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In this paper we introduce the notion of pseudo-spherical evolutes of curves
on a timelike surface in three dimensional Lorentz-Minkowski space. We in-
vestigate the singularities and geometric properties of these pseudo-spherical
evolutes. Furthermore, we investigate the relation of the de Sitter (hyperbolic)
evolute of a spacelike curve in S% with the lightlike surface along this spacelike
curve. October, 2014 ICMC-USP

1. INTRODUCTION

We introduce the notion of pseudo-spherical evolutes of curves on a timelike surface in the
Minkowski space R} and investigate their geometric properties. The study of submanifolds
in Minkowski space is of interest in relativity theory. See [2] and [7] for more on evolutes.
The principal tools for the study of evolutes are the Frenet-Serret formula and height
functions along a curve on a timelike surface. We explain in §2 the basic notions of Lorentz-
Minkowski space and introduce Lorentzian Darboux frame that will be used throughout
the paper. In §3, we define two families of functions on a curve, which are a spacelike
height function H° and a timelike height function H”. By differentiating these functions,
we obtain new invariants op and opg whose properties are characterized by some conditions
on the derivatives of H° and H”. We also define two important curves d~ in de Sitter space
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and h. in the hyperbolic space by observing the conditions of first and second derivatives
of H% and HT, respectively. We call d a de Sitter evolute of v relative to M and h, a
hyperbolic evolute of 7 relative to M. We show that the de Sitter evolute d,, is constant
if and only if op = 0. In this case the curve 7 is a special curve on the surface M, which
is called a de Sitter-slice (or an D-slice) of M. We also show that the hyperbolic evolute
h. is constant if and only if oy = 0 and define a special curve on the surface M called
a hyperbolic-slice (or an H-slice) of M. The D-slice and H-slice on M can be consider as
the model curve on the surface M. We show that H-slice is always non-singular, but we
have the case that D-slice has a singular point (see §3). In §4, as an application of the
theory of unfoldings of functions in [1], we give a classification of singularities of both the
de Sitter evolute and the hiperbolic evolute in Theorems 4.4.4 and 4.4.5, which are some
of the main results in this paper. In §5, we consider curves on a timelike plane, R?, and on
the de Sitter space, as special cases of curves on timelike surface. Finally in §6, we give a
relation of the de Sitter evolute and of the hyperbolic evolute of a spacelike curve v in S?
with the lightlike surface along ~.

2. PRELIMINARIES

The Minkowski space R is the vector space R® endowed with the pseudo-scalar product
(z,y) = —woyo + T1y1 + 2y, for any x = (zo,x1,22) and y = (yo,y1,¥2) in R}. We say
that a non-zero vector x € R? is spacelike if (x,x) > 0, lightlike if (x,z) = 0 and timelike if
(x,2) < 0. We say that v : I — R? is spacelike (resp. timelike) if v'(t) is a spacelike (resp.
timelike) vector for all t € I. A point v(t) is called a lightlike point if +'(t) is a lightlike
vector. The norm of a vector = € R? is defined by || z ||= /| (z, ) |. For a non-zero vector
v € R} and a real number ¢, we define a plane with pseudo-normal v by

P(v,c) ={z € R} | (z,v) = c}.

We call P(v, ¢) a spacelike plane, a timelike plane or lightlike plane if v is timelike, spacelike
or lightlike, respectively. We now define Hyperbolic plane by

H2(-1)={z e R} | (z,2) = —1,30 > 0}
and de Sitter space by

S? ={reR}| (v,2) =1}.

For any = = (z0,21,%2), ¥ = (Y0,%1,%2) € R}, the pseudo vector product of  and y is
defined as follows:

—€p €1 €9
x N Yy = g T1 T2 |,
Yo Y1 Y2

where {eg, e1, ez} is the canonical basis of R3.
We consider a timelike embedding X : U — R$ from an open subset U C R?. We write
M = X (U) and identify M and U through the embedding X. We say that X is a timelike
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embedding if the tangent space T, M is a timelike plane at any p = X(u). Let y: I - U
be a regular curve and a curve v : I — M C R3 defined by v(s) = X (¥(s)). We say that v
is a curve on the timelike surface M.

