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This paper deals with the solvability near the characteristic set = = {0} x S!
of operators of the form L = 9/0t+ (z™a(x)+ixb(x))d/0x, b(0) # 0 and n > 2,
defined on Q¢ = (—¢,€) x S, € > 0, where a and b are real-valued smooth
functions in (—¢,¢). For fixed k > 1, it is shown that given f belonging to a
subspace of finite codimension (depending on k) of C°°(Q¢) there is u € C*
solution of the equation Lu = f in a neighborhood of 3.  October, 2014 ICMC-USP

1. INTRODUCTION
Let Q. = (—¢,€) x St, e >0, and let

L =08/t + (a(z) +ib(z))d/dz, b0, (1.1)

be a complex vector field defined on €2, where a and b are real-valued smooth functions in

(—¢,€).
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Assume that ¥ = {0} x S! is the characteristic set of the structure associated with L
and that L is of infinity type along . Hence, L is elliptic on 2 \ ¥ and a(0) = b(0) = 0.
In particular, b(z) # 0 if = # 0.

Under hypotheses above L satisfies the well-known Nirenberg-Treves condition (P).
Hence, the local solvability is well understood (see, for instance, [5], [13] and [14]).

In this paper we are concerned with solvability in a full neighborhood of .

We are interested in solving the equation

Lu=f

near the characteristic set 3, where f € C*°(€).), in the sense of Hormander (see [11]).

We say that L is solvable at X if given f belonging to a subspace of finite codimension
of C(£) there exists u € D’'(€) solving the equation Lu = f in a neighborhood of .

The interplay between the order of vanishing of the functions a and b, at x = 0, has
influence in the solvability of L at ¥ (see [1], [2], [3], [4], [8], [9], and [10]). Indeed, in
the case where the order of vanishing of the function b, at * = 0, is greater than 1 the
solvability of L at ¥ is well understood.

Hence we have the right to restrict ourselves to the case where b vanishes of order 1 at
x = 0. Therefore, by choosing a smaller € > 0 if necessary, we can write

(a +1b)(x) = x"ao () + ixbo(x),

where n > 1, ag and by are real-valued smooth functions in (—e,€), and bo(z) # 0 for all
x € (—¢,€).
It follows from [12] that

A= bo(O) - iao(O) (1.2)

is an invariant of L. Such invariant is known as Meziani number.
Assume that A € C\ Q. For each fixed k € Z, it follows from [9] (see also [7] and [12])
that for all f € C*°(Q,), satisfying

2
f(0,t)dt =0, (1.3)
0

the equation Lu = f has a C* solution in a neighborhood of ¥. Also, there is f €
C>(Q.), satisfying (1.3), such that the equation Lu = f does not have C*° solution in any
neighborhood of X.

Note that (1.3) is a necessary condition for the existence of C* solution of the equation
Lu = f, in a neighborhood of X.

The remainder case to be studied is the case where A € Q. Now, the problem is a bit
different. Indeed, (1.3) is not a sufficient condition for existence of C* solutions.

In this paper we deal with the solvability of L in the case where A € Q.

By a change of coordinates if necessary, we can assume by(0) > 0. Let p and g be positive
integers such that by(0) = p/q and ged(p, q) = 1.
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SOLVABILITY NEAR THE CHARACTERISTIC SET 259

We will show that for fixed k € Z, there is N = N(k) € Z, such that for all f € C*(Q,)
satisfying, in addition to (1.3), conditions involving the derivatives of f of order up to jog,
where jo = max{j € Z : jq < N}, there is u € C* solution of Lu = f in a neighborhood
of X. We will present two examples to clarify these additional conditions.

Note that our operator L restricted to QF = (0,¢) x St is elliptic. Hence, for all
[ € C™(Q.) there exists u € C*°(QF) solution of the equation Lu = f in QF. A nat-
ural question appears: is it possible to extend u smoothly to Q.7 We will address to
this question. Indeed, we will show that there is f € C°°(Q,), satisfying the conditions
mentioned above, such that there is no C*° function u defined in {2, satisfying Lu = f in
QF =(0,¢) x SL.

