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Let G = Zpk be a cyclic group of prime power order, or repectively G = Z’;
be the p-torus of rank k. We estimate the size of the (H, G)-coincidences set
of a continuous map from S(V') into a real vector space W’.  May, 2016 ICMC-USP

1. INTRODUCTION

Let G be a finite group which acts freely on a space X and let f : X — Y be a continuous
map from X into another space Y. If H is a subgroup of GG, then H acts on the right on
each orbit Gz of G as follows: if y € Gz and y = gz, g € G, then hy = gh~'z. A
point x € X is said to be a (H,G)- coincidence point of f (as introduced by Gongalves,
Pergher and Jaworowski in [3]) if f sends every orbit of the action of H on the G-orbit of
x to a single point. Let us denote by A(f, H,G) the set of all (H, G)-coincidence points.
Of course, if H is the trivial subgroup, then every point of X is a (H, G)-coincidence. If
H = G, this is the usual definition of G-coincidence, that is,

A(f,G,H) = A(f) ={x € X | f(z) = f(gz), for all g € G}.

Borsuk-Ulam theorems type consists in estimating the dimension of the set A(f, H, G).
For the case that G = H = Zy, X = S™ and Y = R", we have the classical Borsuk-Ulam
theorem [2].

Let G = Z,» be a cyclic group of prime power order, k¥ > 1. For given two powers
1<m<n<pF 1 of p we set

Amn i ={G/H|H CG m<|H|<n}, 1)
1
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where |H]| is the cardinality of H. We shall write Ax for a set of all the G-orbits of a space
X (up to a homeomorphism, thus up to an isomorphism of finite G-sets).

Let V be an orthogonal representation of G = Z, p prime, k > 1, such that V¢ =1{0},
for the set of fixed points of G. For G = Z,«, with p odd, every nontrivial irreducible
orthogonal representation is even dimensional and admits the complex structure ([4]),
thus V admit it too. We denote by d(V) = dim¢ V = 4 dimg V' the integral numerical
invariant of V. If G = Zq+ and V is a real orthogonal representation of G, then we denote
d(V) = dimg V.

Given W' a real vector space and a continuous map f : S(V) — W', in this work we
estimate the size of A(f,Zyi,Z,x) the Z,r-coincidences set of f, as follows.

THEOREM 1.1.1. Let V be a complex orthogonal representation of the cyclic group
G = Zyk, p prime, k > 1, such that VG = {0} and let W' be a real vector space. Let
f:S(V)— W’ be a continuous map.

(1)If As(vy C Ay pr—1, then for all 1 <i <k,

dim A(f,Zy, Zpe) > 2 <d(;/}3_11) —(pk — pPi)d(w).

(2)If As(vy C Ajpi-1 for some 1 <i <k, then

dim A(f, Zyi, Zyr) > 2 (%) — (p® = p*HdW).

THEOREM 1.1.2. Let V be a real orthogonal representation of the cyclic group G = Zgx,
k > 1, such that V¢ = {0} and let W' be a real vector space. Let f : S(V) — W' be a
continuous map.

(1)If Asevy C Aqor—1, then for all 1 <i <k,

dV)—1

dim A(f, Zoi, Zor) > ( S

) — (2F — 2k =D aw).

(2)If As(vy C Aj9i-1 for some 1 <i <k, then

d(V) —1

dlmA(f, ZQi7ZQk) > ( 9i—1

> — (28 — 2P D) a(w).
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2. BOURGIN-YANG VERSIONS OF THE BORSUK-ULAM THEOREM
FOR G = Zpx

Recently, in [5], the authors proved the following Bourgin-Yang version of the Borsuk-
Ulam theorem for complex orthogonal representations of G = Z,x, p prime, k > 1

THEOREM 2.2.1. [5, Theorem 3.6] Let V., W be two complex orthogonal representa-
tions of the cyclic group G = Z,., p prime, k > 1, such that V€ = W = {0}. Let
f:S\V) S W be an equivariant map and Zs = f710)={v e S(V)|f(v) =0}. Suppose
AS(V) C Am,n and AS(W) C Amm. Then

(d(V) = )m

n

dim(Z;) > 2(( )—d(W)).

They also proved the following Bourgin—Yang version of the Borsuk-Ulam theorem for
real orthogonal representations of G = Zgx, k > 1.

THEOREM 2.2.2. [5, Theorem 3.9] Let V., W be two real orthogonal representations of

the cyclic group G = Zox, k > 1, such that VG = WY = {0}. Let f : S(V) S W be an
equivariant map and Zy = f~(0). Suppose that Aswvy C Amn and Asowy C Amn. Then

(d(V) = L)m

dim(Z;) > ( .

) —d(W).

