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Let X be an arbitrary topological space and let Y be a closed connected
oriented n-dimensional manifold. In this work we consider p maps f1,..., fp :
X — Y, p > 2, define a Lefschetz class L(f1,...,fp) € H"(P*U(X;Q) and

prove that L(f1,..., fp) # 0 implies fi(z) = fo(z) = --- = fp(z) for some
z € X. In the particular case where Y is a homology sphere are presented
some formulas to calculate L(f1,..., fp).  October, 2012 ICMC-USP

1. INTRODUCTION

Given f,g: X — Y two maps between topological spaces, the coincidence set of f and
g is defined by:

Coin(f,9) ={z € X | f(z) = g(x)}.

Obviously, Coin(f, g) # 0 if and only if the intersection of the set {(f(x),g(z)) |z € X}
with the diagonal Ay = {(y,y) | y € Y} is a nonempty set.

Let j: Y XY = (Y xY, Y xY — Ay) be the inclusion map and let (f,g): X - Y xY
be defined by (f, g)(z) = (f(x),g(x)), Vx € X. Thus, if Coin(f, g) = 0, in any cohomology
theory, the induced homomorphism [j o (f,¢)]* : H*(Y x Y, Y XY — Ay) —» H*(X) is
trivial. In fact, in this case, j o (f,g) is factored by
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XY vyl (Y XY, Y XY —Ay)

| |

YXY*AY (YXY*A)@YXY*Ay)

Thus, if [j o (f, g)]*(u) # 0 for some cohomology class u € H*(Y xY, ¥ x Y — Ay) then
Coin(f, g) # 0, i.e, there exists z¢p € X such that f(zo) = g(xo).

Throughout this paper, homology and cohomology will considered with rational coef-
ficients. If Y is a closed connected oriented m-dimensional manifold, there exists a co-
homology class p € H*(Y x Y)Y x Y — Ay), called the Thom class of the manifold
Y, which is related to the fundamental class ( € H,(Y) of Y. The cohomology class
L(f,g) = [jo (f,9)]"(n) € H*(X) is called the Lefschetz class of the pair (f,g). Also if
X is a closed connected oriented n-dimensional manifold the Lefschetz number of the pair
(f,g) is defined by

A(f,9) =Y (=1)'tracei(f*g') (1.1)

)

where ¢' = D;l 0 g« 0 Dx. Here, Dx and Dy are the Poincaré duality isomorphisms of
X and Y, respectively.
We recall that

A(f,9) =[¢', L(f, 9)],

where (' € H,(X) is the fundamental class of X and [, ]| denotes the Kronecker product
(see [3], Theorem 14.4, p. 396). Therefore, if A(f,g) # 0 there exists a coincidence of f
and g.

This work is divided in four sections. The first one is dedicated to preliminary notions.
In section 2, we consider Y a closed connected oriented n-dimensional manifold, X an arbi-
trary topological space and given p maps fi,..., fp : X = Y, p > 2, define a Lefschetz class
L(f1,-., fy) € H"P~D(X) and prove that L(fi,..., f,) # 0 implies Coin(f1,..., f,) # 0.
In section 3, we calculate the Lefschetz class when Y is a homology sphere space. In section
4, we give formulas for L(f1,..., f,) which are more computable, but which are applied
only in special cases.

2. THE LEFSCHETZ CLASS OF P MAPS

We recall that the product of two pairs of topological spaces (X, A) and (Y, B) is defined
by

(X,A) x (YV,B):=(XxY, X xBUAXY).
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Inductively, given (X;, A;), ¢ =1,...,k, k pairs of topological spaces we define

k

H(XivAi) = (

i=1 i=1 i=1

-
o
-
s

where
)/Z‘:Xlxu'XXi_lXAiXXH_lX"'XXk.

Also, given a pair (Z, W), we denote (Z, W)k := (Z, W) x --- x (Z,W).

k—times

From now on, Y denotes a closed connected oriented n-manifold.