2. RESULTS
Let Q. = (—¢,¢) x S1, € >0, and let

L =9/t + z(ap(x) + ibo(x))0/0x, (2.1)

be a complex vector field defined on 2., where ag and by are real-valued smooth functions
in (—¢,€). Assume that ag(0) = 0, bg(x) # 0 for all x € (—e,€) and by(0) € Q. Without
loss of generality we may assume that by(0) > 0.

PROPOSITION 2.1. Let L be given by (2.1). Let p and q be positive integer numbers such
that bo(0) = p/q and ged(p,q) = 1. For a fited N € Z define jo = max{j € Z : jq < N}.
Given f € C*(Q.) satisfying

27

£(0,8)dt =0 (2.2)

and conditions involving the derivatives of f of order up to joq, there exists v € C°°(Q,)
such that Lv — f = O(|z|V).

Proof: Let N be a fixed positive integer. Given f € C*®(£2.) we will seek v € C*>°(,)
such that Lv — f = O(|z|"). By using formal Taylor expansions we write

flz,t) ~ ij(t)xj, (a+ib)(x) ~ chmj and wv(z,t) ~ Zvj(t)a:j.

Note that cg =0 and ¢; = iB.

q
Hence, Lv — f = O(|z|") leads to
vo(t) = folt) (2.3)
and,

DJj )

j—1
vl (t) it u(t) = £i) = lejpan(t), i 1<j<N. (2.4)
=0
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Note that (2.2) is equivalent to

fo(s)ds = 0;
0

hence, (2.3) has a solution given by

= /Ot fo(s)ds

For 1 < j < g, by a simple calculation, we have that (2.4) has a solution given by

t J—-1 v .
Uj(t):/ <fj(s)—21cj_l+1vl(s)> e s Kem (2.5)
0 1=0
where

27 j—1
K= (e i (fj@)—Zlcj_Hm(t)) By,
0 1=0

For j = ¢ we must to assume f satisfies the compatibility condition

2w
/ ( chq g+11)g ) Z‘Dtdt =0
0

in order to find a smooth 27-periodic solution of (2.4), which is given by

t q—1 _
Vg (1) :/ ( leg_py1ve(s >e”’(5t)d5.
0

£=0

Suppose that we have determined vy, ...,vj_1, for 2 < j < N. We have that: either
JEqly orj € qly.

If j & qZ then (2.4) has a solution v; given by formula (2.5).

If j = mg, for some m =1,...,jo, jo = max{j € Z : jq < N}, then we must to assume
that f satisfies the compatibility conditon

27 mgq—1
/ (fmq Z Cemq—ry1e( )) ePMdt =0 (2.6)
0

in order to find a smooth 27-periodic solution of (2.4) which is given by
mqg—1

Umgq(t) = / (fmq Z lemg—e+1ve(s )) empls=h s,
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Finally, the function v € C*°(£2,) defined by v(x,t) = Z;‘V:o v;(t)z?, where v; are ob-
tained above, is such that Lv — f = O(|z|"). |

Next, we will give two examples for clarifying the compatibility conditions of Proposition
2.1.

ExaMPLE 2.1. Consider the complex vector field
L =08/t + (a(x) + Z‘Zx) a/dx,

defined on Q, where p,q € Z,, ged(p, q) =1, a(x) € C™(—¢,¢€) and, a is flat at x = 0.
Let f € C®(Q.). We will seek v € C®(Q,) such that Lv — f = O(|z|V), for fixed
N € Z,. By using formal Taylor expansions we write

flz,t) ~ ij(t)xj, a(x) + Ly~ ng and, w(z,t) >~ Zvj(t)xj.

>0 q >0
Hence, Lv — f = O(|z|") leads to

vi(#) +z‘%vj<t> = f;(t), if 0<j<N.

