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The main object of this paper is to find necessary and sufficient conditions
for a 1: —4 resonant system of the form

&=z —a10z® — agrzy — a12y>, Y= —4dy + ba,_12% + biozy + bo1y>.

to have a center at the origin. Since applying a linear change of variables
any system of this form can be transformed either to system with a19 = 1 or
a10 = 0 only these two cases are considered. When ajo = 1 there appear 46
resonant center conditions and for a;g = 0 there are 9 center conditions. The
necessary conditions are obtained using modular arithmetics. The sufficiency
of each obtained condition is proven using a local analytic first integral - to
find it or prove its existence distinct criteria are used.  October, 2013 ICMC-USP
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218 B. FERCEC, J. GINE, M. MENCINGER AND R. OLIVEIRA

1. INTRODUCTION

In this paper we consider differential autonomous systems in C2 of the form

where p,q € N and P and @ are complex polynomials. In particular, we consider the case
p =1, g =4 and P, @ being quadratic polynomials. The main goal of the paper is to
determine when the elementary singular point located at the origin is a resonant center
where the definition of a resonant center comes from Dulac [10].

DEFINITION 1.1. A p: —q resonant elementary singular point of analytic system (1.1)
is a resonant center if there exists a local analytic first integral of the form

(x,y) =2+ > biqrpr’y". (1.2)
Jjt+k>pt+q+1

The p : —q resonant center is a generalization of the concept of a real center to systems
of differential equations in C? of the form (1.1); see for instance [4, 8, 30]. The classical
real center (which originates from the work of Poincaré and Lyapunov [23, 27]) was studied
by several authors (see e.g. [3, 10, 16] and [12] for some other generalizations). Note that
the 1 : —1 resonant center in (see, for instance [30] for more details) C? is actually the
complexification of the classical real planar center [10]. The saddle-node and the node case
were studied in [32, 34]. The study of p : —¢ resonant centers is relatively new (see e.g.
(2, 8, 17, 24, 25, 29, 34] and the references given there). Two general cases of the form
¢ <0< p, GCD(p,q) = 1 which have been solved completely are the 1 : —1 resonant cases
with quadratic and homogeneous cubic nonlinearities [5, 10, 31]. The investigation of center
cases for 1 : —2 resonance of quadratic systems is practically sure that is completed in [14].
The same happens for the center cases for 1 : —3 resonance, see [9]. The 1: —4 resonance
presented in this paper is in the actual limit of the current computational facilities. The
objective is to have the classification of lower resonances in order to use them for the study
of particular systems with higher resonances via blow-up transformations.

The most studied resonant centers in (1.1) are the 1 : —\ quadratic Lotka-Volterra
systems, i.e. systems of the form & = (1 + az + by), ¢ = y(—A+ cx + dy), see [6]. In
[21] certain sufficient conditions for integrability and linearizability for general A € N and
necessary and sufficient conditions for A = £ and for A = % (with p € N) are presented.
Cases 3 : —4 and 3 : —5 are studied in [24]. Recently, the integrability of the Lotka-Volterra
type systems (1.1) are studied in [15, 18, 25].

Inside the 1 : —1 resonance centers, the case when P and () are homogeneous quintic
nonlinearities have been studied in [13, 19] but not finished. Concerning the generalized
p : —q resonant center many papers are considering 1 : —¢ and 2 : —q resonant centers (with
mostly homogeneous quadratic, cubic or quartic nonlinearities added); see e.g. [2, 8]. In
[34] for the general p : —g resonant quadratic case there are exhibited fifteen independent
sufficient conditions for existence of a center, along with the corresponding first integrals
for each one.
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THE CENTER PROBLEM 219

In [2] the 1 : —q resonant center problem for certain cubic Lotka-Volterra system was
studied for integers ¢ < 9. For odd ¢ < 9 the authors obtained necessary and sufficient
conditions for existence of a center, whilst for even ¢ < 9 only necessary conditions were
obtained. This may indicate that the analysis of a 1 : —g resonant center might be more
difficult for ¢ being even. The computational difficulties which occur when performing
computations with Computer Algebra Systems (CAS) SINGULAR and MATHEMATICA for
the present paper may definitely confirm this idea.

By the definition any nonconstant differentiable complex function which is constant on
trajectories of (1.1) is a first integral of (1.1):

i G o Pla) + 5 (~ay + Qo) =0 (1.3

Throughout the work P and @ are assumed to be quadratic polynomials.
Thus, we can write system (1.1) in the form

n—1 n—1

d=pr— Y apndTyF, g=—qut D beafy Tt (1.4)
Jthk=1 itk=1
j>-1 j>-1

According to Definition 1.1 to find conditions for existence of a resonant center of a p : —¢q
resonant elementary singular point of system (1.4) we look for a formal series in the form
(1.2) satisfying (1.3). In other words, the approach is based on computing the saddle
quantities [2, 5, 8, 14, 29, 34], giq,kp, Which are polynomials in the coefficients a; ;, b; ; of
(1.4) with the property that a formal first integral (1.3) exists if and only if every saddle
quantity gqkp vanish on the coefficients of (1.4), that is if and only if the coefficients a; ;,
bi; of (1.4) lie in the variety V(B) in C(+9(™=1) of the (Bautin) ideal

B = <gkq7kp ke N>

in the polynomial ring Cla10, a1, @12, ..., b2,—1,b10, bo1] which we abbreviate to Cla, b].
Therefore, to start the computational process we write down the initial string of (1.2)
up to order 2N + 1

2N+1
Yoni1(z,y) = 2P + Z Y- (1.5)
Jt+k=p+q+1

Then for each i = p+¢g+1,...,2N + 1 we equate coefficients of terms of order i in the
expression

Yan+1

%(px—i—P(x,y)) + %(—qy-&-@(w,y))- (1.6)

ox
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220 B. FERCEC, J. GINE, M. MENCINGER AND R. OLIVEIRA

Now let denote the coefficients of z*1+9yk2*+P in (1.6) by gx, x, and set them to be zero for
k1 + ko < 0. For ky + ko > 1 they are given [30, p. 117] recursively by:

k1 k2 :(pkl - qk2)¢k1,k2—
ki+ko—1
- Z [(Zl + Q)ak1*i17k2*i2 - (Z'Q +p)bk1*i17k2*i2]¢i1,i2'

i1+ig=0
112—q,i22—p

(1.7)

The coefficients g, k, defined in (1.7) can obviously be set to zero, as long as ki and ks
satisfy the conditions k1 # kq and ko # kp (note that setting g, r, to zero determines the
coefficient ¢, x, by the previous ones, ¢;, i,, as defined in (1.7) - using initial condition
¢0,0 = 1). However, the coefficients grqxp (i-€. gry ko for ki = kq and ko = kp) cannot
be set to zero just by choosing a certain value for ¢;, ;,. Therefore, the corresponding
polynomials for giq.xp are defined to be the saddle quantities:

kq+kp—1
Gkakp = Y, (i1 + Qkg—iy kp—in — (i + P)Drqis kp—is]Bir in- (1.8)

i14ig=0
112—q,i22>2—p

Obviously, if for a fixed system (1.4) with the coefficients (a*, b*), we have grq kp(a®,b*) =0
for all k& € N, then we obtain a formal first integral ¥ defined in (1.5). Therefore to find
necessary conditions for existence of formal first integral we need to find the set of all
parameters (a,b) where all polynomials giq kp vanish, i.e. to find the variety of the Bautin
ideal B. By the Hilbert Basis Theorem (see e.g. [30, Th. 1.1.6]) the ideal B is finitely
generated, i.e. there exists K € N such that B = Bk, where Bx = (gqip : 1 < k < K).
Therefore, we have to find first few saddle quantities and then to compute the variety of
the ideal they generate, where the variety of the ideal generated by polynomials fi,... fs
is the set of common solutions of polynomial system f; =0,..., fs =0, i.e.