Observe that the curve 7y can be spacelike, timelike or the curve can have lightlike points.
In the case that ~ is spacelike or timelike, we can reparameterize it by the arc-length s. So
we have the unit tangent vector t(s) = 4/(s) of v(s). Since X is a timelike embedding, we
have a unit spacelike normal vector field n along M = X (U) defined

— Xul (u) /\ X’uz (’U,)
| Xuy (u) A X, (u) |7

n(p)

for p = X(u). We define n,(s) = n o (s), so that we have a unit spacelike normal
vector field n, along . Therefore we can construct the binormal vectors b(s) given by
b(s) = n,(s) At(s). We say that a vector v is future directed if (v,ey) < 0. We choose
the orientation of M such that b (resp. t ) is future directed when ~ is spacelike (resp.
timelike). We have also that (t(s),t(s)) = e(y(s)), (ny(s),ny(s)) = 1, (ny(s),b(s)) =0
and (b(s),b(s)) = —e(y(s)), where e((s)) = sign(t(s)), that can be 1 if v is spacelike or
—1 if «y is timelike. Then we have the pseudo-orthonormal frames {b(s),n(s),t(s)} if v is
spacelike and {t(s), b(s),n(s)} if v is timelike, which are called the Lorentzian Darboux
frames along . By standard arguments, we have the following Frenet-Serret type formulae:

)
(8) + kn(s) ny(s)

where kn(s) = (ny(s),t'(s)), kqg(s) = (b(s),t'(5)), T4(s) = (ny(s),b'(s)) and e(7(s)) =
sign(t(s)).
Here, we have the following properties of v characterized by the conditions of kg4, ky, 7.

a geodesic curve if and only if kg =0
v is an asymptotic curve if and only if &, =0
a principal curve if and only T4 =0

Observe that ¢'(s) = 0 means that k,(s) = 0 and k,(s) = 0. We suppose then ¢'(s) # 0
to define, for example, the pseudo-spherical evolutes.

3. HEIGHT FUNCTIONS

In this section, we introduce two families of functions on a curve on a timelike surface
M: the timelike height function and the spacelike height function. Furthermore, we define
the pseudo-spherical evolutes.

We define the family of height functions on a curve, v : I — M C R$, on a timelike
surface M as follows:

HY:Tx 8% =R; (s,0) = (y(s),0).
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We call HS the spacelike height function of v on M. We denote h3 (s) = H®(s,v) for any
fixed v € S%.

PROPOSITION 3.3.1. Suppose that t'(s) # 0. Then for any (s,v) € I x S?, we have the
following:

2(1)(hf)'(s) = 0 if and only if v = pb(s)+ An,(s), where p, X € R such that —e(v(s))u? +
A =1.

(2)(h3)'(s) = (h})"(s) = 0 if and only if
1

\/k:2 —e(y(s)k2(s)

and kj(s) > &(y(s))k7 (s)-
(3)(h3)' (s) = (1) (s) = (h3))"(s) = 0 if and only if

1

\/k2 — (v(s))k2(s)

(Fn(s)b(s) = kg (s)n+(5)),

kg(s) > e(v(8))k2(s) and op(s) =0, where op(s) = (k;kn + €k§7'g — kgkl, — k274)(s).
(4)(h5) (s) = (h3)"(s) = (h3)"(s) = (h3)*)(s) = 0 if and only if
1

\/k2 — (v(s))k2(s)

k;(s) > e(y(8))k2(s), op(s) =0 and (op)'(s) = 0.

(Fn(s)b(s) = kg(s)ny(5)),

Proof. (1) In order to show the proposition, we use the Frenet-Serret type formulae.
Then,

(B3)'(s) = (7 (), 0) = (t(s),0) = 0,
that is, there are u, A € R such that v = ub(s) + An,(s) and as v € S} we have that
—e(v(s)p? + A? = 1.

(2) (h5)(s) = (h3)"(s) = 0 if and only if (t(s), ub(s) + An,(s)) = 0 with —e(y(s))u? +
A? = 1. This is equivalent to ky(s)p + kn(s)A = 0 with —e(y(s))u? + A\ = 1. This
means that p2(k2(s) — e(v(s))k2(s)) = k2(s). Therefore, considering the condition that
K2(s) > e(7(3))k2 (5) we have

1
\/k2 — (v(s))k2(s)

(Fn(s)b(s) = kg(s)ny(5))-
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For (3), we have that (h3)'(s) = (hy)"(s) = (h5)"(s) = 0 if and only if (kjky, + ek27y —
koky, — k274)(s) = 0. So, we define op(s) = (ki kn + ekl7y — kgk), — k274)(s). Therefore,
(o) (s) = (kjkn + 2ekgk)Ty + ek27) — kgkil — 2knk;, 7y — kZ7/)(s). But, we have that
(R%,)(5) = (h5,)"(5) = (h%,)"(s) = (h%,)W(s) = 0 if and only if (kg kn + 2ekgkyTy +
ek2r) — kgkll — 2knk), Ty — k27))(s) = 0, i.e, the item (4) is proved. 1

The above proposition induces an invariant op. Motivated by the above calculations we
define a curve d. : I — S% by

() = L1 Y —
VR2(s) = e((s)k2(s) VR2(s) — (v (s)k2(s)

b(s).

