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1. INTRODUCTION

Let © ¢ RY be a bounded smooth domain, N > 3, @ > 0 and consider the damped
hyperbolic equation

ug +aug — Au = f(u), t >0, z € Q,

uw(0,x) = ug(x), u(0,z) = vo(z), x € N, (1.1)
u(t,z) =0, t >0, x € 9Q,

where f € C*(R) is such that
If/(s)] < C(1+s]7t), forall s eR, (1.2)

forsomel<p<%and€>0amd

f(s)

1imsupT <, (1.3)

|s|—o0

with —py being the first eigenvalue of Ap (the Laplacian with Dirichlet boundary condition
in Q).

If X = L?(Q) and A : D(A) C X — X is defined by D(A) = H?*(Q) N H} () and
Au = —Apu for all u € D(A), then A is a positive self-adjoint operator and — A generates
a compact analytic semigroup on X. Denote by X< the fractional power spaces associated
to operator A; that is, X* = D(A®) with the norm [|[A* | x : X* — RT. For a > 0
we define X~ as the completion of X with the norm ||[A™% - | x. With this notation
Xz = H}(Q), X' = H2(Q) N HL(Q) and X~ = (X)' (see [1] for the characterization of
the negative scale).

The problem (1.1) can be written as an abstract Cauchy problem in the product space

X2 x X as
i ] - [ =# (G =] L =[] =

where the damped wave operator A,y : D(A(,)) C X2 x X = X2 x X is defined by
D(Agy) = X' x X3
At = 0 1| |ul _ —v
@y = |=Ap al||v| ~ |-Au+avl|’

F:XzxX— X2 x X2 is defined by

L) [ e e

where f¢: X2 — X~z denotes the operator f¢(u)(z) := f(u(z)), u € Xz, z € Q.
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PARABOLIC APPROXIMATION OF DAMPED WAVE EQUATIONS 79

It is easily seen that 0 € p(A(,) for all a € R and writing the wave operator A := A

as
(0 —1I
=155
we have
,1__0 A1
A __—I E

Observe that, the adjoint of A, is given by

. Jo 1
=)

and A = —A*; that is, the operator A is skew-adjoint. It follows that A is self-adjoint and,
from Stone’s theorem, A is the infinitesimal generator of a Cy-group of unitary operators
on X2 x X (see Pazy [17, Theorem 10.8, pg. 41]).

Under the assumptions (1.2) with p < % and (1.3), the existence of attractors A, for
problem 1.4 in X2 x X has been established in Babin and Vishik [4, 5] and in Arrieta,
Carvalho and Hale [2] for p = % In the later, the authors employed Alekseev’s nonlinear
variation of constants formula to prove the asymptotic compactness.

The semilinear (weakly) damped wave equation given in (1.1) have been considered
before by many authors (see Pata and Zelik [15] and references therein).

In Carvalho, Cholewa and Dlotko [9] the authors considered (1.1) through a limit of a
strongly damped wave equation, adding the term Qn(fAD)% with 7 > 0 to the equation, so
that the equation becomes ‘parabolic’ in nature (see Chen and Triggiani [11]), and passing
to the limit as n — 0. With the ‘parabolic’ structure (n > 0), they obtain local well
posedness for the perturbed problem under the growth assumption (1.2) with 1 < p < %
and with the usual semigroup approach. If the dissipativeness condition (1.3) also holds
they obtain global well posedness, existence of global attractors and some uniform (with
respect to ) bounds that allow a passage to the limit (n = 0). After this they obtain global
solutions of (1.1) that satisfy the variation of constants formula and are able to establish
the existence of global attractors.

The aim of this paper is study the asymptotic dynamics of the problem (1.1), with
nonlinearity f satisfying (1.2) with 1 < p < £+2 and (1.3), using an approximation by
‘parabolic’ type problems of ‘lower’ order which we begin to describe. If —A denotes the
wave operator (generator of a Cy-semigroup), we use the fractional power operators —A%,
a € (0,1), (generator of an analytic semigroup) to approximate —A. This sort of approxi-
mation (though by a lower order operator) has the effect of a viscosity approximation and
yields that the perturbed problem exhibits regularity properties whereas the limit does
not.

We emphasize that, though it may appear cumbersome at the moment, we will be able to
give explicit expressions to the fractional powers of A (in terms of the fractional powers of

—Ap) as well as to associate the following gradient differential equation to the perturbed
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80 F. D. M. BEZERRA, A. N. CARVALHO AND M. J. D. NASCIMENTO

problem
Uyt + 2 cos %A%ut + Au + auy + acos %A%u =sin %A_I”;Taf(u) (1.5)

where A = (—Ap)®. The Lyapunov function for this problem is given by

1 1 a T o u
c( m ) = Sl se + Sllull’, s + 5 cos - lull’y - sin7/ﬂ/0 F(s)dsdz. (1.6)

Uy

Under growth assumption (1.2) with 1 < p < % and exploiting the parabolic structure
of (1.5), the local well posedness for (1.5) is obtained for « suitably close do 1. Using the
gradient structure of (1.5), given by the Lyapunov function (1.6) and a suitable regularity
analysis to accommodate the fact that the Lyapunov function is not defined in H} () x
L?(Q), we are able to establish, under the additional dissipativeness condition (1.3), the
global well posedness, existence of global attractors and some uniform bounds for the
solutions of (1.5), for « suitably close to 1. These striking features will make the passage
to the limit as a tends to 1 possible, establishing the existence of global solutions, that
satisfy the variation of constants formula, for (1.1) in H(Q) x L?(Q) conditions (1.2) and
(1.3). In fact, we prove continuity properties of the family {4, : a € (0,1)} for (1.5) in
H(Q) x L%(Q) as a tends to 1.

This paper is organized as follows. In Section 2 we study the local well posedness of the
problem (2.3) studying the the spectral properties of the operators A and A% which are
needed to characterize the fractional power spaces. In Section 3 we obtain the Lyapunov
functional (1.6) for (1.5), discuss the global well posedness for (1.5) and prove that the
semigroup associated to (1.5) has a global attractor A, in Hg(2) x L?*(Q) . Section 4 is
devoted to study the convergence of the semigroup generated by —A® to the semigroup
generated by —A as « tends to 1. We start with a result of convergence of the resolvents
and conclude proving a Trotter-Kato type theorem. Finally, in Section 5 we discuss the
convergence of the asymptotic dynamics of the problem (2.3) to that of (1.1) as « tends to
1. We conclude this section showing that (for p < ~) the family of the global attractors
behaves continuously at a = 1.

2. LOCAL WELL POSEDNESS
We first recall that if P: D(P) C Z — Z is a sectorial operator with Reo(P) > 0, then

d
az—&—PZ— G(z), t>0,

2(0) = 2o,

(2.1)

is locally well-posed under suitable conditions on the nonlinearity G which we make clear
next.

