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1. INTRODUCTION

Let ¢ > 1, 0 > 0 and R > 0 be real numbers. Denote L = L}(0, R) the Banach space of
Lebesgue measurable functions u : (0, R) — R satisfying

1/
(fOR|u(r)|qd)\9) oo if 1 < g < oo,

ess sup |u(r)| < oo if =00
0<r<R

lull g =

where \g is the weighted Lebesgue measure defined by fOR fdhe = we fA Tef(’l‘) dr with

oo
and T'(z) = / t" et dt.
0
* Partially supported by CAPES and CNPq, Brazil.
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82 J.F. DE OLIVEIRA AND J.M. DO O

Let us consider the weighted Sobolev space X}?jp (o, 0) or simply Xg, the collection of all locally
absolutely continuous functions « : (0, R) — R for which lim, , — u(r) =0, u € L} and v’ € L%,
In according to results in [5] and [15, pg.69] the Xr is a Banach space endowed with the norm
llull 10 = (lull?p + [1]% 5 )/P_ Moreover, we can distinguish two cases for Xr spaces:
R 6 @
(i) Sobolev case a —p+1>0
(ii)) Trudinger-Moser case a« —p+ 1= 0.

For the Sobolev case, we have the following continuous embedding

Xj"(e,0) > LY if qe (1,p"] and min{6,v}>a—p, (1.1)
where 1
P ::p*(wp,l/):ogy%p_i_)pl with a —p+1>0

is the Sobolev critical exponent for this class of spaces. Also, the embedding (1.1) are compact if
q < p* (cf. [15, pg. 69 and 91]). On the other hand, in the Trudinger-Moser case we have p* — co
(formally) and it holds the compact embedding

XpP(e,0) < LY forall g€ (1,00) and v >0. (1.2)
This suggests Xr C Ly°, but it is not true as one can see taking u(r) = In(In(eR/r)).

Question. What is the maximal growth available for a function g for which g(u) € L. when-
ever u € X7
In order to answer this question the authors obtained a Trudinger-Moser type inequality for

Xr spaces which ensures that exponential growth is available. More precisely,

THEOREM 1.1 ([8,9]). Leta>1,60,k>0 andp=a+1 be real numbers. Then, for any
w>0andu e X}l%’p(oz7 0), 0 < R < o0, we have exp(u|u|p/) € LL. Moreover, there exists ¢ > 0
depending only on «, p and k such that

R .
/ < < Ua.k
sup / et lul? d)\. =¢ Zf H= o, (1.3)
llu'll g <1 Jo =00 if > par,

where pia,x = (kK + 1)0-);/‘l and p" = p/(p — 1).

Remark 1. 1. The inequality (1.3) improves and complements the classical J. Moser
inequality in [17] and the previous results in [19, 20, 21].

Remark 1. 2. In view of (1.3), we have the continuous embedding Xp < L(k), where
L (k) is the weighted Orlicz space defined by the N-function A(t) = el — 1.

On the spirit of the concentration-compacness principle due to P.-L. Lions [16] (see also [4]),
the authors has studied the lack of compactness of the embedding Xr < La(x). In [10], we have
obtained recently an improvement of the Theorem 1.1, which yields a sharp upper bound for the

value of p in (1.3) along of some special sequences in Xg. Namely,
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TRUDINGER-MOSER TYPE INEQUALITY AND APPLICATIONS 83

THEOREM 1.2 ([8, 10]). Let «, 0, k and p under the hypotheses of Theorem 1.1. For any
(un) C Xr such that

lunlle <1 and un —u in Xgp with w#0 (1.4)
we have
R ’ -
limsup/ eltenlunl? dX\. < Zf ¢g<P (1.5)
n—oo Jo =o0 if ¢> P,
where

1= [[||P,)" Y@= 4 <1,
b prapy < - W1E) £ 1l
o if g =1

’ ’
. p ) P .
In particular, (e”a’“|“"| ) converges to L

The above results are powerful tools to study the existence of extremals to functional inequalities
and the existence of solutions to associated nonlinear elliptic equations. The main purpose of this
paper is discuss how to apply those results to study a wide class of quasilinear elliptic equations.

