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In this survey, we remind some fibrations structure theorems (also called
Milnor’s fibrations) recently proved in the real and complex case, in the local
and global settings. We give several Poincar-Hopf type formulae which relates
the Euler-Poincar characteristic of these fibers (also called Milnor’s fibers) and
indices (topological degree) of appropriated vector fields defined on spheres of
radii small or big enough.  October, 2014 ICMC-USP

1. INTRODUCTION

In this survey, we provide a brief review of some extensions of the real and complex Milnor
fibration’s theorems for isolated and non-isolated singularities and we give some Poincar-
Hopf type formulae which gives a connection between the Euler-Poincar characteristic of
the (regular) Milnor’s fibers and the index of a gradient vector field. The paper is organized
as follows. In Section 2, we first remind some fibration structure theorems which extend the
very well known complex and real local Milnor’s fibrations stated in [Mi]. In the sequel, we
remind Milnor’s formula for complex isolated singularity (Poincar-Hopf type formula) and
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we state several extensions of such formula which has been developed recently for functions
and mappings with non-isolated singularities, in the complex and real case.

In Section 3, we try to follow the line of development of Section 1, i.e., we also start in-
troducing and showing some fibrations’s Theorems, but now in the global case (at infinity),
and in the sequel we show several Poincar-Hopf type formulae in this setting.

2. FIBRATION STRUCTURE AND DEGREE FORMULAE - LOCAL
SETTING

2.1. Milnor’s fibrations structure
For a germ of complex holomorphic function f : (C"**1,0) — (C,0), in [Mi, Theorem 4.8,

page. 43] Milnor proved that there exists a small enough €y > 0 such that for all 0 < € < ¢
the projection

|§|| L S2HL (f = 0} — S! (2.1)
is a smooth locally trivial fibration.
Later, it was proved by L D. Trang that the restriction map

fi: B2 f7Y(Sh — S}

is also the projection of a locally trivial smooth fibration and that such a fibration is
fiber-equivalent to the fibration (2.1), where B2"*2 denotes the interior of the closed ball
B2,

For a real analytic map germ F': (R™,0) — (RP,0), n > p > 2 with isolated singularity
at origin, Milnor also proved in [Mi, Theorem 11.2, page. 97] that, for all ¢ > 0 small
enough, there exists 0 < 17 < € such that the restriction map

F:BINF 1Sy~ — sh!

is the projection of a locally trivial smooth fibration (called fibration in the “Milnor tube”),
with fiber MT, := (F})~!(y). He also constructed a convenient vector field in B\ V, where
V = F7'(0), and used its flow to push the Milnor tube B N F~'(57~") to the sphere
S, but keeping the boundary SP~' N F~!'(SP~1) fixed. Now, since 0 is an isolated
critical point of F) it is not hard to see that is possible to extend this fibration to get a
smooth locally trivial fibration

S\ LK (V) — sPt,

where Lk°(V) := V' N §"~ 1 is called the link of the zero set V at origin.
As Milnor pointed out, in general we can not expect that the projection of this last
fibration will be given by the canonical one ﬁ In [AT] the authors provide a charac-

terization of such a fibration in the more general case of non-isolated singularity (see also
[RA, Ar, CSS]) as follows.
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FIBRATIONS STRUCTURE AND DEGREE FORMULAE FOR MILNOR FIBERS 235

THEOREM 2.1.

Let F : (R™,0) — (RP,0), n > p > 2 be an analytic mapping and L its singular locus
i.e., the set of points where the gradients Vfi,...,V f, are linearly dependent. Assume
that X NV C {0}. The following two statements are equivalent:

a)for all € > 0 small enough the projection - : S*~1\ Lk®(V) — SP~1 is a smooth
TET - “e
locally trivial fibration.
(b)for all € > 0 small enough the projection ﬁ : S\ LKY(V) — SP=L s a smooth
submersion.

We remark that, this equivalence is not so trivial because if the link is not empty such
a projection mapping is never proper.

The Milnor tube fibration for non-isolated singularity was established by D. Massey in
[Ma] as follows.

Let F' = (f1,...,fp) : R™,0) — (RP,0) be an analytic map, 2 < p < n —1, and p be
the square of the distance function to the origin and denote by M (F') the set of critical
points of the pair (F,p), i.e., the set of points where the gradients Vp,Vfi,...,Vf, are
linearly dependent. This set is called the Milnor set and it also plays an important role in
the study of asymptotical behavior of polynomial mappings at infinity, as the reader will
see in the next section.

It follows by definition that Xz C M (F).

DEFINITION 2.1. [Ma]Given F' and p as above.

(a) We say that F' satisfies Milnor’s condition (a) at the origin, if ¥ C V in a neigh-
borhood of the origin.

(b) We say that F' satisfies Milnor’s condition (b) at the origin, if 0 is isolated in V' N
M(F)\ 'V in a neighborhood of the origin, where the notation X means the topological
closure of the space X.

Remark 2. 1. Tt follows from Definition 2.1 the equivalence:

The mapping F satisfies Milnor’s condition (b) at the origin if and only if for each
€ > 0 small enough, there exist 6 > 0, 0 < § < € such that the restriction map Fj :
Sr=tnF~1(BE\ {0}) — BY\ {0} is a smooth submersion (and onto, if the link of F~1(0)
is not empty).

We say that € > 0 is a Milnor radius for F at origin, provided that B?N (Xp — V) = &,
and B? NV N (M(F)\V) C {0}, where B” denotes the closed ball in R™ with radius e.