DEFINITION 2.1. Consider the problem (2.1). A mild solution of (2.1) in Z' is a
continuous function z(-, zg) : [0,7] — Z* such that 2(0, 29) = 20, G(2(-,20)) : [0,7] — Z
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PARABOLIC APPROXIMATION OF DAMPED WAVE EQUATIONS 81

is continuous for some « > 0 and that satisfies the integral equation

¢
2(t, 29) = e Ptz —l—/ e PG (2(s, 20))ds.
0

We say that (2.1) is locally well posed if, given wy € Z1, there exist 7 > 0 and 7 > 0 such
that (2.1) has a mild solution z(t,w) : [0,7] — for every w € BZ (wp) and the map

BZ (wo) 3w — 2(-,w) € C([0,7], Z")

is continuous.

We remark that under suitable conditions on the map G a mild solution is also as strong
solution; that is, it satisfies the equation in (2.1). The next result is an easy consequence
of the results in [12, Theorem 3.3.3], and its proof is omitted.

THEOREM 2.1. Assume P as above and let G : Z' — Z% be a locally Lipschitz continuous
in bounded subsets of Z*, for some a € (0,1), then (2.1) is locally well posed in Z*.

In order to arrive at (1.5) and apply to it the above results, we will need to compute
the fractional powers of A and to understand the fractional power spaces associated to it.
This is what we do next. Note that

A -1

)\I+/1_[A AT

], A eC,

and therefore, for all A € p(—A), we have

AN+ A~ (W T+ A
M+~ =
—AN T+ A7 AN T+ AL

For 0 < a < 1, we can compute the fractional A% by the formula

sin To

AT =

/ AN + A)"ldA

™ 0

see [1, pg. 148] or [12, pg. 25]. With this, for any 0 < o < 1,

cos X A-5  gin TE 4
2 2
A = € L(X).

L TQ  1-a T, o
—sin—A" 2 cos—A"2
2 2
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82 F. D. M. BEZERRA, A. N. CARVALHO AND M. J. D. NASCIMENTO

Also, it is not difficult to see that 0 is in the continuous spectrum of A~ and that

cos T2 A% _gin L g
2 2
AN = (2.2)
T 14+« T |«
sin — A2 cos — Az
sin = 5

for every 0 < a < 1.
Next we characterize the eigenvalues of A, in terms of the eigenvalues of A.

PROPOSITION 2.1 (Spectral properties of A).  The eigenvalues {\:},en of the skew-
adjoint operator A are given by

)\f = £i/tn, n €N,

where {n tnen denote the eigenvalues of the operator A = —Ap with zero Dirichlet bound-
ary conditions.

Proof: Since A has compact resolvent, all points in the spectrum o(A) of A are eigen-
values. The eigenvalue problem for A is

3 9] [2) [ <2

Ap = —)N2p, p € D(A).

Recall that A = —Ap is a positive self-adjoint operator with compact resolvent. Denote
by {fn}nen the eigenvalues of A ordered increasingly and repeated according to multi-
plicity. Hence, the eigenvalues of A are solutions of the equation \> = —pu,,, n € N, and
therefore

i.e.

A=\ =+iy/u, neN.
O

PROPOSITION 2.2 (Spectral properties of —A%).  The spectrum of —A% consists of eigen-
values only. They are given by

r(2—a) o
/\f)n =t (tn)2, n €N,

where {in tnen denotes the ordered sequence of eigenvalues of the operator A repeated
according to multiplicity.

Proof: The eigenvalue problem for —A¢ is

coS %A% — gin 7% g7
LT 14a T o ¥ Y Y
s1n7A 2 cos 7142
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PARABOLIC APPROXIMATION OF DAMPED WAVE EQUATIONS 83

N3

that is, A € C is an eigenvalue for —A® if and only if there is a 0 # {tp} € X x X

v
such that
— cos %A%g)—i—sin%A* ;aqp =g
~sin %AHTQQD — cos %A%w — A

With this, we get A € C is an eigenvalue for —A® if and only if

74-7r(2;o4) Z-7r(2;o¢)

)\2+2>\COS%A% FAY=(A—e AN —e” A%)

is not injective. Then, the eigenvalues A of —A* are solutions of equation

r(2—a) @ _sT(2—a) &
A= ™2 — e 5 ) = 0
f 2t 4mCo) o :
that is, A\ ,, =e z s, n €N, and this concludes the proof. O
ImA
_m(2=a)
re P
a —1
Eigenvalues of —A% Eigenvalues of —A
ReA
a — 1
,m(2=a)
re 2

Figure 1: Spectrum of A°.

Remark 2. 1. If we compare the Proposition 2.1 with the Proposition 2.2, we can
conclude that the eigenvalues of the unbounded linear operator —A%, A\t = converge to

a,mn’
the eigenvalues of the operator —A, /\f, as « tends to 1. We can see that the eigenvalues
(2-a)

. . . ; T
—A® lie in the semi-axes {re*'™ =

:7 > 0}. These semi-axes form the edges of a sector
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84 F. D. M. BEZERRA, A. N. CARVALHO AND M. J. D. NASCIMENTO

of angle 7C2-9) iy the complex plane that, as a tends to 1 approaches the semi-plane

{A € C: ReX > 0}. This behavior reflects the loss of sectoriality that the operator A*
experiences as « tends to 1.

Thus, for each A € p(—4%), 0 < o < 1, we have

T  —1ta
2

M + cos %A% —sin 714
M+ A% =

sin %AHT& A + cos %A%

w(2—a)

and therefore, if Do(X) := A2T +2Xcos T2 A% + A = (A —¢e" 2 A2)(A - e‘i@A%)

is injective,

()\IJFCOS%A%)D;l()\) fsm%A%Dgl(/\)
A+ A7 =
( ) . T ita T a4
s1n7A z DJYA) (M +cos 7A2)Da (A)

It is not difficult to prove that (see, for example, Theorem I11.4.6.2 in [1]):

PROPOSITION 2.3. The family of operators {A~% a > 0} is an analytic semigroup and
therefore, A= converges in the uniform operator topology of E(X% xX)to A7, asa — 1.

l—a

LEMMA 2.1. For o € [0,1], the operator A=® : X 2= x X~% — X2 x X is an isometry.
Consequently, if Y= denotes the extrapolation of Y1 = Xz x X generated by A% and
Yt denotes D(A®) with the graph norm, we have that

1+a

yite = X5 x X2,
11—«

ylmo= X7 x X~ %.