For a,k > —1 and p > 1 real numbers we consider the class of operators L = L(«, p, k) acting

on ordinary functions as follows
Lo _pr (ra|u'|p72u')/ . (1.7)

We point out that the class in (1.7) includes, when acting in symmetric function defined in ball

Br C RY, the following operators:

Operator ‘ «@ P K

Laplacian N -1 2 N-1
g-Laplacian (q > 1) N -1 q N-1
k-Hessian N -k k+1 N -1

Remark 1. 3. This class of quasilinear operators has received considerable attention in
recent years, the reader is referred to the works of de Figueiredo et al. [5, 6] where Brezis-
Nirenberg type problems were studied. See also the papers of J. Jacobsen, K. Schmitt
[13, 14].

We are interested in the following problem concerning the class of operators L = L(a,p, k)
given by(1.7):

Lu = f(u)u?™?
u >0
w(R) =4'(0) =0,
where f(t) has exponential critical growth and the Trudinger-Moser condition o —p+1 = 0 holds.

} in (0,R) (L.8)

For a = k = N — 1, the problem (1.8) corresponds the N-Laplacian case on the ball Br C RV

In this case, Adimurthi [1] was able to prove existence of solution for (1.8) even for smooth general
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84 J.F. DE OLIVEIRA AND J.M. DO O

bounded domain Q C RY. More recently, in the presence of the singular term, that is, k = N—1—a
with @ € [0, N) and @ = N — 1, this problem was investigated in [2]. In the works [1, 2] was used
the constraint method based in the Nehari works [18]. Due to radial nature of problem (1.8), for
the special case of N-Laplacian, ODEs methods like as shooting method has been frequently the
used for several authors, we distinguish [3, 7] for N = 2 and [11, 12] if N > 2 . Here, motivated
by initial works due to De Figueiredo et al. [5] and the Theorem 1.2, we are able to apply the
variational approach in the same line of [1]. In order to state our result we make the following

definition:
DEFINITION 1.1. We say that f : R — R has critical growth if its can be written as
f(u) = h(uw)e®!™” | b > 0 with h satisfying:

(Hy) h e CY(R), h(0) =0, h >0 on (0,00) and h(—t) = (—1)P"Lh(t)

(Hz) f(t) <tf'(t), for all t > 0.

(H3) F(t) < M(1 + f(t)tP=2+7) for some 79 € [0,1) and M > 0, where F(t) =
f f(s)sP~2ds

)

(Hy) limy_so0 b (t)e*“pl =0 and lim;_, o h(t)eftpl = +oo0.

Now, let A1 > 0 be the weighted first eigenvalue for the class of operators (1.7), defined by

R ) /|p
u'|Pdr
A :=Ai(a,k,p, R) = in &
ue€XRr\{0} f e |ulpdr
The main result of this paper reads below

THEOREM 1.3. Suppose that f has critical growth and satisfies

f(0) <A1 and limsuph(t)t?™" = +o0. (1.9)

t— o0

Then, the class of problem (1.8) has a nontrivial solution.

Remark 1. 4. We would like to emphasize that our result improves and complements
[1, 2, 3, 7, 11, 12] by consider non-integer parameters «,  and includes the k-Hessian
operator.

2. COMPACTNESS ANALYSIS

Let us consider J : Xr — R the functional associated with the problem (1.8) defined by

R R
T(u) = %/O \u'\pradrf/() F(uyr” dr (2.1)
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TRUDINGER-MOSER TYPE INEQUALITY AND APPLICATIONS 85

where, F is the primitive of f(s)sP~! as in (H3). We observe that a critical point of J is a solution
o (1.8). Next, we give a useful characterization of the critical points of J. More precisely, set N

the Nehari manifold given by

J\/:{UEXR\{O} /|u|pr dr—/ fwuP'rd } (2.2)

Let us take S such that

SP = p f J(u). (2.3)

We note that the solutions of (1.8) is in N. In the reverse direction we have the following result

which the proof is analogous to [1, Lemma 3.5] and we omit here.
LEMMA 2.1. Let v € N be a extremals of (2.3), then v is a critical point of J.
The next result refers to the shape of N.