We call d, a de Sitter evolute of  relative to M.
LemMA 3.3.2. d.(s) =0 if and only if op(s) = 0.

Proof. We have

—kp kg + knkl, + eklry — k271,

(k% —ekZ),/k2 — k2

d),(s) = (5)(kg(8)b(s) — ekn(s)n4(s))-

Therefore,

d,(s) =0 if and only if op(s) = (—ky kg + knk), + ckmg — ki7g)(s) = 0.

We define also the family of height functions on a curve, v: I — M C R$, on a timelike
surface M as follows:

HT I x H2(-1) = R; (s,v) = (v(s),0),

We call HT the timelike height function of v on M. We denote hl(s) = HT(s,v) for any
fixed v € HZ(-1).

For any (s,v) € I x H*(—1), we have that (hl)(s) = 0 if and only if v = ub(s) + An,(s)
where 1, A € R such that —e(y(s))u? + \? = —1.

REMARK 3.3.3. In the case that 7 is a timelike curve, i.e, e(y(s)) = —1, there is no
v € H?(—1) such that (hT)'(s) = 0 for some s € I. Thus, we have that the bifurcation set
of HT for a timelike curve is empty. Then, in this case we consider only o spacelike curve
~ on the timelike surface M.

We have the following proposition.
PROPOSITION 3.3.4. Suppose that t'(s) # 0. Then for any (s,v) € I x H?(—1), we have
the following:
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(1)(hT)'(s) = 0 if and only if v = ub(s)+An.(s) where u, A € R such that —p?+\? = —1.
(2)(hi)' (s) = (hy)"(s) = 0 if and only if

0=t (ka(5)b(s) — (), (5))
Ka(s) — K2(5)

and k2 (s) > k2(s).
(8)(hE) (s) = (hi)"(s) = (R)"(s) = 0 if and only if
v I (ke (s)b(s) — ky(s)n (5)),
kZ(s) — k2(s)

k2 (s) > k‘g(s) and oy (s) = 0, where og(s) = (kgkl, + k274 — k;;k:n — kJZTg)(S).
(4)(RT) (5) = ()" (s) = (k)" (s) = (B) D (s) = O if and only if
1

v =t (ki (5)D(5) — kg(5)()),
ki(s) = k3 (s)

k2 (s) > k2(s), or(s) =0 and (og)'(s) = 0.

Proof. (1) In order to show the proposition, we use the Frenet-Serret type formulae
in the case that v is spacelike. Then,

(hy)'(s) = (+/(s),v) = (t(s),v) =0,

that is, there are u, A € R such that v = ub(s) + An,(s) and as v € H?(—1) we have

2 1 2
—p”+ A= —1.

(2) (RT)'(s) = (hT)"(s) = 0 if and only if (¢/(s), ub(s) + An,(s)) = 0 with —p? + \? =
—1. This is equivalent to k,(s)u + kn(s)A = 0 with —p? + A2 = —1. This means that
p? (k2 (s) — k2(s)) = kZ(s). Therefore, considering the condition that k7 (s) > k2(s) we
have

b= e (B (5)b(s) — k(5 ().
K2(s) — k2(s)

) = 0 if and only if (qu;l + k%Tg -

For (3), we have that (h1)/(s) = (h1)"(s) = (hI)"(s ‘
= (k k’ + kit — k’k — k274)(s). Thus,

klkn — k274)(s) = 0. Then we define o (s)

follows that (om) (s ) = (kgky — K}k + 2kn k), 7y + k27, — 2kgk) g — K27))(s ) But we have
that (h7,) (s) = (hT,)"(s) = (RT,)"(s) = (hT,)* >( ) =0 if and only if (kgk) — kikn +
2kn k) Ty + szﬁé — 2kykyT, kg 7,)(s) =0, i.e, the item (4) is proved. |
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Similar to Proposition 3.3.1, the above proposition induces an invariant oy and moti-
vated by the above calculations we define a curve h, : I — H2(—1) by

hy(s) = 7169—(5)” (s)+ kn—(s)b(s)

k2(s) — k2(s) k2 (s) — k2(s)

We call h, a hyperbolic evolute of v relative to M. Furthermore, we have the following
result analogous to Lemma 3.3.2.

