X, + Ha2(X) Hj 1(X)
)\ pr—
Hi (%) X+ Hin(X) |,

where, H; j : (C"71,0) — (C,0) are polynomials and (X, X,) = (X1,...,Xn_1,X,) are

the target variables.

Proof:The Jacobian determinant of the matrix of the derivatives of f at any point

(z,2) is
‘](f) = (k + I)Zk + hz(xv Z)7

where h,(z, z) denotes the derivative of h(x, z) with respect to the variable z.
From the fact that f is of co-rank one it follows that the local algebra %

Clz]
<zk>>
get) via fl?z(f).o) and in this case a system of generators {go,g1,...,9x—1} IS given by

{1,2,22,...,2F 1}

To obtain the matrix A as in (1) we need to obtain k relations between the variables
target X; = f;, i = {1,...,n} and the set of generators {1,z,2%,...,2*"1}, module the
jacobian ideal J(f).

For the first relation, one has

is iso-

morphic to or in other words, O(s(y),0) is minimally generated as O,-module (tar-

gz, 2).1 = 2" by (g, )2 (T, )2+ (T, )
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Let X; := fi(z,2) =x;, i ={1,...,n— 1} and X,, := g(z, 2), then

Xp 1=y He (X, X )2 Y HY (X, X)) 2+ Ho(X, . X))
X, 1= 4 mH (X)) Hi(X)z + Hp(X) 1

2 = (X, — Hy(X)).1 — H(X)z — -+ — Hp_1(X)2F ! (4)

where Hj is just h;, j =0,...,k — 1, substituting z; by X;,i=1,...,n— 1.
On the other hand, (k + 1)z* + h.(z,2) =0 (in O(s(y),0)). Then

(k+1)2" = —(k = D)hp_1(2)2" 2 — -~ = 2hg(z)2 — hy(2).1

= (Z;) Hy 1 (X)2h=2 - - (kil) Hy(X)z — <k41r1> H(X)1  (5)

From equality (4) and equality (5) multiplied by z, results

(X — Ho(X)) .1—(%_’_1) Hl(Y).z—(Z—:) Ha(X). 22— _<%) Heor(X).25"1 =0 (6)

Now, denote Hy 1(X) = —Ho(X), Hij1(X) = — (’fﬁ;j) Hy(X),j=1,....,k—1and

the equation 6 shows that

k-1
(X + H11(X)).90+ Y Hyip1(X)gi = 0. (7)
i=1

Therefore, the first relation between the variable target X; := f;, i = {1,...,n}, and the
set of generators {1, z, 22,...,2""1}, module jacobian ideal J(f) is given and the first line

of the matrix A is

{Xn-i-HLl(Y) Hi(X) - Hip(X) e

To obtain the second line of the matrix A\, we multiply the equation (7) by ¢; := 2, then
k—1
Xn-g1 + Hy1(X).91 + Z Hyi41(X)gi-g1 = 0.
i=1

As 9i-95 = Gi+j Z+] < ka
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X1+ Hi1(X)g1 + Hio(X).go+ -+ Hypo1(X).gr—1 + Hip(X).25F =0. (8)

Substituting the right hand of the equation (5) in the equation (8), regrouping and

renaming the terms
H2,1(y)~90 +Xn.91+ H2,2(Y)~91 + HQ,B(Y)QZ +- HQ,kfl(y)'gk72 +H2,k(y)~gk71 =0.

And the second line of the matrix is given by

[ Hoa () Xot Hoa(X) oo Hou(X) |

Observe that the equation (5) does not depend of the variable X,,.

Proceeding in this way, to obtain the 7" line multiply the (r — 1)** line by z or the first
line by 2"~ and use the equations (4) and (5). The process is algorithmic and finishs after
k lines, where k is the number of generators. To conclude, by [4, Section 2.2] , the relations
among the g; obtained above generate the module Ker a. Therefore we have the desired

matrix.

Remark 3. 1. Note that the determinant of the matrix ) is of the form X* + B, where
B is a polynomial in the variables Xi,..., X, with B(0,...0,X,) =0.

4. IMPLEMENTATION

We present in this section the source code to obtain the matrix of the presentation given
in the Theorem 3.1 by using computational methods. The implementation is obtained
using the software Maple. To write the source code below we follow directly the proof of

the theorem.

