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1. INTRODUCTION

Let q ≥ 1, θ ≥ 0 and R > 0 be real numbers. Denote Lqθ = Lqθ(0, R) the Banach space of

Lebesgue measurable functions u : (0, R)→ R satisfying

‖u‖Lqθ =


(∫ R

0
|u(r)|q dλθ

)1/q

<∞ if 1 ≤ q <∞,
ess sup

0<r<R
|u(r)| <∞ if q =∞

where λθ is the weighted Lebesgue measure defined by
∫ R

0
f dλθ = ωθ

∫
A
rθf(r) dr with

ωθ = 2
π
θ+1

2

Γ( θ+1
2

)
and Γ(x) =

∫ ∞
0

tx−1e−t dt.

* Partially supported by CAPES and CNPq, Brazil.
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82 J.F. DE OLIVEIRA AND J.M. DO Ó

Let us consider the weighted Sobolev space X1,p
R (α, θ) or simply XR, the collection of all locally

absolutely continuous functions u : (0, R)→ R for which limr→R− u(r) = 0, u ∈ Lpθ and u′ ∈ Lpα.

In according to results in [5] and [15, pg.69] the XR is a Banach space endowed with the norm

‖u‖
X

1,p
R

= (‖u‖p
L
p
θ

+ ‖u′‖p
L
p
α

)1/p. Moreover, we can distinguish two cases for XR spaces:

(i) Sobolev case α− p+ 1 > 0

(ii) Trudinger-Moser case α− p+ 1 = 0.

For the Sobolev case, we have the following continuous embedding

X1,p
R (α, θ) ↪→ Lqν if q ∈ (1, p∗ ] and min {θ, ν} ≥ α− p, (1.1)

where

p∗ := p∗(α, p, ν) =
(ν + 1)p

α− p+ 1
with α− p+ 1 > 0

is the Sobolev critical exponent for this class of spaces. Also, the embedding (1.1) are compact if

q < p∗ (cf. [15, pg. 69 and 91]). On the other hand, in the Trudinger-Moser case we have p∗ →∞
(formally) and it holds the compact embedding

X1,p
R (α, θ) ↪→ Lqν for all q ∈ (1,∞) and ν ≥ 0. (1.2)

This suggests XR ⊂ L∞ν , but it is not true as one can see taking u(r) = ln(ln(eR/r)).

Question. What is the maximal growth available for a function g for which g(u) ∈ L1
κ when-

ever u ∈ XR?

In order to answer this question the authors obtained a Trudinger-Moser type inequality for

XR spaces which ensures that exponential growth is available. More precisely,

Theorem 1.1 ([8, 9]). Let α ≥ 1, θ, κ ≥ 0 and p = α + 1 be real numbers. Then, for any

µ > 0 and u ∈ X1,p
R (α, θ), 0 < R < ∞, we have exp(µ|u|p

′
) ∈ L1

κ. Moreover, there exists c > 0

depending only on α, p and κ such that

sup
‖u′‖

L
p
α
≤1

∫ R

0

eµ|u|
p′

dλκ

{
≤ c if µ ≤ µα,κ
=∞ if µ > µα,κ,

(1.3)

where µα,κ = (κ+ 1)ω
1/α
α and p′ = p/(p− 1).

Remark 1. 1. The inequality (1.3) improves and complements the classical J. Moser
inequality in [17] and the previous results in [19, 20, 21].

Remark 1. 2. In view of (1.3), we have the continuous embedding XR ↪→ LA(κ), where

LA(κ) is the weighted Orlicz space defined by the N -function A(t) = e|t|
p/(p−1) − 1.

On the spirit of the concentration-compacness principle due to P.-L. Lions [16] (see also [4]),

the authors has studied the lack of compactness of the embedding XR ↪→ LA(κ). In [10], we have

obtained recently an improvement of the Theorem 1.1, which yields a sharp upper bound for the

value of µ in (1.3) along of some special sequences in XR. Namely,
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TRUDINGER-MOSER TYPE INEQUALITY AND APPLICATIONS 83

Theorem 1.2 ([8, 10]). Let α, θ, κ and p under the hypotheses of Theorem 1.1. For any

(un) ⊂ XR such that

‖u′n‖Lpα ≤ 1 and un ⇀ u in XR with u 6≡ 0 (1.4)

we have

lim sup
n→∞

∫ R

0

eqµα,κ|un|
p′

dλκ

{
<∞ if q < P

=∞ if q ≥ P,
(1.5)

where

P = P (α, p, u) =

{
(1− ‖u′‖p

L
p
α

)−1/(p−1) if ‖u′‖Lpα < 1,

∞ if ‖u′‖Lpα = 1.
(1.6)

In particular, (eµα,κ|un|
p′

) converges to eµα,κ|u|
p′

in L1
κ.