LEMMA 3.3.5. hl(s) =0 if and only if op(s) = 0.

Proof. We have

—knkl) + Kl kg — K27y + K27,

(k2 — k2), /K2 — k2

() = () ek ()1 () — Ky (5)B(5)).

Therefore,

h.(s) =0 if and only if ox(s) = (kj kg — knk}, — kl7y + k274)(s) = 0.

We also call dy and h., a pseudo-spherical evolute of v relative to M. By Lemma 3.3.2,
d+(s) = v is constant if and only if op(s) = 0. In this case, by Proposition 3.3.1 (2), kS
is constant, that is, there is a real number ¢ € R such that (y(s),vp) = ¢. It means that
Imy = P(vg,c) N M. It suggests that curves of the form P(v,c) N M for v € S? are the
candidates of model curves on M. We call it a de Sitter-slice (or, a D-slice) of M. Here
we remark that we can consider the D-slice under the condition &, # 0. If k,(so) = 0,
we have d,(sg) = n,(so) and thus P(n,(so),co) is the tangent plane T’ ()M of M, where
co = hSW(SO)(so) and P(n+(sg),co) N M has a singular point.

By the same way, by Lemma 3.3.5, we can also define hyperbolic-slice (or, an H-slice) of
M by P(v,c) N M for v e H?(—1). Since P(v,c) for v € H%(—1) is a spacelike plane and
M is a timelike surface, an H-slice is always a regular curve

Let us study the geometry of the invariants op and og. For this purpose, we define the
order of contact between curves and surfaces.

DEFINITION 3.3.6. Let F : R} — R (respectively, F |p: M — R) be a submersion and
v : I — M be a reqular curve. We say that v and F~(0) (respectively F~*(0) N M) have
contact of order k at sqg if the function f(s) = F o~(s) satisfies f(so) = f'(so) = -+ =
f® (s0) =0 and fED(tg) #0, i.e, f has Ap-type singularity at to.

We now introduce the following another family of function:
HY R X S? 5 R, (z,0) — (z,v).
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We denote by (z) = H(z,vp) for any fixed vy € S, then, we have

higy (s) = (1(5),v0) = H5 (7(s),v0) = b3, (4(s)).

Moreover, for any so € R and vg = d(s0), (b5, |ar) " (c) is a D-slice of M.
Observe that by Proposition 3.3.1, (h5) ™! (co) = P(vo, o) is tangent to y at (so), where
co = h (so). We denote TP ~(so) = P(vo, co) which is called a timelike tangent plane of

v at y(so) with respect to vy = d(so)-

LEMMA 3.3.7. If kn(s0) # 0, i.e, the D-slice (b3 |ar) " (co) is non-singular at v(so),
and P(vo, co) is tangent to vy at y(so), where co = hy (so). Then, the D-slice is a curve of
M, tangent to v at v(sg).

Proof.  We suppose that the D-slice (h3 |a)™'(co) and 7 intersects transversely at
~v(s0). As P(vp,cq) is tangent to v at v(sg) and the D-slice is contained in P(vg, ¢), follow
that the 7/(sg) and the tangent vector to the D-slice at y(sg) generate the tangent plane to

M at y(sg). Therefore, we conclude that P(vo, co) is precisely this plane, i.e, the D-slice is

singular and therefore we have a contradiction. |

We call the D-slice (b5 |ar) " (co) of a tangent D-slice of v at y(so) relative to M and we
denoted by TJ\?[,’Y(SO)' By Proposition 3.3.1, we conclude that v and TPUTO’A/(SO) have contact
of order three at (so) if and only if op(sg) = 0 and o/5(so) # 0. Under the assumption
that k,(so) # 0 the above conditions are equivalent to the condition that v and T' Al/)lﬁ(s())
have contact of order three at v(sg). Therefore, we have the following proposition:

PROPOSITION 3.3.8. Let v : I — M be a reqular curve on M. Then the following
conditions are equivalent:

(1)y and the timelike tangent plane TP£77(30)
(2)op(so) =0 and o’y(so) # 0.

If kn(so) # 0, then the tangent D-slice T4 +(50) of v at vy(sg) is non-singular and the above
two conditions are equivalent to the following condition:

(3)y and the tangent D-slice Tj\l/)[ +(50) have contact of order three.

Proof.  For vy = d(so) and co = hij (so), we define F = 6;570 ‘R - R by F(x) = I;;go(x) =
(x,v9) —co and consider f = Fo~. Thus the prove follows from Definition 3.3.6 and Propo-
sition 3.5.1. 1

Remember that an H-slice is always a regular curve. We also define

HT R} x HY (1) = Ry (z,0) = (x,0).

