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In this paper we present briefly a part of the first author’s PhD thesis con-
ducted in the Department of Mathematics at Universidade Federal do Cear4,
Brazil, in [3]. In this work we developed a systematic geometric approach to
study fully nonlinear elliptic equations with singular absorption terms as well
as their related free boundary problems. The magnitude of the singularity is
measured by a negative parameter (y — 1), for 0 < v < 1, which reflects on
lack of smoothness for an existing solution along the singular interface between
its positive and zero phases. We establish existence as well sharp regularity
properties of solutions. We further prove that minimal solutions are non-
degenerate and obtain fine geometric-measure properties of the free boundary
§ = 0{u > 0}. In particular we show sharp Hausdorff estimates which imply
local finiteness of the perimeter of the region {u > 0} and H*~! a.e. weak
differentiability property of §.  May, 2015 ICMC-USP

1. INTRODUCTION

The aim of this present work is to study fine qualitative properties of nonvariational
singular elliptic equations of the form

F(D?u) ~ u_9~x{u>0} in O (1.1)
uw = f on 01,

where © C RY is a smooth bounded domain, # = 1 —~, for 0 < v < 1, f is a positive,
C? boundary datum and the governing operator F is assumed to be uniform elliptic, i.e.,
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190 ARAUJO AND TEIXEIRA

there exist two constants 0 < A < A such that
FM+N) < FM)+ANT| = MNNT|l, YM,N € Sym(N). (1.2)

The study of singular equations as (1.1) is motivated by applications in a number of
problems in engineering sciences. For example, model fluids passing through a porous
body 2. More precisely, u could represent the density of a gas, or else the density of
certain chemical specie, in reaction with a porous catalyst pellet, Q.

From the singular equation

F(D*u) = yu""" - X{u>0}, (1.3)

one notices that the Hessian of an existing solution blows-up along the free boundary
T = 0{u > 0} NQ; therefore, solutions cannot be of class C2. In the fully nonlinear setting,
the problem of optimal regularity for solutions to Equation (1.3) is a rather delicate issue
and it will be discussed in Section 2.

The variational theory, F(M) = Tr(M), for the free boundary problem (1.1) is fairly
well understood, nowadays. It appears as the Euler-Lagrange equation in the minimization
of non-differentiable functionals:

/ %|VU(X)|2 +u(X)dX —s min. (1.4)

See, for instance [18], [19] and [2].

The case v = 1 in (1.4) represents the obstacle problem, [7]; the case v = 0 relates
to the cavitation problem, [1]. Fully nonlinear version of the obstacle problem has been
considered in [17]. Nonvariational cavitation problem has been recently studied in [20]. The
delicate intermediary case, 0 < v < 1, addressed in this present work brings major novelty
adversities as the equation satisfied within the positive set {u > 0} is nonhomogeneous
and blows-up along the a priori unknown quenching interface §F = d{u > 0} N Q - the
so called free boundary of the problem. The lack of variational or energy approaches
too implies significant difficulties in the problem and new, nonvariational solutions have
to be established. In fact, since the free boundary problem considered in this paper has
nonvariational character, one cannot use the powerful measure-distributional language to
setup weak version of the problem. Instead we shall employ a perturbation scheme and
will obtain uniform estimates with respect to the approximating parameter . A solution
to the fully nonlinear free boundary problem (1.1) will therefore be obtained as the limit
of appropriate approximating configurations.

Let us turn our attention to the singularly perturbed strategy we shall use in order
to grapple with the lack of variational approaches available. In this paper we suggest
the following singular perturbation scheme to appropriately approach the free boundary
problem (1.1):

F(D?u) = B.(u), in Q
{ . f o on o9 (Ee)
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GEOMETRIC APPROACH TO NONVARIATIONAL SINGULAR ELLIPTIC EQUATIONS 191

The singular perturbation term [, is build up as follows: initially select your favorite
function p € C§°[0,1] and set
v
=14 —. 1.5
« + 7~ (1.5)
Throughout the whole paper, a will always be the fixed value stated in (1.5). In the sequel,
define

B.(t) = ; p(s)ds, (1.6)

where 0 < gy < % is an arbitrary technical choice. Notice that B. is a smooth approxima-
tion of x(0,00)- Finally, we set

Be(t) = VtvilBa(t)' (1.7)

Such a construction is carefully carried out as to preserve the natural scaling of the desired
equation (1.3).