The above results are powerful tools to study the existence of extremals to functional inequalities

and the existence of solutions to associated nonlinear elliptic equations. The main purpose of this

paper is discuss how to apply those results to study a wide class of quasilinear elliptic equations.

For α, κ > −1 and p > 1 real numbers we consider the class of operators L = L(α, p, κ) acting

on ordinary functions as follows

Lu
def
= − r−κ

(
rα|u′|p−2u′

)′
. (1.7)

We point out that the class in (1.7) includes, when acting in symmetric function defined in ball

BR ⊂ RN , the following operators:

Operator α p κ

Laplacian N − 1 2 N − 1

q-Laplacian (q > 1) N − 1 q N − 1

k-Hessian N − k k + 1 N − 1

Remark 1. 3. This class of quasilinear operators has received considerable attention in
recent years, the reader is referred to the works of de Figueiredo et al. [5, 6] where Brezis-
Nirenberg type problems were studied. See also the papers of J. Jacobsen, K. Schmitt
[13, 14].

We are interested in the following problem concerning the class of operators L = L(α, p, κ)

given by(1.7): 
Lu = f(u)up−2

u ≥ 0

}
in (0, R)

u(R) = u′(0) = 0,

(1.8)

where f(t) has exponential critical growth and the Trudinger-Moser condition α−p+1 = 0 holds.

For α = κ = N − 1, the problem (1.8) corresponds the N -Laplacian case on the ball BR ⊂ RN .

In this case, Adimurthi [1] was able to prove existence of solution for (1.8) even for smooth general
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84 J.F. DE OLIVEIRA AND J.M. DO Ó

bounded domain Ω ⊂ RN . More recently, in the presence of the singular term, that is, κ = N−1−a
with a ∈ [0, N) and α = N − 1, this problem was investigated in [2]. In the works [1, 2] was used

the constraint method based in the Nehari works [18]. Due to radial nature of problem (1.8), for

the special case of N -Laplacian, ODEs methods like as shooting method has been frequently the

used for several authors, we distinguish [3, 7] for N = 2 and [11, 12] if N ≥ 2 . Here, motivated

by initial works due to De Figueiredo et al. [5] and the Theorem 1.2, we are able to apply the

variational approach in the same line of [1]. In order to state our result we make the following

definition:

Definition 1.1. We say that f : R → R has critical growth if its can be written as

f(u) = h(u)eb|u|
p′

, b > 0 with h satisfying:

(H1) h ∈ C1(R), h(0) = 0 , h > 0 on (0,∞) and h(−t) = (−1)p−1h(t)

(H2) f(t) < tf ′(t), for all t > 0.

(H3) F (t) ≤ M(1 + f(t)tp−2+τ0) for some τ0 ∈ [0, 1) and M > 0, where F (t) =∫ t
0
f(s)sp−2ds

(H4) limt→∞ h(t)e−εt
p′

= 0 and limt→∞ h(t)eεt
p′

= +∞.

Now, let Λ1 > 0 be the weighted first eigenvalue for the class of operators (1.7), defined by

Λ1 := Λ1(α, κ, p,R) = inf
u∈XR\{0}

∫ R
0
rα|u′|pdr∫ R

0
rκ|u|pdr

.

The main result of this paper reads below

Theorem 1.3. Suppose that f has critical growth and satisfies

f ′(0) < Λ1 and lim sup
t→∞

h(t) tp−1 = +∞. (1.9)

Then, the class of problem (1.8) has a nontrivial solution.

Remark 1. 4. We would like to emphasize that our result improves and complements
[1, 2, 3, 7, 11, 12] by consider non-integer parameters α, κ and includes the k-Hessian
operator.