By exactly the same arguments as the above case, we have the notions of spacelike tangent
plane of v at y(so) with respect to vo = h(so) and tangent H-slice of v at v(so) relative
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to M. We respectively denote these as TPEW(SO) and Tﬁﬂ(‘go).

H-slice is always non-singular at y(sg). It also follows from Proposition 3.3.4 that v and
T +(s) have contact of order three at y(so) if and only if op(s0) = 0 and o7;(so) # 0.
By the Remark 3.3.3, in the next result we only need to consider spacelike curve.

In this case the tangent

PROPOSITION 3.3.9. Let v : I — M be a spacelike reqular curve on M. The following
conditions are equivalent:

(1)y and the spacelike tangent plane T P*

vo,7(80
(2)or(so) =0 and o’y (so) # 0,
(3)y and the tangent H-slice Tﬁ’v(s(}) have contact of order three.

) have contact of order three, where v = h., (s0),

As a consequence, we have that 7 is a model curve on M if and only if its pseudo-spherical
evolutes are constant, that is, hiy =0 or diY = 0, or equivalently the invariants are zero
functions.

4. UNFOLDING OF FUNCTIONS

In this section, we investigate the singularities of pseudo-spherical evolutes and we use
well known theorem in the unfolding theory for obtaining new results.

Let F: R x R", (sp,29) — R be a function germ. We call F' an r-parameter unfolding
of f, where f(s) = Fy,(s). We denote the (k — 1)-jet of the partial derivative gTi at so by

jk_l(g—fi(s, x0))(s0) = Zf;ll aj;s? fori=1,...,r. Then F is called a (p)-versal unfolding

if the (k — 1) x r matrix of coefficients (c;) has rank £k —1 (k —1 < ). The bifurcation
set of F' is defined to be
OF _O*F

Bp ={z €R" | g(&x) = ﬁ(s,x) =0at (s,z) for some s}.

Then we have the following fundamental result of the unfolding theory (see [1]).
THEOREM 4.4.1. Let F : R X R", (sg,20) — R be an r-parameter unfolding of f which

has the type Ay at so. If F is a (p)-versal unfolding and k = 3, then the germ of Br at xg
is diffeomorphic to (C x R"2) as set germs, where C = {(x1,22) | 22 = z3)}.

By Propositions 3.3.1 and 3.3.4, we have the following.

PROPOSITION 4.4.2. (1) For a curve v : I — M with the arc-length parameter s and
t'(s) # 0, the bifurcation set of the height function H® is Bys = {d,(s) | s € I'}.

(2) For a timelike curve v : I — M, the bifurcation set of the height function HT is
empty. Moreover, for a spacelike curve with the arc-length parameter s and t'(s) # 0, the
bifurcation set of HT is Byr = {h-(s) | s € I}.

We have the following proposition.

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



298 S. IZUMIYA, A. C. NABARRO AND A. J. SACRAMENTO

PROPOSITION 4.4.3. Let v : I — M be a curve with the arc-length parameter s and
t/(SO) 7£ 0.

(1)If hij (s) has type As at so, then H® is a (p)-versal unfolding of h% (s).

2)If hz,;(s) has type Az at sq, then HT is a (p)-versal unfolding of hz,:)(s)
Proof. (1) We denote v(s) = (wo(s),z1(s),2(s)), v = (vo,v1,y/1+v5 —vi) € Si.

Therefore we have

HS(S,V) = —x0(s)vo + z1(8)v1 + x2(8)4/1 + v3 — V2,

and
5'HS Vo 8HS (%1
= —20(8) + ———=x2(s), —— = - 19(s
vy ofs) 1+v3 — v} 2(5) Ovy (s) 1+v3 —v? 2(9)
62HS ’ Vo ’ 82HS ’ (%1 ’
= —24(8) + ——=15(9), =xy(s) — S
Todng = ) e thlo), g = () — et ()
83HS 7 Vo " 83HS 17 U1 "
= —24(8) + —————=x5(s), =x7(s) — (s
9500, o(s) v 2(s) D500, 1(s) v 2(s)
So, we have the following matriz
Vo U1
—25(8) + —————xh(s) 7|(8) - ——=——=x7/(s
[ ) 0= i)
= Vo U1
_:L'// S _l’_ix// S x” S _7:1;” S
B16) + s () 4(6) — sl ()

By Proposition 3.3.1, we have that hS has type As at s if and only if

v== !
VR () = ()2 (s)

(Fn(s)b(s) = kg(s)ny(5)),

k2(s) > e(v(s))ka(s), op(s) = 0 and o’ (s) # 0.
For prove the assertion (1), we have to show that the matriz is non-singular, i.e, det A #
0. Therefore we calculate the determinant of this matriz.
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Vo
V1+ug— o
d A_ ! / / 1 1 " 1{)01 Ul
et A = ((zg, 7y, 25) A (20,27, 25)) | —— L

V14 0E —0?