To conclude this introduction, we comment briefly on the existence of a special viscosity
solution to equation (E.). As we will show in Section 3, the family of minimal solutions
turns out to satisfy the desired appropriate geometric features. Such properties will allow
us to establish Hausdorff estimates of the free boundary in Section 4. Notice that because of
the lack of monotonicity of equation (E.) with respect to the variable w, classical Perron’s
method cannot be directly employed. Following the arguments stated in [20], an adaptation
of Perron’s method, it is possible to assure the existence of a minimal viscosity solution
to (E.). For full details see [3, Section 3]. In comparison with the variational theory, this
choice is a replacement for the selection of minimizers of the Euler-Lagrange functional.
Therefore, unless otherwise stated, whenever we mention viscosity solution to (E.), we
mean the minimal solution provided by such arguments.

2. SHARP REGULARITY ESTIMATES

The first main problem to be addressed to this approach concerns the optimal regularity
estimates for solutions to Equation (E.), uniformly on parameter . Optimal estimates for
heterogeneous equations, Lu = f(X,u) is in general a quite delicate issue. For the singular
setting studied in this present work, optimal estimates are even more involved as they can
be understood as invariant (tangential) equations for their own scaling. We show that
solutions are locally of class CY75 at the free boundary. This result was only known in
the variational setting, for minimizers of Euler-Lagrange functional, see [18], [19], [2] and
[14].

Thus, we start off this Section by rather informal, heuristic considerations as to guide us
through the genuine results to be established later on. Suppose 0 is a free boundary point
and, say, —e, is the unit outward normal pointing towards the quenching phase {u = 0}.
If u is C1# at 0, then, in a small neighborhood, say, B, N {u > 0}, p < 1, u behaves like

XA ]

~ X!*P. Therefore, the singular potential of the equation in (1.1) is like ~ n
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192 ARAUJO AND TEIXEIRA

view of the regularity theory for heterogeneous fully nonlinear equations F'(D?u) = f(X),
established in [8] and [22], we obtain the following implication

X0 ¢ 18 . implies wue chls

The reasoning above gives the following system of algebraic equations

01+ B)(7—1) = —1
g =1-73.
Solving for 3, revels, 8 = ﬁ, which agrees with the optimal regularity estimate estab-

lished for the variational theory.

This Section is devoted to establish local C*'25 regularity estimates for solutions u. to
Equation (FE.), uniform in € at free boundary points. In fact we shall obtain a universal
growth control on u. near the free boundary. The desired regularity along the free interface
will then follow.

Hereafter, let us fix a point Xy € 2 and for simplicity take Xy = 0. Our analysis will be
based on the auxiliary function v., defined by

e(X) = ue 2 (X). (2.1)

For the sake of notation convenience, let us omit the subscript € in v, and in u., writing
simply v and u to denote these functions. By computing the gradient and hessian of v, we
can notice that v satisfies the following equation

F <D2v(X) +52 v (X0 V() ® Vv(X)) = f(X ) (X), (2.2)
for a certain bounded function f(X). It is standard to justify formally the Equation (2.2)
using the language of viscosity solutions.

Our first result towards optimal regularity establishes equicontinuity for functions satis-
fying (2.2), which implies the same conclusion to the family of functions u.. The proof is
an adaptation of the Ishii-Lions method [16], see also [4], [5] and [15]. For more details see
[3, Proposition 1].

PROPOSITION 2.1 (C%-compactness).  Solutions to (2.2) are universally locally uniform
continuous, that is, there exists a universal modulus of continuity, o, such that |v(X1) —
’U(XQ)| < CQ/Q(|X1 — XQ)), fOT X1, X5 € Qe .

Now, we are able to state the following regularity estimate for viscosity solutions of (E.).