2. COMPACTNESS ANALYSIS

Let us consider J : XR → R the functional associated with the problem (1.8) defined by

J(u) =
1

p

∫ R

0

|u′|prαdr −
∫ R

0

F (u)rκ dr (2.1)
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TRUDINGER-MOSER TYPE INEQUALITY AND APPLICATIONS 85

where, F is the primitive of f(s)sp−1 as in (H3). We observe that a critical point of J is a solution

to (1.8). Next, we give a useful characterization of the critical points of J . More precisely, set N
the Nehari manifold given by

N =

{
u ∈ XR \ {0} ;

∫ R

0

|u′|prα dr =

∫ R

0

f(u)up−1rκ dr

}
. (2.2)

Let us take S such that

Sp = p inf
u∈N

J(u). (2.3)

We note that the solutions of (1.8) is in N . In the reverse direction we have the following result

which the proof is analogous to [1, Lemma 3.5] and we omit here.

Lemma 2.1. Let v ∈ N be a extremals of (2.3), then v is a critical point of J .

The next result refers to the shape of N .

Lemma 2.2. Assume f satisfying (H1)-(H4) and f ′(0) < Λ1. Then, for any u ∈ XR \ {0},
there exists unique τ > 0 such that τu ∈ N .

Proof. Since f ′(0) < Λ1, we have

lim
τ→0

1

τ

∫ R

0

f(τu)up−1rκ dr =

∫ R

0

f ′(0)uprκ dr <

∫ R

0

|u′|prαdr.

Also, from (H1) and (H2), τ 7→ f(τu)up−1

τ
is an increasing function for τ > 0 and

lim
τ→∞

1

τ

∫ R

0

f(τu)up−1rκ dr = +∞.

This proves the lemma.

Now, we consider the functional I : XR → R given by

I(u) =
1

p

∫ R

0

f(u)up−1rκ dr −
∫ R

0

F (u)rκ dr. (2.4)

We note that J(u) = I(u) for all u ∈ N . Moreover, as we shall see later, we can reduce the

compactness-analysis of J to the analysis of I. In the next Lemmas we will assume that f(t) =

h(t)eb|t|
p′

has critical growth, see Definition 1.1.

Lemma 2.3. Let (un) and (vn) two sequence in XR converging weakly and for almost every

r ∈ (0, R) to u and v respectively.

(1)If supn
∫ R

0
f(un)up−1

n rκ dr <∞ then, for any τ ∈ [0, 1)

lim
n→∞

∫ R

0

f(|un|)|un|p−2+τrκ dr =

∫ R

0

f(|u|)|u|p−2+τrκ dr (2.5)

and

lim
n→∞

∫ R

0

F (un)rκ dr =

∫ R

0

F (u)rκ dr. (2.6)
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86 J.F. DE OLIVEIRA AND J.M. DO Ó

(2)If lim supn→∞ ‖u′n‖
p

L
p
α
<
(µα,κ

b

)p−1
and ` ≥ 0 is an integer number, then

lim
n→∞

∫ R

0

f(un)v`n r
κ

un
dr =

∫ R

0

f(u)v`rκ

u
dr. (2.7)

(3)I(u) ≥ 0 for all u ∈ XR and I(u) > 0 if u 6≡ 0. Further, there exists a constant M > 0 such

that, for all u ∈ XR ∫ R

0

f(u)up−1rκdr ≤M(1 + I(u)). (2.8)

Proof.

(1). For T > 0 we can write∫ R

0

f(|un|)|un|p−2+τrκ dr =

∫
|un|≤T

f(|un|)|un|p−2+τrκ dr +

∫
|un|>T

f(|un|)|un|p−2+τrκ dr.

(2.9)

Also,

sup
n

∫
|un|>T

f(|un|)|un|p−2+τrκ dr ≤ T τ−1 sup
n

∫
|un|>T

f(|un|)|un|p−1rκ dr = O
(
T τ−1) .

Thus, with the help of dominated convergence theorem, (2.5) it follows choosing T large enough

and passing to the limit in (2.9). Now, in view of the (H3), (2.6) it follows by (2.5) and the

dominated convergence theorem again.