-1
1 oy
= e (A (DR IDS) i (5)1(5)) s
+’UO_'U1 1+’U8_’U%

VR () = ()3 (s)
==+
1403 —v?

£0.

By the same way, if we consider the timelike height function H', we can prove (2). 1

As a consequence, we have the following theorems:

THEOREM 4.4.4. Let v : I — M be a regular curve such that t'(s) # 0. Then we have
the following assertions:

(1)The de Sitter evolute at d(so) is reqular if op(so) # 0.
(2)The following conditions are equivalent:

i)the germ of the de Sitter evolute a s0) 1s diffeomorphic to the ordinary cusp C,
) th the de Sit lute at d., is di hic to the ordi C
where C' = {(x1,72) | 23 = 23};

(i1)op(so) =0 and o'r(so) # 0;

111)y and the timelike tangent plane ave contact of order three;

d the timelike t t plane TP h tact der th

10)if kn(so , then the tangent D-slice of v at ¥(so) is non-singular, an

v)if k 0, then the t t D-slice Ty} (50 t ' ingul d
v and the tangent D-slice Tﬁ +(s0) have contact of order three.

Proof. (1) By Lemma 3.3.2, we have d/ (s) = 0 if and only if op(s) = 0. It means that
the de Sitter evolute at d.(so) is regular if op(sg) # 0.
(2) By Proposition 3.3.1, the bifurcation set of H* is

v== !
VE2(s) — s(r(s)R2(s)

By Theorem 4.4.1 and Proposition 4.4.3, the germ of the bifurcation set is diffeomorphic
to the ordinary cusp if op(sg) = 0 and o/5(sp) # 0. Moreover we have the other equiva-

lences by Proposition 3.3.8. This complete the proof for (1) and (2). |

Bys =

(En(5)b(s) = kg(s)ny () | kg(s) > e(v(s))kn(s)
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THEOREM 4.4.5. Let v : I — M be a spacelike regular curve such that t'(s) # 0. Then
we have the following assertions:

(1) The hyperbolic evolute at h(so) is reqular if om(so) # 0.
(2)The following conditions are equivalent:

(t)the germ of the hyperbolic evolute at h(so) is diffeomorphic to the ordinary cusp
C;
(11)or (so) = 0 and o’y (so) # 0;

(iii)y and the spacelike tangent plane TPUS;W(S

(iv)y and the tangent H -slice Tﬁﬁ(sO) have contact of order three.

o) have contact order three;

Proof. The prove of this proposition is analogous the prove of the above proposition. |

5. EXAMPLES

Now, we consider two examples of curves on a timelike surface: curves on a timelike
plane, R?, and curves on the de Sitter space, S?.

EXAMPLE 5.5.1.  Suppose that M = R? = {x = (z0,21,72) | 2 = 0}. We consider a
plane curve v : I — R%. In this case we have n, = ez, t(s) = 7/(s) and b(s) = ex At(s).
It follows that kn(s) = 14(s) =0 and ky = (b(s),t'(s)) = —e(v(s))k(s). Then we have the

following Frenet-Serret formulae on Minkowski plane:

{ b (s) = k(s)t(s)
t'(s) = k(s)b(s)

Here we have op =0 and the constant de Sitter evolute d(s) = n, = ey of v relative to
M. It means that the D-slice is M = P(v,c) N M. Moreover, we do not have hyperbolic
evolutes. We observe that in [6] the authors study the evolute of v in R?. In all above cases
the evolutes are given by the intersection of the focal surface, of v, in RS (see [4], [5]) with
the pseudo-spheres (de Sitter and Hyperbolic evolutes) and with R?.

In the above example observe that k,, = 0, for this we have M = P(v,¢) N M and ~ is
not considered a model curve on M even with the constant de Sitter evolute.

