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58051-900 João Pessoa PB, Brazil.

E-mail: flank@mat.ufpb.br

Alexandre N. Carvalho†
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E-mail: marcelo@dm.ufscar.br

In this paper we consider a semilinear damped wave equation (with poly-
nomially growing nonlinearity of power ρ < N+2

N−2
) using parabolic approxima-

tions governed by the fractional powers −Λα, α < 1, of the wave operator −Λ.
We give explicitly expressions for the fractional powers of the wave operator,
compute their resolvent operators, their eigenvalues and exhibit a Lyapunov
functional for the approximating equations (with the fractional powers). We
obtain solutions of the semilinear damped wave equation as limit of solutions
of the approximating equations, obtain the existence of global attractors and
prove their continuity as α→ 1. May, 2013 ICMC-USP

Mathematical Subject Classification 2010: 35L05, 35B40, 35B41.
Key words and phrases: Damped wave equations, Fast growing nonlinearities,
Fractional powers, Operator of positive type, Upper and lower semicontinuity, Global at-
tractors.

* Research partially supported by FAPESP # 2011/04166-5, Brazil.
† Research partially supported by CNPq # 305447/2005-0 and by FAPESP # 2003/10042-0, Brazil.
‡ Research partially supported by FAPESP # 2011/04166-5, Brazil.

77

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

c ©
C
op
yr
ig
ht

20
08

-
Je
an

M
ar
ti
n
a

78 F. D. M. BEZERRA, A. N. CARVALHO AND M. J. D. NASCIMENTO

1. INTRODUCTION

Let Ω ⊂ RN be a bounded smooth domain, N > 3, a > 0 and consider the damped
hyperbolic equation 

utt + aut −∆u = f(u), t > 0, x ∈ Ω,

u(0, x) = u0(x), ut(0, x) = v0(x), x ∈ Ω,

u(t, x) = 0, t > 0, x ∈ ∂Ω,

(1.1)

where f ∈ C1(R) is such that

|f ′(s)| 6 C(1 + |s|ρ−1), for all s ∈ R, (1.2)

for some 1 < ρ < N+2
N−2 and C > 0 and

lim sup
|s|→∞

f(s)

s
< µ1, (1.3)

with −µ1 being the first eigenvalue of ∆D (the Laplacian with Dirichlet boundary condition
in Ω).

If X = L2(Ω) and A : D(A) ⊂ X → X is defined by D(A) = H2(Ω) ∩ H1
0 (Ω) and

Au = −∆Du for all u ∈ D(A), then A is a positive self-adjoint operator and −A generates
a compact analytic semigroup on X. Denote by Xα the fractional power spaces associated
to operator A; that is, Xα = D(Aα) with the norm ‖Aα · ‖X : Xα → R+. For α > 0
we define X−α as the completion of X with the norm ‖A−α · ‖X . With this notation

X
1
2 = H1

0 (Ω), X1 = H2(Ω) ∩H1
0 (Ω) and X−α = (Xα)′ (see [1] for the characterization of

the negative scale).
The problem (1.1) can be written as an abstract Cauchy problem in the product space

X
1
2 ×X as

d

dt

[
u
v

]
+ Λ(a)

[
u
v

]
= F

([u
v

])
, t > 0,

[
u
v

]
t=0

=

[
u0

v0

]
(1.4)

where the damped wave operator Λ(a) : D(Λ(a)) ⊂ X
1
2 ×X → X

1
2 ×X is defined by

D(Λ(a)) = X1 ×X 1
2

Λ(a)

[
u
v

]
=

[
0 −I
−∆D aI

] [
u
v

]
=

[
−v

−∆u+ av

]
,

F : X
1
2 ×X → X

1
2 ×X− 1

2 is defined by

F

[
φ
ϕ

]
:=

[
0

fe(φ)

]
,

[
φ
ϕ

]
∈ X 1

2 ×X,

where fe : X
1
2 → X−

1
2 denotes the operator fe(u)(x) := f(u(x)), u ∈ X 1

2 , x ∈ Ω.
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PARABOLIC APPROXIMATION OF DAMPED WAVE EQUATIONS 79

It is easily seen that 0 ∈ ρ(Λ(a)) for all a ∈ R and writing the wave operator Λ := Λ(0)

as

Λ =

[
0 −I
A 0

]
,

we have

Λ−1 =

[
0 A−1

−I 0

]
.

Observe that, the adjoint of Λ, is given by

Λ∗ =

[
0 I
−A 0

]
,

and Λ = −Λ∗; that is, the operator Λ is skew-adjoint. It follows that iΛ is self-adjoint and,
from Stone’s theorem, Λ is the infinitesimal generator of a C0-group of unitary operators
on X

1
2 ×X (see Pazy [17, Theorem 10.8, pg. 41]).

Under the assumptions (1.2) with ρ < N
N−2 and (1.3), the existence of attractors A1 for

problem 1.4 in X
1
2 × X has been established in Babin and Vishik [4, 5] and in Arrieta,

Carvalho and Hale [2] for ρ = N
N−2 . In the later, the authors employed Alekseev’s nonlinear

variation of constants formula to prove the asymptotic compactness.
The semilinear (weakly) damped wave equation given in (1.1) have been considered

before by many authors (see Pata and Zelik [15] and references therein).
In Carvalho, Cholewa and Dlotko [9] the authors considered (1.1) through a limit of a

strongly damped wave equation, adding the term 2η(−∆D)
1
2 with η > 0 to the equation, so

that the equation becomes ‘parabolic’ in nature (see Chen and Triggiani [11]), and passing
to the limit as η → 0. With the ‘parabolic’ structure (η > 0), they obtain local well
posedness for the perturbed problem under the growth assumption (1.2) with 1 < ρ < N+2

N−2
and with the usual semigroup approach. If the dissipativeness condition (1.3) also holds
they obtain global well posedness, existence of global attractors and some uniform (with
respect to η) bounds that allow a passage to the limit (η = 0). After this they obtain global
solutions of (1.1) that satisfy the variation of constants formula and are able to establish
the existence of global attractors.

The aim of this paper is study the asymptotic dynamics of the problem (1.1), with
nonlinearity f satisfying (1.2) with 1 < ρ < N+2

N−2 and (1.3), using an approximation by
‘parabolic’ type problems of ‘lower’ order which we begin to describe. If −Λ denotes the
wave operator (generator of a C0-semigroup), we use the fractional power operators −Λα,
α ∈ (0, 1), (generator of an analytic semigroup) to approximate −Λ. This sort of approxi-
mation (though by a lower order operator) has the effect of a viscosity approximation and
yields that the perturbed problem exhibits regularity properties whereas the limit does
not.

We emphasize that, though it may appear cumbersome at the moment, we will be able to
give explicit expressions to the fractional powers of Λ (in terms of the fractional powers of
−∆D) as well as to associate the following gradient differential equation to the perturbed
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80 F. D. M. BEZERRA, A. N. CARVALHO AND M. J. D. NASCIMENTO

problem

utt + 2 cos
πα

2
A

1
2ut + Au+ aut + a cos

πα

2
A

1
2u = sin

πα

2
A−

1−α
2α f(u) (1.5)

where A = (−∆D)α. The Lyapunov function for this problem is given by

L
([

u
ut

])
=

1

2
‖ut‖2

X
1−α

4
+

1

2
‖u‖2

X
1+α

4
+
a

2
cos

πα

2
‖u‖2

X
1
4
− sin

πα

2

∫
Ω

∫ u

0

f(s)dsdx. (1.6)

Under growth assumption (1.2) with 1 < ρ < N+2
N−2 and exploiting the parabolic structure

of (1.5), the local well posedness for (1.5) is obtained for α suitably close do 1. Using the
gradient structure of (1.5), given by the Lyapunov function (1.6) and a suitable regularity
analysis to accommodate the fact that the Lyapunov function is not defined in H1

0 (Ω) ×
L2(Ω), we are able to establish, under the additional dissipativeness condition (1.3), the
global well posedness, existence of global attractors and some uniform bounds for the
solutions of (1.5), for α suitably close to 1. These striking features will make the passage
to the limit as α tends to 1 possible, establishing the existence of global solutions, that
satisfy the variation of constants formula, for (1.1) in H1

0 (Ω)×L2(Ω) conditions (1.2) and
(1.3). In fact, we prove continuity properties of the family {Aα : α ∈ (0, 1)} for (1.5) in
H1

0 (Ω)× L2(Ω) as α tends to 1.
This paper is organized as follows. In Section 2 we study the local well posedness of the

problem (2.3) studying the the spectral properties of the operators Λ and Λα which are
needed to characterize the fractional power spaces. In Section 3 we obtain the Lyapunov
functional (1.6) for (1.5), discuss the global well posedness for (1.5) and prove that the
semigroup associated to (1.5) has a global attractor Aα in H1

0 (Ω) × L2(Ω) . Section 4 is
devoted to study the convergence of the semigroup generated by −Λα to the semigroup
generated by −Λ as α tends to 1. We start with a result of convergence of the resolvents
and conclude proving a Trotter-Kato type theorem. Finally, in Section 5 we discuss the
convergence of the asymptotic dynamics of the problem (2.3) to that of (1.1) as α tends to
1. We conclude this section showing that (for ρ < N

N−2 ) the family of the global attractors
behaves continuously at α = 1.

2. LOCAL WELL POSEDNESS

We first recall that if P : D(P ) ⊂ Z → Z is a sectorial operator with Reσ(P ) > 0, then

d

dt
z + Pz = G(z), t > 0,

z(0) = z0,
(2.1)

is locally well-posed under suitable conditions on the nonlinearity G which we make clear
next.

Definition 2.1. Consider the problem (2.1). A mild solution of (2.1) in Z1 is a
continuous function z(·, z0) : [0, τ ] → Z1 such that z(0, z0) = z0, G(z(·, z0)) : [0, τ ] → Zα
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PARABOLIC APPROXIMATION OF DAMPED WAVE EQUATIONS 81

is continuous for some α > 0 and that satisfies the integral equation

z(t, z0) = e−Ptz0 +

∫ t

0

e−P (t−s)G(z(s, z0))ds.