Consequently, under Milnor’s conditions (a) and (b), we can conclude that for all reg-
ular values close to the origin the respective fibers into the closed e-ball are smooth and
transverse to the sphere S7~1.
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THEOREM 2.2 ([Mal, Theorem 4.3, page 284). Let F': (f1,..., fp) : (R™*,0) = (R?,0)
satisfying Milnor’s conditions (a) and (b) and eg > 0 be a Milnor’s radius for F' at origin.
Then, for each 0 < € < €q, there exist 6, 0 < § < €, such that

F: BP0 FY(Bf\{0}) — Bf \ {0} (2:2)

1s the projection of a smooth locally trivial fiber bundle.

Proof. (Idea) Since ¢y > 0 is a Milnor’s radius for F' at origin, we have that Xp N B C
VN B . It means that, for all 0 < € < € the map F) : é? \V — RP is a smooth submersion

in the open ball B?
From the Milnor condition (b), and the remark above, it follows that: for each € there
exists §, 0 < § < ¢, such that

F: S nF~Y(BY - {0}) — By — {0}

is a submersion on the boundary S™~! of the closed ball B™.
Now, combining these two conditions we have that, for each €, we can choose § such that

F: B! nF~'(Bf - {0}) — B} — {0}

is a proper smooth submersion. Applying the Ehresmann Fibration Theorem for the mani-

fold with boundary B, we get that it is a smooth locally trivial fibration. ||

COROLLARY 2.1. (Milnor’s fibration in the tube) Let F : (f1,..., fp) : (R™,0) — (RP,0)
satisfying Milnor’s conditions (a) and (b) and €y > 0 be a Milnor’s radius for F at origin.
Then, for each 0 < € < €, there exists §, 0 < 0 < €, such that

F:BrnF (S — st (2.3)

is the projection of a smooth locally trivial fiber bundle.

ExamPLE 2.1. Let f : (C™,0) — (C,0) be a holomorphic function germ, then it satisfies
the Milnor conditions (a) and (b).

In fact, Milnor’s condition (a) and (b) can be seen as an application of Lojasiewicz’s
inequality which states that, in a small neighborhood of the origin, there are constants
C >0 and 0 < < 1 such that

[f(@)]” < C|IVf(2)].

So, Milnor’s condition (a) follows. In [HL], page 323, Hamm and L proved that the
Lojasiewicz inequality implies Thom as-condition for a Whitney (a) stratification of V.
Therefore, Milnor’s condition (b) follows.
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FIBRATIONS STRUCTURE AND DEGREE FORMULAE FOR MILNOR FIBERS 237

ExamPLE 2.2.  Let F : (R",0) — (RP,0) be an analytic map-germ with an isolated
singular point at origin. Then, Milnor’s conditions (a) and (b) above hold. In fact, Milnor’s
condition (b) follows since the zero locus is transversal to all small spheres.

In [AT, ACT1] the authors considered the following definition.

DEFINITION 2.2. [ACT1]. We say that the pair (K,0) is a higher open book structure
with singular binding on an analytic manifold M of dimension m —1>p >2if K C M
is a singular real subvariety of codimension p and 6 : M \ K — SV lisa locally trivial
smooth fibration such that K admits a neighbourhood N for which the restriction 6|y

is the composition N \ K 2 pr \ {0} & P~ where h is a locally trivial fibration and
m(s) = 137

In such a case, one says that the singular fibered subvariety K is the binding and that
the (closures of) the fibers of 6 are the pages of the open book.

Let us denote by M(ﬁ) the singular locus of the pair (ﬁ, p), where p(x) = 23+ - -+22
is the square of distance function to the origin. Inspired by Milnor’s conditions in [Ma], in
the paper [ACT1] the authors proved some theorems about fibration structures on spheres
of radii small enough for non-isolated singularity, as follows.

THEOREM 2.3 ([ACT1], Theorem 1.3, page 819). Let F : (R",0) — (R?,0) be a real
analytic mapping germ. Assume that Milnor’s condition (b) holds and codimgV = p. If

for all € > 0 small enough the set M(ﬁ) is empty, then the pair (LkO(V),ﬁ) is a

higher open book structure on the spheres ST~1, with singular binding. In particular, the
projection

% (ST LKY(V) — 5Pt (2.4)

s a smooth locally trivial fibration.

It seems natural to ask the following question: how does the fibers of fibrations (2.3)
and (2.4) relates with each other, once both fibrations exist ?
Denote by ML and M®,.  the fibers of fibrations (2.3) and (2.4), respectively. In [CSS]

TET
the authors considered a condition called d-regularity and assuming also that F satisfies

a Thom ap-condition, they showed that both fibrations are fiber-equivalent. We should
point out that, it is pretty clear that Thom apg-condition along V imply Milnor’s condition
(b). But, the converse in not true as the reader can check in [ACT1], section 5.3, page 827,
in an example provided by A. Parusinsky.

More recently, just assuming Milnor’s condition (b) and using a quite different machinery,
the authors in [DACA] proved a similar result to the one stated in [CSS]. This result was
proved first by M. Oka in [Ok] for non-degenerate and convenient mixed polynomial germs.
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ProprosITION 2.1 ([DACA], section 5.0.1, Proposition 5.2). Let
F=(fi,....fp) : (R",0) = (RP,0) be a real analytic map germ satisfying Milnor’s con-
ditions (a) and (b). If M(ﬁ) is empty (as a germ of set), then the two fibers ML and

M5, are homotopy equivalent.
TFT

At this point, we would like to invite the interested reader to look at section 5.0.1 of
[DACA] for further details.

