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Given a C? semi-algebraic mapping F : RN — RP, we consider its restriction
to W < RN an embedded closed semi-algebraic manifold of dimension n —
1 > p > 2 and introduce sufficient conditions for the existence of a fibration
structure (generalized open book structure) induced by the projection Hiill :
W\ F~1(0) — SP~1. Moreover, we show that the well known local and global
Milnor fibrations, in the real and complex settings, follow as a byproduct by
considering W as spheres of small and big radii, respectively. Furthermore, we
consider the composition mapping szf with the canonical projection 7 : RP —

RP—1 and prove that the fibers of TET and % are homotopy equivalent.

‘We also show several formulae relating the Euler characteristics of the fiber of
the projection ﬁ and W N F~1(0). Similar formulae are proved for mappings
obtained after composition of F' with canonical projections.  October, 2014 ICMC-
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212 N. DUTERTRE, R. ARAUJO DOS SANTOS, A. ANDRADE AND Y. CHEN

1. INTRODUCTION

For a real analytic mapping germ with isolated critical point at origin ¢ : (R™,0) —
(R?,0), Milnor proved in [10] that for all e > 0 small enough there exists a smooth locally
trivial fibration S\ K. — SP~1, where K, := ¢~1(0) N S"~1, and pointed out that the
map ﬁ may fail to be the projection of such fibration since the singular locus E(m)
may have a curve inside B, \ ¢~!(0) which accumulates at the origin. See [10], page 100,
for details.

For germs with non isolated singularity, the existence of a fibration where the canonical
projection ﬁ extends to spheres was studied in [1, 2, 5] and called (Singular) Higher open

book structures on spheres.

In the global setting, Némethi and Zaharia in [11] used Milnor’s method to show that
if a polynomial function f : C" — C satisfies the semitame condition, then the projection
||§| :SETI\ Kr — S, Kg = f7(0) N S3"!, is a locally trivial fibration for all R big

enough. In [3] the authors generalized the results of Némethi and Zaharia introducing
a kind of Milnor’s conditions at infinity for a class of mappings which contains complex
semitame functions, several kind of real polynomials maps and meromorphic functions. In
fact, under such conditions they proved the existence of a “Singular open book structure
at infinity”. It means that, given a polynomial map F : R® — RP, n > p > 2, satisfying
Conditions (a) and (b) (see Section 1 for details), there exists Ry > 1 such that, for all
R > Ry, the projection map

F _ _
TE] DS\ K — SP1

is a smooth locally trivial fibration, where K = F~1(0)NS% " is called the link at infinity.

Some examples of such open book structures are given by the mixed polynomial func-
tions, which are real polynomial mappings from C™ to C in the complex variables and their
conjugates (see [12] in local setting and [4] in the global setting).

In this paper we prove a general fibration theorem (Theorem 2.1) for a more general
class of maps and sets. For this we consider a C? semi-algebraic map F = (f1,...,fp) :
RY — R? and W < RY an embedded compact semi-algebraic manifold without boundary
of dimension n — 1 > p. We introduce sufficient conditions that ensure the existence of an
open book structure on W induced by the projection ﬁ As a consequence we extend
both fibration structures: the local and global ones in the real and complex settings.

In another direction, we investigate the composition mapping of F' with the canonical
projection 7 : RP — RP~L. In the local setting this problem was approached in [8] for the
so-called Milnor’s tube fibration and it was shown that the canonical projection m does not

change the homotopy type of the fiber. In the present paper we prove that an analogous
F

result holds true for the general fibration TF : W\ F~1(0) — SP~1. Moreover, it is shown
that the Euler characteristics of the fiber of the projection ﬁ and W N F~1(0) are closely
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OPEN BOOK STRUCTURES ON SEMI-ALGEBRAIC MANIFOLDS 213

related, as a consequence, it follows that the Euler characteristic of the fiber is a natural
obstruction for the sets W N F~1(0) and W N (7o F)~1(0) to be homotopy equivalent. See
Proposition 4.1.

The structure of the paper is as follows. Section 2 is devoted to establish a general fibra-
tion theorem for C? semi-algebraic mappings. In Section 3, we consider the composition
of the mapping F with the canonical projection and show that the respective fibers are
homotopy equivalent. In Section 4, we relate the Euler characteristics of the fibers and the
relative links. In the last section, we explain how to relate our results to the higher open
book structure for polynomial mappings in the local and global settings and calculate some
examples.