We say that (2.1) is locally well posed if, given w0 ∈ Z1, there exist r > 0 and τ > 0 such

that (2.1) has a mild solution z(t, w) : [0, τ ]→ for every w ∈ BZ1

r (w0) and the map

BZ
1

r (w0) 3 w 7→ z(·, w) ∈ C([0, τ ], Z1)

is continuous.

We remark that under suitable conditions on the map G a mild solution is also as strong
solution; that is, it satisfies the equation in (2.1). The next result is an easy consequence
of the results in [12, Theorem 3.3.3], and its proof is omitted.

Theorem 2.1. Assume P as above and let G : Z1 → Zα be a locally Lipschitz continuous
in bounded subsets of Z1, for some α ∈ (0, 1), then (2.1) is locally well posed in Z1.

In order to arrive at (1.5) and apply to it the above results, we will need to compute
the fractional powers of Λ and to understand the fractional power spaces associated to it.
This is what we do next. Note that

λI + Λ =

[
λI −I
A λI

]
, λ ∈ C,

and therefore, for all λ ∈ ρ(−Λ), we have

(λI + Λ)−1 =

 λ(λ2I +A)−1 (λ2I +A)−1

−A(λ2I +A)−1 λ(λ2I +A)−1

 .
For 0 < α < 1, we can compute the fractional Λ−α by the formula

Λ−α =
sinπα

π

∫ ∞
0

λ−α(λI + Λ)−1dλ

see [1, pg. 148] or [12, pg. 25]. With this, for any 0 < α < 1,

Λ−α =


cos

πα

2
A−

α
2 sin

πα

2
A
−1−α

2

− sin
πα

2
A

1−α
2 cos

πα

2
A−

α
2

 ∈ L(X).
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82 F. D. M. BEZERRA, A. N. CARVALHO AND M. J. D. NASCIMENTO

Also, it is not difficult to see that 0 is in the continuous spectrum of Λ−α and that

Λα =


cos

πα

2
A
α
2 − sin

πα

2
A
−1+α

2

sin
πα

2
A

1+α
2 cos

πα

2
A
α
2

 (2.2)

for every 0 < α < 1.
Next we characterize the eigenvalues of Λ, in terms of the eigenvalues of A.

Proposition 2.1 (Spectral properties of Λ). The eigenvalues {λ±n }n∈N of the skew-
adjoint operator Λ are given by

λ±n = ±i√µn, n ∈ N,

where {µn}n∈N denote the eigenvalues of the operator A = −∆D with zero Dirichlet bound-
ary conditions.

Proof: Since Λ has compact resolvent, all points in the spectrum σ(Λ) of Λ are eigen-
values. The eigenvalue problem for Λ is[

0 −I
A 0

] [
ϕ
ψ

]
= λ

[
ϕ
ψ

]
,

[
ϕ
ψ

]
∈ D(Λ(a)),

i.e.

Aϕ = −λ2ϕ, ϕ ∈ D(A).

Recall that A = −∆D is a positive self-adjoint operator with compact resolvent. Denote
by {µn}n∈N the eigenvalues of A ordered increasingly and repeated according to multi-
plicity. Hence, the eigenvalues of Λ are solutions of the equation λ2 = −µn, n ∈ N, and
therefore

λ = λ±n = ±i√µn, n ∈ N.
�

Proposition 2.2 (Spectral properties of −Λα). The spectrum of −Λα consists of eigen-
values only. They are given by

λ±α,n = e±i
π(2−α)

2 (µn)
α
2 , n ∈ N,

where {µn}n∈N denotes the ordered sequence of eigenvalues of the operator A repeated
according to multiplicity.

Proof: The eigenvalue problem for −Λα is

−


cos

πα

2
A
α
2 − sin

πα

2
A
−1+α

2

sin
πα

2
A

1+α
2 cos

πα

2
A
α
2

[ϕψ
]

= λ

[
ϕ
ψ

]
,

[
ϕ
ψ

]
∈ D(Λα),
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PARABOLIC APPROXIMATION OF DAMPED WAVE EQUATIONS 83

that is, λ ∈ C is an eigenvalue for −Λα if and only if there is a 0 6=
[
ϕ
ψ

]
∈ X 1+α

2 × X α
2

such that 
− cos

πα

2
A
α
2 ϕ+ sin

πα

2
A
−1+α

2 ψ = λϕ

− sin
πα

2
A

1+α
2 ϕ− cos

πα

2
A
α
2 ψ = λψ.

With this, we get λ ∈ C is an eigenvalue for −Λα if and only if

λ2 + 2λ cos
πα

2
A
α
2 +Aα = (λ− ei

π(2−α)
2 A

α
2 )(λ− e−i

π(2−α)
2 A

α
2 )

is not injective. Then, the eigenvalues λ of −Λα are solutions of equation

(λ− ei
π(2−α)

2 µ
α
2
n )(λ− e−i

π(2−α)
2 µ

α
2
n ) = 0;

that is, λ±α,n = e±i
π(2−α)

2 µ
α
2
n , n ∈ N, and this concludes the proof. �

Reλ

Imλ

re
i
π(2−α)

2

re
−i π(2−α)

2

Eigenvalues of −ΛEigenvalues of −Λα

α → 1

α → 1

Figure 1: Spectrum of Λα.

Remark 2. 1. If we compare the Proposition 2.1 with the Proposition 2.2, we can
conclude that the eigenvalues of the unbounded linear operator −Λα, λ±α,n, converge to
the eigenvalues of the operator −Λ, λ±n , as α tends to 1. We can see that the eigenvalues

−Λα lie in the semi-axes {re±i
π(2−α)

2 : r > 0}. These semi-axes form the edges of a sector
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84 F. D. M. BEZERRA, A. N. CARVALHO AND M. J. D. NASCIMENTO

of angle π(2−α)
2 in the complex plane that, as α tends to 1 approaches the semi-plane

{λ ∈ C : Reλ > 0}. This behavior reflects the loss of sectoriality that the operator Λα

experiences as α tends to 1.

Thus, for each λ ∈ ρ(−Λα), 0 < α < 1, we have

λI + Λα =


λI + cos

πα

2
A
α
2 − sin

πα

2
A
−1+α

2

sin
πα

2
A

1+α
2 λI + cos

πα

2
A
α
2



and therefore, if Dα(λ) := λ2I + 2λ cos πα2 A
α
2 +Aα = (λ− ei

π(2−α)
2 A

α
2 )(λ− e−i

π(2−α)
2 A

α
2 )

is injective,

(λI + Λα)−1 =


(λI + cos

πα

2
A
α
2 )D−1

α (λ) − sin
πα

2
A
−1+α

2 D−1
α (λ)

sin
πα

2
A

1+α
2 D−1

α (λ) (λI + cos
πα

2
A
α
2 )D−1

α (λ)

 .

It is not difficult to prove that (see, for example, Theorem III.4.6.2 in [1]):

Proposition 2.3. The family of operators {Λ−α;α > 0} is an analytic semigroup and

therefore, Λ−α converges in the uniform operator topology of L(X
1
2 ×X) to Λ−1, as α→ 1.

Lemma 2.1. For α ∈ [0, 1], the operator Λ−α : X
1−α

2 ×X−α2 → X
1
2 ×X is an isometry.

Consequently, if Y 1−α denotes the extrapolation of Y 1 = X
1
2 × X generated by Λα and

Y 1+α denotes D(Λα) with the graph norm, we have that

Y 1+α = X
1+α

2 ×X α
2 ,

Y 1−α = X
1−α

2 ×X−α2 .

The closure Λ0 of Λ : D(Λ) ⊂ Y 0 → Y 0 is a positive sectorial operator and D(Λβ0 ) = Y β,

β ∈ [0, 2] and (Λα0 )β = Λβα0 .

Proof: The first equality is immediate for α = 0 and α = 1. For α ∈ (0, 1) it follows from
the fact that the complex interpolation and the fractional powers of accretive operators in
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PARABOLIC APPROXIMATION OF DAMPED WAVE EQUATIONS 85

Hilbert spaces coincide. For the second equality, if

[
u
v

]
in X

1
2 ×X we have

‖Λ−α
[
u
v

]
‖2
X

1
2×X

= 〈Λ−α
[
u
v

]
, Λ−α

[
u
v

]
〉
X

1
2×X

=

= 〈cos
πα

2
A−

α
2 u+ sin

πα

2
A
−1−α

2 v, cos
πα

2
A−

α
2 u+ sin

πα

2
A
−1−α

2 v〉
X

1
2

+ 〈− sin
πα

2
A

1−α
2 u+ cos

πα

2
A−

α
2 v,− sin

πα

2
A

1−α
2 u+ cos

πα

2
A−

α
2 v〉X

= 〈cos
πα

2
A

1−α
2 u+ sin

πα

2
A−

α
2 v, cos

πα

2
A

1−α
2 u+ sin

πα

2
A−

α
2 v〉X

+ 〈− sin
πα

2
A

1−α
2 u+ cos

πα

2
A−

α
2 v,− sin

πα

2
A

1−α
2 u+ cos

πα

2
A−

α
2 v〉X

= 〈A
1−α

2 u,A
1−α

2 u〉X + 〈A−α2 v,A−α2 v〉X

= ‖
[
u
v

]
‖2
X

1−α
2 ×X−

α
2
.

For the remaining see, for example, [1, Section V.1.3]. �

Remark 2. 2. The fractional powers spaces associated to the operator

Λ =

[
0 −I
A 0

]
,

coincide with those associated to Λ(a) = Λ+B(a), where

B(a) =

[
0 0
0 aI

]
, a > 0.

In fact, since B(a) ∈ L(X), D((Λ+B(a))
α) = D(Λα) with equivalent norms. With this, we

identify the fractional powers of Λ+B(a) using the fractional powers of Λ.

In what follows, let α > 1
3 and suppose that fe : X

1+α
4 → X

1−3α
4 ( where X−s = (Xs)′,

s > 0 ) is Lipschitz continuous in bounded sets and

fe(u)(x) = f(u(x)), u ∈ X 1
2 and x ∈ Ω.