The closure Ay of A : D(A) C Y — Y? is a positive sectorial operator and D(Ag) =Y7,
B €[0,2] and (A" = AL~

Proof: The first equality is immediate for « = 0 and a = 1. For a € (0,1) it follows from
the fact that the complex interpolation and the fractional powers of accretive operators in
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Hilbert spaces coincide. For the second equality, if B] in X2 x X we have
L I R B I
V| X2xX v V| X2xX
_a . T —l—a T |« . —l—«a
=<COS7A 2u—|—sm7A 2 v,cos—A 2u+sin—A4 v)X%
—a (6% a [0 —a a
+ (—sin 7141711 + cos %A‘fv, —sin "X ATy 4 cos T A=y X
—a (6% @ [0 —a a
— (cos = ATy + sin LA_fv, cos X A%y, + sin T a-%0 X
2 2
—a (6% a [0 —a a
+ (—sin T2 A 0+ cos 7T7/1*?1), —sin "X AMT y 4 cos T A8 V) x
= (A0, AT u)x + (A" %0, A Fu)x
u
[
XX~ %
For the remaining see, for example, [1, Section V.1.3]. O
Remark 2. 2. The fractional powers spaces associated to the operator

0 —I
=]

coincide with those associated to A(,) = A + B(g), where

In fact, since B,y € L(X), D((A+ B(q))®) = D(A®) with equivalent norms. With this, we
identify the fractional powers of A+ B, using the fractional powers of A.

In what follows, let o > % and suppose that f¢: X

1ta —
s 2 0) is Lipschitz continuous in bounded sets and

+ %Xl‘f}a

(where X% = (X*),

f(u)(z)

flu(x)), we X2 and z € Q.
This implies that F : X 5% x X 1 °

— X3 x X1 given by

g m - {fﬁ?@]’ m € XH x XTH,

with f¢ as above and f satisfying (1.2), % < a < 1 suitably close to 1 (see Figure 2).
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Figure 2: Partial description of the fractional power spaces scale for A.

Now, we consider the Cauchy problem

2 A A R A H W

—1l+a 3—3a 1-3a
4

inY! = X2 xX. Here, A% is the operator in (2.2) and F : X xX - X1 xX 1
is as above. The operator A% is a positive sectorial operator (see [13]). With this, the system
(2.3) can be seen as a parabolic type perturbation of the system (1.4) and we approximate
solutions of (1.4) by solutions of the (2.3), + < & < 1, with suitably chosen initial data.

Remark 2. 3. The exponent p = % is critical (in the sense of [7]) for the abstract

parabolic problem in (2.3). In fact, for a € (%, 1] and p as above, we have

1-3a 1-3a

2N uP 2N
X 4 3 H 2 s [N-(afh) —3 [p(N—(a+D) <5 H 2 =X

7

—143a

(H 2 s L2N7p(]%lli(oc+l)))

with all inclusions being sharp.

p+3
B

COROLLARY 2.1. For oy = max{%, w}, assume that o € (ap,1) and that f
satisfies (1.2). Then the problem (2.3) is locally well posed in y** for all g € [a, 1].

Proof: Observe that F: V5% = v is Lipschitz continuous in bounded sets and that

Y5 S v I fact, let B be a bounded subset of Y and consider {il] , {iﬂ € B.
1 2
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Then, we have

1E([7]) = £ (220, 2000 < o) = o2l 1
< Cillf(e1) = F(p2)l

2N
LN+(Ea=1) ()

<02||w1—<p2IIL%(Q)( ol o+l )

®1 P2 P1 P2
<calg]-[ehe <calz] -2l

Observe that, for a > % we have that p < % then

14+a N(p—1)

X5 S LT (Q).

From Theorem 2.1 the result follows. O

3. GRADIENT STRUCTURE AND EXISTENCE OF GLOBAL
ATTRACTOR

We start this section exhibiting a Lyapunov functional associated to (2.3). For each

{uo} € X x Xl_Ta, note that the system in (2.3) is given by

Vo
uy 4 cos Z2 A% u — sin Z2 5%y =0,
v + sin mA “u + cos T2 A%y +av = f(u), (3.1)

u(0,2) = uo(x), v(0,2) = vo(x).
Note that from first equation, we have that

sin %v — A (ut + cos %A%u)

Differentiating with respect to ¢, follows that
« —a a | a
sin %fut — A" (utt + cos %Afut) (3.2)
Substituting (3.2) in the second equation in (3.1), after some calculations, we obtain
that
-

A7 wy + 2 cos %A%ut + AT u+aA = u + acos %A%u = sin %f(u) (3.3)
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Multiplying the above equation by u; and integrating, we get

d(l 1 a T . T “
@(5”%”112 + §||u||i(l+Ta + §COS7”UH§(% _Sm7/g/0 f(s)dsdw)

yiyes
ZAQC%Agwumi%Afdmmilﬂ.

(3.4)

Consider the energy functional £: X 1 % x X7 5 R defined by

([0]) = prodioce +
1ta

mmﬁ]emm X o x "

7||u||2 +§cos %Hu”ii _Sin%/n/o f(s)dsdz, (3.5)

Remark 3. 1. Note that, if A = A%, we can rewrite (3.3) in the form
Uyt + 2 cos 7A2ut + Au + auy + acos 7A2u = sm7 ~ fu) (3.6)

and the equation (3.6) is a parabolic type perturbation (defined by the fractional powers
of the associated to the wave operator) of the damped hyperbolic problem (1.1) (see [11]).

Remark 3. 2. Observe that, the domain of definition of our Lyapunov functional does
not belong to fractional power spaces scale generated by the operator A and this is a very
palrflcular situation Wthh does not appear elsewhere. In our analysis we will use the space

Y = X x X , knowing that

YIS X x X o D) =X 1 xX i o X 0 x X

(see Figure 2).

Now we show that, if (1.2) and (1.3) are satisfied and % < «a < 1 (that is,

p < %), the problem (2.3) is globally well posed and has a global attractor in

1t+a
2.
THEOREM 3.1. Assume that f satisfies (1.2) with p € (1, %) ) = max {%, %}
and (1.3) holds. Then, (2.3) is globally well posed in Y = X5 x X5 whenever
a € (ag,1). Moreover, (2.3) has a global attractor A, in y 5 , with

sup  sup ||wH 14a < 0O
a€l0,1) wEA,
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PARABOLIC APPROXIMATION OF DAMPED WAVE EQUATIONS 89

Proof: Let B be a bounded subset of Y 2%, Since F : Y 5% — Ya(lgﬁ), for some § < «,

it follows from the results in [7] that there exists 75 > 0 so that all solutions starting in

points of B must exist in [0, 75]. If we denote by [ZLL((?)} , the mild solution of (2.3) through
t

Ug U(T)
LO} € B and 7 € (0, 75) we have (see [7]) that SUp[u0 e p I th(T)} ||Y1+1Ea < 0.

Now, since Y1+ 2% € D(L), we have that
u(t) u(r)
<
for as long as the solution exists; that is,
1 9 1, 12 a T, . T v u(T)
Sluel? e+ 50l e + 5 cos Tl 5 — 81117/9/0 f(s)dsdw < £{ [Ut(ﬂ ).

By Poincaré’s inequality and (1.3),

1 2 1 2 _U(T)_) a Ta 9  ra u
o 11—« - 1+a g _ o N T
QHUtHX - +2HUHX% E( (7)) 5 €08 ||uHX31 + sin 2 /) f(s)dsdx
< ﬁ( ulr) )—Fsinﬂ// s)dsdx
[e(7)] > o)y I (5)
[u(r) | By o
S E( lug (7)) ) Tty JullX, u>0
()] 1, -t 2
S 5( s (7)) ) teut a7 oplull e, >0

Thus

1 — e 1 1 1
(1= 2 2 - 2 - 2 - 2
(LA )l e Sl e < Sl e+ Sl e < O [utm] ). >0,

4

and

o) st e < (1)

for as long as the solution exists.