2. FIBRATION STRUCTURE
2.1. Fibration theorem

Let W < RY be a smooth, compact semi-algebraic (n — 1)—dimensional submanifold
without boundary embedded in RY. Let F = (frs--s fp) RV - RP, 2< p<n-—1,
be a C? semi-algebraic map, V(F) = F~1(0) and Vi (F) = V(F) N W. We denote by

F:RN\ V(F) — SP~! the projection ”—5” where ||[F|| = {/ff + -+ f2. We also denote
by:

e Y the set of critical points of F,

e Y5 the set of critical points of F,

o 2W the set of critical points of Flw,

° EVFV the set of critical points of F|W.

It follows by definition (see also Remark 3.1 and Lemma 3.2 below) that X is a subset
of X and XY is a subset of B}

We are interested in studying the existence of the locally trivial fibration
F:W\ Vi (F)— SP~L. (2.1)

We call such fibration the fibration structure induced by F.

We should point out that Conditions (a) and (b) and the proof of Theorem 2.1 below
follow closely the one stated in [1, 2, 3], which in turn were inspired by Massey’s conditions
introduced in [9]. The idea of our result is to show how to adapt them in a more general
setting. For this, consider the following conditions:

(a) SW\ Vir (F) N Vi (F) = 0,
(b) ZW = .

Without lost of generality, we may assume W connected.
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214 N. DUTERTRE, R. ARAUJO DOS SANTOS, A. ANDRADE AND Y. CHEN

THEOREM 2.1. Under Condition (a), the following statements are equivalent:

(i))F : W\ Viy(F) — SP~L is a C? locally trivial fibration,

(i) Condition (b) holds.

Proof. Firstly, see that Condition (b) holds if and only if:
F:W\ Vw(F)— spt

is a submersion.
By the Curve Selection Lemma, Condition (a) means that: there exists ¢ > 0 small
enough and a closed disc Ds centered at origin such that

F : FY(Ds — {0})nW — Ds — {0}

is a C? surjective proper submersion.

Let us prove the implication (i) = (ii). If we suppose that F': W\ Vi (F) — SP~lis a
locally trivial fibration, then it is a submersion and so Condition (b) follows.

Let us prove the converse. We can assume that Vi (F') is not empty: in fact, in the
case it is empty, Condition (a) is always satisfied and by Condition (b), we have that
F:W — SP~1is a C? proper submersion and so onto, since SP~! is connected. Hence (i)
follows by Ehresmann’s theorem.

In the case Vi (F) is not empty, the projection F : W\ Viy:(F) — SP~1 is not proper and
we can not use Ehresmann’s theorem. Nevertheless, the mapping F} : F~(Ds—{0})NW —
Ds — {0} is a surjective proper submersion. So, by Ehresmann’s theorem, the mapping

F : F~Y(Ds — {0})NW — Ds — {0} (2.2)

is a locally trivial fibration. Now, we can compose it with the radial projection m; :
Ds = {0} = P71, m(y) = 14, to get that

F:FYDs—{0})nW — sp~! (2.3)

is a locally trivial fibration.
Fibration (2.2) yields that the map

F:FYS;)nW — §P~! (2.4)

is also a locally trivial fibration and therefore surjective.
This implies that

F:W\ FY(Ds) — SP~! (2.5)
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OPEN BOOK STRUCTURES ON SEMI-ALGEBRAIC MANIFOLDS 215

is surjective and proper, where Ds denotes the open disk. So, by using Condition (b),
the mapping F is a C? submersion. Therefore, we have a locally trivial fibration by
Ehresmann’s theorem.

Now we can glue fibrations (2.3) and (2.5) along the common boundary F~1(Ss)NW, us-

ing fibration (2.4), to get the locally trivial fibration (1). |
Remark 2. 1.

1. The main argument in the proof is based on Ehresmann’s theorem. Therefore, it is
possible to generalize Conditions (a) and (b) above and Theorem 2.1 for C? mappings and
manifolds not necessarily in the semi-algebraic category.

2. It is possible to change the submanifold W by a compact semi-algebraic set with non-
empty singular locus (W) if one just asks that (W) C Vi (F). Alternatively, one can
change the compactness condition on W by asking F' to be proper on W. In both cases,
the statement of Theorem 2.1 and its proof work in the same way.