(2). From (H4), for ε > 0

|f(t)| ≤ C(ε)e(b+ε)|t|p
′

, (2.10)

for some C(ε) > 0. By hypothesis, we can take C > 0 with

‖u′n‖Lpα ≤ C
p′ <

µα,κ
b
.

Thus, taking q > 1 and ε > 0 such that q(1 + ε
b
)Cp

′
<

µα,κ
b

, we obtain

|f(un)|q ≤ C(ε)eq(b+ε)C
p′ |un

C
|p
′

, with q(b+ ε)Cp
′
< µα,κ.

Hence, using the Trudinger-Moser type inequality Theorem 1.1, we get

sup
n

∫ R

0

|f(un)|qrκdr <∞.

In view of (1.2) we have v`n is bounded in Lq1ν for all q1 ∈ [1,∞). Then, for any T > 0 the Hölder

inequality implies∣∣∣∣∣
∫
|un|>T

f(un)v`n r
κ

un
dr

∣∣∣∣∣ ≤ 1

T

∫ R

0

|f(un)||v`n| rκ dr ≤ 1

T
‖f(un)‖Lqκ‖v

`
n‖Lq′κ .
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TRUDINGER-MOSER TYPE INEQUALITY AND APPLICATIONS 87

Thus, we can conclude that∫ R

0

f(un)v`n r
κ

un
dr =

∫
|un|≤T

f(un)v`n r
κ

un
dr +O

(
1

T

)
.

We recall that f(t)
t

is bounded on [−T, T ], v`n → v` in Lqν for q ∈ [1,∞). Hence, by the dominated

convergence theorem, letting n→∞ and T →∞ the above equation provides (2.7).

(3). From (H2) we have, for all t > 0

d

dt

[
f(t)tp−1 − pF (t)

]
= tp−1[f ′(t)− f(t)t] > 0.

Therefore, from (H1) and (H2), f(t)tp−1 − pF (t) is an even positive function and increasing for

t > 0. This implies that I(u) ≥ 0 and I(u) = 0 if and only if u = 0. Moreover, from (H3) we have

pI(u) =

∫ R

0

[
f(u)up−1 − pF (u)

]
rκ dr ≥

∫ R

0

[
f(u)up−1 − pM(1 + |f(u)|up−2+τ )

]
rκ dr.

Hence, for some constants C1 and C2 > 0

pI(u) ≥ C1 +
1

2

∫
|u|≥C2

f(u)up−1rκ dr

which ensures ∫ R

0

f(u)up−1rκdr ≤M(1 + I(u)).

for some constant M > 0.

Next, we analyze the non-compact case. We would like to emphasize that the Theorem 1.2 plays

a crucial role in this discussion.

Lemma 2.4 (Compactness Lemma). Let un ⇀ u 6≡ 0 in XR and un(r)→ u(r) a.e in (0, R).

Assume that

(i)There exists c ∈ (0, 1
pωα

(
µα,κ
b

)p−1] such that J(un)→ c as n→∞

(ii)
∫ R

0
|u′|prα dr ≥

∫ R
0
f(u)up−1rκ dr

(iii) supn
∫ R

0
f(un)up−1

n rκ dr <∞.

Then

lim
n→∞

∫ R

0

f(un)up−1
n rκ dr =

∫ R

0

f(u)up−1rκ dr.

Proof. As in the previous Lemma is sufficient to show that
∫ R
|un|≥T

f(un)up−1
n rκ dr = o(1) as

T →∞ uniformly in n. By (3) in Lemma 2.3 and assumption (ii) we have J(u) ≥ I(u) > 0. Also

from (2.6), using the weak lower semi-continuity of the norm 0 < J(u) ≤ lim infn→∞ J(un) = c.

Hence we can choose ε > 0 satisfying

(c− J(u))(1 + ε)p−1 <
1

pωα

(µα,κ
b

)p−1

. (2.11)
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88 J.F. DE OLIVEIRA AND J.M. DO Ó

Set η =
∫ R

0
F (u)rκ dr. Combining our assumption (iii) and (2.6), we obtain

lim
n→∞

‖u′n‖pLpα = pωα lim
n→∞

{
J(un) +

∫ R

0

F (un)rκ dr

}
= pωα(c+ η). (2.12)

From (2.11) and (2.12), for n sufficiently large,

(1 + ε)p−1

(
b

µα,κ

)p−1

‖u′n‖pLpα <
(c+ η)

c− J(u)
=

(
1−

‖u′‖p
L
p
α

pωα(c+ η)

)−1

.