This implies that F : X
1+α

4 ×X −1+α
4 → X

3−3α
4 ×X 1−3α

4 given by

F

[
φ
ϕ

]
:=

[
0

fe(φ)

]
,

[
φ
ϕ

]
∈ X

1+α
4 ×X

−1+α
4 ,

with fe as above and f satisfying (1.2), 1
3 < α < 1 suitably close to 1 (see Figure 2).
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p p p p p p

→

→

→

X
3−α

4 ×X
1−α

4

q

Y
1+ 1−α

2

X
1
2 ×X

q

Y 1

X
1+α

4 ×X
−1+α

4

q

Y
1+α

2

X
3−3α

4 ×X
1−3α

4

q

Y
3(1−α)

2

X
1−α

4 ×X
−1−α

4

q

Y
1−α

2

X ×X−
1
2

q

Y 0 = Y

F

Λα

Λα

Figure 2: Partial description of the fractional power spaces scale for Λ.

Now, we consider the Cauchy problem

d

dt

[
u
v

]
+ Λα

[
u
v

]
+

[
0 0
0 aI

] [
u
v

]
= F (

[
u
v

]
), t > 0,

[
u
v

]
t=0

=

[
u0

v0

]
(2.3)

in Y 1 = X
1
2×X. Here, Λα is the operator in (2.2) and F : X

1+α
4 ×X −1+α

4 → X
3−3α

4 ×X 1−3α
4

is as above. The operator Λα is a positive sectorial operator (see [13]). With this, the system
(2.3) can be seen as a parabolic type perturbation of the system (1.4) and we approximate
solutions of (1.4) by solutions of the (2.3), 1

3 < α < 1, with suitably chosen initial data.

Remark 2. 3. The exponent ρ = N+(3α−1)
N−(α+1) is critical (in the sense of [7]) for the abstract

parabolic problem in (2.3). In fact, for α ∈ ( 1
3 , 1] and ρ as above, we have

X
1+α

4 ↪→ H
1+α

2 ↪→ L
2N

N−(α+1)
uρ−→ L

2N
ρ(N−(α+1)) ↪→ H

1−3α
2 = X

1−3α
4 ,

(H
−1+3α

2 ↪→ L
2N

2N−ρ(N−(α+1)) )

with all inclusions being sharp.

Corollary 2.1. For α0 = max
{

1
3 ,

(ρ−1)(N−1)
ρ+3

}
, assume that α ∈ (α0, 1) and that f

satisfies (1.2). Then the problem (2.3) is locally well posed in Y
1+β

2 for all β ∈ [α, 1].

Proof: Observe that F : Y
1+α

2 → Y
3(1−α)

2 is Lipschitz continuous in bounded sets and that

Y
1+β

2 ↪→ Y
1+α

2 . In fact, let B be a bounded subset of Y 1 and consider

[
ϕ1

ψ1

]
,

[
ϕ2

ψ2

]
∈ B.
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Then, we have

‖F
([
ϕ1

ψ1

])
− F

([
ϕ2

ψ2

])
‖
Y

3(1−α)
2
6 C‖fe(ϕ1)− fe(ϕ2)‖

X
1−3α

4

6 C1‖fe(ϕ1)− fe(ϕ2)‖
L

2N
N+(3α−1) (Ω)

6 C2‖ϕ1 − ϕ2‖
L

2N
N−(α+1) (Ω)

(
1 + ‖ϕ1‖ρ−1

L
N(ρ−1)

2α (Ω)
+ ‖ϕ2‖ρ−1

L
N(ρ−1)

2α (Ω)

)
6 C3‖

[
ϕ1

ψ1

]
−
[
ϕ2

ψ2

]
‖
Y

1+α
2
6 C4‖

[
ϕ1

ψ1

]
−
[
ϕ2

ψ2

]
‖
Y

1+β
2
.

Observe that, for α > (ρ−1)(N−1)
ρ+3 we have that ρ < N+(3α−1)

N−(α+1) , then

X
1+α

4 ↪→ L
N(ρ−1)

2α (Ω).

From Theorem 2.1 the result follows. �

3. GRADIENT STRUCTURE AND EXISTENCE OF GLOBAL
ATTRACTOR

We start this section exhibiting a Lyapunov functional associated to (2.3). For each[
u0

v0

]
∈ X 1+α

4 ×X 1−α
4 , note that the system in (2.3) is given by



ut + cos πα2 A
α
2 u− sin πα

2 A
−1+α

2 v = 0,

vt + sin πα
2 A

1+α
2 u+ cos πα2 A

α
2 v + av = f(u),

u(0, x) = u0(x), v(0, x) = v0(x).

(3.1)

Note that from first equation, we have that

sin
πα

2
v = A

1−α
2

(
ut + cos

πα

2
A
α
2 u
)
.

Differentiating with respect to t, follows that

sin
πα

2
vt = A

1−α
2

(
utt + cos

πα

2
A
α
2 ut

)
. (3.2)

Substituting (3.2) in the second equation in (3.1), after some calculations, we obtain
that

A
1−α

2 utt + 2 cos
πα

2
A

1
2ut +A

1+α
2 u+ aA

1−α
2 ut + a cos

πα

2
A

1
2u = sin

πα

2
f(u). (3.3)
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Multiplying the above equation by ut and integrating, we get

d

dt

(1

2
‖ut‖2

X
1−α

4
+

1

2
‖u‖2

X
1+α

4
+
a

2
cos

πα

2
‖u‖2

X
1
4
− sin

πα

2

∫
Ω

∫ u

0

f(s)dsdx
)

= −2 cos
πα

2
‖ut‖2

X
1
4
− a‖ut‖2

X
1−α

4
.

(3.4)

Consider the energy functional L : X
1+α

4 ×X 1−α
4 → R defined by

L
([

u
ut

])
=

1

2
‖ut‖2

X
1−α

4
+

1

2
‖u‖2

X
1+α

4
+
a

2
cos

πα

2
‖u‖2

X
1
4
− sin

πα

2

∫
Ω

∫ u

0

f(s)dsdx, (3.5)

for all

[
u
ut

]
∈ D(L) = X

1+α
4 ×X 1−α

4 .

Remark 3. 1. Note that, if A = Aα, we can rewrite (3.3) in the form

utt + 2 cos
πα

2
A

1
2ut + Au+ aut + a cos

πα

2
A

1
2u = sin

πα

2
A−

1−α
2α f(u) (3.6)

and the equation (3.6) is a parabolic type perturbation (defined by the fractional powers
of the associated to the wave operator) of the damped hyperbolic problem (1.1) (see [11]).

Remark 3. 2. Observe that, the domain of definition of our Lyapunov functional does
not belong to fractional power spaces scale generated by the operator Λ and this is a very
particular situation which does not appear elsewhere. In our analysis we will use the space
Y

1+α
2 = X

1+α
4 ×X −1+α

4 , knowing that

Y 1+ 1−α
2 = X

3−α
4 ×X

1−α
4 ↪→ D(L) = X

1+α
4 ×X

1−α
4 ↪→ X

1+α
4 ×X

−1+α
4 = Y

1+α
2 ,

(see Figure 2).

Now we show that, if (1.2) and (1.3) are satisfied and (ρ−1)(N−1)
ρ+3 < α < 1 (that is,

ρ < N+(3α−1)
N−(α+1) ), the problem (2.3) is globally well posed and has a global attractor in

Y
1+α

2 .

Theorem 3.1. Assume that f satisfies (1.2) with ρ ∈ (1, N+2
N−2 ), α0 = max

{
1
3 ,

(ρ−1)(N−1)
ρ+3

}
and (1.3) holds. Then, (2.3) is globally well posed in Y

1+α
2 = X

1+α
4 × X −1+α

4 whenever

α ∈ (α0, 1). Moreover, (2.3) has a global attractor Aα in Y
1+α

2 , with

sup
α∈[0,1)

sup
w∈Aα

‖w‖
Y

1+α
2

<∞.
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Proof: Let B be a bounded subset of Y
1+α

2 . Since F : Y
1+α

2 → Y
3(1−β)

2 , for some β < α,
it follows from the results in [7] that there exists τB > 0 so that all solutions starting in

points of B must exist in [0, τB ]. If we denote by

[
u(t)
ut(t)

]
, the mild solution of (2.3) through[

u0

v0

]
∈ B and τ ∈ (0, τB) we have (see [7]) that sup[u0

v0
]∈B ‖

[
u(τ)
ut(τ)

]
‖
Y 1+ 1−α

2
<∞.

Now, since Y 1+ 1−α
2 ⊂ D(L), we have that

L
([

u(t)
ut(t)

])
6 L

([
u(τ)
ut(τ)

])
,

for as long as the solution exists; that is,

1

2
‖ut‖2

X
1−α

4
+

1

2
‖u‖2

X
1+α

4
+
a

2
cos

πα

2
‖u‖2

X
1
4
− sin

πα

2

∫
Ω

∫ u

0

f(s)dsdx 6 L
([ u(τ)
ut(τ)

])
.

By Poincaré’s inequality and (1.3),

1

2
‖ut‖2

X
1−α

4
+

1

2
‖u‖2

X
1+α

4
6 L

([ u(τ)
ut(τ)

])
− a

2
cos

πα

2
‖u‖2

X
1
4

+ sin
πα

2

∫
Ω

∫ u

0

f(s)dsdx

6 L
([ u(τ)
ut(τ)

])
+ sin

πα

2

∫
Ω

∫ u

0

f(s)dsdx

6 L
([

u(τ)
ut(τ)

])
+ cµ +

µ

2
‖u‖2X , µ > 0

6 L
([ u(τ)
ut(τ)

])
+ cµ +

1

2
λ
− 1+α

2
1 µ‖u‖2

X
1+α

4
, µ > 0.

Thus

1

2

(
1−λ−

1+α
2

1 µ
)
‖u‖2

X
1+α

4
+

1

2
‖ut‖2

X
1−α

4
6

1

2
‖ut‖2

X
1−α

4
+

1

2
‖u‖2

X
1+α

4
6 C

([ u(τ)
ut(τ)

])
, µ > 0,

and

‖
[
u(t)
ut(t)

]
‖
X

1+α
4 ×X

1−α
4
6 C

([ u(τ)
ut(τ)

])
,

for as long as the solution exists.