2.2. A degree formula in the complex case

Let f : (C"*1,0) — (C,0) be a germ of holomorphic function. In the case that 0 €
C™*! is an isolated critical point of f, Milnor considered the topological degree, denote by
deg,V f, of the normalized gradient vector field

€ Vf
V7

S (2.5)

where Vf = (867);, cee gzi). Let us denote by uy := degyV f.

This number was named later as “Milnor number” and it has several important meanings.
For instance, it is known that the regular fiber Fy = (”—{c”)_l(H) has the homotopy type
of a bouquet of n-dimensional spheres and the number of spheres in the bouquet is jiy.
Therefore, the Euler-Poincar characteristic of the (regular) fiber satisfies the following

Poincar-Hopf formula

X(Fp) = 14 (=1)"py. (2.6)

In the search of topological and analytical invariants of complex and real singularities,
this type of Poincar-Hopf formula became a starting point of several others formulae, for
isolated and non-isolated singularities, in the local and global settings. Below we will
discuss briefly some of them in the local real setting.

2.3. Degree formulae in the real case

In [Kh] Khimshiashvili considered a germ of real analytic function f : (R",0) — (R,0)
with isolated critical point at the origin, and proved that

X(f_l(é) N BE") =1 —sign(—0)"deg,Vf, (2.7)

where 0 < |§] < € < 1 is a regular value, B?* stands for the closed ball centered at the
origin, Vf is the gradient vector field of f and deg,V f is the topological degree of the
mapping
Vf . gn—1 n—1
eva” HICHAE
The formula above was extended for mappings with isolated singularity as follows.
Let F' = (f1,---,fp) : (R",0) — (RP,0) be an analytic mapping with isolated critical
point at the origin. Then, each coordinate function f;, for ¢ = 1,--- ,p, also has isolated
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critical point at the origin. Using these notations, formulae (2.6) and (2.7) above were
extended in the following way:

THEOREM 2.4. [ADD, Theorem 1.3, page. 210] Given F : (R™,0) — (RP,0), n >p > 1,
as above, the following holds true:

(i)If n is even, then x(MZE) =1 — deg,V f1. Moreover, we have
degoVfi = degyVfa=--- = degyVf,.

(ii)If n is odd, then x(ME) = 1. Moreover, we have degyV fi =0 fori=1,2,...,p.

ExamPLE 2.3. [Case of isolated singularity of holomorphic functions] Given a germ
of holomorphic function f : (C"*1 0) — (C,0) with isolated critical point at origin, we
consider the complex variable z; = z;+iy;, for 1 <j <n+1land f = (P,Q) : (R*"*2,0) —
(R%,0) where P = R(f) and Q = 3(f) is the real and imaginary part of f, respectively.
By Cauchy-Riemann equations, we have that

OP(z,y) .0P(z,y) OP(z,y) .OP(x,y)

VP(z,y) = - -
(x y) ( 0z ! oy 3$n+1 ! 3yn+1

which we can be identified with

oP(z,y) OP(z,y) oP(z,y) _5P(ﬂc,y))
81‘1 ’ 6y1 T 8xn+1 ’ 8yn+1 '

VP(x,y) = (

OP(xz,y) OP(z,y) OP(z,y) OP(x,y)
0z ' ayl Y 3In+1 ’ 3yn+1
topological degree of the map e% 82l 5 G20+l for all € > 0 small enough. Now, it

Denote by H(z,y) = ( ) and by deg,VH the

is easy to see that
degovpz (—1)n+1.degOVH

and so Milnor’s formula (2.6) follows from Theorem 2.4, item i).

It seems natural to search for similar result for non-isolated singularities. This was done
in [DA] and we will explain below the main strategy used to get an analogous formula.

Let us consider F' = (f1,..., fp) : (R™",0) = (RP,0), 1 < p < n—1, an analytic mapping.
Consider [ € {1,...,p} and I = {i1,...,4;} an [-tuple of pairwise distinct elements of
{1,...,p} and let us denote by f; the mapping (fi,,..., f;,) : (R",0) — (R',0). Suppose
that F satisfies Milnor’s condition (a) at the origin. Then, we have

S5, CSp C FH0) C f71(0),

and so by definition the map f; also satisfies Milnor’s condition (a) at the origin.
It is clear that X¢, , C ¥ ,. In [DA] it was proved the following key result:
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LEMMA 2.1. [DA] Assume that F' satisfies Milnor’s conditions (a) and (b) at the origin.
Then, for alll € {1,...,p} and I = {é1,...,4} C {1,...,p}, the maps fr : (R",0) —
(R',0) satisfies Milnor’s conditions (a) and (b).

Proof. See [DA, Lemma 4.1, page 7]. |

COROLLARY 2.2. There exists eg > 0 such that, for alll € {1,...,p} andI = {i1,...,4} C
{1,...,p}, the maps fr : (R™,0) — (R',0) have ¢y as a Milnor’s radius. Therefore, for
all 2 <1 < p there exist the Milnor fibrations (see Theorem 2.2 and Corollary 2.1) for the
maps fr : (R™,0) — (RY,0).

In [DA] several formulae were proved connecting the Euler-Poincar characteristics of the
links of the sets f; 1(0) and of the Milnor fiber M% for an analytic map germ F under
Milnor’s conditions (a) and (b). We remind below some of them.

As above, let us choose | € {1,...,p} and an I-tuple I = {i1,...,%;} of pairwise distinct
elements of {1,...,p}. We write J = {i1,...,i;_1}. We also denote by Lk°(V;) (resp.
Lk"(V;)) the local link of the zero-set of f; (resp. fs). If I = 1 then J = () and we put
fr=0.