V({f1,... fs))={a=(a1,...an) €K": fi(a) =0, forevery i=1,...,s}.

The variety of the ideal B, V(B), is called a center variety. In the following two sections
we consider necessary and sufficient conditions for the existence of a 1 : —4 resonant center
for system 1.4 with quadratic nonlinearities.

2. STATEMENT OF THE MAIN RESULTS

Let us consider system (1.4) for p =1, ¢ = 4 and P, @ being quadratic polynomials:

. 2 2
=T — a10T" — ao1TY — a—12Y

) ) ) (2.1)
Yy = 74y + b27_1$ + bloxy =+ b01y 3
where x,y, ai;,b;; € C.
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First note that using a linear transformation every system (2.1) can be transformed
to either a system (2.1) with @19 = 1 or a;o = 0. In both cases the (minimal primary)
decomposition of the corresponding ideal By cannot be performed in polynomial rings of
characteristic zero, i.e. in the ring Q[a, ] (where [a,b] denotes the coefficients of system
(2.1)). However, it becomes possible in the polynomial ring of a proper prime characteristic,
i.e. in Zy[a,b]. See more details in the proof of Theorem 2.1, in Section 3.

The necessary conditions for a;9 = 1 and a;g = 0 are considered in the following two
theorems:

THEOREM 2.1. System (2.1) with a19 = 1 has a 1 : —4 resonant center at the origin if
one of the following 46 conditions holds:

1)aor = a_12 = 6b3g — 18b10 + borbe,_1 + 12 =0;

2)ap1 = a_12 = 4b3y — 12b1o + 9bo1ba,_1 = 0;

3)5b10 — 4 = 4ao1 + Tbo1 = a—12 = 25bo1b2,—1 +24 = 0;
4)19b10 — 8 = 4ao1 + Thor = a—12 = 361bo1b2,—1 + 168 = 0;
5)13b1o — 16 = 4ao1 + Tbo1 = a—12 = 169bo1b2,—1 + 72 = 0;
6)7bio + 1 = dao1 + Thor = a_12 = 49bo1ba, 1 + 12 = 0;
7)b2,—1 = a—12 = —4ao1 — 3bo1 + bo1bio = 0;

8)bio — 1 = ao1 — bo1 = a_12 = 49bg1ba 1 — 24 = 0;

9)23b1g — 14 = ap1 — bor = a—12 = 529bg1b2,—1 — 168 = 0;
10)b1o = 4ao1 + 3bo1 = a—12 = 0;

11)19b10 — 16 = 4ao1 + 11bo1 = a—12 = 361bo1b2,—1 + 168 = 0;
12)23b1o0 — 22 = ao1 — 2bo1 = a—12 = 529bo1b2,—1 — 168 = 0;
13)b1o — 5 = 2a01 — bo1 = a—12 = 0;

14)ba,—1=bio—1=0;

15)ba,—1 = big = 0;

16)b2,—1 = big —2=0;

17)13b1o — 16 = 338a01b2,—1 + 169bo1b2,—1 — 180 = 108ao1 + Ybo1 + 65a_12b2,—1 =

= 1872a4; + 1092bg1ao1 + 78b5, + 600a_12 = 0;
18)—15b10 + 19a01b2,—1 + 11bo1b2,—1 + 6 = 120 — 300b10 + 1141)?0 + 49b91b2,-1 =
= 18a01b10 — 48ap1 — 18bg1 + 12bg1b10 — 7a,12b2’,1 =72 —2232b1g + 13291)01()2,714—

+570b01b10ba,—1 — 2527a_12b5, 1 = 3192a01 + 1674bo1 — 1221bo1b10 + 38a_12b2, 1+
+105bg1b2, 1 + 1083a_12b10b2, 1 = 504ad; — 144a_12 + 42a01bo1 — 45b3; + 306a_12b10+
= 30b31b10 — 133a_12bo1ba, 1 = 72a3; 4+ 96a01a_12 + Hdagbor + 36a_12bo1 + ao1bg:+
—15a_12bo1b10 + 17a% 19b2, 1 = 0;
19)bs 1 = bio — 8 = dagy — Hbor = 0;
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222 B. FERCEC, J. GINE, M. MENCINGER AND R. OLIVEIRA

20)1)2,71 =bio—3=ao = 0,’

21)b01 = ap1 = a4-12 = 0;

22)61b10—92 = Tao1+bor = 3721bg1ba, 1 —4116 = 427a_12b2_1 —27bo1 = 549b3; —9604a_12 = 0;

28)131b1g — 112 = 36a01 — 97bo1 = 17161bo1b2,—1 — 4536 = 131la_12b2,—1 — 56bo1 = 131063, —
810,712 = 0;

24)8b10 + 9 = 19ao1 + 12bo1 = 32bo1be,—1 — 57 = 152a_12ba,—1 — 27bo1 = 36b3; — 361la_12 = 0;
25)22b10—9 = 53a01+54bo1 = 121bg1b2,—1+159 = 583a_12b2,—1 —108bo1 = 396b3; +2809a_12 =

0;

26)191b1o — 72 = 4aos + 177bor = 36481bo1ba, 1 + 504 = 1134bo1 + 191a_12bs 1 = 171963, —
4a_12 = 0;

27)b10 — 12 = 2ap1 — 9bo1 = 2b01b2,_1 +3= 2a_12b27_1 — 2Tbgr = 9b81 +a_12 =0y

28)51)10 — 4 = 2a01 — 9()01 = 50b01b2,71 — 9= 100,7121)2,71 — 9b01 = 5b31 —a_12 = 0,’

29)23b1o — 31 = 3ao1 + 4bor = 529bo1ba,—1 + 216 = 23a_12b2,_1 — 48bg; = 46b3; + Ya_12 = 0;

30)38b1o — 81 = 107ao1 + 6bor = 361borba, 1 — 321 = 2033a_12bs 1 — 108by; = 684b3, —
11449a_12 = 0;

31)13b1o — 6 = 2a01 — 9bo1 = 1352bg1ba, 1 — 147 = 52a_12ba, 1 — 27boy = 234b3; — 49a_12 = 0;

32)19b1o — 28 = 3laogs + 23bor = 361bo1ba,—1 + 2604 = 589a_12ba,_1 — 189boy = 17163, +
3844a_15 = 0;

33)b10 —12 = 38(101 — 21b01 = b01b2,71 + 114 = 380,71262’71 — 63b01 = 21b%1 + 14440,712 = 0,‘

34 )4b10—3 = 148ag1 —81bo1 = 256bo1ba,_1—111 = 27bo1+148a_12bs,_1 = 576b2,+1369a_12 = 0;

35)1”)1() — 27 = ao1 + 3bo1 = 121()01()2771 + 24 = 11€L712b2771 — 36b01 = 33b31 + 26L712 = 0;

96)121b10—97 = a1 +28bo1 = 14641boy by, 1 +504 = 504bo; +121a_12bs, 1 = 12163 —a_12 = 0;

87)4bio — 3 = 3ao1 — 41bo1 = 392bo1ba,—1 — 27 = 14a_12ba,—1 — 39bo1 = 364b3; — Ya_12 = 0;

38)71b10+8 = 22a01+31bo1 = 5041bg1b2,—1+1584 = T81la_12b2,—1—81bg1 = 639b31+1936a,12 =
0;

39)57byo — 44 = ag1 — 3Tbo1 = 1083bo1ba, 1 — 28 = 19a_12ba 1 — 119b0y = 96963, — 4a_12 = 0;

40)89b1o — 248 = 58ags — bor = T921bg1ba, 1 — 4176 = 2581a_12bs 1 — 81bor = 80162, —
13456a_12 = 0;

41)11b1o + 8 = Taor + bor = 121bo1ba,—1 + 84 = T7a_12bs,—1 — 27bo1 = 99b3; + 196a_12 = 0;

42)ba,—1 = 2bio + 1 = bo1 = ao1 = 0;

48)ba,—1 = 2b1o — 1 = bo1 = ao1 = 0;

44)ba,—1 = 2b1o — 5 =bo1 = ao1 =0;

45)ba,—1 = 2b1o — 3 = bo1 = ao1 = 0;

46)—18346b1o + 17857bo1b2,—1 + 7100 = 10027b1o + 17857ag1b2,—1 — 14708 = —36738a01 —
25857bo1 +262753a_12b2,—1 = 2551b%9 — 5224b10 + 1594 = —7966a01 — 440739b01 + 262753b01b10 =
525506b10a01 — 194666001 +60473bo1 = 819531 +3606a_12 —9670a_12b10 = 788b10a_12 —209a_ 12+
819a01bo1 = 1638a3; — 9355a_12 + 5469a_12b1o = 0.