This ensures that the mild solution of the problem (2.3) passing through

[
u0

v0

]
∈ Y 1+α

2

at t = 0, does not blow up in the X
1+α

4 ×X 1−α
4 norm. Consequently, it does not blow up

in Y
1+α

2 norm and it must exist for all t > 0. Hence, we can define in Y
1+α

2 the nonlinear
semigroup {Tα(t); t > 0} associated with (2.3). Also, the same reasoning leads to the

conclusion that orbits of bounded subsets of Y
1+α

2 are bounded subsets of Y
1+α

2 .
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Furthermore, the existence of global attractors now follows easily from the fact that the
set of equilibria of (2.3) is bounded and from the fact that the linear semigroup generated
by −Λα is compact for α ∈ (0, 1).

Now, any global solution φ : R→ Y
1+α

2 in the attractor Aα is easily seen to be bounded
in Y 1+ 1−α

2 (the proof of this fact can be reproduced from the proof of Lemma 3.1) and
converges backwards and forwards to the set of equilibria (due to gradient structure).
Hence supaα∈Aα L(aα) 6 supE∈E L(E) =: L(E), where E is the set of equilibria for (3.1).
Recall that;

E =

{
E ∈ X1 ×X 1

2 : E =

[
e
0

]
with e satisfying −∆e = f(e), in Ω and e = 0 in ∂Ω

}
.

Consequently, L(E) is independent of α and computations similar to those done above
imply the uniform bounds. �

Lemma 3.1. Assume that f satisfies (1.2) with ρ ∈ (1, N+2
N−2 ), α ∈ (α0, 1) and (1.3).

Then, the solutions of the problem (2.3) originating at a bounded subset B of Y
1+α

2 , be-

comes bounded in Y 1+ 1−α
2 .

Proof: Let B be a bounded subset of Y
1+α

2 and

[
u0

v0

]
∈ B. Since F : Y

1+α
2 → Y

3(1−β)
2 ,

for some 1
2 < β < α, is a Lipschitz map on bounded sets, there are constants C1 > 0 and

C2 > 0 such that

‖Tα(t)

[
u0

v0

]
‖
Y 1+ 1−α

2
6 ‖e−Λ

αt

[
u0

v0

]
‖
Y 1+ 1−α

2
+

∫ t

0

∥∥∥∥e−Λα(t−s)F

(
Tα(s)

[
u0

v0

])∥∥∥∥
Y 1+ 1−α

2

ds

6 ‖e−Λ
αt

[
u0

v0

]
‖
Y 1+ 1−α

2
+

∫ t

0

‖e−Λ
α(t−s)‖

L(Y
3(1−β)

2 ,Y 1+ 1−α
2 )

∥∥∥∥F (Tα(s)

[
u0

v0

])∥∥∥∥
Y

3(1−β)
2

ds

6 ‖e−Λ
αt‖

L(Y
1+α

2 ,Y
3−α

2 )
‖
[
u0

v0

]
‖
Y

1+α
2

+

∫ t

0

‖e−Λ
α(t−s)‖

L(Y
3(1−β)

2 ,Y 1+ 1−α
2 )

∥∥∥∥F (Tα(s)

[
u0

v0

])∥∥∥∥
Y

3(1−β)
2

ds

6 C1t
−(1−α)e−δt + C2

∫ t

0

(t− s)
α−3β

2 e−δ(t−s)
(∥∥∥∥Tα(s)

[
u0

v0

]∥∥∥∥ρ
Y

1+α
2

+ 1

)
ds

and the boundedness in Y
1+α

2 (Theorem 3.1) now implies the result. �

Corollary 3.1. Assume that f satisfies (1.2) with ρ ∈ (1, N+2
N−2 ), α ∈ (α0, 1) and (1.3).

Then, (2.3) is globally well posed in X
1
2 ×X and has a global attractor which coincide with

Aα.

4. CONVERGENCE OF THE LINEAR SEMIGROUPS
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The main purpose of this section is to prove Trotter-Kato type theorem for the conver-
gence of the linear semigroups. We start with a result of convergence of the resolvents.

Proposition 4.1. Let λ ∈ C, with Reλ > 0. The family {(λI + Λα)−1 : α ∈ [0, 1)}
converges in the uniform operator topology of L(X

1
2 ×X) to (λI + Λ)−1, as α tends to 1.

Proof: Note that to prove (λI+Λα)−1 → (λI+Λ)−1 in the uniform operator topology

of L(X
1
2 ×X) is equivalent to prove that

‖ sin
πα

2
A
α
2 D−1

α (λ)−A 1
2 (λ2I +A)−1‖L(X) → 0,

and

‖(λI + cos
πα

2
A
α
2 )D−1

α (λ)− λ(λ2I +A)−1‖L(X) → 0,

as α→ 1, where A = −∆D with zero Dirichlet boundary conditions in L2(Ω).

Proof of first part: Observe that, for λ ∈ ρ(A) ∩ ρ(B), we can write

(λI −A)−1 − (λI −B)−1 = A(λI −A)−1(B−1 −A−1)B(λI −B)−1. (4.1)

Furthermore, recall that

Dα(λ) = λ2I + 2λ cos
πα

2
A
α
2 +Aα = (λ− ei

π(2−α)
2 A

α
2 )(λ− e−i

π(2−α)
2 A

α
2 ),

for α ∈ (0, 1). Note that,

e±i
π(2−α)

2 → ±i, as α→ 1.

Additionally,

(λ2 +A) = (λ− iA 1
2 )(λ+ iA

1
2 ).

For α ∈ (0, 1], we have λe±i
π(2−α)

2 ∈ ρ(A
α
2 ) whenever Reλ > 0 (since σ(A

α
2 ) consists of

positive eigenvalues bounded away from zero). Remember that, since that A is positive
definite and self-adjoint, then so is A

α
2 , for all α > 0 (see [12, pg. 27]).

Thus, for each Reλ > 0 we get

D−1
α (λ) = (λ− ei

π(2−α)
2 A

α
2 )−1(λ− e−i

π(2−α)
2 A

α
2 )−1,

(λ2 +A)−1 = (λ− iA 1
2 )−1(λ+ iA

1
2 )−1,

and π
2 6

π(2−α)
2 = |arg(λe±iπ

(2−α)
2 )| 6 π.

From this, it follows that

sin
πα

2
A
α
2 D−1

α (λ)−A 1
2 (λ2 +A)−1

= sin
πα

2
A
α
2 (λ− ei

π(2−α)
2 A

α
2 )−1(λ− e−i

π(2−α)
2 A

α
2 )−1 −A 1

2 (λ− iA 1
2 )−1(λ+ iA

1
2 )−1
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To conclude, we only need to show that

(λ− e−i
π(2−α)

2 A
α
2 )−1 − (λ+ iA

1
2 )−1 → 0, (4.2)

and

(λ− ei
π(2−α)

2 A
α
2 )−1 −A 1

2 (λ− iA 1
2 )−1 → 0, (4.3)

as α→ 1.
In fact, from (4.1) we have

(λ− e−i
π(2−α)

2 A
α
2 )−1 − (λ+ iA

1
2 )−1

= A
α
2 (λ− e−i

π(2−α)
2 A

α
2 )−1[−e−i

π(2−α)
2 A−

1
2 − iA−α2 ]A

1
2 (λ+ iA

1
2 )−1

and

(λ− ei
π(2−α)

2 A
α
2 )−1 − (λ− iA 1

2 )−1

= A
α
2 (λ− e−i

π(2−α)
2 A

α
2 )−1[ei

π(2−α)
2 A−

1
2 − iA−α2 ]A

1
2 (λ− iA 1

2 )−1.

Observe that we can write

−e−i
π(2−α)

2 A−
1
2 − iA−α2 = e−i

π(2−α)
2 [A−

α
2 −A− 1

2 ] + [−e−i
π(2−α)

2 − i]A−α2

and

[ei
π(2−α)

2 A−
1
2 − iA−α2 ] = ei

π(2−α)
2 [A−

1
2 −A−α2 ] + [ei

π(2−α)
2 − i]A−α2 .

Then, (4.2)-(4.3) follows from above and from the convergence of A−
α
2 to A−

1
2 in L(X)

(see, for example, Theorem III.4.6.2 in [1]).

Proof of second part: Note that we can write

(λI + cos
πα

2
A
α
2 )D−1

α (λ)− λ(λ2 +A)−1

= (λI + cos
πα

2
A
α
2 )(λ− ei

π(2−α)
2 A

α
2 )(λ− e−i

π(2−α)
2 A

α
2 )− λ(λ− iA 1

2 )−1(λ+ iA
1
2 )−1

Using the same idea of the first part, is not difficult to show that

(λI + cos
πα

2
A
α
2 )D−1

α (λ)− λ(λ2 +A)−1 → 0, α→ 1.

�
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Remark 4. 1. For each α > 0, Λα is closed and

〈−Λα
[
u
v

]
,

[
u
v

]
〉
X

1
2×X

= 〈

− cos πα2 A
α
2 u+ sin πα

2 A
−1+α

2 v

− sin πα
2 A

1+α
2 u− cos πα2 A

α
2 v

 , [u
v

]
〉
X

1
2×X

= − cos
πα

2
〈A

1+α
2 u,A

1
2u〉X + sin

πα

2
〈Aα

2 v,A
1
2u〉X

− sin
πα

2
〈A

1+α
2 u, v〉X − cos

πα

2
〈Aα

2 v, v〉X

= − cos
πα

2
〈A

2+α
4 u,A

2+α
4 u〉X + sin

πα

2
〈Aα

2 v,A
1
2u〉X

− sin
πα

2
〈Aα

2 v,A
1
2u〉X − cos

πα

2
〈Aα

4 v,A
α
4 v〉X

Hence, for

[
u
v

]
∈ D(Λα) and α ∈ [0, 1],

Re〈−Λα
[
u
v

]
,

[
u
v

]
〉
X

1
2×X

6 − cos
πα

2
〈A

2+α
4 u,A

2+α
4 u〉X − cos

πα

2
〈Aα

4 v,A
α
4 v〉X 6 0,

showing that −Λα is dissipative. Noting that the equation

(I + Λα)

[
u
v

]
=

[
ū
v̄

]

has, for each

[
ū
v̄

]
∈ Y 0, a unique solution

[
u
v

]
=


(1 + cos

πα

2
A
α
2 )D−1

α (1)ū− sin
πα

2
A
−1+α

2 D−1
α (1)v̄

sin
πα

2
A

1+α
2 D−1

α (1)ū+ (1 + cos
πα

2
A
α
2 )D−1

α (1)v̄

 ∈ D(Λα),

we have, from Lumer-Phillips theorem that Λα is the infinitesimal generator of C0-semigroups
of contractions in Y 0.