PROPOSITION 2.2. We have:

X(LKY (V7)) — x(LK° (V7)) = (—1)"'2x(MF).

Proof. See [DA, Proposition 7.1, page 10]. |

COROLLARY 2.3. Letj € {l,...,p}. Ifn is even, then we have X(LkO(V{j})) = 2xy(M%L)
and if n is odd, then we have X(Lko(V{j})) =2 —2y(ML).

Proof. We apply the previous proposition to the case [ = 1. In this case, if n is even then
(LK (V) = 0 and if n is odd then x(Lk’(V;)) = 2. |

Let us explain how to apply this result in order to get a degree formula for X(M;)

Given hq, -+ ,hg : U C R™ — R analytic functions, defined in an open neighborhood of
the origin U, with hy(0) = -+ = hs(0) = 0, let h(x) = hy(z)? + - - - + hy(z)?. Of course, the
following equality of analytic sets holds

{reU: hi(z)=---=hs(x) =0} ={x € U: h(z) =0}

Szafraniec in [Sz] considered the function g(z) = h(z) — cp(x)*, where ¢ > 0 and k an
integer, and showed that for k large enough the function g has an isolated singular point
at the origin. Moreover, he proved that for all small radius e, the following Poincar-Hopf
type formula holds true:

x{z € 8" : h(z) =0}) =1 —deg, Vg. (2.8)
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From Szafraniec’s equation above and Corollary 2.3, we can state a Poincar-Hopf type
formula for local non-isolated singularities as follows:

PrOPOSITION 2.3. Given F = (f1,..., fp) : (R™,0) = (RP,0), 1 <p <n—1, an analytic
map germ satisfying Milnor’s conditions (a) and (b). There exist ¢ > 0 and an integer k
such that if g(x) = f(x) — c.p(x)* then we have,

(1 —deg, Vg);

(i)if n is even, then x(ML) =
= 5(1 +degy Vg).

1
2
(i)if n is odd, then x(M%) = 3

Proof. 1t follows from Corollary 2.3 and Szafraniec’s results. ||

3. FIBRATION STRUCTURE AND DEGREE FORMULAE - GLOBAL
SETTING

3.1. (Global Milnor) Fibration’s structure

It is well known that, for a polynomial holomorphic function f : C**1 — C, there exists
a finite set of complex values called the bifurcation set, denoted by By C C, such that
the restriction map f| : C"*'\ f~1(By) — C\ By is a smooth locally trivial fibration. If
one takes a closed disc in the target space, Dr C C with R > 0 big enough in such a way
that By is included inside its interior, this fibration induces the so-called global monodromy
fibration of f,

fi:Cn 7 (SE) — Sk (3.1)

which is also a smooth locally trivial fibration.

In [NZ1] Nemethi and Zaharia considered a kind of regularity condition called semitame
condition which control the asymptotic behavior of the fibers at infinity. Following Milnor’s
method for the local case, they proved that for all radii R big enough, denote by R > 1,
the canonical (Milnor) projection

lsz cSETI\{f =0} — S* (3.2)
is a smooth locally trivial fibration. But, as the authors explained in the introduction in
[NZ1] (see Section 4 in [NZ1], for further results), one can check in Broughton’s example
f(x,y) = x + 2%y that the fiber of the Milnor projection (3.2) is the thrice punctured 2-
sphere and the generic fiber (3.1) is the twice punctured 2-sphere. So, these two fibrations
can not be fiber-equivalent.

In the real case, this fibration structure has been also approched in [ACT2] and more
recently in a more general way by the present authors in [DACA]. Below we give the main
ideas and results of [ACT2].
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Let F = (f1,...,fy) : R" = RP, 2 < p <n—1, be a polynomial mapping, V = F~1(0)
and for R > 1, denote by Lk*(V) :=V N SZ71 the link of V' at infinity. Let us denote by
p:R* 5 R, plz) =22+ - +22,and so Sp ' = p~}(R).

Consider the (global Milnor’s) projection ﬁ D SETE\ LK™ (V) — SP~! and, as in the
local case, also denote by:

(a) X the set of critical points of F.
(b) M(ﬁ) the set of critical points of the pair (ﬁ, p) inside R™ \ V.
(¢) M(F) the critical locus of the pair (F,p).

With such a definition, the authors in [ACT2] proved a fibration structure on spheres of
radii big enough, as follows.

Following the definition stated in [ACT2], we will consider the following conditions:

Condition (A): M(F)\ VNV in bounded in R™.

Condition (B): M(ﬁ) is bounded in R™.

THEOREM 3.1. Let F' : R” — RP be a real polynomial map such that codimgV = p at
infinity' and assume that Condition (A) holds. Then we have the equivalence:

D)Lk (V), £ is an open book decomposition of S~ with singular binding, indepen-
[Eall R
dent of the high enough radius R > 1 up to C'*° isotopy.
(i) Condition (B) holds.

Proof. 'We follow closely the proof given in [ACT2]. We should say that the same idea of
this proof was used in [DACA], but to prove a fibration theorem in a more general setting.
Firstly, see that Condition (B) holds if and only if for all R > 1 the projection mapping

F n— o] —
W:SR T\ Lk™(V) — sP~!

is a submersion.
By the Curve Selection Lemma, Condition (A) means that: there exists 6 > 0 small
enough and a closed disc B} centered at origin such that

P BE - {0} NSy - B~ {0)

is a surjective proper and smooth submersion.