Let ¢ € H,(Y) be the fundamental class of Y, let p € H*(Y xY, Y xY — Ay) be the
Thom class related to such orientation and let j: Y XY — (Y XY, Y xY — Ay) be the
inclusion map. Given maps fi,...,fp, : X = Y, p > 2, the coincidence set of fi,..., fp is
defined by

Coin(f1,..., fp) ={r e X | filz) = falx) =+ = fp(2)}.
For each i =1,...,p — 1, let us consider h; = (f;, fix1) : X = Y x Y. It is clear that

COiIl(fl,fQ, .. .,fp) = Coin(hl, . .,hp_l).

We define the Lefschetz class of f1,..., f, by

L(f1, far- oo fo) = [(G X - x ) o (ha,y ooy hp )] (X -+ x p) € H*P=D(X).
N —— N———’
(p—1)—times (p—1)—times

THEOREM 2.1. If L(f1, fa,--., fp) # 0 then Coin(f1,..., fp) # 0.

Proof.  Suppose Coin(fi,..., fp) = 0. Then, for every z € X, fi(x) # f;(z), for some
i # j. Therefore, for each z € X,

p—1
(1 (@),..., hpa(2) € | Zi,
i=1
where Z; = [ Al, with A7 =Y x Y — Ay if j =i and A] =Y x YV if j #1.
j=1
p—1
We may see that (Y x Y, Y x Y = Ay)P~" = (Y x V)P~ | ] Z)).
i=1
Thus, the composed map (j x --- x j) o (hy,...,h,—1) factors as in the following diagram:
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Xl ) oy Y Y K Y Ay

| |

p—1 p—1 p—1
Uz Uz 2z
i=1 i=1 =1

Therefore, L(f1, fo,..., fp) =[G % -+-xj)o(h1, .. hp1)]*(ux---xp)=0. 1
The Lefschetz class has the following property.
ProposITION 2.1. If L(f1,..., fp) # 0 then L(f;, ;) #0, for all1 <i < j <p.

Proof. Let us to prove the case p = 3. In this case,

L(f1, f2, f3) = (f1. f2)"(en x €n) + (=1)"(f1, f3)" (en X €5) + (f2, f3)"(en X €n)
L(fi, f2) = filen) +(=1)"f3(en)
L(fi. f3) = fi(en) +(=1)"f5(es) and
L(fa, f3) = f3(en) +(=1)"f5(en)

Suppose that L(f1, f2) = 0. Then,
(fi(en) + (=1)"f3(en)) — f3(en) = 0 (1)
(fi(en) + (=1)"f3(€n)) — f5(en) = 0 (2)

From equation (1) we conclude that (fi, f2)*(en X €,) = 0 and from equation (2) we
conclude that (—=1)"(f1, f3)*(en X €n) + (f2, f3)*(en X €,) = 0. Therefore,

L(f1, fa; f3) = (f1, f2)"(en X €n) + (=1)"(f1, f3)"(en X €n) + (f2, f3)"(en X €n) = 0.
Similarly, L(f1, f3) = 0 or L(fa, f3) = 0 implies L(f1, f2, f3) = 0.
Therefore,

L(f1, fa, f3) # 0= L(f1, f2) #0, L(f1, f3) # 0 and L(f2, f3) # 0.

For the general case, it is enough to show that L(f1,..., fp) # 0 implies L(fj) # 0, where

o~

fi= o fim1, fit1,.- ., fp), forall j = 1,...,p. Infact to prove this, it is used the same

idea of the previous case. |

3. THE LEFSCHETZ CLASS FOR A HOMOLOGY SPHERE SPACE Y

Throughout this section Y denotes an n-homology sphere space.
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Let e, € H™(Y) be such that [(,e,] = 1 and let eg € H°(Y) be the identity element of
the Q- algebra H*(Y'). Recall that j : Y xY — (Y xY,Y xY — Ay) denotes the inclusion
map and g € H*(Y xY,Y x Y — Ay) denotes the Thom class. Thus

PROPOSITION 3.1. 5*(u) = en X eg + (—1)"eq X ep.