If we denote by {e−Λαt; t > 0} the linear semigroup generated by −Λα, 0 6 α 6 1, we
have the following result ensuring the convergence (uniform in compact subsets of Y 1 and
in bounded intervals of R+) of (t, U0) 7→ e−Λ

αtU0 to (t, U0) 7→ e−ΛtU0 (see also, [6]).

Theorem 4.1. Let J be a compact subset in Y 1. Then, we have

sup
w∈J

sup
t∈[0,T ]

‖e−Λ
αtw − e−Λtw‖Y 1 → 0, as α→ 1,

where T > 0.
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Proof: Given ε > 0 and T > 0, choosing δ = ε/4, n ∈ N and {w1, w2, . . . , wn} in J , such

that J ⊂ ∪ni=1B
Y 1

δ (wi), where BY
1

δ (wi) denote the ball of radius δ centered in wi in Y 1,
i = 1, . . . , n. From Trotter-Kato theorem (see Pazy [17]), there exists αε = α(ε) ∈ (0, 1)
such that

‖e−Λ
αtwi − e−Λtwi‖Y 1 <

ε

2
, for all t ∈ [0, T ], α ∈ (αε, 1), i = 1, . . . , n.

Now, if w ∈ J and i ∈ {1, 2, . . . , n} is such that w ∈ BY 1

δ (wi), we get

sup
t∈[0,T ]

‖e−Λ
αtw − e−Λtw‖Y 1 6 sup

t∈[0,T ]

‖e−Λ
αt(w − wi)‖Y 1 + sup

t∈[0,T ]

‖(e−Λ
αt − e−Λt)wi‖Y 1

+ sup
t∈[0,T ]

‖e−Λt(w − wi)‖Y 1

< 2δ +
ε

2
= ε.

�

5. ASYMPTOTIC DYNAMICS

In this section, we will show that, for f satisfying (1.2) with ρ ∈ (1, N+2
N−2 ), the solutions

of (2.3) converge (as α tends to 1) to global weak solutions of (1.4) (along subsequences
and in a sense to be specified). This procedure is similar to that of [9, Theorem 1.2].

Before we prove a result that we guarantee a Hölder-type condition on the function f
(see [9, Lemma 2.2] for an analogous result).

Theorem 5.1. Assume that f satisfies (1.2) with ρ ∈ (1, N+2
N−2 ), α ∈ (α0, 1) (α0 defined

in Theorem 3.1). Then, there is a constant C > 0 such that, for θ = (ρ−1)(N−1−α)
4α and for

all u1, u2 ∈ X
1+α

4 , we have

‖f(u1)− f(u2)‖
X

1−3α
4
6 C‖u1 − u2‖1−θ

X
1−3α

4

‖u1 − u2‖θ
X

1+α
4

(
1 + ‖u1‖ρ−1

X
1+α

4

+ ‖u2‖ρ−1

X
1+α

4

)

Proof: First, observe that

X
1+α

4 ↪→ L
2N

N−1−α (Ω),

and then

L
2N

N−1+3α (Ω) ↪→ X
1−3α

4 .
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From this, using (1.2) and Hölder inequality, we get

‖f(u1)− f(u2)‖
X

1−3α
4
6 C‖f(u1)− f(u2)‖

L
2N

N−1+3α (Ω)

6 C‖u1 − u2‖
L

2Nr
N−1+3α (Ω)

(
1 + ‖u1‖ρ−1

L
2Nr∗(ρ−1)
N−1+3α (Ω)

+ ‖u2‖ρ−1

L
2Nr∗(ρ−1)
N−1+3α (Ω)

)
6 C‖u1 − u2‖X s

2

(
1 + ‖u1‖ρ−1

X
1+α

4

+ ‖u2‖ρ−1

X
1+α

4

)
,

where r = N−1+3α
(N−1+3α)−(ρ−1)(N−1−α) , 1

r + 1
r∗ = 1 and s = (ρ−1)(N−1−α)−(3α−1)

2 . Now, since

ρ ∈ (1, N+(3α−1)
N−(α+1) ), it follows that

1− 3α

2
<

(ρ− 1)(N − α− 1)− (3α− 1)

2
<

1 + α

2
.

Thus, from the moment inequality we obtain that

‖u1 − u2‖X s
2
6 C(α)‖u1 − u2‖

2s−1+3α
4α

X
1+α

4

‖u1 − u2‖
1+α−2s

4α

X
1−3α

4

.

This completes the proof. �

Denote X̃
1
2 and X̃ respectively by

⋂
α∈[ 1

3 ,1)X
1+α

4 and
⋃
α∈[ 1

3 ,1)X
1−α

4

X

. Now define the
space

Ỹ 1 :=
{[u

v

]
∈ X̃ 1

2 × X̃ : sup
α∈[ 1

3 ,1)

‖u‖
X

1+α
4

<∞
}

(5.1)

endowed with the norm

‖
[
u
v

]
‖Ỹ 1 = sup

α∈[ 1
3 ,1)

‖u‖
X

1+α
4

+ lim
α→1
‖v‖

X
1−α

4
. (5.2)

Lemma 5.1. Let α ∈ ( 1
3 , 1). The norms lim

α→1
‖u‖

X
1+α

4
and sup

α∈[ 1
3 ,1)

‖u‖
X

1+α
4

in X̃
1
2 are

equivalents.

Proof: First observe that if u ∈ X 1+α
4 then

‖u‖
X

1+α
4
6 sup
α∈[ 1

3 ,1)

‖u‖
X

1+α
4
.

Then

lim
α→1
‖u‖

X
1+α

4
6 sup
α∈[ 1

3 ,1)

‖u‖
X

1+α
4
.

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

c ©
C
op
yr
ig
ht

20
08

-
Je
an

M
ar
ti
n
a

96 F. D. M. BEZERRA, A. N. CARVALHO AND M. J. D. NASCIMENTO

Furthermore, fix β such that 1
3 6 β < 1. Then for all β < α < 1 we have that

X
1+α

4 ↪→ X
1+β

4 . If u ∈ X 1+α
4 there exists a constant c > 0 (independent of α) such that

c‖u‖
X

1+β
4
6 ‖u‖

X
1+α

4
.

This we obtain that

c‖u‖
X

1+β
4
6 lim
α→1
‖u‖

X
1+α

4

Now taking the supremum in β follows that

c sup
β∈[ 1

3 ,1)

‖u‖
X

1+β
4
6 lim
α→1
‖u‖

X
1+α

4
.

Theorem 5.2. Let α ∈ [ 1
3 , 1). Then the space X̃

1
2 endowed with the norm lim

α→1
‖u‖

X
1+α

4

coincide with X
1
2 .

Proof: Let u ∈ X 1
2 then u ∈ X̃ 1

2 and

‖u‖
X̃

1
2

= lim
α→1
‖u‖

X
1+α

4
= lim
α→1
‖A

1+α
4 u‖X = lim

α→1
‖A

α−1
4 A

1
2u‖X = ‖A 1

2u‖X = ‖u‖
X

1
2
.

By the other side, if u ∈ X̃ 1
2 then u ∈ X 1+α

4 and A
−1+α

4 u ∈ X 1
2 for all α ∈ [ 1

3 , 1). Writing

uα := A
−1+α

4 u for all α ∈ [ 1
3 , 1) and using the fact that limα→1 ‖A

1+α
4 u‖X = ‖u‖X we have

‖uα − uα′‖
X

1
2

= ‖A
−1+α

4 u−A
−1+α′

4 u‖
X

1
2

= ‖A
1+α

4 u−A
1+α′

4 u‖X
α,α′→1−−→ 0,

and by reflexivity of the space X̃
1
2 we get

‖uα − u‖
X

1
2

α→1−−→ 0

and this means that u ∈ X 1
2 .

Theorem 5.3. Let α ∈ [ 1
3 , 1). Then the space X̃ endowed with the norm lim

α→1
‖u‖

X
1−α

4

coincide with X.

Proof: Observe that if u ∈ ∪α∈( 1
3 ,1)X

1−α
4 then u ∈ X 1−α

4 for some α ∈ ( 1
3 , 1). This

implies that u ∈ X. In particular, u ∈ X 1−β
4 for some β > α. From this, we have

‖u‖X̃ = lim
α→1
‖u‖

X
1−α

4
= lim
α→1
‖A

β−α
4 A

1−β
4 u‖X = ‖u‖X .

Whereas if u = limn→+∞ vαn in X where vαn ∈ X
1−α

4 for some α ∈ ( 1
3 , 1). Then

‖u‖X̃ = lim
n→+∞

‖vαn‖X̃ = lim
n→+∞

lim
α→1
‖vαn‖X 1−α

4
= lim
n→+∞

‖vαn‖X = ‖u‖X .
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Furthermore, if x ∈ X observe that

‖u‖X = lim
α→1−

‖A
α−1

4 u‖X .

Note that vα := A
α−1

4 u belongs to X
1−α

4 and

‖u− vα‖X
α→1−−→ 0,

we obtain that u ∈ X̃.

Remark 5. 1. From Theorems 5.2 and 5.3 we conclude that the space Ỹ 1, defined in (5.1)

endowed with the norm defined in (5.2) coincides with the space X
1
2 × X endowed with

the usual norm. Thus we obtain in Theorem 5.5 a result of existence of global solutions
for the problem (1.4) in the ‘natural’ space of waves X

1
2 ×X. But we continue using the

notation Ỹ 1 endowed with the norm defined in (5.2).

Definition 5.1. A bounded function

[
u
v

](
·,
[
u0

v0

])
: [0,∞) → Ỹ 1 is a global weak

solution of the problem (1.4) if

[
u
v

](
·,
[
u0

v0

])
: [0,∞) → Y and F

([
u
v

](
·,
[
u0

v0

]))
:

[0,∞)→ Y is continuous, for all α ∈ ( 1
3 , 1), and[

u
v

](
t,

[
u0

v0

])
= e−Λt

[
u0

v0

]
+

∫ t

0

e−Λ(t−s)F

([
u
v

](
s,

[
u0

v0

]))
ds, for all t > 0. (5.3)

Theorem 5.4 (Arzelá-Ascoli). Suppose that S is a separable metric space and that
M is a metric space. Let Ξ be an equicontinuous family in C(S;M) and {ϕn}n∈N be a
sequence in Ξ such that for each s ∈ S the closure of {ϕn(s); n ∈ N} is a compact subset

of M . Then there is a subsequence {ϕnk}k∈N and ϕ ∈ C(S;M) such that ϕnk
k→∞−→ ϕ

uniformly in compact subsets of S.