THEOREM 2.2. System (2.1) with aj0 = 0 has a 1 : —4 resonant center at the origin if
and only if one of the following 9 conditions holds:
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1)bg, 1 =b1p=0;

2)ba,_1 =bp1 = a—12 = 0;

3)agr = a_12 = 6b3 + borba _1 = 0;

4)apr = a_19 = 4b3; + Ibg1ba _1 = 0;

5)bor = ap1 = a_12 = 0;

6)b1o = 2a01 — bo1 = a_12 = 0;

7)b1o = 4apr + 3bor = a_12 = 0;

8)b1o = 2a91 + by = a—_12 = 0;

9)19ap1+11by; = 114b%0+49b01b2,_1 = 30bo1b10—133a_12b2 1 = 35b31+361a_12b10 =0y

3. PROOFS OF THE MAIN RESULTS

In this section we prove the main results of this paper: Theorems 2.1 and 2.2. Since the
Darboux method of integration is the main tool for proving the sufficiency of the conditions
in Theorems 2.1 and 2.2 let first recall some definitions concerning this method. Note also
that it is commonly used as a tool for investigating the center problem [8, 12, 30]. In this
section we use it to prove the existence of first integrals in most cases of polynomial systems
(2.1) listed in Theorems 2.1 and 2.2. The method is in details described in [30]. A good
survey of recent applications of Darboux method to polynomial systems in R™ and C™ is
also [26]. We apply the method to system (2.1) and set P (Q) for x — a2 —ag1 vy —a_ 129>
(—4y + ba,_12% + biowy + bo1y?), respectively. Thus, system (2.1) is now written as

x:P(xvy)v y:Q(%y), (31)

where z,y € C, P and @ are polynomials without constant terms that have no nonconstant
common factor, and m = max(deg(P), deg(Q)).
We define the algebraic partial integral or Darbouz factor of system (3.1) to be a poly-
nomial f(z,y) such that
of 5 0f 5
JprYo=k
gl T 8yQ f;
where K(z,y) is called a cofactor. It turns out that K(z,y) is a polynomial of degree at
most m — 1.
An integrating factor on an open set ) for system (3.1) is a differentiable function p(z,y)
on (2 such that

op = O~ ~ o~
%P+@Q——U(Px+Qy)

holds throughout on 2, where P, + va stands for the divergence of (ﬁ, @)
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It is easily seen that if there are Darboux factors f1, fa, ..., fr with the cofactors K7, Ko,
..., Ky satisfying

k
> aiK; =0, (3.2)
=1

then H = f{ --- f** is a first integral of (3.1), and if

k
> aiKi+ Pt Q=0 (3:3)

i=1

then the equation admits the (Darboux) integrating factor

S R (3.4)

3.1. Proof of Theorem 2.1

Following the approach described in [17, 30] and using a straightforward modification of
the computer code in [30, p. 128] we compute first 6 saddle quantities g41, ..., g24,6. First
saddle quantity is

ga1 = — 1512bg1b10 + 6048a01a10b5y 4+ 9072a10bo1b3o + 684a_12ba, _1bio
— 18144ap1a3oblo — 16632aT0bo1bio + 9072a3:be, _1b3o — 3654b3,ba,_1b30
+ 7452a10a_12ba, 139 — 2916a01bo1ba, —1b39 + 12096a01a50b10
+ 10476a01a—12b3, _1b1o — 1086a_12b01b3,_1b1o + 9072a30bo1b1o
+10962a10b31 b2, _1b10 — 6480ag; a10b2, —1b10 — 19800ai0a_12ba2, _1b1o
+ 15516a01a10bo1ba,—1b10 + 1120a” 15b3 1 + 3024a8,b3 1 — 567bg,b 4
— 756a01bg1b3, 1 — 5088ap1ai0a—12b3 1 + 2268a8,bo1bs, 1
+ 4464a10a_12b01b5,_1 — 4896a5,aTob2,—1 — 6804a7obgibo, 1
+ 8640a30a_12b2 1 — 12744a01a30bo1ba, 1.

The other saddle quantities are too large to be presented here. Then, we set in the
obtained polynomials a;g = 1. To obtain the necessary conditions for integrability we
find the minimal decomposition of the variety of the ideal Bs = (ga,1,...,924,6). This is
a very difficult computational problem and the computational tool which we use is the
routine minAssGTZ [7] of the computer algebra system SINGULAR [22] which is based on
the Gianni-Trager-Zacharias algorithm [20].

Since computations are too laborious they can not be completed in the field of rational
numbers. Therefore, we choose the approach based on making use of modular computations
[1, 28, 33]. We choose some primes p = 32003, 104729, 4256233, 7368787, 15485863,
179595127, 433494437 and 479001599 and compute the decomposition over the field Z,, for
each p listed above.
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First note that during the computations over the fields of finite characteristic p listed
above we arrived at two different problems (both probably caused by computing the decom-
position of the center variety over the field of a finite characteristic p). The first problem
was the phenomenon that in some cases (of the decomposition) we obtained different poly-
nomials (i.e. conditions) for different characteristic of the field Z,. Secondly we observed
that when computing the decomposition over the field Z, we obtained 46 components for
some values of p while for some other values of p we obtained 47 components of the center
variety.

For each decomposition we performed rational reconstruction algorithm to obtain ideals
in Q[a,b]. Then we checked by a direct computation using CAS MATHEMATICA, if the 6
saddle quantities g4,1, ..., g24,6 are equal to zero under the obtained conditions. However,
in cases 17— 18, 22—41 and 46 it turned out that the (after the decomposition and rational
reconstruction) obtained conditions were actually not the center variety conditions (since
they didn’t yield the saddle quantities to be zero). We noted that in all this ”problematic”
cases the saddle quantities were not equal to zero and the reason for that was the presence
of a particular polynomial of the form f, = bg1b2 —1 + K. Actually it was the value of K
in f, which was problematic (i.e. the essence of the problem).

Such kind of errors probably appear because of using computations over the fields of
finite characteristic. Usually such problems are solved by choosing another prime p in
order to compute the decomposition again and improve the result. But in this cases we
tried eight different primes p listed above but the problem remaind the same.

Therefore, we tried to ”correct” the value for constant K in the polynomial f, in all this
problematic cases. To this end in the problematic cases we used all the other polynomials
(i.e. conditions) to compute the "right” value for K. For by; and by, _1 satisfying the other
(i.e. "non-problematic”) conditions we solved the equation f, = 0 for K. However, note
that the problematic polynomials f;, in the cases 17 —18, 22 —41 and 46 cannot be omitted
(they imply also that bp1be —1 # 0).