For m=0,1,...,50, jo =max{j € Z : jqg < N}, conditions (2.2) and (2.6) are given by

27

fing(s)e™Pods = 0; (2.7)

consequently, we have

¢
vmq(t):/o Fing(8)e™PE= s,

Moreover, for j & ¢Z4, v; is given by formula (2.5). Hence, for f € C°(.) satisfying
(2.7) we can find v € C*(2,) such that Lv — f = O(|z|Y).
O

Remark 2. 1. Conditions (2.7) are in line with conditions presented in [7], where the
function a is considered identically zero.

EXAMPLE 2.2.  For n € Z,, consider the complex vector field
L,=0/0t+ (am"q+1 + ipgc> 0/0x,
q
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defined on ., where & € R\ {0}, p,q € Z+ and ged(p,q) = 1.
Let f € C*(Q,) and let N be an integer greater than ng + 1. We will seek v € C*°(€2,)
such that Lv — f = O(|z|"). By using formal Taylor expansion, we can write

flz,t) ~ ij(t)a:j7 v(x,t) ~ Zvj(t)xj.

Jj=0 =0

Hence, Lv — f = O(|z|") leads to
/ PJ _ . .
vj(t)+z;vj(t) =f;(t), if 0<j<ng+1

and

pJ . . .
U;(t)—kz;jvj(t):fj(t)—oz(]—nq)vj_nq(t), if ng+1<j<N.

First, for m = 0,1,...,n conditions (2.2) and (2.6) are given by

2m
fimg(8)e™P5ds = 0, (2.8)

so that we have

t .
ona®) = [ Fuals)em s, (2.9)

Hence, if jo = max{j € Z : jq < N} is such that jo = n then (2.8) are the compatibility
conditions to find v.
Now, if jo >n+1,, for m=n+1,...,jo, conditions (2.6) are reduced to

2m

2
fimg(8)e™Pds = a(m — n)q/ V(m—n)q(s)eP*ds; (2.10)
0
hence, we can find vy, given by

Umq(t) = /0 (fing(s) = a(m — n)qu(n—nyq(s)) emr= s,
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Let 71 = min{jo,2n}. Then, for m = n + 1,...,r1, using (2.9), Fubini’s theorem and
(2.8) we obtain

2 27 s
/ eimpsv(m_n)q(s)ds =/ / f(m—n)q(T)ei(m_n)p(r_s)eimpsdrds
0 o Jo

27 2
= f(m_n)q(r)ei(mfn)pr/ ePS dsdr
0 T
1 27 q ) )
— - i(m—n)pr(q _ ginpryg
o [ T ey
1 27 .
== | nematr)e
Therefore, for m =n+1,...,ry, (2.10) is equivalent to
27 _ 27 ]
Fimq(8)e"™P3ds + M fim—n)q(s)e™P?ds = 0. (2.11)

mnp

Hence, if jo < 2n then the compatibility conditions to find v are given by (2.8) and
(2.11).

Finally, if jo > (k—1)n+1, with k > 3, let 7,—1 = min{jo, kn}. Then, for (k—1)n+1 <
m < ri_1, we can prove by induction that (2.10) is equivalent to

27
/ eimpsfmq(s)ds =
0
k—1 -1 RR L . !
(1) (aq) ij1(m_]n) /27T ; ;
= > Bjaeltmmimps ds, (2.12
- 1€ m—nia(S)ds, .
i l'(npl)l 0 = 5],1 f( l)Q( ) ( )

where 8;; € R are determined by formulae

!

Bji = _lfjﬁj’Fl ,0< <l

and

-1
Bi=-=>_ B
=0

from By = —1and f11 =1.
Therefore, for f € C(,) satisfying the compatibility conditions above we can find
v € C*°(Q) such that Lv — f = O(|z|V).
O
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PROPOSITION 2.2. Let L be given by (2.1). Let p and q be positive integer numbers such
that bo(0) = p/q and ged(p,q) = 1. For each fized k € Z there exists N = N(k) € Z4
such that given g € C°(Qe), satisfying g(x) = O(|z|V), there exists w € C* () solution
of the equation Lw = g, in a neighborhood of X.