See [16, Section 7.10] for a proof.

To describe a class of global weak solutions of the problem (2.3) with α = 1 which are
obtained as limits of the solutions of (2.3) with α = αn → 1 we will prove the following
theorem.

Theorem 5.5. Assume that f satisfies (1.2) with ρ ∈ (1, N+2
N−2 ) and (1.3). Hence, if

αn → 1−,

{[
un0
vn0

]}
n∈N

is a sequence in Ỹ 1,

{[
un0
vn0

]}
n∈N

is weakly (in Ỹ 1) convergent

to

[
u0

v0

]
∈ Ỹ 1 and

[
u
v

](
·,
[
un0
vn0

]
, αn

)
denotes the mild solution of (2.3) with α = αn,
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then there is a subsequence

{[
u
v

](
·,
[
unk0

vnk0

]
, αnk

)}
k∈N

of

{[
u
v

](
·,
[
un0
vn0

]
, αn

)}
n∈N

and a

bounded function

[
ϕ
ψ

]
: [0,∞) → Ỹ 1 which is a global weak solution of the problem (1.4),

such that for all T > 0,

sup
t∈[0,T ]

∥∥∥∥[uv
](

t,

[
unk0

vnk0

]
, αnk

)
−
[
ϕ
ψ

]
(t)

∥∥∥∥
Y

→ 0,

and [
u
v

](
t,

[
unk0

vnk0

]
, αnk

)
w−Ỹ 1

−→
[
ϕ
ψ

]
(t), for each t ∈ [0, T ].

Proof: Let

[
un0
vn0

]
∈ B ⊂ Ỹ 1, where B is a bounded set. Observe that, the sequence

[
u
v

](
·,
[
un0
vn0

]
, αn

)
, n ∈ N,

is relatively compact in C([0, T ], Y ), for all T > 0. In fact, since

L
([
u
v

](
t,

[
un0
vn0

]
, αn

))
6 L

([
un0
vn0

])
,

and, proceeding as in the proof of Theorem 3.1, given αn ∈ (α0, 1) and t > 0 there is a
constant CB = C(B) > 0 such that

sup
n∈N

sup
t>0

∥∥∥∥[uv
](

t,

[
un0
vn0

]
, αn

)∥∥∥∥
X

1+αn
4 ×X

1−αn
4

6 CB . (5.4)

In addition, from this and from (3.1) there exists C̄B > 0 such that, for t > 0, αn ∈ (α0, 1)

and

[
un0
vn0

]
∈ B,

sup
n∈N

sup
t>0

∥∥∥∥[utvt
](

t,

[
un0
vn0

]
, αn

)∥∥∥∥
Y

6 C̄B . (5.5)

In fact, for

[
un0
vn0

]
∈ B ⊂ Ỹ 1 and let

[
u
v

]
(·,
[
un0
vn0

]
, α) be the mild solution of the problem

with initial condition

[
un0
vn0

]
. Then

{
ut = − cos παn2 A

αn
2 u+ sin παn

2 A
−1+αn

2 v,

vt = − sin παn
2 A

1+αn
2 u− cos παn2 A

αn
2 v − av + f(u).
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Observe that

‖
[
ut
vt

]
(t,

[
un0
vn0

]
, η)‖Y = ‖ut‖X + ‖vt‖

X−
1
2
,

and from (1.2), there exists a positive constant c such that

|f(s)| 6 c(1 + |s|ρ), ∀s ∈ R.

Consequently, we have that

‖ut‖X 6 ‖ cos
παn

2
A
αn
2 u‖X + ‖ sin

παn
2
A
−1+αn

2 v‖X

6 ‖u‖
X
αn
2

+ ‖v‖
X
−1+αn

2
6 c1‖u‖

X
1+αn

4
+ c2‖v‖

X
−1+αn

4
,

and

‖vt‖
X−

1
2
6 ‖ sin

παn
2
A

1+αn
2 u‖

X−
1
2

+ ‖ cos
παn

2
A
αn
2 v‖

X−
1
2

+ ‖av‖
X−

1
2

+ ‖f(u)‖
X−

1
2

6 ‖u‖
X
αn
2

+ ‖v‖
X
−1+αn

2
+ a‖v‖

X−
1
2

+ c(1 + ‖u‖ρ
X

1+αn
4

)

6 c2(‖u‖
X

1+αn
4

+ ‖u‖ρ
X

1+αn
4

) + c3‖v‖
X
−1+αn

4
.

Completing the proof of (5.5).

From (5.4) and (5.5), we obtain that family
{[u

v

](
·,
[
un0
vn0

]
, αn

)}
is equicontinuous on

C([0,∞), Y ). It follows from Arzelá-Ascoli Theorem (Theorem 5.4) that, for each sequence

{αn} convergent to 1 and

{[
un0
vn0

]}
n∈N
⊂ B convergent in Y to

[
u0

v0

]
, there is a subsequence

{αnk} and a function

[
ϕ
ψ

]
∈ C([0,∞), Y ) such that

sup
t∈[0,T ]

∥∥∥∥[uv
](

t,

[
unk0

vnk0

])
−
[
ϕ
ψ

]
(t)

∥∥∥∥
Y

→ 0, for each T > 0. (5.6)

Furthermore, as a consequence of (5.4), for each β ∈ (α0, 1),

sup
n∈N

sup
t∈[0,∞)

∥∥∥∥[ϕ(t)
ψ(t)

]∥∥∥∥
Y

1+β
2

6 C. (5.7)

Given β ∈ (0, 1), (5.4), (5.6), (5.7) and the momentum inequality imply that

sup
t∈[0,T ]

∥∥∥∥[uv
](

t,

[
unk0

vnk0

])
−
[
ϕ
ψ

]
(t)

∥∥∥∥
Y β

k→∞−→ 0, for each T > 0.
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It remains to prove that

[
ϕ
ψ

]
satisfies

[
ϕ
ψ

]
(t) = e−Λt

[
ϕ(0)
ψ(0)

]
+

∫ t

0

e−Λ(t−s)F

([
ϕ
ψ

]
(s)

)
ds, for all t > 0. (5.8)

Remember that[
u
v

](
t,

[
un0
vn0

]
, αn

)
= e−Λ

αn t

[
un0
vn0

]
+

∫ t

0

e−Λ
αn (t−s)F

([
u
v

](
s,

[
un0
vn0

]
, αn

))
ds.

From Theorem 4.1 we only have to prove that∫ t

0

e−Λ
αnk (t−s)F

([
u
v

](
s,

[
unk0

vnk0

]
, αnk

))
ds

k→∞−→
∫ t

0

e−Λ(t−s)F

([
ϕ(s)
ψ(s)

])
ds,

in Y , uniformly for t ∈ [0, T ]. Using again Theorem 4.1, it is sufficient that

F

([
u
v

](
s,

[
unk0

vnk0

]
, αnk

))
k→∞−→ F

([
ϕ(s)
ψ(s)

])
,

in Y , uniformly for s ∈ [0, T ]. This is obtained in the following manner. If r > 0 is such
that

sup
n∈N

sup
s∈[0,T ]

max

{∥∥∥∥[uv
]

(s,

[
un0
vn0

]
, αn)

∥∥∥∥
Y

1+β
2

,

∥∥∥∥[ϕ(s)
ψ(s)

]∥∥∥∥
Y

1+β
2

}
6 r, β ∈ (α0, 1)

then proceeding as in the proof of Corollary 2.1 and using Theorem 5.1, we get∥∥∥F ([u
v

](
s,

[
unk0

vnk0

]
, αnk

))
− F

([
ϕ(s)
ψ(s)

])∥∥∥
X

3−3β
4 ×X

1−3β
4

=
∥∥∥f (u(s, [unk0

vnk0

]
, αnk

))
− f(ϕ(s))

∥∥∥
X

1−3β
4

6 C
∥∥∥u(s, [unk0

vnk0

]
, αnk

)
− ϕ(s)

∥∥∥1−θ

X
1−3β

4

∥∥∥u(s, [unk0

vnk0

]
, αnk

)
− ϕ(s)

∥∥∥θ
X

1+β
4
·

·

(
1 +

∥∥∥∥u(s, [unk0

vnk0

]
, αnk

)∥∥∥∥ρ−1

X
1+β

4

+ ‖ϕ(s)‖ρ−1

X
1+β

4

)

6 C
∥∥∥u(s, [unk0

vnk0

]
, αnk

)
− ϕ(s)

∥∥∥1−θ

X
1−3β

4
(2r)θ(1 + 2rρ−1),

where θ ∈ (0, 1) is given in Lemma 5.1. This completes the proof. �

Theorem 5.6. Suppose that f satisfies (1.2) with ρ ∈ (1, N+2
N−2 ) and (1.3). Choose

α0 > 1
3 such that ρ ∈ (1, N+(3α−1)

N−(α+1) ) for all α ∈ (α0, 1). Then, there is an r0 > 0 such that
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for any B bounded in Ỹ 1 there is a time tB > 0 such that[
u
ut

](
t,

[
u0

v0

]
, α

)
∈ BỸ

1

r0 (0) for all t > tB ,

[
u0

v0

]
∈ B, α ∈ (α0, 1).

Proof: For δ ∈ (0, 1
2 ], we define the functional Lδ : X

1+α
4 ×X 1−α

4 → R, by[
u
ut

]
7→ Lδ

([
u
ut

])
= L

([
u
ut

])
+ δ

∫
Ω

A
1−α

2 uutdx,

[
u
ut

]
∈ X

1+α
4 ×X

1−α
4 ,

where L : X
1+α

4 ×X 1−α
4 → R was given in (3.5).

From (1.3), it follows that for all µ > 0

− sin
πα

2

∫
Ω

∫ u

0

f(s)dsdx > − sin
πα

2
(cµ +

µ

2
‖u‖2X),

for all α ∈ (α0, 1). Let c1, c2, c3 > 0 be constants of embeddings for X
1+α

4 ⊂ X, X
1−α

4 ⊂ X
and X

1+α
4 ⊂ X 1−α

2 (where we have used that α > 1
3 ), respectively.

