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In these expository notes we survey some classical and recent results about
the topology and geometry of circle dynamics without periodic orbits, empha-
sizing some connections with complex dynamics.  May, 2015 ICMC-USP

Notation: Throughout these notes S' will denote the multiplicative group of complex
numbers of modulus one, that is, the unit circle S = {z e C: |z = 1}. The Haar
measure for this group, which is the normalized Lebesgue measure in the unit circle, will
be denoted by A. The length of an interval I will be denoted also by |I|. We will identify
S' with R/Z under the universal covering map m : R — S given by m(t) = exp(2rit).
We denote by Hom, (S!) the group (under composition) of orientation preserving circle
homeomorphisms, and by Diff’, (S') its subgroup of C" diffeomorphisms for any r > 1.
Finally, p : Hom (S') — [0, 1) will denote the rotation number.

1. INTRODUCTION

Let f be an orientation preserving circle homeomorphism, and assume that f has irra-
tional rotation number p(f) = 0. This is equivalent with the fact that f has no periodic
orbits, and it implies that the non-wandering set of f is minimal, being a Cantor set or
the whole circle [37, Chapter I].

As Poincaré showed, f is semi-conjugate to the rigid rotation of angle 6 (denoted by Ryp):
there exists a continuous surjective map h : S* — S! such that ho f = Ry o h. Indeed,
take a non-wandering point x in S' and consider its orbit under f, Of(z) = {f”(m)}nez.
The map h, (f"(ac)) = exp(2minf) sends the point x to the point 1, and conjugates f with
Ry along the orbit of x.

A crucial point is that f and Ry are combinatorially equivalent, in the sense that for each
n € N the first n elements of the orbit of x under f are ordered in the same way as the first
n elements of the orbit of the point 1 under the rotation Ry (otherwise one can prove that
f must have a periodic orbit, see [37, Chapter I]). The combinatorial equivalence between
[ and Ry implies that the map h, extends continuously to the closure of Of(x). This
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40 PABLO GUARINO

extension is surjective because any orbit of Ry is dense in S', and then we can extend h,
as a constant function in any connected component of the complement of O (). This gives
us a semi-conjugacy h, between f and Ry that sends the point x to the point 1 (given any
other point 2z € S' we have h, = Rg o h, with exp(2mi) = 1/h,(z)).

st 1 g1

S

St —— gt
6

Note that for every y € S' the set h;'({y}) is either a closed interval or a single

point. If f is minimal in the whole circle we have Of(z) = S', and in particular, h, is a
homeomorphism and then f is topologically conjugate to the rotation Ry.

In any case f is uniquely ergodic: there exists a unique Borel probability measure p in
S' which is invariant under f, that is, u(A) = p(f~*(A)) for every Borel set A C S'.
The measure p is just the pull-back of the Lebesgue measure under any semi-conjugacy:
u(A) = )\(hw(A)) for any Borel set A C S! (since the semi-conjugacy h, is unique up
to post-composition with rotations, the measure p is well-defined). In other words, the
p-measure of the arc between any point and its image under f, oriented in the counter-
clockwise sense, equals the rotation number of f. Indeed:

p(lz, f(@)]) = AL, he (£(2))]) = A([1, Ro(1)]) = A([1, exp(2i0)]) = 0 = p(f).

Conversely, note that given any point € S! we can obtain the semi-conjugacy h, from
the measure p defining:

ha(y) = exp (2 ([, o)) = oxp <2m' /x ydu) .

Indeed, since p is f-invariant and f has no periodic orbits, p has no points of positive
measure and this implies that h, is continuous and surjective (of course we have h, o f =
Ry o hy). If f is minimal, any open interval has positive p-measure (since the support
of p is an f-invariant compact set, it must be the whole circle). In particular h, is an
homeomorphism, and then f is topologically conjugate to the rotation Ry.

Summarizing, an orientation preserving circle homeomorphism f with irrational rotation
number 6 is always semi-conjugate to the rigid rotation Ry by a continuous surjective map
h. If h is not a conjugacy, then there exists a point y € S! such that J = h~! ({y}) is a
non-degenerate closed interval. We call J a wandering interval since f™(J)N f™(J) = 0 if
n # m € 7Z, and since J is not contained in the basin of a periodic attractor.

In these expository notes we will deal with two kinds of smooth circle homeomorphisms
with irrational rotation number: those without critical points (that is, diffeomorphisms)
and those with a finite number of critical points of odd type, the so-called critical circle
maps. In Section 2 we introduce two important tools for circle dynamics: the return times
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CIRCLE DYNAMICS 41

given by the continued fraction expansion of the rotation number (Section 2.1) and the
distortion of cross-ratio under iteration (Section 2.2). In Section 3 we prove the well-
known Denjoy’s theorem for smooth diffeomorphisms (Theorem 3.1), which asserts that
C? diffeomorphisms have no wandering intervals. At the end of Section 3 (Section 3.2) we
discuss some geometrical aspects of diffeomorphisms without periodic orbits. In Section 4
we focus on critical circle maps, which are circle dynamics that belong to the boundary
of the space of diffeomorphisms. In Section 5 we carefully construct examples of real-
analytic critical circle maps, emphasizing some connections with complex one-dimensional
dynamics. In Section 6 we prove an extension of Denjoy’s result to critical circle maps,
due to J.-C. Yoccoz in the eighties. In Section 7 we discuss the geometrical classification
of critical circle maps, providing statements of recent results. Finally, in Appendix 1, we
briefly review the classical theory of continued fractions.

We refer the reader to the book of de Melo and van Strien [37] for general background
in real one-dimensional dynamics.

2. PRELIMINARIES
2.1. Return times

Let f € Hom(S'). As we have pointed out already, our standing assumption is that
the rotation number p(f) = 6 € [0,1) is irrational. Therefore it has an infinite continued
fraction expansion, say

0 = [ag,a1,...,an,ap11,...] = lim T
n—oo
ao+ 1
ai +

A classical reference for continued-fraction expansion is the monograph [26], see also
Appendix 1 of these notes. We define recursively a sequence of return times of 6 by:

q =1, g1 =ao and @ui1 =an@n+¢qu-1 for n>1

Recall that the numbers ¢, are also obtained as the denominators of the truncated
expansion of order n of 6:

Pn 1
-_— = [&0,&1,&2,...,an_1] = 1

n go 4

Ap—1

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



42 PABLO GUARINO

We recall also the following well-known estimates (see for instance Theorems 9 and 13 in
[26, Ch. ], or Theorem 5 in [30, Ch. I]):

! g Pl <

1 1
<‘ <= for all n € N.
Qn(Qn +Qn+1) dn

o ndn+1 q;

The rational numbers p, /¢, are called the convergents of the irrational . Each p,,/qy,
is the best possible approximation to # by rational numbers with denominator at most g,
[26, Chapter 1I, Theorem 15]:

If 0 < ¢ < g, then |07pn/qn| < |07p/q’ for any p € N.

Now fix any point € S!. The arithmetical properties of the continued fraction expan-
sion described above imply that the iterates {R{"(z)}nen are the closest returns of the
orbit of x under the rigid rotation Ry:

d(z, RY"(2)) < d(z,R)(x)) forany j € {1,..,q, — 1}

where d denote the standard distance in S!. The sequence of return times {q,} grows at
least exponentially fast as n — oo (since ¢n1+1 = angn + gn-1 > 2¢n—1), and the sequence
of return distances {d(z, Rg"(x))} decreases to zero at least exponentially fast as n — co.
The sequence {R}"(z)}nen approaches the point « alternating the order:

RI'(z) < RF(2) < .. < RZ*'(2) < ... <2 < ... < RP*(2) < .. < Rf*(z) < R}’ ().