).
14«

This ensures that the mild solution of the problem (2.3) passing through {ZO} ey =
0

at t = 0, does not blow up in the X 1 % X5 norm. Consequently, it does not blow up
in Y3 norm and it must exist for all ¢ > 0. Hence, we can define in Y *5* the nonlinear
semigroup {T,(t); t > 0} associated with (2.3). Also, the same reasoning leads to the
conclusion that orbits of bounded subsets of Y *5* are bounded subsets of ¥ "2*.
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Furthermore, the existence of global attractors now follows easily from the fact that the
set of equilibria of (2.3) is bounded and from the fact that the linear semigroup generated
by —A® is compact for « € (0,1).

Now, any global solution ¢ : R — Y% in the attractor A, is easily seen to be bounded
in Y+ (the proof of this fact can be reproduced from the proof of Lemma 3.1) and
converges backwards and forwards to the set of equilibria (due to gradient structure).
Hence sup, ¢ 4. L£(aa) < supgee L(E) =: L(E), where £ is the set of equilibria for (3.1).
Recall that;

Sz{EeXlxX; E = [(ﬂ with e satisfying — Ae = f(e), inQande:OinaQ}.

Consequently, £(€) is independent of o and computations similar to those done above
imply the uniform bounds. 0

LEMMA 3.1. Assume that f satisfies (1.2) with p € (1,822), a € (ap,1) and (1.3).

Then, the solutions of the problem (2.3) originating at a bounded subset B of YHTQ, be-
comes bounded in Y1+ 2%
3(1-5)

Proof: Let B be a bounded subset of Y™ 2* and [ZLO} € B. Since F : Y5 — Y =z,
0

for some % < B < a, is a Lipschitz map on bounded sets, there are constants C; > 0 and

C5 > 0 such that
t
Uo —A%t |Uo o= A (t=5) Uo
< 1-a
N R A N [y F (e [))
A%y A% (t—s) U
< e L} ] Iy / le= ¢ y 22 yreise H < vg )
—A%t o —A%(t—s) Uo
S P L [ /||e e [P (16! ])H s

P
< Oyt~ (memot 4 Cz/ (t —s)* 7" em0(t=) (H [“0} o+ 1) ds
0 Y 2

Vo
and the boundedness in Y 2* (Theorem 3.1) now implies the result. O

yi+is®

3(1 ﬂ)

COROLLARY 3.1. Assume that f satisfies (1.2) with p € (1, 322), a € (ap, 1) and (1.3).

Then, (2.3) is globally well posed in X2 x X and has a global attractor which coincide with
Aq-

4. CONVERGENCE OF THE LINEAR SEMIGROUPS
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The main purpose of this section is to prove Trotter-Kato type theorem for the conver-
gence of the linear semigroups. We start with a result of convergence of the resolvents.

PROPOSITION 4.1. Let A € C, with ReX > 0. The family {(A\ + A*)~ : a € [0,1)}
converges in the uniform operator topology of E(X% x X) to (A + A)~Y, as a tends to 1.

Proof: Note that to prove (A + A%)~! — (A + A)~! in the uniform operator topology
of £L(X2 x X) is equivalent to prove that

| sin %A%Dgl()\) — AT+ A) Yl gx) = 0,

and

[e3%

I(A + cos %A%)D—l(x) — AT+ A) Y 2x) = 0,
as o — 1, where A = —Ap with zero Dirichlet boundary conditions in L?(2).
Proof of first part: Observe that, for A € p(A) N p(B), we can write
N —-A) M -B) =AM -A) Y B -AHBW\ -B)™ " (4.1)

Furthermore, recall that

T(2—a) o _im2=a0) o

Da()\):)\21+2)\cos%A%—|—A°‘:()\—ei AT\ — eI AR,

for a € (0,1). Note that,

. w(2—a) .
eFTTT 540, as a— 1.

Additionally,
(A2 4 A) = (A —iAZ)(A+iA?).

. m(2—a)

For a € (0,1], we have A\e™*~ 2~ € p(A%) whenever Re\ > 0 (since o(A%) consists of
positive eigenvalues bounded away from zero). Remember that, since that A is positive
definite and self-adjoint, then so is A%, for all a > 0 (see [12, pg. 27]).

Thus, for each Re\ > 0 we get

PEICETY) _;7(2=0) o

D'V =(A—¢"7 AZ) T A—et T AR

[e3

A2+ A = (AN —iA2) T (A i)

and § < @ = \arg()\ei”(zga)” <.
From this, it follows that
sin%A%Dgl()\) —AT(\2 4 A)

T | o jm(2=a) jr2=a)

=sin - AT =TT AT T (A e T AT T - A (A —idR) T (At idE)
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To conclude, we only need to show that

(A — e ™AL (A4 iA3) 0, (4.2)

and
_ j7(2=) o g _ 1 o 1. 1

AN—e" 7 A2) Az (A —1iA2)7" — 0, (4.3)

as a — 1.
In fact, from (4.1) we have
(A= e ™ FTAT) T - (A4 iAz) !
— AT\ — eI AS) e T A AR AR () 1A
and
;m2=a)

AF)T (A —iAr)T

(A—e
a m(2—a cm(2—a
jr2=a) T 2=a)

=AS(A—e AR e ATE —ATE]AT (N - iAT) L

Observe that we can write

e TETATE AT e T A S AT e T A S
and
[T AT AT =TT AT — AT 4 [T — AT

Then, (4.2)-(4.3) follows from above and from the convergence of A~% to A~z in £(X)
(see, for example, Theorem II1.4.6.2 in [1]).

Proof of second part: Note that we can write

@

(M + cos ?A%)D*(A) — AN 4+ A4)

a jT(2—a)
T2

2)(A—e

i T(2—a)

:()\I+COS?A A%)()\—e fA%)*)\(/\*iA%)il()\+iA%)fl
Using the same idea of the first part, is not difficult to show that
(AL + cos %A%)D‘l(k) —AN+ AT 50, a— L

(o3
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Remark 4. 1. For each a > 0, A“ is closed and

o . —l4a
o1 Tu —cos 5t A2 u + sin 2 "
(A" D et = ¢ N D
v v|'X2xX . 1ta “ v|I'X2xX
—sin A7 u —cos A2
K 1ta 1 . T a 1
:—0057@4 2 u,A2u>X+51n7<A2U,A2u>X
T 14 yiye%

— sin 7<A7u,v>x — cos 7<A%v,v>x

2+4a

= — cos E(A T u,AHT&wX + sin %<A%’0,A%U>X

— sin %MX — cos %(A%v, ATv)x
Hence, for [ﬂ € D(A%) and « € [0,1],

a |U u yyes 2+a 2+a T« a a
Re(—A [v} , [vaéxx gfcos,?(A Ty, AT u)Xfcos7<A4v,A4v>X<O,

showing that —A® is dissipative. Noting that the equation

el

has, for each [u} € YV, a unique solution

Sl

yiyes —1+a

(1+COS%A%)D;1(1)ufsm7A Dl (1)e

sin %A”T“ DY (1)i + (1 + cos %A%)Dgl(l)ﬁ

we have, from Lumer-Phillips theorem that A% is the infinitesimal generator of Cy-semigroups
of contractions in Y.