3. CANONICAL PROJECTIONS AND FIBERS

In this section we study the behaviour of Conditions (a) and (b) after considering com-
position of F' with canonical projections. The idea was inspired by the studies developed
in [8, Theorem 6.2], where it was shown that for real analytic mapping germs with isolated
critical values, under the so-called Milnor’s conditions (a) and (b) introduced by D. Massey
in [9], the canonical projection preserves the homotopy type of the Milnor fiber.

From now on, we follow the notations used in section 2. The following statement is an

important remark which provides a way to understand the generators of the normal space
to the fibers of F': RN \ V(F) — SP~ 1.

Remark 3. 1. Let m; : RP — RP~! be the projection

(ylv'-'ayp) = (yla“w?jiw-'ayp)'

The restriction of 7; o F' on the open set {f; # 0} is given by

moF RN\V(F) — Br—1 c Rr—1
T = (fi(z),..., fi(z),..., fr(z)),
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fi

where f; denotes the function TFT for i = 1,...,p. Moreover we have that ¥z N {f; # 0}

is the set of points where
Vi

Vfi-
rank fimr <p-1.

Viin

L V]

Let us see below a way to make these generators explicit. As in [1, 3], for each 1 <
1,7 < p, let us denote by

wi,j(x) = fi(x)V fi(z) = f;(2)V fi(z).

It follows that w; ;(z) = 0 and w; ;(x) = —w; j(x). Calculations show that for each 1 < j <
b,

Ji _ ; z)wg. i (T
HFH)(x)_ TaE > fr(@)w (). (3.1)

1<k#j

V(

It means that, if x is not a singular point of F, then the set of vectors {w; ;(x)}1<icj<p
span the normal space in R™ \ V(F) to the fiber F~1(F(z)) at . It is also easy to check
that the following circular relation holds.

LEMMA 3.1. Foralll <1< j <k <p we have:

fiwj ke + fewij + fiwk,: = 0. (2)

Proof. Tt follows by definition. |

Since this relation contains the main information concerning the normal space to the
fiber, we call it Milnor’s equality.

LEMMA 3.2.
Given F as above, for all x in the open set {fi1(x) # 0}, we have the following matriz
equation:
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OPEN BOOK STRUCTURES ON SEMI-ALGEBRAIC MANIFOLDS 217

f
V(7m)(@)
||J1fH
V(=) (@)
[ ()[|°P - oy =
J
V() (@)
17 -
—f2 —f3 coe = fp1 —fp
fiHfitothy _fofs _fafps _fefy wi2(2)
fl fl e fl fl w (I)
_fafs FAf+f atfy  fafpr _ fafe 13
f1 f1 T f1 f1 ’
_fofp _fafp _fo1fp f12+f22+”'+f121*1 wl,p(x) (p—1)xn
f1 f1 T f1 f1 px(p—1)

where the p X (p — 1) matriz has maximal rank.

Proof. The matrix equation follows from relation (3.1) and Lemma 3.1.

Now consider the (p—1) x (p — 1) submatrix, let us say A(z), built by removing the first
line in the p x (p — 1) matrix above:

FiHfi+t1 _I2fs _fafs _ Il
f1 - f1 ) , fi f1
_ fafa fitfot-Afoatfy  fafa _ fafp
A(x) — fi f1 fi f1
_f2fy _fshy _faky i s Y
fi f1 fio f1
Since it is a symmetric matrix it is diagonalizable, then the geometric and algebraic
F(x)|]?
multiplicity are the same. Now, by linear algebra calculations one can prove that ”f(())
1T
is an eigenvalue with multiplicity (p — 2) and f;(z) is an eigenvalue with multiplicity one.
F(x)]2(—2)
So, the determinant of A(x) is equal to |(p):l() and never vanishes on the open
I

set {fi(x) # 0}. Therefore, the linear operator A(x) is injective and the ranks of the

p X n matrix on the left side and the (p — 1) x n matrix on the right side are the same. |

Remark 3. 2.
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The above lemma still holds true with the same proof, if one considers for each i =
2,--+,p, the point z in the open set f;(x) # 0. In this case, the i-th line of the p x (p — 1)
matrix is given by

Qi = _fkv if k < 7;7
aik = — fry1, if k2>

Now, removing this line from the matrix, one obtains a (p—1) X (p—1) symmetric matrix
such that the elements in the diagonal are given by

p fQ
aj; =y kit <i,

1<k#j *"

p fQ
ajj =y, T ifj=i,

)
1<hza I

and the elements above the diagonal are given by

ay = _foJ:k

,if k<,
alk:—%, lkaZ

The (p — 1) x n matrix in this case takes the form

Wi, 1

Wi i—1

Wi i41

Wi
“P (p—1)xn
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3.1. Casep>3
We assume that p > 3 and consider the canonical projection 7w : R? — RP™ w(yy,...,y,) =
(Y153 Yi,- -+, Yp—1). We denote the composition mapping 7o F' by G = (f1,..., fp-1)

_ G
and as before G = Ten-

LEMMA 3.3. If F satisfies Conditions (a) and (b), then G = (f1,..., fp—1) also satisfies
Conditions (a) and (b).