THEOREM 2.1 (Uniform optimal regularity).  Given a subset ' &€ , there exists a
constant C depending on, ||f|loo, v, ', dimension, ellipticity, but independent of €, such
that, any family of viscosity solutions {u.} of equation (E.) satisfies,

sup ue. < C (r% + uE(X)) , VX eq. (2.3)
B (X)
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GEOMETRIC APPROACH TO NONVARIATIONAL SINGULAR ELLIPTIC EQUATIONS 193

Proof. Suppose, for the sake of contradiction, the thesis of Theorem 2.1 fails to hold.
Combining discrete iterative techniques and a continuous methods, see [10], Lemma 3.3
and also [21] for similar reasoning, for each k& > 1, it is possible to find 0 < r; = o(1),
X € Y, e > 0 such that the following two inequalities hold

sg = sup  ue, > k(ry +ue, (Xi)) (2:4)
Brk (Xk)
sup  [ue, — e, (Xp)] 227 sup  [ue, — ue, (X)) (2:5)
By, (X&) Bk (Xk)

The normalized function ¢y : B; — R given by

Ug,, (Xk + TkY)

oY) = —+——~=, (2.6)
Sk
satisfies
0<p(Y) <ClY|™, (2.7)
¢r(0) = o(1), (2.8)
sup g = 1. (2.9)

B,

In addition, the following equation is satisfied in the viscosity sense

2

o) = (F) e (2.10)
Sk
where
Fp(M) = %: F (i%M) : (2.11)

which is a (A, A)-elliptic operator. Thus, from Proposition 2.1, up to a subsequence, ¢y
converges locally uniformly to an entire function ¢g: RY — R. From hypothesis of contra-
diction (2.4),

<T’3) " o(1). (2.12)

Sk

Passing to another subsequence, if necessary, Fj converges locally uniformly to a limiting
recession operator F', which is (A, A)-elliptic and homogeneous of degree one for nonnegative
scalars. Passing the limit as k — oo in (2.10) yields

vo - F(D?*po(Y)) = 0. (2.13)
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194 ARAUJO AND TEIXEIRA

Notice, in view of (2.8) and (2.9), we have

wo(0) =0, supgo=1. (2.14)
B
We now revisit the proof of Proposition 2.1, see [3, Proposition 1]. Defining ¢ := @é/a, we
find
F(D*) + cqp~'Vep @ Vap) = 0. (2.15)

By running the same reasonings of the proof of Proposition 2.1, for v, with w = t%,
0<6<1,6=0, f=0 and with no localization term, gives C*? estimates for v, for any
0 < 1. In fact, for L > 1, depending only on ellipticity, estimate (39) in [3, Proposition 1],
becomes

0<cl? (v '(X)—v 1 (Y)) <0, (2.16)

since the contradiction assumption in the reasoning of the proof of Proposition 2.1 implies
P(X) > ¢(Y). We now choose 6y so that

1
—<fy <1 (2.17)
«

A final contradiction is then obtained when we confront (2.14) with the C%% regularity
for ¢. Indeed, select a point Z in {pg > 0} and Zy € {¢o = 0}, satistying dist(Z, {po =
0}) = |Z — Zo| < 4. It follows from Hopf maximum principle that

Z
0 < lim inf P 20)

hs0 ho (2.18)

where e is the inward normal vector to the ball B‘Z_ZO|(Z) at Zy. On the other hand, we

have
1
he + Z, 5 (he+ Z -5
500( e+ 0) _ 900(6:_ O)QD(l) Oeo(he-i-Zo)
|h if |h|% (2.19)
< C- @Y (he + Zo)
— 0,
as h — 0. This concludes the proof of Theorem 2.1. |

3. NONDEGENERACY OF MINIMAL SOLUTIONS

The next principal result delivered in [3] states that minimal solutions, i.e., solutions
obtained from Perron’s type method do grow precisely as dist(X, {u. ~ 50‘})1‘”'2{%, which
corresponds to the maximum growth rate allowed. Such a result implies a quite restrictive
geometry for the free quenching interface {u. ~ £“}. Also, we shall establish a stronger
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GEOMETRIC APPROACH TO NONVARIATIONAL SINGULAR ELLIPTIC EQUATIONS 195

nondegeneracy property of minimal solutions, which also has fundamental importance in
our blow-up analysis.

To simplify the statement of the results, we introduce some definitions and notations.
Hereafter we shall use systematically we following notations:

{ue >k} == {z € Q| ul(z) > r},
{T>u:>A} == {zeQ|7>u(x)> A},
d.(X) dist(X, 0{ue > e*}),

The nondegeneracy feature of minimal solutions is based on the construction of appropri-
ate viscosity supersolution whose value within an inter disk is much smaller than its value
on the boundary of an outer disk. Under scaling properties, we obtain, for each parameter
e > 0 fixed, a radial function 6. satisfying

v 0. =200 in Be,ep;
v 0. > con® in Q\ By
v 0. € CH1(Q) and it is a supersolution to (E.).