Presentation_CnCn_Corl:=proc(f)

local
1z,12zz,B,7J,G,t,i,b,j,V,Vl,nf,vf,vec,zz,F,vec2,e;

global lambda,varf;

nf :=nops(f); varf:=indets(f); e:=F; vf:=nops(varf);
if nf <> vf then

ERROR("Dimensions of source and target are different.");
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fi:
vec:=seq(X[i],i=1..nf);
vec2:=seq(X[i],i=1..(nf-1));
F:=f;
for i to nf-1 do
F:=subs(F[i]=X[i] ,F):
od;
for i to nf-1 do
e[nf] :=subs(X[i]=0,e[nf]):
if e[nf]=0 then print("f is not finite.");
ERROR("Verify input!");
fi;
od;

zz:=indets(e[nf]) [1; vec2:=vec2,zz;

J:=det (jacobian(F, [vec2])):

b:=tcoeff (J,{vecl}):

G:=[seq(zz"i,i=1..degree(b))]; nGer:=nops(G);

Iz:=(J-1coeff (tcoeff (J,{vec}),{zz},’n’)*n)*
(-1/1coeff (tcoeff (J,{vec}),{zz}, n’)):

Izz:=expand (Iz*zz) :

t:=X[nf]-F[nf];

t:=simplify(subs(zz~ (degree(e[nf]))=Izz,t)):

if degree(t,zz) > (degree(b)-0) then
ERROR("No result! Verify input.");
fi;

for j from 1 to nGer do
V[jl:=t;
for i from 1 to nops(t) do
if divide(op(i,t),zz"(degree(b))) then
t:=simplify(subs(zz~ (degree(b))=Iz,t)):
VIjl:=t;
break:
fi:
od:
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t:=expand (t*zz) ;

————————————————————— Viewing the matrix -----————--------—————-
lambda:=Matrix(1..nGer,1..nGer):
for j from 1 to nGer do
V1:=expand(zz*V[jl);
for i from 1 to nGer do
lambdalj,i]l:= coeff(V1,G[i]):

od:
od:
print (’lambda’=lambda) ;
end:

Remark 4. 1. 1. If dimensions of the source and target are different then, the process
stop and a message is showed to user.

2. If O(s(5),0) is not finitely generated as O,-module via f* then, the process stop and
a message is showed to user.

5. FITTING IDEALS AND MULTIPLE POINTS SETS

The Fitting ideals associated to the matrix of the presentation are one of the key tools

to compute the stable singularities associated to some map germ.

DEFINITION 5.1.  Let M be a finitely presented R-module (where R is a commutative
ring with unit) and let

RP 2RI M —0

be a presentation. The k** Fitting ideal of M, Fi(M), is defined to be the ideal in R
generated by all (¢ — k) x (¢ — k) minors of the matrix A, for ¢ > k > g — p. Fi(M) =R,
for k > ¢, and F (M) =0 for k < g — p.

According to [4, Proposition 1.5], V/(Fx(O(x(s),0))) is the set of points in the target
whose pre-image consists of (k + 1) or more points in X(f), counting multiplicities.

In this section we apply the algorithm described here to compute the presentation matrix
in some examples and to calculate the k** Fitting ideals of the matrix ), for 0 < k < 2, we

use the software Singular using the command fitting(\, k). We also compare this method
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with the known method called Elimination of variables used to obtain the defining equation
of the discriminant of f (or its 0*" Fitting ideal), showing that our method is much faster.
In the examples Ay denotes the matrix of the presentation with respect to Os(y),0)-
ExAMPLE 5.1. Let f: (C3,0) — (C3,0) be defined by f(z,y,2) = (2,9, 2% + 2z + y2z?).
O=n.0 o~ Cl2
f*m(cgyo) — <25>
Os-module via f*, and a presentation matrix of f is given by

The germ f is of co-rank 1 and i. e, Ox(p),0) is finitely generated as

X; -2XxX; -%iX, O 0
0 Xs -2X1 -2X, O
Af = 0 0 X; -2X1 -%X,

FX1Xo 2X3 0 X; -3X;

5 yv2 7 2 y2
35 X1 1gX1X2 §X3 0 X3 Lsus
To obtain this matrix using our implementation, in Maple software just enter with the

command:
Presentation_.CnCn_Corl([z,y, 2% + 2 + y2?]);

Now, we shall show how to calculate the defining ideal of the multiple points set (in the
target) of the deformation of f given by fi(z,y,2) = (7,y, 2% + vz + y22 + tz?).