3. PROOF OF THE MAIN RESULTS
Proof of Theorem 1.1.1 Let ¢ be fixed, with 1 < ¢ < k and let us consider the real vector
k

k

P P
space @ W', which is the direct sum of p* copies of W’. We have that @ W’ admits an
=1 =1
action of the cyclic group G' = Z,, given by

g(w17w27"'7wpk) = (w27"'7wp’“awl)a

k
P
for a fixed generator g € G' and for each (wy,...,wyx) € & W'
Jj=1

Let us denote by A(W’pkii) the diagonal of

k k—1i k—1
IEJBW/:WIP @@W’p .
=1

Jj=

We have
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where A(W’pkii)L is the orthogonal complement of A(W’pkii). Since A(W’pkii) is a
k

. P —i
pF~idim W’ - dimensional G-subspace of @ W', let us observe that A(WP' )L is a
i=1

k

(p*—p*~*) dim W’ - dimensional G-subrepresentation of %9 W', for which (A(W’pkii)L)G =

i=1
{0}.
Now, we denote by ay, ..., a, a set of representatives of the left lateral classes of G/Z,:,
where r = p*~*. Consider the map

F:S(V) = aw? Yaamw? Ht

defined by

F(z) = (fa12), ..., f(ayz), f(a1ha), ..., f(arha), ..., f(ah? "Lz), ..., fla-h? 1)),

for a fixed generator h € Z,:. The linear orthogonal projection along the diagonal

k—i k—i k—i k—i
A(W'P" ) defines a G-equivariant map p : A(W'P )@ AW )+t = AW'P )L
Let us denote by [ the composition
k—1i k—i k—i
S(V) 5 AW e AW HES AW )L
with Z, = 172(0) = (po F)~1(0) = F-Y (AW ) = A(f, Zp, Zy).
For a fixed generator g € G, we can consider
k—i k—i_q
h=g? and a; =e,a3=g,...,a, = g* ,
then F is a G-equivariant map. Moreover
AS(A(W,pk—i)L) - Al’pi—l - Aka—l. (1)

To check the validity of inclusion A C A pi-1, it suffices to prove that

S(A(WPFTh L) ,
the cardinality of the orbit Z,»w belongs to the set {pr,pF=t, . pFTiY for all w =

(wy, ..., wyr) € S(A(W’pkii)L). According to [1, Chapter 1, Proposition 4.1], the cardi-

nality of the orbit Z,xw belongs to the set Pk, p* 1 p,p® =1} Let w = (wy, ... s Wk )

an element in S(A(W’pkﬂ)l-) and suppose that
|Zyew| € {pFF pF it L p =11,
that is |Z,rw| =pJ, for some 0 < j < k —i.
Assertion. We have Z,.w = {w, gw, - - - ,gpj_lw}, for a fixed generator g of Z,x.
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In fact, consider a cyclic group G, g € G a fixed generator and {w, gw,--- ,g* 'w} the
maximum set of the s first elements of the orbit Gw that are distinct from each other. By
definition of the set {w,gw,---,g° 'w} we have

g°w € {w, gw,--- ,g* 1w}

Suppose that
g*w = g'w, forsome 1<i<s—1,

then

S

GFTw=w, 1<s—i<s—1,

but this contradicts the definition of {w, gw,--- ,g* tw}.
Now, if gtw € Gw, for some t € N, we have t = ns + r with 0 < r < s — 1. Therefore

t ns+r

g'w = g™ "w=g"(¢")w = g"w € {w,gw, - ,g° "w},

since

S

9w = (g g )w=w

and 0 <r<s-—1.

Thus, for a fixed generator g of Z,~, we have

— P = g . . .
w=g"w = g"(Wi,..., Wpi,. .., Wpk—i_1)pit1s---, Wpk)

= (Wpig1s- s Wapiy e v s Wph—i—1)pif1s- -+ Wpkys Wiy ooy Wpi)
therefore w € A(W’pj). Since
AW C AWy c - AWy caw™ )
and j € {0,1,...,k — i}, we conclude that
we AWy c amw’ T,
which is a contradiction because

AW YA SAW Y = 0.

Thus the Theorem 2.2.1 implies the claim. O

Proof of Theorem 1.1.2 For G = Zqx, k > 1, using the same steps of the proof of Theorem
1.1.1 and applying Theorem 2.2.2 we have the result. U
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REMARK 3.3.1. We emphasize that in the Theorems 1.1.1 and 1.1.2 the action of G
on S(V) is not necessarily free. Moreover, we have an estimate for the size of the set of
(H, G)-coincidence points for all subgroups H = Z,i of G = Z,:. These two characteristics
make the Theorems 1.1.1 and 1.1.2 different of classical results about (H, G)-coincidences.

4. CASE OF G BEING A P-TORUS

Now, let V', W be two orthogonal representations of the p-torus group G = Z’; of rank
k > 1, p prime, such that V¢ = W& = {0} for the sets of fixed points of G. Let
f:S(V) = W’ be a G-equivariant map, in [6, Theorem 2.7] we have the following estimate
for the covering dimension of Z¢

dim(Z;) > d(V) —d(W) — 1.

Using this result we can estimate the covering dimension of the set of (H, Z’;)—coincidences,
as follows.

COROLLARY 4.4.1. Let V, W' be two orthogonal representation of the group G = Z’;,
such that V€ = W'¢ = {0}. Let f : S(V) — W' be a G-equivariant map, then

dim A(Z, Z8) > d(V) — (p* — p*)d(W') — 1

foralll1 <i<k.

Proof: Let i be fixed, with 1 < ¢ < k. As in the proof of the Theorem 1.1.1, we consider a
map
k

F:S(V)— & W

j=1

defined by

F(z) = (f(arhiz), ..., flarhiz), f(arhox), ..., f(arhox), ..., f(arhyix),. .., f(arhyiz)),

where ai,...,a, are representatives of the left lateral classes of G/Z;, r = pF~* and

Z; ={h1,... hyi}.
k
P
Considering the diagonal action of G on @ W', F becomes G-equivariant. Thus the
j=1
composition

SV B AW Yo aw ™ Y A AW,

is also G-equivariant. Finally, we apply [6, Theorem 2.7] to estimate the size of the set
Zpor = A(ZZ,Z’;). O
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