Proof. 'We prove first that Condition (b) holds for G. Assume that there exists x €
%Y. Then, there exists i € {1,...,p — 1} such that fi(z) # 0. Since W C RV is a
smooth semi-algebraic manifold of dimension n — 1, locally around x we can assume that
W ={hi(z) =0,...,hny_ni1(x) = 0} where hi,...,An_p41 are smooth semi-algebraic
functions and 0 is a regular value of the mapping (h1,...,hAn_nt1) : RY — RVN=7+1 By
Remark 3.1, at the point = we have

Vhl (LU)

Vhn—nt1(z)
Vfl (.Z‘)
rank <N-n+1+p-—2,
Vﬁ-,l(x)
Vfita(x)

pr_l(a:)
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and by adding in the last line the vector V f,(z), we get

Vhl (I)

Vhn_ni1(z)
V()
rank : <N-n+1+4+p—-1.
Vfii()
V fis1()

pr(x)

Hence, 2 € ¥ which is in contradiction since X} = (). So, G satisfies Condition (b).

Next let us prove that Condition (a) also holds for G, i.e., we have to show that
S\ Viv (G) N Vin (G) = 0.
Observe that
¥ c Y and Viy (F) € Vip (G),
then from the inclusions
3¢\ Vi (G) € S5\ Vin (F),

and

¥\ Vi (G) C EW N\ Vip (F),
the inclusion
&\ Vi (G) NV (F) € B\ Vir (F) N Vi (F), (3.2)

follows.
Since F satisfies Condition (a), we get that X% \ Viy (G) N Vi (F) = 0.
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On Vv (G) \ Viw (fp), we have f, # 0. By Remark 3.1, 2 € X}V \ Viy (f,) if and only if

Vhl (.’E)

Vhn_ni1(x
rank N-n+1() <N-n+1+p-1.

Vfi(x)

Vfp-1(@)
On the other hand, on Viy (G), for i = 1,...,p — 1, we have

1

~ 7z (IFIV £ = £917]) = L or.

v -
171

Hence z € S N{f, # 0} if and only if 2 € B¢ N {f, # 0}.
Therefore we get

SE OV (G)\ Vv (f)] = & 0 [Viw (G) \ Viw (f)] - (3.3)
‘We have
S8\ Vi (G) N Vi (G) = S8\ Viw (G) N [(Viw (G) \ Vi (f)) U Viw (F)] =

S\ Vi (G) N Vi (F) U B8\ Vir (6) 0 Vi (G) \ Vv (£,)]
Since X is closed and ¥ \ Viy (G) N Vi (F) = 0, we conclude that
S8\ Vi (G) NV (G) € B8 N [Vir (G) \ Vi (/)]
It follows from Equality (3.3) that:
28\ Vi (G) N Vv (G) € 27 0 [Vir (G)\ Vi (f,)] -
By Condition (b), the right-hand side of the above inclusion is empty, so
&\ Vi (G) NV (G) = 0.

Therefore Condition (a) holds for G. |

According to Lemma 3.3 and Theorem 2.1 the projection G : W\ Vi (G) — SP~2 is also
a locally trivial fibration.

Denote by M and Mg the fibers of F': W\ Vi (F) — SP~tand G : W\ Viy (G) — SP~2
respectively. Now we can relate them as follows.
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THEOREM 3.1. The fiber Mg is homotopy equivalent to the fiber Mp.

Before starting the proof we need to state some important remarks and results. Without
lost of generality, we can consider the fiber

Mp = F71(1,0,...,0) N (W \ Vi (F)).

So,
Mp={fi>0,fo=...=fp=00n(W\{fi=fa=...=f,=0}) =
>0 fa == =0} O (W {fy = 0)).
Hence,
Mp={fi>0fa=...=f, =0} W.
Similarly,
Mg ={fi>0fa=...=f1 =0} AW.