By Poincaré’s result this information remains true at the combinatorial level for any
circle homeomorphism f with rotation number 6: for any z € S* the interval [z, f% (z)]
contains no other iterates f7(x) for j € {1,...,q, — 1}, and if x is the unique invariant Borel
probability of f we can say that u([z, f4"(z)]) < u([z, f/(z)]) for any j € {1,...,q, — 1}.
A priori we cannot say anything about the usual distance in S*.

2.2. Cross-ratio distortion

Let a < b < ¢ < d be four distinct points in the real line. Let S; be the Mobius
transformation determined by Si(a) =0, Si(c) = 1 and S1(d) = oo. Note that S; has real
coefficients since it preserves the real line. Define Cri(a,b,c,d) € (0,1) as Cri(a,b,c,d) =

S1(b), that is:
d—c b—a
Cri(a,b,c,d) = (c—a) (d—b) .

If we denote by T = (a,d) and by M = (b, ¢) we have that:

_ |L| IR
Cri(a,b,c,d) = (|L|—|—|M| B[+ M| )

where L and R are the components of T'\ M.
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CIRCLE DYNAMICS 43

The choice of the Mobius transformation S; was quite arbitrary. We can consider,
for instance, the Mobius transformation Sy determined by Sz(a) = —1, S2(b) = 0 and
Sa(d) = oo, and define Cra(a, b, ¢,d) € (0,+00) as Cra(a,b, ¢, d) = Sa(c), that is:

Cra(a,b,c,d) = (i_Z) <§_I;> .

As before, if we denote by T' = (a,d) and by M = (b, ¢) we have that:

|M||T|
Cra(a,b,c,d) = IR

Several different definitions of cross-ratio can be found in the literature, depending on
the purposes of the authors. The first definition given here is the one used in [48], while
the second definition is the one chosen in [34] and [10]. Of course both definitions are
related by a Mobius transformation. Indeed, consider the orientation reversing real-analytic
diffeomorphism S : (0,1) — (0,+00) given by S(z) = =%, whose inverse is given by
S—Yz) = H_% Then we have S(Cry(a,b,c,d)) = Cra(a,b,c,d) for all a < b < ¢ < din R.
Note that both Cry(a, b, ¢, d) and Cra(a, b, ¢, d) are invariant under Mébius transformations,
that is, if S is any M6bius transformation and a < b < ¢ < d are four distinct real numbers,
we have Cr; (S(a), S(b), S(c), S(d)) = Cr;(a,b,c,d) for i = 1,2. In these notes we will work
with the second definition given above. More precisely:

DEFINITION 2.1.  Given intervals M C T C S we define the cross-ratio of M in T as:

MI|T
&Mﬂzﬁw’

where L and R are the components of T\ M. Suppose now that f is a homeomorphism in
T, we define the distortion of cross-ratio of f in M and T as:

CelF (), £(T)]

Cr(f, M, T) = Cr[M, T

3. TOPOLOGICAL RIGIDITY OF CIRCLE DIFFEOMORPHISMS

In a classical article of 1932 [4], Denjoy proved the following topological rigidity result:
any C? circle diffeomorphism with irrational rotation number is topologically conjugate to
the corresponding rigid rotation.

At the time, Denjoy was interested in the dynamics of smooth flows on compact sur-
faces, where one-dimensional dynamics appear when considering first-return maps of local
transverse sections (see also the work of Schwartz [46] of 1963).

Actually, the original result of Denjoy (see Theorem 3.1 below) is for C! diffeomorphisms
such that log Df has bounded variation: there exists a constant V' = V(f) > 0 such that
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given any ordered finite partition {xg, z1,...,z,} of the circle we have that:

n—1

> |log Df(wit1) —log Df (x)| < V(f) = var(log Df).

=0

In this case we say that f is C'*% or that f € Diﬂf‘b”(Sl). If f e Diffi(Sl), then
f € Diff{7(S) just by taking:

max,ecgt |D2f(x) |

D),
mingcg ‘Df(xﬂ

= Dj(r)

, or even better V(f) > /
S1

The main result of this section is the following:

TurEOREM 3.1 (Denjoy, 1932).  Let f be a C! orientation preserving circle diffeomor-
phism such that log Df has bounded variation. If f has irrational rotation number 60, it is
topologically conjugate to the rigid rotation of angle 6.

Our proof of Theorem 3.1 wont be the easiest one (see for instance [37, Section 1.2]),
but it is more suitable to be adapted to the case of critical circle maps, see Section 6. The
proof will be obtained by combining the following two results:

PROPOSITION 3.2. Let f be a C orientation preserving circle diffeomorphism with ir-
rational rotation number and such that log Df has bounded variation with some constant
V =V(f) > 0. There exists a positive constant 6 = 6(V') > 0 such that given any interval
J and any sequence {Ty, }nen of intervals containing J such that for any n € N the first
Gn+1 — 1 iterates of T, have intersection multiplicity 2, we have that:

Cr(f*, J,T,)>6 forany ke€{0,....qns1}-

The sequence {gy }nen is the sequence of return times given by the rotation number of f
(see Section 2.1). A family of intervals has intersection multiplicity k € N if the maximum
number of intervals from the family that has non-empty intersection is k.

ProposITION 3.3. Let f € Diﬁf’b” (SY) with irrational rotation number. Suppose that
f is nmot conjugate to the corresponding rigid rotation, and let J be a mazimal wandering
interval. There exists a decreasing sequence {Ty }nen of open intervals such that:

o J= mnEN T,.
o The family {Tn, FAVES fq"“_l(Tn)} has intersection multiplicity 2 for all n € N.
e lim Cr(f9+,J,T,) =0.

n— oo
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CIRCLE DYNAMICS 45

Proof (Theorem 3.1). Combine Proposition 3.2 and Proposition 3.3. |

The remainder of this section is devoted to prove Proposition 3.2 and Proposition 3.3.

3.1. Proof of Proposition 3.2 and Proposition 3.3
Proof (Proposition 3.2). Fix n € N and k € {0, ...,¢n+1}, and note that:

k—1
Cr (f*,J.1,) = [[ Cr (£, F1(). £1(Tn)).

=0

In particular:

k—
|log (Cr(f*, J,T,))] Z\log (Cr(f, f1(), f1(T))].
=0

By the Mean Value Theorem there exist for any ¢ € {0,....k — 1} four points z; €
FNT) s Yin € FUT0),s 2ins Win € FY(T) \ f4(J) such that:

, ) D f(x:)||Df(yi,n
Cr(f, f'(J), f(Tn)) = J)sziw))l|||D];((yw’iZ|)| '

Therefore:

k—1
|log (Cr(f*,J,T))| < Z |log Df(x;) +1og Df (yi,n) — log Df (2i,n) — log Df (wi )|

I
— O

ESIES

|log Df(;) —log Df(zin)| + | log D f(win) —log D f (yin)|
i=0

Now consider the finite partition Py = {xl, Yin, Zin, Wi n} . Since the family

{T0, F(Tn)s -, f 7 H(T0) }

has intersection multiplicity 2, the last term is less or equal than the double of the total vari-
ation of log Df in Py, and so we are done by taking § = exp(—2V). |

We focus now on the proof of Proposition 3.3. We will prove first (see Corollary 3.6
below) that if f € Diff}™""(S), the sequence {|1log qu"|}neN is bounded. With this
purpose we state and prove two well-known technical results:

LemMA 3.4 (Denjoy-Koksma inequality).  Let f € Hom, (S') with p(f) =0 € R\ Q,
and let p be its unique invariant Borel probability measure. Let {qy }nen be the sequence of
return times given by 0. For any v : S* — R (non necessarily continuous) with finite total
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variation var(y) we have:

Qn_l

Z ¢(f7(x)) — qn/ Ydu| < var(y) for all z € S* and all n € N.
=0 s

Proof (Lemma 3.4). Fix z € S' and n € N. By combinatorics there exist g, pairwise
disjoint open intervals {Io, I1,...,I,,—1} in the unit circle such that R}(1) = e>*9% € I;
and A(I;) = 1/g, for all j € {0,1,...,¢, — 1} (just take the intervals determined by the
n-roots of unity, and label them in order to have ¢*™? € I; for all j € {0,1,...,g, — 1}).
Let h = h; be the semi-conjugacy between f and Ry that maps the point = to the point 1,
and for each j € {0,1,...,q, — 1} let J; = h='(I;). Note that f/(z) € J; and u(J;) = 1/q,
for all j € {0,1,...,¢, — 1}. Moreover {Jj}j’;;l is a partition of the unit circle (modulo
boundary points, whose p-measure is zero since p is f-invariant and f has no periodic
orbits). Therefore:

S o) —an [ vdnl =| T (w(ﬂ(@) —qn/(]‘wdu>

Jj=0

qn—1

>

=0

IN

o) ~ 4o [ v

Jj

gn—1

0 Y

Jj=0

/I (0 (F(x)) — ¢)dp

Ji

Qn_l

< ; /J [0 (f () — | dp

gn—1

<y sup U (7 (z)) —¥(y)| < var(y).

j=0 Y&Ji

The Lyapunov exponent of any C! diffeomorphism with irrational rotation number is
zero. More precisely:

LEMMA 3.5. Let f € DiffiL(Sl) with irrational rotation number, and let v be its unique
invariant Borel probability measure. Then:

/ logDfdu=0.
Sl
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Proof (Lemma 3.5). If f € Diﬁi_(Sl), the function v : S — R defined by ¢ = log D f is
a continuous function and therefore, by the unique ergodicity of f, the sequence of functions

1n71 )
_ 1/1ij

converges uniformly to a constant [33, Chapter I, Section 9], and this constant must be
Js1log Df dp. By the chain rule:

n—1
S o i =log(Df"). (3.1)
j=0

Therefore the sequence of continuous functions log(Df™)/n converges to the constant
Js1 log D f dp uniformly in S1. Since f" is a diffeomorphism for all n € N, this constant

must be zero. |
If f € Diff"*”(S') we can put together Lemma 3.4 and Lemma 3.5 to obtain that the

sequence of iterates { f?" },en is uniformly Lipschitz (and in particular equicontinuous) on
the whole circle:

COROLLARY 3.6. If f € Diff}fb”(Sl) has irrational rotation number, then:

eV < (Dfi)(z) < eV for all x € S* and all n € N.

Proof (Corollary 3.6). Apply Lemma 3.4 with ¢y = log Df, and use (3.1) and Lemma
351

With Corollary 3.6 at hand, we are ready to prove Proposition 3.3.

Proof (Proposition 3.3). Let J = (a,b) be a maximal wandering interval of f, and let n €
N. The complement of the union of .J and f9 (.J) are two open intervals. By combinatorics,
the interval f»+1+4n(.J) is contained in one of them, and the interval f%+1(.J) is contained
in the other one. Since J is maximal as a wandering interval both a and b are recurrent
for the future, and therefore the distance between J and fi(.J) goes to zero as n goes to
infinity. Let us suppose that for the fixed integer n we have that fin+174(.J) is contained
in the small component (this depends if n is even or odd, and the other case can be treated
in the same way). Let L, = (f*q" (a),a), R, = (b, fan (a)) and:

T,=L,UJUR, = (f_q"(a),fq"(a)).

By definition:

dn+1 — qn+1 |an+1 (J)| 1
C(f+, J,To) = Ll Rl 7 (T3) (WH(L””) (fqn+1(Rn)||J||Tn|) |
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The key combinatorial point is that J C f¥+1(R,), and so we have |fI"+1(R,,)| > |J|.
Since we also have |T,,| > |J| and |f?+1(T,)| < 1 we obtain:

ar(rrer ) < IR O () () (32)

Estimate (3.2) holds for any homeomorphism f with irrational rotation number. Now
we use the smoothness condition. By Corollary 3.6 the sequence:

|Ln|

| fan+1(Ln)|

is bounded from above. Since } ., |f"(J)| < 1 we have that [f9+1(J)[ — 0 as n goes to
infinity, and since J is maximal (as a wandering interval) we have that |R,| — 0 as n goes
to infinity. This proves that:

lim Cr(f%+,J,T,)=0.

n— oo

Finally, since T;, = (f % (a), f?"(a)), we know by combinatorics that the family:
{Tn, f(T0), ..., f& TN (T}

has intersection multiplicity 2 for all n € N. ]

Remark 3. 1. In [4] Denjoy also proved that some assumptions on the first derivative
are needed: given any irrational number 6 there exists a C' circle diffeomorphism with
rotation number 6 which has wandering intervals [37, Section 1.2]. We remark that there
are counterexamples even if the derivative is Hlder continuous [18]. See also [22], [23] and
[20].

3.2. The geometrical classification

We finish Section 3 with some remarks concerning geometrical rigidity: let f be a circle
homeomorphism topologically conjugate to Ry for some 6 € R\ Q, and let p be the unique
Borel probability in S! invariant under f. One motivation to understand the measure p
is given by Birkhoff’s Ergodic Theorem [33, Chapter II, Theorem 1.1]: given any point
z € S' and any interval A C S! we have that:

1
n——+o0o n

lim K >#{j:0§j<n and f/(z) € A}| = p(A).

As explained in the introduction, y(A) = A(h(A)) for any Borel set A C S, where h is
a circle homeomorphism that conjugates f with Ry. In particular 4 has no atoms (i.e. no
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points of positive measure) and it gives positive measure to any open set.

(S', ) —I— (5%, )

" [
(S1,0) —— (S1,A)

0

Note that if f is C! we have the following dichotomy: either u is absolutely continuous
with respect to Lebesgue, or y is singular (otherwise we have a decomposition p = vy + s,
where 17 is absolutely continuous with respect to Lebesgue, v is singular, and both are
non-zero. Since f is C! it preserves sets of Lebesgue measure zero, and therefore both v,
and vy are f-invariant, which contradicts the unique ergodicity of f).

If u is absolutely continuous there exists a Lebesgue integrable function g—’; such that

w(A) = [, %f dA, but in general this is not true: in 1961 Arnol’d gave examples ([1], see
also [37, Section 1.5]) of real-analytic circle diffeomorphisms that are minimal, but where
the invariant probability p is not absolutely continuous with respect to Lebesgue measure.
In those examples the rotation number is Liouville (see Definition A.3 in Appendix 1) and
any conjugacy with the corresponding rotation maps a set of zero Lebesgue measure in a
set of positive Lebesgue measure.

In the same work Arnol’d showed that any real-analytic diffeomorphism with Diophantine
rotation number (again, see Definition A.3) which is a small perturbation of a rigid rotation
is conjugate to the corresponding rotation by a real-analytic diffeomorphism. He also
conjectured that no restriction on being close to a rotation is needed. This was proved by
Herman in 1979 [18] for a large class of Diophantine numbers, and extended by Yoccoz in
1984 [53] for all Diophantine numbers: any C?*¢ diffeomorphism with Diophantine rotation
number is conjugate to the corresponding rotation by a smooth diffeomorphism (see [37,
Section 1.3] for precise statements, see also [25] and the references therein). Moreover,
C* diffeomorphisms with the same Diophantine rotation number are C°°-conjugate, and
real-analytic diffeomorphisms with the same Diophantine rotation number are conjugate
by a real-analytic diffeomorphism (again, see [37, Section 1.3]).