LEMMA 2.2. Assume f satisfying (H1)-(H4) and f'(0) < Ai. Then, for any u € Xg \ {0},
there exists unique T > 0 such that Tu € N.

Proof. Since f'(0) < A1, we have

R
lim — / flru)u?~ e dr*/ f(0)uPr™ dr </ |u/|Predr.
T—0 T 0

Also, from (H1) and (H2), T +— M is an increasing function for 7 > 0 and

hmf/ fru)ul™ Lref dr = +o0.

T—00 T

This proves the lemma. |

Now, we consider the functional I : Xr — R given by

,Zl)/oRf(u pl“drf/ F(u)r™ dr. (2.4)

We note that J(u) = I(u) for all w € N. Moreover, as we shall see later, we can reduce the
compactness-analysis of J to the analysis of I. In the next Lemmas we will assume that f(t) =

h(t)e""” has critical growth, see Definition 1.1.

LEMMA 2.3. Let (un) and (vn) two sequence in Xr converging weakly and for almost every
r € (0, R) to u and v respectively.

(1)If sup, fo (un)ub~'r™ dr < oo then, for any T € [0,1)

R R
lim/ f(lunl)\un\p_%”rﬂdr:/ FuDlul”~*7r" dr (2.5)
and
R
lim F(up)r dr—/ F(u)r®dr. (2.6)
n—o0 0
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86 J.F. DE OLIVEIRA AND J.M. DO O

(2)If limsup,,_, .. ||un\|pp < (B )pil and £ > 0 is an integer number, then

nan;O/ f“" dr—/ fwo'r” (2.7)

(3)I(u) >0 for allu € Xr and I(u) > 0 if u £ 0. Further, there exists a constant M > 0 such
that, for allu € Xgr

R
/o FuP e dr < M1+ I(u)). (2.8)

Proof.

(1). For T' > 0 we can write

"R
/fwmmm””ﬁw=/ m%mwwwww+/ F(un)lun P27 0" dr.
0 |un |<T

Jlun|>T
(2.9)
Also,

sup/ F([tn])|un P27 e dr < TT_lsup/ F(un))|un P~ 7" dr = O(TT_l) .
|wn [>T |un|>T

n n

Thus, with the help of dominated convergence theorem, (2.5) it follows choosing T large enough
and passing to the limit in (2.9). Now, in view of the (Hs), (2.6) it follows by (2.5) and the
dominated convergence theorem again.

(2). From (Hi), for e >0
[£(8)] < C(e)e Tt (2.10)

for some C(€) > 0. By hypothesis, we can take C' > 0 with

il < €7 < B

a —

Thus, taking ¢ > 1 and e > 0 such that ¢(1 + %)C’p/ < Bt we obtain

»’

1f(un)|? < C(e)e?®HIC" I with q(b+ €)CP < fia.n.

Hence, using the Trudinger-Moser type inequality Theorem 1.1, we get

R
sup/ |f (un)]?r"dr < oo.
0

n

In view of (1.2) we have v, is bounded in L% for all ¢; € [1,00). Then, for any 7' > 0 the Holder

inequality implies

£ K
Un )Up T
[un|>T Un
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TRUDINGER-MOSER TYPE INEQUALITY AND APPLICATIONS 87

Thus, we can conclude that

R ¢ K { K
[ty [ Sy, (L),
0 Un lun|<T — Un T

We recall that @ is bounded on [T, T], v, — v* in LY for ¢ € [1,00). Hence, by the dominated
convergence theorem, letting n — oo and T' — oo the above equation provides (2.7).

(3). From (H2) we have, for all ¢t > 0

d

o [F@OEF™ = pF()] = 71 [f'(t) = f(£)t] > 0.

Therefore, from (Hi) and (Hz), f(t)tP~! — pF(t) is an even positive function and increasing for
t > 0. This implies that I(u) > 0 and I(u) = 0 if and only if u = 0. Moreover, from (Hs) we have

R R
p](u) = /0 [f(u)up*1 _pF(u)} r*dr > /O [f(u)upfl —pM(l + ‘f(u)|u1772+7')} " dr.