If we denote by {e*Aat; t > 0} the linear semigroup generated by —A4%, 0 < a < 1, we
have the following result ensuring the convergence (uniform in compact subsets of Y and
in bounded intervals of R*) of (t,Up) +— e~ tUy to (t,Uy) — e~ MUy (see also, [6]).

THEOREM 4.1. Let J be a compact subset in Y'. Then, we have

—A%t

sup sup |le w— e Mwllyr =0, as a — 1,

weJ te[0,T)
where T > 0.
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Proof: Given € > 0 and T > 0, choosing 6 = €/4, n € N and {wy,ws,...,w,} in J, such
that J C U™, BY (w;), where BY (w;) denote the ball of radius & centered in w; in Y,
i =1,...,n. From Trotter-Kato theorem (see Pazy [17]), there exists ae = a(e) € (0,1)
such that

||eantwi - eiAt’U)iHyl < %a forallt € [0,T], a € (o, 1), i=1,...,n.

Now, if w € J and i € {1,2,...,n} is such that w € Bgﬂ(wi), we get

sup ||e_Aatw — e_Athyl < sup ||e_Aut(w —w;)|lyr + sup H(e‘Aut — e_At)wiHyl
te(0,T] te[0,T] t€[0,T

+ sup ||e_At(w—wi)||Y1

t€[0,T]
<20+ <=
5 = ¢
O
5. ASYMPTOTIC DYNAMICS

In this section, we will show that, for f satisfying (1.2) with p € (1, %), the solutions

of (2.3) converge (as « tends to 1) to global weak solutions of (1.4) (along subsequences
and in a sense to be specified). This procedure is similar to that of [9, Theorem 1.2].

Before we prove a result that we guarantee a Holder-type condition on the function f
(see [9, Lemma 2.2] for an analogous result).

THEOREM 5.1. Assume that f satisfies (1.2) with p € (1, 5%2), a € (a0, 1) (oo defined

in Theorem 3.1). Then, there is a constant C' > 0 such that, for 6 = W and for
all uy, ug € X%, we have

1) = Flua) | 1o < Cllur = ol g e = a g (14 a7 + w2l L)

Proof: First, observe that

and then

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



PARABOLIC APPROXIMATION OF DAMPED WAVE EQUATIONS 95

From this, using (1.2) and Hélder inequality, we get

1f(u1) = fu2)ll 10 < O f(ua) = fu2)l

2N
LN-1F3a (Q)

(1 + Hual 2N (p 1) + [[uz]” 2Nr*<p -1 )
S (0 5 (0)

— a

< Clluy — ua|

2Nr
LN=-1+3a ()

WM—mmJuwwvm+mmmM)

where r = (N—1+3aj)v—_(i)t?ic)¥(N—1—a)’ % + ri* =1 and s = (P*l)(Nflga)*(?)afl)' NOW, since
pe(l, %), it follows that
1-3 —D(N—-a-1)—Ba-1 1
@ _(p-DN-a-1)-@a-1) l+a
2 2 2
Thus, from the moment inequality we obtain that
L3 —2s
ur —uall 5 < Cla )||U1—U2|| e ||U1—U2|| 50 -

This completes the proof. O

1

_— X
Denote X 2 and X respectively by (), €l X5 and Uaerzn X5 . Now define the
space

yl= { [ } €eX?xX: sup ||uH 1t < oo} (5.1)
v (xe[s,l)
endowed with the norm

u
o] e = s e+ i o (52)
ae[é 1)

LeEMMA 5.1. Let o € (3,1). The norms lim ||u|| 1+a and sup ||u|| Lo 0N Xz are
a—1 aG[g,l)
equivalents.

Proof: First observe that if u € X5 then

T

ac 3

Then

lim fluf | rse < s lull 1o
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Furthermore, fix 5 such that % < B < 1. Then for all 5 < a < 1 we have that
1+
4

X < X5 Ifu e X5 there exists a constant ¢ > 0 (independent of «) such that

clull e <l o
This we obtain that

cllull e < lim Jful] 150
Now taking the supremum in § follows that

< 1 .
e 3 [l age < g ul o5

I
THEOREM 5.2. Let o € [3,1). Then the space X2 endowed with the norm lim1 Hu||X1{£
a—r
coincide with X2 .
Proof: Let u € X2 then u € X2 and

a—2
4

. . 4o . 11 1
lull ¢3 = lim flull s = lim |47 u]x = lim A" Adullx = [AZullx = ul -

By the other side, if u € X2 then u € X" and AT ue Xz foralla € [%, 1). Writing
U = A7 u for all o € [3,1) and using the fact that lim_,1 A5 ul|x = ||u||x we have

1+ —1ta’ lta
o = tiarl| o3 = A7 u— AT5 7wy = |45 u—A

S S,

and by reflexivity of the space X 2 we get

and this means that u € Xz. |

THEOREM 5.3. Let a € [4,1). Then the space X endowed with the norm O1(1_>m1 Hu||X1_Ta
coincide with X .

Proof: Observe that if u € Uae(é’l)leTa then u € X 4= for some a € (%, 1). This
implies that v € X. In particular, u € X 5 for some B > «. From this, we have

B-a 18
TAT ullx = Jfullx

el = lim, [l e = lim 14

Whereas if v = limy,_, 4 o0 Vo, in X where v,, € X5 for some a € (%, 1). Then

lullg = i flva, g = il ol ze = lim o, llx = Jullx.

n—+oo a—1 ——+0o0
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Furthermore, if x € X observe that

. a—1
Jullx = Tim [JA"T ul|x.
a—1-

Note that v, := ATy belongs to X7 and

-
|u—va|lx == 0,

we obtain that v € X. |

Remark 5. 1. From Theorems 5.2 and 5.3 we conclude that the space Y1, defined in (5.1)
endowed with the norm defined in (5.2) coincides with the space X z x X endowed with
the usual norm. Thus we obtain in Theorem 5.5 a result of existence of global solutions
for the problem (1.4) in the ‘natural’ space of waves Xz x X. But we continue using the
notation Y'' endowed with the norm defined in (5.2).