Note that Mg = Mp U Viy (F) and that Vi (F) = Mp N {f1 = 0}.

LemMA 3.4.  The functions fi|y, and fi)a,, are carpeting functions (see [13]) for Mp
and M.

Proof. Under our hypothesis, the function f; is strictly positive on Mp. Let us prove
that there exists 6 > 0 such that f; is a submersion on Mrp N {0 < f; < §}. If it is not
the case, we can find a sequence (d,,)nen such that 6, > 0, §, — 0 and {f; = d,,} does
not intersect Vi (n) transversally, where n denotes the mapping (fo, ..., fp). This implies
that there exists y,, in {f; = §,} such that y, € W \ Vi/(F). Since W is compact, we

have X%\ Vi (F) N Viy (F) # O which contradicts Condition (a) for F. Hence f; is a

carpeting function for M. The same proof still works for Mg, and the lemma follows. |

COROLLARY 3.1. The fiber Mg (resp. Mg) is homotopy equivalent to {f1 > 9§, fo =
o =fp=0NW (resp. {f1 26, fo=...= fr.1=0}NW).

Proof. Let us consider Mp. This fiber is diffeomorphic to {f1 > 4, fa = ... = f, = 0}NW

and since f; is a carpeting function for Mg the result follows. |

Let us denote by M and M¢ the manifolds with boundary {f; >4, fo = ... = f, = 0}N
Wand {f1 > 6, fo =...= fp—1 = 0}NW, respectively. Observe that M% = Mgﬂ{fp =0}
and remind that f, denotes the function HprH We will apply Morse theory to the function
fp restricted to MY,.
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For this, let ¢ = (fa,..., fp—1) and assume that « is a critical point of fP\WﬁV(w)v where
f1(z) # 0. Then we have

Vhl(l')

Vhn—nt1(z)
rank V fa() <N-n+1+p-1.

V fp-1(z)
pr(x)

On V(¢), we have V f;(z) = mVﬁ(z), fori € {2,...,p—1}. Hence

Vh1 (.I)

VhN—n—&-l(x)
rank sz(l’) <N-n+1+p-—1.

pr—l(x)
pr(a?)

Since f1(x) # 0, the above inequality shows that x belongs to E};V by Remark 3.1. But by
Condition (b), Z‘I/;Y is empty. It follows that fP\WOV(w) has no critical point on {f; # 0}.
Our next step is to investigate the critical points of f, restricted to

OME ={fi=0,fo=...=f_1 =0} NW.

LEMMA 3.5. For § sufficiently small, the critical points of f_p|aMg are correct and lie in

{/fp #0}.
Proof. The critical points of prl ong, Are correct because fp‘wm,( ¥) has no critical points
in {f1 # 0}. As f1 is a carpeting function for Mg, we can choose ¢ sufficiently small in
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such a way that

Vhl (l‘)

VhN—n+1(='17)
rank Vii(x) =N-n+1+p,

Vfp-1 (x)
Vip(x)
on Mp N {f; =4} Note that on Mr N {f1 = ¢}, the following equality holds:

Vfi,=6'Vf,

since Vf, = ﬁv f»- Replacing V f,,(x) by V£, in the matrix above, we conclude that the
critical points of fp\aMg liein {f, #0}. 1

LEMMA 3.6. If & is small enough then the critical points of fmaMg in {fp # 0} are

outwards-pointing (resp. inwards-pointing) for Mg if and only if they lie in {f, > 0}
(resp. {fp <O0}).

Proof. Suppose the lemma is false. Then, for § > 0 small enough we can find a critical
point 5 of fp, oM, which is inwards-pointing and belongs to {f, > 0}. Therefore, there
exists A(xs) > 0 such that

prww)mw(xé) = /\(xé)vfl\v(w)mw(mé)-

By the Curve Selection Lemma, we can find an analytic curve (t) C V() N W defined
on a small enough interval [0, [ such that f1(y(0)) =0, and for ¢ €]0, v]:

o fr(7(1)) >0,
e 1(v(¥) >0,

* Vi wynw (V@) = A () V fr1v p)nw (7(1)) with A(y(2)) > 0.