In the remainder of these notes we will discuss certain circle dynamics that belong to
the boundary of the space of circle diffeomorphisms, the so-called critical circle maps. In
Section 6 we will prove an extension of Denjoy’s result to critical circle maps due to J.-C.
Yoccoz, and in Section 7 we will discuss their geometrical classification.

4. CRITICAL CIRCLE MAPS

By a critical circle map we mean an orientation preserving C? circle homeomorphism
f, with finitely many non-flat critical points c¢;,¢a,...,cny (N > 1) of odd type. A critical
point ¢ is called non-flat if in a neighbourhood of ¢ the map f can be written as f(t) =
(gb(t))d + f(c), where ¢ is a C® local diffeomorphism with ¢(c) =0, and d € N with d > 2.
The criticality (or order, or type, or exponent) of such a critical point ¢ is d.
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Critical circle maps have been studied by several authors in the last three decades. From
a strictly mathematical viewpoint, these studies started with basic topological aspects [17],
[54], then evolved — in the special case of maps with a single critical point — to geometric
bounds [19], [48], and further to geometric rigidity and renormalization aspects, see [2],
[7], [8], [10], [11], [14], [15], [16], [24], [27], [48], [49], [50], [51] and [52]. Such brief account
bypasses important numerical studies by several physicists, as well as computer-assisted
and conceptual work by Feigenbaum, Kadanoff, Lanford, Rand, Epstein and others; see [8]
and references therein.

In Section 5 of these notes we discuss some classical examples of real-analytic critical
circle maps. Just as we did before with diffeomorphisms, we will focus on the case when
the rotation number of f is irrational, in which case f is uniquely ergodic. In Section 6
we will prove a theorem due to J.-C. Yoccoz which asserts that f is minimal and therefore
topologically conjugate to the corresponding rigid rotation (see Corollary 6.2). This result
is an extension of Denjoy’s theorem, stated and proved in Section 3. Yoccoz’s theorem
implies that the support of the unique invariant Borel probability measure of a critical
circle map with irrational rotation number is the whole circle. Moreover, the analogue
statement to Lemma 3.5 also holds for critical circle maps with irrational rotation number.
More precisely:

LeEMMA 4.1. Let f : St — ST be a C? critical circle map with irrational rotation number,
and let p be its unique invariant Borel probability measure. Then log Df belongs to L(u)
and:

/ logDfdu=0.
S1

The proof of Lemma 4.1 is much more difficult than the one of Lemma 3.5, since in this
case log Df is not a continuous function (it is defined only in S* \ {c1,ca,...,cn}, and it
is unbounded). We refer the reader to [9, Theorem A].

5. EXAMPLES

In this section we provide some examples of real-analytic critical circle maps, emphasizing
some connections with complex one-dimensional dynamics. We refer to the book of Milnor
[38] for background in the area.

5.1. The Arnol’d family

__ Classical examples of critical circle maps are obtained from the two-parameter family
fa,p : C = C of entire maps in the complex plane:

™

~ b
fap(z) =2+a— <2> sen(2nz) for a € [0,1) and b > 0.

Since each fmb commutes with unitary horizontal translation, it is the lift of a holo-
morphic map of the punctured plane f,; : C\ {0} — C\ {0} under the holomorphic
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universal cover z — €2™*. Since f,j preserves the real axis, f,, preserves the unit circle

S = {z € C: |z| = 1}. This classical family was introduced by Arnol’'d in [1], and it is
called the Arnol’d family.

For b = 0 the family f,; : S* — S is the family of rigid rotations z — e*™*2, and for
b € (0,1) the family is still contained in the space of real-analytic circle diffeomorphisms.

For b = 1 each fa,b still restricts to an increasing real-analytic homeomorphism of the
real line, that projects to an orientation preserving real-analytic circle homeomorphism
fa,1- Each fq 1 presents one critical point of cubic type at the point 1, the projection of
the integers.

Denote by p(a) the rotation number of the circle homeomorphism f, 1. It is well-known
that a — p(a) is continuous, non-decreasing and it maps [0,1) onto itself. The interval
p~1(0) C [0,1) degenerates to a point whenever § € [0,1) \ Q [18]. Moreover, the set
{a€0,1): p(a) € R\ Q} has zero Lebesgue measure [48].

For 0 < p < q coprime integers we know that p~! ({%’}) is always a non-degenerate closed
interval. In the interior of this interval we find critical circle maps with two periodic orbits
(of period q), one attracting and one repelling, which collapse to a single parabolic orbit
in the boundary of the interval [6].

For b > 1 the maps f,p : S' — S! are not invertible any more (they present two
quadratic critical points). These examples show how critical circle maps arise as bifur-
cations from circle diffeomorphisms to endomorphisms, and in particular, from zero to
positive topological entropy (compare with infinitely renormalizable unimodal maps [37,
Chapter VI]). This is one of the main reasons why critical circle maps attracted the atten-
tion of physicists and mathematicians interested in understanding the boundary of chaos
(15), [12], [21], (28], [29], [31] [32], [39], [43], [44], [45], [47]).

Remark 5. 1. In the same way one can define a one-parameter family of critical circle
maps with N > 1 cubic critical points:

- . 1
fa:R—=R givenby f.(t)=t+a+ (2]\7) sen(2N7t) for all a € [0,1).
i

_ As before, each fa is an increasing real-analytic homeomorphism of the real line verifying
fa(t+1) = fo(t) + 1 for every t € R and every a € [0, 1], and then it projects under the

exponential map to a real-analytic homeomorphism of the circle that preserves orientation,
presenting N critical points of cubic type: {exp(?m’cj)}] %

=N
i1 for every
jed{l,...,N}.

where ¢; =

5.2. Blaschke products
Consider the Blaschke product fy : C — C of the Riemann sphere given by:

folz) = 22 (12_3?;) . (5.1)
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LEMMA 5.1.  The rational function fo defined in (5.1) preserves the unit circle. Its
restriction is a critical circle map with a unique critical point of cubic type, and with
rotation number equal to zero.

Proof (Lemma 5.1). Note that f; commutes with the conformal involution around
the unit circle z — 1/z, and also with the geometric involution around the unit circle
®(z) = 1/z (note that ® is the identity in the unit circle). This implies that f; preserves
the unit circle.

The fixed points of fy are —1, 0, 1 and the point at infinity. The point —1 is repelling,
whereas 0, 1 and oo are superattracting. Moreover, 0 and oo are quadratic critical points,
while 1 is a cubic critical point.

Now we claim that the restriction of fy to S' is a homeomorphism. Indeed, the topo-
logical degree of fy in the unit circle is equal to the index (or winding number) of the
closed curve fo(S*!) around the origin, and this index can be computed with the help of

the holomorphic 1-form w(z) = 519 as follows:
. 1 Dfo(2)
index (fo(S%),0 =/ w= fow=— dz,
( 0( ) ) fo(S1) St 0 21 St fU(Z)

where fjw denotes the pull-back of w under fy. By the Argument Principle, the last term
is equal to 1, since fy has two zeros (both at the origin) and one pole (at 1/3) in the
unit disk. Therefore fp has degree one on the unit circle, as claimed. Thus fy|s: is a
critical circle map with a unique critical point at 1 (which, as we said, is of cubic type).