DEFINITION 5.1. A bounded function [ﬂ <-, ZO . [0,00) = Y is a global weak
0

solution of the problem (1.4) if m ( mD . [0,00) = Y and F ({Z] < [Zﬂ)) :

[0,00) = Y is continuous, for all o € (3, 1), and
¢
o ]) = e el [ereor (18] (s[i])) as toran ez 0 63
v Vo Vo 0 v Vo

THEOREM 5.4 (Arzeld-Ascoli).  Suppose that S is a separable metric space and that
M is a metric space. Let Z be an equicontinuous family in C(S; M) and {p,}nen be a
sequence in E such that for each s € S the closure of {¢n(s); n € N} is a compact subset

of M. Then there is a subsequence {¢n, }ren and ¢ € C(S; M) such that @n, gty ®
uniformly in compact subsets of S.

See [16, Section 7.10] for a proof.
To describe a class of global weak solutions of the problem (2.3) with & = 1 which are

obtained as limits of the solutions of (2.3) with & = @, — 1 we will prove the following
theorem.

THEOREM 5.5. Assume that [ satisfies (1.2) with p € (1, 3%2) and (1.3). Hence, if

n - n ~
a, — 17, {[Zg]} is a sequence in Y, {[2‘2}} is weakly (in Y1) convergent
01 ) neN 01 ) neN

to {uo} € Y! and B] (-, Bg} ,an> denotes the mild solution of (2.3) with a = ay,
0
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ng n
then there is a subsequence { {u] (~, {ugk} ,ank_>} of { {u] (', [“g} ,an>} and a
v Yo kEN v Yo neN

4

G
such that for oll T > 0,

- [0,00) = Y which is a global weak solution of the problem (1.4),

L () - 2] 0

{u] <t, [ugi} ,ank> wi? Lﬂ (t), for eacht € [0,T].
Yo

bounded function

— 0,
Y

sup
te[0,T]

and

v
n ~

Proof: Let [52] € B C Y!, where B is a bounded set. Observe that, the sequence
0

([ ) ven

is relatively compact in C([0,T7],Y), for all T > 0. In fact, since

() (< ] )y <o)

and, proceeding as in the proof of Theorem 3.1, given a,, € (ap,1) and ¢ > 0 there is a
constant Cp = C(B) > 0 such that

U Uy
< . .
HICEIED] RARERL o

In addition, from this and from (3.1) there exists Cp > 0 such that, for t > 0, a, € (g, 1)

sup sup
neN t2>0

n
and {ug} € B,
Yo
Uy Uug =
sup sup t| ol an < Op. (5.5)
neN >0 || [Vt Yo v
ug - U ug . .
In fact, for [vg] € BCY! and let Lj] (-, [Ug] , &) be the mild solution of the problem
0 0
with initial condition vg . Then
0
an . —ltan
up = —cos Tgr A2 u+sin TGr AT 0,
vy = —sin %AHZM u— cos "¢ A v — av + f(u).
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Observe that

U uy
1] [l = Bl + el .

and from (1.2), there exists a positive constant ¢ such that
[f($)] < (L +]s]7), Vs eR.

Consequently, we have that

Ty, |, —l+an
2

A

uyes an .
el xc < | cos == AT ulx + | sin vl x

< Nullgsp + Nl =sgon < crllull sp +ealfol | =sgon -

Ty,

an

A2

TQ, |, 14an
—_— 2

-1t || cos

< ull g sp + Mol zigpen +alloll -y + e+ flul? 1ea,)

u oll g+ llavl gy + IF@I

2

< ealllul grspn + 0l 1) + esllol] —sgon

Completing the proof of (5.5).
From (5.4) and (5.5), we obtain that family { {Z] (-, Bg
0
C([0,00),Y). It follows from Arzeld-Ascoli Theorem (Theorem 5.4) that, for each sequence

,ozn> } is equicontinuous on

n
{a,} convergent to 1 and { [22] } C B convergent in Y to BO} , there is a subsequence
0 neN 0

{an, } and a function [:ﬂ € C([0,00),Y) such that

HIQESIRHE

Furthermore, as a consequence of (5.4), for each 8 € (ag,1),

— 0, for each T > 0. (5.6)
Y

sup
te[0,7)

L, <C (5.7)
Y 2

) o(t)
aup s [0

Given § € (0,1), (5.4), (5.6), (5.7) and the momentum inequality imply that

BIQENRHE

hoge 0, for each T > 0.

Y8

sup
t€[0,T]
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It remains to prove that {(p] satisfies

G
m 0 =™ [iggﬂ * /Ot e MmIF (Lﬂ (s)) ds, forall t>0.  (58)

Remember that

n n t n
o L] o) = [l [emem (B (5[] o))
v ) ) 0 v ’UO_

From Theorem 4.1 we only have to prove that

¢ —Aa"k(t—s)F U ng d k—oo ! —A(t—s)F _QO(S) d
/O & v S, ng y Olny, s — /0 & _1[)(3) S,

in Y, uniformly for ¢ € [0,7T]. Using again Theorem 4.1, it is sufficient that
u ug® k—oo ©(s)
P (F] G [ ) =2 ([55]),

in Y, uniformly for s € [0, T]. This is obtained in the following manner. If » > 0 is such
that

u ug o(s)

S’ mn 7a’l’L

o] ] o)

then proceeding as in the proof of Corollary 2.1 and using Theorem 5.1, we get
ul (4 [u0* (el H
I (B (- () o) = () D e
ug™
s (o - ] o)) - 5
ugk 1-6 ugk (4
< c ‘u S, ng yQny, | — SD(S)HX# ufs, ,ng y Oy, | — (P(S)HXLZJ.
ng P*l
- (1 o (s [ )| ||so<s>||m>
Yo X1 X4

ugk 1-6 9 1
< Olfu (5 28] e ) = 0(9)]| | smss 21)° (14 2070,
’UO X 4

148 7
Y 2

}<r7 66(0{071)

sup sup max{’

neN sef0,7] 32

Y

where 6 € (0,1) is given in Lemma 5.1. This completes the proof. O

THEOREM 5.6.  Suppose that f satisfies (1.2) with p € (1,3%2) and (1.3). Choose

oo > § such that p € (1, %) for all a € (g, 1). Then, there is an ro > 0 such that
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for any B bounded in Y there is a time tg > 0 such that

u Uo vt Ug
LLJ <t, L}J ,a) € B,, (0) forall t>tp, L}J € B, «ac€(agl).

Proof: For ¢ € (0, %], we define the functional L5 : X 1 x X 7% — R, by

P]HQ<VD:£(VD+5 A'F g, V}ev”xxvn
Ut Ut Ut Q Uy

where £: X 1% x X 1 — R was given in (3.5).
From (1.3), it follows that for all 4 > 0

—sin [ [ ps)asdn > —sin T e+ Bl
2 JalJo 2 2

for all @ € (g, 1). Let ¢1, ¢2,¢3 > 0 be constants of embeddings for X =
and X 1* Cc X z° (where we have used that «
For any 0 < § < 40 o we obtain

C X, X5 cX
> %), respectively.