The implication (i) = (ii) is trivial, because if we suppose that

ﬁ : SETV\LK>®(V) — SP~1 s a locally trivial fibration, then it is a submersion and

so Condition (B) follows.

IFor the zero locus V = F~1(0) C R", we say that “V has codimension p at infinity” if for any radius
R > 1, codimpV \ Br = p, in the sense that every irreducible component of V' has this property.
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Let us prove the converse. We can assume that Lk (V') is not empty: in fact, in the
case it is empty, Condition (A) is always satisfied and by Condition (B), we have that
ﬁ : Sg71 — SP~1 i a proper submersion and so onto, since SP~! is connected. Hence
(i) follows by Ehresmann’s theorem.

In the case Lk™ (V) is not empty, the projection ﬁ D SETE\ LK(V) — SPU s
not proper and we can not use Ehresmann’s theorem. Nevertheless, the mapping F| :
F~YBE —{0})nSE~' — B? — {0} is a surjective proper submersion. So, by Ehresmann’s
theorem, the mapping

B P By {0)nSp - BY — {0) (3.3)
is a locally trivial fibration. Now, we can compose it with the radial projection 7 :

Bf — {0} = 577, m(y) = H?TI’ to get that

F

T F7YBE —{op)nsSE ! — grt (3.4)

is a locally trivial fibration, as well.
Fibration (3.3) yields that the map

F .

[Pan

is also a locally trivial fibration and therefore surjective.
This implies that

FYsehnspt - grt (3.5)

F .
TF] SpTI\ FTH(BE) — st (3.6)
is surjective and proper, where éf; denotes the open disk for some 0 < § < %. So, by
using Condition (B), the mapping ﬁ is a smooth submersion. Therefore, we have a
locally trivial fibration by Ehresmann’s theorem.

Now we can glue fibrations (3.4) and (3.6) along the common boundary F~!(S% Hn

Sp~', using fibration (3.5), to get the item (). ||

Remark 3. 1. As mentioned above, inspired by (the local) Milnor’s conditions and the
global conditions introduced in [ACT?2], the present authors in [DACA] introduced two
conditions that produce open book structures on C? semi-algebraic manifolds, generalizing
and unifying this way open book structures on spheres of big or small radii.

3.2. A degree formula in the complex case

In [Br, HZ, NZ1, NZ2] the authors considered a polynomial holomorphic function f :
C™*! — C under the so-called tame, M-tame and semitame conditions. We do not in-
tend to give more details in this direction, but we remind briefly the definitions of these
conditions and give some topological results concerning the (global) Milnor fibers.
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If one fixes coordinates z = (zg, -+ ,2,), then one can consider the following quotient
algebra
Qf o (C[Z(), ey Zn]
~ [of af \’
(8720’ ) 32n)
where Clzg, . . ., z,] denotes the ring of polynomial holomorphic functions and (g—z{), e ng )

denotes the ideal spanned by the partial derivatives of f.

It is well known that f has only finitely many isolated singular points if and only if the
complex dimension of the quotient algebra dimc Qy is finite. This dimension is called the
total Milnor number and it is denoted as in the local case by ps. As in the local case,
the number iy is equal to the topological degree, denote by deg  V f, of the normalized
gradient vector field

Vf n n
RW : 812? +1 — SIQ% +1. (37)
© of of :
Denote by V(f) = (8—, ce a—) and the so-called (complex) Milnor set by M(f) =
Z0 Zn

{z € C"*1;V(f) = Az} for some A € C.
Under the notations above, consider the following condition () : for every sequence
{zt} € M(f) such that ||zx|| — 400, V(f)(zr) — O.

DEFINITION 3.1.
We say that a polynomial function f under condition (x) is:

(1) M-tame if | f(z)| — +o0.
(ii) semitame if | f(zx)| — ¢, for some ¢ € C, then ¢ = 0.

Of course, if f is M-tame, then it is semitame. But, the converse is not true, see for
instance [NZ1].

THEOREM 3.2 ([NZ1, NZ2] see also [HZ]).
Let f : C"™' — C be a M-tame holomorphic polynomial function. Then, the following
holds true:

(i)the bifurcation By is equal to the singular locus Xy.

(ii)for each value w € C\ By, the (typical) fiber f~'(w) has the homotopy type of a
bouquet of s n-dimensional spheres.

(iii)the fibration (3.2) is fiber-equivalent to the global monodromy fibration of f.

So, it follows from item [(i7)] above that for such M-tame class of polynomial we still
have the following Poincar-Hopf type formula

x(Fp) =1+ (=1)"py,
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where Fy is the fiber of fibration (3.2).

3.3. Degree formulae in the real case
Inspired by the formulae proved in local case and in the global complex case, we present
below a degree formula for the Euler characteristic of the real Milnor fiber in a big sphere.
The strategy is the same as in the local case. First we need to establish global versions of
Szafraniec’s theorem [Sz]. Note that the results below are new.

8.8.1.  On the link at infinity of a closed semi-algebraic set

We establish several degree formulae for the Euler characteristic of the link at infinity of
a closed semi-algebraic set. If X C R" is a semi-algebraic set, then we denote by Lk (X)
its link at infinity.

Let f : R® — R be a C?-semi-algebraic function. We assume that 0 is a critical value
of f. We denote by ¥ = (Vf)~1(0) the set of critical of points of f. We remark that
¥ N f71(0) may not be compact.

Let w(z) =1+ 3(23 + -+ 22). Note that Vw(z) = z and w(z) > 1. Let

o ={zeR" | rank[Vf(z), Vw(z)] < 2}.

We have Xy C Ty .