Finally, note that the rotation number of fy|s: is zero because it has a fixed point at 1. |

Now we consider the one-parameter family f, : C — C of Blaschke products in the
Riemann sphere given by:
z—3
1-3z

fy(2) = ™22 ( ) =™ fy(2) for vy €[0,1). (5.2)

Every map in this family leaves invariant the unit circle (Blaschke products are the
rational maps leaving invariant the unit circle), and its restriction to S! is a real-analytic
critical circle map with a unique critical point at 1, which is of cubic type, and with critical
value €277,

Furthermore, by monotonicity of the rotation number (see for instance [18] and [37]) we
know that for each irrational number 6 in [0, 1) there exists a unique + in [0,1) such that
the rotation number of f,|s1 is §. By a theorem of Yoccoz [54] that we will discuss in
the next section (see Corollary 6.3) the restriction of f, to the unit circle is minimal, and

therefore, it is topologically conjugate to the corresponding rigid rotation.

5.2.1.  Dynamics in C

Let us (try to) describe the dynamics of f, on the Riemann sphere, when f,|s1 has

irrational rotation number. We start with points on the Fatou set F

%, and we denote by
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By and B the corresponding immediate basin of attraction of 0 and oo (both are simply-
connected, one being the image of the other under the geometric involution ®). There is
an open set (compactly contained in the unit disk) around 1/3 which is mapped by f,
onto B, whereas there is an open set (S'-symmetric with respect to the previous one,
and compactly contained in the complement of the unit disk) around 3 which is mapped
by fy onto By (see Figure 1). We claim that By and B are the only periodic components
of the Fatou set F.,. More precisely:

LEMMA 5.2. Let 7y in [0,1) such that the rotation number of f|s1 is irrational. Then:

Fy={J (/57" (Bo) U £ (Bx)) -

neN

In other words, any point in the Fatou set of f, converges either to the origin or to
infinity under forward iteration.

Figure 1: Topological behaviour of the Blaschke product f, (5.2) around the unit circle, for
~ approximately equal to 1/8. At the left of Figure 1 we see the preimage under f, of the
annulus around the unit circle drawn at the right (in both planes, the unit circle is dashed). The
complement of the annulus A U B in the complex plane has two connected components, C' and
D. The preimage of C is the union C’' U C”, where the notation C’ means that f, : C' — C has
topological degree 1 (equivalently f, : C"” — C has topological degree 2). In the same way, the
preimage of D is the union D’ U D", the preimage of B is B] U B5 U B} and the preimage of A is
A,

Proof (Lemma 5.2). By Sullivan Nonwandering Theorem [38, Theorem 16.4] it is
enough to prove that By and B, are the only periodic components of F,. Note first
that, other than 0 and oo, there are no attracting, superattracting nor parabolic peri-
odic points for f,, since their immediate basin of attraction would contain a critical point
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(besides 0 and oo, the only critical point of f, is at 1, whose positive orbit is dense in
the unit circle.). If f, admits a Siegel disk, its boundary would be the unit circle (be-
cause it must be contained in the closure of the post-critical set [38, Theorem 11.17])
and in that case the Siegel disk would be the unit disk D or C \ D, but both domains
contain superattractors and this gives us a contradiction. Finally, f, have no Herman
ring since its boundary would belong to the closure of the post-critical set [38, Lemma
15.7], but there is only one closed curve in it, which is precisely the unit circle. By the

classification of periodic components of the Fatou set [38, Theorem 16.1] we are done. |

As it is usually the case, the dynamics on the Julia set J, are much more difficult to
describe. Note that for the original map fy we have S' N .Jy # @ (it contains —1) and
SN Fy # 0 (it contains 1), where Jy and Fy denote respectively the Julia and Fatou set of
foin C. We focus, again, on the case that the rotation number of f,|g1 is irrational. For
each n € N, the finite union:

L) = £7(5")

is a forward invariant compact and connected set, which is the union of 3™ Jordan curves,
one being the unit circle itself and the rest being real-analytic except at one point (which
is a preimage under f, of the critical point placed at 1). The increasing union:

Ly=|J Laty) = | £7(8")

neN

is also a connected set, which is totally invariant under f (that is, invariant both for
forward and backward iterates).

LEMMA 5.3. Let v in [0,1) such that the rotation number of fy|s1 is irrational. Then
L., is strictly contained in the Julia set J., of f., and it is dense in J, (in particular L. is
non compact).

In other words, Lemma 5.3 gives us S* C L, C L, = J,.

Proof (Lemma 5.3). Let us prove first that the unit circle is contained in the Julia
set: since S! is f,-invariant and f,|s1 is minimal, either we have S C J, or S N J, =
(). Suppose, by contradiction, that S* N Jy = 0, and let U be the Fatou component
of f, containing S'. By the invariance of the unit circle, U is mapped into itself by
[, and therefore it must be a Siegel disk or a Herman ring (precisely because it has
an invariant simple closed curve on its interior, see [38, Theorem 16.1]). But in that
case fy : U — U would be a biholomorphism, which is impossible since it has a crit-
ical point in the unit circle. Therefore S' C .J,. By the invariance of the Julia set

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



CIRCLE DYNAMICS 55

we have L, C Jy. The difference J, \ L, is non-empty because L. contains no pe-
riodic orbits, which are dense in J, [38, Theorem 14.1]. Finally, L, is dense in J,
since the preorbit of any point in the unit circle is dense in J, [38, Corollary 4.13]. |

Note that the original map fy defined in (5.1) is uniformly hyperbolic (Axiom A) in
the whole Riemann sphere since all its critical points are fixed points. Therefore, for ~
sufficiently close to 0, we also have that f, is uniformly hyperbolic (and that p( Iy 51) =0).
When p( 1+l 51) is irrational this is no longer true, since by Lemma 5.3 the Julia set contains
the critical point at 1. Moreover, for any  in [0, 1) such that the rotation number of f,|s: is
irrational, Lemma 4.1 gives us a non-atomic Borel probability measure which is f,-invariant
and ergodic, whose support is contained in the Julia set J, (recall that S* C J, by Lemma
5.3) and with Lyapunov exponent equal to zero. By the main result of [42], and since there
is only one critical point in the Julia set .J,, we deduce that f, does not satisfy any of the
standard definitions of non-uniform hyperbolicity for rational maps in the Riemann sphere
(Collet-Eckmann condition, topological Collet-Eckmann, uniform hyperbolicity of periodic
orbits in the Julia set, etc.). See [9, Section 6] for more details.

Finally, let us point out that with the family (5.2) at hand the developments on rigidity
of critical circle maps were very useful in the study of local connectivity and Lebesgue
measure of Julia sets associated to generic quadratic polynomials with Siegel disks ([40],
1351, [49), [41]).

Remark 5. 2. We can embed the family (5.2) into the two-parameter family g, - : C—
C of Blaschke products given by:

zZ—a

Gan(2) = 2™ 22 < ) for a >3 and v € [0,1).

1—az

Note that g3, = f, for any v € [0,1), and in particular g3 o = fo as defined in (5.1).
Again every map in this family commutes with ®(z) = 1/z and therefore leaves invariant
the unit circle. Moreover, its restriction to S is a real-analytic circle homeomorphism (as
before, the fact that each g, has topological degree one, when restricted to the unit circle,
follows from the Argument Principle since g, ~ has two zeros and one pole in the unit disk).