For any 0 < δ 6 1
4c2c3

, we obtain

−1

8

[
‖u‖2

X
1+α

4
+ ‖v‖2

X
1−α

4

]
6 δ

∫
Ω

A
1−α

2 uvdx 6
1

8

[
‖u‖2

X
1+α

4
+ ‖v‖2

X
1−α

4

]
,

which leads to

3

8

[
‖u‖2

X
1+α

4
+ ‖v‖2

X
1−α

4

]
6

1

2
‖u‖2

X
1+α

4
+

1

2
‖v‖2

X
1−α

4
+ 2δ

∫
Ω

A
1−α

2 uvdx

6
5

8

[
‖u‖2

X
1+α

4
+ ‖v‖2

X
1−α

4

]
.

(5.9)

For µ ∈ (µ1,
1
c1

) and δ 6 min{ 1−µc1
2c3

, 1
2c2
} we obtain that, for α ∈ (α0, 1),

Lδ
([

u
ut

])
=

1

2
‖ut‖2

X
1−α

4
+

1

2
‖u‖2

X
1+α

4
+
a

2
cos

πα

2
‖u‖2

X
1
4
− sin

πα

2

∫
Ω

∫ u

0

f(s)dsdx

+ δ

∫
Ω

A
1−α

2 uutdx

>
1

2
‖ut‖2

X
1−α

4
+

1

2
‖u‖2

X
1+α

4
− sin

πα

2
(cµ +

µ

2
‖u‖2X)− δ

2
‖A

1−α
2 u‖2X −

δ

2
‖ut‖2X

>
1

2
‖ut‖2

X
1−α

4
+

1

2
‖u‖2

X
1+α

4
− (cµ +

µc1
2
‖u‖2

X
1+α

4
)− δc3

2
‖u‖2

X
1+α

4
− δc2

2
‖ut‖2

X
1−α

4
;

that is, for η1 = 1−µc1
4 ,

Lδ
([

u
ut

])
> η1

(
‖u‖2

X
1+α

4
+ ‖ut‖2

X
1−α

4

)
− cµ, (5.10)
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for all

[
u
ut

]
∈ X 1+α

4 ×X 1−α
4 .

Writing f(s) = f0(s) + f(0) (in a similar way as [9]) with

|f0(s)| 6 c(|s|ρ + |s|), s ∈ R,

for some c > 0 we can find a constant c̄ > 1 such that

−
∫

Ω

∫ u

0

f0(s)dsdx 6 c̄‖u‖2
X

1+α
4

(1 + ‖u‖ρ−1

X
1+α

4

)

and, we have seen in Theorem 3.1 that, given r > 0 there is a constant c(r) such that, if

sup

{∥∥∥∥[ uut
](

t,

[
u0

v0

]
, α

)∥∥∥∥
Y

1+α
2

:

∥∥∥∥[u0

v0

]∥∥∥∥
Y

1+α
2

6 r, t > 0

}
6 c(r).

Hence

−d̄
∫

Ω

∫ u

0

f0(s)dsdx 6 ‖u‖2
X

1+α
4

(5.11)

for ‖u‖
X

1+α
4
6 c(r) and d̄ = 1

c̄(1+c(r)ρ−1) . So d̄ 6 1.

These properties of Lδ and f lead to the following: let

[
u
ut

](
t,

[
u0

v0

]
, α

)
(

[
u
ut

]
for short)

be the solution of (2.3). Then, from (3.3) follows that

d

dt

∫
Ω

A
1−α

2 uutdx = 〈A
1−α

2 ut, ut〉L2(Ω) + 〈u,A
1−α

2 utt〉L2(Ω)

= ‖ut‖2
X

1−α
4
− 〈u, 2 cos

πα

2
A

1
2ut〉L2(Ω) − 〈u,A

1+α
2 u〉L2(Ω)

− 〈u, aA
1−α

2 ut〉L2(Ω) − 〈u, a cos
πα

2
A

1
2u〉L2(Ω) + 〈u, sin πα

2
f(u)〉L2(Ω)

= ‖ut‖2
X

1−α
4
− 2 cos

πα

2

∫
Ω

uA
1
2utdx− ‖u‖2

X
1+α

4

− a
∫

Ω

uA
1−α

2 utdx− a cos
πα

2
‖u‖

X
1
4

+ sin
πα

2

∫
Ω

f(u)udx.

Fix µ ∈ (µ1,
1
c1

). Note that

sin
πα

2

∫
Ω

uf(u)dx 6 µc1‖u‖2
X

1+α
4

+ c̄µ,

and, for any ε > 0,

2

∣∣∣∣cos
πα

2

∫
Ω

uA
1
2utdx

∣∣∣∣ 6 ε‖u‖2X 1+α
4

+
1

ε
‖ut‖2

X
1−α

4
,
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and

2

∣∣∣∣∫
Ω

A
1−α

2 uutdx

∣∣∣∣ 6 εc1‖u‖2X 1+α
4

+
c3
ε
‖ut‖2

X
1−α

4
.

It follows that

d

dt

∫
Ω

A
1−α

2 uutdx 6 −
(

1− ε− aεc3
2
− µc1

)
‖u‖2

X
1+α

4
− a cos

πα

2
‖u‖

X
1
4

+
(

1 +
1

ε
+
ac2
2ε

)
‖ut‖2

X
1−α

4
+ c̄µ.

(5.12)

From (3.4) and (5.12), we get

d

dt
Lδ
([

u
ut

])
6 −δ

(
1− µc1 − ε−

aεc1
2

)
‖u‖2

X
1+α

4
− δa cos

πα

2
‖u‖2

X
1
4

−
(
a− δ

ε
− δ − δac2

2ε

)
‖ut‖2

X
1−α

4
+ δc̄µ.

Fix α ∈ (α0, 1), and ε > 0 so that 1−µc1
2 > ε+ aεc1

2 and then δ > 0 so that a
2 >

δ
ε +δ+ δac2

2ε .
Thus

d

dt
Lδ
([

u
ut

])
6 −δ 1− µc1

2
‖u‖2

X
1+α

4
− a

2
‖ut‖2

X
1−α

4
− δa cos

πα

2
‖u‖2

X
1
4

+ δc̄µ.

Now, for η2 = min{a2 , δ
(1−µc1)

2 , 2δ},

d

dt
Lδ
([

u
ut

])
6 −η2

(
‖u‖2

X
1+α

4
+ ‖ut‖2

X
1−α

4
+
a

2
cos

πα

2
‖u‖2

X
1
4

)
+ δc̄µ. (5.13)

Let ‖u0‖
X

1+α
4

+ ‖v0‖
X

1−α
4
6 r. Then, from (5.11),

−η2

2

(
‖u‖2

X
1+α

4
+ ‖ut‖2

X
1−α

4

)
6
η2d̄

2

∫
Ω

∫ u

0

f(s)dsdx+ C(η, d̄, r).

Using that α ∈ (α0, 1), we have

−η2

2

(
‖u‖2

X
1+α

4
+ ‖ut‖2

X
1−α

4

)
6 −η2

2
sin

πα

2

(
‖u‖2

X
1+α

4
+ ‖ut‖2

X
1−α

4

)
6
η2d̄

2
sin

πα

2

∫
Ω

∫ u

0

f(s)dsdx+ C(η, d̄, r).
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Then, it follows from (5.9) and (5.13) that

d

dt
Lδ
([

u
ut

])
6 −η2

(1

2
‖u‖2

X
1+α

4
+

1

2
‖ut‖2

X
1−α

4
+
a

2
cos

πα

2
‖u‖2

X
1
4

)
+ δc̄µ

+
η2d̄

2
sin

πα

2

∫
Ω

∫ u

0

f(s)dsdx+ C(η, d̄, r)

6 −η2d̄

2

(1

2
‖u‖2

X
1+α

4
+

1

2
‖ut‖2

X
1−α

4
+
a

2
cos

πα

2
‖u‖2

X
1
4

+ δ

∫
Ω

A
1−α

2 uutdx
)

+
η2d̄

2
sin

πα

2

∫
Ω

∫ u

0

f(s)dsdx+ Cµ

6 −η̄2Lδ
([

u
ut

])
+ Cµ.

From this we obtain that

‖u‖2
X

1+α
4

+ ‖ut‖2
X

1−α
4
6Me−η2t +N,

Then,

‖
[
u
ut

]
‖Ỹ 1 6 C̄.

�

From Theorem 3.11 in [6] we obtain the continuity of nonlinear semigroups, as α goes to 1,
using the continuity of linear semigroups and variation of constants formula. Furthermore,
we have that the attractors are upper semicontinuous at α = 1 by Proposition 4.1 in [6].

Now, we define the set A consisting of the (weak in Ỹ 1) limit points of the solutions of
(2.3) with α→ 1

A :=

{[
w
z

]
: there are sequences tn →∞,

{[
un
vn

]}
bounded in Ỹ 1,

and αn → 1 such that

[
u
v

](
tn,

[
un
vn

]
, αn

)
w−Ỹ 1

−→
[
w
z

]}
.

(5.14)

In the next we will denote the ball BỸ
1

r0 (0) given in the Theorem 5.6 by B0.

Definition 5.2.

[
φ
ϕ

]
∈ LS if and only if one of the following conditions holds.

(i)

[
φ
ϕ

]
(0) ∈ A and

[
φ
ϕ

]
is a global weak solution of (2.3) with α = 1 being (uniform for

t in compact subsets of [0,∞)) limit in Y of a sequence of solutions of (2.3) of the form[
u
v

]
(t,

[
u
v

]
(tn,

[
un
vn

]
, αn), αn), where tn →∞, αn → 1 and

{[
un
vn

]}
⊂ B0;

Publicado pelo ICMC-USP
Sob a supervisão da CPq/ICMC



P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

P
re
p
ri
nt

c ©
C
op
yr
ig
ht

20
08

-
Je
an

M
ar
ti
n
a

PARABOLIC APPROXIMATION OF DAMPED WAVE EQUATIONS 105

(ii)

[
φ
ϕ

]
(0) ∈ Ỹ 1\A and

[
φ
ϕ

]
is a global weak solution of (2.3) with α = 1 being (uniform

for t in compact subsets of [0,∞)) limit in Y of a sequence of solutions of (2.3) of the form[
u
v

]
(·,
[
φ(0)
ψ(0)

]
, αn), where tn →∞, where αn → 1.