Hence, for some constants C; and Cz > 0

pl(u) > Cy + l/ f(w)u? e dr
2 Jluzcn

which ensures

R
/ f)u?~ " dr < M(1+ I(uw)).
0
for some constant M > 0. |

Next, we analyze the non-compact case. We would like to emphasize that the Theorem 1.2 plays

a crucial role in this discussion.

LEMMA 2.4 (Compactness Lemma). Let un, — u Z 0 in Xg and un(r) — u(r) a.e in (0, R).

Assume that

(i) There ezists ¢ € (0, 2= (£~ such that J(un) — ¢ as n — 0o

! pwa
(ii)fOR |/ [Pre dr > fOR Flw)uP~ e dr
(#i1) sup, fORf(un)ufflr“ dr < co.

Then
R

R
lim fun)ul ™ " dr = / f(u)u? ™ " dr.
0

n—oo Jq

Proof. As in the previous Lemma is sufficient to show that flfnl>T Flun)ul e dr = o(1) as
T — oo uniformly in n. By (3) in Lemma 2.3 and assumption (i¢) we have J(u) > I(u) > 0. Also
from (2.6), using the weak lower semi-continuity of the norm 0 < J(u) < liminf,,— o J(un) = c.

Hence we can choose € > 0 satisfying

(c— J(W)(1+ e ' < 1%& (“‘;j)pfl. (2.11)
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88 J.F. DE OLIVEIRA AND J.M. DO O

Set n = R Fu)r” dr. Combining our assumption (i) and (2.6), we obtain
0

R
lim |Juy, |7, = pwa lim {J(un) + / F(up)r”® dr} = pwa(c+n). (2.12)
n— o0 o n— oo Jo

From (2.11) and (2.12), for n sufficiently large,

—1
- b \*! (c+m) [l l17
1 + p—1 ( ) 'In P < — 1— o .
( 6) Ha,k Hu HLg‘ Cc— J(U) pwa(c+7])

We note that —*2— converges weakly to in Xg. Thus, we can apply Theorem 1.2

L u
llurllpp [pwea (c+n)]1/P

and conclude "
sup/ eUFOblunl” 18 gy < oo, (2.13)
0

n

Let M; = sup,cp |h(t)t" | e~z From (2.13) we have

" -1 kK " —ellu |p/ (1+e€)blu |p/ K ety
/ flun)ub " r*dr < Ml/ e “2l'nl o nTpfdr =0 (e 2 .
\ \

Un 2T un 2T

which completes the lemma. |

LEMMA 2.5. Suppose limsup, ,  h(t)tP~" = co. Then, for any A > 0,

R
sup / FAWUP ' dr < oo (2.14)
0

/ <1
il g <

if and only if A < (““T’””)l/pl.

Proof. Arguing as in (2.10), we have
F(0)] < Clee®T,
for some C(e) > 0. Hence, if AP < £er we can choose € > 0 and ¢ > 1 such that
q(b+ e)APl < Pa-

Thus, (2.14) it follows from the Theorem 1.1 and Holder inequality. Now, assume AP > ”“T”‘ For
0 <l <R, we set

w(r) = 7% In £
Wa T T f l S r<R
(In )»
Using o —p+1 =0, it is easy to verify that ||uj||,» = 1. Moreover, since u; is constant on (0,1)
we obtain
R ! PP (1) o
_ L _ 4 Rrax (n+1)[1—L]
A =1/ g >/hA b Aug |P =1k qp — B($)P L Har |
/0 1 Ul)ul rvdr > /, (Aw)e u; “rodr (t) AP=1(k +1)
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TRUDINGER-MOSER TYPE INEQUALITY AND APPLICATIONS 89

A (In %)1/1”/. Since t — oo if I — 0 and limsup, , . h(t)t"P~! = oo, we get

1
Wa

where t =

R
limsup/ F(Au)u?~'r" dr = +oo.
0

1—0

3. EXISTENCE OF SOLUTIONS

This section is devoted to prove the existence result Theorem 1.3.

_pP_
LEMMA 3.1. Suppose f(u) = h(u)e’™"™" with critical growth and satisfying (1.9). Then,
-1
0<S< (“(’b'“)pT , where S is given in (2.3).