LEMMA 3.1. There is k € N such that for all z € Ty, \ f71(0),

[f(z)] >

w(w)k’

for |x| > 1.

Proof. Let 7 be the greatest critical value of w. We set S, = w™(r). Let § :]ro, +oo[— R
be defined by

Br) =it {|f@)| | € 8 N (Tr\ FO) ]

The function B is semi-algebraic. Furthermore 5 > 0 because for r > ¢, f| g, has a finite
number of critical values. Thus the function % is also semi-algebraic. Hence there exist
ry > 1o and kg € N such that % < rk for r > ry and k > ko. This implies that 3(r) > %k

for r > ry and k > kg. We can conclude that for » > r; and k > ko,

[f(z)] >

w(x)

for z € S, N (e \ £710)). 1
Let g_(x) = f(z) — w(lT)k Note that I'y, =Ty .
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LEMMA 3.2. For R> 1, x({g— <0}nSg) = x({f <0}NSg).

Proof. Let R > 1 be such that for all € T'y,, \ f71(0) N {w(x) > R}, |f(z)| > ﬁ
Let NfS ={zx e Sg| f(x) <0} and Nz ={z e Sk | g_(x) < 0}. For 2 € Sk, we have

g-(2) S0 [(a) 7 <0 f(2) < o,

and so fo C Nz . Furthermore if 0 < f(z) < gr then z ¢ Iy, \ f~*(0) and therefore
{f(x) < 3}N Sg retracts by deformation to {f(z) < 0} N Sg. We get the result. |

CorOLLARY 3.1. We have x(Lk™ ({g- < 0})) = x(Lk™({f < 0})).

Let g, (2) = f(x) + Ti)" Note that Iy, =Ty, ..

LEMMA 3.3. For R> 1, x({g+ >0} NSg) = x({f >0} N Sk).

Proof. Let R > 1 be such that for all € Ty, \ f71(0) N {w(z) > R}, |f(x)| > ﬁ
Let NfZ ={zx e Sr| flx) >0} and NgZ+ ={z € Sr | g+ (x) > 0}. For 2 € Sg, we have

1

g+ () ZO@f(fE)+$ >0< f(x) Z—ﬁ,

and so NfZ C Nci Furthermore if 0 > f(z) > —g¢ then z ¢ T's,, \ f~1(0) and therefore
{f(x) > —ﬁ} N Sg retracts by deformation to {f(z) > 0} N Sg. We get the result. |

COROLLARY 3.2. We have x(Lk™({g+ > 0})) = x(Lk™({f > 0})).

O
LEMMA 3.4. The sets (Vg_)"1(0)N{g— = 0} and (Vg4)~1(0)N{g+ = 0} are compact.

Proof. If x € (Vg_)"1(0)N{g— = 0} then z € Ty, =Ty, and f(z
Sox €T, \ f71(0). But there exists R > ry such that |f(z)| > ﬁ if p(z) > R and
z €Ty \ f71(0). We conclude that

N
Il
€
M
=
~h
()

V(g-)"'(0) N{g- =0} C Bg,

where B = {w < R}. 1

We make the assumption that f(0) > 1.
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LEMMA 3.5. We have g_(0) > 0 and g4+(0) > 0.

Proof. We have g_(0) = f(0) — 1 and g4+ (0) = f(0) + 1. 1
Let H_ and H, : R**! — R"*! be defined by

H*()‘am) = ()\x—ng,,g,) and H+()\,!E) = ()\LL' + v.g+7g+)'

LEMMA 3.6. The sets H-'(0) and H'(0) are compact.

Proof. See [Dul], Lemma 5.4 and Remark 5.11. |

Let 6- be a small regular value of g¢g_. Let R~ > 1 be such that
{g— = 0} N Bg_ is a retract by deformation of {g_ = 0}, {g— < 0} N Br_ is a retract by
deformation of {g— < 0} and {g— > 0} N Bi_ is a retract by deformation of {g_ > 0}.

PROPOSITION 3.1. If n is even, we have
x({g- = 6_}N Br_ ) = deg  H_.
If n is odd, we have

x({g- >0-}NBr_ ) —x({g- <6_}NBr ) =1—deg H_.

Proof. Apply equalities (A) and (D) in [Dul], page 332, and use the fact that g_(0) >
0. 1

If n is even, we have

XUg- =030 Br) = 3xUg- =3-3N8n) = x({g- <6} ndn) =

x({g- <0}NSr_) = x(Lk®({g- < 0})).

If n is odd, we have

x({g- >6-3}nNBr_) —x({g- <6_-}NBr_) =

X({g- >0-3nSr ) —x({g- <6-}n Sk )|.

N =

Since,
X(Sr_)=2=x({g- =6-}NSr_)+x({g- <6-}NSr_),
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we find that x({g_ >d_}NSr_ ) =2—-x({g- <6_}NSk_) and that

x({g- >6-}NBr ) —x({g- <0-}NBr )=1—x({g- <6_-}nSr ) =

1—x({g- <0}nSk_) =1—x(Lk™({g- <0})).
COROLLARY 3.3. We have

X(Lk*({g- < 0})) = x(Lk*({f < 0})) = deg H .

U
Let §; be a small regular value of g. Let Ry > 1 be such that {g1 = 0} N BR+ is

a retract by deformation of {g4y = 0}, {g+ < 0} N Bg, is a retract by deformation of
{9+ <0} and {g+ > 0} N Bg, is a retract by deformation of {g; > 0}.

PROPOSITION 3.2. Ifn is even, we have

x({g+ =64} N Br,) =deg H,.