Next we show that the class LS has bounded dissipativeness property in Ỹ 1 and that the
set A, defined in (5.14) is an ‘attractor’ for the limit problem (1.4) restricted class LS; that
is, we show that it is a closed bounded invariant subset of Ỹ 1, which is weakly compact in
Ỹ 1 and compact in Hs

{I}(Ω) ×Hs−1(Ω), s ∈ [0, 1). Moreover A attracts bounded subset

of Ỹ 1 in Hs
{I}(Ω)×Hs−1(Ω), for each s ∈ [0, 1). The proof of the next result follows using

the same argument of the proof of Theorem 1.6 in [9].

Theorem 5.7. Under the assumptions of Theorem 5.5, LS has the following properties:

(i)(Existence) given

[
u0

v0

]
∈ Ỹ 1 there exists

[
φ
ϕ

]
∈ LS with

[
φ
ϕ

]
(0) =

[
u0

v0

]
;

(ii)(Bounded dissipative) there is a bounded subset B0 of Ỹ 1 such that for any B bounded

in Ỹ 1, each

[
φ
ϕ

]
from the class LS with

[
φ
ϕ

]
(0) ∈ B enters B0 in a certain time τB > 0

and stays in B0 for all t > τB;

(iii)(Attractor) the set A is a closed bounded subset in Ỹ 1 which satisfies

(a)(Compactness) A is weakly compact in Ỹ 1 and strongly compact in Hs
{I}(Ω) ×

Hs−1(Ω) for any s ∈ [0, 1],

(b)(Invariance) {[
φ
ϕ

]
(t);

[
φ
ϕ

]
∈ LS,

[
φ
ϕ

]
(0) ∈ A, t > 0

}
⊂ A

and for each

[
w
z

]
∈ A and any t > 0 there is a certain

[
φ̄
ϕ̄

]
(0) ∈ A such that

[
φ̄
ϕ̄

]
(t) =

[
w
z

]
,

(c)(Attracting property)

supu
v

∈LS,
u
v

(0)∈B

infw
z

∈A
‖
[
u
v

]
(t)−

[
w
z

]
‖Hs{I}(Ω)×Hs−1(Ω)

t→∞−→ 0, (5.15)

for any set B bounded in Ỹ 1 and each s ∈ [0, 1] and α ∈ [ 1
3 , 1).

Proof: Part (i) follows from Theorem 5.5 and part (ii) follows from Theorem 5.6. For
part (iii), let us first prove compactness properties in part (iii)-(a). If B0 is the uniformly
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absorbing set, then from Theorem 5.6 A is contained in B0, B0 is contained in Ỹ 1 and
Ỹ 1 is separable. Therefore, it suffices to prove that A is sequentially weakly compact.
Hence, given a sequence {[wnzn ]} ⊂ A, taking subsequences if necessary, we may assume
that there is a [wz ] ∈ Ỹ 1 such that [wnzn ] → [wz ], as n → ∞, weakly in Ỹ 1 and strongly
in Y . Since each [wnzn ] is in A, there is a tn > n, 1 − αn < 1

n and [ unvn ] ∈ B0 such that
‖ [ uv ] (tn, [

un
vn ] , αn)− [wnzn ] ‖Y < 1

n . Thus, there are sequences tn →∞, αn →∞ and {[wnzn ]}
in B0 such that

[ uv ] (tn, [
un
vn ] , αn)− [wz ] as n→∞

strongly in Y . Since only finitely many elements of the sequence {[ uv ] (tn, [
un
vn ] , αn)} may

be outside B1 we also conclude that it contains a subsequence weakly convergent in Y 1.
This proves that [wz ] ∈ A and that A is weakly compact in Ỹ 1 and strongly compact in
Y s for s ∈ [0, 1). Closedness of A in Ỹ 1 is straightforward.

For the proof of ‘positive invariance’ part in (iii)-(b) choose
[
φ
ψ

]
∈ LS with

[
φ
ψ

]
(0) ∈ A.

From the first case in Definition 5.2 we infer that

there is a sequence of the solutions of (2.3)

of the form [ uv ] (t, [ uv ] (tn, [
un
vn ] , αn), αn), where

tn ↗∞, αn ↗ 1 and {[ unvn ]} ⊂ B0, such that

[ uv ] (t+ tn, [
un
vn ] , αn)

L2(Ω)×H−1(Ω)−→
[
φ
ψ

]
(t)

uniformly for t in compact subsets of [0,∞).

(5.16)

By Theorem 5.6, for each fixed t > 0, all but finitely many elements of {[ uv ] (t+ tn, [
un
vn ] , αn)}

are in B0 and the elements
[
φ
ψ

]
(t) in (5.16) can be thus viewed as weak limit in Ỹ 1 of

a certain subsequence of {[ uv ] (t+ tn, [
un
vn ] , αn)}. Recalling (5.14) we thus conclude that[

φ
ψ

]
(t) ∈ A.

As for the ‘negative invariance’ part in (iii)-(b) choose [wz ] ∈ A and apply (5.14) to infer
that

[ uv ] (tn, [
un
vn ] , αn)

w−H1
0 (Ω)×L2(Ω)−→ [wz ]

for certain tn ↗ ∞, {[ unvn ]} ⊂ B0 and αn ↗ 1. By Theorem 5.6, for each fixed s > 0, all
but finitely many elements of {[ uv ] (tn − s, [ unvn ] , αn)} are in B0. We can argue as in first
part of the proof to conclude that all but finitely many elements of {[ uv ] (tn − s, [ unvn ] , αn)}
are in B1, where B1 is a bounded set in Y 1. Hence, whenever s > 0 is fixed, a suitable
subsequence {nk} can be chosen for which

all elements of {[ uv ]
(
tnk − s,

[ unk
vnk

]
, αnk

)
} are in B1,

[ uv ]
(
tnk ,

[ unk
vnk

]
, αnk

)
−→ [wz ] strongly in Y and weakly in Y 1,

[ uv ]
(
tnk − s,

[ unk
vnk

]
, αnk

)
−→ [ w̃z̃ ] strongly in Y and weakly in Y 1.

(5.17)
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Therefore, recalling (5.14), we have

[ w̃z̃ ] ∈ A. (5.18)

We also infer from Theorem 5.5 that there is a certain subsequence {nkl} and a bounded

function
[
φ̃

ψ̃

]
: [0,∞)→ H1

0 (Ω)×L2(Ω), being a global weak solution of (2.3) with α = 1,

such that

[ uv ]
(
t, [ uv ] (tnkl − s,

[ unkl
vnkl

]
, αnkl ), αnkl

)
Y−→
[
φ̃

ψ̃

]
(t) (5.19)

uniformly on compact subintervals of [0,∞); in particular[
φ̃

ψ̃

]
(0) = [ w̃z̃ ] . (5.20)

Recalling Definition 5.2 we infer from the properties (5.17)-(5.20) that
[
φ̃

ψ̃

]
∈ LS. Since

[ uv ]
(
s, [ uv ] (tnkl − s,

[ unkl
vnkl

]
, αnkl ), αnkl

)
= [ uv ]

(
tnkl ,

[ unkl
vnkl

]
, αnkl

)
Y−→
[
φ̃

ψ̃

]
(s)

and (5.17) holds, we obtain that actually
[
φ̃

ψ̃

]
(s) = [wz ].

To prove part (iii)-(c), suppose now that (5.15) fails. Hence, there exists ε > 0, bounded

subset B of Y 1, s ∈ [0, 1), and sequences tn
n→∞−→ ∞, {

[
φn
ψn

]
} ⊂ LS with {

[
φn
ψn

]
(0)} ⊂ B

such that for each n ∈ N

inf
[wz ]∈A

‖
[
φn
ψn

]
(tn)− [wz ] ‖Y s > ε. (5.21)

From part (ii) we can assume, without loss of generality, that {
[
φn
ψn

]
(tn)} ⊂ B0 whereas

from (5.21) and ‘positive invariance’ part in (iii)-(b) we have that {
[
φn
ψn

]
(0)} ⊂ Y 1\A which

allows us to restrict our attention to the second case in Definition 5.2. By Definition 5.2,

for each fixed n ∈ N, there exists [ unvn ] =
[
φn
ψn

]
(0) ∈ B and 0 < 1− αn 6 1

n such that

sup
t∈[0,tn]

‖
[
φn
ψn

]
(t)− [ uv ] (t, [ unvn ] , αn)‖Y 6

1

n
. (5.22)

From Theorem 5.6 we know that, for some tB > 0, [ uv ] (t, [ unvn ] , αn) ∈ B0 for t > tB .
Therefore, we can choose a subsequence {[ uv ] (tnk ,

[ unk
vnk

]
, αnk)} convergent weakly in Y 1

to a certain
[
ŵ
ẑ

]
∈ Y 1.

Since [ uv ] (tnk ,
[ unk
vnk

]
, αnk) = [ uv ]

(
tnk − tB , [ uv ] (tB ,

[ unk
vnk

]
, αnk), αnk

)
we have

[
ŵ
ẑ

]
∈ A.

Therefore, via (5.22), after choosing subsequences [ uv ] (tnkl ,
[ unkl
vnkl

]
, αnkl ) convergent in Y s

and

[
φnkl
ψnkl

]
(tnkl ) convergent in Y s we obtain that

[
φnkl
ψnkl

]
(tnkl )

Y s→
[
ŵ
ẑ

]
, which contradicts

(5.21).
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Now, we will show that the global attractors behaves continuously at α = 1. For this,
it remains only to show lower semicontinuity of the global attractors. We assume that
nonlinearities f satisfies (1.2) with ρ < N

N−2 and (1.3) and that the equilibrium of the
problem (1.4) are all hyperbolic (as in [10]) and, consequently, there are finitely many of
them. The continuity of the equilibria as α varies is immediate and the continuity of the
local unstable manifolds follows from Theorem 5.13 in [6]. The lower semicontinuity of the
global attractors at α = 1 now follows from Theorem 6.1 in [6].
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