We note that un
‖u′n‖Lpα

converges weakly to u

[pωα(c+η)]1/p
in XR. Thus, we can apply Theorem 1.2

and conclude

sup
n

∫ R

0

e(1+ε)b|un|p
′

rκ dr <∞. (2.13)

Let M1 = supt∈R |h(t)tp−1| e−ε
b
2
|t|p
′
. From (2.13) we have∫ R

|un|≥T
f(un)up−1

n rκ dr ≤M1

∫ R

|un|≥T
e−ε

b
2
|un|p

′

e(1+ε)b|un|p
′

rκ dr = O

(
e−ε

b
2
Tp
′
)
.

which completes the lemma.

Lemma 2.5. Suppose lim supt→∞ h(t)tp−1 =∞. Then, for any Λ ≥ 0,

sup
‖u′‖

L
p
α
≤1

∫ R

0

f(Λu)up−1rκ dr <∞ (2.14)

if and only if Λ <
(µα,κ

b

)1/p′
.

Proof. Arguing as in (2.10), we have

|f(t)| ≤ C(ε)e(b+ε)|t|p
′

,

for some C(ε) > 0. Hence, if Λp
′
<

µα,κ
b

we can choose ε > 0 and q > 1 such that

q(b+ ε)Λp
′
< µα,κ.

Thus, (2.14) it follows from the Theorem 1.1 and Hölder inequality. Now, assume Λp
′
≥ µα,κ

b
. For

0 < l < R, we set

ul(r) =
1

ω
1
p
α



(
ln
R

l

) 1
p′

if 0 ≤ r ≤ l,

ln R
r(

ln R
l

) 1
p

if l ≤ r ≤ R.

Using α− p+ 1 = 0, it is easy to verify that ‖u′l‖Lpα = 1. Moreover, since ul is constant on (0, l)

we obtain∫ R

0

f(Λul)u
p−1
l rκ dr ≥

∫ l

0

h(Λul)e
b|Λul|p

′

up−1
l rκ dr = h(t)tp−1 R

bΛp
′

µα,κ
(κ+1)

Λp−1(κ+ 1)
l
(κ+1)

[
1− bΛ

p′

µα,κ

]
,
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TRUDINGER-MOSER TYPE INEQUALITY AND APPLICATIONS 89

where t = Λ

ω
1/p
α

(ln R
l

)1/p′ . Since t→∞ if l→ 0 and lim supt→∞ h(t)tp−1 =∞, we get

lim sup
l→0

∫ R

0

f(Λul)u
p−1
l rκ dr = +∞.

3. EXISTENCE OF SOLUTIONS

This section is devoted to prove the existence result Theorem 1.3.

Lemma 3.1. Suppose f(u) = h(u)eb|u|
p
p−1

with critical growth and satisfying (1.9). Then,

0 < S < 1

ω
1/p
α

(µα,κ
b

) p−1
p , where S is given in (2.3).

Proof. Using Lemma 2.3, item (3) we have S ≥ 0. Firstly, we will prove that S > 0. Indeed,

suppose S = 0. Then, there exists (un) be a sequence in N such that

J(un) = I(un)→ 0 if n→∞. (3.1)

Hence, by (2.8) we obtain

sup
n

∫ R

0

f(un)up−1
n rκ dr <∞

and thus

sup
n
‖u′n‖Lpα <∞.

Therefore, up to a subsequence we can assume un ⇀ u in XR and un(r) → u(r) a.e in (0, R).

Now, the Fatou’s Lemma and Lemma 2.3 item (1) imply

0 ≤ I(u) ≤ lim inf
n→∞

I(un) = 0.

This implies u ≡ 0. Combining Lemma 2.3 and (3.1) it follows

lim
n→∞

‖u′n‖pLpα = ωαp lim
n→∞

{
J(un) +

∫ R

0

F (un)rκ dr

}
= 0.