Thus we get
(Fo 0 (8) = (9 Fopyr o ()7 (6)) =

AYONV f1jy ynw (V(8)), 7' () = A () (f1 0 7)'(#).
Assume that (f1 o)’ <0 and therefore the function f; oy decreases. Since f1(y(¢)) tends
to 0 as t tends to 0, it follows that f; o y(¢) < 0, which is impossible. Hence (f; o)’ > 0.
We deduce that (f, 07)’ > 0 and f, o~ is strictly increasing.
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Let us evaluate f,(v(0)). If f,(v(0)) = 0 then v(0) € Vi (F). Furthermore, we know
that

V(1)) FOWVEHO®) = HlyO) Ly 0)V A (v(1))-

1
INCIONR
This implies that (¢) belongs YW\ Viy (F) for t > 0, since y(¢) is a critical point of fplaMm),

G

where 6(t) = fi(v(t)). Therefore, v(0) belongs to W \ Viy(F) N Viy (F) which is empty.

Consequently, f,(7(0)) > 0 and f,(7(0)) = 1 because f1(y(0)) = ... = fp—1(7(0)) = 0.
Since f, o y(t) tends to 1 when ¢ tends to 0, then the monotonicity of f, oy gives that

fo(7(t)) > 1, which contradicts the fact that |f,| < 1. |

Now we have the main ingredients to prove Theorem 3.1.

Proof. (Theorem 3.1) Applying the previous lemmas and Morse theory for manifolds with
boundary, we get that Mg N{f, > 0} is homeomorphic to M x [0, 1] and M N{f, < 0} is
homeomorphic to M§ x [~1,0]. Therefore Mg is homeomorphic to M x [—1,1] which is
a consequence of the gluing M&N{f, > 0} and M&N{f, < 0} along M&N{f, = 0} = M.
Now, we can use Corollary 3.1 to finish the proof. |

3.2. Casep =2
Let F = (f1, f2) : RN — R? be a C? semi-algebraic map satisfying Conditions (a) and
(b). Let us denote by M}, the set {f; >0} N W and by M, the set {f; <0} NW

THEOREM 3.2. The fiber Mg is homotopy equivalent to M;E and Mjfl

Proof. The proof is the same as Theorem 3.1. We just have to check that f; is a carpeting
function for M;; and — f1 is a carpeting function for My, . Since fi : W — R has a finite
number of critical values, then there exists ¢ > 0 such that ]0, §] and [—4, 0] do not contain

any critical value of fiy. |

3.3. Consequences
Let F = (f1,...,fp) :RY - RP, 2 <p<n—1, beaC? semi-algebraic map satisfying
Conditions (a) and (b). Let us consider I € {1,...,p} and I = {iy,...,4;} an [-tuple of
pairwise distinct elements of {1,...,p} and let f; be the semi-algebraic map (fi,,..., fi,) :
RY — R, We know that if [ > 2, then the map f; satisfies Conditions (a) and (b). Let us
also denote by My, the fiber of fTI|W\VW(f1)'

COROLLARY 3.2. Letl € {2,...,p} and let I = {i1,...,4} be an l-tuple of pairwise
distinct elements of {1,...,p}. Then, the fibers My, and My are homotopy equivalent.

Proof. Apply Theorem 3.1. |

Let us consider the case [ = 1. From the facts explained above we can state the following.
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THEOREM 3.3. Foreveryj € {1,...,p}, the fibers M}t and Mf_] are homotopy equivalent
to the fiber Mp.

Proof. Apply Theorem 3.2. |

4. EULER CHARACTERISTICS OF FIBERS AND RELATIVE LINKS

In this section, we give several formulae connecting the Euler characteristics of the sets
Vi (f1), which we call the relative links (or links, for short), and the Euler characteristic of
the fiber Mg. Let us follow the same notations and assumptions for F' as in the previous
sections.

We prove first a general result which relates the Euler characteristics of the fiber and the
link and, as a consequence, we get an obstruction for the links to be homotopy equivalent
after projections.

PROPOSITION 4.1. We have:

X(Vw (@) = x (Vv (F)) = (=1)"P2.x(Mp).

Proof. Let us denote by
M;:{fl :fgz...:fp_l =O,fp>0}ﬂW=VW(G)ﬁ{fp>O},

and
M}::{fl:fgi:fp_l:O,fp<0}mW:VW(G)m{fp<O}

Observe that these two sets are diffeomorphic to the fiber Mp. We know that f, is a
carpeting function for M; and — f, is a carpeting function for My . Therefore, there exists
0 < § < 1 such that M} is homotopy equivalent to Viy (G)N{f, > §} and M is homotopy
equivalent to Viy (G) N {f, < —d}.