Proof. Using Lemma 2.3, item (3) we have S > 0. Firstly, we will prove that S > 0. Indeed,
suppose S = 0. Then, there exists (u,) be a sequence in N such that

J(un) =I(un) -0 if n— oo (3.1)

Hence, by (2.8) we obtain
R
sup/ Fun)ul ™" dr < 0o
n Jo

and thus

sup||u;|\Lg < 00.
n
Therefore, up to a subsequence we can assume u, — u in Xg and un(r) — u(r) a.e in (0, R).
Now, the Fatou’s Lemma and Lemma 2.3 item (1) imply

0 < I(u) < liminf I(u,) = 0.

n—oo

This implies u = 0. Combining Lemma 2.3 and (3.1) it follows

R
. I p _ . K _
nlgr;oHunHL;{; —wapnILH;O{J(un)+/(] F(un)r dr} = 0.

Set v, = We can assume that v, converges weakly and for almost every r € (0, R) to

Un,
7 .
Tl g

v € Xg. Since u,, € N/, the Lemma 2.3 item (2) and the assumption f'(0) < Ay imply

R DK R R
1=wq lim / f(n)onr” dr = wa/ F(0)Pr®dr < Alwa/ oPrtdr < 1P, = 1.
n—oo Jo Un 0 0 «
This contradiction ensures that S > 0.
Let u € Xg such that ||u||,» = 1. From Lemma 2.2, we can choose a 7 > 0 such that Tu € .
Hence

SP p rR P
<< T / o/ [Prédr = T
p P Jo PWa
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-1
which implies w}x/pS < 7. Using that t — M is an increasing function on (0,c0) and

Tu € N, we have

1/p p—1_k R plpe R
/ fle f?u - dré/ Mdﬁ/ ' Prodr = 1/wa.
rg 0 T 0

This implies

From Lemma 2.5, we obtain wo/pS < (B )1/” |

Proof of Theorem 1.3. According to the Lemma 2.1, it sufficient to prove that there is ug € N/
with up # 0 and

SP

Also, since J(uo) = J(|uo|) we will can take ug > 0. Let un, € N such that J(u,) — %ﬂ asn — 00.

Thus, J(un) = I(un) and (2.8) imply

sup/ fun)uE™ " dr < oo
and
sup [|uy ||z < oc.
n

Therefore, by passing to a subsequence, we can assume u, — uo weakly in Xr and u,(r) — uo(r)
a.e in (0, R). We only need to show that uo € N\ {0} and J(uo) = %7. First, from (2.6) we have

R
lim F(un)r dr—/ F(uo)r™ dr. (3.2)

n—oo [q

Next, we will prove that ug # 0. Suppose uo = 0. Then, (3.2) and Lemma 3.1

R -1
lim_[Ju |7, = wap lim {J(un) + [ R dr} st < (L)

Hence, we can apply Lemma 2.3, item (2) and conclude

R
lim f(un)ul ™ " dr = 0.

n—oo Jq

This implies %’ = limy,, I(un) = 0 which contradicts the Lemma 3.1. Thus, ug # 0.
Now, from Lemma 2.2 we can take 7 > 0 with 7up € N. It remains to prove that 7 = 1 and
J(ug) = %7. We next claim that

R R
/ lug|Pr® dr < / f(uo)ub™ e dr. (3.3)
0 0
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TRUDINGER-MOSER TYPE INEQUALITY AND APPLICATIONS 91

Indeed, suppose that (3.3) is not satisfied. Then, u, and wuo satisfy all the assumptions of

Lemma 2.4 and consequently

R R R R
/ [ug[Pre dr < liminf/ [up [Pr® dr = lim inf/ flup)ul ™™ dr = / fuo)ub ™ e dr

p—1
which is a contradiction. Therefore, since both % and I(tuo) are increasing functions on

(0,00), using (3.3) we obtain 0 < 7 < 1. Moreover,

Hence I(Tuo) =

10.
11.
12.
13.
14.
15.

16.

|2

P
< J(tuo) = I(tuo) < I(uo) < liminf I(un) = lim J(un) = S—

n—oo n—o0 p

_ S

(uo) and thus 7 = 1. Also, up € N and the above inequalities imply J(uo) = ST;D.
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