1 —a
—5 [l e+ 1011 }<54A%wwx<gw@%gﬂw@

—_

]
4
which leads to

3 1 1 —a
S g+ 1012 0 ] < S0 g + G 0 425 [ Ao

. (5.9)
2 2 2
S (e e

For p € (uq, ﬁ) and § < min{’5 7t

e ([]) =t

+ 5/ AkTauutdx
Q

36 L1 we obtain that, for a € (ag, 1),

5 a  ma, e “
L cos Z w2, — sin — dsd
H || L 508 ||u||XZ sin = /Q/O f(s)dsdz

1 1 . To I 0, 1-a 1)
> Sl e+ 5l e = sin S (e S ) = 314wl — S el
1 c oc (5c
> Sl s+ S0l g = (o + Bl 1) = SR sa — 2 1o

that is, for 9, = l_i‘cl,

u
o ([ ]) 2 m (10l e + Tl ) = (5.10)
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Writingt f(s) = fo(s) + f(0) (in a similar way as [9]) with

for all B] e X x X,
[fo(s)] <e(|s]f + |s]), s €R,
for some ¢ > 0 we can find a constant ¢ > 1 such that

X

u
- / / fo(s)dsdz < ellull? 1ea (1+ [ul* L)
aJo X4 4

and, we have seen in Theorem 3.1 that, given r > 0 there is a constant ¢(r) such that, if

o s] CBa] o) L )

<rt> O} < ().

14a 14a
Y 3 Yy 3
Hence
ch// fo(s)dsdr < [Jull® 11 (5.11)
aJo X 1

for |\u||X# <c(r) and d = er)p,l) Sod<1.
These properties of L5 and f lead to the following: let Lit} (t, [uo} ,a) ([;ﬂ for short)
t
be the solution of (2.3). Then, from (3.3) follows that

d l1-a l-a l-oa
@/A T uugdr = (A2 ug, ug) r2(0) + (U, A2 U)o ()
Q
o 1 1o
= el 1o — (w2 c0s T AZur) 20y — (u, A7 u) 12
l1—a ™D 1 . T

—(u,aA™2 ug) 2y — (u,acos 7Aéu>L2(Q) + (u,sin 7f(u)>Lz(Q)
o [ eAbuds P
2 o) X 4

1-a e e
_a/QuA 2 utda:‘—aCOS?HUHX% +Sln7/ﬂf(u)udx.

= ||ut||§(1% —2cos

Fix p € (u1, é) Note that

sin% Quf(u)dx < N01H“||i(1+7a +Cps

and, for any € > 0,

2

1
<ellul? sa + =lluel? 1a,
X4 € X

T 1
cos — [ uA2uidx
2 Ja

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC
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and

C
2 <earllull? o + Zluel? 1o
X1 g X 4

/ AlfTauutdx
Q

It follows that

d 1-a aecs 9 T
%/QA z yupdr < —(1 —em 5~ ,u81> ||uHX1+Ta - acos?||u||xi .12
(142 2wl s v |
“+ —=)u o .
e 2 R

From (3.4) and (5.12), we get

d i ascy 9 ST
%55 ([W]) < —6(1 — ucy — € — T)HuHXHTa — da cos 7”””)(%

_ ( 1) dacs

R — —_— —— 2 C
- é 5 )||ut||leTa—|—5cu.

Fix a € (ap, 1), and € > 0 so that 17% > e+ 5% and then § > 0 so that § > g—l—é—l—‘sg%.
Thus

d u 1—per ) 9 a 9 T, g _
&&s ([W]) <=6 5 ||u||X1+Ta - §||ut||X1,Ta — da cos 7”u||xi +0¢,.

Now, for ng = min{%,é%ﬂé},

d u 9 9 a ma, _
=L (M) <= ([l 1o + el 1o+ 5 00 T ul2 ) + 02 (5.13)

Let ||u0||X1+Ta + HUOHleTa < r. Then, from (5.11),

LY 2 Yo md [ " ;
2 (1l s+l ) < 25 [ [ s+ o)

Using that a € (ag, 1), we have

. T
g (el g+ el e ) < = sim 7 (ol g+ el 12 )

sinﬂ// f(s)dsdx + C(n,d,r).
2 JalJo

< 2=
2

Publicado pelo ICMC-USP
Sob a supervisio CPq/ICMC



104 F. D. M. BEZERRA, A. N. CARVALHO AND M. J. D. NASCIMENTO
Then, it follows from (5.9) and (5.13) that
d U 1 9 a To 9 _
%56 <[Ut]> < —772<7Hu|| 140 + o + 5 €os 7”””)&) +d¢,
d
—|—nis' // f(s)dsdx + C(n,d,r)

d a
< TR (Gl g+ gl i + G oos Ty 40 [ 45 o)

2
+nids' //f Ydsdx + C,,

a1 v

From this we obtain that

1
sl s

ul® e + ue%, 1e < MeT™" 4 N,
Then,
u —
o1 <
] 15 <

O

From Theorem 3.11 in [6] we obtain the continuity of nonlinear semigroups, as a goes to 1,
using the continuity of linear semigroups and variation of constants formula. Furthermore,
we have that the attractors are upper semicontinuous at & = 1 by Proposition 4.1 in [6].

Now, we define the set A consisting of the (weak in Y'!) limit points of the solutions of
(2.3) with a — 1

A= { {i}] : there are sequences t,, — oo, { [u”

n

and o, — 1 such that {u] (tn, {un} ,an> w_—%l {w] } )
v Up z

In the next we will denote the ball Bgl (0) given in the Theorem 5.6 by By.

] } bounded in Y,
(5.14)

DEFINITION 5.2. Lﬁ] € LS if and only if one of the following conditions holds.

(i) Lﬂ (0) € A and [Z] is a global weak solution of (2.3) with o = 1 being (uniform for

t in compact subsets of [0,00)) limit in Y of a sequence of solutions of (2.3) of the form

v (t, v (tn, Un , ), Qi ), Where ¢, — 00, a,, — 1 and Un b - By;
v Up

v n
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PARABOLIC APPROXIMATION OF DAMPED WAVE EQUATIONS 105

(i) [(ﬂ (0) € Y\ A and [:ﬂ is a global weak solution of (2.3) with & = 1 being (uniform
for ¢ in compact subsets of [0, 00)) limit in Y of a sequence of solutions of (2.3) of the form

{Z] (-, [i((gﬂ , ), where ¢, — oo, where «,, — 1.

Next we show that the class £LS has bounded dissipativeness property in Y! and that the
set A, defined in (5.14) is an ‘attractor’ for the limit problem (1.4) restricted class LS; that
is, we show that it is a closed bounded invariant subset of Y, which is weakly compact in
Y'! and compact in H{SI}(Q) x H*71(Q), s € [0,1). Moreover A attracts bounded subset

of Y in Hip () x H*=1(Q), for each s € [0,1). The proof of the next result follows using

the same argument of the proof of Theorem 1.6 in [9].