The second problem was the fact that the decomposition over some fields of finite char-
acteristic contained 46 cases for some values of p and 47 cases for some other values of
p. We noted that for those values of p for which 46 components were obtained there was
always one large component which seemed to be decomposed into two smaller ones similar
to those two from the decompositions consisting of 47 components (which was obtained for
some other value of p). Since the large component under no chosen prime p was lying in
the center variety after rational reconstruction we compared its decomposition for different
primes and pick out from them those polynomials which were common. Next we com-
puted in Q[a,b] the decomposition of the variety of the ideal generated by these common
polynomials. Then, after checking that the saddle quantities g4 1,...,¢924,6 are equal to
zero we obtained the ”critical” 46—th component listed in Theorem 2.1. Furthermore, we
noted that in the field C[a, b] this ”critical” 46—th component can be decomposed into two
components whose polynomials contain some square roots, which possibly explains why
in the decompositions with 47 components we always obtain (the last) two components
containing quotients of big numbers in numerators and denominators (i.e. this quotients
were the approximations for this square roots).
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Checking if some conditions in computations of the decomposition over the field of finite
characteristic were lost is a very difficult computational problem which can again not be
performed (completely) over rational numbers. We first compute intersection P = N, P;
over the field of characteristic zero, where P; denotes the component ¢ from Theorem 2.1.
We obtain 112 polynomials p1, . ..,p112. We would like to check if v/Bs = v/P. Computing
over the field of characteristic 0 Grébner basis of each ideal (1 —wgarx, P: k=1,...,6) we
find that they are all {1}. This implies that v/Bs C v/P. To check the opposite inclusion,
VP C +/Bg we must use computations with modular arithmetics. We choose prime p =
179595127 and after computing Grobner basis of each ideal (1 —wpy,Bg : k =1,...,112)
over the field Z, we find that they are all {1}. Then we repeat computations over prime
32003 and find that the Grobner basis of ideal (1 —wpy, Bg : k = 1,...,112) is {1} for each
k=1,...,112. We can conclude that equality v P = v/Bg holds with high probability.

3.2. Necessity of cases of Theorem 2.2

We use the same saddle quantities g4,1, ..., g24,6 as in the proof of Theorem 2.1 and set
a1p = 0. Using again the routine MinAssGTZ of CAS system SINGULAR we compute the
decomposition of the variety V({gs1,...,024,6)). Computations cannot be completed in
the field of rational numbers, therefore we choose prime p = 32003 and compute the de-
composition in the finite field Zy[ai¢, ao1, @—12,b2,—1, b10, bo1]. We obtain nine components
and after applying the rational reconstruction algorithm we obtain nine components listed
in Theorem 2.2. Following the decomposition algorithm [28] we first check that all saddle
quantities are zero under each condition. Then we check that no condition is lost. We

denote by P;, i =1,...,9 components from Theorem 2.2 and we compute the intersection
P=n)_,P,.

We obtain nine polynomials ¢, . .., g9 in P. Now we compute over the field of characteristic

zero Grobner bases of ideals (1 — wq;, Bg : i = 1,...,9) over the field of characteristic 0

and Grobner bases of ideals (1 — wga; 4, P :i=1,...,6) (over the field of characteristic 0)
and find that they are all {1}. Therefore, no condition is lost.

3.3. Sufficiency of cases of Theorem 2.2

There are nine cases here. In all nine cases we applied the Darboux method to prove the
existence of the first integral. Below is the case-by-case analysis:

Case 1. In this case system (2.1) is written as
&=z —a_129° — ap1zy, § = —4y + by’

and we find two invariant lines I; = 1 —bp1y/4 and ls = y yielding the Darboux integrating

factor of the form p = l§a°175b01)/(4b°1)l;3/4. By Theorem 4.13 of [4] there exists a first
integral of the form (5).

Case 2. Here the corresponding system (2.1) is
T =2z —apzy, § = —4y + by’
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) —(bo1—4ao1)/(bo1)

and it admits the Darboux first integral ¥ = x4y <1 — I"{le

Case 3. In this case system (2.1) takes the form

60792
bo1

T =z, y=—4y — + bioyz + bo1y°,

and it has two invariant curves

G b
1 =1+ 5 1Zi)$ — 2biox _|_ b b01b10y$ Oiy,
256323 15032 25 5 .
e 1120 ‘110 bOlblny + 3bioz — *b01b10yfr - %y»

and one invariant line I3 = x. We are able to compute the Darboux integrating factor of
the form p = (I1l2) 713 and after integration we obtain a first integral of the form (5).

Case 4. Here the system is of the form

4v3,

T=x, y=-4y— %0

+ bioyx + bo1y>.

We compute two invariant curves [y = 1 — bl?” — b({T”’,

125052t 256323 5b%x2

Iy =1 ——b b3y — b b2y
2= oy 81 Gag 01010y T+ 7901710
4byor bory
b b
3 01010YT — 4

and one invariant line I3 = x yielding the Darboux integrating factor pu = (I1l2)1l3 and a
first integral of the form (5).

Case 5. In this case we compute the Darboux integrating factor

504215?0 x5b5{0 flb%o 9331’?0 9321’%0
12062, 4 120 24 6 2

p=a*(1+ + 2byo)

and after integration we obtain a first integral of the required form.
Case 6. System under conditions of this case admits the first integral

6y$4 6 3b01y2x4

U — —
b, 1 2by, 1

Case 7. In this case system (2.1) is written as

3bo1yx

=+ 1 = —dy + by _12° + bo1y>.
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We have found two invariant curves

b2 b
I =1+ bmbz,lx + Ollé/ %y and 12:1+128b N
bhiy® | 308y°  3bory
*b b _ 2 b b B 2 01 01 _
+ 3 0102,-17 32 0102,-1YT 64 16 4

and compute the Darboux first integral ¥ = I 3/ °L,.

Case 8. Here the corresponding system is of the form

bo1yx

p=a+ 5L, = —dy+ by 12+ bory2
and it has two invariant curves [; = 1 + ébmb;_lxz — b"iy, and
3 3 3
I b01b2 Lzt 28b31b27,1y2x2 + fb01b27,1x2
3 b3y 3b3, 2 3b01y
b by 2 _ Y01 01
T 16 0t T Ty 16 1
yielding the Darboux first integral ¥ = lfglg.
Case 9. In this case system (2.1) is written as
. 3503,y%  1lbgyzy . 114b3,2> 9
— s = —4 Eo e — b b .
R TIT 19 y= 10bo, | Movr e boy
In this case we found three invariant curves
6()1037 6b01y 19b1056‘2 7b01y 7y
h=1- 0t 0 g, = yr —
7 19 7b01 76b10 blO

6021872768b5,2% 2446385812065 ,x° 950822016b10yx

57 71680788, 720305, 240103,
645234257915bf,a"  62554080b% 5%t 3070362760b1,yat
4939268, 34302, 102963,

3174185591076, 2194880b3,y°z® | 153778780b3 )y
1254405, 4963, 147b3,
6067680599563,y 4332003 y'x® 54872063,y
705653, 702, a 363,
5504368077b3,a2 277909532502 y%x2  1793908964516%yx>
22415, 1344b%, 1612803,
456b1oy°x  95665bi0yte  61353755bi0yPx  3322273253b1gy
by 602, 28803, 2304b3,
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611596453b1px  1384139341b1oyx _3325y5 4485425y4

- 14y°
64b, 5605, Y 6 57602,
108269315y _ 5920605542
230403, 57603,

yielding the following integrating factor p = 11_2/312_5/613_1/3. By Theorem 4.13 of [4] there
exists first integral of the required form.

3.4. Sufficiency of cases of Theorem 2.1

In this subsection we prove the sufficiency of all 46 conditions of Theorem 2.1 by doing a
case-by-case analysis of all 46 cases. Note that for proving the existence of a first integrals
in different cases we use either the Darboux method, the sum method (i.e. for the (formal)
first integral we set a trial solution of the form U (z,y) = >"p2, fx(z)y", where functions fj
are determined recursively by some first order differential equations and finally use mathe-
matical induction to prove that ¥ actually takes the desired form yielding the existence of
the first integral; see case 14-16 on page 232 for details) or the monodromy arguments (as
in case 17 on page 233) described in [6]. Below is the case-by-case analysis of all 46 cases.