For a > 3 each g, has four critical points in the Riemann sphere which are all different
and non-degenerate (quadratic). In particular, the restriction of g, , to the unit circle is a
real-analytic diffeomorphism for any a > 3. Indeed, besides 0 and co the others two critical
points are:

w — a2+3+ Via+3)(a+1)(a—1)(a—3)
“ 4a 4a

>1 and (5.3)

1w, = a24—C&L— 3 V(a+3)(a +i()z(a —1)(a—3) c (0.1). (5.4)

Publicado pelo ICMC-USP
Sob a supervisio CPq/ICMC



56 PABLO GUARINO

Fix any Diophantine number 6 € (0,1). For any a > 3 we can choose 7, such that
the rotation number of the restriction g, -, |st is equal to 6 (again by monotonicity of the
rotation number).

By Arnol’d-Herman-Yoccoz theory already mentioned at Section 3.2 (see [37, Section 1.3]
and the references therein) there exists a topological annulus around the unit circle where
Ja,~, is conformally conjugate to the corresponding irrational rotation on a round annulus.
Therefore, by Montel theorem, the unit circle is contained in an invariant component of
the Fatou set of g, ,, that must be a rotation domain. Note that the unit circle cannot
be contained in a Siegel disk, since both critical points 0 and oo are fixed points for g, -,
and, therefore, superattracting. This implies that the unit circle is contained in a Herman
ring of g, ~,. Both critical points w, > 1 and 1/w, € (0, 1) belong to the boundary of this
Herman ring, each one on a different component, and their future orbits are dense on each
corresponding component (see [38, Figure 32, page 164], which shows the Julia set of gq -,
for = (v/5—1)/2 and a = 4).

We are interested, however, in the limit case: when a — 3 both critical points w, > 1
and 1/w, € (0,1) collapse to the critical point of g3 ~, = f,, placed at 1 (as we can see
from (5.3) and (5.4)), which is of cubic type. From the point of view of circle dynamics,
when a — 3, the family g, -, converges to the boundary of the space of real-analytic circle
diffeomorphisms. Moreover, as we saw in Lemma 5.2 and Lemma 5.3, the Herman ring
described above disappear when a = 3, and the unit circle belongs now to the Julia set.

6. TOPOLOGICAL RIGIDITY OF CRITICAL CIRCLE MAPS

In 1984, J.-C. Yoccoz [54] extended Denjoy’s result to critical circle maps:

THEOREM 6.1 (Yoccoz, 1984).  Let f be a C* orientation preserving circle homeomor-
phism with irrational rotation number 0 and with N critical points c1,ca,...,cn. Suppose
that:

e log Df has bounded variation in any compact interval that contains no critical points.

o Given any j € {1,2,..., N} there exist constants €, A;, B; > 0 and s; € N such that:
1. (Df)™Y2 is a convex function in (c; —e;,¢;) and in (cj,c; +€5).
2. Given |t| < g; we have that A;[t|°3 < (Df)(c; +t) < Bj|t|%.

Then f has no wandering intervals, that is, it is topologically conjugate to the rigid
rotation of angle 6.

Note that Theorem 6.1 implies Denjoy’s result discussed in Section 3. We have proved
Theorem 3.1 independently as a courtesy to the reader. Two other consequences of Theo-
rem 6.1 are the following:
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COROLLARY 6.2. Any C? orientation preserving circle homeomorphism with irrational
rotation number and with only non-flat critical points is topologically conjugate to the cor-
responding rigid rotation.

Proof (Corollary 6.2). Since f is C3, the map g = (Df)~'/2 is C? away from the
critical points of f. Moreover D?g = (—1/2) g Sf, where Sf denote the Schwarzian deriva-
tive of f. In particular g is a strictly convex function if and only if Sf < 0, and a
straightforward computation shows that this always happens in a punctured neighbour-
hood of a non-flat critical point. Property (2.) of Theorem 6.1 also holds around any
non-flat critical point, since f is a power-law in suitable local charts (indeed, if ¢; is

d; ) Df(c; +t
C' and f(c; +t) = (¢j(c; + 1)) + f(c;) for t close to zero, then }E}}){t&]j—l)} =

d; (quj (cj))dj , which is different from zero since ¢; is a local diffeomorphism around ¢;). |
We remark that the condition of non-flatness on the critical points cannot be removed:

in [17] Hall was able to construct C'*° homeomorphisms of the circle with no periodic points
and no dense orbits.

COROLLARY 6.3. Any real-analytic orientation preserving circle homeomorphism with
wrrational rotation number is topologically conjugate to the corresponding rigid rotation.

Corollary 6.3 is just a particular case of Corollary 6.2, since flat critical points do not
exist for non-constant real-analytic maps.

6.1. Degenerated cross-ratio

Given an interval J C S with boundary points a # b we define:
fJ —1/2
mis.) = LN ps@ps) ™
with the convention that M(f,J) = +oc if a or b are critical points of f.
Let € > 0 and J. 2 J be such that both components of J. \ J (call them L. and R.)
have length . Then:

I
Cr(f, J, Js) = |J|(‘J| 4 25)Df(x5)Df(ya) 7

where Cr is the cross-ratio defined in Section 2.2, and z. € L. and y. € R. are given by
the Mean Value Theorem. Since f is C!' we have that:

lim Cr(f, J,J.) = (M(f,]))".
e—0
For this reason we call M the degenerated cross-ratio.
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6.2. Yoccoz’s proof

The main point in the proof of Theorem 6.1 is the following estimate on the distortion
of the degenerated cross-ratio of large iterates (compare with Proposition 3.2).

LEMMA 6.4. Let f be as in Theorem 6.1. There exists a positive constant § > 0 such
that for anyn > 1, any p € {0,...,qus1}, any x € S' and any interval J = (a,b) contained
in the arc (f~%(x), fi"(z)) we have that M(fP,J) > 6.

Proof (Lemma 6.4). Following Yoccoz we split the family {J, fun, .., fp’l(J)} in four
disjoint families Fy, Fo, F3 and F4 as follows:

e F; contains the intervals f¢(.J) that are disjoint of the intervals:

[cj _ %,Cj + %} for any j € {1,..., N}.

e F, contains the intervals f¢(.J) that contain some interval of the form:

&j
Cj 75]'70]' — 5

or some interval of the form:

&j
[cj + 570]» —|—€j} .

Note that f*(J) may contain the critical point c;.

e F; contains the intervals f*(J) that are contained on an interval (c; —e;,c; +¢;), that
intersect [¢; —€;/2,¢; +¢€;/2] but do not contain the critical point c;.

e F, contains the intervals fi(J) that are contained in some interval (¢; — €;,¢; + £;)
and that contain the critical point c;.

Note that:
p—1 =4
M(fP ) =[] M(f 11T H M(f, /()
1=0 =1 fz J

Note also that #F> < 4N and #.F4 < 2N since the family {J, f(J), . fq““_l(J)} has
intersection multiplicity 2.
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e The intervals in the family F; are treated in the same way as in Proposition 3.2: by
the Mean Value Theorem for each fi(.J) € F; there exists a point z; € f*(J) such that:

log M (f, () = log Df (23) = 5 log D (f'(@)) = 5 log DA/ (1))

Let V > 0 be the total variation of log D f in the compact set:
v £ £
K:Sl\m(Cj—5]7Cj+§j).