The technical details are stated in [3, Proposition 2].
Therefore, given . as above, we establish strong nondegeneracy of minimal solutions to
the singularly perturbed problem (E.).

THEOREM 3.1 (Strong nondegeneracy). Let Xo € {us > %}. There exist two univer-
sal positive constants cog > 0 and ro > 0 such that if r < rq, there holds

sup ue > cor®,
Br(Xo)

for a as in (1.5).

Proof. Given r < 1y, we construct 8. for n = r/e. By minimality of u.,
u:(Z) > 0.(2),

for some point Z € 0B,(Xp). Indeed, suppose for the sake of contradiction that u. < .
along 0B,.. Define

w. — min{f.,u.} in B,;
s Ug in Q\ B,.

Thus, w, is supersolution to (E.); however in B.,,, we have,
Ue > % > 200" = 0, = we,
which contradicts the minimality of u.. In conclusion,

cor® < 0.(Z) < us(Z) < supue,

T
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196 ARAUJO AND TEIXEIRA

and the Theorem is proven. |

An immediate Corollary of Theorem 3.1 is the upper and lower control of u. by r% in
B, C {u. > e*}.

COROLLARY 3.1. Given a subdomain € € , there exists a universal constant C =
C (V) such that for Xo € ' N{us > e*} and r < ro,

Clr* < sup wu. < C(r® + u(Xo)).
BT(XO)

Another important consequence shows that u. does growth at the sharp rate away from
the free boundary, that is ~ d2. See [3, Corollary 2].

COROLLARY 3.2. Given a subdomain € € , there exists a universal constant C' =
C(QY) such that for X € Q' N {u. > e*} and e < d.(X),

C . (X)* < u.(X) < Cd(X)>.

{u > e} re {us <&}

Total control of the minimal solution u..

4. LIMITING FREE BOUNDARY PROBLEM

In this Section, we address the fully nonlinear free boundary problem obtained by letting
e — 0. The ultimate goal is to find a solution to the free boundary problem (1.1) that
enjoys all the desired analytic and geometric properties.

Our analysis starts off by the compactness of minimal solutions to Equation (E.). In
fact, Proposition (2.1) implies that {u.}_. is a compact sequence and up to a subsequence,

lim u, =: up. (4.1)
e—0
Here, we address the study of geometric properties to the limiting function wuy.
Next Theorem recovers the fully nonlinear equation satisfied by uo within its positive
set as well as its precise growth behavior near the free boundary, F(ug).
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GEOMETRIC APPROACH TO NONVARIATIONAL SINGULAR ELLIPTIC EQUATIONS 197

THEOREM 4.1. The limiting function uy defined in (4.1) is a viscosity solution to
F(D*u) =y~ in {u > 0}. (4.2)

Moreover, for a fized Q) € Q, there exists a constant C = C()') that depends on Q' and
universal constants such that for any X € Q' N {ug > 0}, there holds

Cdo(X)* < up(X) < C™'do(X)*,

as well as,

C™1p™ < sup up < C(p™ + up(X)) (4.3)
By (X)

for do(X), p positive numbers sufficiently small.

Proof. Let us fix a point X € {up > 0} and let up(Xo) := 0 > 0. By continuity
ug > %0’ in B,(Xo) for same p > 0. Since u. — uy uniformly over compact sets, for ¢ < 1
we have

1
Ug > ga > (14 09)e”.
That is, u. satisfies
F(D*ue) =~yul™' in By, (Xo).

By the stability of viscosity solutions under uniform limits, we conclude ug is indeed a
viscosity solution to Equation (4.2).

Let us now turn our attention to the growth rate controls. For that, fix X € ' N{up >
0}, with do(Xp) < $dist(€,99) and label uo(Xo) = s > 0. For ¢ < 1 we have

UE(X()) > > g%,

Thus, according to Corollary 3.2, we obtain
UE(X()) > CdE(X())a.