Case 1. In this case system (2.1) takes the form

6% — 18b1p + 12
bo1

t=x—2% g=—-4y

2% + biowy + bory”.

This system has three algebraic curves: [y =z, lo =1 — z, and

13:14—%—%—i—?’”ﬁ—'z—2b10:c—%1%+1—52b01b10yx+2x—b‘{71y,
which allow us to construct a Darboux integrating factor of the form
§= l§12_9+5b10l§2.
Integration yields a first integral, whose series expansion is of the form
U =y + ho.t. (5)

Case 2. The corresponding system for this case is

, . 4b3, — 12b
i=x—a, §=—dy-— wwa2+b10xy+b01y2.
01

It has three algebraic curves: I; =z, ls =1 — x and

biox  bory
Iy =1 20 oy
3 3 4

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



230 B. FERCEC, J. GINE, M. MENCINGER AND R. OLIVEIRA

which allow us to construct a Darboux integrating factor of the form p = l%lg(_3+b1”)/sl§2

and first integral of the form (5).

Case 3. Here the corresponding system is

Tborx 2422 4
. 2 012LY . Y 2
=x— — = -4y — — b .
T=z—z"+ 1 Y Y 25b01+ 5 + +b01y
This system admits three algebraic curves: [ =z, lh =1+ £ — boiy, and
3

s = 1+ 385 — Seborye® + 152 + 50b01y z? 5”21%95 d0001° + G508,y e + FE —

4 R by,

yielding the Darboux integrating factor u = l‘i’l%l;5/2 and a first integral of the form (5).

Case 4. In this case we have three algebraic curves: [ = 2% — b”iy +1, I = 49z

19 361
7b%18ym 2 4 ‘“y b“le +1 and I3 = z yielding integrating factor p = lf2l;7/2l§. After

integratlon we obtam a first integral of the form (5).

b2 2
Case 5. Here we find followmg invariant curves: |} = 8la® _ 9boiye 22z 4 by boy | 1,

169 26 13 16
Iy = ?gg 29;’%%“ +3z 3+ Oly bOle +1 and I3 = x. We obtain Darboux integrating factor
=1, 21y %13, which ylelds ﬁrst integral of the form (5).
Case 6. Under these conditions system (2.1) becomes
Tboryx 1222 x
. 2 01Y . Y 2
=z -2t T = —dy — N

v I AT B

It admits two invariant curves: I} = 14 5 — boll% — 8—” + Oly b°71y and Iy = z yielding

Darboux integrating factor p = [; 0/2 I3 and a first integral of the form (5).

Case 7. Here we have three invariant curves: {1 =1 —x — b‘“y ,lo =z and I3 = y. We can

construct the Darboux first integral H = 1574%10)1‘2%3 which is of the form (5).

Case 8. The corresponding system here is

2

. . x
&=z —2>—boyr, §=—dy+ + yx + bo1y”.
49b¢;
This system admits three algebraic invariant curves: I3 =1 — 2 — b°41y lo =1+ 2401 +
%bmyfcg 343 ° 49b01y o —bmyx + = 30”‘ +4b"+w — 12’ and l3 = x bringing Darboux

integrating factor p =1, 5/213@’ and a first mtegral of the form (5).

Case 9. In this case we have three algebraic curves: [; = 1+ 1?}33 + wbo”ﬂ — ?’20—??,
Iy = gg — bﬂle and [3 = x, which allow us to construct the Darboux integratmg factor of

—7/2

the form p = I "/“I313. Integration brings a first integral of the form (5).
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Case 10. In this case system (2.1) takes the form

. 3bor1yx .
t=x—2>+ %y’ y=—4y + bz,_lxz + b01y2
and it has three algebraic curves: l; o = 1+ % (j: 1 —"0bo1bo,—1 — 1) T — b‘ﬂle and I3 = x
yielding the Darboux integrating factor u = {13215, where a; o = 7% and
—00102,—-1
b= 3. By [4, Th. 4.13] there exists first integral of the form (5).

Case 11. The corresponding system is

11bg1yx 16822  16yz
. 2 01Y . Y
=x-— —_— = —4y — b
rT=x—1"+ 1 , Y 361bor + —— 19 + o1y
It has three algebraic curves [y =1 + % — b”iy,
I =1+ 72926 B 729bo1 yx® 275425 121562, y%a4 B 2079bg1 yx*
2 47045881 4952198 2476099 2085136 260642
26552 135b01y 3 62163,y 23 B 645bg1yx> 63623
130321 109744 27436 6859 6859
135b31y4x2 18303, y3x?  485b3,y%x? 3922
92416 5776 2888 361 361
9b01y r  53bytw 9 boryr 30z
b b - —
9728 2432 304 RS 76 0 T T T g
bory®  305.y° | 18bgiy*  503,y° | 150357 3bory
4096 512 256 16 16 2

and l3 = z yielding the Darboux integrating factor u = 1%12_5/2@ and integration brings a

first integral of the form (5).
Case 12. For this case system (2.1) takes the form

16822  22yzx
. 2 .
=x—x°—2b = —4 b
T=x—x 01YT, Y y + 520b01 + — 23 + o1y )
and it has the following algebraic curves [y =1 — g—g — boiy,
L —1 4+ 240125 1372bg1 yx® - 407425 294b31y2x4 _ 1856b¢, y*
2T 148035889 6436343 6436343 279841 279841
105z 28b3,y3x3 280b31y2x3 840bg; yr> _ 10362°
12167 12167 12167 12167 12167
70 224 39922
A A2 b 32 71) _ 2y 2
529 oy % 529 * 529" 529 1Y T T5a9
4 28bgryxr 42z
— p2 42 - =
o3 0¥ T o3 23’
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and I3 = x. We can construct the Darboux integrating factor of the form p = 1?1;5/213

and integration brings a first integral of the form (5).
Case 13. Under these conditions system (2.1) is written as

2 boryx
- =

T=x—=z § = —4y + by _12% + byz + bo1y?,

and it has the Darboux integrating factor x4 = 2% which yields first integral

b27,1$6

6

1
U =gty — —yax® — meyzzﬁ.

Case 14 - Case 16. In case 14 and case 16 we find only f; = y and in case 15 we find

fi=yand fo=1- b[ﬂT””. However, in all three cases we can not construct Darboux first

integral or Darboux integrating factor. Noting that conditions in these cases are by _1 =0
and byp = A, where A = 1,0 and 2, respectively, system (2.1) is written as

t=x—2%— ap1 Ty — a_lgyz, Y= —4y + Azy + b01y2.

We look for a formal first integral in the form ¥(z,y) = Y=, fe(z)y". The functions fj
are determined recursively by the differential equation

—a-12fi_o(x) — a1 fi_1(x) + (k — Dbo1 fe—1 + (Az — Dk fr(z) + 2(1 — ) fr.(z) =0
If k =1,2,3,4 and setting the integration constant equal to 1 we observe that

! 8+ ...
fi(z) T A f2(x):m7

212 4. x4+
f3(x) “(w - 1pa-A); falz) = (z — 1)4E-A)

So, suppose by induction that fx(z) = (mf{‘)"‘%, where p;(x) denotes a polynomial of
degree at most ¢ and k = 1,...,n — 1. Let check the form of fi(z) for k = n. In order to
complete this task we solve the differential equation

(4— Az)n
z(l—x)

aorrfy_y +a_12f), o —bor(n—1)fn1
x(1—x)

fu@) = fo(x) +

using the induction assumption about f,_1 and f,_o.
As the general solution of linear differential equation of the form f/(z) = g(z) f(x)+h(x)
is

(@) = Cel a1t g el o [ o Joerie o). (™)
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and, in our case we have g(x) = (i(_ﬁ?)" and