Then:
[T M7 7)) = exp(=V).
FHJ)EFL
e Let ¢ = min{ey,...,en}, D = max,c51{Df(2)} and d = min,cx{Df(2)} > 0 with K
as above. For any interval f¢(.J) in F» we have |fi(J)| > £ and so |f(f!(J))] > %£. In

particular M (f, f*(J)) > (&) (5). Then:

IIMmfu»z(ng@fN

fi(N)eF2

e Since (Df)~'/2 is well defined and convex in any member of F3 we easily obtain that
M(f, f/(J)) = 1 for any fi(J) € Fs3. Indeed, let g be the affine map that coincide with
(Df)~1/2? at both points f*(a) and f(b), and note that:

4 ilq i £i(b)
s )= (2RO (" s

Since (Df)~1/? is convex, Df > 1/g? between f*(a) and f*(b) and then:

; g(F @) g(F'®)\ (1O dr ) _
A“ﬂf“”2< ﬂ@ﬂ@))(ﬂm>f@ .

since g is affine. Then:

I M) =1.

fi(J)eFs
e Now we claim that if f%(.J) € F; we have that:

4
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where the constants A;, B; and s; are associated with the critical point ¢; that belongs to
fi(J). Indeed, let us suppose that |fi(a) — ¢;| < |fi(b) — ¢;| and let I = [c;, f*(b)]. Note
that:

Df(f'(a)) Df(f'(0)) < Bj|f'(a) — ;|| (b) — 5]
< BJ|f'(b) — ¢ = (By|1]™)*.

Also:

X0 ' |
F(D)] = / Df(ydt > A, / t— 5|t

J

— A |f1(b) — lesﬁ_l _ A |I|sj+1
! sj+1 s;+1

Combining these two estimates we obtain:

M(f F() = 'ﬁfff}( ))R' (DA () DFCF D)) 2
> f| (DF(fi(a)) DECF b))
AJ

> as claimed.
~ 2Bj(s; + 1)’

In particular if we define:

m ol )
o= min e T
je{1,....,N} QBj(Sj + 1)
we have that:
II M) =N,
fi(J)EFs

We finish the proof by taking § = exp(—V) (%)4]\] (%)4]\[ I |

Note that the last estimates in the family F; are false if we allow flat critical points.
With Lemma 6.4 at hand we are ready to prove Theorem 6.1.

Proof (Theorem 6.1). Suppose that there exists a wandering interval I C S*: f*(I)N
f™(I) =0 for all n #m € Z.

Fix n > 1. By the Mean Value Theorem there exist a € f~%~%+1(]) and b € f~I+1(I)
such that:

1]

D a) = A and D) =

|f_qrz_q”+1 (I)‘
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Let J be the compact interval with boundary points a and b that contains I, and let
x € I. By combinatorics, those four intervals are ordered as follows: f~(I), f~9n~9n+1(]),
I, f~®+1(I) and f9"(I) (or the opposite depending if n is even or odd). In any case
J C (f~%(x), fi(z)), and so Lemma 6.4 gives us M (f4+,.J) > 6, that is:

52.
(D] =

Dﬁi%lﬂ - <|J“1”'|+J1|(J)>2 <|f‘q"‘£"+1(1)|> -

Since I is a wandering interval there exists ng € N such that for all n > ng we have that:
|f~dn=an+1(])] < |I|282. Using that |f9+1(J)| < 1 for all n € N we obtain:

|- (] (T
()] >(|f|> !

<|fq"“(<f)>2 [f= e (D[ f 7 (D)
7]

Equivalently:

since I is striclty contained in J. This contradicts the fact that the sequence {|f~% (I)|} N

goes to zero as n goes to infinity. |

Let us point out, finally, that in 1992 Martens, de Melo and van Strien [34] proved that
any C? map of the circle or any compact interval with only non-flat critical points has no
wandering interval. In other words: any open interval for which all positive iterates are

mutually disjoint is contained in the basin of a periodic (maybe one-sided) attractor (see
also [36] and [37, Chapter IV]).

7. GEOMETRICAL RIGIDITY OF CRITICAL CIRCLE MAPS

Numerical observations ([12], [39], [47]) suggested in the early eighties some strong rigid-
ity for the geometry of the orbits of C? critical circle maps with a single critical point and
with rotation number of bounded type (see Definition A.2 in Appendix 1). This was posed
as a conjecture in several works by Lanford ([28], [29]), Rand ([43], [44] and [45], see also
[39]) and Shenker ([47], see also [12]) among others. The most recent results on this area
are the following;:

THEOREM 7.1. Let f and g be two C* circle homeomorphisms with the same irrational
rotation number and with a unique critical point of the same odd type. Let h be the unique
topological conjugacy between f and g that maps the critical point of f to the critical point
of g. Then:

1. his a C' diffeomorphism.
2. For a full Lebesque measure set of rotation numbers, h is a C*t diffeomorphism.
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Therefore, inside each topological class of C* critical circle maps, the order of the critical
point is the unique invariant of the Cl-conjugacy classes (the topology of the system
determines its geometry).

By comparing with what we discussed in Section 3.2 we see that, on one hand, the
presence of the critical point gives us more rigidity than in the case of diffeomorphisms:
smooth conjugacy is obtained for all irrational rotation numbers, with no Diophantine
conditions. On the other hand, there exist examples ([2], [10]) showing that & may not be
C1*% in general, even for real-analytic dynamics (see Corollary A.4 in Appendix 1 for the
definition of the rotation numbers referred at item (2.) of Theorem 7.1).

In the C? class the following is known:

THEOREM 7.2. Any two C? critical circle maps with a single critical point, with the
same irrational rotation number of bounded type (see Definition A.2 in Appendiz 1 of
these notes) and with the same odd criticality are conjugate to each other by a C*+* circle
diffeomorphism, for some universal a > 0.

We remark that the statement of Theorem 7.2 was actually the precise statement of the
rigidity conjecture mentioned above. Theorem 7.1 was proved in [15], and Theorem 7.2 was
proved in [16] (see also [14]). Both results build on earlier work of Herman, Swiatek, de
Faria, de Melo, Khmelev, Yampolsky, Khanin and Teplinsky among others (see [19], [48],
[7], [8], [10], [11], [49], [50], [51], [52], [27] and [24]). Its proofs are far beyond the scope of
these notes.

We finish this section with the following question: let f and g be two orientation preserv-
ing C? circle homeomorphisms with the same irrational rotation number, and with N > 2
non-flat critical points of odd type. Denote by Sy = {c1,...,cn} the ordered critical set of
[, by Sg ={c},...,cy} the ordered critical set of g, and suppose that the criticalities of ¢;
and ¢ are the same for all ¢ € {1,..., N} (the cubic case is the generic one). Finally, denote
by pr and pg the corresponding unique invariant measures of f and g.

By Yoccoz’s result (Theorem 6.1) we know that f and g are topologically conjugate
to each other. By elementary reasons, the condition fuf([c;, ci1]) = pg([c}, ciyq]) for all
i € {1,...,N — 1} is necessary (and sufficient) in order to have a topological conjugacy
between f and g that sends the critical points of f to the critical points of g. Under this
assumption, it turns out that this conjugacy is in fact a quasisymmetric homeomorphism
(this follows from a recent general result of Clark and van Strien [3]).

QUESTION 7.3. Is this conjugacy a smooth diffeomorphism?

To the best of our knowledge, Question (7.3) remains completely open.
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APPENDIX: CONTINUED FRACTIONS

Due to its importance for this subject (and in particular for these notes), we briefly
review in this appendix some classical facts about approximations of irrational numbers
by continued fractions, mostly from a probabilistic viewpoint. For any positive number 6
denote by |0] the integer part of 6:

[/l eN and |0] <0< [0]+1.
Define the Gauss map G : [0,1] — [0, 1] by:

G(G):;—BJ for 6#0, and G(0)=0.

For k > 1 consider I}, = (ﬁ_l, %) Then G is an expanding orientation reversing real-
analytic diffeomorphism between each Ij and (0,1), and the union J,, I is a Markov
partition for G. After a well-known folklore theorem in one-dimensional dynamics (see
[33, Chapter III, Theorem 1.2] or [37, Chapter V, Theorem 2.2]) the map G has a unique’
invariant ergodic Borel probability v (called the Gauss measure) which is equivalent to
the Lebesgue measure Leb in [0,1] (they share the same null sets). A straightforward
computation shows that for any Borel set A C [0,1] we have:

V(A) = (1022)/A(1i9) dLeb .