Set vn = un
‖u′n‖Lpα

. We can assume that vn converges weakly and for almost every r ∈ (0, R) to

v ∈ XR. Since un ∈ N , the Lemma 2.3 item (2) and the assumption f ′(0) < Λ1 imply

1 = ωα lim
n→∞

∫ R

0

f(un)vpnr
κ

un
dr = ωα

∫ R

0

f ′(0)vprκ dr < Λ1ωα

∫ R

0

vprκ dr ≤ ‖v′‖p
L
p
α

= 1.

This contradiction ensures that S > 0.

Let u ∈ XR such that ‖u′‖Lpα = 1. From Lemma 2.2, we can choose a τ > 0 such that τu ∈ N .

Hence
Sp

p
≤ J(τu) ≤ τp

p

∫ R

0

|u′|prαdr =
τp

pωα
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which implies ω
1/p
α S ≤ τ . Using that t 7→ f(tu)up−1

t
is an increasing function on (0,∞) and

τu ∈ N , we have∫ R

0

f(ω
1/p
α Su)up−1rκ

ω
1/p
α S

dr ≤
∫ R

0

f(τu)up−1rκ

τ
dr =

∫ R

0

|u′|prαdr = 1/ωα.

This implies

sup
‖u′‖

L
p
α
≤1

∫ R

0

f(ω1/p
α Su)up−1rκ dr ≤ ω

1
p
−1

α S.

From Lemma 2.5, we obtain ω
1/p
α S < (

µα,κ
b

)1/p′ .

Proof of Theorem 1.3. According to the Lemma 2.1, it sufficient to prove that there is u0 ∈ N
with u0 6≡ 0 and

J(u0) =
Sp

p
.

Also, since J(u0) = J(|u0|) we will can take u0 ≥ 0. Let un ∈ N such that J(un)→ Sp

p
as n→∞.

Thus, J(un) = I(un) and (2.8) imply

sup
n

∫ R

0

f(un)up−1
n rκ dr <∞

and

sup
n
‖u′n‖Lpα <∞.

Therefore, by passing to a subsequence, we can assume un ⇀ u0 weakly in XR and un(r)→ u0(r)

a.e in (0, R). We only need to show that u0 ∈ N \ {0} and J(u0) = Sp

p
. First, from (2.6) we have

lim
n→∞

∫ R

0

F (un)rκ dr =

∫ R

0

F (u0)rκ dr. (3.2)

Next, we will prove that u0 6≡ 0. Suppose u0 ≡ 0. Then, (3.2) and Lemma 3.1

lim
n→∞

‖u′n‖pLpα = ωαp lim
n→∞

{
J(un) +

∫ R

0

F (un)rκ dr

}
= ωαS

p <
(µα,κ

b

)p−1

.

Hence, we can apply Lemma 2.3, item (2) and conclude

lim
n→∞

∫ R

0

f(un)up−1
n rκ dr = 0.

This implies Sp

p
= limn I(un) = 0 which contradicts the Lemma 3.1. Thus, u0 6≡ 0.

Now, from Lemma 2.2 we can take τ > 0 with τu0 ∈ N . It remains to prove that τ = 1 and

J(u0) = Sp

p
. We next claim that∫ R

0

|u′0|prα dr ≤
∫ R

0

f(u0)up−1
0 rκ dr. (3.3)
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Indeed, suppose that (3.3) is not satisfied. Then, un and u0 satisfy all the assumptions of

Lemma 2.4 and consequently∫ R

0

|u′0|prα dr ≤ lim inf
n→∞

∫ R

0

|u′n|prα dr = lim inf
n→

∫ R

0

f(un)up−1
n rκ dr =

∫ R

0

f(u0)up−1
0 rκ dr

which is a contradiction. Therefore, since both
f(tu0)u

p−1
0

t
and I(tu0) are increasing functions on

(0,∞), using (3.3) we obtain 0 < τ ≤ 1. Moreover,

Sp

p
≤ J(τu0) = I(τu0) ≤ I(u0) ≤ lim inf

n→∞
I(un) = lim

n→∞
J(un) =

Sp

p
.

Hence I(τu0) = I(u0) and thus τ = 1. Also, u0 ∈ N and the above inequalities imply J(u0) = Sp

p
.
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