_ Pan—3(7)
h(z) = 2(z — 1)(n—Dla—A)+2’

it follows that e/ 9(®)dz — Mﬁ and

e*.fg(w)dwh(w) :(x — 1)n(47A) ) Pan—3(x)
x4n x(x — 1)(n-D(A-A4)+2
_ Pan—a—1(z)
=T

Rewriting e~ /93] (z) as

An—A—1
Pan—a—1(z) ap+arx+-- a4y a2 _ G @ Gan—A
1-4n+1 - x4n+1 - x4n+1 x4n xAJrQ ?

and integrating, yields

_ [ g(z)dz ao ap Qan—A-1
/e [ 9(=)d h@)dw:mﬂ—’—w—’““—kw

for some @g, a1, ...,Gn—a—1. Therefore, using (7) choosing integration constant C' =1 at
each step 7 of computing functions f;(x) for i = 1,2,... we obtain the solution of (6)

4n 4n

_ T T o ay o, Gan—a—1
fn(x) _(LIT _ 1)n(4—n) + (.’E _ 1)71(4—71) [x4n rin—1 + + rA+1 }
B [1 cpdn 4 54717,471.%4”71471 +--+ a0] . Pan
(x _ 1)n(47A) - (x _ 1)n(47A) ’

where p,,, denotes a polynomial of degree at most 4n. For choices A = 1,0 and 2 satisfying
cases 14, 15 and 16, respectively it follows that there exist analytic first integral of the
form U(z,y) = > po; fu(z)y* whose power series expansion is of the form (5).

Case 17. Under conditions of this case system (2.1) is written as

78a%,y?  13b3,y* 91 9
—ap1 b

25 100 + 50aol 01y~

1802 16yx

169(2(101 + bOl) 13

a'c:x—xz—a(nyx—i—

+ bo1y*.

y=—4y+
In this case we are able to find one invariant curve

13 169 169
fi=a%+ 3(2(101 + bo1)yx + 100 (4@81 + 4bgragr + bgl) y? — %(2(101 + bo1)y,
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which is not enough to construct Darboux first integral or Darboux integrating factor.
Therefore, we use the monodromy arguments (see e.g. [6] for details). In order to avoid
some difficulties which appear in the computations of the singular points in this case we
reparameterize coefficients ag; and bo; by agr = (—=7s% + 53)/30 and by; = (2257 — s3)/15,
which yields the system

13 1
&= —a® — o ost(4st — s3)y? + ay(Tst — 53),

300 30 9
=yt 18022  16xy (2257 — s3)y? )
YT T 96022 T T3 15

and the invariant curve has the form f; = 2? + 13s3zy/5 + 169s7y(3s3y — 10)/300. We
compute eigenvalues of all singular points of system (9) on the curve f; = 0. The ratios
of eigenvalues are 3 and 3 for finite points and 2 for the point at the infinity. We recall
that here the sum of the ratio of eigenvalues on an invariant conic must be 4. Thus, all
singular points on f; = 0 except the saddle point at the origin are linearizable nodes whose
monodromy is the identity and therefore, the monodromy of the saddle at the origin is also
the identity. Hence the saddle at the origin is integrable.

Case 18. In order to avoid some difficulties which appear in computations with square roots
we reparameterize coefficients ag1 and bo1 by ag = 5(9s — s3) and boy = §(—5sF + s3).
Thus, in this case system (2.1) becomes

i=x—2>+

53 —9s? zy 218} + 435389 + 275252 + 53153 2
16 64 ’

. —y (5yst — s3y + 16) (Ts1 + 5s2)® + 1652(7s1 + 5s2)ay + 3842

vy= 4(7s1 + 5s2)? '

(10)

We can find two invariant curves f; = 1 + % + %(81 — $2)(3s1 + s2)y and fo =
49y? s+ 16859y 53 + 214s2y% 5?3 + 224xys? — 784ysT + 12053y s1 — 11205281 + 384s02ys1 +
25622 4 25s3y* — 400s3y + 160s3xzy which it turns out are not enough to construct the
Darboux integrating factor or the Darboux first integral. Therefore, in this case we also
use the monodromy arguments (see e.g. [6]). We compute eigenvalues of all singular points
of system (2.1) on the curve fo = 0. The ratios of eigenvalues are 2 and 4 for finite points
and 2 for the point at the infinity. Hence, as in the previous case, all singular points on
f2 = 0 except the saddle point at the origin are linearizable nodes whose monodromy is
the identity and therefore, the monodromy of the saddle at the origin is also the identity.
Hence the saddle at the origin is integrable.

Case 19. In this case the corresponding system (2.1) is of the form

2 5b01y$

TEa a_12y®, 9§ = —4y+bory® + 8zy.

rT=xr—T

A4z + da_12y°
bo1 9bo1

It admits two invariant curves l; = y and Iy = % +yxr— which yields Darboux

b
first integral of the form ¥ = [ 1§ = 2%y + h.o.t.
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Case 20. Here the corresponding system is

2

T=x—x°— a_12y2, y=—4y+ 601y2 + 3zy

and it has three invariant lines l1 o = 1 — 2 + % (—b01 + ng1 — 16a,12) yand I3 =y
yielding the Darboux integrating factor {13215, where

5 (£bor + /B, — 16015 ) 3

a2 = — and b:—z

8\/ b(%l — 160,,12

By [4, Th. 4.13] there exists a first integral of the form (5).

Case 21. Under conditions of these case system (2.1) becomes

t=x—2° y=—dy+ b2,71x2 + bioyx.

It has two invariant curves l; = 1 — x and l, = x. Using constructed Darboux integrating
factor of the form p = I7°T"19[3 we obtain a first integral of the form (5).

In cases 22-41 all conditions are of the form: b1y = A, ag1 = Bbg1, a_12 = Ob?J1 and
ba,—1 = %. Therefore, the system (2.1) with coefficients A, B, C, and D corresponding to
one of cases 22—41 is of the form

. ) D
i =z — 2% — Bboizy — Cb2,y?, §=—4dy+ b—:EQ—i—Axy—&—bOlyQ.
01

Case 22. In this case we obtain three invariant curves

40z 10bgry 9 6lbgryxr  6lz 3721b81y2
I1=1—— — , lo=x"+ B
61 49 343 49 470596
Iy —1 + 612522  125bg1yx _ 110z 1251)%1312 _ 5bo1Y
P 42 854 61 19208 28

which bring the Darboux integrating factor u = lf7/2l§’l3_2 and using it we obtain a first

integral of the required form.

Case 23. In this case we find three invariant curves

5% 5bo1y 5 1703bo1yx 17161b(2)1y2

l1=1— — — o =14 — — 131 _—
L 31 36 2T Ty o
_279936333 16848yx2 B 97977622  288y’x _ 300672yx L1314
57 1716103, 13103, 81875b3, bo1 62503, Y

66024y 169776y
625by; 62502,
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. . _ ,—-1/3,-1/3;-5/6
and we construct the integrating factor of the form p =1, /7l /"I37/". By [4, Th. 4.13]
there exists a first integral of the form (5).

Case 24. In this case we construct the Darboux first integral of the form ¥ = [ 101‘2113,
where

b b 16b3, 1>
51:f5£7501y’12: 2+80195€74x 6019’
8 38 19 361
13 ::172 + 8b01y.’£ 16b81y2 . 64601y
19 361 19

Case 25. In this case system has three invariant curves

152 20bg1y 5r  45bory
I =1 - 2= _ ly =1+ 22 —
! 11 53 0 2=t T o
44bg1yx 484b3, 9>
Iy =g2 — 2220097 4 gy Z2001T
3=t 53 T o500

yielding the Darboux integrating factor p = 11_7/2621;’ and a first integral of the form (5).