Now, we can describe L(f1,..., fp) in the setting that ¥ is a homology sphere space.
PROPOSITION 3.2. Let Y be an n-homology sphere. Then

L(fioofp) = FFE) + (1) ] (e) + (1) f, 5 (e) + - -
S (DI () + (=) ()

wherefj =(f1,-- s fimt, fix1, s fp), d=1,...,p, and e =€, X -+ X €.
—_———
(p—1)—times
Proof.
L(f1,..., fp) =

(hasees by 1) (57 (1) X - X 57 () =
hi(5™ () — hz (5" (1))
(fi(en) + (=1)"f5(en)

<%

e i (5 () =
) (fen) + (S f(en) = o (yoalen) + (<L) F en)

It is not difficult to see that the above product is exactly the same as

Fe)+ (=D F () + (1) F i p(e) + - 4+ (=)D () + (—1) PR (e).

|
COROLLARY 3.1. Let fi,...,fp: YP~1 - Y be maps, where Y is a n-homology sphere.
Then,
P
L(fi,..., f) = (Z )P deg( ﬁ))
i=1
where .]/c; = (f17"'7fi—17f’i+13""fp) = a"'7p7 ande:en Xooor X €n.
—_————
(p—1)—times
Therefore, L(f1,..., fp) # 0 if and only if Z n(p=i) deg(fz) % 0. Thus, we define
=1
the Lefschetz number for fi,..., fp, by
p . o~
Afr o fo) = Y (=1)" P Ddeg(fi).
i=1

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



164 CARLOS BIASI, A. K. M. LIBARDI AND THAIS F. M. MONIS

4. RELATED RESULTS
Throughout this section Y denotes an n-homology sphere space.

4.1. Particular case 1

Let f1, fo, f3: Y xY — Y be maps. By using the induced homomorphisms f;, f5, f5 :
H™(Y) —» H"(Y xY), we will calculate the Lefschetz number, A(f1, f2, f3). From Corollary
3.1,

A(fr, fa, f3) = deg(fr, f2) + (—=1)"deg(f1, f3) + (—1)*"deg(f2, f3)
= deg(f1, f2) + (—1)"deg(f1, f3) + deg(f2; f3)-

Suppose that the homomorphisms f;, f5, fi : H"(Y) — H™(Y x Y') are given by

fik (en) = aii1e1 + ajzes
f;(en) = ag1€1 + a22€2
f3(en) = asier + aszes

where e; = e, X eg and e3 = e¢g X e,. We have that e; — e; =e3 — e =0, e; — ey =
en X e, and eg — e1 = (—1)"e,, X e,. It follows that

(f1, f2)"(en x €n) = fi(en) — f3(en)
= (a1ne1 + ar2e2) — (ag1e1 + azez)

= (a1a22 + (—1)"a12a21)en X ey,.

Similarly,
(flafB)*(en X en) = (allasz + (_1)na12a31)6n X €én
and

(a21a32 + (—1)"ageaszi)e, X ey

(f2; f3)"(en X €n)
Thus, we conclude that
A(f1, f2, f3) = (a11a22 + (= 1)"a12a21) — (a11a32 + (—=1)"ai2a31) + (a21a32 + (—1)"azzaz1).
Note that for n odd, A(f1, f2, f3) is the determinant of the matrix

1 a1 a2
1 az a2
1 az1 a3
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Thus, we have the following result.

COROLLARY 4.1. Let n be an odd number and let f1, fo,f3:Y XY — Y be maps with
fi(en) = arre1 + aroes, fi(en) = azier + agees and fi(en) = azie1 + aszes. If

1 a1 aro
det 1 a21 Q22 #0
1 a3 as

then there exists xg € Y XY such that fi1(xo) = fa(zo) = fa(xo).

We recall that for any map f : X — Z between topological spaces and for any k,q
positive integers given, we have that

for every u € Hy1,(X) and 8 € H*(Z).

Let us consider now f:Y XY — Y xY amap and let d € Z be the degree of f, i.e.,
f«(¢x ) =d- ¢ x ¢, where ¢ € H,(Y) is the fundamental class of Y. Thus

FlCx ¢~ 1 (B) =d-((x¢) ~ B, forall B € H(Y x V).

Denoting by Ay the determinant of f. : Hi(Y x Y) — Hi(Y x Y), which is equal to the
determinant of f* : H*(Y x Y) — H*(Y x Y), we have that

dP = ApDgy i,
where ) is the k-th Betti number of Y x Y. In particular, for k = n,

d2:A2

n’

Therefore, d = £A,,.