We remark that the use of computational methods does not allow us to consider the
parameter t as a coefficient in the space O,,. To avoid this problem to calculate this ideal

we need to consider the following unfolding of f given by
F(t,m,y,2) = (t,2,y,2° + 22 + y2° + t2*)

and first compute its presentation matrix using the command Presentation_CnCn_Corl.

Then we show how to translate this result to interpret the presentation matrix of f;. Note
that 2em.0o ~ Cl

Frmca o) <z5>°
Using the command Presentation_CnCn_Corl([F]) we obtain the 5 x 5 matrix Ag for the

presentation
5 AR, n5 &
O3 — O3 — Oxr),0 — 0.

Where Ap is given by
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Xy -2 X -2 x3 0 -3 X1
15 X1 X2 X4+ § X1X3 -2 Xy -2 X3+ 2x% 0
0 15 X1X2 X4+ § X1X3 -8 X2 —2 X3+ 2x?
§X2(X3 - 3 XD X3 - £ XPxy 15 X1X2 Xq+ § X1X3 — 55 x§ -3 X2
5 X3 15 X2 X3 — 37 XiXy 2 x3 - & X¥x3 H o xix, X4+ § X1X3 - 35 X3

Observe that this matrix is obtained by using the command Presentation_CnCn_Corl([F])
for F from (C x C3,0) to (Cx C3,0), so that, we have the correspondence t <» X1, = +> Xa,
y Xgand 28 + 22 +y2? +t24 & X,

Then, to obtain the presentation matrix for fi(z,y,2) = (z,y,2% + 2 + y22 + t24),
rename the variables, that is, make the correspondence X, := X3, X3 := X5, X5 := X

and X, :=t. Therefore the presentation matrix Ay, is

_ X -5Xx -2 X> 0 ~L
Wt X5+ §tXo —3x —2 Xy 4 2¢2 0
0 15t X1 X3+ §tXo —3 X —2 Xy 4 24
§X(Xo — 3t FXE - Z7Xs EX Xso+ Xy — A48 —5 X
L % X7 % X1 X — %t2X1 %XQQ — %tQXg %tXl X3+ thQ — %t3 |

Observe that Ay, = Ay for ¢t = 0.

We remark that the time of execution to obtain this matrix in a computer equipped with
2 Ghz Core 2 duo processor and 4 Gb of RAM memory is less than 0.1 second.

Using the command fitting(\, k) in the software Singular we compute the corresponding

Fitting ideals.

Fol(f) = 46656 X35 +3125X 7 4+22500X 1 X0 X3+43200X 7 X2 X2+32400t X ? X3+13824 X5 X3+
62208t X2 X5 + 2000t X{ X2 + 256 X2 X5 — 1500t2 X3 + 10560t X2 X3 X3 + 1024X§ X3 —
648012 X7 X0 X3 + 9216t X5 X3 + 17280t X5 X3 — 1382413 X5 — 90043 X {1 Xo — 1282 X2 X5 —
481613 X2 X2 X5 — 51212 X5 X5 — 19264 X2 X2 — 43523 X3 X2 — 9216t* X, X5 + 108t° X +
16t X2 X3 + 576t° X2 X0 X3 + 64t X3 X3 + 512t° X2 X3 + 10246 X3.