Proof: Define Z : Q. — C by

_ [e bo (y) —ilt+e ap(y) d
e fx y(ag(y)erg(y))dy .e z( +f$ y(ad (¥)+b3 () Y , x> 0
Z(z,t) = 0, z=0 . (2.13)
P bo (v) il ag(y) d )
ef—e w@Zw+eEan W e ( JZe (@3 w+o3) Y , <0

Denote QF = (0,¢) x S*, Q- = (—¢,0) x St and QF = QF U Q.
We have that Z € C>(QF), Z(QF) = Z(Q7) = D(0,1) \ {0}. Moreover, by a simple
calculation,
24 —
Zbo(??) 7
bo(x) + tag(z)
Now, consider the function F : (—¢,€) — C defined by

LZ=0 and LZ=

€ bo (y)
- y(a%(;)fh%(y»dy’ x>0
F(z) =1|Z(z,t)| = 0, z=0 .

Ed bo (v) d
e vy Y2 <0

By using Taylor’s formula we can write

bo(z) ¢ ):
B+ 8@ p W

consequently, it follows that

(%)% ei-f; O(Lyl)dy7 >0
F(z) = 0, z=0 . (2.14)
(_—I)%eﬁe v Yoz <0

Hence, F € C*®((—e¢,¢) \ {0}) N C%(—¢,€). Moreover, F is injective in (—e¢,0) and (0, €).
Thus if 2 # 0 we have z = F~1(|z]|), for some z € D(0,1).
From (2.14) we can find a, > 0 such that

P
q

o] Z(z,t)|7 < |2 < B|Z(x, )] 7;

equivalently,

alz|1 <| F7Y(|=]) |< Bl (2.15)
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Let g = 2V h, where h € C*°(£2,). The pushforward of the equations
Lw=g, in Qf,

via the map Z are given by

2ibo(F~1(|21)) ot 4
- Z = in D(0,1 0},
b (F (=) + iao(F () 57 O]
where w* and §* are the pushforward of functions w and g in QF and Q_, respectively.
Taking z = |z|e*, we can write
o™ [bo(F~!(|21) + iao(F~"(|2]))]e” g*
0z 2ibo(F~1(|2])) 2|’
equivalently,
ot [bo(F1(|2]) +iao(F 1 (|2]))]e’ (F " (|=)) N h* (2.16)
0z 2ibo (F—1(]2])) 2| ’ '
where h* are the pushforward of h in Q} and Q.
By (2.15) we have that
1 ian(F~1 i0( -1 Np+
H(z) = [bo(F"(I1)) + a0 (F 7 ([2| D™ (F 77 ([=[) A= Cr(D(0,1)),

2ibo(F=1(|2])]]

N
where r is the bigger integer less than or equal to 2P 1.
q

"~ 2mi //D(Ol) C—ZdCAdC

belong to C™*1(D(0, 1)) (see, for instance, chapter I1I of [15]). Thus, for fixed ¢ € Z such
that ¢ < r — k, we can write

T = Y A+ T (),

0<j<t-1

Hence, the solutions

where % (z) belongs to C"**1(D(0,1)). Note that |z|*07(z) and |2|*0~(z) also satisfy
(2.16).
Define w : 2. — C by

|Z(x, )|t (Z(x, 1), >0
w(z,t) = 0, z=0 ;
| Z(x,t)[*0~ (Z(z, 1)), © <0
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that is,

Lq 3 2
(2) 7 o=t SRt (Z (2 1)), 2> 0
w(z,t) = 0, z=0 .
Lg

(=2) 7 e 15 T W (Z(2,1)), 2 <0

€

By construction we have Lw = g, in a neighborhood of ¥. Therefore, it is enough to choose
N and / sufficiently large to obtain w € C*(.). |

Finally, we are ready to state our main result:

THEOREM 2.1. Let L be given by (2.1). Let p and q be positive integer numbers such
that bo(0) = p/q and ged(p,q) = 1. For each fized k € Z there exists N = N(k) € Z4
such that given f € C*(Q.), satisfying (2.2) and conditions involving the derivatives of f
of order up to joq, where jo = max{j € Z : jq < N}, there exists u € C*(Q) solution of
the equation Lu = f, in a neighborhood of X.