Let Y. € 0{u. > €®} be such that d.(Xo) = |Xo — Yz|. By uniform convergence, it clearly
follows that Y. — Y; and uo(Yy) = 0. In conclusion,

uo(Xo) > C|Xo — Yo|* > Cdo(Xo)".

The upper estimate is obtained similarly. The proof of the estimate (4.3) follows similarly. |

It also follows as consequence that the set {ug > 0} has uniform positive density along
the free boundary F(uo).
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198 ARAUJO AND TEIXEIRA

THEOREM 4.2. Given Q' € Q there exists a constant 0 < ¢ < 1, depending on ' and
universal parameters, such that

S(Bs(X) N {uo > 0)) _
S(B(X)  °

for all X € F(ug) N Q.

As mentioned, one of the major mathematical difficulties in dealing with singular equa-
tions as in (1.1) is the fact that right hand side blows-up near the quenching region. In
particular, if one tries to interpret the singular term yu?~! as a right hand side f(X) for
the equation, classical Harnack inequality gives no information near the free boundary. we
obtain a clean Harnack inequality valid near the free boundary §(ug). Such a result is
quite surprising a first view, as the nonlinear source of the equation is of order ~ u¥~! and
thus it blows up near the boundary of the quenching region.

THEOREM 4.3 (Harnack Inequality for tangential balls).  Let Xo € {ug > 0} and d :=
do(Xo). Then, there exist a universal constant C > 0 such that

sup ug < C inf wuy.
B4 (Xo) B%(XO)
2

5. GEOMETRIC ESTIMATES OF THE FREE BOUNDARY

In this section, we turn our attention to uniform geometric-measure properties of the
limiting free boundary § := 0{up > 0}. Through this section we shall work under the
following extra structural condition on the operator F:

DEFINITION 5.1.  We say a uniformly elliptic operator F': Sym(N) — R is asymptotically
concave if there exists a positive definite matrix F = ( fij)ij and a nonnegative constant
Cr > 0 such that

fijMij — F(M) > —CF, (AC)
for all matrix M € Sym(N),

Initially, let us point out that indeed hypothesis (AC) is an asymptotic condition as
|M] > 1, as it suffices to hold in the limit for ||M| — +oo. It represents a sort of
concavity condition at infinity of F. For concave operators, Cr = 0. The structural
condition (AC) arises from recent considerations on the recession operator

FX (M) i= lim pF(u' M),

The limiting operator F* should be interpreted as the tangential equation for the natural
elliptic scaling on F. For example, for a number of elliptic operators, it is possible to verify
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GEOMETRIC APPROACH TO NONVARIATIONAL SINGULAR ELLIPTIC EQUATIONS 199

the existence of the limit

bij = lim FZJ(M)

In this case, F*(M) = tr(b;;M) and (AC) is automatically satisfied. A particularly inter-
esting example is the class of Hessian operators of the form

N
F (M) = f(A, A2, AN) == 2(1 + )\S_)m’

Jj=1

where ¢ is an odd natural number. For this family of operators, we have F* = A and
condition (AC) is satisfied.

In this final Section we explain further fine geometric-measure properties of the free
boundary §(ug). Hereafter we shall work under the addition structural assumption (AC).
Thanks the previous results, we show concerns the local finiteness of the H™ ~!-Hausdorff
measure of the free boundary F(ug).

THEOREM 5.1. Given Q' € Q there exists a constant C = C(Q)) > 0, depending on
and universal constants, such that

£ Nu({uo > 0}) N B,(Xo)) < Cpp™~,

whenever, Xo € ' N 0{ug > 0}, do(Xo) < 15dist(,09), p < p and p is universally
small. In particular,

HN ! (B,(Xo) NF(ug)) < CpN "

A consequence of Theorem 5.1 is that the limiting region {ug > 0} has locally finite
perimeter. The key final result we will show here states that the reduced free boundary,
Oredluo > 0} has total measure. More importantly, we prove that around points Z of the
reduced free boundary, there holds

HYH(B,(Z) NF(uo)) ~ pN 1

In particular the free boundary has a theoretical measure outward unit vector for HN 1
almost all points in F(uo).

THEOREM 5.2. Given Q' € Q, there exists a positive constant C = C ('), that depends
only on ' and universal constants, such that for any ball B,(Xy), with p universally small,
centered at a free boundary point xo € 0{ug > 0}, there holds

C N <HN Y Orea{uo > 0} N B,(Xo)) < CpN 1

In particular,

HN Y (0{ug > 0} \ Orea{uo > 0}) = 0.