EXAMPLE 5.5.2. Suppose that M = S;. In this case, we have n~(s) = (s), t(s) = v'(s)
with || t(s) |=1 and b(s) = n(s) At(s). Therefore, we have T4(s) =0, k,(s) = —e(v(s)),
where €(7(s)) = 1 if v is spacelike and e(y(s)) = —1 if v is timelike. By the Frenet-Serret
type formulae, we have the following formulae (see [4], [5]):

t'(s) = —e(y(s)(s) —e(v(s))kg(s)b(s)
V(s) = t(s)
b'(s) = —e(v(s))kg(s)t(s)
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Here, we have op = fsk;, and og = k;, and we have the de Sitter evolute of vy relative to
M,
kg(s) e(v(s))

for k‘ﬁ(s) > e(y(s)). The hyperbolic evolute of v relative to M, is defined only if v is
spacelike as

dy(s) = ny(s) + b(s)

h~(s) = fkgi(s)n (s) — ;b(s)
! Ji—k2(s) - ks)

Jor k2(s) < 1. The study of the de Sitter evolute was made in [4] and [5], where we
conclude that the singular points of the de Sitter evolute are the points where k; =0. By
Theorem 4.4.4, the evolute at d.(so) is reqular if op = —eky, # 0, and is a ordinary cusp
locally if op = —¢ek;, = 0 and o), = —ek; # 0. Moreover the hyperbolic evolute at h-(so)
is reqular if o =k, # 0, and is a ordinary cusp locally if oy = k;, =0 and oy =k, # 0.
Therefore the cusps of the pseudo-spherical evolute corresponds to the points v(s) with
ky(s) = 0 and k;/(s) # 0.

6. LIGHTLIKE SURFACE IN THE MINKOWSKI SPACE ALONG DE
SITTER SPACELIKE PLANE CURVES

In this section we investigate the relation of the de Sitter (hyperbolic) evolute of a
spacelike curve v in S? with the lightlike surface along . Let v : I — S? be a parametrised
by arc length spacelike curve, then we have that the Frenet-Serret type formulae of v is
given by

where k4(s) = (v"(s),n(s)) is the geodesic curvature of vy at s (see [5]). We say that a
surface is lightlike if each tangent plane at the regular points of the surface is lightlike.
Following the definition of lightlike hypersurface along spacelike submanifolds in [3], the
lightlike surfaces along 7y are given by the maps LSf : I x R — R? defined by

LS (s, 1) = (5) + p(n(s) £ 4(s)).

We only consider ILS:{”' , so that we denote that by LS,.
We have the following:
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JLS
20 (1 by (s) (s
s
LS
T = n(s) +7(s).
LS, JLS
Under the condition that k4(s) # 1, {887, 687} is linearly dependent if and only if
s ' o
1
1— pky(s)+p = 0. Therefore, (s, 1) is a singular point of LS, if and only if p = TG =1
(s) —

In [3], the lightlike focal set of the submanifold is defined as being the critical value set of
the lightlike hypersurface along a spacelike submanifold, then the lightlike focal set of v is
given by the curve

B(5) = LS (s, u(s)) = (k’f()(_l) A (s) + (k(;_l) n(s).

kg (s) —
(kg(s) —1)*

we have

Since (B(s), B(s)) =

spacelike if k:2(s) —-1>0
B(s) is < lightlike if ( —1=0,
timelike if & ( )2 —1<0.

We define a mapping
®:R¥\ LC* — H*(-1)U 5%

by ®(z) = ”i” We have R \ LC* = SUT, where S = {z € R} | (x,2) > 0} and

T = {x € R} | (z,z) < 0}. Therefore, we have projections ®° = ®|g : S — S? and
" = ®|p : T — H?*(—1). Suppose that k2(s) —1 > 0. Then

P o (s) = dy(
\ /k2 — 1 A /kj2 — 1
On the other hand, suppose that k:g(s) —1<0. Then
kq(s 1
o7 o f(s) = -2 __y() - L n(s) =y (o)
1 —k2(s) 1 —k2(s)

We now define
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BT = {B(s) | s € LEX(s) < 1},

We call Bff the spacelike part of the lightlike focal set of v and ﬂg the timelike part of the

lightlike focal set of v. We show that the projection of ﬂ:f (B,?) is the de Sitter (hyperbolic)
evolute. Then we have the following result.

THEOREM 6.6.1. Let v : I — S? be a spacelike curve with the arc-length parameter s
and ky(s) # 1. Then we have

©%(87) = dy(I>1) and ®T(B]) = hy(I<1),
where Isy = {s € I | kZ(s) > 1} and Iy = {s € I | k}(s) <1}.
Now we consider a family of functions on spacelike curve in de Sitter space in order have

a relation with the lightlike surface of the spacelike curve. Let v : I — S? be a parametrised
by arc length spacelike curve. We define a family of distance squared functions

D:IxR} -R

by D(s,v) = {y(s) — v,v(s) — v) and denote D,(s) = D(s,v).