EXAMPLE 4.1. Let n be an even integer and let f1,fo : Y XY — Y be maps. Let
e1 = e, X eg and es = g X e, be generators of H"(Y x Y'). Suppose

filen) = aiier + aizes

f5(en) = azier + aznes

By the previous remark we have that (f1, f2)*(en X €,) = £(a11a22 — a12a21) €, X €p.
On the other hand,

(f1, f2)"(en x en) = fi(en) — f3(en) = (a11022 + (=1)"a12a21) €, X €n.
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Since n is an even number,

(f1, f2)"(en X en) = (@11022 + @12G21) €n X €,

A= < a1l a2 )
az1 ag2
is the matrix of (f1, f2)* : H*(Y xY) — H™(Y xY).
Moreover, since e, — e, =0,

where

0= fi(en —en) = filen) — fi(en) = (a11012 + (=1)"a11012) €, X €, = 2a11a12 €, X €p,
which implies 2a11a12 = 0. Therefore, a;; = 0 or a2 = 0. In a similar way we have
0= fy(en —en) = fo(en) — fo(en) = (a21a22 + (—1)"a21a22) €, X €, = 2a21a22 €, X €y,

which implies that as; = 0 or ags = 0.

Then the matrix of (f1, fo)* : H"(Y xY) — H™(Y x Y) is one of the following type:

A= 0 a2 or A— [ o1 0 or A— [ @1 a2 or A— [ @1 a2z
az1 Qs az1 as 0 ag a1 0

We remark that in the first and fourth cases we have
(f1, f2)"(en X €,) = —det(A) e, X e,

and in the second and third cases we have

(fh.f?)*(en X en) = det(A) €n X €.
From the above remarks, it follows that:

COROLLARY 4.2. Let fi,fo : Y XY — Y be maps with f{(e,) = aj1e1 + aizes and
[5(en) = azie1 + agea. If
a1l ai2
det 0
(1121 a22 ) 7
then, for allp € Y, there exists x, € Y x Y such that fi(zp) = fa(zp) = p.

Proof. Given p € Y, let us consider the constant map f3(z) =p, forallz € Y x Y. In
this case,

az1 a2

A(fr, f2, f3) = deg(fr, f2) = *det ( ain arz )
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It follows that if ajjase — aizase # 0, then there exists g € Y X Y such that

fi(z0) = fa(z0) = p.

4.2. Particular case 2

Let fi,fo, fs,fa: Y XY xY — Y be maps. Let us calculate the Lefschetz number,
A(f1, f2, f3, f1), in terms of the induced homomorphisms f7, f5, fa, fi : H"(Y) - H*(Y x
Y xY). From Corollary 3.1,

A(f1, f2, f3) = deg(f1, fo, f3) + (—=1)"deg(f1, f2, fa)
+(—1)*"deg(f1, f3, fa) + (—1)*"deg(f2, f3, f1)
deg(f1, f2, f3) + (—=1)"deg(f1, fa, fa)
+deg(f1, f3, fa) + (=1)"deg(f2, f3, fa).

Suppose that the homomorphisms f7, f5, f5, fi : H*(Y) = H*(Y xY x Y) are given
by

fi(en) = airer +aizes + aizes
fo(en) = azier + axes + azzes
f3(en) = azier + azzez + aszes
filen) = aq1e1 + asnes + agzes

where e; = e,, X eg X €9, €3 =€y X €, X g and ez = eg X eg X e,. Then, we have

deg(f1, f2, f3) = ai11(azzass + (—1)"azzas2) + a12((—1)"az1a33 + aszasi)
+ai3(azias2 + (—1)"azas1)

deg(f1, fo, f1) = a11(az2aas + (—1)"a23a42) + a12((—1)"ag1a43 + ag3a41)
+aiz(aziaar + (—1)"az22a41)

deg(f1, f3, f1) = ai1(asaaas + (—1)"aszaq2) + a12((—1)"ag1a43 + agsaa1)

+aiz(asiaas + (—1)"az2a41)

deg(f2, f3, f1) = a21(asaaas + (—1)"asgzaa2) + a2 ((—1)"ag1a43 + agzaqr)
+asz(asiasz + (—1)"as2a41)
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Therefore, if n is odd then

1 a11 a2 ais
1 a21 a9 aos
A(F1, fou f3 = det
(f1, fo, f3, fa) = de 1 a3 a3z ass
1 ag1 aq2 ags3
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