Case 26. In this case we find two invariant curves

g2 283y 191z 3648105y°

36 9 36
B 62524 625bg1yx® 1450023 1875b2,y%x%  9000bg; yx?
271330863361 6967871 | 6967871 201848 36481
645022 B 62563, y3x 7125 B2 2 — 1475001 yx 260z
36481 3056 764 1Y 7 191 191
62508, y%  8THBR,yP  OT5B2y?
w6 s T g 10wy

and we construct the Darboux integrating factor p = I$15 T2 After integration we obtain
a first integral (5).

Case 27. Here we have two invariant curves

2+b01ym 2z 203,97

3 3 3 ly = 2% — 8bpryz — 9b3,y* + 4bo1y,

yielding the Darboux first integral of the form
U= l;ll2 = $4y + Pﬁ(xay) + P7($, y) + P8($>y) + Pg(.’IJ,y) + P10($7y)7

where Py (x,y) denotes homogeneous polynomial of degree k.
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Case 28. Here we find two invariant curves passing through the origin

5002,y
I =22 + 5bp1yxr — 10z + %y’

3zt 2yxd  84x%  12y%2%  192y2? 1222 6w

Iy = -
2 = Tospa, T nbs, 2508, | BhE, 5%, B0 o
_13%%e  1dyr g 12047 60y? 80y
b5, b3, Y bo1 b by

consequently, we can construct the Darboux integrating factor of the form pu =1, Y 312_ 5/6,

By Theorem 4.13 of [4] there exists a first integral of required form.

Case 29. In this case we find two invariant curves

b 253b 2902, 12 29b
I =1 5£+501y and Iy — 1822 — 5301y:c+5901y _'_59013/.

23 12 2 3 2

They are not enough to construct the Darboux first integral or the Darboux integrating
factor. Therefore, we attempt to use the monodromy argument (see e.g. [6]). We compute
eigenvalues of all singular points of system (2.1) corresponding to case 29 on the curve
Iy = 0. The ratios of eigenvalues are: —4 (for (0,0)) and 3 for finite singular point
(g—g, fﬁ) and 3 and 2 for singular points at the infinity. Thus, all singular points on
lo = 0 except the saddle point at the origin are linearizable nodes whose monodromy is
the identity and therefore, the monodromy of the saddle at the origin is also the identity.

Hence the saddle at the origin is integrable.
Case 30. Here we find the Darboux integrating factor of the form pu = lf9/2152l§’, where
l1, lo and I3 are algebraic invariant curves of the form

152 20bg1y 35 35bo1y
1 =1— — — , lo=1— — — s
19 107 38 428

19bg1yx 192 3616(2)1342

107 16 45796

lg :332 —+

After integration using p we obtain a first integral of the form (5).

Case 31. In this case system has two invariant curves

52512 425bgryx 35z 225b3,y%  Bbory

:1 _ —
h=l+500 + 3 %6 T 106 7
Wboryr  52r 13520242
_ .2 01YT  0&T 01Y
="+ —3 3 147

7/ 21;’ and a first integral of the required

which yields the Darboux integrating factor p = I
form.
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Case 32. Here we find three invariant curves of the form

1 40z 10691y Iy — 22 19691 yx 19z 36162, y°

! 19 31 77 93 9 34596

l 5984416080z 128697120ya® 15958442882 1037880y

> 713032108, 685903, 685902, 36162,

4289904yx2 20686870422  3720y3x  92256y%x  22879488yx:
36163,  1805b3,  19bp, 1902, 9563,
s 3723 1499;63/2 B 47663561/
bo1 5b2, 563,

We construct the Darboux integrating factor of the form p = li/Q (I3l3)~! and by Theorem
4.13 of [4] there exists a first integral of the form (5).

Case 33. Using two invariant curves of the form

7522 50bo1yx 751)%1312 5bo1Yy

I =1+ 2 10 d
L= Sy T TORR 33
Iy 2001yx 2103,y%  bory

2 19 1444 19

13
we can construct the Darboux integrating factor u = ['l, * and a first integral of the form
(5).

9 71
Case 34. Using the Darboux integrating factor of the form p = I, %1, ®13, where

Sx 45b01y 35 35b01y
ll = _—— — l - 1 -

32 148 0 72 32 T s

g2 23oipr 320 204852, >
111 3 4107

we compute a first integral of required form.

Case 35. Here we obtain three invariant curves [ = 1 — ‘;’—ff + "b?lly,

TTboryr  363b3,y>  121b
2 01Y + 01Y + 011/'

and I3 ==z 1 3 1

We compute the Darboux integrating factor u = l}/ 4(1213)_3/ 4 yielding the first integral of
the form (5).

Case 36. Using three invariant curves of the form [y =1 + 152—“/’1 — 51’5’%”,
242bp1yx 121z 1464163, y2 14580z2°
ly =x% — — d 3=
2= 9 o T s M BT T Tmse,
6885y 8442 90y%x  222yx 6y
yz 3 L2 y2 +4593_i+%>
1464162, 1464163,  11byy 12102, bor b3
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we construct the Darboux integrating factor u = 1;1/2l51/3l;5/6. By Theorem 4.13 of [4]
there exists a first integral of the form (5).

Case 37. In this case system admits two invariant curves

I — 2723 n 27y x> 2722 9y’ 99yx _ 27x 705 + 36442
YT3136b3, | 11202, | 7003, | 4boy | 2003,  5b3, YT 15bey
and
2743 27y a2 2712 9422 153yx 23142 21
2= 313603 1131)2 44803 4% B 1602]2 Ty 1605 + 40152] :
01 01 01 01 01 01 01

11—1/312—5/6

We compute the Darboux integrating factor p = and the existence of first

integral of the form (5) is ensured by Theorem 4.13 of [4].
Case 38. Here we find first integral of the form (5) using the Darboux integrating factor

_9
w =1, 213, where

80 5b, 71b 504162,y
llzl——x— oLy and 12:$2— 01y$+71x+701y

71 11 22 1936

Case 39. Here we find three invariant lines of the form

4375025 578125byiyx*  896875x* 25000002,y

h :1+1805076171 190008018 126672012 1666737
678125bp1yx®  8750z%  15625b3,y3x%  4446875b3,y> x>
1111158 555579 4332 233928
4375bg1yx? 162522 171875b3,y*x 103437563,y

© 12996 3249 4104 4104
23125 500bo1yx 100z 53125b3,5° 69062503, y*
TR T i BT
7437563, y3 N 212563,y 25bo1y

144 16 2
162 32y 6423 822 176y 22422

la

351866701, | 6173103, © 4373501, | 36142, | 180503, 2436750,

8yr  224y%x  1664yx 923 124y 16y

_ 3yt
b0, o568, 427508, Y T Bbor T Th02, | THbE,

and
Iy = 1624 n 32yx> n 4823 n 8y222 568yx2 2882
3518667b5,  61731b3,  34295b3,  361b3,  5415b%, = 9025b3,
Sy3r  244y’r  504yx 288z 4 10293 408y?

bor o502, " asbd,  amsbd, oY T by T omeE,
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We compute the Darboux first integral ¥ = [7° 3lgl§ whose series expansion is of the form

(5).

Case 40. In this case we find two invariant curves

80z Sboy L 97a? 4 267boryz 89z 792162, 1/

IL=1— 7eod
! 89 29 ' 58 3 40368

_ 1
and we construct the Darboux integrating factor u = [; 2 I3 and then first integral of the
form (5).

Case 41. In this case we compute the Darboux first integral ¥ = ll_4l‘2113, where

! 2502 25bgryxr 10z 25b%,y®  Bbory
-

242 154 11 392 28 7
11b 12163,9°
12 :Z]CQ — f;lyx + 11z + 719061y s
I :LL‘2 . 11b01y$ 121b31y2 121b01y
’ 7 196 14

Case 42. The corresponding system (2.1) in this case is of the form

2

iP=1x— 2% —a_12y%, y=—4y —xy/2.