Both QNJ0, 1] and [0, 1]\ Q are G-invariant. Under the action of G, all rational numbers
in [0,1] eventually land on the fix point at the origin, while the irrationals remain in the
union (J; >, Iy

DEFINITION A.1. The continued fraction expansion of an irrational number in [0, 1] is
the sequence given by its itinerary under G according to the partition (J, -, Ix.

More precisely, to any irrational number € in [0, 1] we associate the sequence {a, }nen
defined by G™(0) € I, for all n € N, that is:

1
ap = \‘%J forall neN.

Since G is expanding on the Markov partition J,~, Ix, the map h from [0,1] \ Q to NN
(endowed with the product topology) that associates any irrational number to its itinerary

IThe map G has infinitely many invariant ergodic Borel probabilities since it has infinitely many periodic
orbits (dense in [0,1]). Uniqueness comes from the equivalence with respect to Lebesgue measure.
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is a well-defined homeomorphism. Therefore, the action of G on [0,1] \ Q is topologically
conjugate to the left shift o : N¥ — NN that sends {an }nen t0 {@ni1}nen:

0,1]\Q —%~ 0,1\ Q

NN NN

We will use the classical notation 8 = [a(h A1y eeey Qpy Opg1s } The natural numbers a,,
are called the partial quotients of 6.

DEFINITION A.2. A real number 6 is of bounded type if there exists a constant M > 0
such that a,, < M for all n € N.

Since periodic orbits of o are dense in NV (endowed with the product topology), irra-
tional numbers with periodic continued fraction expansion are dense in [0, 1], and therefore
bounded type numbers are dense in [0, 1]. On the other hand:

LEMMA A.1. The set of numbers of bounded type has zero Lebesgue measure in [0,1].

Proof (Lemma A.1). Consider the increasing sequence { K., }men of Cantor sets in [0, 1]
defined by:

Kn={0€[0,1]\Q : 0=ag,ay,...] with a, <m forall neN}.
It is enough to prove that Leb (K m) = 0 for each m € N, and since Gauss measure is equiv-

alent with Lebesgue, it is enough to prove that V(K m) = 0 for each m € N. But this follows

from the ergodicity of v under G, since each K,, is G-invariant and contained in ( L 1). 1

m’
For the classical proof of Lemma A.1, with no dynamical arguments, we refer the reader

to [26, Chapter III, Theorem 29]. Birkhoff’s Ergodic Theorem [33, Chapter II, Theorem
1.1] gives us a much more precise statement:

THEOREM A.2. For Lebesgue almost every @ in [0,1] we have that every integer k > 1
must appear infinitely many times in the continued fraction expansion of 8 = [ao,al, }
Moreover if we define:

1 ;
™(0,k) = (n) #{0<j<n:a; =k},
we have that {Tn(ﬁ, k)}nEN converges to the positive value:

(ez) = (k75
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that only depends on k.

Proof (Theorem A.2). By definition of the continued fraction expansion we have:

700, k) = (i) #{0<ji<n:GI(0) €L},

By Birkhoft’s Ergodic Theorem:

lim 7,(0,k) =v(I;) = 1 lo M for v almost every 6 in [0, 1]
nrtoo N T TR T Jog 2 & k(k+2))’ Y o

Again by equivalence this is true for Lebesgue almost every 6 in [0,1]. |

Since the asymptotic frequency given by Theorem A.2 is strictly decreasing in k, one

should expect that typical numbers, even having unbounded partial quotients, have slow
growth:

LEMMA A.3. Let {b,}nen be any increasing sequence of positive real numbers such that

Y nen 1/bn < 00. For Lebesgue almost every 6 = [amal, } in [0,1] we have a,, < b, for
all n large enough.

Proof (Lemma A.3). For each n € N let:
Un:{H:an>bn} and Vn:{H:a0>bn}
We want to prove that:
Leb ( (Y JUn | =0
keNn>k

Since G™"(V,,) = U, and V,, C (0, bi) we get:

2 o)~ (0 ) = () (2)

for all n large enough. In particular:

Z v(U,) < o0

neN

and therefore the claim follows by Borel-Cantelli Lemma and the equivalence between

Gauss and Lebesgue measures. |l
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COROLLARY A.4. For Lebesgue almost every 6 = [ag, A1y .oy O, ] in [0, 1] we have:

1 1O
lim —loga, =0 and limsuprlogaj < 00.

n—oo n n—oo T

=1
We also have:
, Hzn loga; < C(0) [1 — log (ﬁ)] forall 0<n <k,
" sk k

where C’(G) > 0 depends on 0.

As mentioned in Section 7, the set of numbers given by Corollary A.4 was introduced
by de Faria and de Melo in [10, Section 4.4, page 361], and is precisely the set referred in
the statement of Theorem 7.1, item (2.). The first and second condition in Corollary A.4
follow straightforward from Lemma A.3 by taking, say, b, = n'*¢ for any € > 0. The fact
that the third condition holds Lebesgue almost everywhere also follows from Lemma A.3,
but with more involved arguments [10, Proposition C.2, page 390].

We finish this appendix with the definitions of Diophantine and Liouville numbers.

DEFINITION A.3. An irrational number in [0, 1] is said to be Diophantine if there exist
constants C > 0 and 6 > 0 such that:

c
q2+6 ’

-5

for any natural numbers p and ¢ # 0. Irrational numbers which are not Diophantine are
called Liouville numbers.

An irrational number is of bounded type if it satisfies Definition A.3 for § = 0, that is,
0 in [0, 1] is of bounded type if there exists C' > 0 such that:
o5
q q

)

for any natural numbers p and ¢ # 0 (for the equivalence between this definition and
Definition A.2 see [26, Chapter II, Theorem 23]). As we saw in Lemma A.1 the set of
numbers of bounded type has zero Lebesgue measure. However for any small 6 > 0 in
Definition A.3 we capture Lebesgue almost every real number in [0, 1]:

LEMMA A.5. Given any d > 0 the set:

D5:{0€[O71]:HC>0 such that ‘9_'>q2+5 VP»(IGN}

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



CIRCLE DYNAMICS 67

has full Lebesgue measure in [0,1]. In particular the set of Diophantine numbers in [0, 1]
has full Lebesgue measure.

Proof (Lemma A.5). Fix some decreasing sequence {C,, }nen C (0, 1) such that C,, — 0
as n — +oo, and consider:

Un_{GG[O,l}:EIp,qEN such that )0—p’< gn}
q| = 2t

Note that {Up, }nen is a decreasing sequence and:

() Un =1[0,1]\ Ds.

neN

Therefore it is enough to prove that lim,, 1, Leb(U,,) = 0. With this purpose fix n € N
and consider for any ¢ € N\ {0}:

Cn
Un(q) = {He [0,1] : I p€{0,1,...,q—1,q} such that ’9—5‘ < q2+5}

Since:

20,
U, = U U.(q) and Leb (Un(Q)): PIETE

qeN\{0}

we obtain:

1
Leb(U,) <2C, [ > e
q€N\{0}
and this goes to zero as n goes to infinity by the choice of {C,}nen and the fact that
6>0. ]

Incidentally we have proved that [0,1] \ Ds is a residual set, in the Baire sense, since
each U, is open and dense in [0, 1]. This proves, with the obvious adaptations, that the set
of Liouville numbers is a residual set in [0, 1], and in particular is uncountable and dense
in [0, 1].
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