Proof: Fixed k > 1 choose N given by Proposition 2.2. Hence, by Proposition 2.1, given
f € C>®(9,), satisfying (2.2) and conditions involving the derivatives of f of order up to jog,
where jo = max{j € Z : jqg < N}, there exists v € C°°(£,) such that Lv — f = O(|z|V).

Let g = Lv — f. Now, applying again Proposition 2.2 we can find w € C* solution of
the equation Lw = g, in a neighborhood of ¥. Finally, define v = v — w. We have that
we CFand Lu=Lv— Lw= f+4 g — g = f, in a neighborhood of X. |

In the next result we will show that for each fixed N € Z,, there exists f € C(Q,),
satisfying f = O(|z|"), such that the equation Lu = f does not have C* solution in any
neighborhood of ¥. More precisely, we will show that there is no C*° function u defined
in Q. and satisfying Lu = f in Q7.

THEOREM 2.2. Let L be given by (2.1). Let p and q be positive integer numbers such
that by(0) = p/q and ged(p, q) = 1. Assume that by(0)~* & Z. Then for each fived N € Z,
there exists f = O(|z|Y) of C> class in Q. such that there is no u € C™(Q.) satisfying
Lu= f in Q.

Proof: The proof is an adaption of the arguments presented by Bergamasco and Meziani
in [3] (see Theorem 3.2).
Let

[eS)
Z apm+1zpm+1 (2'17)
m=0

be a series in one complex variable, with radius of convergence equal to zero. By using
Borel’s theorem we can construct g € C°°(D(0,1)) whose Taylor series at z = 0 is given
by (2.17). Since, for each M € Z, we can write

M
9(z) = Y Qpmar 2™ 4 O(|PMHY

m=0
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we have that
dg

£(Z) =O0(|z[PM*), VM € Zy.

0
Hence, the function a—g belongs to C*°(D(0,1)) and is flat at z = 0.
z
Define f: Q. — C by

2ibo(z) 7
0, <0
where Z is given by (2.13). Note that f € C*°(Q,) and is flat along to X.
Suppose, by contradiction, that there is u € C*°(€.) solution of the equation Lu = f in
The pushforward of Lu = f in QF, via the map Z, yields

2ibo (F(|21)) _out 2ibo (F~*(|21)) -09

bo(F1(121)) + iao(F(12)) - 0% bo(F1(2])) + iao(F1(12]) 0%

/\

2)

in D(0,1) \ {0}; hence, a* is a solution of the CR-equation

out Oy

g 37( )» in D(O,l)\{O}.

Therefore,
=g+h

where h is a holomorphic function defined in D(0,1). Let (¢p,) be a sequence of complex
numbers such that

o0
_E' )
= c;z.

J=0

Since (2.17) has radius of convergence equal to zero, there exists my € Zy such that
Opmo+1 + Cpmo+1 7 0. Take k € Z, such that k > pmg + 1. From 4T = g + h we have

k
= (a;+¢)27 +0(2["),
7=0

where oy =0 if j — 1 & pZ.
Hence, for > 0 we have

k q
D _p (e 9UyD
E:a]+cj xt)+0<< ) ek‘fwoyy dy),
€
Jj=0
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which is a contradiction since, for kg = pmg + 1,

is

qk —k € O(‘y‘)d —ilt re aqg (y) d
(z)#e O[jr oAyt v@3m+e3 ) Y
€
Zko — 0, z=0

ako ko []ff O(ly‘)dyfz(tfffe zag(y)2 dy)]
(ﬂc) P e v y(ag(y)+b3 () , <0
no C* in (.. |

Remark 2. 2. A slight modification of the arguments in the proof of Theorem 2.2 allow

us to prove a version for the case where the Meziani number A, given by (1.2), satisfies
A leC\zZ.
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