THEOREM 5.7. Under the assumptions of Theorem 5.5, LS has the following properties:

¥ Vo
(ii)( Bounded dissipative) there is a bounded subset By of Y such that for any B bounded

in Y, each i from the class LS with [z] (0) € B enters By in a certain time 7g > 0

(i)( Existence) given [Zﬂ €Y there exists Lﬂ € LS with [é] (0) = {uo} ;

and stays in By for allt > Tp;
(iii)( Attractor) the set A is a closed bounded subset in Y which satisfies

(a)(Compactness) A is weakly compact in Y and strongly compact in Hip, () x
H*=Y(Q) for any s € [0,1],
(b)(Invariance)

{L‘ﬂ (): m € s, Lﬂ (0) € A, t>o} cA

and for each [Qﬂ € A and any t > 0 there is a certain Lﬂ (0) € A such that Lﬂ (t) = [w} ’

(¢)(Attracting property)

. u w (o)
sup inf || [U} (t) — L] [, @) xm-1(2) =% ), (5.15)
u u w
{ :|€£S,|: }(O)GB €A
v v z

for any set B bounded in Y and each s € [0,1] and o € [+,1).
3

Proof: Part (i) follows from Theorem 5.5 and part (ii) follows from Theorem 5.6. For
part (iii), let us first prove compactness properties in part (iii)-(a). If By is the uniformly
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absorbing set, then from Theorem 5.6 A is contained in By, By is contained in Y! and
Y1l is separable. Therefore, it suffices to prove that A is sequentially weakly compact.
Hence, given a sequence {[%"]} C A, taking subsequences if necessary, we may assume
that there is a [¥] € Y! such that [¥"] — [¥], as n — oo, weakly in Y and strongly
in Y. Since each [{"]is in A, thereis a t, >n, 1 —a, < %L and [y"] € By such that
[ 1%] (tn, [on ], ) —[ %7 ] ly < %. Thus, there are sequences t,, — 00, a, — 00 and {[ %7 ]}
in By such that

[g] (tna[z:]aan) - [Z)] as n — o0

Unm

strongly in Y. Since only finitely many elements of the sequence {[4] (tn,[%" ], o)} may
be outside B; we also conclude that it contains a subsequence weakly convergent in Y.
This proves that [%] € A and that A is weakly compact in Y1 and strongly compact in
Y* for s € [0,1). Closedness of A in Y is straightforward.

For the proof of ‘positive invariance’ part in (iii)-(b) choose Lﬂ € LS with [;ﬂ (0) € A.

From the first case in Definition 5.2 we infer that

there is a sequence of the solutions of (2.3)
of the form [¥] (¢, [%] (tn, [ ], @n), n), Where

tn 00, an /1 and {[%"]} C By, such that (5.16)
“ w, L2(Q)xH™Y(Q)
IR b I R S

10

uniformly for ¢ in compact subsets of [0, c0).

By Theorem 5.6, for each fixed ¢ > 0, all but finitely many elements of {[] (¢t + t,, 2" ], an)}
are in By and the elements [;ﬂ (t) in (5.16) can be thus viewed as weak limit in Y1 of

a certain subsequence of {[%](t + tn,[v"],an)}. Recalling (5.14) we thus conclude that

[ ;ﬂ (t) € A
As for the ‘negative invariance’ part in (iii)-(b) choose [¥] € A and apply (5.14) to infer
that

“ w—H} (Q)x L2 ()
D], 0] am) (7]

for certain t,, oo, {[v"]} C Bo and a,, 1. By Theorem 5.6, for each fixed s > 0, all

but finitely many elements of {[¥] (¢, — s,[s"],an)} are in By. We can argue as in first

part of the proof to conclude that all but finitely many elements of {[%] (¢, — s, [v"],an)}
are in B, where B; is a bounded set in Y'. Hence, whenever s > 0 is fixed, a suitable

subsequence {ny} can be chosen for which

all elements of {[] (tn, — s, [Z::] , Q. )} are in By,

(4] (fns [onF ], oty ) — [¥] strongly in Y and weakly in Y, (5.17)

’Unk

(4] (tn, — 8, [0n¥ ], o, ) — [2] strongly in Y and weakly in Y.

Ung,
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Therefore, recalling (5.14), we have

(2] € A. (5.18)
We also infer from Theorem 5.5 that there is a certain subsequence {ng, } and a bounded
function L‘g] 1 [0,00) = H(Q) x L*(£2), being a global weak solution of (2.3) with a = 1,
such that

) (618 (g, — 52 [t | )y, ) = [ 2] @) (5.19)

uniformly on compact subintervals of [0, 00); in particular
2] @ =r2]. (5.20)

Recalling Definition 5.2 we infer from the properties (5.17)-(5.20) that [ } € LS. Since

o

RSHRCNY

1=

Un Un
[%] (57 “}L] (tnkl -5 {Un:ll} 7ankl)’ankl) = [g] (tnkl? |:'U'n:; } 7a'ﬂkl)

and (5.17) holds, we obtain that actually {;ﬂ (s)=1[Y%]

To prove part (iii)-(c), suppose now that (5.15) fails. Hence, there exists ¢ > 0, bounded
subset B of Y1, s € [0,1), and sequences t, —3 oo, {m:}} C LS with {{i:] 0} cB
such that for each n € N

inf [ [90] (ta) = 1211

[¥]ea

z

ye > € (5.21)

From part (ii) we can assume, without loss of generality, that {[iﬂ (tn)} C Bp whereas
from (5.21) and ‘positive invariance’ part in (iii)-(b) we have that { [i:} (0)} € Y1\ A which
allows us to restrict our attention to the second case in Definition 5.2. By Definition 5.2,

for each fixed n € N, there exists [, ] = [i:} (0) € Band 0 < 1— o, < + such that

sup || [92] () = 118 T )y <
te[0,tn]

1
—. 5.22
! (5.22)
From Theorem 5.6 we know that, for some tg > 0, [¥] (¢, [v"],an) € By for t > tp.
Therefore, we can choose a subsequence {[%] (., [vr* |, any, )} convergent weakly in Y
to a certain [?] € Y.

Since [4] (tn,, [Z::] JOn,) = [¥] (tnk —tp,[v] (tB, [:j"’;] ,ank),ank) we have [‘;] € A

Un
Therefore, via (5.22), after choosing subsequences [ ] (¢, ; i } ; iy, ) convergent in Y
. ,

@n . . Pn S . .
and [wzz ] (tn,,) convergent in Y* we obtain that [w: ] (tny,) LN (], which contradicts

(5.21). 1

v"k‘,
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Now, we will show that the global attractors behaves continuously at o« = 1. For this,
it remains only to show lower semicontinuity of the global attractors. We assume that
nonlinearities f satisfies (1.2) with p < - and (1.3) and that the equilibrium of the
problem (1.4) are all hyperbolic (as in [10]) and, consequently, there are finitely many of
them. The continuity of the equilibria as « varies is immediate and the continuity of the
local unstable manifolds follows from Theorem 5.13 in [6]. The lower semicontinuity of the

global attractors at a = 1 now follows from Theorem 6.1 in [6].
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