By the Mayer-Vietoris sequence we can write

x(Vw (@) = x(Vw (G) N {fp = 6}) + x(Viw (G) N {fp < =0})+

X(Viw (G) N{=6 < fp <6}) = x(Vw (G) N {fp = 6})—

x(Vw (G) 0 {fp = =6}).

By the above arguments, the first two terms on the right-hand side are equal to x(Mg).
The third term is equal to x (Vv (F')), since by Durfee’s result [7] we can choose § > 0 small
enough in such a way that Viy (F) is a retract by deformation of Vi (G) N {—6 < f, < d}.
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Furthermore, if n — p is even then the two last Euler characteristics are equal to 0
because Viy (G) N {f, = ¢} and Vi (G) N {f, = —6} are odd-dimensional closed man-
ifolds. If n — p is odd, they are equal to 2x(Mp) because they are the boundaries of

the odd-dimensional manifolds M{ = Viy-(G)N{f, > &}, Therefore, the result is proved. |

Let us choose | € {2,...,p} and an I-tuple T = {41,...,4;} of pairwise distinct elements
of {1,...,p}. Let J = {i1,...,4;—1}. If { =1 then we put J =0 and f; = 0. We can now
formulate the previous proposition in a more general way as follows.

PROPOSITION 4.2. We have:

XV (£2)) = x(Viw (f1)) = (=1)""2x(Mp).

Proof. Same proof as Proposition 4.1. |

In particular, we obtain the following two corollaries

COROLLARY 4.1. Let j € {l,...,p}, then we have

XV (f)) = x(W) = (=1)"~"2x(Mp).

Proof. We apply Proposition 4.2 to the case [ =1. |

COROLLARY 4.2. Letl € {3,...,p} and let I = {i1,...,4y} C {1,...,p}. Let K be an
(I — 2)-tuple of pairwise distinct elements of I. Then we have:

x(Vw (fx)) = x(Vw (f1))-

Proof. Let J be an (I — 1)-tuple built from adding to K one element of I \ K. By
Proposition 4.2, the corollary follows from equality

X(Vw (f5)) = x(Vw (f1)) = x(Viw (£1)) = x(Vw (fk))-

In order to express the Euler characteristics of all the sets Viy(fr), it is sufficient to
compute the Euler characteristic of a set Vi (fr) when #I = 2. But, for I = {1,2} it
follows by Proposition 4.2 that

x(Vw (f1)) = x(Vw (f1)) — (=1)"2x(MEF).
Therefore, we can summarize all these results in the following theorem.
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THEOREM 4.1. Letl € {1,...,p} andlet I = {iy,..., i} be anl-tuple of pairwise distinct
elements of {1,...,p}.

(1)For n even, we have

x(Vir (f1)) = 2x(MF) if  is odd,

and

Xx(Vw (fr)) =0 if 1 is even.
(2)For n odd, we have
Xx(Vw (fr)) = x(W) —2x(Mp) if l is odd,

and

x(Viv (f1)) = x(W) if I is even.

5. OPEN BOOK STRUCTURE OF POLYNOMIAL MAPS AND
EXAMPLES

In this section, we consider our Conditions (a) and (b) for polynomial maps in the local
and global settings. Our purpose is to explain the so-called “Higher open book structure
with singular binding” induced by F'. For further details we refer the reader to [1, 2, 3].

Local setting. Let f = (f1,...,f,) : (RY,0) — (RP,0) be a real analytic map germ. In
[10, Theorem 11.2] Milnor proved that if f has isolated singularity at origin, then there
exists a locally trivial fibration S¥=1\ K. — SP~1. Although f may fail to provide the
fibration structure outside a small neighborhood of the link, in [1, 2] the authors consider
two similar conditions like (a) and (b) above, in order to prove a generalization of Milnor’s
fibration on small spheres S¥~1 with bundle projection given by f.

Applying our results in this case, we consider p(z) = Zfil x? the square of distance
function to the origin and for € > 0 small enough consider W = p~1(€?). So, iy (f) = K.
is the link of the germ V'(f). The singular locus E‘;V (resp. E}V) is then the intersection
between the Milnor sets M (f) = {x € U | f fl, p} (vesp. M(f) = {x € U\V(f) | f tfl p})
and SV~1. Therefore, Conditions (a) and (b) above coincide with those conditions studied
in [2] and so the Theorem 1.3 in [2] is a special version of our Theorem 2.1. See [2, 3, 11]
for further details.