PROPOSITION 6.6.2.  For a spacelike curve v : I — S? with the arc-length parameter s
and (t'(s),t'(s)) # 0, we have the following:

(1)D,(s) = D.(s) = 0 if and only if there exists 1 € R such that v = y(s)+pu(n(s)£vy(s)).
(2)D,(s) = D.(s) = D.)(s) =0 if and only if

v=7(s)+ (n(s) £ (s)).

kg(s) F1

(8)D,(s) = D.(s) = D.(s) = D})'(s) =0 if and only if

————(n(s) £7(s)) and k,(s) = 0.

Proof. (1) We have D/ (s) = (y(s) — v,t(s)) = 0 if and only if there exist fi, A € R such
that y(s) — v = My(s) + an(s). Then, D,(s) = D, (s) = 0 if and only if A\ = £f, that is,
v="(s)—a(n(s)£v(s)). As i € R, we can call p = —f and then v = v(s)+p(n(s) £v(s)).

(2) Since %D;’(S) =14+ (v(s) —v,—7(s) — kg(s)n(s)), we have that D,(s) = D/ (s) =

1
DJ(s) =0 if and only if y = ———— and therefore
(s) Y= T
v =(5) + o ((8) £ 7(6)
! kq(s) F1 K
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(8) Since %D;”(s) = (v(s) — v, =/ (s) — ki (s)n(s) + kZ(s)t(s)), we have that D, (s) =
D! (s) = Di(s) = DJ'(s) = 0 if and only if

v="(s)+ (n(s) £~(s)) and k(s) = 0.

kg(s) ¥ 1

Let F : R x R", (sp,v9) — R, be a function germ. We call F' an r-parameter unfolding
of f, where f(s) = F,,(s). We introduce an important set concerning the unfolding. The
discriminant set of F' is

OF
Dp={veR"| F(s,v)za(s,v)z()for some s € R}.

By Proposition 6.6.2, the discriminant set of the distance squared function D(s,v) is
given by

Dp = {r(s) + p(n(s) £1(s)) [ s €, peRY,

which is the image of the lightlike surfaces along a spacelike curve v : I — S%.
For a spacelike or timelike curve 7 : I — R} parametrised by arc length with k(s) # 0,
we have that the focal surface of 7 is given by

B (s, 1) = A(s) + (S(j((z)%nw) T ubls),

with p € R. The cuspidal curve of the focal surface is given by

(7(5))

£
B =1 50 k()

n(s) + u(s)b(s).
K(s)
=((8)5(1 ()R (5)7 ()

singularity A>3. We denote the cuspidal curve B(s) by C. (For more details see [4] and

[5].)

So, if 4 : I — R} is a spacelike or timelike curve, by [2], [4] and [5] we know that:

with p(s) = , that is, where the distance squared function has

(a) the focal surface B of a spacelike curve v is a timelike surface in R, and 9B is a
spacelike surface if 7 is a timelike curve;

(b) the de Sitter evolute of v is the curve B N S;

(c) the hyperbolic evolute of 7 is the curve B N H?(—1);

(d) the singular curve of the focal surface B is the cuspidal curve C.

We observe that (a) to (d) is true for v : I — S7. Furthermore, for a spacelike curve
v : 1 — S%, by Theorem 6.6.1, we have the following:

(e) the projection of 3 to S? is the de Sitter evolute of ~;
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(f) the projection of B to H?(—1) is the hyperbolic evolute of y, where 3 is the lightlike
focal curve of ~.

By the above calculations, we have the following result.

PROPOSITION 6.6.3. For a spacelike curve v : I — S? with the arc-length parameter s
and (t'(s),t'(s)) # 0. We have the following:

(i)the lightlike focal set B of ~y is the curve BN Dp;

(ii)the curve B is regular at so if and only if kj(so) # O and the regular part of B is
contained in the regular part of B;

(iii)the singular points of B are isolated points given by BNC, that is, where ky(s) = 0.
More specifically, D p is locally diffeomorphic to the swallowtail (see [1]) that intercepts the
cuspidal curve of B exactly at the singular points of B (see Figure 1);

(iv)the singular points of the spacelike part ﬁ:?, of B, are projected to the singular points
of the de Sitter evolute;

(v)the singular points of the timelike part ,3,?, of B, are projected to the singular points
of the hyperbolic evolute, where B is the focal surface of v and D p is the discriminant set
of the distance squared function D, that is, D p is the lightlike surface LS, .

B

\

ANVal
s |

FIG. 1.
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