Fi(f) = 1875X{ + 5400X7Xo X5 + 1728X3 X3 + 1296t X5 + 1440X2 X3 + 256 X5 —
1080t2 X2 X5+ 1344t X5 X5+ 432t2 X5 X3 — 616t3 X2 X5 — 12812 X5 — 59263 X3 X3 — 192¢4 X2 +
7210 X2 4+ 1611 X35 + 6415 X5 X3,
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1125 X3 X3 +2160X; X2 X3 — 100t X3 Xo — 64X X5+ 576t X1 X3 X3 — 75612 X1 X2 +15t3 X3 +
3202 X1 X35 — 34483 X1 Xo X3 — 444 X1 X3 + 4815 X1 X3, 2700 X7 X3 + 2592 X5 X3 + 125t X +
160X72X3 + 180t X7 X0 X5 +384X5 X5 + 1728t X5 X2 — 8641 X35 — 8812 X2 X3 + 4413 X7 X3 —
22412 X3 X5 — 96013 X X2 4+ 1201 X2 X5 4 3201 X2 X3 + 128t° X2, 1620X, X3 — 100X X2 +
150t X3 X3 —336X1 X5 X3+216t X1 Xo X2+65t2 X3 Xo+228t2X1 X2 X3+48t3 X X2 -9t* X3 —
324 X1 X5 X3, 3888 X4 +250X 1 Xo + 1080 X2 X2 X3+ 540t X2 X2 +576 X5 X2 +3024t X, X5 —
752X 4+ 16t X7 X5 — 21662 X3 X0 X5 + 64t X5 X3 + 14462 X3 X2 — 576t3 X5 — 43 X7 X3 —
24t X2 X3 — 1613 X35 X3 — 64t X5 X2,

Folf) = T5t X2 + 96 X3 + T2t X2 X3 — 5612 X2 — 2413 X3 + 8t* X5, 375X + 360X X2 X3 +
80t X1 X2+ 1212 X, X3 — 1263 X1 Xo, T5 X7 Xo 4+ 54t X2 — 2512 X7 -8t X3 +36t2 X X3 — 213 X3 —
8t4 X3, 60X, X2 —45t X X3—4312 X1 Xo+6t*X1,225 X2 X320t X2 Xo+3t3 X2, 90X, X0 X3 —
4t X1 X3 -33t2 X1 X3 +13 X1 X, 144 X3 X5 +5t2 X7 — 9612 Xo X3+ 16t1 X3, 540X X2 +25t X5 +
36t X1 X2 X3 + 8t3X1 X3,216 X5 X3 + 135t X7 Xo + 32X + 144t X2 X3 — 333 X7 — 82 X35 —
3213 X5 X 3,324 X3 + 20X X3 + 15t X7 X3 + 48 X3 X34+ 216t X0 X3 — 562 X2 Xy — 1262 X3 X3 —
4813 X2,192X 5 — 10812 X2 + 45t3 X7 — 12812 X3 — 2413 X, X3 + 20t* X 2.

With these ideals and using for example the Surfex program, we can visualize the multiple
points set in the target in real time moving the parameter t. The Figure 5 shows the

discriminant of f; for a fixed real value t = t;.

f

Real part of the discriminant of fi(x,y,2) = (2,9, 2% + 22 + y2% + t2*).
ExaMPLE 5.2. Using this algorithm we can compute the defining equation of the dis-

criminant, or the ideal Fy(f) much faster than other methods, for example we compare
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with the ”Elimination of Variables method”, which gives this defining equation using the
command eliminate in the softwares Maple or Singular.

We see a description of this method in the proof of the Lemma 1.3. of [1] for the case of
map germs g : C2 — C2.

We give a description of this method for the case of map germs f : C* — C*.

Given a map germ f = (f1, fo, f3, fa) do:

1. In the variables {x,y, z,w, X,Y, Z, W}, define the ideal I generated by {X — f1,Y —
fo, Z — f3, W — fa, Jf}, where J f denotes the determinant of matrix of the partial deriva-
tives of f, and compute its standard basis.

2. In the standard basis of this ideal, find the unique function which depends of the
variables (X,Y, Z, W), denoted G(X,Y, Z, W), this is the defining equation of A(f) in C%.

The maim problem of this algorithm is that it uses a huge amount of memory to compute
the standard basis of the ideal I and even for simple cases, using very powerful computers,
the process stops.

For example, if we consider the map germ f from C* to C* given by

fx,y, z,w) = (z,y, 2,0 + 283w + yBw + 23w®),
by using a computer equipped with 2.8 Ghz Intel Core I7 processor with 8 Gb of RAM
memory, the total time to find the matrix A of its presentation using the command Pre-
sentation_CnCn_Corl([F]) is less than 0.1 second. To compute its Fo(f) Fitting ideal, the
total time was 2.82 seconds, while using the comand eliminate in the software Maple, the
total time spent is 460 seconds. Using the software Singular, in this computer it is not

possible to obtain this ideal because there is no enough memory.
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