ExampLE 5.1.  Let f: (R?0) — (R2,0), f(z,v,2) = (z,2% + y(2® + y*) + 22). Then
f has only an isolated singularity (0,0,0) and therefore Condition (a) holds. But, for
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€ > 0 small enough the projection ﬁ : 82\ K. — S! cannot be a locally trivial fibration.

Calculations shows that {(z,y,0) € R®\ V(f)az* + y* + 22%y® — 2y® = 0} € M(f) is a
bounded curve such that the origin is contained in its closure, therefore locally Condition
(b) fails.

5.0.1. Homotopy equivalence between local Milnor’s fibers

Here we present an application of Theorem 3.3, that gives a relation between the Milnor
fiber in the tube and the Milnor fiber in the sphere. Let f = (f1,..., fp) : (R™,0) — (R?,0)
be a real analytic map germ satisfying Massey’s Conditions (a) and (b). Then, it was proved
by Massey in [9] that there exists a Milnor fibration in the tube

fleBen foH(SPTY) — spt

for all small enough € > 0 and 0 < 1 < e. Assume also that the Milnor set M (ﬁ) is

empty. So, by [2] as we explained above, the projection

g\ K o s

171l

is a locally trivial fibration.

PropoSITION 5.1.  The two fibers above My and Mﬁ are homotopy equivalent.

Proof. By [8] we know that M is homotopy equivalent to M £ i.e., the positive Mil-
nor fiber of f;. Then, by Theorem 3.3 the fiber M”TftH is homotopy equivalent to S"~1 N

{f1 > 0}. But by C.T.C. Wall [14], M+ and St {f1 > 0} are homotopy equivalent. |

Global setting. Now consider F = (f1,..., f,) : R¥ — RP a real polynomial mapping.
In [3] the authors studied the singular open book structure at infinity by using the p-
regularity. In fact, if we choose W = p~1(R) with R big enough, our Conditions (a) and
(b) means the boundedness of the sets M(F)\V NV and M(F), where V = F~1(0).
Therefore, by our Theorem 2.1 we recover Theorem 3.2 of [3].

Now we can consider the example 5.1 above in the global setting. We will show that for
R sufficiently large, HfTH : 5%\ Kr — S' is a locally trivial fibration.

In fact, since it has only one singular point, then Condition (a) is satisfied.

Now, the set M (f)N{z = 0} is equal to {(x,y,0) € R2\V(f)|z* +y* +22%¢y% —29? = 0
which is a bounded set. The set M(f) N {z # 0} is equal to {(x,y,2) € R3\ V(f)|2y
22 + 3y%, 2% + y® + 22 — 2%y = 0} which is also a bounded set because 0 < y < %, 2?2 <

—

wl= ||
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and 2% < %. So, in both cases our Condition (b) holds for f. Therefore, by Theorem 2.1
we obtain the desired fibration.

We end this section with two applications of Theorem 4.1 in the global setting. Note
that in this case Viy(fr) is the link at infinity of {fr = 0}, because we consider W as a
sphere of radius big enough. It is known that it is well defined up to homeomorphism. For
this reason we denote it by Lk> (V) instead of Viy (fr).

EXAMPLE 5.2. Let f : C? — C, f(x,y) = x(x +y)Z. From [3], this example is polar
weighted homogenous mized polynomial which verifies Conditions (a) and (b) at infinity.
Therefore the fibration f exists. The fiber is homotopy equivalent to R? and the Euler
characteristic of the fiber is 1. On the other hand, we can write f as a polynomial map
f:R* = R2 f(a,b,c,d) = ((a®+b%)(a+c), (a®>+b)(b+d)). Hence the Euler characteristic
of the link x(Lk*((a? + b*)(a + ¢) = 0)) = 2, by using our Theorem 4.1, we get the Euler
characteristic of the fiber is 1.

EXAMPLE 5.3. Let f:R?® = R?, f(x,y,2) = (2> +y,x +2). Then f does not have any
singularity. Moreover by computation, the Milnor set M(f) is empty. Therefore f verifies
Conditions (a) and (b) at infinity and the fibration f exists. The fiber is homeomorphic to
an arc of a circle which has Euler characteristic equal to 1. On the other hand x(Lk™ (z +
z =0)) =0, by using our Theorem 4.1, we get that the Euler characteristic of the fiber is
1.
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