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



200 ARAUJO AND TEIXEIRA

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

REFERENCES

. Alt, H. M. and Caffarelli, L. A. Existence and regularity for a minimum problem with free boundary.

J. Reine Angew. Math., 325, (1981), 105-144.

. Alt, H. M. and Phillips, D. A free boundary problem for semilinear elliptic equations. J. Reine Angew.

Math., 368, (1986), 63-107.

. Aratjo, D.; Teixeira, E. Geometric approach to nonvariational singular elliptic equations Arch. Rational

Mech. Anal. 209 (2013), no 3, 1019-1054.

. Barles, G. A weak Bernstein method for fully nonlinear elliptic equations. Differential Integral Equa-

tions 4 (1991), no. 2, 241-262.

. Barles, Guy; Chasseigne, Emmanuel; Imbert, Cyril Holder continuity of solutions of second-order non-

linear elliptic integro-differential equations. J. Eur. Math. Soc. (JEMS) 13 (2011), no. 1, 1-26.

. Cabre, Xavier; Caffarelli, Luis A. Interior C*% regularity theory for a class of nonconvex fully nonlinear

elliptic equations. J. Math. Pures Appl. 82 (9) (2003), 573-612

. Caffarelli, L. A. The regularity of free boundaries in higher dimensions. Acta Math., 139 (1977), no.

3-4, 155-184.

. Caffarelli, Luis A. Interior a priori estimates for solutions of fully nonlinear equations. Ann. of Math.

(2) 130 (1989), no. 1, 189-213.

. Caffarelli, Luis A.; Cabré, Xavier Fully nonlinear elliptic equations. American Mathematical Society

Colloquium Publications, 43. American Mathematical Society, Providence, RI, 1995.

L. Caffarelli, L. Karp and H. Shahgholian, Regularity of a free boundary with application to the Pompeiu
problem. Ann. Math. 151 (2000), 269-292.

Crandall, Michael G.; Ishii, Hitoshi Lions, Pierre-Louis User’s guide to wviscosity solutions of second
order partial differential equations. Bull. Amer. Math. Soc. (N.S.) 27 (1992), no. 1, 1-67.

Crandall, M. G., Rabinowitz, P. H. and Tartar, L. On a Dirichlet problem with a singular nonlinearity.
Comm. Partial Differential Equations, 2 (1977), no. 2, 193-222.

Evans, L. C., Classical solutions of fully nonlinear, convex, second-order elliptic equations. Comm.
Pure Appl. Math. 35(3), 333-363, 1982.

Giaquinta, M.; Giusti, E. Differentiability of minima of non-differentiable functionals. Invent. Math.
72, 285-298 (1983).

Imbert, C.; Silvestre, L.; C1¢ regularity of solutions of some degenerate fully non-linear elliptic equa-
tions. Adv. Math. 233 (2013), 196-206.

Ishii, H.; Lions, P.-L. Viscosity solutions of fully monlinear second-order elliptic partial differential
equations. J. Differential Equations 83 (1990), no. 1, 26-78.

Lee, Ki-Ahm; Shahgholian, Henrik Regularity of a free boundary for viscosity solutions of nonlinear
elliptic equations. Commun. Pure Appl. Math. 54, No.1, 43-56 (2001).

Phillips, D. A minimization problem and the regularity of solutions in the presence of a free boundary.
Indiana Univ. Math. J., 32 (1983), 1-17.

Phillips, D. Hausdorff measure estimates of a free boundary for a minimum problem. Comm. Partial
Differential Equations, 8 (1983), 1409-1454.

Ricarte G.; Teixeira, E. Fully nonlinear singularly perturbed equations and asymptotic free boundaries.
J. Funct. Anal., vol. 261, Issue 6, 2011, 1624-1673.

Silvestre, L.; Teixeira, E. Regularity estimates for fully non linear elliptic equations which are asymp-
totically convex. To appear in Progress in Nonlinear Differential Equations and their Applications.

Teixeira, E. V. Universal moduli of continuity for solutions to fully nonlinear elliptic equations. Arch.
Rational Mech. Anal. 211 (2014), no 3, 911-927.

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