We find two invariant curves for these system I; = 1 — = + a_12y°> /8 and ly = y which
allow us to construct the Darboux integrating factor of the form p = 1;17/8153/4 and the

existence of first integral of the form (5) is assured by Theorem 4.13 of [4].

Case 43 - Case 45. For all three cases we have by; = 0, b1 = 0, ap; = 0 and b9 = A,
where A is 1/2, 5/2 and 3/2 for cases 43-45, respectively. Therefore, the corresponding
system is of the form

b=z —x®—a_12y%, Y= —dy+ Axy.

In each of these three cases we are able to find only one invariant line I; = y which
is not enough to construct the Darboux first integral or the Darboux integrating factor.
Therefore we look for a formal first integral expressed in the form W(z,y) = Y72, fr(x)y".
The functions fj are determined recursively by the first order differential equation

—a—12fp_2(x) — 4k fi(z) + kAz fi(z) + 2(1 — 2) fi.(x) = 0.

Let p;(x) denotes a polynomial of degree at most i. Using induction on k we show that
frlz) = (m_pf)’ﬂ%. For the basis of induction, by setting the integration constant to one,

we have fi(z) = M%A) Next, assuming that the induction hypothesis holds for j < k,
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we have f;(z) = uff)’% Then we have the first order linear differential equation

(4— Ax)k

z(1 —x)

a—12f;_o(x)

filw) = e

fu(@) + (11)
Recall that the solution of the linear differential equation f'(z) = g(x)f(z) + h(x) is (7).
Noting that fr_o = % and applying similar computational procedure as in

cases 14-16 we find that the solution for (11) is

4k 4k

fulz) = x " x /p4k72A72($) dr

(x — 1)k (g —1)(4-A)k 2Ak+1

4k
z @o a1 az A4k—2A—2
(z — 1)(4—A)k (1 + / (x4k+1 + Ak + k=1 LI 22A+3 )da:)

atk ao ay ) A4k—2A—2
(« — 1)(47A)k ( + 24k T k-1 T 2Ak—2 Tt 72A+2 )
_ DPyl(®)
- (z _ 1)(4714)1@

where Py, (z) denotes polynomials of degree at most 4k. This proves the induction and the
. _ 153

proof of cases 43-45 is completed for A = 3,3, 5.

Case 46. After computing the coefficients from the conditions of this case we find that this

case can be decomposed into two subcases:

3(—539504+250675+/10) 234 (410175\/ 10(1(2)1 + 1368511&31)
a) b27*1 = 6507601a01 y A—12 = 74632321 ’
2(7725v/10a01+24529a01 ) 2612 4 525+/10
bOl = - 8639 ) blO = 2551 )
3(539504+250675+/10) 234 (410175\/ 10a2, — 1368511a81)
b) by, 1 = 6507601a01 p 4—12 = — 74632321 ’
2(7725v/10a01 —24529a01 ) 2612 — 525+/10
bOl = 8639 ) blO = T

In both cases we find two invariant curves. Let l,; and f,; denote invariant curves for
both subcases. Index a corresponds to invariant curve for system (2.1) filled with conditions
from a) and index b corresponds to invariant curve for system (2.1) filled with conditions
from b). Using this notation we have

- (44132822F706860v10)z®  (238F2970v/10)y=" 4 7(F51980720+164145661/10) =”
ab = 7809121242, + 5102a0; 38265042,

92 L 41(F10780+3414v/10)yz | (5972420F1888566v10)z __ 2(2970v/10ao1 +:238a01 )y®
+2ytx 300401 + 300a2, + 25917
+

A3 (5720 + 18061/10) 32,
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(3861805637F11623433601/10 ) z° (6625166F3041960v/10) y=°

fap = 9400229644542, 3684919500,
2(F853872612205+2700263780411/10) z° o 4, 2(¥259106075+81917729v/10)ya*
= 92122987502, +ytat £ 72225001
3(440609747F139334678v/10)x* __ 8(£3599117+2318725v/10)ao1y°z®
6687502, + 24958071
:l:32(:F4893737+1549508\/E)y2:v3 n 8(16131771463F5100608812v/10) yz°
14445 180562500+
:l:64(:|:6451604305+2040198883\/ﬁ):r3 I 8(+82712334587419372813330v/10) ag, y*z”
1504687542, 215612775369
i4(:;1253404102870+394018564231M)amy%"’ 4(F9118925659+2886803191/10 )y >z
623951775 + 601875
i4(:F3095596649260+978840105391\/ﬁ)ym2 n 4(19421014446261415401673/10 ) >
4514062500, 7523437542,
32(+169898542620406+62274561197195v/10) ag, y° =
+ 3104464610687985
n 16(F107163377491130+34634486590247/10 ) a3, '«
598924376025
8(F736346688059+229612484741v10)ag1y®s __ 8(F106721196235+33582210361v/10)y >«
+ 577733125 + 15140625
+8(852875815266812696860731977\/E)ym
225703125a01
I 16(£296870402740081997+86796109377846580v/10) a, °
8039823257244500805
4 16(F685577182006925980+202494657574882111v/10 ) a , y°
] 25870538422399875 . .
j:4(:;10191711580951723+3116773245583502\m)amy
14973109400625
n 16(F419435752079855+131894867253953+/10 ) ao1 y°
389969859375
i4(:;2381664790141+752392059784\/ﬁ)y2 n 8(F2846157446809+899975292211/10)y
225703125 225703125a01

In both cases we can construct the Darboux integrating factor of the form pq , = li/bs ;Z/w.

By [4, Th. 4.13] there exists first integral of the form (5) for system of cases a) and b),
respectively.

4. CONCLUSIONS

In order to obtain the necessary conditions for the existence of a 1 : —4 resonant cen-
ter for (2.1) the decomposition of the center variety was found. However, we arrived
at huge computational difficulties when computing the decomposition. The decompo-
sition gives 46 cases (of necessary conditions) for Theorem 2.1 and 9 cases for Theo-
rem 2.2. The computations for the decomposition in Theorem 2.1 were still extremely
laborious. The corresponding computational problem was solved by using the routine
minAssGTZ [7] of CAS SINGULAR which is based on the Gianni-Trager-Zacharias algo-
rithm [20]. Like e.g. in [8] also in case of (2.1) which was the main problem of the
present paper the decomposition of varieties of ideals generated by saddle quantities (1.8)
could not be performed in polynomial ring of characteristic zero, but it becomes pos-
sible in the rings of finite characteristics Z,[a,b]. The modular approach was for the
first time successfully applied in p : —q resonant center problems in [11, 14]. Prepar-
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ing this paper the authors have used modular approach for the following prime numbers:
p = 32003, 104729, 4256233, 7368787, 15485863, 179595127, 433494437 and 479001599. The
computational problems are further described in the proof of Theorem 2.1.

To perform the rational reconstruction we used the following MATHEMATICA code [28,

33]:

RATCONVERT [c,m] : =Block [u={1,0,m},v={0,1,c},r],

While[Sqrt[m/2] < v[[3]],r=u-Quotient([ul[[3]1],v[[3]]1] v; u=v; v=r];
If[Abs[v[[2]]] > Sqrtm/2], err, v[[3]1/v[[2]1]]

Given an integer number ¢ and a natural number m the function produces a couple of
integer numbers vy and vz such that vs/vy = cmodm and |vs|, vz < y/m/2.

Finally for the existence of the first integral in the 55 cases of Theorems 2.1 and 2.2 we
have used the Darboux method, the construction of an integrating factor, the so-called sum
method [2, 8, 28], as well as the monodromy arguments [6]. From the results presented in
this work we have the following conjecture:

Conjecture 4.1. The conditions 1 — 46 of Theorem 2.1 are the necessary and sufficient
conditions for integrability of system (2.1).

In order to verify this conjecture we have to check that over the field of characteristic 0
all Grobner basis of (1 — wpg, Bg) for k =1,...,112 are equal to {1}. We were not able to
complete computations over the field of rational numbers.
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