If n is odd, we have

X({g+ > 043N Br,) —x({g+ <04} N Br,) =1—deg Hy.

Proof. Apply equalities (A) and (D) in [Dul], page 332, and use the fact that g, (0) >
0. 1

COROLLARY 3.4. Ifn is even, we have

NIK®({f = 0})) = dego, Hy
If n is odd, we have

NILEZ({f > 0})) = 2 — deg H.

Proof. If n is even, we apply the same proof as for Lk ({f < 0}).
If n is odd, we remark that

x({g+ > 03N Br,) —x({g+ <6:} N Bg,) =

X({g+ 643N Sk,) =1 = x(Lk®({f > 0})) = 1 =1 — deg . H.
|
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COROLLARY 3.5. Ifn is even, we have
If n is odd, we have

Proof. Use the equality
X(S"71) = x(LE™({f = 0})) + x(Lk>({f < 0})) — x(Lk™({f = 0})),

and the previous corollaries. |

Application: Let X C R" be a closed semi-algebraic set. There exists a C2-semi-algebraic
function f : R™ — R such that X = f~1(0) and f > 0. By a change of origin if necessary,
we can assume that f(0) > 1. In this case, g1 > 0 and so deg, Hy = 0.

COROLLARY 3.6. We have x(Lk™ (X)) = deg  H_.

O
Now we return to the general case. The functions g_ and g, are semi-algebraic but not
polynomial even if f is a polynomial. Let G_ and G4 be defined by

G_(z) = w(x)*y-(2) = w(@)" f(z) - 1,

and

G (@) = w(@)*g4(2) = w(2)" f(z) + 1.
If f is a polynomial then so are G_ and G4. Furthermore, {G_ =0} = {g_ =0}, {G_ <
0} ={g- <0}, {G- >0} = {g- > 0} and {G} =0} = {g+ = 0}, {G4 <0} = {g4 <0},
{G+ >0} = {g4 > 0}.

LEMMA 3.7. The sets (VG_)"H0)N{G- = 0} and (VG+)~1(0)N{G+ = 0} are compact.
Proof. We have
VG _(z) = kw(z)* tg_(2)Vw(z) + w(x)*Vg_(z).

If G_(z) = 0 then g_(x) = 0 and so VG_(x) = w(2)k¥Vg_(x). We see that (VG_)~1(0)N
{G_ =0} = (Vg_)~1(0) N {g- = 0}, which is compact. |
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Let L_ and L, : R™t! — R+ be defined by
L_(M\z)=Az+VG_,G_)and Ly (A, z) = Az + VG4, Gy).

LemMA 3.8, The sets L='(0) and L7'(0) are compact.

Proof. See [Dul], Lemma 5.4 and Remark 5.11. |

COROLLARY 3.7. We have

X(Lk*({f <£0})) = deg L,

X(LK=({f > 0})) = deg, L+, if n is even,
XLk ({f > 0})) =2 — deg, L,if n is odd,
X(Lk>*({f =0})) = deg,, L + deg, L,if n is even,

x(Lk>™({f =0})) = deg, . L_ — deg,, L+,if n is odd.

O

Application: Let X C R" be a closed semi-algebraic set. There exists a C2-semi-algebraic

function f : R® — R such that X = f~1(0) and f > 0. By a change of origin if necessary,
we can assume that f(0) > 1. In this case, G4 > 0 and so deg . L4 = 0.

COROLLARY 3.8. We have x(Lk™ (X)) = deg L_.

Next we focus on the case when the C2? semi-algebraic function is semi-tame.

DEFINITION 3.2.  Let f : R” — R be a C?-semi-algebraic function. We say that f is
semi-tame if for any sequence of points (z,)nen in I'f, such that |z,| — +oo, we have
limy,— 4 oo | f(zn)] = 0 or +00.

LEMMA 3.9. If f: R" — R is semi-tame then (Vf)~1(0) \ {f = 0} is compact.

Proof. Let o # 0 be a critical value of f. Let z € f~*(a)N(Vf)~1(0), = belongs to I's .
If f~1(a)NV f~1(0) is not compact then there exists a sequence of points (,,),en such that
|zn| = +o00, f(zn) = aand Vf(z,) = 0. But z,, € 'y, this contradicts the semi-tameness

of f. 1
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LEMMA 3.10. The functions g— and g4 are semi-tame.

Proof. We know that I’y ., =T'.. Let (2,)nen be a sequence of points in 'y, such
that |z,,| = 4+o00. Then z,, € 'y, and |z,| = 400 so limy, 4o | f(2n)] = 0 or +00. But
g—(xn) = f(zn) — ﬁ S0

lim |g—(x,)] =0 or + occ.

n—-+oo

COROLLARY 3.9. The sets (Vg_)~1(0) and (Vg4+)~(0) are compact.

Proof. The function g_ is semi-tame so (Vg_)~1(0)\ {g = 0} is compact. We know that
(Vg-)~1(0)n{g = 0} is compact. |

In [Du3], the author introduced three sets A,SL, A and AE for a C? semi-algebraic
function h. They are defined as follows: for x € {<,=,>},

A = {a €R| B x(Lk®(X N{h*B})) is not constant

in a neighborhood of a}.

By [Du3], Lemma 3.12, we have A C {0}, AZ C {0} and Ay C {0} since g_ is
semi-tame.

PROPOSITION 3.3. Let a_ €] — 00,0] and at €]0,+00[. We have

X(Lk*({g- < a-})) + x(Lk*({g- < aq})) — x(Lk*({g- < 0})) =

1 —deg, Vg-_.

Proof. See [Du3], Theorem 3.16. |

LEmMA 3.11. Let aw # 0. We have

X(Lk*({g- < a})) = x(Lk*({f < a})).

Proof. We assume first that o < 0. Furthermore, we can suppose that %a—l—l < 0 because
the function 8 +— x(Lk>(X N{f < B})) is constant on ] — 0o, 0[ by the semi-tameness of

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



252 N. DUTERTRE, R. ARAUJO DOS SANTOS, Y. CHEN AND A. A. ESPIRITO SANTO

f. The function g_ is semi-tame so if (z,)nen is a sequence of points in I'y_ ,, such that
|2 = +o0 and g(z,) < %a then limy, 40 g—(xn) = —o0. Since I'y, =Ty, and f is
semi-tame, we also have lim,,—, 1 o f(2,,) = —00 because f(z,) < %a—l—l < 0. So there exits
Ry > 1 such that for all R > Ry, f(x) < 2 and g(z) < 2a for x € SgNT,_ ,N{g_ < 1a}.
So Lk ({g— < a}) is homeomorphic to {g— < a}NSk and Lk ({f < a}) is homeomorphic
to {f < a}nNSg forany R > Ry. But {g_ < alnNSg={f <a+ %})OS’R. Since
Sk NIy q{a <f<a+ %} is empty, the set {f < a+ %} N Sk is homeomorphic to
{f < Oé} N Sg.

If o > 0 the proof is the same, replacing {g < 1o} with {g > a} and taking R such that
o+ mr <20 |

COROLLARY 3.10. Let a— €] — 00,0[ and a4 €]0,+00[. We have

X(LE*({f < a-})) + x(Lk¥({f < g }) — x(Lk*({f <0}) =

1 —deg, Vg-_.

U
Similarly, we can state:
COROLLARY 3.11. Let a_ €] — 00,0[ and at €]0,+o0[. We have
X(LEZ({f = a-}) + x(Lk™({f = ay}) = x(LkZ({f = 0}) =
1—(—1)"deg, Vg
(]

COROLLARY 3.12. Let a_ €] — 00,0[ and ay €]0,+00[. We have
X(LEZ({f = a-}) + x(Lk¥=({f = ay}) = x(Lk=({f = 0})) =

2= x(S"71) — (deg o Vg— + (—1)"deg, Vg, ).

Proof. Use the previous two corollaries and the Mayer-Vietoris sequence. |

Application: Let X C R" be a closed semi-algebraic set. There exists a C'?-semi-algebraic
function f : R™ — R such that X = f~1(0) and f > 0. By a change of origin if necessary,
we can assume that f(0) > 1.
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LEMMA 3.12. There ezists a C?-semi-algebraic function ® : R™ — R such that
(a)X = ®~1(0) and ® >0,
(b)for any sequence of points (xn)nen i T's, \ X such that |x,| — +oo, we have

limy, 4 oo |P(xy)| = +o0.

Moreover one can take ® = wX f with K > 1.

Proof. Same proof as Lemma 3.1 (see also [Du2], Proposition 7.1). |

COROLLARY 3.13. The function ® is semi-tame.

Let us remark that

(a) {®? <a_} and {® = a_} are empty,
(b) {>a_}={® >0},

(¢) {® <0} ={® =0},
(
)

d) If oy > Oissmall enough then Lk ({® < a }) retracts by deformation to Lk™ ({® =

0}).
In this situation, the above corollaries applied to ® become the following corollaries.

COROLLARY 3.14. We have deg, Vg_ = 1.

O
COROLLARY 3.15. We have
XLEX({® > ap})) = 1 — (~1)"deg,, Vo,
O
COROLLARY 3.16. We have
XLEKF({@ = ay})) — x(Lk® (X)) =1 = x(S" 1) = (=1)"deg, Vo
O

Here we can state the global version of Szafraniec’s theorem [Sz].
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COROLLARY 3.17. We have

X(Lk™ (X)) =1 — deg Vg

Proof. If nis odd, Lk* ({® = a4 }) is a compact odd-dimensional manifold and x (5"~ 1) =
2.
If n is even, x(S™~!) = 0. Moreover

VLR ({® = a4})) = 2¢(Lk®({® > a1 })) = 2 — 2deg, Vg

3.8.2.  Applications for the global Milnor fiber on the spheres

Let F = (f1,--+,fp) : R — RP be a C? semi-algebraic mapping such that Conditions
(A) and (B) hold. In [DACA] Corollary 4.3, the authors proved a global version of Corollary
2.3.

ProposITION 3.4. Let j € {1,...,p}. If n is even, then we have X(Lkm(fjfl(O)) =
2x(M5, ) and if n is odd, then we have X(Lkoo(fj*l(())) =2—2x(M5; ).
TET TET

O
Applying this result and Corollary 3.17, we can state a Poincaré-Hopf formula for M*, .
T

Fl

PROPOSITION 3.5.  Given F = (f1,...,fp) : R",0) = (RP,0), 1 <p<n—1,aC?
semi-algebraic mapping such that Conditions (A) and (B) hold. Assume for instance that
f1(0) > 1. There exist two integers K,k > 0 such that if g, (z) = w(z)X f3(x) + w(lT)k then
we have,

(i)if n is even, then x(M®z ) = 1(1 — deg.. Vg4 );

(Kl

1
2
(i )if n is odd, then X(MTFH) = 1(1+deg, Vg ).

The authors would like to acknowledge Professor Takashi Nishimura for invite them to
submit a paper to RIMS proceedings. Thanks !
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